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Abstract

The purpose of this paper is to introduce the notion of fuzzy set, fuzzy left and fuzzy right ideals in
nLA-rings, and to study fuzzy left and fuzzy right ideals in LA-rings. We show that a nonempty subset | of an

nLA-ring N is an nLA-subring (left ideal, right ideal, ideal) of N if and only if fI (tfl) is a fuzzy nLA-
subring (fuzzy left ideal, fuzzy right ideal, fuzzy ideal) of N. Finally we show that if f is a fuzzy nLA-

subring (fuzzy left ideal, fuzzy right ideal, fuzzy ideal) of N, then N, :{x eN: f(x) =0} is an nLA-

subring (left ideal, right ideal, ideal) of N.
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1. Introduction

The concept of fuzzy sets was first proposed by
Zadeh [1] in 1965, which has a wide range of
applications in various fields such as computer
engineering, artificial intelligence, control engineering,
operation research, management science, robotics and
many more. Abou-Zaid [2] introduced the notion of a
fuzzy subnear-ring, and studied fuzzy left (right)
ideals of a near-ring, and gave some properties of
fuzzy prime ideals of a near-ring. Narayanan and
Manikantan [3] to discuss a lot on fuzzy subgroup,
subnear-rings, ideals of rings and near-rings. In [4],
the notion of fuzzy ideals in near-rings was introduced
by Kim and Kim. Davvaz [5] has discussed the concept
of fuzzy ideals of near-rings with interval valued
membership functions.

It was much later when Kamran [6] in 1987
succeeded in defining a non-associative group which
they called an LA-group) and can be equally manipulated
with as a subtractive group. The introduction of a left
almost group (simply an LA-group) is an offshoot of
an LA-semigroup. LA-group is a non-associative
structure with interesting properties. Yusuf in [7]
introduced the concept of a left almost ring (LA-ring).
That is, a nonempty set R with two binary operations

“+” and “-” is called a left almost ring, if (R,+) is
an LA-group, (R,:) is an LA-semigroup and

distributive laws of “-” over “+” hold. Further in [7]
Shah and Rehman generalized the notions of
commutative rings into LA-rings. However Shah and
Fazal ur Rehman in [8] generalize the notion of an
LA-ring into a near left almost ring. A near left almost

ring (nLA-ring) N is an LA-group under “+”, an
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LA-semigroup under and left distributive property
of “-” over “+” holds. Furthermore, in this paper we
characterize the fuzzy left (right) ideals of an nLA-
ring related to level left (right) ideals.

2. Preliminaries

In this section, we refer to [6, 8], for some
elementary aspects and quote few definitions, and
essential examples to step up this study. For more
details, we refer to the papers in the references.

Definition 2.1 [6] A groupoid S is called a left almost
semigroup (simply an LA-semigroup) if it satisfies the

left invertive law: (ab)c = (cb)a, forall a,b,c e S.
Example 2.2 Define a mapping ZXZ — 7. by
ab=Db—a, forall a,be?Z where “— is a usual
subtraction of integers. Then Z is an LA-semigroup.
Definition 2.3 [6] An LA-semigroup (G,-) is called
a left almost group (simply an LA-group), if there
exists left identity e e G (that is ea=a, for all
aeG), for all aeG there exists a G such
that a'a=e=aa .
Definition 2.4 [8] Let (N,+) be an LA-group. Then
N is said to be a near left almost ring (or simply an
nLA-ring), if there exists a mapping NxN — N
(the image of (X,Y) is Xy) satisfying the following
conditions;

(). X(y+12)=Xxy+Xz;

). (xy)z=(zy)x, forall X,y,z e N.
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Example 2.5 [8] Let (F,+,-) be any field. Then
(F,@,Q) is an nLA-ring by defining the binary
operations as; for X,y e F,X®y=y—X and

{0 :Xx=0 ory=0
XQy={

, otherwise.

yXx

Let N be an nLA-ring. If S is a nonempty
subset of N and S is itself an nLA-ring under the
binary operation induced by N, then S is called an
nLA-subring of N [8]. An LA-subring | of N is
called a left ideal of N if NI < | and | iscalled a
right ideal of N if forall m,ne N and i | such
that

