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Confidence interval for an autoregressive parameter of an vnknown mean first-order
autoregressive (AR(1)) process, based on Cauchy estimator, has been proposed by So
and Shin (1999, Econometric Theory 15, 165-176). These authors uscd the standard
normal limiting of Cauchy estimator to construct the confidence interval for the
autorcgressive parameter of an AR(1) process. They also argued that their proposed
confidence interval has shorter avcrage length than those of Andrews (1993,
Econpmetrica 61, 139-165) when the autoregressive parameter approaches one.
However, in this paper, we argued, bascd on Kabaila (1998, Econometric Theory 14,
463-482), that two confidence intervals can be comparcd solely based on their
average lengths when these confidence intervals have minimum coverage
probabilities at least |- 2. Monte Carlo simulation rcsults are given to show the
relative efficiencies of their average lengths of these confidence intervals.
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Adjusted Confidence Interval for Cauchy Estimator for an
Unknown Mean AR(1) Process

Orathai Polsen and Sa-aa Niwitpong

Department of Applied Statistics
King Mongkut's Institute of Technology North Bangkok, Bangkok 10800, Thailand
Tel: +66-2-9132500 ext 4910, Fax: +66-2-5878259
*Email: snw@kmitnb.ac.lh

Abstract

A confidence interval for an autoregressive parameter of an unknown mean first-order
autorcgressive (AR(1)) process, based on the Cauchy estimator, has been proposed by
So and Shin (1999, Econometric Theory 15, 165-176). Thesc authors used the
standard normal limiting distribution of the Cauchy estimator to construct the
confidence interval for the autoregressive paramcter of an AR(1) process. They also
argued that their proposed confidence interval has shorter average length than that of
Andrews (1993, Econometrica 61, 139-165) when thce autoregressive parameter
approaches one. However, in this paper, we argued, based on Kabaila (1998,
Lconometric Theory 14, 463-482), that two confidence intcrvals can be compared
solely based on their average lengths when these confidence intervals have minimum
coverage probabilities at Icast 1-«, Monte Carlo simulation resulls are given to show
the relative efficiencies of their average lengths of the confidence intervals.

1. Introduction

Consider an unknown mean AR(1} process {¥,} which satisfies

(1) };—#Zp(}:_l—ﬂ)+€r

where pis an autoregressive parameter, p<e(-1,1), #is the process mean,
the ¢, are independent and identically N(0, ¢*) distributed and r-1,2,3,...,»

Confidence intervals for o, when pis very close to one in model (1), have been
much-researched. Stock (1991) constructed the confidence interval for p based on
inverting percentiles of the limiting distribution of the Dickey-Fuller (1979) statistics.
Elhiott G and Stock (2001) reversed the unit root test, based on GLS estimator, to
construct the confidence interval for g, when pis very close to one.

Andrews {1993) also constructed the confidence interval for p based on the median

unbiased estimator of the ordinary least squares (OLS) estimator. Fuller (1996) also
constructed a confidence interval for p based on adjusting for the skewness of the

empirical distribution of the weighted symmetric estimator. So and Shin (1999} used
the standard normal limiting distribution of the Cauchy estimator to consiruct a

12



confidence intcrval for the autoregressive parameter of an unknown mean AR(1)
process. They argued that their proposed confidence interval is shorter than that of
Andrews (1993). Later, Shin and So (2001) constructed a confidence interval for p,
when pis very close lo one, bascd on instrumental variable estimators. Thcy also

argued that their proposed conlidence intervals are shorter than those ol Andrews
(1993) and So and Shin (1999). However, the results in So and Shin (1999, p.173) and
Shin and So (2001, p.186) showed that the coverage probabilities ol their proposed
confidence iniervals do not have minimum coverage probabilitics at least 1- a.

As argued by Kabaila (1998) and Kabaila (2005), two confidence intervals can be
compared solely based on their expected lengths when these confidence intervals have
minimum coverage probabilities at least 1- w. We therefore adjusted confidence
interval [or p of So and Shin (1999) to have minimum coverage probability at least

1- &, We then compared this adjusted confidence interval with the confidence interval
for pof Andrews (1993). The numerical results, using Monte Carlo Simulation, have

shown that, based on the relative efficicncies of expected lengths of these two
confidence intervals, the confidence interval for p of Andrews (1993) has shorter

averagce length for all cases of p with small samplc sizes,

Section 2 reviews confidence intervals for p of an unknown mean AR(1) process.
Section 3 proposes a method 1o adjust the confidence interval for o of an unknown

mean AR(1) process bascd on Niwitpong (2003). Monte Carlo simulation results are’
reported in Section 4. Some discussions and conclusion are given.

2, Confidence intervals for p of an unknown mean AR(1) process

In this section, confidence intervals for p of model (1) based on So and Shin (1999)
and Andrews (1993} are revicwed.

