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CHAPTER 1
INTRODUCTION

Throughout this text, all rings are associative (not necessarily commu-

tative) with identity, and all modules are unitary.

Prime Goldie and semiprime Goldie rings have been investigated exten-
sively for a long time. The class of semiprime Goldie rings is very special with a
beautiful structure and plenty of nice properties. They have been deeply investi-
gated by many authors such as A. W. Goldie (1960, [6]), R. Gordon (1971, [4]), A.
W. Chatters and C. R. Hajarnavis (1980, [2]), T. Y. Lam (1999, [9]).

D. V. Huynh et al. (2000, [8]) studied prime and semiprime (right)
Goldie rings in connection with the CS condition. It was shown that a prime ring
is right Goldie, right CS with right uniform dimension greater than one if and
only if it is left Goldie, left CS with left uniform dimension greater than one. A
semiprime ring is right Goldie left CS if and only if it is left Goldie, right CS.

N. V. Sanh et al. (2010, [12]) introduced the primeness in module
theory. It is a Morita invariant in module categories and is absolutely compatible
with primeness on rings. N. V. Sanh et al. also pay attention on prime and

semiprime Goldie modules, for example, [14, 13].

1.1 About the Thesis

In this work, we adopt the notions of primeness defined by N. V. Sanh.
Then, we generalize the results of D. V. Huynh et al. to the case of prime and
semiprime modules. Our main theorems will give the like-symmetry of the Goldie
and CS conditions in prime and semiprime modules as a general case of prime and

semiprime rings.
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The thesis is divided into four chapters. All of our work is in the third
one. The first chapter is an introduction with literature review and list of symbols.
The next one summarizes the theoretical background of rings and modules relative
to our work. The most significant section of the thesis is the chapter III which

shows the main results of our work. Finally, chapter IV is for conclusion.

1.2 List of Symbols

>, & Submodule (ideal), direct summand, respectively

<5 Small (superfluous) submodule (ideal)

<»  Essential (large) submodule (ideal)

rx(Y),lx(Y) Right, left annihilator of Y in X, respectively
Span(X)  The spanning submodule of X

Hompg(M, N)  The group of all homomorphisms from M to N
End(Mpg) or End(M) The endomorphism ring of a module M
Mod(R) The category of all right R—modules

M/X  The quotient (factor) module of M modulo X
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CHAPTER 11
THEORETICAL BACKGROUND

Throughout this note, all rings are associative with identity and all
modules are unitary. For a right (resp. left) R—module M, we will denote Mg

(resp. RM).

This chapter essentially provides a theoretical background on rings and
modules relative to my work to serve for the next chapters. For further details and
other materials, we refer the text books and articles in the bibliography.

Let R be an associative ring with identity and M, N be right R—modules.
Hompg(M, N) (or simply Hom(M, N)) is the additive group of all homomorphisms
from M to N. We denote S = End(Mpg), the ring of all homomorphisms from
M to M. If M = Rg, we can see that End(Rpg) is isomorphic to R. For an
R—homomorphism f € Hom(M, N), kernel (resp. image) of f is denoted by

Ker(f) (vesp. Tm(f) = f(M)).

2.1 Annihilators

Let S, R be rings with identities and ¢ Mg be a left S— right R—bimodules.
Then, for subsets T'C S, X C M,I C R:

(1) Right annihilator of X in R is the set

rr(X) ={r € Rlar =0,Vz € X}.

(2) Right annihilator of T in M is the set

ry(T) = {m e M|tm =0,Vt € T}.

(3) Left annihilator of X in S is the set

ls(X)={s e S|sx=0,Vr € X}.

(4) Left annihilator of I in M is the set
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Cy(I) ={m € M|mk =0,Vk € I}.
(5) If T'= M, then rg(M) is called the annihilator of M in R. If
rr(M) =0, then M is called a faithful module.

