CHAPTER V

CUSTOMIZATION FOR DIMENSIONALITY
REDUCTION

In this chapter, we will propose a framework for performing customiza-
tion for the task of dimensionality reduction. We will also propose an algo-
rithm for dimensionality reduction with additional constraint that the dimen-
sionality reduction is performed with linear function; it is linear dimensionality
reduction. The additional constraint in this case reduces the generality for cus-
tomization to a subgroup of dimensionality reduction. However, the group of
algorithms that perform linear dimensionality reduction is still large enough
to have considerable impact. With this limitation, we can provide theoretical
result up to much more extent than performing it on the much larger set that

includes nonlinear dimensionality reduction.
5.1 Framework of Customization for Dimensionality Reduction

The goal of dimensionality reduction is finding a mapping function y :
R" — R™ that will retain the most usefulness of the data, where the definition
of usefulness can be different for each algorithm by the objective and constraint
on 1. In the most general case where there is no constraint on function y, this
problem can be solved by training another dimensionality reduction v : R* —
R™ based on the customization data and then combining the result when the

set of customization data is transformed by p and v.

There seem to be no other feasible approaches for customization on di-
mensionality reduction, due to its nature that is different from classification and
regression. The goal for dimensionality reduction is that the resulted data must
retain the most useful information, and by any definition of the usefulness, it
cannot be measured with just a sole data, k. This is because the usefulness
cannot be determined by just its own nonmapped quality such as class for clas-
sification or continuous value for regression that can be used to determine the

objective, but it must be measured by the information of values of many data
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in a dataset. This is completely different from classification and regression that
we want the result from the process to be as close as possible to another value

associated with the data.

Suppose that k is transformed by y and v to be (k) and v(k) respectively,
and that the values of y(k) and v(k) are dependent on each other up to some
degree since they are both generated from k by the procedure. Let us define p
as a function which p(k) = [u(k)Tv(k)T]T. If we perform unsupervised dimen-
sionality reduction on the dataset that is mapped into p(k) then it will result in
the mapping onto a coordinate of a space that will try to align the value of u
and v on each other based on the dataset. Thus we can find the most feasible
mapping using a dataset X by using all the data used in generating the original
dimension reducer and customization data. However, since we might not have
the data used in generating the original dimension reducer by the setting, we
would have to compromise with just using the customization data to represent

the data distribution in the space.

The process of combining two results from dimensionality reduction can
be thought of as performing unsupervised dimensionality reduction on the
data resulted from both dimensionality reduction. The data resulted from k
which will be used in the unsupervised dimensionality reduction is written
as [u(k)Tv(k)T)T. Following this procedure, we give the framework for cus-
tomization for dimensionality reduction as shown in Figure 5.1 and the resulted

new dimension reducer is as shown in Figure 5.2.
5.2 Combining Results from Linear Dimensionality Reduction
5.2.1 Algorithm

For the most general formulation of linear dimensionality reduction with
n attributes, we can write the linear transformation (Wylie and Barrett, 1982;
Nicholson, 2001) as f(x) = Ax + b where A is an orthogonal matrix of size n
whose rows are sorted in the order of importance and b is a vector of size n.
Given a training procedure for linear dimensionality reduction f(x), one can

determine all the n? + n parameters of f(x) within A and b by observing the
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Figure 5.1: Framework for customization for dimensionality reduction.

output given to a set of (n + 1) vectors. The simplest of them is a normalized

vector in each dimension and the zero vector, which results in the following:

fly) = AL+ b1,T = A +b1,",
f(0n) = A0nh+b=Db,
= f(I) “f(on)lnT-
The customization data will be used to train another linear dimension reducer

with the same objective as the original given procedure, resulting in another

transformation matrix. We will use MT and NT to denote the transformation
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Figure 5.2: The new dimension reducer as the result of using the framework.

matrix belonging to the original procedure and the transformation matrix cre-

ated from customization data, respectively.

If we want to perform dimensionality reduction of a dataset with n dimen-
sions to a space with m dimensions, the most idealistic way will be to combine
m most important linear spaces resulted from both procedure. The basis for
the most important linear space with m dimensions of a linear transformation
can be represented with the first m columns of M where each of the columns
is a basis vector. For combining two such spaces of the same dimension into
a new linear space with the same dimension, we propose considering covari-
ance from all the basis vectors of both spaces, fixing the mean to be at origin.

The later process will be to find the m most suitable basis vectors for a new
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m-dimensional linear space that gives the greatest variance. This process can
be easily described as using the m most important orthonormal basis vectors of
both transformation matrices as data to perform PCA, with the mean fixing to
be the zero vector. With this interpretation, the procedure will yield the same
result as using each normal basis vector along with the unit vector in the op-
posite direction which will have in the mean of the all the vectors to be zero,
and have a covariance matrix with twice the value of covariance matrix of basis

vectors with zero mean.

In the case that we want to give a certain weight y/a and /1 — « to M and
N respectively, we can perform scaling on the basis vectors from each matrix

with that weight.

