Chapter 3
Main Results

In this chapter, we investigate the existence of free a-labelings, p-tripartite
labelings, and graceful labelings of various classes of cubic graphs. We also in-
vestigate the existence of 2-fold p*-labelings of the class of cubic multigraphs
consisting of even cycles with alternating double edges. In Section 3.2, we show
that if G is a bipartite prism, a bipartite Mobius ladder, or a connected cubic
bipartite graph of order at most 14, then G admits a free a-labeling. In Scction
3.3, we show if G is an odd prism, an cven Mébius ladder, or a connected cubic
tripartite graph of order at most 10, then G admits a p-tripartite labeling. In
Section 3.4, we show that cvery cubic graph of order at most 12, other than 2K,
and 3Ky, is graceful. Finally, in Section 3.5, we show that ézn, the 2n-cycle with
alternating double edges, admits a 2-fold p*-labeling for every integer n > 2. In

each of these cases, we give the resulting cyclic designs and offer some conjectures.

3.1 Additional Notation and Terminology

We denote the path Py with vertices xg, zy, ..., 2y, where z; is adjacent to 4,
0 <i < k-1, by (zo,21,...,2%). In using this notation, we arc thinking of
traversing the path from z( to zx so that x, is the first vertex, z; is the second
vertex, and so on. Let Gy = (mg,z1,...,2;) and Ga = (yo,%1,---,9). If Gy
and G5 are vertex-disjoint except for ; = yo, then by G} + G5 we mean the path
(zo, 1, .-, Tj, Y1, Y2, - - -, Y)- 1f the only vertices they have in common are zo = 4
and x; = yo, then by G 4+G, we mean the cycle (zo, 21, ..., 25, Y1, Y2, - - -, Ye—1, To)-

Let P(2k) be the path with 2k edges and 2k + 1 vertices 0,1, ..., 2k given by
(0,2k,1,2k —1,2,2k —2,... .k — 1,k + 1,k). Note that the set of vertices of this
graph is AU B, where A = [0,k], B = [k 4+ 1,2k], and every edge joins a vertex
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from A to onc from B. Furthermore the set of labels of the edges of P(2k) is
1,2k,

Let a and b be nonnegative integers and k, d;, and dy be positive integers such
that a+kd; < b. Let 13(219, dy,dsy, a,b) be the path with 2k edges and 2k+1 vertices
given by (a, b+(k—1)dy, a+dy, b+(k—2)ds, a+2dy, . .. ,a+(k—1)dy, b, a+kd,). Note
that P(2k,1,1,0,k+1) is the graph P(2k). Note that this graph P(2k,dy, ds, a,b)

has the following properties:

P1: P(2k,d;,ds,a,b) is a path with first vertex a, sccond vertex b + (k — 1)ds,

and last vertex a + kd;.

P2: Each edge of P(2k,dy,dy, a,b) joins a vertex from A = {a+1id; : 0 < i < k}

to a vertex with a larger label from B = {b+idy : 0 <7 < k — 1}.

P3: The set of edge labels of P(2k,dy,dy, a,b) is {b— a — kd; + i(dy +dy) : 0 <
i<k—-1}U{b—a—(k—1)di+i(d1 +dy): 0<i<k—1}.

The path P(10,2,4,14,40) is shown in Figure 3.10 below.

14 16 18 20 22 24

56 52 48 44 40

Figure 3.10: The path 13(10, 2. 14, 40},
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3.2 Free a-labelings of Some Cubic Graphs

Let G be a graph and let h: V(G) — N be a labeling of G. If v € V(G), we
call h(v) the label of v. If W C V(G), we let h(W) = {h(v) : v € W)}. If his
a labeling of G, we define a function h : E(G) — Z* by h(e) = |h(u) — h(v)|,
where e = {u,v} € E(G). The number |h(u) — h(v)] is called the label of the edge
{u,v}. If F C E(Q), then h(F) = {h(e) : ¢ € F'}. For convenience, we will often
let h(G) denote the labeled graph G; that is, h(G) is the graph with vertex set
h(V(G)) and edge set {{h(u), h(v)}; {u,v} € E(G)}. Recall that a labeling h of a
graph G with ¢ edges is a S-labeling of G if h(V(G)) C [0, q] and h(E(G)) = [1, q].
Also, recall that an a-labeling is a -labeling having the additional property that
there exists an integer k such that if {u,v} € E(G), then {u,v} = {a,b}, where
h(a) < k < h(b). The number k, which is unique, is called the critical value of
the a-labeling. Note that nccessarily 0, k, k 4+ 1, and |F(G)| arc in A(V(G)).
Morcover, GG must be bipartite.

If his an a-labeling of G, then b’ = |E(G)| — h is also an a-labeling of G with
critical value k" = |E(G)| — (k + 1). We shall refer to h' as the complementary
a-labeling of h.

Numcrous large classes of bipartite graphs have a-labelings; examples include
complete bipartite graphs, caterpillars, d-cubes, bipartite prisms, and cycles of
length 4k (sce Section 2.3). Labelings of graphs arc particularly interesting be-
causc of their applications to graph decompositions. It is well known that if a
graph G with ¢ cdges admits an a-labeling, then the edge-sets of Koyp i1, Kogrio—1
(where I is a 1-factor), and K, 4, can be partitioned into subgraphs isomorphic
to G for all positive integers z and y (see [41] and [36]). One may not be able to
obtain these same results with the less restrictive graceful labelings of G.

Let G be a bipartite graph on p vertices and with ¢ edges. We list some known

nccessary conditions for GG to admit an a-labeling:
1) The Order-Size Condition: ¢ > p — 1.

I1) The Parity Condition: If every vertex of G has even degree, then we must

have ¢ = 0 (mod 4).
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III) Wu’s Condition: If dy,ds, ..., d, is the degree sequence of GG, then we must

have ged(dy, do, . . ., d,, q) divides q(g — 1)/2.

This last condition is unpublished and is due to Wu according to Gallian (sce
[28]). Numerous graphs satisfy these conditions, but do not admit a-labelings.

The conditions above can help decide which regular bipartite graphs G might
admit a-labelings. For example, rKy admits an a-labeling if and only if r = 1
(since |V (rKy)| > |E(rK,)| + 1 for r > 2). Half of the 2-regular bipartite graphs
cannot admit an a-labeling by the parity condition. The graph 3Cy is the only
2-regular bipartite graph that satisfies the parity condition and is known not to
admit an a-labeling. All other 2-regular bipartite graphs that satisfy the parity
condition and have at most 3 components admit a-labelings (sce [2] and [25]).
Morcover, Abrham and Kotzig [1] proved that rC; admits an a-labeling for all
Pt B

As for 3-regular graphs, it is known that K33, the 3-cube, and all bipartite
prisms [27, 26] and bipartite Mobius ladders [38] admit a-labelings. We note
that none of the three forbidding conditions above apply to 3-regular graphs.
The parity condition does not apply to 4-regular bipartite graphs; however, Wu’s
condition docs. For example, the graph K55 — I, where [ is a 1-factor does not
admit an a-labeling.

In [22], El-Zanati and Vanden Eynden introduced the concept of a free a-
labeling as follows. Let G be a graph with an a-labeling h and critical value k.
We say that h is free if k > 2, and ncither 1 nor £ —1 is in A(V(G)). They showed
that if both Gy and GGy admit free a-labelings, then the vertex-disjoint union of

G and GGy also admits a free a-labeling.

Theorem 3.2.1 Let GG; be a graph with a free a-labeling h; and critical value k; for
i € {1,2}. Then the vertex-disjoint union Gy U Gy admits a free a-labeling h with

critical value ky + ko — 1.

We illustrate how Theorem 3.2.1 works by showing how the labeling of G =
G1 UGy is obtained. Let V(G;) = X; UY;, where if v € X;, then h;(v) < k;, and
if v eY;, then hy(v) > k;, i = 1,2, Define h on V(G) to be hy on Xy, hy + ky — 1
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on X, UYs, and hy 4+ |E(G2)| on Yj. Then h is an a-labeling for G with critical
value k = ky + ky — 1 > 2.

we will show that if G is a bipartite prism, a bipartite Mobius ladder or a
connected cubic bipartite graph of order at most 14, then G admits a free a-
labeling. We also conjecture that every bipartite cubic graph admits a free a-

labeling.

3.2.1 Free a-labelings of Bipartite Prisms

Recall that by a prism D, (n > 4) we mean the cartesian product C, x P,
of a cycle with n vertices and a path with 2 vertices. For convenience, we let
Dy, SO0 U B, wherelG= {(vi, o, e U, 11 ), C="(1lntils® . . , UL ull) f ang
F = {{v;,vj} : 1 <1i < n}. We shall refer to C,, as the outer cycle, to C! as the
inner cycle, and to I as the spokes. Figure 3.11 shows the prism Dg. We note
that Dyn,n 2> 2, is necessarily bipartite with bipartition (O U W', W U O'), where
O={vyi1:1<i<n}, W={vy;,:1<i<n}, W={vy:1<i<n}, and

=4y, 8l

IA

¢ < n}. We will show that D, admits a free a-labeling for all

cven integers n > 4.

Figure 3.11: The prism Dsg.

Theorem 3.2.2 The prism D,, admits a free a-labeling for all even n > 4.
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Proof. We scparate the proof into 3 cases. In each case, we give an a-labeling f
such that the complementary labeling of f is free.

Case 1: n =0 (mod 6).

Let n = 6t. Thus, |V(D,)| = 12t and |E(D,)| = 18t. A frce a-labeling of

Dg is given in Table 3.1 (graph Bc7). For ¢t > 2, define a one-to-one function
f:V(Dg) — [0,18t] as follows:

flv;)) =1-1, v; €0 ={v;:10dd, 1 <i<6t},
f(ve) = 18t,

fv;) =18t — 21 + 2, v; € Wp = {v; 14 even, 2 < i< 2t},
f(v;) = 18t — 23, v; € Wy = {v; : i even, 2t < i < 4t},

f(v;) =18t — 21 — 2, v; € W3 = {v; : i even, 4t < i < 6t},
f(ve:) = 12t = 3,

f(vy) =18t =3,

flud) =% L, v; € W' = {v; :i even, 1 < i < 6t},
f(v)) =18t — 25 + 2, v; €0y ={v;:i0dd,1 <i<2t+1},
fv)) = 18t — 21, v; € Oy = {v; : 1 0dd, 2t + 1 < 4 < 4t — 1},
f(vl) = 18t — 2 - 2, v; € Oy = {v; : i odd, 4t — 1 < i < 6t}.

Note that W = {v,} UW, UW, UW3 U {vg} and O’ = {v{} UO, UO, UO). Thus
the domain of f is indeed V(D).

Next, we confirm that f is one-to-one. We compute

£(O) = {0,2,...,6t -2},
(W)

Il

{18t — 6,18t — 10,...,14t + 2},

[l

W) = {10t — 6,10t — 10,...,6t + 2},

f

f(Wo) = {14t — 4,14t — 8, .. 10},
f(
fW") = {1,3,...,6t -1},

f(O}) = {18t — 4,18t — 8, ...,14t},
f(Oy) = {14t — 6,14t — 10,...,10t + 2},

f(O4) = {10t — 4,10t — 8, ..., 6t}.
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Note that f is piccewise strictly increasing by 2 or strictly decreasing by 4 and
that all labels arc distinct. Thus f is one-to-one. Morecover, f(OUW') = [0, 6t —1]
and for v; €e WU O, 6t < f(v;) < 18t.

To help compute the edge labels, we will describe f(Dg;) in terms of the paths

P(2k,dy,dy,a,b). For convenience, we will identify the vertices of Cg and Cj,
with their labels. We have f(Ce) = G1 + G2 + Gs + (6t — 2,12t — 3,0, 18¢, 2),

where

Gy = P(2(t - 1),2,4,2,14t + 2),

A~

Gy = P(2t,2,4,2t,10t),

Gs = P(2(t — 1),2,4,4t,6t + 2).

By P3, the resulting edge label sets are:

FIEG))={12t+2+6i:0<i<t—-2}U{12t+4+6i:0<i<t—2)}
= {¢ =2 (mod 6) : 12t + 2 < £ < 18t — 10}
U{¢=4 (mod 6): 12t + 4 < £ < 18t — 8},
FE(G) ={6t+6i:0<i<t—1}U{6t+2+6i:0<i<t—1}
= {{ =0 (mod 6) : 6t < ¢ < 12t — 6}
U{£=2 (mod 6) : 60 F2 =2~ L2t —4},
S(E(Gy)={4+6i:0<i<t-2}U{6+6i:0<i<t—2}
={{=4 (mod 6) : 4 < ¢ < 6t — 8}

U{f=0 (mod6):6 <{¢<6t—6}.

Morcover, the edge labels 6t — 1,12t — 3,18¢, and 18t — 2 occur on the path
(6t — 2,12t — 3,0, 18t, 2).
Similarly, we have f(Cg,) = G| + G + G5 + (6t — 1,18t — 3, 1), where

= P2t 140),
Gy = P(2(¢- 17,24, 20 + 1, 1064 9.

Gy = P(2t,2,4, 4t — 1,6t).



32
By P3, the resulting edge label sets are:

FEG))={12t—1+6i:0<i<t-1}U{I26+1+6i:0<i<t—1}
={¢=5(mod 6):12t — 1 < ¢ < 18t — 7}
U{f=1 (mod 6):12t+1<¢ <18t -5},
FB(GY) ={6t+3+6i:0<i<t—2}U{6t+5+6i:0<i<t—2}
={f{=3 (mod 6) : 6t +3 < ¢ <12t -9}
U{¢ =5 (mod 6) : 6t +5<¢<12t -7},
JE(GY))={14+6i:0<i<t-1}U{3+6i:0<:i<t-1}
={f=1(mod6):1<¢<6t-5}
U{f =3 (mod 6) : 3 <¢<6t—3}.
Morcover, the edge labels 12¢ —2 and 18t — 4 occur on the path (6t — 1,18t — 3, 1).
For cach spoke {v;, v}, the edge label is given by f(v;) — f(v!) if i is even and
by f(v}) — f(vs) if i is odd. Thus the labels on the spokes are given by
18t — 3 for ¢ =1,
b for i =2,

) 18t — 3i + 3 gyt —ym—oe
F{vi,v}) = 4

18t —3i+1 for 2t+ 2 <i < 4¢,

18t —3i—1 for 44+1<i<6t-—1

)

6t — 2 taf 'l = 6.
Thus the set of edge labels on the spokes is:
S(E(F)) = {¢=0 (mod 3) : 12t < ¢ < 18t — 6}
U{f=1 (mod 3):6t+1<¢<12t -5}
U{{=2(mod 3):2<¢<6t—4}
U {6t — 2,18t — 3,18t — 1}.

[t is casy to verify that cach label £ € [0, 18t] occurs on exactly one edge in D;.

Thus f is an a-labeling of Dg, with critical value k = 6¢ — 1. Now, let f’ be the
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complementary labeling of f. The critical value of f’is k' = 18t — (k + 1) = 12t.
Thus, &' > 2. Morcover, since neither 18t — 1 nor 6t + 1 is a vertex label in
f(V(Dgt)), neither 1 nor &' — 1 is a label in f'(V(Dg)). Therefore f' is a free
a-labeling of Dg;. Figure 3.12 shows the resulting free a-labeling of Djs,.

Figure 3.12: A free a-labeling of Dy,.

Case 2: n =2 (mod 6).

Let n = 6t + 2. Thus, |[V(D,)| = 12t + 4 and |E(D,)| = 18t +6. If t = 1,
we let (0,22, 10, 20, 14, 18, 3,24, 0) denote the vertex labels of the outer cycle and
let (23,5,21,12,19,16,17,4,23) denote the vertex labels of the inner cycle with
spokes {0,23},{22,5},...,{24,4}. It is casy to verify that yiclds a free a-labeling

of Dg. For ¢ > 2, we define a one-to-one function f : V(Dg 9) — [0, 18t + 6] as
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follows:

flog) =1~ L v; €0 ={v; :i0dd, 1 <1< 6t+ 2},

flv;) =18t — 21 + 7, v; € Wi = {v; : i even, 2 < i< 2t},

flv;) = 18t — 21 + 4, v; € Wy = {v; 1 i even, 2t < i < 6t + 2},

f(n
fW)=1di-1, v; €W = {v; : i even, 1 < i < 6t + 2},
flv;) =18t — 20+ 7, v €0y ={v;:i0dd,1 <i<2t+1},

fv]) = 18t — 2i + 4, v; € Oy = {v; 1i0dd, 2t + 1 < i < 6t + 2}.
Note that W = {vy} U W1 U W, U {vg42} and O' = {v;} U O, U Q). Thus the
domain of f is indeed V(Dgy ).
Next, we confirm that f is one-to-one. We compute
FO) T6, 2, . HL56LT,

f(Wy) ={18t—1,18t—5,...,14t + 7},

f(Wy) = {14¢t, 14t — 4, ..., 6t + 4},

fW') ={1,3,...,6t + 1},

f(O}) = {18t + 1,18t — 3,..., 14t + 5},

F(Oy) = {14t — 2,14t — 6, ... 6t + 2}.

Note that f is piccewise strictly increasing by 2 or strictly decrcasing by 4 and
that all labels are distinct. Thus f is one-to-one. Morcover, f(OUW') = [0, 6t + 1]
and for v; € WU O, 6t +2 < f(v;) < 18t + 6.

To help compute the edge labels, we will describe f(Dgi9) in terms of the
paths 1:)(21€, dy,dy, a,b). For convenience, we will identify the vertices of Cgypo and
Cé142 With their labels. We have f(Ceiia) = Gy + Go + (61,18t + 3,0, 18t + 6, 2),
where

G, =P2(t—1),2,4,2,14t + 7),

Gy = P(2(2t),2,4,2t,6t + 4).



By P3, the resulting edge label scts are:

FE(GL)) = {12taf¥ i : D <i<t-—2}U{12t+9+6i:0<i<t-2}
={{=1(mod 6): 12t + 7 < ¢ < 18t — 5}
U{f=3 (mod 6) : 12t +9 < ¢ < 18¢ — 3},
f(E(Gy)={4+6i:0<i<2t—1}U{64+6i:0<i<2t—1}
={{=4(mod 6):4 <¢ <12t — 2}
U{£=0 (mod 6) : 6 < ¢ < 12t}.
Morcover, the edge labels 12t + 3, 18t 4 3, 18t + 6 and 18¢ + 4 occur on the path
(6t,18t + 3,0, 18t + 6, 2).
Similarly, we have f(Cg,,,) = G| + G5 + (6t + 1,18t + 2, 1), where
G} = P(2t,2,4,1,14t + 5),
G, = P(2(2t),2,4,2t + 1,6t + 2).

By P3, the resulting edge label sets are:

FE(G))={12t +4+46i:0<i<t—-1}U{12t+6+6i:0<i<t—1)}
={{=4 (mod 6) : 12t +4 < ¢ <18t — 2}
U{l =0 (mod 6) : 12t + 6 < ¢ < 18t},
FIEGY))={1+6i:0<i<2t—1}U{34+6i:0<i<2t—1}
={l{=1(mod 6):1<¢<12t -5}
U{¢ =3 (mod 6) :3 <¢<12¢t - 3}.
Morcover, the edge labels 124+ 1, and 18t 41 occur on the path (6t 1,18t +2, 1).
For cach spoke {v;,v}}, the edge label is given by f(v;) — f(v}) if ¢ is even and

by f(v;) — f(v;) if ¢ is odd. Thus the labels on the spokes are given by

.
18t + 2 for 1 =1

18t + 5 for i =2
Fvivi}) =< 18t —3i+8 for 3<i<2t+1,

18 —3i+5 for 2t +2<i1<6t+1,

12642 for ©+ = 6t + 2.
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Thus the sct of edge labels on the spokes is:

f(E(F))={¢=2(mod 3): 12t +5 < ¢ < 18t — 1}
U{{=2(mod 3):2<¢<12t -1}

U {12t 4 2,18t + 2, 18 + 5}.