For singletons {z} C M,{t} C S,{r} C R, we simply write their
annihilators as rr(x),ra(t), ls(z), €ar(r). For a ring R, regarding I C R,z € R,
we denote r(1), (1), r(z),{(x), for short. If annihilating is made many times, then
we write, for instance, ryfs(X), instead of ry(¢s(X)). Readers can easily look for
more details of annihilators in [1], [2], [11]. It is routine to verify the following

properties on annihilators.

Proposition 2.1 Let S, R be rings with identities and sMp be a left S— right
R—bimodule. Then, for subsets T C S, X C M,I C R

(1) rr(X) is a right ideal of R and Xrr(X) = 0;

(2) vp(T) is a submodule of Mg and Trpy(T) = 0;

(3) ls(X) is a left ideal of S and s(X)X = 0;

(4) Uy (1) is a submodule of sM and €y (1)1 = 0;

(5) If S = End(Mg), then for some f € S,ry(f) is exactly the kernel
of f, e vai(f) = Ker(f).

By the claim (5) of the proposition 2.1, if S = End(Mp) and for some
T C S, we sometimes write Ker(T') := ry(T) = (), Ker ().

Definition 2.2 A submodule X of M is called an M-annihilator if X =y (T) =
Ker(T') for some subset T" C S. Especially, a right ideal I of a ring R is called a
right (resp. left) annihilator if I = r(K) (resp. I = ((K)) for some subset K C R.

Proposition 2.3 (refer to [1], 2.)

Let M = Mpg be a right R—module. Then, for arbitrary subsets X,Y
and submodules A, B of M :

(1) If X CY, thenrp(Y) C rr(X);

(2) rr(X) = rplyrg(X)

(8) rr(A+ B) =rg(A) Nrgr(B);
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(4) rr(A) +rr(B) Crr(AN B).

Similar properties are hold for left modules and left annihilators.

The ACC and the DCC.

The ACC and the DCC stand for the ascending chain condition and
the descending chain condition, respectively. Considering the following chains of
submodules of a right R—module M :

(1) Ay, C A, C...CA,C..

(2) BI2 By 2.2 Bp 2 ...

The ascending chain (1) (resp. the descending chain (2)) is said to be
stationary if there is some ng € N (resp. my € N) such that A,,.; = A,, (resp.
Biny+i = Bp,) for every i € N.

A module satisfying the ACC (resp. the DCC) on the class of all sub-
modules is called a Noetherian (resp. Artinian) module. For a ring, we can verify

that the ACC on right annihilators is equivalent to the DCC on left annihilators.

2.2 Generating and Generators

Let M = Mpg be a right module and X C M. The spanning of X,
denoted by Span(X) or X R, is the set {171 + zoro + ... + X1y, 2 € X1 € Ryi =
1,2,...,n}. It is easy to check that Span(X) = X R is the smallest submodule of M

containing X. Thus, we also say Span(X) is the submodule spanned (or generated)

by X. If X is a submodule of M, then Span(X) = XR = X.

Definition 2.4 Let M = Mg be a right module. Then:

(1) M is called a finitely generated module if it is spanned (or generated)
by a finite number of its elements. In particular, if M is generated by a single
element, then it is called a cyclic module.

(2) For a right R—module N, we say that M generates N if N = KM =
> rex Im(f), where K = Homp(M, N).
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(8) M is called a self-generator if it generates all of its submodules.

Proposition 2.5 Let M = Mpg be a right module with S = End(MEg).

(1) If M is a finitely generated module, then there exists a finite subset
X ={x1,29, ...} C M such that M = XR = {x1r1 +xoro+...+x,1p|ri € R, i =
1,2, ...,n}. Especially, if M is a cyclic module, then M = mR = {mr|r € R} for
some m € M.

(2) For a submodule X, if M generates X, then there is a subset K C
S such that X = ZfeK fM. Moreover, if X # 0 and M generates X, then
Hom(M, X) # 0.