Proposition 2. Performing PCA on the data which are any orthonormal basis vectors
that span the same linear space as M and N, with the mean fixed to be zero vector, will

always yield the same result.

Proof. PCA is dependent on calculation of covariance matrix C, which follows
the formula C = DDT when D is the matrix with each column as a data that is
translated to have zero mean. From the view of each element in the matrix, this

formula can alternatively be written as,
Cij =Y, DD
k

when C;j and Dj; are the values of the matrix in row i and column j respectively.

If we view it from the perspective of each data, C could be written as follows,
C= ZDkaT/
k
where Dy is the k" row of D.

The last equation implies that covariance matrix of a dataset is the sum-
mation of covariance matrix for each data, using the same mean. In matrix

form, this can be written as:

C = [M|N][MIN]T = MMT 4 NNT.
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Any set of orthonormal basis vectors that represent the same m-dimensional
linear space as a set of orthonormal basis vectors D can be written as DO where
O is an orthogonal matrix with m rows. This can be visualized as O represents
all possible sets of orthonormal basis vectors in m dimensions, and D is the
transformation that aligns the sets of basis vectors to the linear subspace. As
shown in the equation, covariance matrix C of a matrix with the data as or-

thonormal basis of two linear subspaces weighted by \/x and /1 — «a can be
calculated as:

C = [VaMOwy|V1 — aNON][VaMOy|v1 — xNOy]"
= (VaMOum)(vaMOpm)" + (V1 —aNON) (V1 —aNOy)T
= a(MOp)(MOM)T + (1 — &) (NOy) (NON)T
= aMOpOILMT 4 (1 — ) NONOLNT
= aMIyMT + (1 — «)NI,,NT
= aMMT 4+ (1 —2)NNT.

Thus we will obtain the same covariance matrix from eigenvalue decomposi-

tion which will yield the same transformation matrix. u

An important note is that the resulted basis vectors from the linear trans-
formation will not be ordered by the importance in each dimension for the data
according to the algorithm for linear dimensionality reduction, but with the
probability that the dimension should be selected as the result from combina-
tion of the two linear transformations. So if the user want to sort the importance
of each axis in the new linear space as in the capability of the linear dimensional
reduction algorithm, he must perform the algorithm for linear dimensionality

reduction on the customization data after they are transformed by the new lin-
ear transformation.

Another note is that this process can also be viewed as combining the
unimportant linear space, as they will yield the same result. The importance of
this aspect is that since the time taken in calculation of PCA also depends on

the number of data, it will be faster to do this if the resulted dimension is more
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than half of the original, i.e. 2m > n.

Proposition 3. [nverse view of combining linear space with low importance will yield

the same result as combining linear space with high importance.

Proof. Let M = [M;|M;] and N = [N;|N;] be both orthonormal vectors which
fully span the space where M; and N; span an m-dimensional linear space.
We want to proof that the m-dimensional linear space resulted from PCA of
[vaM;]|v/1 — aN;] with zero mean is the same to the least important m-dimensional
linear space from PCA of [/aM,|v/1 — aNa].

Let C; and C, be covariance matrices of [y/aM;|v/1 — aNj] and [\/aM;|v/1 — aNp]

respectively.

C] = [\/&Mﬂv 1-— aN]][\/EMll\/ 1- DLN1]T
= aM{MT + (1 — &) Ny NT
Cs = DcMzM; + (1 — a)NzN;{.

Since M is an orthogonal matrix,

MMT = I, = [My|My][M;|M3]T = MyMT + MyMT,
MoyMT =1, - MyMT.

Let CT = UAUT be the result from eigenvalue decomposition of the covariance

matrix.

Cy = aMyMT + (1 — a)NoNJ
= a(l — MyMT) 4+ (1 —a)(I — N;NT)
=1 —aMMT — (1 —a)N;NJ
=1 — (aMyMT + (1 — &) N,NY)

=1-C
=]-Uuaur
= u(l - A)UT.

Since C, is summation of two positive semidefinite matrices, C; is a positive
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semidefinite matrix as well. The result is that eigenvalues of C, which are the
diagonal elements of (I — A) are nonnegative and are sorted in reverse order
to eigenvalues of C;. Since eigenvectors of both C; and C; are the same but in
reverse order, this proves that the resulted linear space spanned by the m most
importance eigenvectors of C; is the same to the linear space spanned by m least

importance eigenvector of Cj. n

We will let both spaces be equally important by setting = 0.5. This will
yield the same result as letting both weighting terms « and 1 — a be 1 which will
simplify the calculation. This setting will be used for all the following proofs in

this section.
5.2.2 Theoretical Results

Proposition 4. We can fully describe a linear space spanned by the set of orthonormal

basis vectors M with MMT .

Proof. First, we will prove that for any orthogonal matrix O with m rows, the

space spanned by any MO which is the same space will result in the same value.

MO(MO)T = MOOTMT
= MI,MT
= MMT.

