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Abstract

The aim of this paper is to introduce fuzzy A%X_setand to study some of'its generalized forms. The structure constituted

by fuzzy A %X _set is also included in the treatise. Moreover we define generalized fuzzy g -closed set and fuzzy A %X closed set,

which are the weaker forms of fuzzy g -closed set. The above two weaker forms are independent to each other but jointly they

imply fuzzy g -closed set. Finally, in addition, as the application of fuzzy A¥X-closed set, we study fuzzy (AgX , gy)-

continuity and fuzzy (A**gf — g , g ) -continuity and a few of their properties. In general, fuzzy contra ( g,,8,)-continuity
r X Y

does not imply fuzzy (g, g, )-continuity, but this paper provides one condition under which the fact is true.

Keywords: fuzzy ASX set, fuzzy A ®r-closed set, fuzzy A%¥ closed set, A X gf-g, - closed set, fuzzy (AgX .8, ) -continuity

1. Introduction

Maki (1986) introduced the concept of A-set, which
is a feeble form of open set in a topological space. And this
A-set gives a new direction in the field of topological space.
Thereafter, different authors gave many approach of A-set in
various manners. In the literature, different types of A-sets,
namely A-sets(2000), pre-A(2002), Asp-sets(2004), A -
sets(2005), A,-sets(2006), A_-sets(2007), A -sets(2009), A -
sets(2011) exist. Using the concept of A-sets, Arenas et al.
(1997) initially defined the A-closed set, which is an inter-
section of a A-set and a closed set. Shafei and Zakari (2006)
introduced fuzzy A-set in fuzzy settings. Fuzzy A -set has
been studied by Aslim and Giinel (2009) in fuzzy topological
spaces.

* Corresponding author.
Email address: chakrabortyjayasreel @gmail.com

Csaszar (2002) introduced the notions of generalized
neighborhood systems and generalized topological spaces.
Chetty (2008) extended the concept of generalized topological
space in fuzzy environment and named it generalized fuzzy
topological space. Caldas et al. (2008) introduced Ag-closed
set in a topological space, which is a weaker form of closed
sets and stronger form of g-closed sets in topological spaces.

Balasubramanian et al. (2014) introduced the above
concept in fuzzy environment. Ekici and Roy (2011) extended
the concept of A-sets in generalized topological space and
named it Ap-sets, and they have shown that (X ,/\p) is an
Alexandroff space. The concept of A-sets in generalized fuzzy
environment was studied by Bhattacharya et al. in 2015, and
named it fuzzy generalized AFXoset.

The aim of our paper is to continue the research work
in the similar direction but using a different approach. Here,
we study fuzzy A®X closed set. In the literature we have
seen that every closed set is A-closed set but the converse
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may not always be true. This paper presents two conditions where the converse is also true.

In section 3 we define fuzzy A‘rgX -set and fuzzy VrgX -set . Here we prove that the collection of fuzzy VrgX -set forms
a fuzzy supra topology.

We study the concept of fuzzy A%X _closed set in generalized fuzzy topological spaces and construct one equivalent
form of closed set with the help of fuzzy ;gx-semi closed set in section 4.

Section 5 is devoted to study A‘rgX gf-g, - closed set which is a weaker form of fuzzy g -closed set. Caldas et al.(2008)
have shown one equivalent condition with the help of locally closed set but we formulate the same equivalent condition with
the help of fuzzy A X _closed set which is a weaker form of fuzzy g,-locally closed set.

In section 6 we study the application of fuzzy A £X _closed set by introducing fuzzy (A £x g, )-continuity and
establish some related results.

2. Preliminaries

Let X be a nonempty set and g, be a collection of fuzzy subsets of X. Then g is called a generalized fuzzy topology
on X iff Ox €g, and Gi €g, for i el #¢ implies G = ViE[Gi €g,- The pair (X,gX) is called a generalized fuzzy
topological space (GFTS, for short) on X. The elements of g, are called fuzzy g, -open set and their complements are called
fuzzy g -closed set. The collection of all fuzzy g - open sets is denoted by GFO (X, g X) and the collection of all fuzzy
g,-closed sets is denoted by GFC (X, g ¥ ). The fuzzy g -closure of a subset A of X, denoted by cg (1), is the intersection of
all fuzzy g -closed sets containing A. The interior of A, denoted by ig (1), is the union of fuzzy g);-open sets contained in A.

X

The complement of a fuzzy set A is denoted by A

2.1 Definition (Balasubramanian et al., 1997)

Let X be a fuzzy topological space. A fuzzy set A in X is called a generalized fuzzy closed set (in short, gfc) iff
cl(A) £ u whenever A< u and pis fuzzy open.

2.2 Definition (Bhattacharya et al., 2015)

Let A be a fuzzy subset of a GFTS (X, g ¥ ). Then the kernel of A is denoted by ASX (A) or ker(4) is defined by
A {B € GFO(X,gX) AL B} ,if there exist B € GFO(X,gX)}

A" (A):{1

o otherwise.