So and Shin (1999) proposed the Cauchy estimator of o which is given by

D -E sign(Y, - Y)
— 2

-’6 A i _
ZZIY.- - Yr-l‘
i=
where

I

T3,

=i

They proved that the limiting distribution of 5, is the stundard normal distribution.

By using this fact, they used a pivotal statistics to construct the 1- o confidence
interval for p ol'model (1) which is given by

(2) Idac- zl_zs'e‘()ac)ﬂ .‘a{:+ Z{ S'e'(ﬁc)]

| R

where

13



selp)= 63, -F |, =31 B -T 0 (-3
=2 =2

and z  is the [1-2) percentile of the standard normal distribution,

Andrews (1993) proposed the median unhiased estimator of o, denoted 5, ,
which is given by

FSM =-1: dag > m(l}
Py =m (By) m(=1) < py < mil)
Pu =1: By Sm(=D)

where

m(ly=limm(p) and mi=1) = lim m(p),
m(p)is the unique median of p,, the OLS estimator of p ,which is given by

S -F)r-7)

i=2

S -y

f’o=

where ¥ is the sample mean, and m7(5,) is the inverse function of m(3,) .We
compute »'(p,) by using the functions implemented in the S-PLUS programs in

Appendix Al of Niwitpong (2005). Also in Appendix A2 of Niwitpong (2005), Paul
Kabaila provides an S-PLUS function to calculate an approximation to P(UAU>x)

where A is a symmetric mairix with real clements and U has an N(0,I) distribution,
using the method of Imhof (1961). We use these functions to compute the median
function of j,. m(3,), over the grid values of pc(-1,1) as shown in Andrews (1993,
pp. 148-149). Also, m '(p,)is calculated using a linear intcrpolation as described by
Andrews (1993, p. 146).

The exact 1-a confidence interval for p of model (1), based on p, estimator, is
given by
&) (707,94, (Po) ]
z 2
where g, (. ) is the E;— percentile of the OLS estimator of and ¢ (.) is an inverse

2 2

function ol ¢, (. ).
)

3. Adjusted Confidence intervals for » of an unknown mean AR(1)
process

In Section 1, we argued that the confidence interval for p of So and Shin (1999,

p-173) does not have minimum coverage probability at least 1.« , whereas the
confidence interval for p of Andrews (1993} has exact coverage probability 1-o ,

14



Tn this section, we proposed 1o adjust the confidence interval (2) by
(4) [_fac- CS.e.(ﬁcl\ }5.{'+ Cs'e‘(ﬁc)]

where ¢ has been chosen so that the confidence interval (4) has minimum coverage
probability at least I-e.

We uscd the method described in Niwitpong (2005, Chapter 5) to {ind a constant ¢ so
that the confidence interval (4) has minimum coverage probability at least 1-« as
follows:

Step I We ran Monte Carlo simulations over a grid of the autoregressive paramelter
g in the context of model (1). For a given value of ¢ in the conlidence intcrval (4),

we estimatc the coverage probability of the confidence inferval (4) for cach of
pel~0.9,-0.38,-07, ..., 0.8, 0.9}

Step 2 Using these estimates, we then estimate the coverage probability for this given
value of ¢ minimized over pe{-09,-0.8,-0.7,..., 0.8, 09 . We then varied over ¢ so

that this minimum coverage probability is 1-« .

Step 3 We define c* to be the value ol ¢ such that the confidence interval (4) has a
minimum coverage probabilily 1- « . Here, we have used the fact that

c* = max(c(-0.9),c{(-0.7), ..., c(0.7), ¢(0.9)) wherc ¢(p) denotes the value of ¢ for a
given value of o such that the coverage probability of the confidence interval (4) is 1-

¢ . For more details to find the confidence interval for ¢* sce i.e. Niwitpong (2005,
Chapter 3)

We therefore have the adjusted confidence interval for o which is given by

(S) I f)c_ C*S‘e‘(}ac)ﬁ ﬁ<+ C*S'e’(ﬁc) ]'

Tn the next section we present the numerical results, using Monte Carlo simulation, to
eslimate the coverage probabilities and the average lengths of the confidence intcrvals
(3) and (5).

4 Numerical results

In this section, we report the results of using Monte Carlo simulation 1o investigate
the estimated coverage probabilitics of confidence interval (3) and (5) and their
average lengths. We employ S-PLUS to generate the data [rom an AR(1) process in (1)
with parameters (g, c*)=(0,1), sample sizes; n =13, 30, 530, 100 and the number of
simulation runs, M =10000. The estimaled coverage probabilitics for canfidence

15



intervals (3) and (5) and their average lengths using parameters, (u,o)=(0,1) can
represcnt all resulls of these estimated coverage probabilities and their average
lengths for all (u, &%) since conlidence intervals and their average lengths do not
depend on (u. &%) Also it is straightforward to see that the probability distribution of
A, and its standard deviation, & do not depend on (u, o), see more details in
Niwitpong (2005, Chapters 3 and 5). Tables 1-4 show the estimated coverage
probabilities of confidence interval (3) and (5) and their average lengths for o =0.10
and n =15, 30, 50 and 100.