For the inverse, since MM is both symmetric and positive semidefinite, we
can perform eigenvalue decomposition on MMT. If the space spanned by M
is an m-dimensional linear space then rank of M will be m, and as the result
the rank of MMT will be m as well since it is a product of two matrices with
rank m. Other than that, all of its eigenvalues will be 1 as well. Therefore, by
performing eigenvalue decomposition and eliminating all the elements with 0

in the eigenvalues, we will get the following,

MMT = NI,NT,
= NNT,
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where I, is an identity matrix with m rows and N is another orthonormal basis
vectors with the equal number of rows and columns to M. Hence, from the

equation,

MMT = NNT,
I, = MINNTM,
= MTN(MTN)T,

and thus MTN is an orthogonal matrix which transforms M into N and that

both M and N span the same linear space. |

From the result of Proposition 4, we will now refer to a linear space spanned

by a set of orthonormal basis vectors M with the matrix Mg = MMT.

Proposition 5. Let k be a unit vector and Xg be a linear space, Xsk is the projection

of k on the space Xs.

Proof. Let X be a set of orthonormal basis of Xg that is Xs = XXT. XTk is the
projection of k onto each of the orthonormal basis of space Xs. X(XTk) can
be viewed as multiplying each of the orthonormal basis vectors of Xs with the
value that k is projected on them. Hence, Xk is the projection of k on the space

Xg: |

Definition 1. Let A,B,C and D be the sets of orthonormal basis vectors which span an
m-dimensional linear space. We say that the difference between the space spanned
by A and B is equal to the difference between the space spanned by C and D if
and only if there exists an orthogonal matrix O which causes the space spanned by AO

and BO be equivalent to the space spanned by C and D respectively.

Definition 1 arises from the property that the operation of an orthogonal
matrix will be equivalent to a sequence of rotation and reflection centered at the
origin, which will preserve the distance between any vectors in the space. We
will have another constraint for a function which measures difference between

two linear spaces.
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Definition 2. Let M and N be two sets of orthonormal basis vectors. A function

f(M, N) is a measure of difference between the spaces spanned by both M and
N if and only if,

i) f(M,N) = f(N, M),

i) f(M,N) = f(OM,ON),

i) f(M,N) = f(MO, NOy),

where O, O and Oy are any orthogonal matrices.

In Definition 2, the first condition is from that the function must be reflex-
ive since it is a measure of difference. The second condition is from Definition 1.
The third condition is from that the function should yield the same output for

any orthonormal basis vectors that span the same space.

Proposition 6. Let M and N be two sets of orthonormal basis vectors which span
an m-dimensional linear space within an n-dimensional space. We can measure the

difference between them with the function f(M, N) = |det(MTN)|

Proof. We will prove that the function satisfies every condition in Definition 2.

For the first condition, by the property of determinant that determinant of
a matrix yields the same value to determinant of its transposed matrix, we can

conclude that the function is reflexive.
f(M,N) = |det(MTN)| = |det((MTN)T)| = |det(NTM)| = f(N, M).

For the second condition, we will prove that if the differences within two sets
of linear spaces are equivalent then the function will provide the same value.

Suppose that M and N be two sets of orthonormal basis vectors and O be an
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orthogonal matrix.

f(OM,ON) = |det((OM)TON)|
= |det(MTOTON)|
= |det(MTN)|
= f(M,N).

For the third condition, we will prove that any basis vectors which span the
same space will yield the same result. Let Oy and Oy be orthogonal matrices
with m rows. All the set of basis vectors which span the same space as M and

N can be written as MOy; and NOy.

= |det(Op)||det(MTN)||det(On)|
= |det(MTN)|
= f(M,N).

This results from the property of multiplicative distribution of determinant and
from the fact that the determinant of an orthogonal matrix is £1 from its defini-
tion that an orthogonal matrix multiplying to its transposed matrix will result

in an identity matrix. n

To get a better understanding of the function in Proposition 6, we first
consider the case that m = 1. The function |det(MT N)| will become the absolute
value of dot product between two vectors. Its absolute value is the result from
that the spanned linear space is in both positive and negative directions of the

basis vectors.

Furthermore, we will consider min(eig(NTMsN)) where eig(X) is the
function that returns all of the eigenvalues of X. The minimum eigenvalue

will reflect the result of using k, a vector in Ng, which minimizes the function
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kT M;k for all the vectors in Ns. The function can be interpreted as project-
ing k onto Mg and projecting it back onto Ns. Hence, the eigenvalue will be
cos?(a) when a is the angle between k and Mg which also serves as the angular

difference between Ng and M.

Proposition 7. Let M and N be two sets of orthonormal basis vectors which span
an m-dimensional linear space. The function f(M,N) = |det(MTN)| will have its

maximum value if and only if M and N span the same linear space.

Proof. We will state a proof that both sets of orthonormal basis vectors will span
the same space if and only if the value of the function is 1. The sufficient condi-

tion uses the knowledge that has been previously applied.

f(M, MOp) = |det(M"MOw)|
= |det(MTM)||det(Opm)]
=1\

For the necessary condition, let us consider the following equation:

f*(M,N) = |det(M"N)|?
= (det(MTN))?
= det(MTN)det(MTN)
= det(MTN)det(NTM)
= det(MTNNTM)
= det(MTNNTM).