2.3 Definition (Bhattacharya et al., 2015)

Let A be a fuzzy subset of a GFTS (X,gX ). Then a fuzzy set A is defined by

Ve (A) ={

0, otherwise.

v {B € GFC(X,gX) :B< A},ifthere exist B € GFC(X,gX) }

2.4 Definition (Ganster and Reilly, 1989)
A subset S of X is said to be locally closed if S = U () F, where U is open and F is closed.
2.5 Definition (Balasubramanian et al., 2014)

A fuzzy set u of a fuzzy topological space (X, 7) is called A-generalized fuzzy closed (briefly Agf-closed) if c/(u) < S
whenever y < S and Sis Af-open.
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2.6 Definition (Ekici, 2012)

Let(X,u)beaGTSand S x . Then

(1) Sis said to be p-dense if c (S) X,

@) (Xu)issaidtobe submaximal if each u-dense subset of (X, i) is a u-open set.
2.7 Definition (Abdel Monsef et al., 1987)

A fuzzy space (X, FS) is said to be a fuzzy supra topological space if 0, 1 are the members of the fuzzy space and also
arbitrary union of the members of the set are the members of the set.

2.8 Definition (Balasubramanian and Sundaram, 1997)

Amapf : X -7 iscalled generalized fuzzy continuous (in short gf-continuous) if the inverse image of every fuzzy
closed set in Y'is gf-closed in X.

2.9 Definition (Caldas et al.,2007)

A function f :(X,7)— (Y,o) is called (4, a) -continuous if f_] (V') isa (A, a) open subset of X for every open
subset V of .

3. Fuzzy A*X setand Fuzzy VX set
3.1 Definition

Let (X, g, ) be a generalized fuzzy topological space. A fuzzy set Ais called a fuzzy g -regular open if 4 = ig (cg (l))
and a fuzzy gX-regular closed if A = cg (i 1).

The collection of all fuzzy gX-regufgclr open (resp. fuzzy g -regular closed) sets in (X, g, ) is denoted by GFRO
(X,g )(resp. GFRC(X,g,)).

3.2 Definition

Let (X, g, ) be a GFTS and u be a fuzzy subset ofa GFTS (X, g, ). Then the regular kernel or r-kernal of  is denoted
by A ym and is defined by

Al () ={1

3.3 Definition

A {k € GFRO(X,g,): u < k},ifthere exist L € GFRO(X, g, ) such that p < k;}

. otherwise.

Let u be a fuzzy subset of a GFTS (X.g ). Then V*X (u) of a fuzzy set u is defined by
. v {k € GFRC(X, gX) AL u},ifthere exist L € GFRC(X, g ) such that A < ;
Vo (w)
otherwise.

X b
3.4 Lemma

Let (X,g ) beaGFTS and A, M, (/ € 1) be the fuzzy subsets of X. Then the following properties hold:
M u<A™ (),
(i) u<a 1mphesthat A £x (u)<A X (),
iy A (A5 (1)) =A% (W),
g
(iv) if A € GFRO(X,gX) then A = ArX (1),
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V) V{Afx (pj):je]}é/\f’( (v{yj :jeJ}),
(vi) AfX (/\{,uj :jeJ})S/\{AfX (uj):je]},
(vii) A*Y (1X - u) =1_-V ().

Proof. Here (i),(ii),(iii) and (iv) are obvious.
To prove (v)

Let u= v{uj Lje J} > . .¥j €J . Then from (ii), we have A" (uj)s A (), e .
This implies that v{AfX (uj) Hje J} <A ().
Then v{AfX (uj):je J} < AfX (v{,uj = J}).
To prove (vi)
Let us suppose that u :/\{yj i jE J} < yj ,Vied,
so from (if) A*X () < A% (uj),vj- cJ.
Thatis A*¥ (u)sA{AfX (,uj):je]}.
Hence AfX (A{uj 1je J})S/\{Af’( (,uj):je J}.
To prove (vii)
L -V (p) =1 —vid:a<p e GFRC(X,gX)}
= Al =211 -p<1 -Al -2eGFRO(X.g );
N AfX (lx —,u).
By using the above lemma one can easily prove the following lemma.

3.5 Lemma

Let (X, g, ) bea GFTS and A, K, (j € I) be the fuzzy sets of X. Then the following properties hold:

O V()=
(i) u <A impliesthat VX (1) <vix ().

(i) V¥ (V,gX (u))=V,gX (u),
L g
@v)if u e GFRC(X,gX) then u :VrX (n),
V) vEx (A{u, (je J})SA{VgX (,uj):je J},
r J r
(vi) V{VrgX (uj):je J} < VrgX (v{,uj ije J})
3.6 Remark
In (v) and (vi) of lemma 3.4, the equality may not hold as shown in the following examples.

3.7 Example

Let X ={a,b,c}.g ={0 .1 .hpudvu
where A = {(a,0.5)(5,0.3),(c,0.6)}, 1t = {(a,0.5),(5,0.7),(c,0.3)} and Av p=1{(a,0.5),(5,0.7),(c,0.6)}.
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Then A™X (1) =, A () = o ATX (M) v AT () =dov p but AT (v ) =1
So A*Y (A)v AT () = A*X (v ).
3.8 Example

Let X ={a,b,c},g, =10 ,1 A L v u} where A ={(a,0.4)(5,0.7),(c,0.3)}, p=1{(a,0.5),(6,0.2),(c,0.4)}
and Av p =1{(a,0.5),(5,0.7),(c,0.4)}.Let 8 ={(a,0.6),(5,0.5),(c,0.3)}, y ={(a,0.5),(5,0.7),(c,0.07)}
then A (8) = IX,rAfX (7)= 1Xr,AfX (6)/}/\5)( (r)=1_. but A (3A7)=Avpu.