It is easy to verify that cach label £ € [0, 18t 4 6] occurs on exactly onc edge
in Dgy2. Thus fis an a-labeling of Dg;yo. Although f is not free, it is casy to

check that its complementary labeling ' is free. Figure 3.13 shows the resulting

free a-labeling of Dy4.

Figure 3.13: A free a-labeling of Dyy.

Case 3: n =4 (mod 6).
Let n = 6t — 2. Thus, [V(D,)| = 12t —4 and |E(D,,)| = 18t — 6. A frec a-labeling

of Dy is given in Table 3.1 (graph Be2). For t > 2, define a one-to-one function
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f:V(Degr—2) — [0, 18t — 6] as follows:

flv;) =1-1, v; €0 ={v;:io0dd, 1 <i<6t—2},
f(v;) = 18t — 21 — 5, v; € Wi = {v; 1t even, 1 <i<2t—2},

flv;) =18t —-2i -8, wv;eWy={v;:ieven, 2t—2<i<6t—2},

=q-1, v; € W = {v; : i even, 1 <i<6t—2},
) =18t — 2 — 5, v, €0 ={v; 11 0dd,1 <i <2t —1},

f(v;) =18t —2i — 8, v; € 05 = {v;: i 0dd, 2t — 1 < i < 6t — 2}.

Note that W = W, U W, U {vg—2} and O' = {v}} UO7 U O). Thus the domain of
f is indeed V (Dg; ).

Next, we confirm that f is onc-to-one. We compute

f(0)={0,2,...,6t— 4},
f(Wy) = {18t — 9,18¢ — 13,...,14t — 1},
f(Wy) = {14t — 4,14t — 8,...,6t},
F(W') ={1,3,...,6t — 3},

F(O)) = {18t — 11,18t — 15, ..., 14t — 3},

F(Oy) = {14t — 10,14t — 14,. .. ,6t — 2}.

Note that f is piccewise strictly increasing by 2 or strictly decreasing by 4 and
that all labels are distinct. Thus f is one-to-one. Morcover, f(OUW') = [0, 6t — 3]
and for v; e WUO', 6t —2 < f(v;) < 18t — 6.

To help compute the edge labels, we will describe f(Dgs_2) in terms of the
paths 15(2/1':, dy,dy, a,b). For convenience, we will identify the vertices of Cgi—o and

Cty—o with their labels. We have f(Cg_o) = Gy 4+ Gy + (6t — 4,18t — 8,0), where

Gy = P(2(t - 1),2,4,0,14t — 1),

Gy = P(2(2t — 1),2,4,2t — 2,6t).
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By P3, the resulting edge label sets are:

J(EG)={12t +14+6i: 0<i<t—2}U{12t+3+6i:0<i<t—2}
={¢=1 (mod 6): 12t + 1 < ¢ < 18t — 11}
U{f=3 (mod 6) : 12t + 3 < £ < 18t — 9},
FE(Gy))={44+6i:0<i<2t—2}U{6+6i:0<i<2t—2}
={{=4 (mod 6):4 < ¢ <12t -8}

U{f =0 (mod 6):6<¢<12t—6}.

Morcover, the edge labels 126 — 4 and 18t — 8 occur on the path (6t —4, 18t — 8, 0).
Similarly, we have f(Cg,_,) = G + G4 + (6t — 3,18t — 6, 1), where

G = P(2(t — 1),2,4, 1, 14t — 3),

G Rl2(2t £ 57 4,2t SIL6F 297"

By P3, the resulting edge label sets are:

FIEG)={12t-2+6i:0<¢<t-2}U{12t+6i: 0<i<t—2}
= {€ =2 (mod 6) : 12t — 2 < ¢ < 18t — 14}
U{¢ =0 (mod 6) : 12t < ¢ < 18t — 12},
FE(GY))={1+6i:0<i<2t—2}U{34+6i:0<i<2—2)}
={{=1(mod 6):1<¢< 12t - 11}

U{f =3 (mod 6) : 3 <¢ <12t —9}.

Morcover, the edge labels 12t — 3 and 18t — 7 occur on the path (6t — 3,18t —6,1).
FFor cach spoke {v;,v;}, the edge label is given by f(v;) — f(v!) if 7 is even and
by f(vi) — f(v;) if ¢ is odd. Thus the labels on the spokes are given by

(

18t - 6 feri=i

_ ) 18 —3i—4 for 2<i<2t—1,
f({/l)’l?»(“'i}> —
18t —3i — 7 for 2t <i<6t—3,

12t — 5 for 7 = 6t — 2.
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Thus the set of edge labels on the spokes is:

f(E(F)) ={€=2 (mod 3) : 12¢t — 1 < £ < 18t — 10}
U{f=2(mod3):2<¢<12t -7}

1 2¢ S0 IREEY

It is casy to verify that cach label € € [0, 18t — 6] occurs on exactly one edge
in Dgt—p. Thus f is an a-labeling of Dg_5. Although f is not free, it is easy to
check that its complementary labeling f is frec. Figure 3.14 shows the resulting

free a-labeling of Dy. |

Figure 3.14: A free a-labeling of D).

3.2.2 Free a-labelings of Bipartite Mobius Ladders

For n > 3, let vy, vg,..., v, and v{,vs, ..., v, denote the consecutive vertices of
two disjoint paths with n vertices. Recall that we obtain the Mébius ladder M,
by joining v; to v; for i € {1,2,...,n} and by joining v; to v/, and v, to v}.
For convenience, we let M, = P, U P, UF U H, where P, = (vy,va,...,0,),
Pl = (v),v5,...,0,), F={{v,v}} : 1 <i<n} and H = {{v, v}, {v,,v|}}. We
shall refer to P, as the outer path, to P, as the inner path, and to F' as the spokes.
Figure 3.15 shows the Mobius ladder My. We note that Ma, 1, n > 1, is necessarily
bipartite with bipartition (O U W', W U '), where O = {41 : 1 < i < n},
W= {v}, : 1 < i n}, We=dvy; : 154 < afand Of = {vh;1 11 <i<n} We

will show that M, admits a free a-labeling for all odd integers n > 3.



Figure 3.15: The Mébius ladder M.

Theorem 3.2.3 The Mdobius ladder M, admits a free a-labeling for all odd n > 3.

Proof. We scparate the proof into 3 cases. In cach case, we give an a-labeling f
such that the complementary labeling of f is frec.

Case 1: n =1 (mod 6).

Let n = 6t + 1. Thus, |V(M,)| = 12t + 2 and |E(M,,)| = 18t + 3, where ¢ > 1.
Define a one-to-one function f : V(Mg 1) — [0, 18t + 3] as follows:

flv;)) =14 -1, v; €0 ={v;:10dd, 1 <i<6t+1},
+1, v; € Wi = {v; s even, 2 <i <4t -2},

£ -2 v; € Wy = {w; 1 i even, 4¢ —2 < i < 6t},

fv)) =i -1, vi € W = {v; : i even, 1 < i < 6t}

I

:9t—i;1+2, 1),-6();:{vi:iodd,l</i,<6t+l},

Note that W =W, UW, U {vs } and O" = {v{} UO] U {v},,,}. Thus the domain
of fis indeed V(Mgy1).
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Next, we confirm that f is one-to-one. We compute

f(0) ={0,2,...,6t},
FOV) = {18t,18t — 1,. .., 16t +2},

SOVl {186 2, 188308 15; — 1fs

FW') = 6t — 1),

MO = of 08 TR,

Note that f is piccewise strictly increasing by 2 or strictly decreasing by 1 and
that all labels are distinct. Thus f is one-to-one. Morcover, f(O U W’) = [0, 6¢]
and for v; e WU O', 6t + 1 < f(v;) < 18t + 3.

To help compute the edge labels, we will describe f(Mg,,;) in terms of the paths

P(2k,dy,ds,a,b). For convenience, we will identify the vertices of Pg4q and BoE

with their labels. We have f(Pgq1) = Gi 4+ Go + (6t — 2,6t + 1,6t), where
Gy = P(2(2t — 1),2,1,0, 16t + 2),

Gy = P2 1795 852 15 T
By P3, the resulting edge label sets are:

FE(G) = {12t 4+4+3i:0<i <2t -2} U{I126+6+3i: 0 <i <2t —2)
={{=1(mod 3): 12t +4 < ¢ < 18t — 2}
U{f=0 (mod 3):12t +6 < ¢ < 18t},
FB(G2) ={9t+1+43i:0<i<t—1}U{9+3+3i:0<i<t—1}
={¢{=1(mod 3):9t+1<¢<12t -2}

U{¢=0 (mod 3):9t+3 << 12t}

Moreover, the edge labels 3 and 1 occur on the path (6t — 2,6t + 1, 6t).
Similarly, we have f(F,,,) = (18t + 3,1) + G/ + (6t — 1,18t + 1), where

Gh = P28 — Tk, 1 6t + 8
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By P3, the resulting edge label sets are:

J(EG) ={3i+4:0<i<3t-2}U{3i+6:0<i<3t—2}
={¢{=1(mod3):4<¢<9t -2}
U{f=0 (mod 3):6 <¢<9t}.
Morcover, the edge labels 18t + 2, and 12t + 2 occur on the edge {18t + 3,1} and
{6t — 1,18t + 1}.
For cach spoke {v;,vj}, the edge label is given by f(v;) — f(v}) if i is even and

by f(v;) — f(v;) if 7 is odd. Thus the labels on the spokes are given by

¢

18t + 3 for 2 =1,

18t — % +2  foricven, 2 <i<4t—2,
. 18t—%~ for ¢ even, 4t < ¢ < 6t — 2,
F({vnv}) = 5

9t—3(1,f1)+2 fori odd, 3 <7 <6t 1,

2 for 7 = 6t,

12t + 1 for ¢ = 6t + 1.

\

Thus the set of edge labels on the spokes is:

fE(F)={¢=2(mod 3): 12t +5 < £ < 18t — 1}
U{f=2(mod3):9+2<£<12t—1}
U{f=2(mod3):5<¢<9t -1}

U{2,12t + 1,18t + 3}.

Morcover, the edge labels 18t + 1, and 12t 4+ 3 occur on the edge {v,v§,,;} and
{v], Vet41}-

[t is casy to verify that cach label £ € [0, 18t 4 3] occurs on exactly onc edge
in Mgy 1. Thus fis an a-labeling of Mgy, Although f is not free, it is casy to
check that its complementary labeling f7 is free. Figure 3.16 shows the resulting

free a-labeling of M.

Case 2: n =3 (mod 6).
Let n = 6t —3. Thus, |V(M,)| =12t -6 and |E(M,)| = 18t—9. A frcc a-labeling



Figure 3.16: A free a-labeling of M.

of M3 (which is isomorphic to K3 3) is given in Table 3.1 (graph Bel). For t > 2,
define a one-to-one function f : V(Mg 3) — [0, 18t — 9] as follows:

flv;) =1—1, v; € O ={v;:i0dd, 1<:<6t— 3},
f(v;) = 18t — % — 10, v; € Wi = {v; : i even, 2 <i <4t — 2},
fv;) =18t — % — 12, v; € Wa = {v; 14 even, 4t — 2 < i < 6t — 4},

.f(7’(st—-4) = 6t — 3,

flv))=14-1, v; € W' = {v; : i even, 2 <i <6t —4},

flv)) =9t — 5 -2, v; € 0] ={v;:io0dd, 1 <i<2t—1},

floy) =9t — 5= — 4, v; € Oy = {v; 11 0dd, 2t — 1 < i < 6t — 3},
f(Wgy—y) = 12t — 6

Note that W = W, U Wy U {vg—4} and O' = {v]1} UO; U O4 U {vg;_3}. Thus the
domain of f is indeed V(Mg;_3).

Next, we confirm that f is onc-to-onc. We compute

F(0)={0,2,...,6t — 4},

f(Wy) = {18t — 11,18t — 12,..., 16t — 8},
f(W,) = {16t — 11,16t — 12,...,15t — 9},
FW') ={1,3,...,6t — 5},

f(O) ={9t—3,9t—4,...,8t -1},

f(O5) = {8t —4,8t—5,...,6t—1}.
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Note that f is piccewise strictly increasing by 2 or strictly decreasing by 1 and
that all labels are distinct. Thus f is one-to-one. Morcover, f(OUW') = [0, 6t —4]
and for v; e WU O, 6t — 3 < f(v;) < 18t — 9.

To help compute the edge labels, we will describe f(Mg,_3) in terms of the
paths ]5(2k', dy, dy, a,b). For convenience, we will identify the vertices of Ps;_3 and
Py with their labels. We have f(Pg—3) = G1 + Go + (6t — 6,6t — 3,6t — 4),

where

G = P(2(2t— 2),2, 1,0, 16t — 8),

G, SP(2( oSy emili An15t — 0

By P3, the resulting edge label scts are:

FE(G) = {12t —4+3i:0 < i< 2t 3)
U{12t—2+3i:0<4<2t—3)
={{=2(mod 3):12t —4 < ¢ < 18t - 13}
U {¢=1 (mod 3)ul2t — 2 < £ < 18¢— 11},
FE(Gy) = {9t —3+3i:0<i<t—2}U{0t—1+3:0<i<i—2)
={(=0(mod 3):9t -3 <¢<12t -9}

U{f=2(mod3):9t-1<¢<12t -7}

Morcover, the edge labels 3 and 1 occur on the path (6t — 6,6t — 3, 6t — 4).
Similarly, we have f(Fg,_3) = {18t =9, 1} + G| + G} + {6t — 5, 12t — 6}, where

G = P(2(t—1),2,1,1,8t — 1),

Gy = P(2(2t — 2),2,1,2t — 1,6t — 1).



By P3, the resulting edge label sets are:

f(E(G’l)):{6t+37ﬁ:0§1ﬁgt—2}U{6t+2+3z’:0§z’§t—2}
= {¢ =0 (mod 3) : 6t < ¢ <9t — 6}
U{¢{=2(mod 3):6t+2<¢<9t—4}
f(E(G;))z{4+3z‘:0§¢gzt—3}u{6+3z‘:0§¢§2t—3}
={€=1 (mod 3): 4 < ¢ < 6t -5}

U{ﬂEO(modS):GSfSGt—3}.

Moreover, the edge labels 18t — 10, and 6¢ — 1 occur on the edge {18t — 9,1} and
{6t — 5,12t — 6}.
For cach spoke {v;, vj}, the edge label is given by f(v;) — f(v!) if 7 is cven and

by f(vi) — f(v;) if 7 is odd. Thus the labels on the spokes are given by

.
18t — 9 for i=1,

18t -3 —9 for i even, 2 <i < 4t — 4,

181‘,—‘;—i~11 for ¢ even, 4t — 2 < ¢ < 6t — 6,

.f({“ia’”f ) =49t — l’;—l) — 2N r BddT AL 20 T,

9t — 2D — 4 foriodd, 2t +1 < i < 6t — 5,

2 for ¢ = 6t — 4,

6t — 2 for 7 =6t — 3.

\

Thus the set of edge labels on the spokes is:

F(E(F)) ={£=0 (mod 3): 12t — 3 < ¢ < 18t — 12}
U{¢=1(mod3):9t—2<¢<12t—8)
U{le(mod3):6t+1§€§9t~5}
U{{=2(mod 3):5<¢<6t—4}

U {2,6t — 2,18t — 9}.

Morcover, the edge labels 12t — 6, and 12t — 5 occur on the edge {v1, vg,_3} and

{U/I, /U(itfli}-
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It is casy to verify that cach label ¢ € [0, 18t — 9] occurs on exactly one cdge
in Mg_3. Thus f is an a-labeling of Mg, 3. Although f is not free, it is casy to
check that its complementary labeling f' is free. Figure 3.17 shows the resulting

free a-labeling of M.

Figure 3.17: A free a-labeling of M.

Case 3: n =5 (mod 6).
Let n = 6t — 1. Thus, |V(M,)| = 12t —2 and |E(M,)| = 18t —3. A frcc a-labeling
of Mj is given in Table 3.1 (graph Be3). For ¢ > 2, define a one-to-one function

f:V(Mg—1) — [0, 18t — 3] as follows:

fv;)) =1—1, v; € O={v;:i0dd, 1 <i<6t—1},

) =9 = L 4 v; € Wy = {v; : i even, 4 <i <6t — 4},

flu))=18t—-L -7, % € Of=Aw; -1 odd, 1= ¢ < 4t — 3},
7 1
7)) = 18— =5~ 10, v e 0, = {10 oddidf — 3 < 1 <6t = 5],
) 2 2
fv))=14-—1, v; € W = {v; 11 even, 2 <i<6t— 2},
f(?)('itg‘.‘) =06t + 1,

f(vg,_,) = 18t — 6.

Note that W = {va} U W, U {vg—2} and O" = O U O U {vg,_3} U {vg,_,}. Thus
the domain of f is indeed V(Mg ).
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Next, we confirm that f is one-to-one. We compute
F(O) = {0,2, . 46— 2},
fWy)={9t-1,9t—-2,...,6t+ 3},
FOV E41, &, ., 63
)
53

f(0;
f(O3) = {16t — 9,16t — 10, ...,15t — 7}.

= {18t — 7,18t —8,...,16t — 5},

Note that f is piecewise strictly increasing by 2 or strictly decreasing by 1 and
that all labels are distinct. Thus f is one-to-one. Morcover, f(OUW') = [0, 6t —2]
and for v; e WU O', 6t — 1 < f(v;) <18t — 3.

To help compute the edge labels, we will describe f(Mg;_1) in terms of the
paths ﬁ(2k, dy,ds,a,b). For convenience, we will identify the vertices of Pg;_; and
P, with their labels. We have f(Ps—1) = (0,18t—3,2)+G1+(6t—4,6t—1, 6t—2),

where

G, = P(UBt— 3)125l, 276613
By P3, the resulting edge label sets are:

fIEG))={7T+3i:0<i<3t—-4}U{9+3:0<i<3t—4}

={{=1(mod 3):7<¢<9t—-5}
U{£=0 (mod 3):9 <¢<9t-3}.
Morcover, the edge labels 18t — 3 and 18t — 5 occur on the path (0, 18t — 3,2) and
the cdge labels 3 and 1 occur on the path (6t — 4,6t — 1,6t — 2).
Similarly, we have f(Pg,_,) = (18t—7,1)+G|+G4,+(6t—5,6t+1,6t—3, 18t—6),

where

Gl = P(2(2t — 2),2,1,1,16t — 5),

Gy = P(2(6 1)20, 46— 3,158~ s
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By P3, the resulting edge label sets are:
fIEG))={12t —2+3i:0<i<2t—3}U {12t +3i:0<i <2t — 3}
={¢=1(mod 3):12t —2< (<18 — 11}
U{€=0 (mod 3) : 12t < £ < 18t — 9},
fIEGY))={9-2+3i:0<i<t—-2}U{9t+3i:0<i<t-—2}
={{=1(mod 3):9t—2<¢<12t -8}
U{£=0 (mod 3) : 9t < ¢ < 12t — 6}.
Morcover, the edge labels 18t — 8 occur on the edge {18t — 9,1} and the edge
labels 6,4, 12t — 3 occur on path (6t — 5,6t + 1,6t — 3, 18t — 6).
For cach spoke {v;,v!}, the edge label is given by f(v;) — f(v]) if ¢ is even and
by f(vl) — f(v;) if @ is odd. Thus the labels on the spokes are given by

(18t—i(i;—‘)—7 foriodd, 1 <i < d4t—3,
18t — 3¢-0 10 for i odd, 4t — 1 < i< 6t— 5,
5 for 7+ =6t — 3,

v, vi}) = S 12t - 4 for i =6t— 1,
18t — 4 o g 207
9t — 3 42 for i cven, 4 < i < 6t — 4,
2 for 1 = 6t — 2.