By the property of determinant, its value will be equivalent to the multiplication
of all singular values of the matrix. So if there is a pair of M and N that cause
the value of f(M, N) > 1 then there will be at least an eigenvalue of MTNNTM
that is higher than 1 since MTNNTM is a symmetric positive semidefinite ma-

trix. Suppose that k is the unit eigenvector with the maximum eigenvalue of
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MTNNTM, it will follow that the eigenvalue of k will be equal to:

kKTMTNNTMk = (Mk)TNNT(MK),
= (Mk)TNg(MK).

Since M is an orthonormal basis vector and k is a unit vector, Mk will be a unit
vector that lies in the space spanned by M and (Mk)TNg(Mk) can be viewed as
dot product between the unit vector and the projection of that unit vector onto
the space Ns. Since projection does not increase the size of vector, it is clear that

(Mk)TNs(Mk) < 1 and that 1 is the maximum value of f(M, N) [

From Proposition 7, the main contribution of the function |det(M, N)]| is
that it can provide an answer if two sets of orthonormal basis vectors span the
same space, without requiring any further interpretation. However, difference
between two linear spaces cannot be fully described with one real value due to

its degree of freedom.

Now, let us consider space Ms = MMT and N5 = NNT. If the space N
is exactly the same as Mg, then all orthonormal basis vectors of Ns must be in
Ms. Therefore,

NTMgN = NTN = I,,,

where [, is an identity matrix with m rows.

The diagonal elements of NTMsN will be 1 if and only if each basis vector
of Ns in N is in Mg since Mg can be interpreted as projection of the vector onto
that space. Moreover, if that is the case, then Ng will span the same space as Mg
and the projection of each different orthonormal basis vector in N will still be
orthogonal to each other. So we can conclude that NTMgN = I, if and only if
Mg = Ng.

From Definition 2 which defines the constraint for functions that measure
the difference between linear spaces from its orthonormal basis vectors. We can
derive the constraints for functions that measure the difference between linear

spaces using the matrix representing the spaces directly.
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Proposition 8. Let Mg and Ns be two m-dimensional linear spaces. A function

8(Ms, Ns) is a measure of difference between the spaces if and only if,

i) §(Ms, Ns) = g(Ns, Ms),

ii) g(Ms, Ns) = g(OMsOT, ONsOT),

where O is any orthogonal matrix with n rows.

Proof. From Definition 2, we can obviously see that g(AAT, BBT) = g(CCT,DDT)
ifand only if f(A, B) = f(C, D).

For the first condition, assume the first condition in Definition 2.

f(M,N) = f(N,M)
g(MMT,NNT) = ¢(NNT, MMT)

T nT T
8(Ms,Ng) = g(NI, MD).
For the second condition, assume the second condition in Definition 2.

f(M,N) = f(OM,ON)
(OM(OM)™,ON(ON)T)
g(MMT,NNT) = g(OMMTOT, ONNTOT)
8§(Ms, Ns) = g(OMsOT,ONsOT).

g(MMT, NT) =-g

Assuming the third condition in Definition 2.

f(M,N) = f(MOpm, NOy)
§(MM",NNT) = g(MOu(MOM)T, NOn(NON)T)
g(MM",NNT) = g(MOMOL,MT, NONOLNT)
g(MMT,NNT) = g(MMT,NNT)

§(Ms, Ns) = g(Ms, Ns).
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Since the third condition from Definition 2 is always true by the definition of

the linear space, it needs no further consideration. O

Proposition 9. We can measure difference between two linear spaces Ms and Ns with

¢(Ms, Ns) = eig(Mg + Ns) where eig(X) is the sorted eigenvalues of matrix X.

Proof. We will prove that the function g(Ms, Ng) = eig(Mg + Ng) satisfies all

the conditions in Proposition 8.

For the first condition, since matrix addition is associative, this is really

obvious.
8(Ms, Ns) = eig(Ms + Ns) = eig(Ns + Ms) = g(Ns, Ms)
For the second condition,

(OMsoT, ONsoT) =ei (OMsoT + ONsoT),
4 8
= eig(O(Ms + NS)OT).

From the eigenvalue decomposition, let Ms + Ns = VAVT.

§(OM;0T,0Ns0")

eig(O(Ms + Ns)OT)
eig(OVAVTOT)
(
(A

I

eig((OV)A(OV)T)
)-

I

eig

The last line of the equation can be considered as extracting the eigenvalues

from the matrix. In the same way,

8(Ms, Ns) = eig(Ms + Ns),
= eig(VAVT),
= eig(A),
= ¢(OM;OT,ONsOT).
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Let us further analyse the function in Proposition 9. It is quite obvious
that the function is better as a measurement of difference between two linear
spaces than the function in Proposition 6, due to its output which has n degree
of freedom when 7 is the number of dimensions. For the case that both spaces

are the same:

eig(Ms + Ms) = eig(2Ms),
= 2eig(Ms),

which means that it will have m eigenvalues which are 2 and the rest of n — m

eigenvalues from calculation will be zero.