Therefore, A°Y (8Ay) = A*Y (8) A A*Y (7).

3.9 Definition

In a GFTS (X, g, ), a fuzzy subset A is called a fuzzy A EX et (resp. fuzzy V £x -set) if A= AgX (X) (resp.
A=V (1),

3.10 Proposition

Ina GFTS (X, g, ) the followmg properties are satisfied:

@) 0 and 1  are fuzzy A X _setand fuzzy V X et

(ii) Arbltrary intersection of fuzzy A EX setsis fuzzy A EX set.
(iii) Arbitrary union of fuzzy Vr X -sets is fuzzy Vr fx -set.

Proof. (i) The proofis obvious and hence omitted.

(i) Let {#j cjedJ } be a family of fuzzy A‘rgX -setsin a GFTS (X, g, ). Then by using lemma 3.4 (vi) and definition 3.9
* (/\{#j J e J})S/\{Afx (,uj):je J} =Atu;:jeJ}. But from lemma 3.4 (i) we know that Mu cjedts
X (/\{yj je J}).Therefore we have /\{uj Lje J} = AfX (/\{uj Lje J}),
(i) Let {#j cjedJ } be a family of fuzzy VrgX -setsin a GFTS (X, g, ). Then by using lemma 3.5 (vi) and definition
3.9 VrgX (v{uj ije J}) >v {VrgX (,uj) [je J} =v {,uj : j € J}. But from lemma 3.5 (i) we have that VrgX (v{,uj 1je J})
<Viu; i€y andhence VX (Vip e dy)=v u tje ).
3.11 Remark
The collection of all fuzzy AfX -set (resp. VrgX -set) is denoted by AfX (resp. VrgX )in GFTS (X.¢g ).
3.12 Remark
Finite union of fuzzy A‘rgX -set is not fuzzy A‘rgX -set.

3.13 Example

Let X ={a,b,c}, g, =10 .1 A puhvpu} where A ={(a,05)(5,03),(c,0.6)}, u=1{(a,0.5), (b07) (c,0.3),

X x’

Avu={(a, 05) (5,0.7), (c 06)} Then AéX (A)=4 and A x (u)=n- Herexland,uarefuzzyA EX set. But A v u
is not fuzzy A’ X _setsince A X(kvu)_l £ AV .

3.14 Remark

Finite intersection of fuzzy VEX _set is not fuzzy VEX et.
r r
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3.15 Example

Let X ={a,b,c}, g, =10 .1 .4 phvu} where %={(a,05)(5,03),(c,06)}, u=1{(a,0.5),(5,0.7),(c,03)},
av o =1{(a,05),(5,0.7),(c,0.6)}. Let &=1{(a,0.5),(5,0.7),(c,0.4)},  ={(a,0.5),(5,0.3),(c,0.07)}. Here 5 and
y are fuzzy VrgX -set. But 8 Ay is not fuzzy VrgX -setsince Ay = {(a,O.S),(b,0.3),(c,0.4)} and VrgX dAy)= Ox

It is known that if arbitrary intersections of open sets of X are open in X, then X is called an Alexandroff space.

Ekici and Roy(2011) have shown that the collection (X,/\p) and (Xsz) form Alexandroff spaces.

But in this paper both the collection (X,AfX ) and (X ,VrgX ) do not form Alexandroff spaces.

3.16 Remark

Here (X, vEx ) forms generalized fuzzy topological space, rather we emphasize that the structure is always a fuzzy
supra topological space.

3.17 Remark
Every fuzzy AfX -setis fuzzy A -set.
3.18 Remark
However, converse of the above remark may not be true.

3.19 Example

Let X ={a,b,c}, &, =10 M1} where A ={(a,03)(5,0.6).(c,0.2)}, n={(a,04),(5,0.7),(c,0.3)} . Then
A®X (1) =2 and A (x) {(a 04) (6,0.7),(c, 03)} # .
It implies that /115 fuzzy A X _set but not fuzzy A X _get.

3.20 Definition

A fuzzyset Ain a GFTS (X, g, ) is called generalized fuzzy g,-closed (briefly gf-g -closed) if Cg (7») < 1 whenever
A< andyeGFO(X,gX). X

3.21 Proposition
If Zis gf-g -closed setand A < AfX )< ch (A) then AfX (1) is gf-g ~closed.
Proof. Let A be gf-g,-closed set and A < A x M) < cg (M) <p. It implies that c (k) < cg (AgX (k)) < c (X) There-
fore, c, (A X (0) = c, (9») So A “x (k) is gf- gX-closed set.
3.22 Proposmon
If A be any fuzzy g, -closed set then igX (A) is a fuzzy AfX -set.

Proof. Let A be any fuzzy g -closed set then ig (M) is a fuzzy g,- regular open set. So ig ) = AfX (ig (1)) . Therefore,

ig (\) isa fuzzy A°X -set. o X x
X r

3.23 Proposition

If A be any fuzzy g, -open set in X then there exist a fuzzy A X _get p and fuzzy g,- regular open set § such that
ALOAU.



J. Chakraborty et al. / Songklanakarin J. Sci. Technol. 39 (3),275-291, 2017 281

Proof. Let A be any fuzzy g -open setin X.