\

Thus the sct of edge labels on the spokes is:
f(E(F))={¢=2 (mod 3) : 12t — 1 < ¢ < 18t — 7}
U{f=2(mod3):9t—-1<¢<12t—T7}
U{f=2 (mod 3):8<<9t—4}U {25, 12t — 4,18t — 4}.
Morecover, the edge labels 18t — 6, and 12t — 5 occur on the edge {vy, vg_,} and
{v1, v6t—1}-
It is casy to verify that cach label ¢ € [0, 18t — 3] occurs on cxactly one edge
in Mg;—1. Thus f is an a-labeling of Mg—;. Although f is not free, it is casy to

check that its complementary labeling f is free. Figure 3.18 shows the resulting

free a-labeling of My, . |



Figure 3.18: A frec a-labeling of My;.

3.2.3 Free a-labelings of Bipartite Cubic Graphs of Small Order

According to the book An Atlas of Graphs [39], there are 22 connected bipartite
cubic graphs of order at most 14. Each of these graphs admits a free a-labeling
(sce Table 3.1). We referenced these graphs in the same way they are referenced

in [39]. Thus we have the following.

Theorem 3.2.4 Every bipartite cubic graph of order at most 14 admits a free a-

labeling.

Corollary 3.2.1 Let G be a cubic bipartite graph such that each component of G
is cither a prism, a Mobius ladder, or has order at most 1/. Then G admits a

free a-labeling.

3.2.4 Concluding Remarks

Based on our investigation, we believe that all bipartite cubic graphs admit free

a-labelings.

Conjecture 3.2.1 Every bipartite cubic graph admits a free a-labeling.
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Table 3.1: Connected bipartite cubic graphs: 6-14 vertices

Bel2

Bce2

Bell

Bcel

Bcel0
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Table 3.1 (cont.): Connected bipartite cubic graphs: 6-14 vertices




52
3.3 p-tripartite Labelings of Some Cubic Graphs

Because the concept of a p-tripartite labeling is very recent, little has been done
on this topic. It was shown in [14] that the union of two odd cycles admits a
p-tripartite labeling if the total number of edges is congruent to 2 modulo 4 and
admits what is called a o-tripartite labeling otherwise. It was also shown in [14]
that the Petersen graph admits a p-tripartite labeling. As stated earlier, a -
labeling of an almost-bipartite graph G is nccessarily a p-tripartite labeling of G.
Known results on y-labelings arc stated in Theorem 2.3.6.

We will show that if G is an odd prism, an even Mobius ladder, or a connected
cubic tripartite graph of order at most 10, then G admits a p-tripartite labeling.
We conjecture that every connected tripartite cubic graph admits a p-tripartite

labeling.

3.3.1 p-tripartite Labelings of Odd Prisms

Recall that the prism D,, (n > 3) is the cartesian product C,, X P, of a cycle with
n vertices and a path with 2 vertices. For convenience, we let D, = C, UC! U F,
where C,, = (v1,va,. .- ytmovy), CF =Noivl, & fvl g ) and Bemg{v; v} : 1 <
i < n}. Recall that we refer to C,, as the outer cycle, to C! as the inner cycle,
and to F' as the spokes. We note that Dy, 1,n > 1, is necessarily tripartite with
tripartition {A, B,C} where A = {v1} U {vy : 2 < i <n}U{vy,, :1 <0< n},
B ={v} U{vj}U{vais1 :2<i<n}uU{v), :2<i<n} and C = {v;,v5, }.
Figure 3.19 shows the prism D;. In this figure, the vertices in A are shown with
open circles while the vertices in B are shown with filled circles and the vertices
of C' are shown with open squarcs. The edges between sets B and C' arc shown

in thick lines. We will adopt this convention in all our figures. We will show that

D, admits a p-tripartite labeling for all odd integers n > 3.
Theorem 3.3.1 The prism D, admits a p-tripartite labeling for all odd n > 3.

Proof. We separate the proof into 3 cases.

Case 1: n=1 (mod 6).
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Figurc 3.19: The prism D;.

Let n = 6t + 1. Thus, |V(D,)| = 12t + 2 and |E(D,,)| = 18t + 3. A p-tripartite
labeling of D5 is given in Figure 3.20.

Figure 3.20: A p-tripartite labeling of D5.
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For t > 2, define a one-to-one function f : V(Dg 1) — [0, 36t + 6] as follows:
f(vl) == 0)
f(’Ug) = 36t + 4,

f(’U3) =18t + 3,

flv) =1, v; € Ay = {v; : i even, 4 <7 < 6t — 2},
fv;) = 18t — 2i + 8, v; € By ={v;i:i0dd, 5<i<4t—1},
f(v;) =18t — 21 + 6, V; € By ={v; :di0dd, 4t — 1 <i <6t — 1},

f(vet)
f(vet+1) = 36t + 3,

2,

f(w)) = 36t +6,

vl 1, v; € Ay ={v}:i0dd, 3<i<6t—1},
fly)) =18t —'2 +8, v; € By = {v} :i even, 4 < i < 4t},
fv Y18t <2 + B v; € By = {v} : i even, 4t < i < 6t — 2},
f(vg,) = 36t + 1,

f(We41) = 1.

Note that A = {vy, ve, v, JUAIUA), B = {v2, Vet 41, v}, v, } U B UByU B! U B;
and C' = {v3,v3}. Thus the domain of f is indeed V(Dgyy). Next, we confirm

that f is one-to-one. We compute

f(A1) = {4,6,...,6t -2},

f(A) ={3,5,...,6t -1},
f(B1) = {18t — 2,18t — 6,...,10t + 10},
(B2) = {10t + 4,10¢, ..., 6t + 8},
f(BY) = {18t,18t — 4,...,10t + 8},
Bj) = {10t + 2,10t — 2,...,6t + 10}.

Note that f is piecewisc strictly increasing by 2 or strictly decreasing by 4 and
that all labels are distinct. Thus f is one-to-one. Moreover, f(A) = [0, 6t — 1] and
f(BUC) C [6t,36t + 6].
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To help compute the edge labels, we will describe f(V(Dgs41)) in terms of the
paths P(Qk, di,ds,a,b). For convenience, we will identify the vertices of Cg;,; and
Céi41 With their labels. We have f(Ce1) = G1 + G2 + (6t — 2,6t + 8,2,36t +
3,0,36t + 4,18t + 3,4), where

~

G1 = P(2(2t — 2),2,4,4, 10t + 10),

G, = P(2(t — 1),2,4, 4t, 6t + 12).

By P3, the resulting edge label scts are:

F(E(G1)={6t+10+6i:0<i<2t—-3}U{6t+12+6:i:0<7i<2t—3}
={{ =4 (mod 6) : 6t + 10 < ¢ < 18t — 8}
U{f=0 (mod 6) : 6t + 12 < ¢ < 18t — 6},
f(E(Gy))={14+6i:0<i<t-2}U{16+6i:0<i<t—2}
={f/=2 (mod 6) : 14 < ¢ <6t + 2}

U{¢ =4 (mod 6):16 < ¢ <6t +4}.

Moreover, edge labels 10, 6t + 6, 36t + 1, 36t + 3,36t + 4,18t + 1 and 18t — 1 occur
on the path (6t — 2,6t + 8, 2,36t + 3,0,36t + 4, 18t + 3, 4).
Similarly, we have f(Cg,,,) = G + G5+ (6t — 1,36t + 1,1, 36t + 6, 18t + 1, 3),

where

G = P(2(2t - 1),2,4,3,10t + 8),

G, = P(2(t — 1),2,4,4t + 1,6t + 10).
By P3, the resulting cdge label sets are:

fIEG))={6t+T7+6i:0<i<2t—-2}U{6t+9+6i:0<7<2—2}
={{=1(mod 6):6t+7<¢<18 —5}
U{f =3 (mod 6):6t+9 < ¢ <18t — 3},
fIE(GY))={11+6i:0<i<t—-2}U{1346i:0<i<t—2}
={{=5(mod 6):11 <¢<6t—1}

U{f=1 (mod 6):13 <?¢<6t+1}.
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Morcover, edge labels 30t + 2, 36¢, 36t + 5, 18t + 5 and 18t — 2 occur on the path
(6t — 1,36t +1,1,36t + 6,18t + 1, 3).
For cach spoke {v;, v}, the labels on the spokes are given by

(

36t + 6 for 1 =1,
18t + 3 for 4= 2,
18t for ¢ =3,

FHvi,vi}) =< 18t —3i+8 for 4 <i <4t
18t —3i+6 for 4t +1<i<6t—1,

36t — 1 for ¢ = 6t,

k36t+2 for 1 =6t + 1.

Thus the sct of edge labels on the spokes is:

F(E(F)) ={£=2 (mod 3): 6t +8 < £ < 18¢ — 4}
U{f£=0(mod 3):9<¢<6t+3}

U {36t + 6, 18 + 3, 18t, 36t — 1, 36t + 2}.

It is casy to verify now that for cach ¢ € [1,18¢ + 3| either £ or 36t + 7 — ¢
occurs on cxactly onc edge in Dg 1. Hence the defined labeling is a p-labeling,
and condition (rl) for a p-tripartite labeling is satisfied. Condition (r2) also holds
since f(A) = [0,6t — 1] and f(BUC) C [6t,36¢ + 6]. Condition (r3) holds since
F(0}) = F(05)] + £ () — Flus)| = 36t + 6 and |£(v2) — F(ug)] + | F(v2) — ()] =
36t + 6, twice the number of edges of Dgey1. Also |f(b) — f(c)| = 36t + 6, where
b € B and ¢ € C, is impossible since all vertex labels are in [0,36t + 6] and
0 € f(A). Thus condition (r4) holds, and we have a p-tripartite labeling of Dg;, ;.
Figure 3.21 shows a p-tripartite labceling of Dss.

Case 2: n =3 (mod 6).
Let n = 6t — 3. Thus, |V(D,)| = 12t — 6 and |E(D,)| = 18t — 9. A p-tripartitc
labeling of Dy is given in Table 3.2 (graph C2). For t > 2, Define a one-to-one



Figure 3.21: A p-tripartite labeling of D;3.
function f: V(Dg—3) — [0, 36t — 18] as follows:

f(v) =0,
f(vg) = 36t — 20,

() =1 v; € Ay = {v; : i even, 4 <17 < 6t — 4},
f(’Ui:].8t‘—2’L.*4, ”Ui,EBl:{’UiIZ'Odd,5§i§4t—3},
(

=18t —2i—10, ;€ By ={v;:io0dd, 4t —3 < i < 6t — 5},

=1, v; € A} ={vl:1i0dd, 3 <i<6t-5},
=18t — 2i — 4, v; € Bl = {v] : 1 even, 4 <1 < 4t — 4},

%

f(v;)) =18t —2i—10, wv; € By ={v.:icven, 4t —4 <i < 6t — 6},

Note that A = {v1,vg_3} UA UA], B = {v2, v}, Vet—3, g4} U B1 U Bo U Bj U B}
and C' = {v3,v5}. Thus the domain of f is indeed V(Dg;_3). Next, we confirm
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that f is onc-to-onc. We compute

f(A;) ={4,6,...,6t —4},

f(A}) = {36, . .66 =5},

f(B1) = {18t — 14,18t — 18, ...,10t + 2},

f(Bg) = {10t — 8,10t — 12,...,6t},

f(B;) = {18t — 12,18t — 16, ...,10t + 4},

f(Bs) = {10t — 6,10t — 10,...,6t + 2}.
Note that f is piecewise strictly increasing by 2 or strictly decrecasing by 4 and
that all labels arc distinct. Thus f is one-to-one.

To help compute the edge labels, we will describe f(Dg:—3) in terms of the
paths 15(216, dy,dy,a,b). For convenicnce, we will identify the vertices of Cg;—3 and
Cg;—3 with their labels. We have f(Ce—3) = G + G + (6t — 4,36t — 19,0, 36t —
20,18t — 9,4), where

G, = P(2(2t — 3),2,4,4,10t + 2),
G, = P(2(t - 1),2,4,4t — 2;6t).
By P3, the resulting edge label sets are:
fE(Gy) ={6t+4+6i:0<i<2t—4}U{6t+6+6i:0<7<2t—4}
={¢ =4 (mod 6) : 6t +4 < ¢ < 18t — 20}
U{£=0 (mod 6) : 6t + 6 < £ < 18t — 18},
f(E(G)={4+6i:0<i<t—-2}U{6+6::0<i<t—2}
={¢{ =4 (mod 6):4<¢<6t—8}
U{¢ =0 (mod 6):6 <¢<6t—6}.
Morcover, edge labels 30t — 15,36t — 19,36t — 20, 18¢ — 11 and 18t — 13 occur on
the path (6t — 4,36t — 19,0, 36t — 20,18t — 9,4).

Similarly, we have f(Cg,_;) = G1+G5+(6t—5, 36t —22, 30t —21, 36t — 18, 18t —

11,3), where

P(2(2t — 3),2,4,3,10t + 4),

&,
G,

P(2(t —1),2,4,4t — 3,6t + 2).
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By P3, the resulting cdge label sets are:

f(E(G)={6t+7+6i:0<i<2t—4}U{6t4+9+6i:0<i<2—4}
={¢(=1(mod6):6t+7<¢<18t—17}
U{¢=3 (mod 6) : 6t +9 < ¢ < 18t — 15},
fIEGY)={7+6i:0<i<t—-2}U{9+6i:0<i<t—2},
={{=1 (mod 6) :7<¢<6t—5}
U{f =3 (mod 6):9 <¢<6t-3}.

Moreover, edge labels 30t — 17,6t — 1,6t + 3,18t — 7 and 18t — 14 occur on the
path (6t — 5,36t — 22,30t — 21, 36t — 18,18t — 11, 3).
For each spoke {v;, vi}, the labels on the spokes are given by

(

36t — 18 for a=,
18t —9 for 1 =2,
18t — 12 for i =y

FHvovi}) =18t —3i—4 for 4<i<4t—3,
18t — 3 — 10 for 4t — 2 <i <6t —5,

30t — 18 for 7 = 6t — 4,

L6t+2 for ¢ =6t — 3.

Thus the set of edge labels on the spokes is:

f(E(F))={¢=2 (mod 3): 6t +5 < ¢ < 18t — 16}
U{¢=2 (mod 3):5<¢<6t—4}

U {36t — 18,18t — 9,18t — 12,30t — 18,6t + 2}.

It is easy to verify that for each ¢ € [1,18¢ — 9] either ¢ or 36t — 17 — £ occurs
on exactly onc edge in Dg_3. Hence the defined labeling is a p-labeling and
condition (rl) for a p-tripartite labeling is satisfied. Condition (r2) also holds since
f(A)\ f(vg_3) € [0,6t—4], F(BUC) C [6t — 3,36t — 18], and f(vg,_3) < f(u) for
u € {vet—3, V], Vg4 }- Condition (r3) holds since | f(v]) — f(v5)| +|f(ve) — f(v3)] =
36t — 18 and | f(vqy) — f(v)| +|f(v2) — f(v5)]| = 36t — 18, twice the number of edges
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of Dg;—3. Also |f(b) — f(c)| = 36t — 18, where b € B and ¢ € C, is impossible
since all vertices are in [0, 36t — 18] and 0 € f(A). Thus condition (r4) holds, and
we have a p-tripartite labeling of Dg;—3. Figure 3.22 shows a p-tripartite labeling
of Dy.

Figure 3.22: A p-tripartite labeling of Dy.

Case 3: n =5 (mod 6).
Let n = 6t — 1. Thus, |V(D,)| = 12t — 2 and |E(D,)| = 18t — 3. A p-tripartitc
labeling of Dy is given in Table3.2 (graph C23). For t > 2, Define a one-to-one
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function f : V(Dg—1) — [0,36t — 6] as follows:

Flve) =%, v,—eAlz{vi:ieven,4§i§6t—2},

f('l)l):18t—21+2, ’UieBlz{’UiI’L.Odd,5Si£4t—1},

flv;) = 18t — 24, v; € By = {v; : 1 odd, 4t -1 <i<6t—3},

f(u) =0,
f(vy) = 36t — 8,
f(uvs) = 18t — 3,
)
flver—1) = 36t — 9,
f(vy) = 36t — 6,
f(vy) = 18t - 5,
fy)
f)
F) = 18t — 2i
f(vgey) = L.

th =12 v; € A7 = {v] : i odd, 3 <i < 6t— 3},
=18t — 2i + 2, v; € B = {v] : i cven, 4 < i < 4t — 2},

', v; € By = {v : i even, 4t — 2 < i < 6t — 2},

Note that A = {vy,vg_1} U AU A}, B = {v,v6-1,v{} U B, UB, U B, U B} and

C = {v3,v5}. Thus the domain of f is indeed V(Dgt—1). Next, we confirm that f

1S onc-to-onc.

We compute

J(41) = {4,6,...,6t — 2},

f(A) =1{3,5,...,6t -3},

f(By) = {18t — 8,18t — 12,..., 10t + 4},
f(Bg) = {10t — 2,10t — 6,. .., 6t + 6},
f(B}) = {18t — 6,18t — 10,...,10¢t + 6},
f(BY) = {10t,10t — 4, ..., 6t + 4}.

Note that f is piccewise strictly increasing by 2 or strictly decreasing by 4 and

that all labels are distinct. Thus f is one-to-one. Moreover, f(A) C 0,6t — 2]

and f(BUC) C [6t — 1, 36t — 6].
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To help compute the edge labels, we will describe f(Dg;_1) in terms of the paths
P(2k,d,,dy,a,b). For convenience, we will identify the vertices of Cy;_; and -
with their labels. We have f(Cet-1) = G1+G2+(6t—2,36t—9,0, 36t—8, 18t—3, 4),

where

~

Gy = P(2(2t — 2),2,4,4, 10t + 4),
Gy = P(2(t — 1),2,4, 4t, 6t + 6).

By P3, the resulting edge label sets are:

F(E(GL)={6t+4+6i:0<i<2t—3}U{6t+6+6i:0<i<2t—3}
= {¢ =4 (mod 6) : 6t + 4 < £ < 18t — 14}
U{f=0 (mod 6) : 6t +6 < ¢ <18t — 12},
F(E(Gy)={8+6i:0<i<t—-2}U{10+6i:0<i<t—2}
={{=2(mod 6) : 8 < ¢ <6t—4}

U{f=4 (mod 6) : 10 < ¢ < 6t — 2}.