Proposition 10. Let Mg and Ns be two m-dimensional linear spaces. We can fully
describe the difference between Mg and Ng with the matrix Dy = U TMSTU when

UT is the eigenvectors of Ng sorted by its eigenvalues.

Proof. Since the number of dimensions of Mg and N are equal, they will have

same set of eigenvalues. As a result of eigenvalue decomposition, we have:

Mg = VAVT,
Ns = UAUT,

where V and U are orthogonal matrices. From Proposition 8 the difference
between Mg and Ns will be equal to the difference between A and UT MgU.
Since A is also the eigenvalue part from eigenvalue decomposition of UT MsU.
It follows that the difference between Mg and Ns can be fully described with
the matrix Dyy = UTMgU.

Also, a function h(D) can completely measure the difference from the dif-
ference matrix D with h(D) = g(eig(D), D) . By Proposition 8, we will have the
following constraint: #(D) = h(ODOT) if and only if Oeig(D)OT = eig(D). W

From Proposition 10, the first note is that Dyny = UTMsU and Dy =
VTNsV are not necessarily the same matrix but they both fully describe the

differences which are equivalent to each other.
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The constraint in Proposition 10 gives us some guideline in performing
pairwise comparation of the difference. However, there is the following prob-
lems that given two symmetric positive semidefinite matrices A and B, how to
efficiently compute an orthogonal matrix O such that A = OBOT, and how to
compute h(D) that will yield the same output if and only if the difference are

equivalent.

Theorem 1. Let Mg and Ng be two m-dimensional linear spaces, the m-dimensional
linear space Xs which is spanned by the eigenvectors with m highest eigenvalues of
M;s + Ng is the optimal mean of M and Ng in the sense that it will minimize the value
MAXYT Mke=1 or kTNSkzlkTYSk when Ys is any m dimensional linear space, meaning
that it will minimize the angular difference between any vectors in Mg or Ng and the

new linear space.

Proof. From Proposition 3, it is enough to prove the result when m is not greater
than n/2, since performing the process on the none important space will yield
the same result. From this, we will be able to use the assumption that Mg and

N;s do not intersect each other at any place other than the origin.

Let X5 be an m-dimensional linear space that serves as a mirror plane
which transforms the space of Mg into Ng back and forth; i.e. for a unit vector
k in Mg or Ng, there will be another unit vector j in the other linear space such
that the result from both of their projection on Xs will be exactly the same but
has the exactly opposite direction of projection. This can be visualized that the
linear space X will act as a mirror between Mg and Ns. If k and j are both unit
vectors that yield the value of angular difference between Mg and Ns then it
can be seen that the angular difference between Xg and k will be equivalent to
the angular difference between Xg and j since the projection from both of them
on Xs will be at the same place. It becomes obvious that the angular difference
between other pair of unit vectors in Mg and Ng will be lower than this value
and thus this Xg is an optimal mean space calculated from Mg and N in the

sense of angular difference.

Let X5, Mg and Ns be created from their orthonormal bases X, M and N.

From the previous definition of Xg, Mg and Ns as in the previous paragraph,
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and let k be a vector in Mg, we can calculate j, a vector in N5 corresponding to

k, which will result in the following equation:

k = Xsk+ (k — Xsk),
j = Xsk — (k - Xsk),
=2Xsk — k,
= (2Xs — Ip)k.

This relies on the fact that Mg, N5 and Xs have the same number of dimensions
and do not intersect each other. That is why for a vector in Mg, there should be
a vector in Ng which has equal angular difference from X and will be projected
on Xg at the same position but with exactly opposite direction of the projection.

That is why we can write the space N; as following:

Ng = NNT,
= (2Xs — In))M((2Xs — I,)M)T,
= (2Xs — L)MM" (2Xs — I)T,
= (2Xs — In)Ms(2X5 — I).

Now let us consider the matrix Mg + Nj.

Ms + Ng = Ms + (2Xs — In)Ms(2Xs — I)
= Mg + (4XsMsXs — 2XsMg — 2MgXg + Ms)
= 4XsM;sXs — 2XsMs — 2MsXs + 2Ms.

Let k be an eigenvector of M + Ns. We will observe the result when separating
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k into its elements that are in X5 and that are not.

k = Xeka{l, —XgJk
(Ms+ Ns)k = (4XsMsXs —2XsMs — 2MsXs +2Ms)(Xsk + (In — Xs)k)
= ((4XsMsXs — 2XsMs — 2MsXs + 2Ms) Xsk)
+((4XsMsXs — 2XsMs — 2MsXs + 2Ms) (I — Xs)K)
— ((4XsMs — 2XsMs — 2Ms + 2Ms) Xsk)
+((—2XsMs + 2Mg) (I — X5)k)
= 2XsMsXsk + 2(Iy— Xs)Ms (I, — X5)k).

