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INTRODUCTION

Let ZZO a, be a series of real or complex numbers with partial sums(s, ). If a series is

convergent, then it is summable to the same sum by a regular summability method. The converse of
this statement is not always true. However, under certain supplementary condition(s) the converse
does hold. Such condition(s) is called Tauberian condition(s) with respect to the summability
method in question and the resulting theorem is said to be a Tauberian theorem.

A Biirmann series is a series representation of the form

£(2)=Y b A (1)

where f and /4 are any given functions. It was presented by Whittaker and Watson [1] in their study

of analytic function theory. Later, this notion was extended to the probability theory by King [2].
Besides, King [3] used Biirmann series to define summability matrices that satisfy the Silverman-
Toeplitz theorem conditions of regularity.

On the other hand, Patterson et al. [4] extended the discrete power series method of Watson
[5] by considering the Biirmann series (1), where (b,) is a sequence of non-negative numbers such

that b, > 0 and

n
B, =Y b —>® asn—ow.
k=0
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Definition 1. Suppose that

o0

1 k
fi(z,)= TZ,,) 2 ;b [h(z,)]

exists for each n >0, where f(z,)= Z b[h(z,)]" and |h(z,)|<1. If
k=0

limf (z,)=¢&,
then we say that (s, ) is summable to & by the discrete Biirmann power series (P, ) method and we
write 5, = £ (F).

Some of the most important summability methods such as discrete power series, logarithmic
power series, Abel and (J, p) methods [6] can be obtained as special cases of the Biirmann power
series method. Additional results on the Biirmann power series can be found in the work of Sansone
and Gerretsen [7] and Patterson and Sen [8].

Throughout this paper we denote a positive constant by M, which is possibly different at
each occurrence. The symbols a, =o(1) and a, = O(l) mean respectively that a, -0 as n —> o0

and (a,) 1s bounded.

In this work our goal is to find conditions under which the convergence follows from
summability by the discrete Biirmann power series method. In general, one might expect to require
Tauberian conditions on both (b,) and (| 4(z,)|). To answer this question we prove the following

two Tauberian theorems. Our main results are inspired by the results by Ishiguro [9].

Theorem 1. Let the series Z;Oak be summable to & by the discrete Blirmann power series

method. If the conditions

. B

L —=0(1),
ST
i) — 1 —0(),
TSR

(11) (JA(z,)|) decreases monotonically,

and

(iv) a, =0(Z—"Jask—>oo

k

are satisfied, then Zf:oak =£.

Theorem 2. Let the series Z;Oak be summable to & by the discrete Biirmann power series

method. If the conditions
B

i L —=0(1),
TR TR

(i)

1
——=0(),
1=[h(z,)] ()

(ii1) (b,) decreases monotonically,

and
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. b
(iv) a, =0(B—")ask —

k

are satisfied, then Zf:oak =¢.

DEFINITIONS AND NOTATIONS

Assume that (p,) is a sequence of non-negative numbers with p, >0 and

P=) p, o, n—>w. (2)
k=0

Definition 2. If
1 n
Gn,p =_Z pk‘sk - (:3
P =

as n —> o, then we say that (s,) is summable to £ by the weighted mean method (N, p) and we

write s, > ¢& (N, p).

Definition 3. Assume that the power series p(x) = Z p,x" has radius of convergence =1 and
k=0

o0

1
p,(x)=——> p.s;x'
p(x) =

exists for each x € (0,1). If
limp (x)=¢&,
x—1"

then we say that (s,) is summable to & by the power series method (P) and we write s, — &(P).

If a sequence is convergent, then it is summable to the same limit by a regular summability
method. The above-mentioned (N, p) and (P) methods are regular if (2) is satisfied. The discrete
power series method (P,) corresponding to (P) has been introduced by Watson [5] as follows:

Definition 4. Let the sequence (4,) be a strictly increasing sequence of real numbers such that

A,=2land 4 — o0 as n—>o0 and X, = 1 _Tln . Suppose that p_(x,) exists for each n=>0. If

lim p, (x,) =&,
then we say that (s,) is summable to & by the discrete power series method (P,) and we write
s, ><(F).

Note that (P,) includes (P) and (F;) includes (P,). Eventually, (P,) and (F;) inherit
regularity from the underlying power series and discrete power series method respectively.

Summability methods for power series and discrete power series have been extensively
studied by Armitage and Maddox [10], Watson [11], Osikiewicz [12] and Canak and Totur [13, 14].
Lately, Sezer and Canak [15] have obtained conditions under which power series and discrete
power series methods are equivalent. Besides, some summability methods for series of real numbers
and fuzzy numbers have been studied by Et et al. [16] and Esi [17].

Note that our results extend those by Watson [11] for the discrete Biirmann power series

method. This clearly follows by choosing % (z,) =z, and taking Z, = 1- ,% in Definition 1.
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PROOFS OF TAUBERIAN THEOREMS

Proof of Theorem 1. We verify this theorem by showing that the following difference tends to
Zero as n —>» o

s, —f(z,)=s —Tzskb AR

ZTZ s, [h(z,)}~

Z (s,~s)b[h(z,)}

b [h(z,)F

nko

f(z
f( n ;@ Al )]k+f(z,,);::+1 s bl
=/+J.