Then A<c (M) =i W)<i
g gy g

c M)=>i MAp<i ¢ (M)Au=r<6Au where o is fuzzy g, - regular open
X gy g gy &

X X X °X

set.
4.Fuzzy A°X-closed set
r

In this section we study fuzzy ASX -closed, fuzzy ASX _closed sets and their properties. In general, fuzzy ASX.
r r
closed set is not fuzzy g -closed set but in this section we construct a condition under which the fact is true.

4.1 Definition

A fuzzy set A of a GFTS (X,gX) is called fuzzy ASX _closed if A= U AO, where u is a fuzzy ASX setand §is
fuzzy a g, -closed set.
A fuzzy set A of a GFTS (X, g, ) is called fuzzy ASX -open set if its complement is a fuzzy A®X _closed set.

4.2 Lemma

For a fuzzy subset A ofa GFTS (X, g, ) the following conditions are equivalent:
@) Ais fuzzy A —closed;
() A=pnac (L) whereu isafuzzy ASX set;

g

i) 1= A%X () A c, ().

Proof. (i) = (ii) Let A be any fuzzy A®X _closed set. Then A = U AO ,where uis a fuzzy ASX _setanddisa fuzzy g -closed

X
(i) =(iii) Let A=pu ne, (k), where u is a fuzzy ASX et Since, A <y it implies that ASX (M) < u and
X

g g
A=pnc (K)ZAX(M/\C (M) =& Therefore, we have A=A M Ae ),
Sx Sx gx

set. Since ) < § , itimplies that c, AM<Sandh=puAd=pun < (L) = A . Therefore, we have A = u A <, ).
X X

(ii1) = (i) It is obvious and hence omitted.
From the definition of fuzzy g -closed we draw a conclusion that fuzzy A%X _closed set and gf-g,-closed set are
generalized form of fuzzy g -closed but they are independent concepts as shown in the following examples.

4.3 Remark
Every fuzzy ASX —closed set is not gf-g -closed set.
4.4 Example

Let X = {a,b,c} ,
g =101 ,(a,0.5),(h,0.3),(c,0.6)}, {(a,0.5), (6,0.7),(c,0.3)}, {(2,0.5), (b,0.7), (¢,0.6)} } and
A= {(a, 0.5) (b, 0.3) , (c, 0.6)} . Here M\ is fuzzy ASX _closed set but not gf-g -closed set.

4.5 Remark
Every gf-g -closed set is not fuzzy ASX <closed.

4.6 Example

Let X ={a,b,c}, g = {OX,lX {(ag,O.S),(b,O.S),(c, 0.4)} }. Let us suppose that u ={(,0.5),(5,0.7),(c,0.3)}.
Here u is gf-g,-closed set but not fuzzy A X _closed.
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4.7 Proposition
A gf-g -closed set is fuzzy g, -closed set iff it is fuzzy ASX closed set.

Proof. Suppose a gf-g, -closed set is closed then it is obviously a fuzzy ASX closed set.

Conversely, let A be gf-g -closed set. So it implies that €, (k) < u whenever A<y and u is fuzzy g, -open. But
X

<, (1)< A®Y (3 . Again L is fuzzy AX -closedsetso & = A“Y (1) A c, (r)= c, (1). Therefore A is fuzzy g, -closed.
X X X
4.8 Definition

A fuzzy set d of a GFTS (X, g,) is called a fuzzy g -locally closed set if there exist a fuzzy g, -open set A and fuzzy
g,-closed set u such that 6 =A A .

4.9 Remark
Every fuzzy g - locally closed is fuzzy A®X _closed set.
4.10 Definition

A fuzzy set A of a GFTS (X,gX ) is called fuzzy g, -dense if ch (k) = IX .
4.11 Definition

A GFTS (X, g, ) is said to be fuzzy g,-submaximal if each fuzzy g -dense subset of (X, g, ) is a fuzzy g,-open set.
4.12 Theorem (Ekici ,2012)

Let (X, 1) bea GTS where C# (¢) = ¢ . Then the following properties are equivalent:

(1) (X, p) isasubmaximal GTS,

(i) Each subset of (X, 1) is a p-locally closed set.

(iif) Each subset of u-dense subset (X, u) is a intersection of a p-open set and a u-closed set in (X, u).
The above theorem is also true for GFTS which is stated as follows:

4.13 Theorem

Let (X, g, ) be a GFTS where c, (Ox ) = Ox . Then the following properties are equivalent:
X
i (x, g, ) is a fuzzy g -submaximal space,

(i) Each fuzzy subset of (X, gX) is a fuzzy g - locally closed,
(iii) Each fuzzy subset of fuzzy g, -dense subset (X ,gX) is a intersection of a g -open set and a g -closed set in
(X.g ).
X

4.14 Proposition

In a fuzzy g -submaximal space every fuzzy subset is fuzzy A®X closed set when ¢ (Ox ) = Ox .

gx
Proof. Let (X, g, ) be a fuzzy g, -submaximal space and we know that every fuzzy subset A of a fuzzy g, -submaximal space
can be expressed as intersection of fuzzy g, -open set u and fuzzy g -closed set 6. It means that u is fuzzy A®X _set and

therefore A =y A S . Itimplies that A is fuzzy A®X _closed set.
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4.15 Proposition

In a fuzzy g -submaximal space (X, gX) every fuzzy A%X -open set is fuzzy g -open if there does not exist any fuzzy
g, -regular closed set other than IX

Proof. Let A be any fuzzy A%X -open set then A can be expressed as A = (v &, where p be any fuzzy VX _setand Sbe any
fuzzy g,-open set. Here ch ( ) ch (H 4 ) ch (#)V ch (ng ( )) ch (ﬂ) vl =1,.Therefore ch (X) v

So A is fuzzy g, -open since in fuzzy g, -submaximal space every fuzzy g, -dense set is fuzzy g -open.
4.16 Definition

A fuzzy subset A of a GFTS (X, g, ) is called fuzzy A X closed if A = U AO where u is fuzzy A €X_gsetand § is
fuzzy g -closed set.