Morcover, cdge labels 30t — 7,36t — 9,36t — 8,18t — 5 and 18t — 7 occur on the
path (6t — 2,36t —9,0,36t — 8, 18t — 3,4).
Similarly, we have f(Cg,_3) = G} + G5 + (6t — 3,6t + 4,1, 36t — 6,18t — 5, 3),

where

Gy = P(2(2t — 2),2,4,3,10t + 6),

Gy = P(2(t —1),2,4,4t — 1,6t + 8).
By P3, the resulting edge label scts are:

FE(GY)={6t+7+6i:0<i<2t—3yU{6t+9+6i:0<i<2t—3}
={{=1(mod 6):6t+7<¢<18t — 11}
U{¢=3 (mod 6) : 6t +9 < ¢ < 18t — 9},
FIEGY))={11+6i:0<i<t—-2}U{134+6i:0<:i<t—2}
={¢{=5(mod 6):11 <£<6t—1}

U{f=1 (mod 6):13 < ¢ <6t+1}.
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Moreover, edge labels 7,6t 4 3,36t — 7,18t — 1 and 18t — 8 occur on the path
(6t — 3,6t +4,1,36t — 6,18t — 5,3).
For cach spoke {v;,v;}, the labels on the spokes are given by

¢

36t — 6 for 1= iy
18t — 3 for ¢ =2,
18t — 6 imrY 1 = 3,

fT({’Ui,’Ué}) = 9
18t —3i+2 for 4<i<4t-1,

18t — 34 for 4t —1<i<6t—2,

36t — 10 for ¢ =6t —1.
\

Thus the set of edge labels on the spokes is:

F(E(F))={¢=2 (mod 3) : 6t + 5 < £ < 18t — 10}
U{¢=0 (mod 3): 6 < ¢ <6t}
U {36t — 6,18t — 3, 18t — 6, 36t — 10}.

It is casy to verify that for each ¢ € [1,18t — 3] either £ or 36t — 5 — £ occurs
on exactly one edge in Dg;—,. Hence the defined labeling is a p-labeling and con-
dition (rl) for a p-tripartite labeling is satisfied. Condition (r2) also holds since
f(A) € [0,6t — 2] and f(BUC) C [6t — 1,36t — 6]. Condition (r3) holds sincc
| f(v1) = f(va)| + | f(v2) — f(vs)] = 36 — 6 and |f(vz) — f(v))] + |f(v2) — F(v5)] =
36t — 6, twice the number of edges of Dg;—;. Also |f(b) — f(c)| = 36t — 6, where
b € B and c € C, is impossible since all vertices are in [0,36t — 6] and 0 € f(A).
Thus condition (r4) holds, and we have a p-tripartite labeling of Dg,_;,. Figure
3.23 shows a p-tripartite labeling of Dy;. |

3.3.2 p-tripartite Labelings of Even Mo6bius Ladders

Recall that for n > 3, let vy, v,,..., v, and vi,v},...,v!, denote the consccu-
tive vertices of two disjoint paths with n vertices. The Mobius ladder is the

graph M, obtained by joining v; to v; for ¢ = 1,2,...,n and by joining v,



Figure 3.23: A p-tripartite labeling of D;;.

to v;, and v, to vj. For convenience, we let M, = P, U P/ U F U H, where
Po = (v,v9,...,%), By = (v,v5,...,0}), F = {{v,,vf} : 1 < i < n} and
H = {{v1,v,}, {vn,v]}}.We shall refer to P, as the outer path, to P! as the inner
path, and to F' as the spokes. We note that My,,n > 2, is necessarily tripartite
with tripartition {4, B,C}, where A = {v},vg_1 : 2 < i < n, 05 2 <71 g},
B={vy:1<i<n,vy :2<i<n}and C = {v,v}}. Figurc 3.24 shows the
Mobius ladder M;,. We will show that M, admits a p-tripartite labeling for all

cven integers n > 4.

Figure 3.24: The Mobius ladder M.
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Lemma 3.3.1 The Mobius ladder M, admits a p-tripartite labeling for all n €
{4,6,8,10}.

Proof. A p-tripartite labeling of M, is given in Table 3.2 (graph C7). We give
p-tripartite labelings of the other three graphs in Figure 3.25.

M10

Figure 3.25: p-tripartite labelings of Mg, Mg and M.

Theorem 3.3.2 The Mobius ladder M, admits a p-tripartite labeling for all even

n > 4.

Proof. We separate the proof into 3 cases.

Case 1: 7 =0 (mod 6).

Let n = 6t. Thus, |[V(M,)| = 12t and |E(M,)| = 18t. A p-tripartite labeling of
Ms is given in Figure 3.25 (graph M6). For t > 2, define a one-to-one function




66

f: V(M) — [0,36t] as follows:

f(v1) = 36t,

f(ve) =18t -2,

flg) =1, v; € Ay = {v; 11 0dd, 3 <i<6t—1},

f(v;) = 18t — 21 + 5, v; € By = {v; : i even, 4 <1i <4t -2},

f(vi)=18t-2i—1, v € By ={v;:ieven, 4t —2 < i < 6t— 2},

f(ver) = 36t — 1,

fvy) =0,

f(vy) = 36t -2,

flvg) = 18,

(= 1} v; € A} = {v; : i even, 4 < i < 6t — 2},

F(ul) =18t — 2i + 5, v, € B, ={v:iodd, 5<i<4t— 1},

f(vi) =18t —2i — 1, v; € By = {v]:10dd, 4t — 1 < i < 6t — 3},
Flug, o) =10t 451

f(vg,) = 6t + 2.

Note that A = {v}}UA;UA]U{vg,} and B = {vs, vgt, vy, vg,_; }UB,UBy,UB,U B,
and C = {v1,v3}. Thus the domain of f is indeed V(Mg,). Next, we confirm that

f 1s one-to-onc. We compute

f(Al) = {3,5,.. ,Gt = 1},

f(A) ={4,6,... 6t — 2},

f(B1) = {18t — 3,18t — 7,...,10t + 9},
f(B

2) = {10t — 1,10t — 5, ...,6t + 3},
f(By) = {18t — 5,18t — 9,...,10t + 7},
)

f(By) = {10t — 3,10t — 7,...,6t + 5}.

Note that f is piecewise strictly increasing by 2 or strictly decrcasing by 4 and
that all labels are distinct. Thus f is onc-to-one. Morcover, f(A) C [0, 6t +2] and
f(BUC) C [6t + 3, 36t].
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To help compute the edge labels, we will describe f(Mg,) in terms of the paths
}5(216, di,da, a,b). For convenience, we will identify the vertices of Pg; and P, with

their labels. We have f(Pe:) = (36t, 18t —2,3) + G1 + Gy + (6t — 1, 36t — 1), where

Gi = P(2(2t — 2),2,4,3,10t + 9),

Gy = P(2t,2,4,4t — 1,6t + 3).

By P3, the resulting edge label sets are:

FE(G) ={6t+10+6i:0<i<2t—3U{6t+12+6i:0<i<2t—3}
= {¢ =14 (mod 6) : 6t + 10 < ¢ < 18t — 8}
U{f£ =0 (mod 6) : 6t + 12 < ¢ < 18t — 6},
fE(G2) ={4+6i:0<i<t—1}U{6+6i:0<i<t—1}

={f=4(mod6):4<£<6t—2}U{¢=0 (mod 6):6<¢< 6t}

Moreover, edge labels 18 + 2 and 18t — 5 occur on the path (36t,18¢ — 2,3) and
the edge label 30t occurs on the edge {6t — 1,36t — 1}.
Similarly, we have f(Fg,) = (0,36t —2,18t,4)+ G| + Gy + (6t — 2, 12t +4, 6t +2),

where

Gy = P(2(2t — 2),2,4,4,10t + 7),

Gy = P(2(t —1),2,4,4t,6t + 5).
By P3, the resulting edge label sets are:

FE(GY)={6t+T+6i:0<i<2t-3}U{6t+9+6i:0<i<2t—3}
={€=1 (mod 6): 6t+7 < ¢ <18 — 11}
U{f=3 (mod 6): 6t+7 < ¢ <18t — 9},
FE(GY) ={7+6i:0<i<t—-2}U{9+6i:0<i<t—2}
={f=1(mod6):7<¢<6t-5}

U{f=3 (mod 6):9 <¢<6t—3}.

Moreover, edge labels 36t —2, 18¢t—2 and 18¢t—4 occur on the path (0, 36t —2, 18¢, 4)
and edge labels 6¢ + 6 and 6t + 2 occur on the path (6t — 2,12t + 4, 6t + 2).
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For each spoke {v;,v.}, the labels on spokes are given by

;

36t oy =1,
18t lonmi"="g
18t — 3 dor 1 =3

)

N

fviv}) =18t —3i+5 for 4<i<4t—1,

18t —3i—1 for 4t —1<i<6t—2

I

6t + 5 for ¢ =6t —1,

\30t—3 for 7 = 6t.

Thus the set of edge labels on the spokes is:

FE(F)) ={¢=2 (mod 3): 6t +8 < £ < 18t — 7}
U{f=2(mod3):5<£<6t—1}

U {36t, 18t, 18t — 3,6t + 5,30t — 3}.

Moreover, edge labels 30t —2 and 36t — 1 occur on the edges {v1, vg,} and {v}, ve: }.

It is casy to verify now that for cach ¢ € [1,18¢] cither ¢ or 36t + 1 — ¢ oc-
curs on cxactly one edge in Mg,. Hence the defined labeling is a p-labeling and
condition (rl) for a p-tripartite labeling is satisfied. Condition (r2) also holds
since f(A) C [0,6t + 2] and f(BUC) C [6t + 3,36t]. Condition (r3) holds since
[ (02) = F(oa)| + 1£(v§) = F(o4)] = 36t and [£(us) — F(ug)] + |F(ve) — F(v})] = 36t,
twice the number of edges of Mg,. Also | f(b)— f(c)| = 36t, whereb € B and ¢ € C,
is impossible since all vertices are in [0,36t] and 0 € f(A). Thus condition (r4)
holds, and we have a p-tripartite labeling of Mg,. Figure 3.26 shows a p-tripartite
labeling of M;,.

Case 2: n =2 (mod 6).
Let n = 6t + 2. Thus, |V(M,)| = 12t + 4 and |E(M,,)| = 18t 4+ 6. A p-tripartitc
labeling of Mj is given in Figure 3.25 (graph M8). For t > 2, define a one-to-one
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Figure 3.26: A p-tripartite labeling of M.
function f : V(Mgy2) — [0, 36t + 12] as follows:

f('Ul) = 36t + 12,

f(”l)g) = 18t + 4,

(od = 1, v; € Ay, Ay ={v;:i0dd, 3<i<6t+1},

f(v) =18t — 2i + 11, v; € By, By = {v; : ¢ even, 4 <i < 4t},

f(v;) =18t — 249, Vi € By, By = {v; : i even, 4t < i < 6t},
f(vetr2) = 36t + 9,

f(vy) =0,

J(vy) = 36t + 10,

f(v3) = 18t + 6,

i) =4, v; € A}, A} = {v} :ieven, 4 <i <6t}

f(v]) =18t —2i + 11, v; € By, By ={v}:io0dd, 5<i<4t+1},

f(v)) =18t — 2i + 9, v; € By, B; ={ui:4 odd, 4 +1<i<6t+1},
f(Vge42) = 1

Note that A = {v],vg,,} U A1 U A} and B = {vy, ver42,v4} U By U B, U B, U B,
and C' = {vy,v3}. Thus the domain of f is indeed V(Mg,5). Next, we confirm
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that f is one-to-one. We compute

f(A1) ={3,5,...,6t + 1},
f(A}) = {4,6,...,6t},
f(By) = {18t +3,18t — 1,...,10¢t + 11},

f(By) = {10t + 5,10t + 1,...,6t + 9},

)
)

f(B}) = {18t + 1,18t — 3,..., 10t + 9},
)

f(By) = {10t + 3,10t — 1,...,6t + 7).

Note that f is piecewise strictly increasing by 2 or strictly decreasing by 4 and
that all labels are distinct. Thus f is one-to-one. Morcover, f(A) C [0,6t+1] and
f(BUC) C [6t + 2,36t + 12].

To help compute the edge labels, we will describe f(Mgey2) in terms of the
paths ﬁ(Zk, dy,dy, a,b). For convenience, we will identify the vertices of Pgiyo and
Fg112 with their labels. We have f(Psii2) = (36t +12, 18t 4 4,3) + Gy + G5 + (6 +
1,36t +9), where

Gi = P(2(2t — 1),2,4,3,10t + 11),

Gy = P(2t,2,4,4t + 1,6t + 9).
By P3, the resulting edge label sets are:

FE(GY) ={6t+10+6i:0<i<2t -2} U{6t+12+6i:0<i<2t—2)
:{554(m0d6):6t+10§€§18t—2}
U{¢ =0 (mod 6) : 6t + 12 < ¢ < 18t},
F(E(Gy) ={8+6i:0<i<t—1}U{l0+6i:0<i<t—1}
={¢{=2(mod 6) : 8 < ¢ < 6t+2}

U{f =4 (mod 6) : 10 < ¢ < 6t + 4}.

Morcover, edge labels 18t + 8 and 18t 4 1 occur on the path (36t + 12,18t + 4, 3)
and cdge label 30t + 8 occurs on the edge {6t + 1,36t + 9}.
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Similarly, we have f(Pg,,,) = (0,36t + 10,18t +6,4) + G + G4 + (6,6t +7, 1),

where

G, = P(2(2t — 1),2,4,4,10t + 9),

Gy =P(2(t —1),2,4,4t + 2,6t + 11).
By P3, the resulting edge label sets are:

FE(GY) = {6t+7+6i:0<i<2t—2}U{6t+9+6i:0<i<2t—2}
={€=1 (mod 6) : 6t +7 < ¢ < 18t — 5}
U{¢=3(mod 6) :6t+9 < ¢ <18t — 3},
FE(Gy)={1146i:0<i<t—2}U{134+6i:0<i<t—2}
={{=5(mod 6): 11 < ¢ <6t— 1}

U{=1 (mod 6) : 13 < £ < 6t + 1}.

Morcover, edge labels 36t + 10,18t + 4 and 18t + 2 occur on the path (0, 36t +
10,18t + 6,4) and cdge labels 7 and 6t + 6 occur on the path (6t,6t + 7, 1).

For cach spoke {v;,v]}, the labels on the spokes are given by

¢

36t + 12 for ¢ =1,
18t + 6 arTr=—gs
18t + 3 for 1= 3,

fT({’Ui,’U:-}) = §
18t — 3t + 11 for 4 <i<4t+1,

188 —3i+9 for 4t+1<i<6t+1,

36t + 8 for i =6t + 2.
Thus the set of edge labels on the spokes is:
f(E(F)={¢=2(mod 3):6t+8<¢< 18t — 1}
U{f=0 (mod 3):6 <¢<6t+3}
U {36t + 12, 18t + 6, 18¢ + 3, 36t + 8}.

Moreover, edge labels 36t + 11 and 36¢ + 9 occur on the edges {v1,v5,45} and

{U/p U6H—2}-
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It is easy to verify now that for each £ € [1, 18t + 6] cither ¢ or 36t + 13 — ¢
occurs on exactly one edge in M. Hence the defined labeling is a p-labeling and
condition (r1) for a p-tripartite labeling is satisfied. Condition (r2) also holds since
f(A) € [0,6t+1] and for f(BUC) C [6t+ 2,36t + 12]. Condition (r3) holds since
£ (02) = F(va)] + 1 (v5) — F(5)] = 36t + 12 and |f(us) — f(v5)] + | F(vs) — £(0})] =
36t + 12, twice the number of edges of Mei2. Also |f(b) — f(c)| = 36t + 12, where
be B and c € C, is impossible since all vertices arc in [0, 36t + 12] and 0 € f(A).
Thus condition (r4) holds, and we have a p-tripartite labeling of Mg, . Figure
3.27 shows a p-tripartite labeling of M,.

Figurc 3.27: A p-tripartite labeling of M,,.

Case 3: n =4 (mod 6).

Let n = 6t — 2. Thus, |[V/(M,)| = 12t — 4 and |E(M,)| = 18t — 6. A p-tripartite
labeling of My and M, is given in Table 3.2 and Figure 3.25 (graphs C7 and
M10). For t > 3, define a one-to-one function f : V(Mg_y) — [0, 36t — 12] as



73
follows:
F(o)) = 36t — 12,
F(vg) = 18t — 8,
f('l)i)=i, 'UiEAl, A1={Uii’i0dd, 352S6t—3},
flv;)) =18t —2i — 1, v; € By, By = {v; : i even, 4 < i< 2t},
fv;)) =18t — 21 — 3, v; € By, By = {v; 11 even, 2t < i < 4t — 2},

f(’Ui :lgt—2l—5, ’UiEB;;, B;;:{vi:ieven, 4t—2<ZS6t—4},

— v; € A}, A} = {v;:ieven, 4 <i < 6t—4},

(
fl@).= 18t — 261, v; € By, B = {v| fiwdd#5.£ i <20~ 1}
) i 1 1 1
(W) =18t—2—3, v €Bl By={v :50dd, 2% —1<i<dt—3},
(

=18t—-2{ -5, € By, Bj={v.:io0dd, 4 —3 <i<6t— 5},

Note that A = {v],vg;_,} U A UA] and B = {vs, vgt_2, v}, Vh,_3} U B U By U B3U
By U By U B3 and C = {v,v3}. Thus the domain of f is indeed V (Mg;_5). Next,
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we confirm that f is one-to-one. We compute

f(A1) = {3,5, a5 6t— 3},

f(Ay) ={4,6,...,6t -4},

f(BL 2 1atn O 1505l N0 14t — T
f(Bz) = {14t — 7,14t — 11,...,10t + 1},
£(Bs) = {10t — 5,10t — 9, ..., 6t + 3},
F(B)) = {18t — 11,18t — 15,..., 14t + 1},

f(By) = {14t — 5,14t — 9, ..., 10t + 3},

f(By) = {10t — 3,10t — 7, ..., 6t + 5}.

Note that f is piecewise strictly increasing by 2 or strictly decreasing by 4 and
that all labels are distinct. Thus f is one-to-one.

To help compute the edge labels, we will describe f(Mg;—o) in terms of the
paths 15(2]\7, dy,ds, a,b). For convenience, we will identify the vertices of Pg;_ and
P, _, with their labels. We have f‘(Pﬁtvg) = (36t—12,18t—8,3)+ G+ G+ G3+
(6t — 3,36t — 15), where

Gy = P(2(t —1),2,4,3,14t — 1),
Gy = P(2(t — 1),2,4,2t + 1,10t + 1),
Gs = P(2(t — 1),2,4,4t — 1,6t + 3).
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By P3, the resulting edge label scts are:

F(EGL)={12t—2+6i:0<i<t-2}U{12t+6i:0<i<t—2}
= {f =4 (mod 6) : 12t — 2 < £ < 18t — 14}
U{¢=0 (mod 6) : 12¢t < £ < 18t — 12},
F(B(Ga))={6t+2+6i:0<i<t—2}U{6t+4+6i:0<i<t—2}
={£=2 (mod 6) : 6t +2 < £ < 12t — 10}
U{f =4 (mod 6): 6t +4 <¢<12t— 8},
F(E(Gs) ={6+6i:0<i<t-2}U{8+6i:0<i<t—2}
={{=0 (mod 6) : 6 < ¢ < 6t — 6}
U{¢ =2 (mod 6) : 8 < ¢ < 6t—4}.
Morcover, edge labels 18t — 4 and 18t — 11 occur on the path (36t — 12,18t — 8, 3)
and the edge label 30t — 12 occur on the edge {6t — 3, 36t — 15}.
Similarly, we have f(Pg_,) = (36t — 17,36t — 14,18t — 6,4) + G4 + G, + G4 +
(6t — 4,30t — 11,0), where
Gy = P(2(t - 2),2,4,4,14t + 1),
G, = P(2(t — 1),2,4,2t,10t + 3),

G =PlE—1),2,4 426t 5

By P3, the resulting edge label sets are:

FEGY))={12t +1+6i:0<i<t-3}U{12t+3+6i:0<i<t—3}
={(=1(mod6):12t+1<¢<18t—17}
U{f=3 (mod 6): 12t + 3 < £ < 18t — 15},
F(E(GY) ={6t+5+6i:0<i<t—-2}U{6t+7+6i:0<i<t—2}
={{=5(mod6):6t+5<£<12t -7}
U{f=1(mod6):6t+7<¢<12t—5},
J(EGy)={9+6i:0<i<t-2}U{1146i:0<i<t—2}
={({=3(mod6):9<¢<6t—3}

U{f=5 (mod 6) : 11 < ¢ <6t — 1}.
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Moreover, edge labels 3,18t — 8 and 18t — 10 occur on the path (36t — 17, 36t —
14,18t —6,4) and edge labels 24t — 7 and 30t — 11 occur on the path (6t — 4, 30t —
11,0).

