APPENDIX B

CONSUMER UTILITY MAXIMIZATION

B.1 Consumer Utility Maximization

A representative household maximizes its utility function:

e = [(C,~hC.,)™" NI*
Max E 'U(C,N,)=E ([ (CohCa) N, B1.1
2 AU(CN,) tgﬂ( o Iig (BL.1)
subject to a budget constraint
PC. +E Dey =D, +W,N (B1.2)
t~t t 1+rt t ot :

First, we calculate the FOC for intratemporal consumption. The Lagrangian

function has following form (a Lagrangian multiplier is A,)
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FOC w.r.t. C,and N, respectively
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The FOC is following:

oW,
(C~hCp) " =Ny

t

(B1.3)

Log-linearizing both sides (as it is introduced e.g. in Malley (2004) yields:

—oln(C,—hC_,)+ In(\%] =gpInN,
t

—oIn{C,—hC_ }+InW,—InR =pIn N,
—odIn{C,—hC_ }+dInW,—dInR, =¢dInN,

o1 d{C,—hC_ )+ dw, - dP oL aN,
C-hC W N,

= J- ( ) MJ
R R
—C(f_h)c{ln( hln[ j}+w p, =

—( ){ —hc_ }+w,—p, =

{dC,-hdC,_,} + In(w‘
w

O
(1_h){ct —th}+gont =W — P (B1.4)

where
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The Euler (intertemporal) equation can be solved by the Bellman’s equation.

To the household’s optimizing problem we form a value function.
v(D,)=E> . AU(C.N,)
t=0

=B (C,N,)+E > BU(C.N,)
t=1
=U(C,N,)+BEV(D,,)
The Bellman’s Equation for this problem is:

v(D,) = maxU (C.,N,)+BEV(D.,)
or equivalently for max U (C,,N,)=U (ét th

v(D,)=U (ét, l\]tj+ﬂEtV(Dm)

We use the budget constraint in form of D, =R (D, +W,N, - RC,)where

R, =1+r, and plug in Bellman’s Equation

v(D,)=U (ét, th+ﬂEtv(R(Dt +W,N, -RC,))

The calculation of a condition for an optimality is

wo)_ (6]

oc. oc, PN avfa?ﬂ)
t t t
au(C,N
- ( t tj+ﬂEtav(Dt+1)a(Rt(Dt +W1Nt_PtCt))

oc, 6,D oc,

t—t+l
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V(D)
N ) g X ulpp g
aCt lBt aD Rtt

t+1
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Since

PN e[ty

ob,

t+1

From the result is shown that optimal value of (ft is a function of D, and it is

possible to reformulate the function v() in the bellman’s equation as

v(D,)=U (ct(ot), th+ﬂEtv(DH1)

Dif v(D,) w.r.t. D,

oD, e oD, ' oD

t+1
t

=8U(C1(Dt)’ tjﬁét(Dt)+,3E M[lpta—étJR

~ t
ac, oD oD oD

t t
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oD,

t+1

Then we plug the optimality condition into FOC
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We compare the previous equation together with the optimality condition

afen ) pe 0l g A0 [0

aCt aDHl t aDHl
So
ou (ét, th
ov(D
— ( t) Pt
oC, oD,
and for t+1

ou (Cnlv Nt+1j aV(Dt 1)
2P
oC

t+1

Now we plug it back to the optimality condition

ou (ét,r\]tj -
ov(D
_______:ﬂa _l_ﬂlaa
oc, | D,

~ (:C ) e [2(0) RR}

t

Plug the specific utility form
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(C..-hC) " RP
1-o P

t+1
. - P,
(Ct _thfl) :ﬂRlEt(CtJrl_th) Pt

t+1

Ct+1_hct 7(;&
1ﬂRtEt{[m] > } (B1.5)

t+1

= BE (1-0)

The equation is the Euler intertemporal equation (5.12). The log-linearinzing of
the equation around the steady state is following

C..—-hC)” P
logl=1log B +logRE,lo (Cua=hC) +log| =
g 9/ +logR, { g[(ct - thl)_U] g{l:)wj}

logl=1log B+logR +E, {-clog(C,, —hC,)+clog(C,—hC,_,)+logPR —logP,, |

Taking diff both sides
logl=1log B+logR +E, {-clog(C,, —hC,)+clog(C,—hC,,)+logPR —logP,, |
0=0+d(logR )+E, {-od[log(C,,~hC,)]+0od[log(C,~hC,,)]+d[logR]-d[logR.,]}

d (Ct - th—l)+ P~ pt+l}

(C-hC)