The complement of fuzzy A X _closed set is called fuzzy A £x -open set.

4.17 Lemma

For a fuzzy subset A of a GFTS (X, gX) the following conditions are equivalent:

@ Ais fuzzy A‘rgX -closed,;

() A=puA <, (1) where pis a fuzzy A‘rgx-set;

b'e
Gi) A=A X W)ac (1)
r gX

Proof. (i) = (ii) Let A be any fuzzy AgX -closed set. Then A =y A S , where u is a fuzzy AgX -set and Jis fuzzy g,-closed
set. Since, ) < § then itimplies <, (X) <dand A=pund=>pu ne, (k) > ) . Therefore, we have A = u ne, (7»)

(i) = (iii) Let A= pu ne, (k) where y is a fuzzy A’ £x -set Since, A< u then it implies A X(k) <u and
A=puns =AY (7\,)/\6‘ (») > . Therefore, we have A = A X(k)/\c (k)

" Sx

(iii) = (i) It is obvious.
4.18. Remark

Every fuzzy ASX _closed setisa fuzzy ASX _closed set since every fuzzy A‘rgX -set is a fuzzy ASX et

r r

4.19 Remark

The converse of the above remark may not be true that can be verified in the example 3.19.
4.20 Remark

A gf-g -setis fuzzy g -closed set iff it is fuzzy A‘rgX -closed set.
4.21. Proposition

If & be fuzzy g, -dense set and fuzzy A‘rgX -closed set then A is fuzzy A‘rgX set.

Proof. Let A be any fuzzy g -dense set and fuzzy A £X _closed set then A = A ‘x (7») Ae, (9») = AfX (k) A 1X = ArgX (k)
It implies that A = AéX (). Therefore, A is A X get.

4.22 Definition

A GFTS (X, gX) is said to be fuzzy g, - Tl space if every gf-g -closed set is fuzzy g, -closed set.

2
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4.23. Proposition

Ina GFTS (X, g, ) the following conditions are equivalent:
) GFTS(X,gX) isfuzzyg -T space.
1

2
(i) Every gf-g -closed set is fuzzy A%X _closed set.
r

Proof. ()= (ii) Given (X, gX) be a fuzzy g -T space. Hence by the definition of fuzzy g, - T space every gf-g -closed set
1 1

is a fuzzy g, -closed set. In lemma 4.17, it is shown that every fuzzy g -closed set is a fuzzy A X _closed set. This implies
that every gf-g, -closed set is a fuzzy A X _closed set.
(1) = (i) Using remark 4.20, it can be proved easily.

4.24 Definition

Let (X, g, )bea generahzed fuzzy topological space. A fuzzy set A is called a fuzzy g, -semi-open if A < ¢, (ig (A))
and a fuzzy g, - sem1 -closed if c (/l)) <A. X

4.25 Proposition
A fuzzy A®X closed set is fuzzy g -closed set iff' it fuzzy g, -semi -closed set.

Proof. Suppose a fuzzy A%X closed set is fuzzy g,-closed set then it is obviously a fuzzy g -semi closed set.

Conversely, let A be any fuzzy A®X _closed set and fuzzy g -semi-closed set. This implies A = ASx M) A c (9») and
ig (Cg M)A Leti (¢ (WM))<A< 5 i el where 8 are fuzzy g -open sets. Then c, (X) </\5 Th1s implies

x Sx &y gy

that <, M <A (). Therefore, A =c (L), hence A is fuzzy g, - closed.
gx gx

4.26 Remark

The above proposition is also true for fuzzy A‘rgX -closed set.
4.27 Definition

A fuzzy point X, is called a fuzzy Afx cluster point of A if for every fuzzy Afx -open set d containing X, Ano =0 ¥
4.28 Definition

g
We define fuzzy ArX (Cg (M) for any fuzzy set A in GFTS (X, gX) as follows:
X

X (Cg (A)) = At A< pand pis fuzzy A®X -closed set}.
X r

4.29 Proposition

If Xi " are fuzzy A°X -closed for each i e I, then ./\1 7»1. is fuzzy A*X -closed set.
r r

e

Proof. Suppose L= A A and x € A ( (k)) Then X, is a fuzzy A £X cluster point of A. Then there exist a fuzzy
jel 1
A X _open set dcontaining x, such that 7\. AO # 0 . Thatimplies (A 2 ) A6 #0 . Thatimplies .. A5 # 0 foreachie /.

ie i

If x ¢\thenforeachiel, x X .Since A isfuzzy A "-closed, A = (C (7»)) and hence x & A*X (c (k))
V4 V4 1 i &y i r gX i P r gX i
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Thus X, is not a fuzzy A°X _cluster point of A . So there exist a fuzzy A%X -open set u containing X, such that A A u = OX .
r 1 r 1

By this a contradiction as it gives that x € A. Therefore, A%X -cl(A) £\ and hence A= ASX (cg (k)) . Thus A A is
P r ! X

iel !

fuzzy A“X -closed set.