For each spoke {v;, v}, the labels on the spokes are given by

,

5 for 7 =238
18t — 6 for % =2,
18 -9 fof 1=8.3

i 18 —3i—1 for 4 <i<2t,
f({vi’vzl' ):<
18 -3t -3 for 2t <t <4t -2,
18 -3t —5 for 4t —2< i< 6t—4,
24t — 8 for i = 6t — 3,

36t — 15 for 7 =6t — 2.

\
Thus the sct of edge labels on the spokes is:

f(E(F)) = {£ =2 (mod 3) 112t —1 < € <18t - 13}
U{¢=0 (mod 3): 6t +3 < ¢ <12t — 6}
U{f=1 (mod 3):7 < ¢ <6t—2}
U {5, 18t — 6,18t — 9,24t — 8,36t — 15}.

Moreover, the edge labels 36t — 12, and 2 occur on the edge {vi,v§_»} and
{v}, vet—2}

It is casy to verify now that for cach ¢ € [1, 18t — 6] cither £ or 36t — 11 — ¢
occurs on cxactly one edge in Mg,—5. Hence the defined labeling is a p-labeling
and condition (rl) for a p-tripartite labeling is satisfied. Condition (r2) also hold
since f(A)\ f(v]) € [0,6t—3], f(BUC) C [6t — 2,36t — 12] and f(v}) < f(u) for
u € {v1,v),V6—2}. Condition (r3) holds since |f(v1) — f(v2)| + |F(vy) — f(v})| =
36t —12 and |f(vy) — f(vh)|+ | f(v2) — f(vh)| = 36t — 12, twice the number of edges
of Mg—2. Also |f(b) — f(c)| = 36t — 12, where b € B and ¢ € C, is impossible
since all vertices are in [0, 36t — 12] and 0 € f(A). Thus condition (r4) holds, and
we have a p-tripartite labeling of Mg, 5. Figure 3.28 shows a p-tripartite labeling
of M. |



Figure 3.28: A p-tripartite labeling of M.

3.3.3 p-tripartite labelings of Tripartite Cubic Graphs of Small
Order

According to the reference book An Atlas of Graphs [39], there are 27 connected
cubic graphs of order at most 10. The complete graph Kj is the only one of these
graphs that is not tripartite. We give a p-tripartite labeling of cach the remaining
26 graphs in Table 3.2. We refercnced these graphs in the same way they are
referenced in [39]. Four of these graphs (C3, C8, C24, and C26) are bipartitc.
The p-tripartite labeling we show on the four bipartite graphs is an a-labeling.

Thus we have the following.

Theorem 3.3.3 Ewvery tripartite cubic graph of order at most 10 admits a p-tripartite
labeling.

3.3.4 Concluding Remarks

Because it is known that bipartite prisms and bipartitc Mobius ladders admit

a-labelings and in light of our results here, we have the following.

Corollary 3.3.1 If G of size n is a prism, a Mabius ladder or a connected cubic
graph of order at most 10, then there exists a cyclic G-decomposition of Konsiy

for all positive integers t.

We are currently investigating p-tripartite labelings of other cubic tripartite

graphs such as cubic graphs of order 12 and generalized Petersen graphs. Based
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on our investigation, we believe that all connected tripartite cubic graphs admit

p-tripartite labelings.

Conjecture 3.3.1 Every connected tripartite cubic graph admits a p-tripartite la-

beling.

Table 3.2 (cont.): p-tripartite labelings of tripartite cubic graphs or order < 10




Table 3.2: p-tripartite labelings of tripartite cubic graphs of order < 10
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29

30

C2 C3 C4
1 18 0 9
9
Ya 3 21
3
[ O
15 0 6 8 7L} 19
C5 C6 C7
4 0 16 22
16 10
8 0
5 )
4 24
0 2
2
21 3 3 4
C8 C9
e
e ‘
M
N e

15 2




80

Table 3.2 (cont.): p-tripartite labelings of tripartite cubic graphs or order < 10

C22

C25

C24

C27

C20

25

13

15

20

30

C23

C26
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3.4 On Graceful Cubic Graphs

As stated carlier, B-labelings are better known as graceful labelings. Graphs that
admit graceful labelings are called graceful. Investigating whether or not various
classes of graphs admit graceful labelings is a very popular area of research. In
fact, since Rosa’s introduction of graph labelings [41] in 1967, hundreds of papers
have dealt with variations of graceful labelings. We direct the intercsted reader
to Gallian’s dynamic survey on graph labelings [28] for the latest progress on this
topic. The best-known conjecture on labelings is a conjecture by Kotzig, Ringel
and Rosa that every tree is graceful. Despite the intense interest in the topic, this
conjecture is far from being solved.

We list the known graceful labelings of cubic graphs. It is known that prisms
and Mobius ladders are graceful (see [26], [27] and [47]) and they admit a-labelings
when bipartite (sce [26] and [38]). Vietri [42, 43] has shown that certain classes
of gencralized Petersen graphs are graceful. It is also known that r K is graceful
if and only if r = 1. However, there has not been a systemic study to determine
which cubic graphs of small order are graceful.

We show that cvery cubic graph of order at most 12, other than 2K, and 3K,

is graceful. We also conjecture that every connected cubic graph is graceful.

Theorem 3.4.1 Every cubic graph of order at most 12, other than 2K, and 3K,

15 graceful.

proof It is known that r K4 is graceful if and only if 7 = 1 (see [28]). According to
the reference book An Atlas of Graphs [39], there are 112 connected cubic graphs
of order at most 12. Each of these graphs is graceful (see Table 1). There are
an additional 12 disconnected cubic graphs of order at most 12. Ten of these 12
graphs are graceful (sec Table 2). We referenced these graphs in the same way they
are referenced in [39]. For convenience, we identified each vertex with its label.
For the graphs that are bipartite, the given graceful labeling is an a-labeling.
We arc currently investigating graceful labelings of the 540 cubic graphs of
order 14. Based on our investigation, we believe that all connected cubic graphs

are graceful.
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Conjecture 3.4.1 Every connected cubic graph is graceful.

Table 3.3: Connected cubic graphs: 4-12 vertices

C1 C2 C3
0 9 9
1
7
4 7
6 1 5 8
C4 C5 Cé6
5 12 3 12
5
1 1 ll 1
3
2
4 v 2
C7 C8 C9
6 12 15
5

14
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Table 3.3 (cont.): Connected cubic graphs with up to 12 vertices

C11

C12

C13 Cl14 C15
1 0 1 0 12
v AE ’ )'(
6 15
14 1 s ]
L
N % : LS
14 2 . : 7
C16 o1y C18
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Table 3.3 (cont.): Connected cubic graphs with up to 12 vertices

C36

18

17

C45

C44

C43
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Table 3.3 (cont.): Connected cubic graphs with up to 12 vertices

= &, P\ N
-v V. ¥ / ’ OIOV'C‘A
\ V| <N
@n ‘ £ = 7M - ¥ i W ~
@) on O v O e O —
a = = ~ =) 4
P | <X | BT 5
o
LU |\ | & aa
D~ =, £ ™ Q
nAm o Nw &= % v - mwu @ =
~ L O
K, .

C49

17,

12

C52

C55
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Table 3.3 (cont.): Connected cubic graphs with up to 12 vertices

18

12

16

C6

3

C62

C58

C61
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Table 3.3 (cont.): Connected cubic graphs with up to 12 vertices

Cr2

4

T

Sy

10 3
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ed cubic graphs with up to 12 vertices
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Table 3.3 (cont.): Connected cubic graphs with up to 12 vertices

C104

17




gl

Table 3.3 (cont.): Connected cubic graphs with up to 12 vertices

C107 C108
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Table 3.4: Disconnected cubic graphs with up to 12 vertices

CluC2
14 0 15
i l j 10
2
2
1 513 1
CiucC3
1 0 15
14 3
7
. ) 6 13
C2uUC2
2 18 13 10
0 3
15 16
6 1 5 4
C2uUC3
0 18 1 3

150
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Table 3.4 (cont.): Disconnected cubic graphs with up to 12 vertices

C3uUC3
0 18 1 6
17®2 13®3
4 11 5 7
ClucC4
3 0 18 7
2
4
13 6 5 1
C1uUCs5
2 18
3 <> 1
4 10 ‘n| 17
15 12 6 5
CluUCe6
0 1 10
9 3
2
18 17 4 16
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Table 3.4 (cont.): Disconnected cubic graphs with up to 12 vertices

CluC7
2 9
| N‘ |
AN KX A
16 12 6 4
ClucC8
3 0 18
13 4
5 6 1

15 1 17 2
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3.5 On 2-fold Rosa-Type Labelings

Rosa-type labelings can also be defined for multigraphs and can be used to yield
cyclic G-decompositions of A-fold complete multigraphs (see [15]). We will restrict
our attention to decompositions of 2-fold complete multigraphs. For a finite set
S, we let 25 denote the multiset that contains every element of S exactly two
times. Similarly, for integers a and b with a < b, we let 2[a, b] denote the multiset
{a,a,a+1,a+1,...,b—1,b—1,b,b}. Also, let 2K ,,, denotes the 2-fold complete
mutigraph of order m (i.e., 2K, is the multigraph on m vertices with exactly two
edges between every pair of vertices.)

The concept of edge length in 2K, is defined in the same way as in K,,. If we
let V(?K,) = {0,1,...,m — 1}, the length of an cdge {i,7} in 2K ,, is defined to
be min{|i — j|,m — |i — j|}. Thus if the elements of V(2K ) are placed in order
as vertices of an cquisided m-gon, then the length of edge {4, 5} is the shortest
distance around the polygon between ¢ and j. Edge {3, j} is a wrap-around cdge
if the length of {¢, j} is m — |¢ — j|. Note that if m is odd, then 2K, consists of
2m edges of length ¢ fori = 1,2, ..., '"T“l If m is even, then 2K ,, consists of 2m
edges of length i for i =1,2,..., 7 — 1, and m cdges of length % . Also, note that
clicking an edge does not change its length.

The idca of G-decompositions of a graph extends in a natural way to decompo-
sitions of and by multigraphs. Note that a multigraph is not required to contain
multiple edges. Thus a graph can be called a multigraph. If G and K arc multi-
graphs with V(G) C V(K) and such that every edge in G is also in K, then we
shall refer to G as a subgraph of K. (We do this in order to avoid having to usc
terms such as “submultigraph”.)

Let K and G be multigraphs with G a subgraph of K. A G-decomposition of
K is a set (or multiset) A = {G1,Gs,...,G;} of subgraphs of K cach of which is
isomorphic to G' and such that ecach edge of K appears in exactly onc G;. The
elements of A are called G-blocks. Such a G-decomposition A is cyclic (purely
cyclic) if clicking is a permutation (t-cycle) of A. A G-decomposition of 2K, is
called a G-design of order m and index A or a (*K,,, G)-design. A (*K,,, G)-design

is symmetric if the number of G-blocks in the design equals m.
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The following concept and the theorem that follows are introduced in [15].
Since [15] has not yet been published, we will sketch the proofs of any results we

cite from that manuscript.

Definition 3.5.1 Let G be a subgraph of K, such that |[E(G)| = n. A 2-fold
p-labeling of G is a one-to-one function f : V(G) — {0,1,2, ...,n} such that :

(1) If n is even, then the multiset {min{|f(u) — f(v)|,n + 1 — |f(u) — f)|}:
{u,v} € E(G)} =71,2].

(2) If n is odd, then the multiset {min{|f(u) — f(v)|,n +1 — [f(u) — f(v)|} :
fu,v} € B(G)} = (1,251 U (=81},

Thus a 2-fold p-labeling of such a G is an embedding of G in 2K ,,,; so that:
(1) There arc two edges of G of length ¢ for cach i € [1, %] when n is even.

(2) There are two edges of G of length i for cach i € [1, %] and one edge of

length 1‘;—1 when n is odd.

It is casy to see that the folloWing extension of Theorem 2.1.1 must hold.

Theorem 3.5.1 Let G be a subgraph of °K,, 1 such that |E(G)| = n. There ezists
a cyclic (2K, 1, G)-design if and only if G admits a 2-fold p-labeling.

Proof. Let G be a subgraph of 2K,y such that |E(G)| = n. We separate the
proof into two cases depending on whether n is even or odd.

Case 1: n is even. Let n = 2m and let G admit a 2-fold p-labeling. Then for each
length ¢ € [1,m], there exist two edges of length £ in G. Denote these edges by
ey and ej. Let G’ be the subgraph of G with E(G’) = {e, : £ € [1,m]}. Similarly,
let G" be the subgraph with E(G") = {e] : ¢ € [I,m]}. Then G’ and G” are
edge disjoint and neither of them contains double-edges. Moreover, the 2-fold
p-labeling of G induces simultancously a p-labeling of G’ and a p-labeling of G”.
Thus Agr = {G" +4 : 0 < i < 2m} is a cyclic (Komy1, G’)-design. Similarly,
Agr = {G" +1:0 <1 < 2m} is a cyclic (Komy1, G")-design. Since G = G’ UG"
and 2m + 1 =n+1, the set Ag = {G+7:0 < i < 2m} is a cyclic (2K 41, G')-

design. Similarly, any G-block in a cyclic (2K, 1, G)-design, induces a 2-fold
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p-labeling of G.

Case 2: n is odd. Let n = 2m + 1 and let G admit a 2-fold p-labeling. As in the
previous case, let € and ¢, denote the two edges in G of length ¢ for each £ € [1,m)].
Also, let €41 be the edge of length m + 1. Let G’ be the subgraph of G with
E(G") = {e; : £ € [1,m]}, let G" be the subgraph with E(G") = {e} : £ € [1,m]},
and let Gr,y1 be the subgraph with E(Gp,11) = {em41}. Let I be the 1-factor
in Kgpmy2 induced by the edges of length m + 1. Since G’ does not contain an
cdge of length m + 1, the set Agr = {G'+14 : 0 < ¢ < 2m + 1} is a cyclic
(Kam+2 — I, G')-design. Similarly, the set Agr = {G" +i:0<i < 2m + 1} is a
cyclic (Kamyo — I, G")-design. Also, the set Ag, ., = {Gpy1+i:0 <i<2m+1}
is the multigraph obtained by replacing each edge in I with a double edge. Since
G =G'UG"UGmi1 and 2m+2 =n+1, theset Ag = {G+i:0<i < 2m+1}isa
cyclic (*K n11,G’)-design. Conversely, any G-block in a cyclic (2K 1, G)-design,
induces a 2-fold p-labeling of G. |

Example 3.5.1 An 2-fold p-labeling of D3 that can be used for a cyclic Ds-decomposition
of 2K1p.

Let G of size n be a bipartite subgraph of 2K ,,,; with a bipartition (4, B). A
2-fold p-labeling of G is ordered if f(a) < f(b) for each edge {a, b} with a € A and
b € B. An ordered 2-fold p-labeling is also called a 2-fold p*-labeling. Similarly,
the 2-fold labeling is uniformly-ordered if f(a) < f(b) for every a € A and b € B.
A niformly-ordered p-labeling will also be called a 2-fold p**-labeling.

First, we observe that a 8*-labeling of a graph G with n edges is necessarily a 2-

fold p*-labeling of G. Also, Theorem 2.2.3 has a corresponding 2-fold counterpart.
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Theorem 3.5.2 Let n be a positive integer and let G be a bipartite multigraph with
n edges, at most n+ 1 vertices, and edge multiplicity at most 2. If G admits a 2-

fold p*-labeling, then a cyclic (2K nz41, G)-design exists for every positive integer

x.

Proof. The case z = 1 is covered by Theorem 3.5.1. So we will assume z > 2. We
We separate the proof into two cases depending on whether n is even or odd.
Case 1: n is even. Let n = 2m and let G admit a 2-fold p*-labeling. Then
for each length ¢ € [1,m], there exist two edges of length ¢ in G. Denote these
edges by ¢ and ej. Let G’ be the subgraph of G with E(G') = {¢, : £ € [1,m]}.
Similarly, let G” be the subgraph with E(G") = {e] : ¢ € [1,m]}. Then G’
and G” arc edge disjoint and neither of them contains double-edges. Moreover,
the 2-fold p*-labeling of G induces simultaneously a p*-labeling of G’ and a p*-
labeling of G". By Theorem 2.2.3, there exists a cyclic (Komzq1, G')-design Ags
and a cyclic (Kamz41,G")-design Agr. Moreover, the 2mz + 1 copies of G/ in
A¢g and the 2mx + 1 copies of G” in Agr can be matched so that for each
i € Zomgy1 the graph (G'U G”) + i is isomorphic to (G’ + i) U (G” + 7). Thus,
Ac ={(G"UG") +i:0 <i<2mz} is a cyclic (2K nz41, G)-design.

Case 2: nis odd. Let n = 2m + 1 and let G have vertex bipartition {4, B}. Let
f be a 2-fold p*-labeling of G. Let e = {a,b} be an edge in E(G), where a € A
and b € B, so the label of e is f(b) — f(a). For ease of notation we will denote
the label of ¢ as f(e).

Let By, By, ..., B; be x vertex-disjoint copies of B. The vertex in B; that
corresponds to b € B will be denoted b;. For 1 <i < z, let G; be a copy of G with
vertex bipartition {4, B;}. Let G' = G; UG, U ---UG,. Thus, G’ is a bipartite
multigraph with nz edges, edge multiplicity at most 2, and vertex bipartition
{A,UL, Bi}. We use E. to denote the set of = copies of an edge e € E(G).
Define a labeling f': V(G’) — [0, nz] as follows:

f(a) ifv=a€A,

fO)+@GE—-1)n ifv=0b€ B,
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Thus, the labels of the x copies of e are f(e), f(e)+mn, ..., f(e)+ (z — 1)n. These
labels are clearly distinct and in the same congruence class modulo n.

First, we show that two edges in G with distinct lengths under f produce
disjoint sets of lengths under f. Let e; and e, be edges in E(G) such that
(f(er))” # (f(e2))*. Hence, fer) # f(ez) and fle) #n+1- f(ez). Since

f(e1), fe2) € [0,n], we have f(e,) # f(e2) and f(ey) #1 — f(ez) modulo n. We

now consider

(f'(Be))" = {min {f(e1) + (i = Yn,nz + 1~ fle) — (i — I)n}: 1 <i < 2}
and

(f'(Ee,))" = {min {f(e2) + (i = Un,nz + 1 — flez) = (i — I)n}: 1 < i < z}.

Assume there exists a length £ € (f/(E,,))* N (f'(E.,))*. Since ¢ € (FUCHL, )b s
congruent to f(e;) or 1 — f(e;) modulo n. Since ¢ € (f'(E.,))*, ¢ is congruent to
f(ez) or 1 — f(e3) modulo n. Thus, either fler) = fleg) or fer)=n+1- fle)
modulo n; however, this contradicts the assumption that (f(e1))* # (f(e2))*.
Therefore, (f/(E.,))* N (f'(E.,))* = 0.