Suppose that k has elements in both Xs and in the space orthogonal to X,
which is the (n — m)-dimensional linear space that does not intersect with Xs
except at the origin, denoted by Xs, = I, — Xs. If there is only one optimal
Xs by the definition then the angular difference between Mg and Ns must be
less than 71/2 which causes the angular difference between any vectors in Mg
and X to be less than 7r/4 while also causes the angular difference between
any vectors in Mg and Xg, to be higher than 77/4. For k to be an eigenvector
of Mg + Ng, XsMgXsk must be in the same direction as Xsk and Xs; MsXs, k
must be in the same direction as X k. If we let the angular difference between
M;s and Xgk and between Mg and X5 k be « and B respectively then we will

get the following equations:

(Ms + Ns)k = 2XsMsXsk +2(In — Xs)Ms(In — Xs)k)
= 2XsMsXsk +2Xs, MsXs, k)
= 2c0s%(a) X5k + 2cos?(B) X5 k)

Since 0 < o« < B < 7/2, it follows that either Xgk or X5, k must be the zero
vector. This means that eigenvectors of Mg + Ns must lie in either Xs or Xg;
and since Xg is m-dimensional then there will be m eigenvectors in Xs and

(n — m) eigenvectors in Xs .

In the same way as Mg, angular difference between any vectors in Xs and

Ns must be less than 77/4 and angular difference between any vectors in Xg
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and Ng; must be higher than 7/4. As a result, for any vector k in Xg:

kT(Ms + Ns)k = kT Mgk + kT Ngk,
= 26052(71’/4),
=1,
> pT(Ms + Ns)p,

where p is a vector in Xg,. This means that the m eigenvectors with highest
eigenvalues will all lie in X and are also orthonormal basis vectors. Thus, the
linear space resulted from the process is the optimal linear space that minimizes
the value of maxyrp =1 or k7 NskzlkTng when Yj is any m dimensional linear

space. n

In the case that the user want to weight Mg and Ng in a meaningful
way, it seems that the most sensible way is to repeat using the algorithm to
find the mean of two linear spaces until it reaches the satisfying precision, in-
stead of providing the weight to the linear space directly. The algorithm for the

weighted version of both spaces is shown in Algorithm 7.



input : M, N, m, «

output: X
1A MB+NX+—Aa—0b+1,x«0
2 while |« — x| > B do

3 | X PCA(AAT 4+ BBT,m);
4 x (a+b)/2;

5 if « > x then

6 a+ x;

7 A« X

8 else

9 b« x;

10 B+ X;

1 end

12 end

Algorithm 7: Finding the optimal mean between two linear spaces with

weight.

In Algorithm 7, PCA(X, m) is the result of using PCA to choose m dimen-
sions from covariance matrix Ag, « is a real value in the range [0, 1] which is the
weight for N5 while the weight Mg will be 1 — &, B is the constraint for precision

in calculation for the result, and m is the dimension for both M and N.

Note that in the case that Mg and N are obtained by the linear dimension-
ality reduction of the same dataset, but with a different algorithm, the process
of combining them will act as finding the linear space that is good in both ob-

jectives.

Theorem 2. Using the proposed framework of customization for dimensionality reduc-
tion in Figure 5.1 on linear dimensionality reduction will yield the optimal result if we

can estimate the distribution of data perfectly.

Proof. Let Ms and Ng be both spaces to be combined which have M and N as
sets of their orthonormal basis vectors. According to the framework, to com-
bine two nonlinear spaces we will have to use the results from mapping cus-
tomization data on both of them in order to estimate the shape of the nonlinear

spaces. However, in the case of linear space, the shape of the space can be fully
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described with the matrix and we could estimate the distribution from all the
data which are used to generate both spaces by the set of all available data in the
spaces. Since the mapping is linear, we can represent the result from mapping
the data of all input spaces with identity matrix and its negative. Thus, we get
the dataset as [M|N]T[I,| — I]. The mean of this dataset is clearly zero due to
that the vectors resulted from [M|N]T[I,] will come with their negative vectors
[M|N]T[~1I,]. The next step is to perform PCA using this dataset to obtain the

following covariance matrix.

[MIN]" (L] = I (IMIN]T [In| = In])T = [MIN)"[In| = In][In| = In] " [MIN]
= [MIN]T (LI + (=In)(—1n) ") [M|N]
= [MIN]T(21;) [MIN]
= 2[M|N]"[M|N].