It suffices to show that 7,J — 0 as n—o0. Since | A(z,)[*<1, for I we have

n—1

(s, =s)b,[h(z,)]f

If( pl

/e \nzl s
- 1sn—skbk

\f(Z)\ =

If( )|{a \ta,+.+a, +a,+..+a, nbn_l}
_|f( )|{a1b + a,|(by+b +...+b,,)|
|f(z>|BnZ Gas

B 1 ‘ak‘Bkl

= —u b,——— |

\f(z)\[ Z b, J

Since
|ak|Bk—1_>O
bk

by (iv), and the weighted mean method (N, p) is regular, we have / — 0 as n — ooby (i). Now, by
fixing € >0, J is considered. By (iv), there exists N, such that for £ > N,

a|<ele
k

Assume that £ >n > N,. Then by (ii) and (iii), we have
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+a

n+2

s{%+£+m+ij
Bn+1 Bn+2 Bk

?(b +b,,+..+b

n+l n+2

a

n+l

s, =S| = +o.tay]

N

5M[(1 [z ) )+ (1= 1z ) )+t (1= ) )

bu

S%(k+l)(1—| h(z,) |).

n

Using (i1) and (ii1), we have

Vs )lB—(—|h(z>| > (kDb Az
<|f(1 o (1= 1h(z,))) z<k+1>|h<z )
<|ff )lgg{ (1= A(z,)) z(k+1)|h(z ¥
__ B eM’

G| B
<eM.

Therefore, J — 0 as n — 0. This completes the proof. [

Proof of Theorem 2. As in the proof of Theorem 1, writing
—f(z)=1+J,
we obtain lim, 7/ =0 by (i) and (iv).
Next we estimate J . From (iv), we obtain

s —sk‘ +a

n

+..ta]

n+1 n+2

<¢ h—f-bn—”-f-...-f-b—k
Bk

n+l n+2

(b, +b,., +.. 4B,

n+l n+2

Hence using (i) and (iii), we have
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J B.b, | h
M7 )anZ )l

k=n+1

< B 855 Bz y
1z )B,sz,,ﬂ (z)

SgMJL B h(z,))k.
B; Z '

Here, if we set

R =Y |h(z,)[
v=k

0

S-S Az,

I B SV TER )
1= h(z,)| 1-|h(z,)|
_ i)

1= |h(z,)|

then we have

S B h(z)l= S B.(R -R.,)

k=n+1 k=n+1

Bn+l n+l+z R(B Bklj

k=n+2

n+l n+l+ Z bR

k=n+2

_p 1hEII™ 5 LhGE)]

"N h(z,)| S 1= h(z,)|

Thus,
n+l © k
<embeg L b 5y 1hG)|
B, " 1-[h(z,)| L ke 1= h(z,)]
=85, +85,.

It suffices to show that S,,S, — 0 as n —> . For §,, we get

n+l

‘Sl‘ = 8Mb_”an+1M
B, " 1-|h(z,)|

S(;‘M bn Bn+1 1

(n+Db, B, 1=|h(z,)|

2
ng 1+%
n+l B

n

2
< eM 1+ by
n+1 (n+1b,.,

<eM

by (ii) and (ii1). For §,, using (i1) and (ii1), we get
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IV I L CH I ) [f
S, = = b,
“ nk2;2 1- ”(Z)|

Sé‘MZ Z |h(z,) [
,1 k n+2
<8M b lh(z,)I
+1)° bzz
2
< M 1
(n+1)’1-| h(z,)]|
<eM.
Hence we have
|| <eM.

Therefore, J — 0 as n — c. This completes the proof. []

REFERENCES

1. E. T. Whittaker and G. N. Watson, “A Course of Modern Analysis”, Cambridge University
Press, Cambridge, 1927.

2. J. P. King, “Burmann-series distributions and approximation operators”, Studia Sci. Math.
Hungar., 2005, 42, 355-369.

3. J. P. King, “Summability methods and Burmann series expansions”, Indian J. Math., 2006, 48,
249-258.

4. R.F. Patterson, P. Sen and B. E. Rhoades, “A Tauberian theorem for a generalized power series
method”, Appl. Math. Lett., 2005, 18, 1129-1133.

5. B. Watson, “Discrete power series methods”, Analysis, 1998, 18, 97-102.

6. J. Boos, “Classical and Modern Methods in Summability”, Clarendon Press, Wotton-under-
Edge, 2000.

7. G. Sansone and J. Gerretsen, “Lectures on the theory of functions of a complex variable”,
Noordhoff, Groningen, 1960.

8. R. F. Patterson and P. Sen, “Characterization of the central limit theorem by the Biirmann
power series”, Int. J. Math. Stat., 2011, 9, 68-77.

9. K. Ishiguro, “Two Tauberian theorems for (J, p,,) summability”, Proc. Japan Acad., 1965, 41,
40-45.

10. D. H. Armitage and I. J. Maddox, “Discrete Abel means”, Analysis, 1990, 10, 177-186.

11. B. Watson, “A Tauberian theorem for discrete power series methods", Analysis, 2002, 22, 361-
365.

12. J. A. Osikiewicz, “Equivalence results for discrete Abel means”, Int. J. Math. Math.
Sci., 2002, 30, 727-731.

13. I. Canak and U. Totur, “A theorem for the (J,p) summability method”, Acta Math.
Hungar., 2015, 145, 220-228.

14. 1. Canak and U. Totur, “Tauberian theorems for the (J, p) summability method”, Appl. Math.
Lett., 2012, 25, 1430-1434.

15. S. A. Sezer and 1. Canak, “Conditions for the equivalence of power series and discrete power
series methods of summability”, Filomat, 2015, 29, 2275-2280.



353
Maejo Int. J. Sci. Technol. 2016, 10(03), 346-353

16. M. Et, M. Cinar and M. Karakas, “On asymptotic statistical equivalence of order alpha of
generalized difference sequences”, Maejo Int. J. Sci. Technol., 2014, 8, 297-306.

17. A. Esi, “p-Absolutely summable sequences of fuzzy real numbers”, Maejo Int. J. Sci. Technol.,
2013, 7, 107-112.

© 2016 by Maejo University, San Sai, Chiang Mai, 50290 Thailand. Reproduction is permitted for
noncommercial purposes.