4.30 Remark
The finite union of fuzzy A°X-closed set need not be fuzzy A°¥ -closed set.

4.31 Example

Let X ={ab,c}, g =10 .1 A mhvu} where & ={(4,0.5)(5,0.3),(c,0.6)}, p={(2,0.5),(0,0.7),(c.0.3)},

p=1(a,0.5),(56,0.7), (c 0.3)}. Then Av u={(a,0.5),(5,0.7),(c, 06)} and AgX (2) ={(a,0.5)(5,0.3),(c, 06)}
Here A and u are fuzzy A X set. Consequently it implies A and u is fuzzy A £x -closed set. But A v u isnot a fuzzy A fx .
closed set. Since A~ x (kvy)—l A X(Kvy)/\c (kvy)—l ¢7Lvy

Therefore, the union of two fuzzy A X _closed se/\t,s need not be fuzzy A X _closed set.

5. AfX -Generalized Fuzzy g, -Closed Sets

5.1. Definition

A fuzzy set A of a GFTS (X, g, ) is called A x. generalized fuzzy g -closed set (briefly A £x -gf- g -closed) if

¢ (A)<pu,whenever A< u and p i 1s afuzzy A X—open set.
Sx

5.2 Definition

A fuzzy set A of a GFTS (X, g, ) is called A°X- generalized fuzzy g -closed set (briefly A fx . gf- g, -closed) if
X

¢ (A) < u whenever A < u and i is fuzzy A X—open
X

5.3 Remark
Every ASX- gf- g ~closed setis A £x -gf- g ~closed.

5.4 Proposition

naGFTS (X,g ),
(i) Every fuzzy gX-closed setisa A -gf- g set.
(i) Every A £x -gf-g -closed set is a gf-g -closed.

Proof. (i) Let A be fuzzy g -closed set and u be any fuzzy A X -open set such that A < s, € (1) =4 < u.Thus cg (V) <u
and hence Lis A% -gf-g ~closed.

(ii) Since every fuzzy g,-open is fuzzy A £x -open set so every A £x -gf-g -closed set is gf-g,-closed as follows from
the definition 5.1.

5.5 Remark

Proposition 5.4 is also holds if we consider A%X -gf-g -closed set instead of ASX -gf-g -closed set.
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5.6 Remark
Every AfX -gf-g -closed set need not be a fuzzy g -closed set.
5.7 Example
Let X ={a,b,c}, g, = {OX,{(0,1),(1?,0),(0,0)}}. Let us suppose u={(a,1),(b,1),(c,0)} and u< L
ch (y) = IX < IX .Here pisa AfX -gf- g ~closed set but p is not a fuzzy g -closed set .
5.8 Remark
Every gf-g -closed set need not be a AfX -gf-g -closed set.

5.9 Example

Let X ={a,b,c}, g, =10 .1 {(a,05).(6,03).(c.04)}}
Let us suppose  u = {(a,O.S),(b,0.7),(c,0.3)} and A = {(a,O.),(b,0.7),(c, 0.3)} .
Here u < IX,ch (u) = IX < IX. It implies that u is a fuzzy g -closed set. But 4 <A and ch (y) = IX £

where A is fuzzy A%X -open set. Therefore, ¢ is not A%X -gf- g -closed set.

5.10. Remark
Even union of any two fuzzy A%X -gf- g -closed sets need not be a A%X -gf- g -closed set.

5.11 Example

Let X ={a,b,c}.g =10 .{(a.04),(6,0.7),(c,05)}, {(a,0.6).(5.03),(c.0.5);, {(a,0.6).,(,0.7).(c,0.5)}}
let A ={(a,0.4),(6,0.7).(¢,0.5)}, 1 = {(a,0.6),(6,03),((c,0.5)} and & = {(4,0.6),(5.0.7),(c,0.5)}. Here ¢ (A)=2<2
and <, (H) =u<u,. Then Av u=375and ¢, (l v ,u) = IX £ 8. Therefore, A and u are two ASX -gf- gX-)élosed set but

X r

. X
AV i isnota A°X-gf- g,-closed set.

5.12 Remark
Finite intersection of A X -gf- g -closed set need not be a A%X -gf- g -closed set.

5.13 Example

Let X = {a,b,c},gX = {OX,{(a,l),(b,O),(c,O)}}.
Here 1 ={(a,1),(6,0),(c,0)}, u={(a,1),(5,1),(c,0)} and & = {(a,1),(5,0),((c,1)}. Also u < 1X,ch ()=

< - _ - X of o -
1, <1 and 5£1X,ch (5)—1X£1X, y/\5—l,ch (y/\é)—lx £ u A 8. Therefore, 4 and Saretwo A ¥-gf- g,

closed setbut u A S isnota A%X -gf- g -closed set.
So we have studied two generalized forms of fuzzy g, -closed set which are independent of each other as shown in

the following examples:
5.14 Remark

Every fuzzy A°X-closed set need not be a A°¥-gf- g,-closed.
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5.15 Example

Let X ={a,b,c}, g =40 .1 .(a 0.5).(5,03).(c. 0.6)}. {(a,0.5),(5,0.7), (6,03)},1@0.5)(60.7,c06)}}
and A = {(a 05)(b 03) (c 06)} Here A £x (k) AL It 1mp11es that A is a fuzzy A X _closed set. Again A< L and
(k) {(a 0. 5)(b 0. 3) (c 0. 7)} L. Therefore Aisnota A X—gf- g,~closed set.