Since scaling of a matrix will not affect its eigenvectors, we will instead use the
matrix [M|N]T[M|N] which can also be calculated as covariance matrix of the

dataset [M|N]T with its mean fix to zero. By further analysis of the matrix:

-
T _
[MIN)T[MIN] = NT} (M N,
- MTM MTN
INTM NTN ’
| Im MTIN
LNTM L,

Now, let us consider a vector k which is an eigenvector of the matrix MMT +

NNT with eigenvalue A.
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I, MTN| [MT " MT + MTNNT
NTMMT + NT

_ [MTk+MTNNTK
NTk + NTMMTk
 [MT+ MT(AKk - MMTK)
NTk + NT(Ak — NNTK)
_ [MTk+AMTk — MTMMTK
NTk + ANTk — NTNNTk
MTk + AMTk — I,, MTk
NTk + ANTk — I, NTk
[ MTk + AMTk — MTk
NTk + ANTk — NTk
g /\MTk}

|:MT:|
=A k.
NT

From the above equation, if a vector k is an eigenvector of MMT + NNT with
eigenvalue A then [M|N]Tk will be an eigenvector of [M|N]T[M|N] with eigen-
value A. Since the matrix [M|N]T[M|N] is multiplication between [M|N] and
its transpose, the rank of [M|N]T[M|N] will be equal to the rank of [M|N],

and thus its maximum value will be the lesser between its number of rows
and columns which are n and 2m respectively. The result is that in the case
that the number of rows of [M|N]T[M|N] is higher than n the other eigenvec-
tors which are not corresponding to any [M|N]Tk when k is an eigenvector of
MMT + NNT will have zero eigenvalue. One may say that the matrix will have
no other eigenvector. So a vector k will be the eigenvector of MMT + NNT
with the i-th maximum eigenvalue if and only if [M|N]Tk is the eigenvec-
tor of [M|N]T[M|N] with the i-th maximum eigenvalue. Hence, the space re-

sulted from performing PCA on MMT + NNT will be the same as the space
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resulted from performing PCA on [M|N]T[M|N] after the vector is mapped
onto [M|N]7, that is the result from applying the framework for dimensional-
ity reduction on linear dimensionality reduction. Thus, we can say that using
our proposed framework for dimensionality reduction on linear dimensionality

reduction will yield the optimum result. -

5.3 Numerical Results

We demonstrate the performance of our proposed algorithm with some
datasets from the UCI Machine Learning Repository, whose details are shown
in Table 5.1. In the same way to all of our previous experiments, the data were
normalized into the range of [0,1]. After that, we separated the data into 4
groups of equal size and performed cross-validation among them. Two of the
groups were used as original training data to train the given linear dimension-
ality reduction process, while the other two of them were used as customization
data and test data, resulted in %, = 12 combinations in total. The result was
compared with the result from original linear dimensionality reduction and the

one trained from customization data.

Table 5.1: Detail of all datasets used in the experiments of combining results
from linear dimensionality reduction. The numbers of attributes shown are the
numbers of attributes used in dimensionality reduction, omitting some useless
attributes like index or specific name.

No. of attributes | No. of instances

concrete compress 8 1,030
concrete slump 7 103
cpu 6 209
forest 12 517
housing 13 506

parkinsons 19 5,875
Servo 4 167

For the linear dimensionality reduction used in the experiments, if one
want to use some algorithms with clearly defined objective as the value in opti-
mization then the score can be easily measured from the transformed test data
in the same way. However, in our experiments, we used PCA. Since PCA sorts

basis vectors for linear space by variance of the data in each axis, the objective
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is not well-ordered. So as in many research works, we decide to use the value
of determinant and trace of covariance matrix which are the values of products
and summation of eigenvalues of the matrix respectively. The perfect result of
PCA then will align the axis so that all non-diagonal elements of the covari-
ance matrix will be zero. Since we calculate the mean of the value from cross
validation, we will use the natural logarithmic value of determinant instead of
using them directly to retain the sense of arithmetic mean. The result is shown
in Table 5.2.

Table 5.2: Result from using the proposed frameworks with linear dimension-
ality reduction. Numbers whose values are minimal in their rows are typeset
bold. The second column shows the reduced dimension. All of the equal values
are different in higher precision.

dataset | m | logdet(G) logdet(S) logdet(N) | trace(G) trace(S) trace(N)
concrete | 1 | 3.325 3.182 3.346 28.344 25.128  28.996
compress | 3 | 7.957 8.191 8.190 56.180  57.380 57.707
5 111.452 12.434 12257 78178  81.335 80.777
Z | 12,952 12.889 12.944 86.828  86.567 86.810
concrete | 1 | 1.022 1.030 1.093 2.856 2.888 3.024
slump | 3 | 1.969 2.372 2.349 7.322 7.647 7.757
5 10.909 1.914 1.636 9.703 10.269  10.035
cpu |1 | 1.279 1.241 1.294 3.782 3.660 3.843
3 |'0:559 0.555 0.566 5623 5.607 5.663
5 | -1.609 -1.679 -1.575 6.968 6.965 6.989
forest | 1 | 3.007 3.000 3.012 20.251 20.114  20.352
3 | 8279 8.253 8.282 48.808  48.411 48.855
5 | 11.588 11.519 11.600 59.888  59.526  59.938
7 | 13.757 13.720 13.772 66.417  66.256  66.474
9 13357 12.794 13.328 68.430  68.262  68.442
housing | 1 | 3.947 3.943 3.948 51.814  51.602 51.872
3 | 8512 8.475 8.516 72337  71.891 72.386
5 | 11.754 11.638 11.769 82914 82307 83.033
7 | 14132 14.059 14.152 90.018  89.703 90.115
9 | 15.172 14.859 15.070 94.082 93572 93.974
parkinsons | 1 | 5.775 5.774 5.775 322.042 321.963 322.063
3 | 15.148 15.145 15.148 545.028 544.694 545.090
5 |22.983 22.981 22.983 647.335 647.225 647.361
7 |28.320 28.315 28.321 676.847 676.749 676.868
9 | 31271 31.267 31.272 686.197 686.153 686.208
servo | 1 | 2.065 2.040 2.085 7.993 7.829 8.180
3 | 5.349 5.346 53561 19.025 19.005 19.032