Table I shows the estimate coverage probabilities of confidence intervals (3) and (5)
and their avcrage lengths for o =0.10, # =15, M =10000,

£ Confidence Caverage Avcragé 'lé-ngths Ratio of Average
intervals(S)and (3) | probabilities lengths ((5)/(3))
0 | Adjusted Cauchy (3) 0.9652 1.5327 1.4643
. Andrews (3) 0.9032 1.0467
0.1 | Adjusted Cauchy (5) 0.9664 1.5351 1.4624
Andrews (3) 0.9066 1.0497
0.2 | Adjusted Cauchy (5) 0.9651 1.5233 1.4644
Andrews (3) 0.9040 1.0402
0.3 | Adjustcd Cauchy (3) 0.9647 1.5013 1.4820
Andrews (3) 0.8962 1.0130
0.4 | Adjusted Cauchy (5) {.9655 1.4735 1.5052
Andrews (3) - 0.9049 0.9789
0.5 | Adjusted Cauchy (5) .9681 1.4331 1.5506
Andrews (3) 0.9032 0.9242
0.6 | Adjusted Cauchy (5) 0.9689 1.3778 1.5347
Andrews (3) 0.9087 (0.8531
0.7 | Adjusted Cauchy (5) {.9649 1.3093 1.6970
_ Andrews (3) (.9094 0.7715
0.8 | Adjusted Cauchy (5) 0.9610 - 1.2392 1.8109
Andrews (3) 0.9088 0.6843
0.9 | Adjusted Cauchy (5) 0.9572 1.1516 1.9231
Andrews (3) 0.9140 0.5988
0.95 | Adjusted Cauchy (5) 0.9546 1.1079 1.9837
Andrews (3) 09191 |  0.5585
0.97 | Adjusted Cauchy (5) 0.9532 _1.0837 2.0001
Andrews (3) 0.9201 05418 |
0.99 | Adjusted Cauchy (5) 0.9532 1.0837 2.0001
Andrews (3) 0.9201 (1.5418
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Table 2 shows the estimate coverage probabilities of confidence intervals (3) and (5)
and their average lengths for « =010, # =30, M =10000.

P Confidcnce Coverage | Average lengths | Ratio of Average
intervals(5)and (3) | probabilities B lengths ((5)/(3))
0 | Adjusted Cauchy (5) (.9660 09967 | 1.5193
Andrews (3) 0.8990 0.6573 _
0.1 | Adjusted Cauchy (5) 0.9609 0.9970 15142
Andrews (3) 0.8940 0.6604
0.2 | Adjusted Cauchy (5) .9619 0.9872 1.4971
Andrews (3) (.9003 0.6594 _
0.3 | Adjusted Cauchy (5) 0.9652 0.9665 1.4780
| Andrews (3) 0.9052 0.6539
0.4 | Adjusted Cauchy (5) 0.9603 0.9392 1.4599
Andrews (3) 0.8983 - 0.6433
0.5 | Adjusted Cauchy (5) 0.9634 0.9002 1.4405
Andrews (3) 0.9036 0.6249
0.6 | Adjusted Cauchy (3) |  0.9607 0.8500 1.4453
Andrews (3) 0.8958 0.5881
0.7 | Adjusted Cauchy (5) 0.9639 10.7882 1.4835
Andrews (3) 0.9035 0.5313 _
0.8 | Adjusted Cauchy (5) 0.9645 0.7127 1.5698
Andrews (3) 0.9064 0.4540 |
0.9 | Adjusted Cauchy (5) 0.9595 0.6236 1.7312
Andrews (3) 0.9047 0.3602
0.95 | Adjusted Cauchy (5) 0.9583 0.5662 1.8612
~ Andrews (3} 0.9095 0.3042
.97 | Adjusted Cauchy (5) 0.9528 0.5469 1.9162
Andrews (3) 0.9042 0.2854
0.99 | Adjusted Cauchy (5) (0.9495 0.5250 1.9611
Andrews (3) 0.9074 0.2677 ]
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'Table 3 shows the estimate coverage probabilities of confidence intervals (3) and (5)
and their average lengths for @ = 0.10, n = 50, M =10000.