Second, we show that two of the z copies of an edge e € G have the same
length in K, ., under f’ only when the label of e is (n + 1)/2. Let ¢ and j
be distinct integers in [1,z]. Suppose the i copy of e and the j* copy of e
have the same length. Since it was shown that they cannot have the same label,
fle)+(i—1)n = nz+1-[f(e)+(j—1)n]. Hence, f(e) =1—f(e) (mod n) which
implies that 2f(e) = 1 (mod n). Thus, 2f(e) = nt + 1 for some integer ¢t. Since
f(e) € [1,n], we must have ¢t = 1, and thus f(e) = (n+1)/2. For the remainder
of this proof, let é denote the single edge in E(G) such that f(&) = (n+1)/2.

Third, we examine the lengths of the cdges in E; under f'. It was proven

above that the lengths in (f'(E;))* are distinct from all others in (F(BGH))~.
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To determine the lengths in question, we first compute the following edge labels:

- e e 00, T e (o i}

=S P ngtntt + | Sl
U{"T“+(r—1)n ntl 4 (z—2) "“ L”ljn}
- (1 24 L5

Uf{nz+1- (), nz+1— (2 +n),...,

nt+1-— (8 +(z—-1- |2

Since n is odd, the longest possible length in 2K, is

netl if z is odd,

%‘—” if x is even.

Clearly, the first set of labels in the union of (3.1) would yield |Z!]| distinct
lengths including the longest length, while the second set of labels in the union of

3.1) would yield z — | ZH | distinct lengths. Therefore,
2

27 ntl ntl n$+1 el i
) +n,. —n}U{®E} ifzis odd
* 2 ! 2 ’
(f'(Ee)) = (3.2)
2 n~2+-1, n;rl +n, ﬂ%} if = is even.

Finally, we use a counting argument to show that we must have the correct
multiplicity of each length in 2K, ,,. Consider two subgraphs of G: H; and
H, where each has cxactly one edge of each length ¢ € [1,(n — 1)/2]. Similarly,
let H] and H; be the corresponding subgraphs of G’ that together contain all
edges of G’ except those in E;. Then for i € {1,2}, (f/(E(H})))* is composed of

(n — 1)/2 disjoint scts of lengths in [1, |22 |] cach containing x distinct lengths
and none containing a length that is congruent to (n+1)/2 (mod n). Since there

are exactly (nx — x)/2 such lengths, (f'(E(H, U Hj)))* must contain exactly 2

edges of each length in [1, [*2H |] not congruent to (n+1)/2 (mod n). Thercfore,
(f'(E(G")))* contains the necessary multiplicity of each length in [1, | 2£H ], and
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thus f’ is a 2-fold p-labeling of G’. Thus by Theorem 3.5.1, there exists a cyclic
(*K nat1, G’)-design. Since there exists a (G', G)-design, the result follows. |

Now we apply the above theorem to show that a certain class of cubic multi-

graphs admits 2-fold p*-labelings.

3.5.1 2-Fold p*-Labeling of Cycle with Double Edges

Let Cp, denote the bipartite multigraph with vertex bipartition (A, B) where
A={u;:i€[l,n]} and B = {v;: i € [1,n]} and edge set S; U S, where S; is the
set of single edges {{us,viy1}: 1 <@ <n—1}U {u,, v} and S, is the multiset of
double edges *{{u;,v;}: 1 <i < n}. We call such a bipartite multigraph a cycle
with double edges. Note that Cy, is cubic and bipartite. The multigraph Cy, is
shown in Figure 3.29. We will show that C,, admits a 2-fold p*-labeling for all

positive integers n > 2.

ul U9 ‘ us Uy Us Ue

U1 U2 U3 Vg Us Ve

Figure 3.29: The 12-cycle with alternating double edges

Theorem 3.5.3 The cycle with double edges Cs,, admits a 2-fold p* -labeling for all

n > 2.

Proof. We separate the proof into 12 cases.

Case 1: n =0 (mod 12).
Let n = 12t. Then, |V(Cs,)| = 24t and |E(Ca,)| = 36t. Define a one-to-one
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function f: V(Cas) — [0, 36t] as follows:

flu) =1-1, u; € Ay = {u;: 1 <i <10t -1},
Flw) =% u; € Ay = {u;: 10t < ¢ < 12t}

f(v1) =30t — 1,

f(v;) = 36t — 23 + 3, wEB ={v:2<1 <2t 1},

F(v) = 36t — 20 + 2, v € By = {v;: 2t +2 < i < 6t},

f(vet1) = 24t + 1,
Fv;) = 36t — 2 + 1, v € By = {v;: 6t + 2 < i < 12t}.
Note that A = A; U Ay and B = B; U B, U B3 U {vy, U641 }. Thus, the domain of
f is indeed V(C~'24t). Next, we confirm that f is one-to-one. We compute
f(A) = {0,1,...,10t - 2},
f(Ay) = {10t,10¢ + 1,...,12¢},
F(By) = {36t — 1,36t — 3,...,32t + 1},
F(By) = {32t — 2,32t — 4,...,24t + 2},
f(By) = {24t — 3,24t — 5,...,12t + 1}.
Note that f is piecewise strictly increasing by 1 or strictly decreasing by 2 and
that all labels are distinct. Thus, f is one-to-one. Morcover, f(A) C [0,12t] and
F(B) C [12t + 1,36t — 1.
Next, we compute the edge lengths. For 1 <4 < 2¢t, an edge e = {u;,v;41} in
S; has label

() = Fir1)] = fvir) — fus) = (36t —2(i+1) +3) — (i — 1) = 36t — 35 +2.

Similarly, the other edges e € S; have label:

36t —3i + 1 for b+ 1 <i<@f=1,
18t + 2 for 1 [ =16t

36t — 3i for 6t +1 <7 <10t —1,
36t —3i — 1 for 10t <1 <12t -1,

18t — 1 for e = {u,, 0 }.
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Recall that the length of an edge e € E(Cyy,) is (f(e))* = min{f(e), |E(Cas)| +
1—f(e)}. Thus, we compute the following edge length sets that compose (f(S))*:
{36t +1—(36t—3i+2): 1<i<2}={3i—1:1<i< 2}
={(=2(mod 3): 2 <¢<6t—1},
{36t+1—(36t—3i+1):2t+1<i<6t—1}={3i:2t+1 <i<6t—1}
={{=0(mod 3): 6t +3 < ¢ < 18t — 3},
{36t + 1 — (18t +2)} = {18t — 1},
{36t —3i: 6t +1 <4< 10t —1} = {£=0 (mod 3): 6t +3 < £ < 18t — 3},
{36t —3i —1: 10t <i <12t — 1} = {£ =2 (mod 3): 2 < £ < 6t — 1},
{18t — 1} = {18t — 1}.

Also, an edge {u;,v;} € S, has label

30t — 1 fori =1,

36t — 31+ 4 for2 <i<2t+1,

36t — 31+ 3 for 2t + 2 < ¢ < 6t,

18t + 1 fori =6t +1,

36t — 31+ 2 for6t+2<i<10t—1,
36t — 31+ 1 for 10 =« < 124,

yielding the following multisets that compose (f (S2))*:

2{36t + 1 — (30t — 1)} = 2{6t + 2},

2{36t+1—(36t—3i+4):2§i§2t+1}:2{3i—3:2§z’§2t+1}
=*{¢=0(mod 3): 3 < ¢ <6t},

2{36t+1—(36t—3i+3):2t+2§i§6t}=2{3i—2:2t+2§i§6t}
=2{¢=1(mod 3): 6t +4 < ¢ <18t — 2},

2{36t + 1 — (18t + 1)} = {18},

2{36t — 3i +2: 6t +2 < i <10t — 1}
=2{¢=2(mod 3): 6t +5 < £ < 18t — 4},

{36t —3i+1: 10t <4 < 12t} = 2{¢ =1 (mod 3): 1 <£<6t+1}.
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Since every length £ € [1, 18t] occurs on exactly two edges in Cyy, and f (V(C’m)) e
[0,36t], f is a 2-fold p-labeling. Also since f(A) € [0,12t] and f(B) C [12t +
1,36t — 1], we have a 2-fold p*-labeling of Coy;.

Case 2: n =1 (mod 12).
Let n = 12t + 1. Then, |V(Csn)| = 24t + 2 and |E(Cy,)| = 36t + 3. Define a

one-to-one function f: V(Cogyz) — [0, 36t + 3] as follows:
Flug)) =1 -1, u; € Ay = {u;: 1 < <2t +1},
flw) =1, U € Ay = {u;: 2t +2 <4 <12t + 1},

f(’Ul) = 30t + 1,

f(v;) = 36t — 2i + 6, v; € By = {v;: 2 <1 <6t}
Flthes fin= 245 2%
f(vi) = 36t — 2i + 5, viEBgz{vi:6t+2§i§10t},
f(v;) = 36t — 2i + 4, ’UiEB3={Ui:10t+1§i§12t+1}.

Note that A = A; U A; and B = B; U B, U B3 U {vy, Vst+1}- Thus, the domain of

f is indeed V(C‘MHQ). Next, we confirm that f is one-to-one. We compute

f(A) ={0,1,...,2t},
f(A2) ={2t+2,2t +3,...,12t 4+ 1},
f(B1) = {36t + 2,36t,...,24t + 6},
f(B2) = {24t +1,24t — 1,...,16t + 5},
f(B3) = {16t + 2,16t,...,12t + 2}.

Note that f is piccewise strictly increasing by 1 or strictly decreasing by 2 and
that all labels arc distinct. Thus, f is one-to-one. Morcover, f(A) C (0,12t + 1]
and f(B) C [12t + 2, 36t + 2].

Next, we compute the edge lengths. For 1 <i < 2t+1, an edge e = {u;, vi1}

in S; has label

|f(us) = foi )] = fvigr) = fu) = (36t —2(i+1) +6) — (i —1) = 36t — 3i+5.
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Similarly, the other edges e € S; have label:

36t — 31+ 4 for 2t +2 <i <6t —1,
18t + 2 for ¢ = 6t,

36t — 31+ 3 for6t+1<:¢<10t -1,
36t — 31 + 2 for 10t <1 < 12¢,

18t for e = {u,,v,}.

Recall that the length of an edge e € E(Cayy2) is (f(€))* = min{f(e), |E(Caaes2)|+
1—f(e)}. Thus, we compute the following edge length sets that compose W ST

{36t +4— (36t —3i+5): 1<i<2+1}={3i—1:1<4<2t+1}
= {£=2(mod 3): 2 < ¢ <6t+2},
{36t +4— (36t —3i4+4): 2t +2<i<6t—1}={3i: 2t +2<i <6t —1}
={l=0(mod 3): 6t+6 < ¢ <18t — 3},
{18t + 2} = {18t + 2},
{36t —3i+3:6t+1<:<10t -1}
= {£ =0 (mod 3): 6t + 6 < £ < 18t},
{36t — 3i +2: 10t < i < 12t}
={¢=2(mod 3): 2 <¢<6t+2},

{18t} = {18¢}.

Also, an edge {u;,v;} € S, has label

30t +1 ford = 1,

36t —3i+ 7 for 2 <¢<2t+1,

36t —314+6 for 2t + 2 < i < 6t,
18t 4+ 1 fort =6t +1,

36t —3i+5 for 6t + 2 <1 < 10¢,

36t — 31+ 4 for 10t +1 <i <12t + 1,
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yielding the following multisets that compose (f(S,))*:

2{36t +4 — (30t + 1)} = 2{6t + 3},

{36t +4—(36t—3i+7):2<i<2+1} =%{3i—3:2<i<2A+1}
=2{¢ =0 (mod 3): 3 < ¢ < 6t},

{36t +4 — (36t —3i+6): 2t +2 < i <6t} =2{3 —2: 2 +2 < i <6t}
=%{{=1(mod 3): 6t +4 < ¢ <18t — 2},

2{18t + 1} = 2{18t + 1},

{36t —3i+5: 6t 42 < i < 10t}
=2{{=2(mod 3): 6t +5< £ <18t —1},

236t —3i+4: 10t +1 <4 <12t + 1}

=*¢=1(mod 3): 1 <¢<6t+1}.

Since every length £ € [1, 18t + 1] occurs on exactly two edges and length 18t + 2
occurs on only one edge in Cags and f(V(C~’24t+2)) C [0,36t + 3], f is a 2-fold
p-labeling. Also since f(A) C [0,12t 4 1] and f(B) C [12t + 2, 36t + 2], we have a
2-fold p*-labeling of Coy .

Case 3: n =2 (mod 12).
Let n = 12¢ — 10. Then, |V(Cyp)| = 24t — 20 and |E(Cyn)| = 36t — 30. A 2-fold

p*-labeling of Cy is given in Figure 3.30. For ¢ > 2, define a one-to-one function

0 1

Figure 3.30: A 2-fold p*-labeling of C,.
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I V(C'24t_20) — [0, 36t — 30] as follows:

flw) = u; € Ay = {u;: 1 <i <12t — 10},

f(v1) =30

f(v;) = 36t — 24 — 27, v; € By = {v;: 2 <i <2t}

flvi) =36t—2i—28, v €By={v:2+1<i<6t—5)
F(Ver—s) = 24t — 19,

f(vi)=36t—2i—29, v €By={v;:6t—3<i<10f—9},

f(vi) =36t —2i—30, v €By={v:10t—8<i< 12— 10}.

Note that A = A; and B = B; U B U B3 U By U {v;,ve_4}. Thus, the domain of

f is indeed V(C’24t_20). Next, we confirm that f is one-to-one. We compute

F(A) ={0,1,... 12t — 11},

F(B1) = {36t — 31,36t — 33, ..., 32t — 27},

f(B2) = {32t — 30,32t — 32,..., 24t — 18},

F(Bs) = {24t — 23,24t — 25,..., 16t — 11},

F(Bs) = {16t — 14,16t — 16, ..., 12t — 10}.
Note that f is piccewise strictly increasing by 1 or strictly decreasing by 2 and
that all labels are distinct. Thus, f is one-to-one. Moreover, f(A) C [0,12¢ — 11]
and f(B) C [12t — 10, 36t — 3Ll

Next, we compute the edge lengths. For 1 <4 < 2t —1, an edge e = {ui,viy1}

in S; has label

|f (i) = f(0ea)] = f (i) = f () = (36t —2(i+1) - 27) — (i—1) = 36t —3i—28.

Similarly, the other edges e € S; have label:

36t — 3i — 29 for 2t <4 < 6t — 6,

18t — 13 for i = 6t — 5,

36t — 3i — 30 for 6t — 4 <4 < 10t — 10,
36t — 35 1 for 10t —9 <4 < 12t — 11,

18t — 16 for e = {u,, v }.
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Recall that the length of an edge e € E(Chy_g0) is (f(e))* = min{f(e), |E(Cas—20) |+
1—f(e)}. Thus, we compute the following cdge length sets that compose (f(S1))*:

{36t — 29— (36t —3; —28): 1 <i<2—1}={3i—1:1<s<2—1}
={{=2(mod 3): 2 < ¢ <6t—4},

{36t — 29 — (36t — 3i — 20): 2¢ < i < 6t — 6} = {3i: 2t < i < 6t — 6}
= {f=0(mod 3): 6t < ¢ < 18t — 18},

{36t — 29 — (18t — 13)} = {18t — 16},

{36t — 3i — 30: 6t — 4 < < 10t — 10}
= {{=0(mod 3): 6t < ¢ < 18t — 18},

{36t — 37 — 31: 10t =0 < %< 12t=1T}
= {{=2(mod 3): 2 < ¢ < 6t — 4},

{18t — 16} = {18t — 16}.

Also, an cdge {u;,v;} € S5 has label

30t — 27 Tor-jemal;

36t — 37 — 26 for 2 <i <2t

36t — 3i — 27 for 2t +1 <1 < 6t — 5,
18t — 14 for ¢ = 6t — 4,

36t — 31 — 28 for 6t —3 < ¢ <10t -9,

36t — 3¢ — 29 for 10t — 8 < ¢ <12t — 10,
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yielding the following multisets that compose (f(S;))*:

{36t — 29 — (30t — 27)} = {6t — 2},

{36t — 29 — (36t — 3i —26): 2 < < 2t} = 2{3i —3: 2 < i < 2t}
=2{£=0(mod 3): 3 < ¢ < 6t — 3},

{36t —29 — (36t — 35 — 27): 2t + 1 < i < 6t — 5}
=23i—2:2t+1<i<6t—5}
=*{{=1(mod 3): 6t+1<¢ <18t — 17},

2{18t — 14)} = {18t — 14},

2{36t — 3i — 28: 6t —3 < i < 10t — 9}
=2{¢{ =2 (mod 3): 6t — 1 < ¢ < 18t — 19},

2{36t — 3i —29: 10t — 8 < i < 12t — 10}

=%{¢=1(mod 3): 1 < ¢< 6t —5}.

Since every length ¢ € [1,18t — 14] occurs on exactly two edges in O3 difhind
F(V(Caat—2)) C [0,36t—30], f is a2-fold p-labeling. Alsosince f(A) C [0, 12¢t—11]
and f(B) C [12t — 10,36t — 31], we have a 2-fold p*-labeling of Cag—20.

Case 4: n =3 (mod 12).
Let n = 12t — 9. Then, |V(Cy,)| = 24t — 18 and |E(Cy,)| = 36t — 27. A 2-fold

p*-labeling of Cg is given in Figure 3.31. For t > 2, define a one-to-one function

0 1 3

Figurc 3.31: A 2-fold p*-labeling of Cs.
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f: V(Caar_1s) = [0, 36t — 27 as follows:

flu)=1-1, u; € Ay = {u;: 1 <1 <10t — 8},
flm) =3 u; € Ag = {u;: 10t — 7 < i < 12t — 9},
f(v1) = 30t — 22,

fv;) = 36t — 21 — 24, ueB ={v:2=<i<2t—1},

f(v;) = 36t — 21 — 25, v; € By = {v;: 2t <@ < 6t — 4},

F(v;) = 36t — 2i — 26, v; € By = {v;: 6t — 3 < i < 12t — 9}.

Note that A = A; U Ay and B = B; U B, U B3 U {v;}. Thus, the domain of f is

indeed V(C'M_lg). Next, we confirm that f is one-to-one. We compute

f(A) = {0,1,...,10t — 9},

f(Ay) = {10t — 7,10t — 6, ..., 12t — 9},
f(B1) = {36t — 28,36t — 30,...,32t — 22},
F(By)=Y3% — 95 3O, .., 24t =k
F(Bs) = {248 — 20,24t =22, .. 7,12t —8}.

Note that f is piccewise strictly increasing by 1 or strictly decreasing by 2 and
that all labels arc distinct. Thus, f is one-to-one. Moreover, f(A) C [0,12t — 9]
and f(B) C [12t — 8,36t — 28].

Next, we compute the cdge lengths. For 1 <14 < 2t —2, an edge e = {u;, v;41}
in S; has label

|f(ui) = f(vig1)| = f(vig1) — f(w) = (36t —2(i+1)—24) — (i — 1) = 36t —3i —25.