Every simple module (having no proper submodule) is cyclic. Any ring
R is cyclic as a right module over itself. If M = mR is a cyclic module, then
there is a canonical homomorphism R — mR,r — mr with the kernel is the right
annihilator of m in R. A ring R generates all right R—modules, and hence it is a

generator.

2.3 Projective and Quasi-projective Modules

Definition 2.6 Let M, N be right R—modules.
(1) N is said to be an M —projective module if for any submodule X of

M, every homomorphism a from N to M/X can be lifted to a homomorphism ¢
from N to M.

N
v la
M— M/X -0
(2) M is called a quasi-projective (or self-projective) module if it is an
M —projective module.

(8) M is called a projective module if it is N —projective for every module



Fac. of Grad. Studies, Mahidol Univ. M.Sc. (Applied Mathematics) / 7

N € Mod(R).

A right R module F' is called a free modules if it has a basis. Note
that every ring is free and every free module is projective. Every module is a

homomorphic image of a projective module.

Proposition 2.7 (Refer to 18.4, (ii), of [15])
Let M be a finitely generated, quasi-projective right R-module and S =
End(Mg). Then, for every right ideal K of S, we have K = Hom(M, KM).

2.4 Closed Submodules and CS Modules

In this part, closed submodules and complements are introduced. These
concepts are significant materials to build up our research in next two chapters.
In several contexts, complements are actually an other terminology of closed sub-
modules. By Zorn’s Lemma, complement of a submodule always exists. For more

details, we refer to [10] and [3].

Definition 2.8 Let M = Mp be a module.

(1) A nonzero submodule X of M is called an essential submodule if it
has nonzero intersection with any nonzero submodule of M. Then, we say that X
18 essential in M, denote X < M, and M 1is an essential extension of X.

(2) A submodule Y of M s called a closed submodule if Y has no proper
essential extension, i.e. Y S XM implies Y = X.

(8) M is called a uniform module if every nonzero submodule is essential

m M.

Definition 2.9 Let M be a right R—module and Y, a submodule of M. A sub-
module X of M 1is called a complement of Y in M if it is maximal with respect to
XNY =0. A submodule X of M is called a complement if there exists a submodule
Y such that X it is a complement of Y in M.

Proposition 2.10 Let X, Y be submodules of a module M with X NY = 0. Then:
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(1) There exists a complement K of Y such that X C K;
(2) K®&Y < M,
(3) K is closed in M.

Proposition 2.11 Let X be a submodule of a module M and Y, a complement of
X. Then, X s a closed submodule if and only if it is a complement of Y.

For a submodule X of M, the closure of X is a closed submodule Y of

M such that X <5 Y.

Proposition 2.12 (Properties of complements)

Let A, B, C be submodules of a module M with A C B. Then:

(1) There exists a closed submodule X of M such that C < X,

(2) C is closed in M if and only if for any submodule X of M,C —
X < M implies X/C < M/C.

(3) If B is closed in M, then B/A is closed in M/A.

(4) If A is closed in B and B is closed in M then A is closed in M.

CS Rings and CS Modules.

Definition 2.13 A module is called a CS (or extending) module if every submodule
15 essential in a direct summand. In particular, a ring R is called a right CS ring

if Rg is a CS module.

It is easy to see that a module M is CS if and only if every closed

submodule of M is a direct summand.

2.5 Uniform Dimension and Goldie Modules

Definition 2.14 A module is said to have finite uniform dimension if it does not

contain any direct sum of an infinite number of nonzero submodules. In particular,
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a ring R has finite right uniform dimension if Rr has finite uniform dimension.

By the definition, a module has finite uniform dimension if it only has

direct sums of finite numbers of nonzero submodules (if any).

Proposition 2.15 Let M be a right R-module. Then:

(1) If M has finite uniform dimension, then every nonzero submodule
(if any) of M contains at least a uniform submodule.

(2) If {Ui}i=, and {V;}7L, are two collections of uniform submodules of
M such that &}_,U; and &7, V; are both essential submodules of M, then n =m.