P Conlidence Coverage | Avcrage lengths | Ratio of Average
intervals(5)and (3) | probabilities lengths ((5)/(3))
0 | Adjusted Cauchy (5) 0.9539 0.7406 1.5129
Andrews (3) 0.8969 0.4895
.1 | Adjusted Cauchy (3) 0.9552 (0.7389 1.5082
~ Andrews (3) 0.9016 - 0.4899
0.2 | Adjusted Cauchy (5) 0.9609 0.7297 1.5017
~_Andrews (3) 0.9034 0.4859
0.3 | Adjusted Cauchy (5) 0.9613 0.7137 1.4930
Andrews (3) (0.8994 0.4780
0.4 | Adjusted Cauchy (3) 0.9618% 0.6885 1.4790
Andrews (3) | 0.9028 (1.4655 B
0.5 | Adjusted Cauchy (5) 0.9616 0.6575 1.4630
~ Andrews (3) 0.8972 0.4494
0.6 | Adjusted Cauchy (5) 0.9609 0.6184 1.4398
Andrews (3) | 0.8996 0.4295
0.7 | Adjusted Canchy (5) (.9613 0.5620 1.4113
Andrews (3) (0.8994 ~0.3982
0.8 | Adjusted Cauchy (5) 0.9609 0.4947 1.4380
Andrews (3) 0.8987 0.3440
0.9 | Adjusted Cauchy (5) 0.9581 0.4097 1.5843
Andrews (3) 0.9025 0.2586
0.95 | Adjusted Cauchy (5) 0.9555 0.3586 1.7348
Andrews (3) 0.9058 0.2067
0.97 | Adjusted Cauchy (5) 0.6522 (.3343 1.8188
Andrews (3) 0.9063 0.1838
0.99 | Adjusted Cauchy (3) 0.9408 0.3153 1.8846
Andrews (3} 0.9076 0.1673
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Table 4 shows the estimate coverage probabilities of confidence intervals (3) and (5)
and their average lengths for a =0.10, n =100, M =10000.

P Confidence Coverage | Average lengths | Ratio of Average
intervals(5)and (3) | probabilities lengths ((5)/(3))
0 | Adjusted Cauchy (5) | 0.9537 0.5073 1.5134
] Andrews (3) (.9000 - 0.3352
0.1 | Adjusted Cauchy (5) 0.9555 0.5055 1.5121
Andrews (3) 0.9002 (.3343
0.2 | Adjusted Cauchy (5) 0.9557 - 0.4988 1.4889
Andrews (3) 0.8998 0.3305
0.3 | Adjusted Cauchy (5) 0.9524 0.4865 1.5047
Andrcws (3) 0.8900 0.3233
0.4 | Adjusted Cauchy (5) .9552 0.4688 1.4992
Andrews (3) 0.8955 | 03127 o
0.5 | Adjusted Cauchy (5) |  0.9550 0.4449 1.4914
Andrews (3) (.9008 0.2983
0.6 | Adjusted Cauchy (5) 0.9550 0.4141 1.4805
Andrews (3) 0.8%67 0.2797
0.7 | Adjusted Cauchy (5) 1.9540 - 0.3741 1.4607
Andrews (3) (.8990 0.2561
0.8 | Adjusted Cauchy (5) 0.9570 {,3225 1.4232
Andrews (3) ~0.8980 (1.2266
0.9 | Adjusted Cauchy (5) 0.9513 0.2519 1.4312
Andrews (3) 0.8926 01760 |
0.95 | Adjusted Cauchy (5) 0.9509 0.2056 1.5658
o Andrews (3} 0.9015 0.1313
0.97 “Adjusted Cauchy (5) 0.9509 0.1842 1.6730
 Andrews (3) 0.9050 0.1101
0.99 | Adjusted Cauchy (5) 0.9368 0.1614 1.8196
Andrews (3) 0.8955 | 0.0887

5 Discussions and conclusion

We have presented a comparison of confidence intervals for p of an unknown mean
AR(1) proccss based on the two confidence intervals having minimum coverage
probabilities at least 1- « and the relative efficiencies of their average lengths is
considered. Tables 1-4 show that the estimated covcrage probabilities of the
confidcnce intervals for p when @ =0.10, based on the Cauchy estimator of So and
Shin (1999), using the adjustcd method are at least 0.90. Also the exact confidence
inlerval for p based on Andrews (1993) has coverage prebabilities 0.90. The relative
efficiencies of the average lengths of these confidence intervals show that the
confidence interval for p of an unknown mean AR(1) process bascd on Andrews
(1993) is preferable. The average lengths of these confidence intervals are about hall
of those from the confidence intervals based on the adjusted confidence interval of the
Cauchy estimator. We also note here that, when p is close to one, we have 80%-100%
gain in the relative efficiencies of the average lengths using the conlidence interval

E

1%



for p of an unknown mean AR(1) process based on Andrews (1993). These results

contrast sharply with So and Shin (1999). One reason behind this is because So and
Shin compuared two confidence intervals with different coverage probabilities. [Further
research is to extend the method in this paper to an AR(1) process with trend and an
AR(p) process.
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