@i+mn-mnel
and | is called an ideal of N if | isboth a left and
aright ideal of N [8].
A function f from N to the unit interval [0,1]

is a fuzzy subset of N [1]. The nLA-ring N itself is
a fuzzy subset of N such that N(X)=21 for all

X € N, denoted also by N. Let f and g be two

fuzzy subsets of N. Then the inclusion relation
f < g is defined f(Xx)<g(x), for all xeN.

f mg and f NQ are fuzzy subsets of N defined
by

(f ng)(x) =min{ f(x), g(x)},

(f M g)(x) = max{f (x),g(x)}
for all X € N. More generally, if {fa a eﬂ} is a

family of fuzzy subsets of N, then ﬂ f, and
aef

U f, are defined as follows:

aepf
(ﬂu}m=ﬂuu>

aef acp

=inf {f,(X):a € B},
(Uu}m=Uuu>

acp acp
=sup{f,(x):aep}

and will be the intersection and union of the family

{fa o e ﬂ} of fuzzy subset of N. The product

f o g is defined as follows:

U min{f(y),g(z)} ;3y,zeN,suchthatx=yz
(feg)(x)=Xx=yz

0 ; otherwise.

A fuzzy subset f of N is called a fuzzy nLA-
subring of N if f(x—y)> min{ f(x), f (y)}
and

f ()= min{ £ (x), f(y)},
for all X,y e N. A fuzzy nLA-subring f of an

nLA-ring N is called a fuzzy left ideal of N if
f(xy)>f(y) for all X,yeN. A fuzzy right

ideal of N is a fuzzy nLA-subring f of N such
that f((x+Yy)z—yz)> f(x), forall X,y,Z e N.
A fuzzy ideal of N is a fuzzy nLA-subring f of N

such that f(xy)> f(y) and f((X+Yy)z—Yyz)
> f(x),forall X,y,ZeN.

Example 2.6 Let N = {O,L 2,3,4, 5,6,7} be a set
with two binary operations as follows:

+ 10 1 2 3 4 5 6 7
oo 1 2 3 4 5 6 7
112 0 3 1 6 4 7 5
2 |1 3 0 2 5 7 4 6
313 2 1 0 7 6 5 4
4 14 5 6 7 0 1 2 3
516 4 7 5 2 0 3 1
6 |5 7 4 6 1 3 0 2
717 6 5 4 3 2 1 0
01 2 3 4 5 6 7
0j0o 0 o 0 0 0 O O
1({0 4 4 0 0 4 4 0
210 4 4 0 0 4 4 O
310 0 0 0 0 O O O
410 3 3 0 0 3 3 0
5|0 7 7 0 0 7 7 O
6|0 7 7 0 0 7 7 O
710 3 3 0 0 3 3 O

Then N is an nLA-ring. We define a fuzzy subset
f :N —[0,1] by
1 ;xe{0}
f(x)=109 ;xe{4}
0  ;otherwise.

It is easy to see that f is a fuzzy left ideal of N. But
f is not a fuzzy right ideal of N.

3. Fuzzy Sets

The results of the following theorems seem to play
an important role to study fuzzy subsets in nLA-rings;
these facts will be used frequently and normally we
shall make no reference to this Lemmas.
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Lemma 3.1 Let N be an nLA-ring. If f,g,h are
fuzzy subsets of N, then (f cg)oh=(hog)o f.

Proof. Assume that f,g,h are fuzzy subsets of N.
Let X € N. Then

(fog)eoh(x)
U min{(f > g)(¥),h(2)}

X=yz

U min{U min{ f (a), g(b)},h(z)}

X=yz y=ab

J min{min{f(a),a(b)},h(z)}

x=(ab)z

J min{min{h(z),g(b)}, f (a)}

x=(zb)a

U min{ |J min{h(c),g(d)}, f(a)}

x=(zb)a zb=cd

L min{(h-g)(zb), f (a)}

x=(zb)a

|J min{(h-g)(w), f (a)}

(hog)e f(x).

Ths  (fog)ohc(hog)e f.
(heg)of c(feg)eh
(fog)oh=(heg)ef.