(8) M has finite uniform dimension if and only if there exists a family

{UA_, of uniform submodules of M such that ®&"_,U; < M.

The preceding theorem makes it possible to define the uniform dimen-
sion of a module. The natural number n in the theorem is unique, i.e. it is
independent to any choice of collections of uniform submodules of M, and is called
the uniform dimension of M, denoted by u — dim(M). If such the number does not
exist, i.e. if M contains a direct sum of an infinite number of nonzero submodules,
then M is defined to have infinite uniform dimension, writing u — dim(M) = co.

Uniform dimension is sometimes referred as Goldie dimension or Goldie rank.

Proposition 2.16 Let M be a right R—module with finite uniform dimension.
Then:

(1) If N is a submodule of M, then u — dim(N) < u— dim(M). The
equality happens exactly when N is an essential submodule of M;

(2) If M = My @ ... ® M, then u —dim(M) = u—dim(M;) + ... +
u — dim(M,,).

Definition 2.17 A module M is called a Goldie module if it has finite uniform
dimension and the ACC on M—annihilators. In particular, a ring R is said to be
right (resp. left) Goldie if Rg (resp. rR) has finite uniform dimension and R has
the ACC on right (resp. left) annihilators.
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2.6 Prime and Semiprime Modules

In this part, we introduce the notions of prime and semiprime submod-
ules, prime and semiprime modules. They have been defined by N. V. Sanh et al.
in [12].

Let R be an associative ring with identity. Let M be a right R—module
and its endomorphism ring S = End(Mg).

A submodule X of M is called a fully invariant submodule if for any s €
S, we have s(X) C X. It is easy to see that the class of all fully invariant submodules
of M is non-empty and closed under intersection and sum. In particular, a right
ideal of R is a fully invariant submodule of Ry if it is a two-sided ideal.

For subsets I,J C S and X C M, for convenience, we denote I(X) =
S ey F(X), Ker(I) = (e, Ker(f) = rar(1), and 1J = {i il € Iy € J1 <
i<n,ne N}

Definition 2.18 A fully invariant proper submodule X of M is called a prime
submodule if for any ideal I of S, and any fully invariant submodule U of M, 1(U) C
X implies either (M) C X or U C X.

Especially, an ideal P of R is a prime ideal if for any ideals I,J of
R, IJ C P implies either I C P or J C P.

A module M is called a prime module if 0 is prime in M.

A ring R is called a prime ring if Ry is a prime module.

Proposition 2.19 (Theorem 1.2 of [12])

Let X be a fully invariant proper submodule of M. Then the following
conditions are equivalent:

(1) X is a prime submodule of M;

(2) For any right ideal I of S, any submodule U of M, if I(U) C X,
then either I(M) C X orU C X;

(8) For any ¢ € S and fully invariant submodule U of M, if p(U) C X,
then either (M) C X or U C X;

(4) For any left ideal I of S and subset A of M, if IS(A) C X, then
either (M) C X or AC X;
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(5) For any ¢ € S and for any m € M, if o(S(m)) C X, then either
e(M)C X orme X.
Moreover, if M is quasi-projective, then the above conditions are equiv-

alent to:

(6) M/X is a prime module.

Definition 2.20 A fully invariant proper submodule X of a right R—module M
is called a semiprime submodule if it is an intersection of prime submodules of M.
A module M is called a semiprime module if 0 is semiprime. A ring R

s called a semiprime ring if the module Ry is semiprime.
By symmetry, R is a semiprime ring if g R is a semiprime module.

Proposition 2.21 (Theorem 1.10 of [12])

If X is a prime (resp. semiprime) submodule of M, then [x = Hom(M, X)
is a prime (resp. semiprime) ideal of S. Conversely, if M is a self-generator and
Ix is a prime (resp. semiprime) ideal of S, then X is a prime (resp. semiprime)

submodule of M.