It is clearly shown in Table 5.2 that the result from combining both linear
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spaces is better than that from the covariance matrix of mapped data, measured
by the value of logarithm of determinant and trace which both reflect the eigen-
values of the covariance matrix. Ones might think that combining two models
is similar to the idea of customization for classification by patching, but there
are some significant differences. The first thing is that combining two linear
spaces with this algorithm performs with both of them on equal ground, while
the patching approach in customization for classification treats them differently.
The second issue is that, customization for classification by patching predicts
the result using one of the two models, and with plausible bias, the result is ex-
pected to be an improvement. However, combining linear spaces based on the
hypothesis that both of these spaces should be the same but is differed due to
variation or error in both datasets. Thus, the most likely best linear space is the
linear space taken as a mean of them and the improvement in the experimental
result is based on different reason which is less obvious than customization for

classification by patching.

In order to demonstrate that this algorithm is applicable for dimensional-
ity reduction that will be later used in classification, we conducted other exper-
iments by performing customization on dimensionality reduction before clas-
sification. The experiments were conducted on datasets optdigits and pendigits
whose data were normalized into the range of [0, 1] as in all of our previous ex-
periments. However, the dataset optdigits used in this experiment did not have
dimensionality reduced by PCA since this experiment was about dimensional-
ity reduction as well, and thus dataset optdigits had 64 attributes. We performed
10-fold cross validation between data used for customization and test data. We
used linear discriminant analysis as dimensionality reduction algorithm and

1-nearest neighbor for classification. The result is shown in Table 5.3.

In Table 5.3, for dataset optdigits, we can be quite certain that the proposed
algorithm yielded better result, but for pendigits, it was only the case that the
data was reduced to one dimension that was an improvement from both linear
spaces. The main difference between both of these datasets is the numbers of
attributes; optdigits has 64 attributes, pendigits has 16 attributes. Therefore, per-

forming dimensionality reduction on optdigits with the same number of dimen-
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Table 5.3: Classification accuracy after performing customization upon dimen-
sionality reduction. (G) and (S) are the results from original data and cus-
tomization data respectively, and (N) is the one created from both models with

our algorithm.

dataset

LDA(G)

LDA(S)

LDA(N)

optdigits

33.28 +4.03
77.69 + 2.98
87.65 + 3.01
9382 & 212
8595 =+ 1.70

33.61 £ 6.01
78.19 +:3.68
88.70 & 4.74
9266 £+ 3.26
95.60 + 2.35

32.28 &= 5.U9
78.58 + 3.19
89.15 + 3.01
93.82 +2.43
95.83 +1.91

pendigits

ONU WO W3

39.45 £ 2.11
81.22 +2.26
93.45 + 1.41
97.54 + 0.88
98.43 +£1.14

38.88 +4.16
78.33 £ 1.74
91.54 £ 1.05
97.51 £10.93
98.69 + 0.92

40.56 + 3.33
80.99 + 2.48
91.57 £1.10
97.05 £ 0.77
98.31 £ 0.61

sions yielded the better result due to having larger numbers of choice, while it
might be hard to determine a good projection for pendigits. Also note that the
ratio of the number of data used in calculating LDA(G) to the number of data
used in calculating LDA(S) was about twice for both optdigits and pendigits. The
other noteworthy issue is where the value of each attributes of optdigits and
pendigits came from. A value in each attributes of optdigits corresponds to the
gréyscale color in each pixel of an 8x8 image, while the attributes of pendigits
has various meaning and many different interpretation. By the nature of lin-
ear dimensionality reduction, it is better fit to the task that each attribute has
similar meaning like optdigits since the underlying distribution of the data will
more likely be in linear subspace and yield the suitable result upon them. One
might argue with the previous statement about linear dimensionality reduction
being better on optdigits than pendigits using the accuracy when both of them
are reduced to the same number of dimensions as shown in Table 5.3 that the
value in pendigits is higher and both of them has the same numbers of classes
corresponding to the numbers 0-9. This was likely resulted from that the data
obtained directly from pixels of optdigits are distributed sparsely in high dimen-
sional linear space while data obtained from feature extraction of pendigits lie

densely in lower dimensions with more complicated distribution.