If N isan nLA-ring and F(N) is the collection

of all fuzzy subsets of N, then (F(N),o) is an LA-
semigroup.

IN

Similarly

and hence

Lemma 3.2 Let N be an nLA-ring with left identity.
If f,g,h are fuzzy subsets of N, then

fo(goh)=ge(f-h).
Proof. It is straightforward by Theorem 3.1.

Lemma 3.3 If N is an nLA-ring with left identity
and If f,g,h,k are fuzzy subsets of N, then

(feg)e(hok)=(koh)o(gof).
Proof. Assume that f,g,h,k are fuzzy subsets of
N. Let X N. Then

(fog)e(hek)(x)
= Unmin{(-0)(y).(n-k)(2)}

Umln{yLanmm{ (b)}, Umln{ )}}
U mln{mln{ (a),g(b)}, min{h (C)k(d)}}

x=(ab)(cd)

U min{min{k(d),h(c)},min{g(b), f (a)}}

x=(dc)(ba)

< (dL)J(b)mm{buﬂmm{ }Hn nth(m n)}}
= |J min{koh(ba),g- f (dc)}
x=(dc)(ba)
_ gmin{koh(u),gof(V)}
— (keh)o(ge £)(x).

Thus (f oQg)o(hok) = (koh)o(geo f). Similarly,
(keh)o(ge f) = (fog)eo(hek)
(feg)e(hok)=(koh)o(gef).
Theorem 3.4 Let f be a fuzzy subset of an nLA-ring
N. Then f is a fuzzy nLA-subring of N if and
f(x—y)=min{f(x), f(y)}
fofcf forall X,yeN.

Proof. (=) Suppose that f is a fuzzy nLA-subring
of N. Let XxeN. If fof(x)=0, then fof
c f.Otherwise

and hence

only if and

fof(x) = Umin{f(y),f(z)}
< Uf(yz)
= f(x).
Thus fof < f.

(<) Assumethat fof < f and f(X—y)>
min{ f (x), f(y)}, forall x,yeN. Let x,ye
N. Then by Definition of union, we have

f(xy) = fof(xy)
= |Jmin{f(a), f(b)}
>

min{ f (x), f (y)}.
This implies that f is a fuzzy nLA-subring of N.

Theorem 3.5 Let f be a fuzzy nLA-subring of an
nLA-ring N. Then f is a fuzzy left ideal of N if
andonly if No f < f.

Proof. (=) Suppose that f is a fuzzy left ideal of
N. Let xeN. If Nof(x)=0<f(x), then

No f < f. Then by Definition of fuzzy left ideal,
we get

N o f () J min{N(y), f (2)}

X=yz
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| min{, f(2)}

X=yz

- Ut

X=Yyz

U f(2)

X=yz

= f(x).
Thus No f < f.

(<) Suppose that Nof < f. Let xeN.
Then by Definition of union, we have

f(xy) = Neof(xy)
|J min{N(a), f (b)}

xy=ab

min{N(a), f (y)}
min{, f (y)}

= f(y).

This implies that f is a fuzzy left ideal of N.

IA

\%

Theorem 3.6 Let N be an nLA-ring N. Then
NoN=N.
Proof. Let X € N. Then

N o N (x) L min{N(y),N(z)}

X=yz

U min{1,1}

X=yz

=1

= N(x).
This implies that N o N = N.
Theorem 3.7 Let | be a nonempty subset of an nLA-
ring N and f, : N —[0,1] be a fuzzy subset of N

such that
1
f| (X) = {

0 :otherwise.

Xel

Then | is an nLA-subring of N if and only if f, is

a fuzzy nLA-subring of N.
Proof. (=) Suppose that | is an nLA-subring of

N. Let X,yeN. If xgl or yegl, then
f,(xX)=0 or f,(y)=0 sothat
f| (Xy) >0= min{ fl (X), fl (y)}

and

f,(x=y)=0=min{f,(x), f, (¥)}.