Proposition 2.22 (Theorem 2.4 of [12])
If M is a prime module, then its endomorphism ring S is a prime ring.

Conversely, if M is a self-generator and S is a prime ring, then M is prime.

Proposition 2.23 (Theorem 3.3 of [13])
Let M be a quasi-projective, finitely generated right R-module which is
a self-generator. If M is a Goldie module, then S = End(Mg) is a right Goldie

ring. In this case, we have u — dim(Mp) = u — dim(Sg).
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CHAPTER I11
MAIN RESULTS

Firstly, we provide some technical lemmas. The first one is routine.

Lemma 3.1 Let M be a right R-module with S = End(Mg). If M is a semiprime
module, then S is a semiprime ring. Conversely, if M is a self-generator and S is

a semiprime ring, then M is a semiprime module.

Lemma 3.2 Let M be a right R-module with S = End(Mg). Then, M satisfies
the ACC (resp. DCC) on M-annihilators if and only if S has the ACC (resp.
DCC) on right annihilators.

Proof. Firstly, we assume that M satisfies the ACC on M —annihilators.
Let rg(X;) C rg(Xs) € ... € rg(X,) C ...(1) be an ascending chain of right
annihilators of S, for an arbitrary family of subsets {X,, C S,n € N}. Then, we
have:

lsrs(Xy) D lsrs(Xs) D ... D lsrs(X,) 2 ...(2), and

ralsrs(Xq) Crylsrs(Xse) C ... Crylsrs(X,) C...(3).

The chain (3) is stationary by the hypothesis. Because of grplsrg(X,,) =
lsrs(X,),n =1,2,..., we pass (3) to left annihilators in S to obtain (2). Therefore,
(2) is also stationary. Similarly, we pass the chain (2) to right annihilators (in .S)
and then obtain (1). Hence, (1) stops somewhere, implying that S has the ACC

on right annihilators.

Conversely, we suppose that S satisfies the ACC on right annihila-
tors. Let ry(X7) C ry(Xs) C ... € ry(X,) C ...(4) be an ascending chain of
M —annihilators of M, where X,, C S,n =1,2,... Then:

lorp(X1) D lsrar(Xo) D .. D lsrpy(Xy) 2 ...(5), and
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rslsry(Xy) Crolsry(Xs) C ... Crelsry(X,) C...(6).

Since S has the ACC on right annihilators, (6) is stationary. We pass
(6) to left annihilators in S to obtain (5), and convert (5) to right annihilators in
M to obtain (4). As a consequence, the chain (5) stops at some index. Thus, (4)
is also stationary, showing that M has the ACC on M —annihilators.

By the same argument, we can prove for the DCC case. The proof is

now complete. [

Lemma 3.3 Let M = Mg be a finitely generated, quasi-projective right R—module
which is a self-generator with S = End(Mg). Then:

(1) X is a closed submodule of M if and only if Ix = {f € S|f(M) C
X} is a closed right ideal of S;

(2) Conversely, K is a closed right ideal of S if and only if KM =
Y sex S(M) is a closed submodule of M.

Proof. (1). Assuming that X is a closed submodule of M, and Iy < K < Sg,
for some right ideal K of S. Then, we have X = IxM C KM, since M is a self-
generator. For a nonzero submodule Y of KM,Y = Iy (M), where Iy = {f €
S|f(M) C Y} # 0. Thus, 0 # Ix NIy and hence there exists 0 # s € Ix N Iy
such that s(M) C X, s(M) C Y. Therefore, we have 0 # s(M) C (X NY), proving
X S KM, and hence X = KM. This implies Ix = K, showing that Ix is closed
in S.