(dCt - tht—l) + P - pt+1}

o

C(1-h)

o C C o C C
- Cln| 2L |—hCIn| = ClIn=t—hCIn2 -
C(l_h)( () n(cjj+c(l_h)( StomEi)p pm}

|
|
o g S el e
|
|

(dC,,, —hdC,)+

_m(cm - hct)+ (1_ h) (Ct - hct—1)+ P~ le}

_Fh)(cm - hct)+ (1fh) (Ct - hct—l)_( Pea =Py )}
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(Ct _hct—l): Et(ct+l_hct)_@Et(r( _771+1) (B1.6)

B.2 International Risk Sharing Condition

Conditions connected to a complete international markets and perfect mobility

can be expressed as in equation:

R'E, ( Zzt j =R (B2.1)

together with the domestic and foreign Euler equation, respectively

c.,-hc ) P
1= E t+l t Tt
ﬂRt t {( Ct - hCu] PtH}

r-le (m] Pu (B2.2)
\ .
ﬂ Ct+l - th P
and
1= BR'E, (ﬂ} Pt*
CI - th—l Pt+1
Rt* = l E (Ct* — hct*—l JG Pt:1 (Bz 3)
t * * - .
ﬁ Ct+1 - th Pt
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We plug both equations in the international risk condition as:

1 “—hc )R z.) 1_](c-hc_ ) P.
_Et{(—hc ] F‘)—*l}Et(zt j—Et{(—hC] Ital}
ﬂ t+l t t+1 IB t+l t
ﬂE [C;-l — th* J Pt* E [hj — ﬂE (Cm—l — th ] i
t * * * t t
Ct - th—l P(+1 Zt Ct - th—l Pt+l

(Cl+l B hC )_U Pt:l (824)

(c/-hc,)” RZ (Cli-hC) " RaZus

. : RZ .
From the relationship for the real exchange rate Q, = |t;>*t ,We use it to
t

substitute above equation.

(C-hC,) " 1 e (C,.—hC)" 1
(c;-hcy,) " (ch-he)) 7 Qu
(Ct+1_hct)7a 1 * *

(Ct —-hC, )_O =E (Ct —-hC, )_J Q

(Cl.-hC;) " Qua

t+1

C =
C,—hC Crg TG, C,-hC
(€16 -E {810 0. (€ e,
L
(C,-hC.,)=9(C/-hC,)Q ° (B2.5)
Thisterm $=E (gt” th Qui’ ] indicates that the expected development of
t+1 t

the consumptions (a change of domestic consumption to foreign with respect to the real

exchange rate) influences the current domestic consumption.
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Log-linearizing the equation around the steady state gives:
1
0g(€,-hC, ) g 3(C; ~1C;.)0, |
1
log(C, -hC, ;) =log 9+log(C; ~hC/,)+log [Qt o j
. . 1
log(C,-hC,,)=0+log(C; —hC,) ~=logQ

N |
dlog(C,~hC,,)=dlog(C; - hCH)—;d log Q,

1 1 . 1
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C-hC (C=hCe) C’'—hC” (c o) oQ 2
1 1 . \ 1
——~ _(dC,-hdC, ,)=———(dC —hdC,)-—d
(1—h)C( t t—l) (1_h)C*( t tl) Q Qt

Ct

1 C. C.)_ 1 C.. 1
(1—h)C(CInE hClIn j_(l—h)C ( —hC"In=2- S j GQQIn
C.,
C

t
C
1 (Clng—hCIncl]: 1 _| C” InCt —hC’In=2L 1
(1-h)cl” " c C ) (1-h)c c’ Q"
1

C(In&—hlnC“Jz ! -C” InCt nCtl InQ‘
(1-hc U ¢ c ) (1-h)C cC Q

c—he, c-he, 1

1h  1.h ok

+ .« 1-h
c,—hc,,=c —hc, —th (B2.6)

and with using the relationship y, =c,, we get equation
¢, —hc., = ( yt* - hyt*—l) _th (B2.7)

ctzédc In(ij InC,-InC,

c1=édctl_ln(CC] InC_,-InC, Q
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More precisely, the relationship for the foreign economy takes the form

Y, =C, +C., , butthe influence of domestic economy is negligible and it is possible to

simplify the equation to y, =c;,