5.16 Remark
Every ASX -gf- g -closed set need not be a fuzzy A®X closed set.

5.17 Example

Let X ={ab.c}, g ={0_,1 {(1)(h,0),(c.0)}} and %={(a,1)(b,1),(c,0)}. Here A*Y (1)=1_and
(k) =1, .Again A <1 and <, . (2)= 1 <1_.Therefore, Zis AfX-gf-gX-closed set. But AfX (X)Ach (»)= L, #h
It 1mp11es that Alsnota fuzzy /\ X _closed set.

Caldas et al. (2008) shown one equivalent condition in Theorem 2.15 by using locally closed set in topological space.
In the following theorem we show the same equivalent condition in GFTS (X, g, ) with the help of fuzzy ASX _closed
which is a weaker form of fuzzy g -locally closed set.

5.18 Theorem

Let A be any fuzzy AfX -closed setin a GFTS (X, g, ). For the fuzzy set A the following properties are equivalent:
() Aisfuzzy g -closed set;

) Lis ASX -gf-g -closed;

(i) A is gf-rgx-closed set.

Proof. (i) = (ii) Using proposition 5.4(i) the proof can be done easily.
(i1) = (iii) Using proposition 5.4(ii) it can be proved easily.
(ii1) = (i) It can be proved by using proposition 4.7.

5.19 Remark
Theorem 5.18 is also true if we consider A X -gf-g -closed set instead of fuzzy A £x -gf-g -closed set.
The fundamental relationship between the various types of sets considered in this section can be summarized in the

following diagram:

Fuzzy gx-closed —>  fuzzy A9%-closed

|

fuzzy A9%-closed

%

AIX_gf- gy-closed ———> gfigy-closed

6.Fuzzy (A**, g, )-Continuity and Fuzzy (A", g )-Continuity
6.1 Definition

Let (X, gX) and (Y,g,) be generalized fuzzy topological spaces (in short GFTS’s). Then a function f: X — Y'is said
to be fuzzy (g, , g, ) -continuous if for each fuzzy g -openset L in ¥, £~' (1) is fuzzy g -open in X.
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6.2 Definition

A function f: (X, g, ) — (Y, g,) froma GFTS to another GFTS is called fuzzy contra (g, g, ) -continuous if for each
fuzzy g, - openset L in ¥, f‘1 () isfuzzy g, - closed in X.

6.3 Definition

Letf: (X, g, )— (Y,g,) bea function from a GFTS (X, g, )intoa GFTS(Y,g, ) then fis called

(i) fuzzy (Ag‘ ,g,) -continuityif /(1) is fuzzy A" closed in (X,g ) foreach u€ GFC Y,g,),

(i) fuzzy (A*",g,)-continuityif /™ (&) is fuzzy A®" closedin (X, g ) foreach p&GFC Y,g,),

(iii) generalized fuzzy (g, ,g,) contmulty if /7' (W) is gf- -g,-closed in (X g, ) foreach 1 € GFC(Y,g,),

(iv) fuzzy A** gf-g, g )-continuity if £ (W) is fuzzy A% gf-g ~closed in (X g.) foreach 1 €GFC(Y,g,).

6.4 Proposition

Every fuzzy (g, ,g,)-continuous function is a fuzzy (A*", g, )-continuous function.
Proof. The proof'is straight forward from the definition.
6.5. Remark

But the converse of the above theorem may not be true.

6.6 Example

Let X =Y = {a,b,c} g~ {0,,A},where 4 (a)= 05, 4(b)=0.7, 4 (c)=04.and g, ={0,.,1,,4,,4,,4,}
where 1, = {(a,0.5)(5,0.3),(c,0.6)},4, {(a,o.s),(b,0.7),(c,0.3)}, 2, =1(a,0.5),(5,0.7),(c,0.6)}. Heref: (X.g )
— (Y,g,) defined byf(a) =a, f(b) =b, f(c) =c. Then fis fuzzy (A®",g,)-continuous function but not fuzzy
(g,»g,)-continuous function. Since f B (/11') = 1, is a fuzzy A*" -closed set but not fuzzy g,~closed set.

Generally fuzzy (A*", g, ) -continuity does not imply fuzzy (g, g,) - continuity but in our next theorem it is shown
that the converse part is also true under the circumstances mentioned therein.

6.7 Proposition

A fuzzy (A*',g,)-continuous function from X to Y is fuzzy (g, ,g,)continuous if every fuzzy A®* —closed set is
fuzzy g -semi-closed in X.

Proof. Let fbe any fuzzy (A*,g,) continuous function from (X,g ) to (Y,g,) andlet £ € GFC(Y,g,). Therefore,
() is fuzzy A®* —closed in (X ,gX) and by given condition every fuzzy A**-closed set is fuzzy g,-semi-closed in X.
Then by using Proposition 4.25, ' (u) isa fuzzy g ~closed setin (X, g, ). Therefore, fis fuzzy (g, , g, )-continuous.