Conversely, if Ix is closed in S and X = IxM < A < M. Then,
Ix CIy={f¢€S|f(M)C A}. For right ideal 0 # K of S such that K C I4,0 #
KM C A and hence KM N X # 0. Since M is a self-generator, there is a nonzero
s € S such that s(M) C (KM N X), and hence, s € Ix. Furthermore, since M is
quasi-projective and finitely generated, by 18.4 of [15], sS C Hom(M, KM) = K,
and hence s € K. Therefore, we have 0 # s € Ix N K, thus Ix N I,. This implies
that Ix = 14, since Iy is a closed right ideal. As a consequence, X = A, showing

that X is closed in M.
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(2). We ague similarly to (1). Note that if K is a right ideal of S, then
K = Ixy = Hom(M,KM). O

Lemma 3.4 Let Mg be a finitely generated and quasi-projective module, which is
a self-generator with S = End(Mg). Then:

(1) U is a uniform submodule of M if and only if I = Iy == {f €
S|fM C U} is a uniform right ideal of S;

(2) K is a uniform right ideal of S if and only if KM =3, f(M)

1s a uniform submodule of M.

Proof. (1). Assuming that U is a uniform submodule of M, then I = Iy :=
{feS|fM CU} =Hom(M,U) and U = IM. Let X,Y be nonzero right ideals
of S such that X, Y C I. Then, 0 # XM NYM = A < U. Since M is a self-
generator, there exists 0 # s € Hom(M, A). Therefore, s € Hom(M,XM) =
X,s € Hom(M,YM) =Y. Thus, s € X NY showing that I = [y is a uniform
right ideal of S.

We suppose that Ij; is a uniform right ideal of S. For nonzero submod-
ules A, B of M such that A, B C U, we have 0 # [, = Hom(M, A) C Iy,0 # Ip =
Hom(M, B) C Iy. Therefore, 14 N Ip # 0 and hence AN B # 0. This shows that

U is uniform.

(2). By the same argument as that given in (1). O

Lemma 3.5 Let M = Mpg be a finitely generated, quasi-projective right R—module
which is a self-generator with the endomorphism ring S = End(Mpg). Then, X is a
direct summand of M if and only if Ix = {f € S|f(M) C X} is a direct summand
of S. In this case, X = e(M) and Ix = eS for some idempotent e € S.

Proof. The proof of this lemma is routine. [
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Lemma 3.6 (Theorem 1 of [8])
Let R be a prime ring. Then the following statements are equivalent:
(1) R is right Goldie, right CS with u — dim(Rg) > 1;
(2) R is left Goldie, left CS with u — dim(gR) > 1.

Lemma 3.7 (Theorem 3 of [§])

For a semiprime ring R, the following conditions are equivalent:

(1) R is left Goldie, right CS;

(2) R is right Goldie, left CS.

In this case, we have R = éRi, where each R; is prime, right and left
Goldie, right and left CS, fori=1,2, 1,n

In the following, our main theorems are presented. They can be con-

sidered as applications of results of D. V. Huynh et al. in [§].

Theorem 3.8 Let M be a finitely generated and quasi-projective right R-module,
which is a self-generator and S = End(Mg), the endomorphism ring of M. Then,
the following statements are equivalent:

(1) M is prime, Goldie and CS with 1 < u — dim(Mpg) < o0;

(2) S is prime, right Goldie and right CS with 1 < u — dim(Sg) < oc;

(3) S is prime, left Goldie and left CS with 1 < u — dim(gS) < oco.

In this case, S is a prime, right and left Goldie, right and left CS ring
with u — dim(gS) = u — dim(Ss) = u — dim(Mg) =n > 1.

Proof. Firstly, we claim that M is a prime module if and only if S is a

prime ring by theorem 2.4 of [12].

(1) = (2). By theorem 3.1 and 3.3 of [13], S is right Goldie with
u—dim(Ss) = u—dim(Mg) = n > 2. It is clear that the closure of a uniform
submodule is also uniform. According to [3], in order to prove that S is right
CS, it is sufficient to show that every uniform closed right ideal of S is a direct

summand, since S is of finite right uniform dimension.
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Let X be a closed uniform right ideal of S. Then, X M is a closed uni-
form submodule of M, by lemmas 3.3 and 3.4. Therefore, X is a direct summand,
because of the extending property of M. Thus, by lemma 3.5, XM = eM, for some

e =¢e2 € S, and hence X = €9, a direct summand of S.