Similarly, the other edges e € S; have label:

36t — 3¢ — 26 for 2t — 1 <17 < 6t — 5,
361 — 3¢ — 27 for 6t —4 <1 <10t -8,
36t — 31 — 28 for 10t — 7 < ¢ <12t - 10,

18t — 13 for e = {un,v1}.
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Recall that the length of an edge e € E(Caqr—15) is (f(e))* = min{f(e), |E(Caar_15)|+
1—f(e)}. Thus, we compute the following edge length sets that compose (F(S1))*:

{36t — 26— (36t —3i —25): 1 <i<2t—2}={3i—1:1<¢<2—2}
={{=2(mod 3): 2 < ¢ <6t— T},
{36t—26—(36t—3i——26):2t—1Sigﬁt—5}={3i:2t—1§i§6t—5}
= {{=0(mod 3): 6t —3 < ¢ < 18t — 15},
{36t —3i —27: 6t —4 < i< 10t — 8} = {£ =0 (mod 3): 6t — 3 < £ < 18¢ — 15},
{36t — 3i — 28: 10t — 7 < i < 12t — 10} = {¢ = 2 (mod 3): 2 < £ < 6t — 7},

{18t — 13} = {18t — 13}.

Also, an edge {u;,v;} € Sy has label

30t — 22 flira = 1.

36t — 3 — 23 for 2 <7 <2t —1,

36t — 31 — 24 for 2t <1¢ < 6t — 4,

36t — 31 — 25 for 6t —3 <7 <10t — 8,
36t — 37 — 26 for 10t — 7 <¢ <12t -9,

yiclding the following multisets that compose (f(.Sy))*:

2{36t — 26 — (30t — 22)} = {6t — 4},

2{36t —26 — (36t —3i—23):2<i<2t—1} =2{3i—3:2<i <2t —1}
=2{€E()(mod3):3§€§6t—6},

{36t — 26 — (36t — 3i — 24): 2t <i < 6t — 4} = 2{31 —2: 2t < i < 6t — 4}
=*{{=1(mod 3): 6t — 2 < ¢ < 18t — 14},

{36t — 3i — 25: 6t — 3 < i < 10t — 8}
=2{¢ =2 (mod 3): 6t — 1 < ¢ < 18t — 16},

2{36t —3i —26: 10t —7<i<12t—9} = 2{¢ =1 (mod 3): 1 < £ < 6t — 5}.

Since every length £ € [1, 18t — 14] occurs on exactly two edges and length 18¢ — 13
occurs on only one edge in Cyy_15 and f(V(C~'24t_18)) C [0,36t —27], f is a 2-fold
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p-labeling. Also since f(A) C 0,12t — 9] and f(B) C [12t — 8,36t — 28], we have
a 2-fold p*-labeling of Chgy—15.

Case 5: n =4 (mod 12).
Let n = 12t — 8. Then, |V (Cay)| = 24t — 16 and |E(Cy,)| = 36t — 24. A 2-fold
p*-labeling of Cy is given in Figure 3.32. For t > 2, define a one-to-one function

0 1 2 3

9 11 7 4
Figure 3.32: A 2-fold p*-labeling of Cs.

i V(C~’24tv16) — [0, 36t — 24] as follows:

flu) =1 -1, u; € Ay = {u;: 1 <i <12t — 8},
F(vy) = 30t — 21,

f(v;) =36t — 26 — 21, v; € By = {v;: 2 <1 <2t}

f(v;) = 36t — 21 — 22, v; € By = {v;: 2t +1 < i < 6t — 4},
f(v;) = 36t — 2i — 23, Bl . 107 — T},
Flu) = 36t — 2 — 24, v € By = {v;: 10t — 6 < i < 12t — 8).

Note that A = A; and B = B, U By U B3 U B4 U {v;}. Thus, the domain of f is
indeed V(C’w — 16). Next, we confirm that f is one-to-one. We compute

f(A) ={0,1,...,12t — 9},

F(By) = {36t — 25,36t — 27,...,32t — 21},

F(B,) = {32t — 24,32t — 26,...,24t — 14},

F(Bs) = {24t — 17,24t — 19,...,16t — 9},

F(By) = {6012, 166— 14, &5} 12628},
Note that f is piccewise strictly increasing by 1 or strictly decreasing by 2 and

that all labels are distinct. Thus, f is one-to-one. Morcover, f(A) C [0,12¢ — 9]
and f(B) C [12t — 8,36t — 25].
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Next, we compute the edge lengths. For 1 <4 <2t —1, an edge e = {u;, v}
in S; has label

| (ws) = Fwirn)] = Fvier) = f(u) = (36t —2(i+1) —21) — (i — 1) = 36t — 34 —22.

Similarly, the other edges e € S; have label:

36t — 3 — 23 for 2t < i < 6t — 5,

36t — 31 — 24 for 6t — 4 <1i <10t — 8,
36t — 3z — 25 for 10t —7<¢ <12t -9,
18t — 12 for € Sat v, 12

Recall that the length of an edge e € E(Caq,_16) is (f(€))* = min{f(e), |E(Cas—16)|+
1— f(e)}. Thus, we compute the following edge length sets that compose (f(5;))*:

{36t —23 — (36t —3i—22): 1<i<2—1}={3i—1:1<¢<2%—1)}
={¢=2(mod 3): 2 < ¢ <6t—4},
{36t — 23 — (36t — 3i — 23):.2t < i < 6t — 5} = {3i: 2t < i < 6t — 5}
= {£=0(mod 3): 6t < ¢ < 18t — 15},
{36t —3i —24: 6t —4 <9 <10t —8} = {¢{ =0 (mod 3): 6t < ¢ < 18t — 18},
{36t — 3i — 25: 10t — 7 <i <12t — 9} = { = 2 (mod 3): 2 < £ < 6t — 4},

{18t — 12} = {18t — 12}.

Also, an edge {u;,v;} € Sy has label

30t — 21 fari =1,

36t — 31 — 20 for 2 < i < 2t,

36t — 3i — 21 for 2t + 1 <i < 6t — 4,
36t — 31 — 22 for 6t — 3 <i <10t — 7,

36t — 3¢ — 23 for 10t — 6 <@ < 12t — 8,
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yiclding the following multisets that compose (f(S3))*:

2{36t — 23 — (30t — 21)} = {6t — 2},

{36t — 23 — (36t —3i —20): 2 < i <2t} = 2{31—3: 2 <i <2}
= 2{¢ =0 (mod 3): 3 < ¢ < 6t — 3},

{36t — 23 — (36t — 3i — 21): 2t + 1 < < 6t — 4}
=2{3i—2:2t+1<3<6t—4}
=*{{=1(mod 3): 6t + 1 < £ < 18t — 14},

{36t —3i —22: 6t — 3 <i <10t — 7}
:2{652(m0d3):6t—1§€§18t—13},

{36t —3i—23: 10t —6<i<12t—8} = 2{{ =1 (mod 3): 1 < ¢ < 6t —5}.

Since every length ¢ € [1,18t — 12] occurs on exactly two edges in Casr—16 and
f(V(C'24t_16)) C [0,36t —24], f is a 2-fold p-labeling. Also since f(A) C [0, 12t —9]
and f(B) C [12t — 8,36t — 25|, we have a 2-fold p*-labeling of Chy;_16.

Case 6: n =5 (mod 12).
Let n = 12t — 7. Then, |V(Cy,)| = 24t — 14 and |E(Cy,)| = 36t — 21. A 2-fold

pt-labeling of C’m is given in Figure 3.33. For t > 2. define a one-to-one function

Figure 3.33: A 2-fold p*-labeling of Cy,.
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e V(C‘MHM) — [0, 36t — 21] as follows:

flw) =1 u; € Ay = {u;: 1 <6< 12 -7},
f(vy) = 30t — 18,

F(v;) = 36t — 2i — 18, v € By = {v;: 2 < i < 2t),

F(v:) = 36t — 2i — 19, v; € By = {v;: 2t + 1 <4 < 6t — 3,
f(v;) = 36t — 2 — 20, v; € By = {v;: 6t — 2 <1 < 10t — 6},
f(v;) = 36t — 21 — 21, v; € By = {v;: 10t — 5 < <12t — 7}.

Note that A = A, and B = B; U B, U B3 U By U {v;}. Thus, the domain of f is

indeed V(CN'QM*M). Next, we confirm that f is one-to-one. We compute

f(A1) = {0, , 12t — 8},

(By) = {36t — 22,36t — 24, ..., 32t — 18},
F(Ba) = {32t — 21,32t — 23,...,24¢ — 13},
F(By) = {24t — 16,24t — 18, ..., 16t — 8},
F(By) = {16t 11,168= 13,712t — T},

Note that f is piccewise strictly increasing by 1 or strictly decrecasing by 2 and
that all labels are distinct. Thus, f is onc-to-one. Moreover, f(A) C (0,12t — §]
and f(B) C [12t — 7,36t — 22].

Next, we compute the edge lengths. For 1 <@ <2t —1, an edge e = {u;, vi41}

in S; has label

Similarly, the other edges e € S} have label:

36t — 31 — 20 for 2t <i <6t —4,
36t — 31 24 for 6t —3 <¢ <10t -7,
36t — 3¢ — 22 for 10t — 6 < i < 12t — 8,

18t — 10 for e = {u,,v;}.
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Recall that the length of an edge e € E(C'24t_14) is (f(e))* = min{f(e), |E(C~'24t_14)|+
1—f(e)}. Thus, we compute the following edge length sets that compose (f(S;))*:
(36t —20— (36t —3i—19):1<s<2%—1}={3i—1:1<i<2t—1}
=l = Wngd"3)=@'< { < 6L
{36t — 20 — (36t — 33 — 20): 2t < i < 6t — 4} = {34: 2t < i < 6t — 4}
= {¢ =0 (mod 3): 6t < ¢ < 18t — 12},
{36t —3i — 21: 6t —3 <7 <10t — 7}
={€=0(mod 3): 6t < ¢ < 18t — 12},
(36t —3i —22: 10t — 6 <4 <12t — 8} = {£ =2 (mod 3): 2 < £ < 6t — 4},
{18t — 10} = {18t — 10}.

Also, an edge {u;,v;} € S, has label

30t — 18 for i =1,

36t — 3¢ — 17 for 28540 < 2t,

36t — 3¢ — 18 o for2t+1<i<6t—3,
36t — 3¢ — 14 for 6t —2 <1 <10t — 6,
36t — 31 — 20 for 10t -5 <1 <12t -7,

yiclding the following multisets that compose (f(S3))*:

2{36t — 20 — (30t — 18)} = {6t — 2},

236t —20 — (36t —3i — 17):2<i <2t} =2{3i—-3:2<i < 2t}
=2{¢=0(mod 3): 3 < ¢ <6t—3},

236t — 20 — (36t —3i — 18): 2t + 1 < i < 6t — 3}
=2{3i—2:2t+1 <17 <6t—3}
=2 =1(mod 3): 6t +1 < ¢ <18t — 11},

2{36t —3i — 19: 6t —2 < i < 10t — 6}
= 2{232(1110(1 3):6t—1<¢<18t— 13},

2036t — 3i —20: 10t — 5 <i < 12t — 7}

=2{{=1(mod 3): 1 < ¢ <6t—5}.
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Since cvery length £ € [1, 18t — 11] occurs on exactly two edges and length 18t — 10
occurs on only one edge in Chgy—14 and f(V(C~'24t_14)) C [0, 36t — 21], f is a 2-fold
p-labeling. Also since f(A) C [0,12t — 8] and f(B) C [12t —
a 2-fold p*-labeling of Cag_14.

7,36t — 22], we have

Case 7: n =6 (mod 12).
Let n = 12t — 6. Then, |V (Can)| = 24t — 12 and |E(Ch,)| = 36t — 18. A 2-fold

p*-labeling of Cy, is given in Figure 3.34. For t > 2, define a one-to-one function

Figure 3.34: A 2-fold p*-labeling of Ci,.

e V(ézzn_lg) — [0, 36t — 18] as follows:

Flug) = 1%l u; € Ay = {u;: 1 <i <2t -1},
Flug) =1, u; € Ay = {u;: 2t <1 < 12t — 6},
f(vy) = 30t — 14,

f(v;) = 36t — 21 — 15, v; € By = {v;: 2 <14 < 6t— 3},
f(v;) = 36t — 2i — 16, v; € By = {w;: 6t — 2 <7 < 10t — 5},
fv;) = 36t — 21 — 17, v; € By = {v;: 10t — 4 <17 < 12t — 6}.

Note that A = A; U Ay and B = By U B, U B3 U {v;}. Thus, the domain of f is

indeed V(ég4t_12). Next, we confirm that f is one-to-one. We compute

(A1) ={0.1,...,2¢ - 2},
f(Aq) = Pt + 1,. &, 12t =i},
f(B1) = {36t — 19,36t — 21,...,24t — 9},
f(B2) = {24t — 12,24t — 14, . ..,16t — 6},
f(Bs) = {16t — 9,16t — 11,...,12t — 5}.
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Note that f is piccewise strictly increasing by 1 or strictly decreasing by 2 and that

all labels are distinct. Thus, f is one-to-one. Moreover, f(A) C [0, 12t — 6] and

f(B) C [12t —5,36t —19]. Next, we compute the edge lengths. For 1 <3 < 2t—1,

an edge e = {u;,v;1} in Sy has label

|f(ue) = fvign)| = fvigr) = fw) = (36t —2(i+1)—15)— (i—1) = 36t —3i— 16.

Similarly, the other edges e € S; have label:

00t — 31 —f1f
36t — 31 — 18
S0t —31 — 19
18t — 8

for 2t <i < 6t — 4,
for 6t — 3 <4 < 10t — 6,
for 10t — 5 <3 <12t -7,

for e = {uy, v1}.

Recall that the length of an edge e € E(Caq 12) is (f(e))* = min{f(e), |E(Cagr_12)|+

1— f(e)}. Thus, we compute the following edge length sets that compose (f(S;))*:

{36t — 17— (36t —3i —16): 1 <i <2t —1} ={3i—1:1<i<2t—1}

= {{=2(mod 3): 2 < ¢ < 6t — 4},

{36t — 17 — (36t — 30 — 17): 2t <i < 6t — 4} = {3i: 2t < i < 6t — 4}

= {¢ =0 (mod 3): 6t < ¢ < 18t — 12},

{36t —3i —18: 6t —3 <7 <10t —6} = {£ =0 (mod 3): 6t < ¢ < 18t — 9},

{36t —3i —19: 10t — 5 <

i <12t -7} ={£ =2 (mod 3): 2 < ¢ < 6t — 4},

{36t — 17 — (18t — 8)} = {18t — 9}.

Also, an edge {u;,v;} € Sy has label

30t — 14

36t — 31 — 14
36t — 37 — 15
36t — 31 — 16
36t — 31 — 17

fori=1,

for 2 =u < 2t -l

for 2t < < 6t — 3,

for 6t — 2 < ¢ < 10t — 5,

for 10t — 4 <7 < 12t — 6.
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yielding the following multisets that compose (f(S;))*:

2{36t — 17 — (30t — 14)} = {6t — 3},

{36t — 17— (36t —3i—14): 2 <i<2t—1} =331 —3:2<i <2 —1}
=2{{ =0 (mod 3): 3 < ¢ < 6t — 6},

{36t — 17 — (36t — 3 — 15): 2t < <6t —3} = 2{31 —2: 2t < i < 6t — 3}
=2{{=1(mod 3): 6t —2 < ¢ < 18t — 11},

{36t —3i — 16: 6t —2 < i < 10t — 5}
= *{¢ =2 (mod 3): 6t — 1 < ¢ < 18t — 10},

2{36t —3i —17: 10t —4 <4< 12t — 6} = 2{¢ =1 (mod 3): 1 < £ < 6t — 5}.

Since every length ¢ € [1,18t — 9] occurs on exactly two edges in Cagy_1o and
F(V(Casr—12)) C [0,36t—18], f is a 2-fold p-labeling. Also since f(A) C[0,12t—6]
and f(B) C [12t — 5,36t — 19], we have a 2-fold p*-labeling of Chas_1s.

Case 8: n =7 (mod 12).
Let n = 12t — 5. Then, |V(Cy,)| = 24t — 10 and |E(Ca,)| = 36t — 15. A 2-fold

pt-labeling of Cyy is given in Figure 3.35. For t > 2, define a one-to-one function

20 19 17 13 12 10 8

Figure 3.35: A 2-fold p*-labeling of Cy4.
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J V(C~'24tﬁm) — [0, 36t — 15] as follows:

Pl = u; € Ay = {u;: 1 <i <10t — 4},
;) =i, u; € Ay = {u;: 10t — 3 <1 < 12t — 5},
f(vr) = 30t — 10,

f(v;) = 36t — 20 — 12, %€ By = {ui: 2<4 L 2t — 1},

f(v;) = 36t — 21 — 13, v; € By = {v;: 2t < i < 6t — 3},
Flualy) = 24t — 11,

f(v;) = 36t — 2i — 14, v; € By = {v;: 6t — 1 <¢ <12t - 5}.

Note that A = A; U Ay and B = By U B, U B3 U {v1,v6;_2}. Thus, the domain of
f is indeed V(C’w_w). Next, we confirm that f is one-to-one. We compute

f(A) ={0,1,...,10t — 5},

F(Ag) = {10t — 3,10t — 2,..., 12t — 5},

F(By) = {36t — 16,36t — 18,...,32t — 10},

F(By) = {32t — 13,32t — 15,. .., 24t — T},

F(Bs) = {24t — 12,24t — 14, ..., 12t — 4}.
Note that f is piccewise strictly increasing by 1 or strictly decreasing by 2 and
that all labels are distinct. Thus, f is one-to-one. Morcover, f(A) C [0,12t — 5]
and f(B) C [12t — 4, 36t — 16].

Next, we compute the edge lengths. For 1 <i <2t —2, an edge e = {u;, viy1}

in S has label

|f(ui) = f(vig1)] = f(vigr) — f(wi) = (36t —2(i+1) —12) — (i — 1) = 36t —3i—13.

Similarly, the other edges e € S; have label:

36t — 37 — 14 for 2t — 1 < ¢ <6t — 4,

18t — 7 for 1 = 6t — 3,

36t — 3i — 15 for 6t —2 < ¢ <10t — 4,
36t — 31 — 16 for 10t — 3 < ¢ < 12t — 6,

18t -5 for e = {u,, u1}.
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Recall that the length of an edge e € E(Cag—10) is (f(€))* = min{f(e), |E(Cas—10)|+
1— f(e)}. Thus, we compute the following edge length sets that compose (f(S;))*:

(36t — 1486t D 213) It TE T =T 3 1 @31 Sl 2}
={{=2(mod 3): 2 < ¢ <6t-5},

{36t — 14 — (36t — 3i — 14): 2t — 1 <i <6t — 4} = {3i: 2t — 1 <4 < 6t — 4}
= {{ =0 (mod 3): 6t —3 < ¢ < 18t — 12},

{18t — 7)} = {18t — 7},

{36t —3i —15: 6t —2 <7< 10t —4} = {£ =0 (mod 3): 6t — 3 < £ < 18¢ — 9},

{36t —3i — 16: 10t —3 < i < 12t — 6} = {£ = 2 (mod 3): 2 < £ < 6t — 7},

{36t — 14 — (18t — 5)} = {18t — 9}.

Also, an edge {u;,v;} € Sy has label

30t — 10 for i =1,

36t — 3¢ — 11 for 2 <q <2t -1,

36t — 37 — 12 for 2t <1 < 6t — 3,

18t — 8 farz =o' — 2,

36t — 31 — 13 for 6t — 1 <7 < 10t — 4,

36t — 31 — 14 for 10t —3 <7 <12t - 5.
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yielding the following multisets that compose (f(.S3))*:

2{36t — 14 — (30t — 10)} = {6t — 4},

236t —14— (36t —3i—11):2<i<2t—1} =%{3 —3:2<:i <2t —1}
= 2{£ =0 (mod 3): 3 < ¢ < 6t — 6},

{36t — 14 — (36t — 3i — 12): 2¢ < i <6t — 3} = 2{3i — 2: 2t < i < 6t — 3}
=2{¢=1(mod 3): 6t —2 < ¢ <18t — 11},

2{18t — 8} = ?{18t — 8},

236t —3i —13: 6t — 1 < i < 10t — 4}
= 2{¢{ =2 (mod 3): 6t — 1 < ¢ < 18t — 10},

2{36t — 3i — 14: 10t — 3 < i < 12t — 5}

=2{¢=1(mod 3): 1 < £ < 6t — 5}.