If X,yel, then f,(X)=1and f (y)=1 so that
f, (xy) =1=min{f, (x), f, (y)} and
1El (x—y)=1= min{ f| (X), f| (y)}
Therefore f, is a fuzzy nLA-subring of N.
(<) Assume that f, is a fuzzy nLA-subring of
N. Let X,y € I. Since
f, (xy) >min{ f, (x), f, (y)} = {11} =1

and

fi(x=y)zmin{f, (), f, ()} ={11} =1
this implies f,(Xy)=1 and f,(X—y)=1. Thus
Xy,X—Y € l. Hence | isannLA-subring of N.

Theorem 3.8 Let | be a nonempty subset of an nLA-
ring N and f, :N —[0,1] be a fuzzy subset of N

such that
1
f| (X) = {

0 :otherwise.

Xel

Then | is a left ideal of N if and only if f, is a

fuzzy left ideal of N.
Proof. (=) Suppose | is a left ideal of N. By

Theorem 3.7, we get fI is a fuzzy nLA-subring of
N. Let X,yeN. If yel, then f (y)=0 so
that f,(xy)>0="f(y). If yel, then xyel
since | is a left ideal of N. This implies that
f,(xy)=1=f,(y). Thus f, isafuzzy left ideal of
N.

(<) Assume that f, is a fuzzy left ideal of N.
By Theorem 3.7, we get | is an nLA-subring of N.
Let reN and xel. Since f,(rx)> f,(x)=1,
we get f,(rx)=1. This implies that rxe | and
hence | isa left ideal of N.

Theorem 3.9 Let | be a nonempty subset of an nLA-
ring N and f, N —[0,1] be a fuzzy subset of N

such that
=1
"o

Then | is a right ideal of N if and only if f, isa

Xel

; otherwise.

fuzzy right ideal of N.
Proof. (=) Suppose | is a right ideal of N. By

Theorem 3.7, we get fI is a fuzzy nLA-subring of
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N. Let X,y,ze N. If xgl, then f (X)=0 so
that f ((Xx+Yy)z—yz)>0="f(x). If xel,
then (X+Yy)z—yzel since | is a right ideal of
N. This implies that

fi(x+Yy)z—yz)=1=f,(x).
Thus f, is a fuzzy right ideal of N.

(<) Assume that f, is a fuzzy right ideal of N.
By Theorem 3.7, we get | is an nLA-subring of N.
Let y,ze N and x e I. Since f,((X+Yy)z—yz)
> f,(X)=1 we get f,((x+Yy)z—yz)=1. This
implies that (X+Y)z—yzel and hence |
right ideal of N.

Theorem 3.10 Let | be a nonempty subset of an
nLA-ring N and f, : N —[0,1] be a fuzzy subset

of N such that

is a

1 ;xel
fl (X)= . .
0 :otherwise.
Then | is anideal of N if and only if f, is a fuzzy
ideal of N.
Proof. It is straightforward by Theorem 3.8 and

Theorem 3.9.

Theorem 3.11 Let | be a nonempty subset of an
nLA-ring N,me (0,1] and f, be a fuzzy set of N

such that
=1
"o

Then the following properties hold.

(1) | is an nLA-subring of N if and only if fI
is a fuzzy nLA-subring of N.

(2) | is a left ideal of N if and only if f, isa
fuzzy left ideal of N.

Xel

, otherwise.

(3) | isaright ideal of N if and only if f, isa
fuzzy right ideal of N.
(4) | isan ideal of N if and only if f, isa

fuzzy ideal of N.
Proof. It is straightforward by Theorem 3.10.

Definition 3.12 Let f be a fuzzy subset of nLA-ring
N and t € (0,1]. Then the set
U(f,t)={xeN:f(x)>t}

is called the level set of f.