(2) = (1). Since S is right Goldie with u — dim(Ss) = n > 1, by
theorem 3.1 of [13], we have u — dim(M) = u — dim(Ss) = n. Moreover, S has the
ACC on right annihilators, then by lemma 3.2, M has the ACC on M —annihilators.
Therefore, M is a Goldie module.

By lemmas 3.3 and 3.4, if U is a closed uniform submodule of M, then
Iy is a closed uniform right ideal of S. Thus, by lemma 3.5, we have Iy = eS for
some idempotent e € S, and hence U = eS(M) = e(M) is a direct summand of

M. Therefore, M is extending.

(2) < (3). It is straightforward by lemma 3.6. [J

Remark 1. For a prime module M = Mg, if A is a (nonzero) direct
summand of M which is fully invariant in M, then A is itself a prime module.

Proof. Let S = End(Mg) be the endomorphism ring of M.

Note that every direct summand of M is of the form eM = e(M) for
some e = €2 € S. If U is a fully invariant submodule of A = eM, then for very
fesf=1fla:A— A fl(U CU is satisfied. Therefore, U is also a fully
invariant submodule of M.

We assume that M is prime. Let ¢ # 0 be an endomorphism of A such
that t(U) = 0. Then, 0 # te € S and te(U) C t(U) = 0. This implies that U = 0,

since M is prime. Thus, A is a prime module. [

According to [5] and [4], a PWD (piecewise domain) is a ring R with a
complete set {eq, ..., e, } of orthogonal idempotents with the property that zy =0
implies x = 0 or y = 0 whenever x € e,Rej, and y € e, Re;. By proposition 1 of [4],

a semiprime right Goldie, right CS ring is a PWD.
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In remark 2 of [8], D. V. Huynh et al. gave a representation of a
semiprime right Goldie right CS ring by a direct sum of prime right Goldie right

CS rings. The following assertion can be considered as an adaptation.

Proposition 3.9 Let M = Mpg be a finitely generated and quasi-projective module,
which is a self-generator. If M is a semiprime, Goldie, CS module, then we have:
M = éMi, where each M; is a prime, Goldie and CS module;
Hom(]\lfi, M;) = 0 whenever i # j;
S = éSi, where each S; = Hom(M, M;) = End(M;) is a prime, right
Goldie right CS ;ing.

Proof. 1t is clear that S is semiprime. By the proof of theorem 3.8,
since M is a Goldie and CS module, S is right Goldie and right CS. Thus, by
the remark 2 of [8], we get the representation S = éSi, where each S; = ¢;5
satisfies Hom(e; S, e;S) = 0 whenever j # i. Thus, folr every f,g € S, if 1 # j,
then e;fe;g = 0. It is not difficult to verify that each S; is an ideal of S (indeed,
sleiS]s =e,s [€i5]e.s)-

It is obvious that S; inherits the right Goldie, right CS properties from
S. We will show that each S; is prime. We consider S; = €15 only, and then
deduce for other cases. We observe that for any z € S;,x = e;s for some s € S,
and x = e;s = ejseq, because 1 —e; € S;. Let zy = 0 for some x = eysey, y = ejte;
belonging to Sy, where s,t € S. Then, we get either x = e;se; = 0 or y = eyte; = 0,
since S is a PWD by proposition 1 of [4]. This shows that S; is a prime, right
Goldie right CS ring.

