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Constants a, and I, appearing in equations (2.37) and (2.38) are

p
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APPENDIX B

The shape functions wy,(x) and w;(x) for a special case without the
elastic lateral restraint (i.e. k,=0 and k,=0). The governing differential equation (2.27)

simply reduces to

r* 4282 =0 (B.1)

where

| p

W=ty BF)
2(1-1;P,)

The general solution of buckling shape V(X) and B(X) takes the form
Vix) =™ RCE? + C.X -+ (B.3)
B(x)=C,e™ +Che™ +C, (B.4)

where C;, C,, C; and Cy4 are arbitrary constants, r; and r; are distinct roots of the

characteristic equation (B.1), and
(~Jm :{ﬁj(]—ﬁiﬁl)l'li +rm}Cm (B.5)

By enforcing essential boundary conditions (2.34) along with using the relation (B.5), it
leads to the same form of buckling shapes as that shown in equation (2.35) - (2.36) but

the shape functions y;(x) and ,(x) are given differently by

2
y.(X) = Zrmie‘"" +,x+T,, (B.6)

m=]

2
Y, (X) = Zam[‘mie'"‘x 2 P (B.7)
m=1

where constants a,, and I

mi

are given explicitly by
= {ﬁj (l —ﬁjl"J)r:1 + rm} (B.8)

r, =[4,(1-¢*)]/Q (B.9)
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I, =[8 -p]/e (B.10)
Iy =[44,(e* ~¢")]/Q (B.11)
[y =[(@d, ~8,)e" + (@ - 4d,)e" +3, -3, |/Q (B.12)
I, =[(1-3,)e" -1]/Q (B.13)
[y =[1+@E ~De" | /0 (B.14)
[y =|de" - 0" +8, -4, |/ (B.15)
[(1 i,)e" +(a, —1)e" ]/Q (B.16)
[az(w - 1)]/(2 (B.17)

I =[40-¢" ]/ (B.18)
[y =[a8,0" -e?) ]|/ (B.19)
[y =[8(e" —1)+a,(1-¢")] /0 (B.20)
[y =[1+8,-¢* |/0 (B.21)
Ty =[e" -4 -1]/0 (B.22)
[y =[8,(1-¢")+d (" -1 ]/0 (B.23)
[y =[4,-4,-¢" +e" | /0 (B.24)
Q=2(a,-4,)+(d +4,)[ " +¢ | +43,[ " —e" | (B.25)

Since the shape function w;(x) and w,(x) are given in terms of exponential and linear
functions, all elements stiffness matrices Ky, K, and Kg; can readily be obtained in an

explicit form via the direct integration. Entries of these matrices are given by

2

2
(Kl = EL D Y 8 ATl (¢ 1) /(141,) (B.26)

=1 k=1

m" - IZZ(r, aJ)(rk ak)r‘imrkn (e(rj‘rkﬂ-‘_l)/(rj *‘Tk) (B.27)
IR

k=1
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(B.28)
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APPENDIX C

The shape functions w,(x) and y,(x) for a special case without the
elastic lateral restraint (i.e. k,=0 and k,=0) and shear deformation. The governing

differential equation (2.27) simply reduces to

gd_v + k2 dev

dx? dx?

=0 (C.1)

where

k:J? (C2)
El

The general solution of buckling shape V(X) takes the form
V(x)=C, +C,x+C;cos(yx)+C,sin(yx) (C.3)

where C;, C,, C; and C, are arbitrary constant and Y = kL. By enforcing essential
boundary conditions (2.34), it leads to the same form of buckling shapes as that shown

in equation (2.35) but the shape functions ,(x) are given differently by

Wmiynf;LHT{rﬁr34}xrrpogyiw{gmnw§n (C.4)
Y, (X)= (IAJ:2i~){lﬁ4+f}yi—F§cos(yi)+([}*kfg)sin(yi)} (C.5)
Y, (X)= i*"]‘z o {0,417, X cos(yX)-I,sin(yX)} (C.6)
v, (X)= () ]2 —){FS+F,yi-rscos(yi)-l“lsin(yi)} (C.7)

wherel’, =cosy—1, I',=ysiny, I';=siny, [, =siny—ycosy and ['y=y-siny.
Note that the buckling shape B(X) can be obtained by taking derivative of (2.35) with
respect to X. Since the shape function w;(x) are given in terms of trigonometric and
linear functions, all elements stiffness matrices K; and K, can readily be obtained in

an explicit form via the direct integration. Entries of these matrices are given by
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(C.8)
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