Lemma 3.13 Let f be a fuzzy subset of an nLA-ring
N. Then f is a fuzzy nLA-subring of N if and
only if U(f,t)(= D) is an nLA-subring of N, for
all t € (0,1].
Proof. It is straightforward by Theorem 3.11.
Theorem 3.14 Let f be a fuzzy subset of an nLA-
ring N. Then f is a fuzzy left ideal (right ideal,
ideal) of N if and only if U(f,t)(# Q) is a left
ideal (right ideal, ideal) of N, for all t € (0,1].
Proof. It is straightforward by Theorem 3.11.
Lemma 3.15 Let f be a fuzzy nLA-subring of an
nLA-ring N. Then

1. £(0)2 f(x),

2. f (—X): f (X), forall X e N.
Proof. 1. Let Xe N. Since f
subring of N, we get

f(0) =

is a fuzzy nLA-

f(x-x)
min{ f (x), f (x)}
= f(x).
This implies that f (0) > f (X), forall x e N.
2. Let X e N. Then

f(=x)=f(0-x)=min{f (0), f (x)}=f(x)
so f (—X)Z f (X) Consider

f(x) f(0-(-x))
min{f (0), f (—x)}
min{ f (0), f (x)}
f(x).

X): f (X), forall X e N.

\%

vV vVl

Therefore f(—
Proposition 3.16 Let f be a fuzzy nLA-subring of
annLA-ring N. If f(x—y)=f (0), then f (X)
=f (y), forall X,y e N.

Proof. Let X,y € N and f (X— y) =f (0) Since
f isafuzzy nLA-subring of N, we get

f(x) = f(0+x)
F((y-y)+x)
= f((x-y)+y)
f((x=y)-(-y))
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> min{
= min{

= Ty

Hence f(x)=f(y), forall X,y eN.
Theorem 3.17 Let f be a fuzzy subset of an nLA-
ring N. If f is a fuzzy nLA-subring of N, then
N, = {X eN:f(xX)= 0} is an nLA-subring of N.
Proof. Assume that f is a fuzzy nLA-subring of N.
Let X,yeN;. Then f(x)=f(0) and f(y)=
f (0). By Lemma 3.15, we have
f(x—y)= min{f(x), f(y)}

= min{f(0), f(0)}

- 1(0)
and

f(xy) = min{f(x), f(y)}
= min{f(0), f(0)}
= 1(0).
By Lemma 3.15, we get f(x—y)=f(0) and
f (xy) = f (0) which implies that Xx—y, Xy € N;.
Hence N isan nLA-subring of N.

Theorem 3.18 Let f be a fuzzy subset of an I'-
nLA-ring N. If f is a fuzzy left ideal of N, then

N, ={xeN: f(x) =0} isaleftideal of N.

Proof. Assume that f is a fuzzy left ideal of N. By
Theorem 3.17, we get N is an nLA-subring of N.
Let reN and xeN,. Then f(x)=f(0) so
that f(rx)> f(x)= f(0). By Lemma 3.15, we
get f(rx)= f(0) which implies that rxe N;.
Hence N isa left ideal of N.

Theorem 3.19 Let f be a fuzzy subset of an T -
nLA-ring N. If f is a fuzzy right ideal of N, then
N, ={Xe N : f(X)=O} is a right ideal of N.
Proof. Assume that f is a fuzzy right ideal of N.
By Theorem 3.17, we get N, is an nLA-subring of

N. Let y,zeN and xeN,. Then f(x)=
f (0) so that

f((x+y)z—yz) > f(x)=f(0).

By Lemma 3.15, we get f((x+Yy)z—yz)= f(0)
which implies that (X+Yy)z—yz € N,. Hence N,
is a right ideal of N.

Theorem 3.20 Let f be a fuzzy subset of an T -
nLA-ring N. If f is a fuzzy ideal of N, then

N, :{XEN : f(X):O} is an ideal of N.

Proof. It is straightforward by Theorem 3.18 and
Theorem 3.19.

4. Conclusions

Many new classes of nLA-rings have been discovered
recently. All these have attracted researchers of the
field to investigate these newly discovered classes in
detail. This article investigates the fuzzy set, fuzzy left
and fuzzy right ideals in nLA-rings. We show that a

nonempty subset | of an nLA-ring N is an nLA-
subring (left ideal, right ideal, ideal) of N if and only
if f, (tf,) is a fuzzy nLA-subring (fuzzy left ideal,
fuzzy right ideal, fuzzy ideal) of N. Finally we show
that if f is a fuzzy nLA-subring (fuzzy left ideal,

fuzzy right ideal, fuzzy ideal) of N, then N, =
{Xe N: f(x) =O} is an nLA-subring (left ideal,
right ideal, ideal) of N.
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