Since every length £ € [1, 18t — 8] occurs on exactly two edges and length 18t — 7
occurs on only one edge in Cagy_19 and FOA@,. o)) G [0,36t — 15], f is a 2-fold
p-labeling. Also since f(A) C [0,12t — 5] and f(B) C [12t — 4, 36t — 16], we have
a 2-fold p'-labeling of Chay—10.

Case 9: n =8 (mod 12).
Let n = 12t — 4. Then, |V (Ca,)| = 24t — 8 and |E(Ca,)| = 36t — 12. A 2-fold
p*-labeling of Cyg is given in Figure 3.36.

0 2 3 4 5 6 1 8

22 23 21 19 18 14 12 9

Figure 3.36: A 2-fold p*-labeling of Cis.
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Recall that the length of an edge e € E(Caqy_s) is (f(e))* = min{f(e), | E(Cou—s)|+
1—f(e)}. Thus, we compute the following edge length sets that compose (f(S;))*:
(36t — 11— (36t —3i—10): 1 <i<2—1}={3i—1:1<4<2t -1}
={{=2(mod 3): 2 < ¢ <6t —4},
{36t — 11 — (36t — 3i — 11): 2t < i < 6t — 3} = {3i: 2t <4 < 6t — 3}
={£=0(mod 3): 6t < ¢ <18t — 9},
£B e 1 A TRRE S T E P
{36t —3i —12: 6t — 1 <4 < 10t — 4} = {£ =0 (mod 3): 6t < ¢ < 18t — 9},
{36t —3i —13: 10t — 3 << 12t — 5} = {£{ = 2 (mod 3): 2 < £ < 6t — 4},

{36t — 11 — (18t — 4)} = {18t — 7}.

Also, an edge {u;,v;} € Sy has label

30t — 8 fori =1,

36t — 3i — 8 for2 <i<2t-1,

36t —31—9 for 2t < i < 6t — 2,

18t — 5 for s = 6t — 1,

36t — 3i — 10 for 6t <1 < 10t — 3,

36t —3i — 11 for 10t —2 <¢ <12t — 4.

yiclding the following multiscts that compose (f(Ss))*:

236t — 11 — (30t — 8)} = %{6t — 3},

2{36t— 11— (36t —3i —8):2<i<2t—1} =2{3i—3:2<i <2t -1}
= 2{¢{ =0 (mod 3): 3 < ¢ < 6t — 6},

236t — 11 — (36t — 3i — 9): 2t <3 < 6t — 2} = 2{3i — 2: 2t < i < 6t — 3}
=2{{=1(mod 3): 6t —2 < £ < 18t — 11},

2{36t — 11 — (18t — 5)} = {18t — 6},

2{36t — 3i — 10: 6t < < 10t — 3}
=2{0=2(mod 3): 6t —1 < £ < 18t — 10},

2{36t —3i—11: 10t —2< i< 12t —4} = 2{f =1 (mod 3): 1 < £ < 6t — 5}.
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For t > 2, define a one-to-one function f: V(Chy_s) — [0, 36t — 12] as follows:

Flug) =1 u € Ay = {u;: 1 <1 <2t -1},

Flu;) =it u; € Ag = {u;: 2t <@ <12t — 4},
f(v1) =30

F(v;) = 36t — 2i — 9, v € By = {v;: 2 <4 < 6t—2},
fver—1) =24

f(v;) = 36t — 2i — 10, v; € By = {v;: 6t < i <10t — 3},

f(v;) = 36t — 2i — 11, v; € By = {v;: 10t — 2 < i < 12t — 4}.

Note that A = A; U Ay and B = B; U By U B3 U {v1,vg-1}. Thus, the domain of

f is indeed V(C~'24,,_8). Next, we confirm that f is one-to-one. We compute

f(A) ={0,1,...,2t — 2},

f(A) ={2t,2t +1,...,12t — 4},

F(By) = {36t — 13,36t — 15,...,24t — 5},

f(B2) = {24t — 10,24t — 12,....,16t — 4},

f(B3) = {16t — 7,16t — 9,...,12t — 3}.
Note that f is piccewise strictly increasing by 1 or strictly decreasing by 2 and
that all labels arc distinct. Thus, f is one-to-one. Moreover, f(A) C [0,12¢ — 4]
and f(B) C [12t — 3,36t — 13].

Next, we compute the edge lengths. For 1 <i <2t — 1, an edge e = {u;, vi1}
in S; has label

Similarly, the other edges e € S have label:

36t — 3i — 11 for 2t <1 < 6t — 3,

18t — 4 for i =6t — 2,

36t — 3i — 12 for 6t — 1 <i <10t — 4,
36t — 3z — 13 for 10t — 3 < ¢ <12t — 5,

18t — 4 for &= fu 0 b
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Since cvery length ¢ € [1,18t — 6] occurs on cxactly two edges in Coy_g and
f(V(Cas—s)) C [0,36t—12], f is a 2-fold p-labeling. Also since f(A) C [0, 12t — 4]
and f(B) C [12t — 3,36t — 13], we have a 2-fold p*-labeling of Coy_s.

Case 10: n =9 (mod 12).
Let n = 12t — 3. Then, |V(Ca,)| = 24t — 6 and |E(Cy,)| = 36t — 9. A 2-fold

pt-labeling of Cis is given in Figure 3.37. For t > 2, define a one-to-one function

Figure 3.37: A 2-fold p*-labeling of Cs.

F: V(Cons) 88 (0,36t — 9] as follows:

flu;)) =1-1, u; € Ay = {u;: 1 <1< 2t -1},

flu) =" u; € AF="u,;: 2t < I2t — 3%,

f(v1) =30t — 5,

f(v;) = 36t — 2i — 6, v; € By = {v;: 2 <1 <6t -2},
fver—1) = 24t — 6,

F(vi) = 36t — 26 — 7, v € By = {v;: 6t <4 < 10t — 2,

F(v) = 36t — 2i — 8, v € By = {v;: 10t — 1 <4 < 12t — 3}.

Note that A = A; U Ay and B = By U B, U B3 U {vy, vg1—1}. Thus, the domain of

f is indeed V(C~'24t_6). Next, we confirm that f is one-to-one. We compute

0.1, 00528 =2},

D1, 1 12t Sy

(A1) ={
f(Aq2) ={
f(By) = {36t — 10,36t — 12,...,24¢ — 2},
(Bs) =4t — 7, 248 9, .05 06¢ —Gl}
(Bs) = {

16% — 8} 16 — 18l s 128 — 2



126

Note that f is piecewise strictly increasing by 1 or strictly decreasing by 2 and
that all labels are distinct. Thus, f is one-to-one. Moreover, f(A) C (0,12t — 3]
and f(B) C [12t — 2, 36t — 10].

Next, we compute the edge lengths. For 1 <7 < 2t —1, an edge e = {u;,v; 41}

in S; has label
| f(u;) = f(vig1)| = f(vig1) — fus) = (36t —2(:4+1)—6) — (1 —1) = 36t — 35 — 7.

Similarly, the other edges e € S; have label:

36t — 3i — 8 for 2t <¢ <6t — 3,

18t — 4 for 7= Gi' 2,

abk— 32 = 9 for 6t — 1 <7 <10t — 3,
36t — 3¢ — 10 for 10t —2<i < 12t — 4,
18t — 2 for e = T

Recall that the length of an edge e € E(Cay ) is (f(e))* = min{ f(e), |E(Cos—¢)|+
1— f(e)}. Thus, we compute the following edge length sets that compose (f(S1))*:

{36t —8— (36t —3i—7):1<i<2A-1}={3i-1:1<i<2t—1}
={f=2(mod 3):2< — 4},

{36t — 8 — (36t — 3i — 8): 2t < i < 6t — 3} = {3i: 2t < i < 6t —3)
= {£ =0 (mod 3): 6t < ¢ < 18t — 9},

{18t — 4} = {18t — 4},
{36t —3i —12: 6t — 1 <4 < 10t — 3} = {¢ =0 (mod 3): 6t < £ < 18t — 6},
{36t —3i —13: 10t —2<i <12t —4} = {£ =2 (mod 3): 2 < € < 6t — 4},

{36t — 8 — (18t — 2)} = {18t — 6}.
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Also, an edge {u;,v;} € S, has label

30t — 5 fom 2 = dls

36t — 31— 5 for2 <i<2t-1,

36t — 3¢ — 6 for 2t <i <6t — 2,

18t — 5 for e =6t -1,

36t -3t -7 for 6t <4 <10t — 2,

36t — 3¢ — 8 for 10t — 1 <i <12t - 3.

yiclding the following multisets that compose (f(S;))*:

{36t — 8 — (30t — 5)} = 2{6t — 3},
2{36t —8— (36t —3i —5):2<i<2t—1} =43 —-3:2<i<2—1}
{36t —8— (36t 3i —6 <6t—2} =2{3i —2: 2t <i<6t—2}

):
=*{¢=0(mod 3): 3 < ¢ <6t -6},
): 2
=2{¢ =1 (mod 3):

6t —2 < ¢ < 18t — 8},
2{18t — 5} = 2{18t — 5},
2{36t — 3i — 7: 6t < i< 10t — 2}

=2{{=2(mod 3): 6t —1< €< 18t -7},

2{36t —3i—8: 10t —1<i<12t—3} =2{¢{=1(mod 3): 1 < £ < 6t —5}.

Since every length ¢ € [1, 18t — 3] occurs on exactly two edges and length 18t — 4
occurs on only one edge in Coy_g and f(V(C'ww(;)) C [0,36t — 9], f is a 2-fold
p-labeling. Also since f(A) C [0,12t — 3] and f(B) C [12t — 2, 36t — 10], we have
a 2-fold p*-labeling of Chy_g.

Case 11: n = 10 (mod 12).
Let n = 12t — 2. Then, |V(Cy)| = 24t — 4 and |E(Cy,)| = 36t — 6. A 2-fold

p*-labeling of Cyy is given in Figure 3.38. For t > 2, define a one-to-one function
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Figurce 3.38: A 2-fold p*-labeling of Cyy.

Fi V(C~'24t_4) — [0, 36t — 6] as follows:

flu;) =1-1, w € Ay = {u;: 1 <i <2t + 1},

e u; € Ag = {u;: 264+ 2 <4 < 12t — 2},

f(v1) = 30t — 8,

fv) = 36t — 21 — 3, ghc Bi'e {v: 42 < i S6f— 2},
fvgg—1) = 24t — 3,

f(vey) = 24t — 5,

fv;) = 36t — 21 — 4, v; € By = {v;: 6t +1 <4 <10t — 3},

f(v;) = 36t — 2i — 5, v; € By = {v;: 10t — 2 <4 <12t — 2}.

Note that A = Ay U Ay and B = By U By U By U {vy, vt—1, Ve }- Thus, the domain

of f is indeed V(C’24,_4). Next, we confirm that f is one-to-one. We compute

f
;
S
S
f

(4)) = {0,1,...,2t},

(A)) = {2t + 2,2t +3,...,12t — 2},
(By) = {36t — 7,36t —9,...,24t + 1},
(Bp) = {24t — 6,24t — 8,...,16t + 3},
(Bs) = {16t — 1,16t — 3,...,12t — 1}.

Note that f is piecewise strictly increasing by 1 or strictly decreasing by 2 and

that all labels are distinct. Thus, f is one-to-one. Moreover, f(A) C [0, 12t — 2]

and f(B) C [12t — 1,36t — 7].

Next, we compute the edge lengths. For 1 <7 <2t + 1, an edge e = {u;,v;41}

in S, has label

|f(ui) = f(0ig)| = fvi1) — f(wi) = (36t —2(i+1) = 3) — (i — 1) = 36t —3i —4.
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Similarly, the other edges e € S; have label:

36t —3i — 5 for 2t +2 <7 <6t -3,
18t — 1 for ¢ = 6t — 2,

18t — 4 for 1 = 6t — 1,

36t —3i —6 for 6t <17 <10t — 4,

36t —3i — 7 for 10t =3< 1 < 12t - 3,
18t — 6 for e = {un

Recall that the length of an edge e € E(Caqs—4) is (f(e))* = min{ f(e), AT
1—f(e)}. Thus, we compute the following edge length sets that compose (F(S))*:

{36t —5— (36t —3i—4): 1<i<2+1} = {3i—1: 1< <2+1}

={¢{=2(mod 3):2<

¢ <6t +2},
2<i<6t—3}={3:2t+2<i<6t— 3}

gl <

)
{36t — 5 — (36t — 3i — 5): 2 +

): 6t +

= {¢ =0 (mod 3 6 < ¢ <18t -9},

{36t — 5 — (18t — 1)} = {18¢ — 4},

{18t — 4} = {18t — 4},

{36t —3i —6: 6t <i < 10t —4} = {£ = 0 (mod 3): 6t + 6 < ¢ < 18t — 6},
{36t —3i —7: 106 —3<i< 12t —3} = {£=2 (mod 3): 2 < £ < 6t + 2},
{18t — 6} = {18t — 6}.

Also, an edge {u;,v;} € S, has label

30t — 8 o = 1.

36t — 3¢t — 2 for 2 <i <2t 41,

36t — 37 — 3 for 2t +2 <i <6t -2,
18t — 2 for i = 6t — 1,

18t -5 forld = 6t,

36t —3i —4 for 6t +1 <¢ <10t — 3,

36t — 31— 5 for 10t —2 <i< 12t - 2.
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yielding the following multisets that compose ETR

2{36t — 5 — (30t — 8)} = *{6t — 3},

2{36t —5— (36t —3i—2):2<i<2+1} =%3i—-3:2<i<2+1}
=2{¢ =0 (mod 3): 3 < £ < 6t},

236t — 5 — (36t — 31 — 3): 2t +2 < i < 6t - 2}
=2{3i—2:2t+2<1<6t—2}
=2{¢ =1(mod 3): 6t +4 < £ <18t — 8},

2{36t — 5 — (18t — 2)} = 2{18t — 3},

2{18t — 5} = *{18t — 5},

2036t —3i —4: 6t +1 < i < 10t — 3}
:2{652(m0d3):6t+5§€§18t—7},

2{36t —3i —5: 10t —2<i<12t -2} =*{f=1(mod 3): 1 <£ <6t +1}.

Since every length ¢ € [1,18t — 3] occurs on exactly two edges in Chaphgfand
F(V(Caap-4)) € [0,36t — 6], f is a 2-fold p-labeling. Also since f(A) C (0,12t — 2]
and f(B) C [12t — 1,36t — 7], we have a 2-fold p*-labeling of Cont'=il

Case 12: n = 11 (mod 12).
Let n = 12t — 1. Then, |V (Cay)| = 24t — 2 and |E(C3,)| = 36t — 3. Define a
one-to-one function f: V(C~'24t_2) — [0, 36t — 3] as follows:

flw)=1i-1, u; € Ay = {u;: 1 <1 <10t -2},
fla:) =1, u; € Ay = {u;: 10t — 1 <4 <12t - 1},
f(vy) = 30t — 4,

f(v;) = 36t — 21, v; € By = {v;: 2<i<2t+1},

f(v;) = 36t — 2i — 1, v; € By = {v;: 2t +2 <1 <6t — 1},
f(vet) = 24t — 3,

f(v;) = 36t — 2i — 2, v; € By = {v;: 6t + 1 < ¢ <12¢t — 1}.
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Note that A = A; U Ay and B = By U By U B3 U {vy1, v }. Thus, the domain of f

is indeed V(C~'24t_2). Next, we confirm that f is one-to-one. We compute

f(41) = {0, ,10¢ — 3},

f(Ag) = {10t — 1,10¢,...,12t — 1},
f(B1) = {36t — 4,36t — 6,...,32t — 2},
F(Bs) = {32t — 5,32t —7,...,24¢ + 1},
F(Bs) = {24t — 4,24t — 6,...,12t}.

Note that f is piccewise strictly increasing by 1 or strictly decreasing by 2 and
that all labels arc distinct. Thus, f is one-to-onc. Moreover, f(A) C [0,12t — 1]
and f(B) C [12t, 36t — 4].

Next, we compute the edge lengths. For 1 <4 < 2¢, an edge e = {u;,v;41} in

S has label
| f(ui) = f(vig1)] = flvigr) — f(u;) = (36t =2+ 1)) — (i — 1) = 36t — 3i — 1.

Similarly, the other edges e € Sy have label:

36t — 3¢ — 2 for2t +1 <7 <6t -2,
18t — 1 fort =6t —1,

36t — 3¢ — 3 for 6t < <10t — 2,

36t — 3t — 4 for 10t — 1 <¢ < 12t — 2,

18t — 3 o1 e = {auony.
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Recall that the length of an edge e € E(Cag_s) is (f(e))* = min{f(e), |E(Casr—2)|+
1— f(e)}. Thus, we compute the following edge length sets that compose (f(S1))*:

(36t — 2.2 (86t 30, —1): L=y ={8—1:1 € i'< %t}

— {£=2(mod 3): 2< £ <6t—1)},
{36t — 2 — (36t —3i—2): 2t +1<i<6t—2}={3i:2t+1<i<6t—2}
={{=0(mod 3): 6 < <18t -6},

{18t — 1)} = {18t — 1},
(36t — 3i —3: 6t <i <10t —2} = {£=0 (mod 3): 6t — 3 < £ < 18t — 3},
{36t —3i—4: 10t — 1 <i <12t —2} = {£=2(mod 3): 2 < £ < 6t — 1},

{18t — 3} = {18t — 3}.

Also, an edge {u;,v;} € Sy has label

30t — 4 fori=1,

36t — 31+ 1 for 2 <i<2t+41,

36t — 31 for 2t +2 < i <6t —1,

18t — 2 for i = 6t,

36t — 3i — 1 for 6t +1 <¢ <10t — 2,
36t — 31 — 2 for 10t —1 < <12t — 1.

yielding the following multisets that compose (f(S2))*:

236t — 2 — (30t — 4)} = *{6t + 2},

2036t —2— (36t —3i+1):2<i<2+1} =?{3i—3:2<i<2t+1}
= 2{¢ =0 (mod 3): 3 < ¢ < 6t},

2{36t —2— (36t —30): 2t +2<i<6t—1} =*{3i—2: A +2<i<6t—1}
=2{¢ =1 (mod 3): 6t +4 < ¢ < 18t — 5},

218t — 2} = *{18t — 2},

2{36t —3i —1: 6t + 1 <3 <10t — 2} = *{¢ =2 (mod 3): 6t + 5 < £ < 18t — 4},

2036t — 3 —2: 10t —1<i <12t —1} =2{¢ =1 (mod 3): 1 < £ <6t +1}.
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Since every length ¢ € [1, 18t — 2] occurs on exactly two edges and length 18t — 1
occurs on only one edge in Cog_p and f(V(C'24t_2)) C [0,36t — 3], f is a 2-fold
p-labeling. Also since f(A) C [0,12t — 1] and f(B) C [12t,36t — 4], we have a

2-fold pt-labeling of Cog—s. |

Since C,,, admits a 2-fold p*-labeling for every integer n > 2, we have the

following.

Corollary 3.5.1 Let n > 2 be an integer. There exists a cyclic (2K3m+1,ézn)'

design for every positive integer x.