6.8 Remark

The above theorem is true for fuzzy A #*-closed set as because of every fuzzy A **-closed set is a fuzzy A*"-closed set.
6.9 Theorem

f(x, g, )— (Y,g,) beany function, where X is a fuzzy submaximal space and the only fuzzy g, -regular closed set
in Xis 1 , then the following conditions are equivalent:

@ fisafuzzy (g,,g,)-continuous.

(i) fis a fuzzy (A**, g, )-continuous.
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Proof. (i)=> (i) Let # € GFC(Y,g, ). Sincefis fuzzy (g, , g, )-continuous. So /™ (1) is fuzzy g - closed in X. Thus /(4 is
fuzzy A*"-closedin (X, gx) since every fuzzy g ~closed is fuzzy A**-closed. Therefore, fis fuzzy (A**,g,)-continuous.

(i)= (i) Let & € GFC(Y,g,). Since fis fuzzy (A*,g,)-continuous. Therefore /' (4) is fuzzy g -closed set in
(X, g, ) since in submaximal space every fuzzy A**-closed is a fuzzy g ~closed set. Therefore, fisfuzzy (g, g,)-continuous
function.

6.10 Theorem

For any function, /= (X,g ) —> (Y,g,) the following conditions are equivalent:
(@) fisfuzzy (A®,g,)-continuous,

G /' (i, (W) <A™ =i (f"(A)) foranyfuzzy subset Aof ,

i) A“-c, (f " (A) <" (e, () forany fuzzy subset A of Y.

Proof. (i) = (ii) Let fbe fuzzy (A", g, )-continuous and A be any fuzzy subset of Y. Then i, (1) <2 = f~ (igy (/1)) <f"(1).So
7 (igy (/1)) is a fuzzy A*‘ -open set in (X.g ). Therefore, 7 (igy (/1)) < A® -i, (' (2)).

(ii) = (iii) Let 2 be any fuzzy subset of ¥ then /' {i, (Y=2)}<A®-i (/" (Y=2)=f"{¥-c, (A} <A" -
i, (X=r" (W)= x-1" (e, W)X -A" ¢, (f (A=A e, (f (AN S (e, D).

(iii) = (i) let A be any fuzzy g -closed set in Y. So 7 (/1) =f" (ng (/1)) > A" -c, (f'l (/1)) =f" (/1) . It implies
that £ (1) isa fuzzy A**-closed inX. Therefore, f isa (A**, g,) - continuous function.

6.11 Proposition
Every fuzzy contra (g, , g, )-continuous function is a fuzzy (A*", g,)-continuous function.

Proof. Let 1t € GFC(Y,g, ). Since fis a fuzzy contra (g, , g, )-continuous function, then f'(u) isa fuzzy g -open set in
X. So A® (f'l (y))/\cg\ (f'l (y)) =1 (u)/\cg\ (f'I (u)) =" (u). Thus f'(u) is a fuzzy A** -closed set in
(X.g ). Therefore, f is fuzzy (A*", g, ) -continuous function.

Generally in a GTS as well as in GFTS contra (g, , g, )-continuity does not imply (g, , g, )-continuity. But in the
following proposition we have study the relation between fuzzy contra (g, , g, )-continuity and fuzzy (g, , g, )-continuity.

6.12 Proposition

A fuzzy contra (g, , g, )-continuous function is fuzzy (g, , g, )- continuous if every fuzzy A®* —closed set is fuzzy
g, - semi-closed set in X.

Proof. It follows from proposition 6.7 and 6.11.
6.13 Proposition
Every fuzzy (A", g, ) -continuous function is a fuzzy (A*", g,)-continuous function.
Proof. The proof'is straight forward from the remark 4.18.
6.14 Remark
Then the converse of the above theorem may not be true in general.

6.15 Example

Let X =Y = {a,b,c}, g, =10 ,2} where 4 (a)= 0.3, 2 (»)=0.6, 2 (c)=02.and g, ={0,,1 ,4,,4,},where
2, ={(a,03)(5,06),(c,02)}, 2, =1{(a,0.4),(5,0.7),(c,0.3)} .} . Here/: (X,g )—> (Y,g,) definedby f(a)=a,
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f (b) =b, f (c) =c. Then f is a fuzzy (A*",g,)-continuous function but not a fuzzy a (Af, g,)-continuous function
since f'(A) =4, isafuzzy A* -closed set butnot a a fuzzy A **-closed setin (X, g, ).
6.16. Theorem. Letf: (X.g )—> (Y,g,) bea function. Then the following are equivalent.

@ fisfuzzy (g, ,g,)-continuous function.

i) fis generalized fuzzy s -continuous function and fuzzy (A*", - continuous function.
g)( gY r gY

Proof. (i)= (ii) It is straight forward from the definition.

()= (ii) Let u € GFC(Y,g,). Since f'is generalized fuzzy (g, , g, )- continuous function and fuzzy (A**,g,)-

continuous function. So /™' (u) is gf-g, -closed set and fuzzy A *-closed set. Therefore, f () is a fuzzy g, -closed set

using remark 4.20. Thus fis fuzzy (g, , g, )-continuity.

6.17 Theorem

Every fuzzy ( A #*gf-g,, g,)-continuous function is generalized fuzzy (g, , g, )-continuous function.

Proof. The proof'is straight forward from the definition.
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