We put M; = S;(M) =e;(M) fori=1,...,n. Then, M = énBMZ follows
immediately. Furthermore, we observe that for every s € 5;,s = eiseilz €;8 = Sé;,
and for every f € End(M;), fe; = e;fe; € S;. Therefore, we can identify S; with
End(M;) via the ring isomorphism End(M;) —» S;, f — fe;. Then, it is clear to
state that each M, is a prime, Goldie and CS module. The claims Hom(M;, M;) =0
whenever i # j and S; = Hom(M, M;) are straightforward. The proof is now
complete. [
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Theorem 3.10 Let M = My be a semiprime, finitely generated and quasi-projective
module, which is a self-generator with S = End(Mg), the endomorphism ring of
M. Then, the following conditions are equivalent:

(1) S is left Goldie and M is CS;

(2) M is Goldie and S is left CS.

In this case, M = éMi’ where each M; is a prime, Goldie and CS-

module; and S = @ S;, where each S; = Hom(M, M;) = End(M;) is a prime, right
1
and left Goldie, right and left C'S ring, fori € {1,2,...,n}.

Proof. By theorem 2.9 of [12], S is a semiprime ring.

(1)=(2). We deal with the proof by establishing two claims as followed.

Claim 1. M is a Goldie module. We suppose on the contrary that
M contains an infinite direct sum é]\fi of non-zero submodules of M. Then,
Iy, = {f € S|f(M) C N;} = Horrll(]\/[, N;) # 0, since M is a self-generator.
It is easy to check that Iy, N>, In; = Hom(M,N;) N ., Hom(M, N;) =
Hom (M, N;) N Hom(M, >, ,; N;) = Hom(M, N; N > ., N;) = 0, because by as-
sumption. Therefore, S contains é Iy, a contradiction. Thus, M must be of finite
Goldie dimension. 1

Since S is a semiprime left Goldie ring, by lemma 7.2.2 of [7], S has
the DCC on left annihilators, and hence has the ACC on right annihilators. Thus,
by lemma 3.2, M has the ACC on M —annihilators. It follows that M is a Goldie
module. In this case, S is also a right Goldie right CS ring.

Claim 2. S is left CS. By proposition 3.9, since M is semiprime, Goldie
and CS, M is a direct sum of prime, Goldie, CS modules, M = é]\/[i, where

Hom(M;, M;) = 0; and S = éSi, where each S; = Hom(M, M;) = End(M;) is a
prime, right and left Goldie right CS ring. If M; is of dimension one, then M; is
a uniform module. Therefore, S; is also right uniform, and hence is left uniform.
Thus, S; is right and left CS. If M; has uniform dimension greater than one, then
by theorem 3.8, S; is left CS. This implies that S = é&- is left CS.
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(2)=(1). Since M is a Goldie module, S is a right Goldie ring and
u — dim(Sg) = u — dim(Mg). Being right Goldie and left CS, S is a left Goldie,
right CS ring, by lemma 3.7.

In order to show that M is a CS module, we let U be a uniform closed
submodule of M. Then, Iy = {f € S|f(M) C U} is a uniform closed right ideal
of S by lemmas 3.3 and 3.4. Since S is right CS, Iy is a direct summand of S, i.e.
Iy = eS for some idempotent e € S. Thus, U = eM is a direct summand of M.

This implies that M is uniform extending, thus it is extending by [3]. O
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CHAPTER IV
CONCLUSION

By two theorems in chapter III, we are successful to prove that for a
finitely generated, quasi-projective right R—module M which is a self-generator
and S = End(Mg), suppose that M is prime. Then M is Goldie CS with uniform
dimension at least two if and only if its endomorphism ring is prime, left Goldie
left CS with left uniform dimension at least two. In the case that M is semiprime,
M is Goldie and S is left CS if and only if S is left Goldie and M is CS.

In further research, we wish to prove the absolute symmetry of the
Goldie and CS conditions on prime and semiprime modules. More clearly, for
example, for a given prime, finitely generated, quasi-projective right R—module
M which is a self-generator, My is Goldie CS with uniform dimension at least two
if and only if ¢M is Goldie CS with uniform dimension at least two, where S is

the endomorphism ring of M. This is still an open problem.
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