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ABSTRACT

Malaria disease is found in tropical countries. Transmission of Malaria is caused by the parasite
genus Plasmodium. There are four species of this parasite causing human malaria, namely,
Plasmodium vivax, Plasmodium falciparum, Plasmodium ovale and Plasmodium malariae. The
primary vector for this disease is Anopheles mosquito. This disease is usually found in Africa, South
America and Asia. In Thailand, Malaria is found along the border. Incubation of each Plasmodium has
the different periods. The incubation period of Plasmodium falciparum is about 7-14 days. The
incubation period of Plasmodium vivax and Plasmodium ovale are about 8-14 days. About 18-40 days
for the incubation period of Plasmodium malariae. Malaria with the incubation of Plasmodium is
studied by using mathematical modeling. First model considers the incubation of Plasmodium Vivax.
We separate models into two sub-models. First sub-model considers only Plasmodium Vivax
incubation in human. Second sub-model considers Plasmodium Vivax incubation in human and vector
populations. Second model considers the incubation of Plasmodium Falciparum. For the third model,
the dynamical equations are used for describing Malaria transmission when there is the commuting of
population. The stochastic process is used for analysis our equations. The standard dynamical modeling
analysis is used for determining the behaviors of solutions to each model. The conditions required of
the parameters for the disease free and endemic equilibrium points to be local asymptotically stable are
shown in this study. Numerical solutions are obtained to support the theoretical predictions. The results
of each model points to the ways for controlling the outbreak of disease. Reducing the bite rate and
decreasing the number of mosquitoes are the exemplary ways for controlling the outbreak of disease in
each model. In the future resarch, the model should be modified by taking into account about
environmental factors that are influence to the number of Anopheles mosquito.

Keywords : Stochastic process, standard dynamical modeling, equilibrium point, Plasmodium,

mathematical model, Malaria
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Reported Cases of Malaria

Disease Per 100,000 Population
of Thailand, Y2003

Incident rate (/100,000)
. Controllable (< 72)
[ Spreading (72 - 212)
D Moderate Spreading (213 - 492)
. Extreme Spreading (> 492)

Extreme Spreading (2): Mae Hong Son, and Tak

Moderate Spreading (4): Chanthaburi, Ranong, Trang, and Yala

Spreading (9): Kanchanaburi, Prachuap Khiri Khan, Sra Kaew, Trat, Surat
Thani, Chumphon, Krabi, Phang Nga, and Satun

Controllable (62): Remaining

310 4.1 manszarevesdihenesanialuilszmelne 1 a.4.2003 [21]
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Reported Cases of Malaria

Disease Per 100,000 Population
of Thailand, Y2004

Incident rate (/100,000)
. Controllable (< 72)
[ Spreading (72 - 212)
|:] Moderate Spreading (213 - 492)
. Extreme Spreading (> 492)

Extreme Spreading (2): Mae Hong Son, and Ranong

Moderate Spreading (7): Tak, Kanchanaburi, Prachuap Khiri Khan, Trat,
Chumphon, Phang Nga, and Yala

Spreading (5): Ratchaburi, Phetchaburi, Chanthaburi, Surat Thani, and Krabi
Controllable (63): Remaining

517 4.2 m3nszaevesdihesedanialulszmalne 1 a.4.2004 [21]
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Reported Cases of Malaria

Disease Per 100,000 Population
of Thailand, Y2005

Incident rate (/100,000)
- Controllable (< 72)
[ Spreading (72-212)
I:] Moderate Spreading (213 - 492)
. Extreme Spreading (> 492)

Extreme Spreading (4): Mae Hong Son, Tak, Ranong, and Yala

Moderate Spreading (4): Chanthaburi, Ranong, Trang, and Yala

Spreading (6): Kanchanaburi, Prachuap Khiri Khan, Trat, Chumphon, Phang
Nga, and Nara Thiwat

Controllroble (63): Remaining

1 4 Jdo o o
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Reported Cases of Malaria

Disease Per 100,000 Population
of Thailand, Y2006

Incident rate (/100,000)
. Controllable (< 72)
[ Spreading (72 - 212)
I:] Moderate Spreading (213 - 492)
. Extreme Spreading (> 492)

Extreme Spreading (4): Mae Hong Son, Tak, Ranong, and Yala

Moderate Spreading (4): Chanthaburi, Ranong, Trang, and Yala

Spreading (5): Kanchanaburi, Chanthaburi, Trat, Chumphon, and Nara Thiwat
Controllroble (64): Remaining

517 4.4 m3nszaevesdihesedanialulszmalne U a.7.2006 [21]
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Reported Cases of Malaria

Disease Per 100,000 Population
of Thailand, Y2007

Incident rate (/100,000)
- Controllable (< 72)
[ Spreading (72 - 212)
I:] Moderate Spreading (213 - 492)
. Extreme Spreading (> 492)

Extreme Spreading (3): Mae Hong Son, Ranong, and Yala

Moderate Spreading (6): Tak, Kanchanaburi, Prachuap Khiri Khan, Chumphon,
Pattani, and Songkhla

Spreading (4): Chanthaburi, Trat, Phang Nga, and Nara Thiwat

Controllroble (64): Remaining

31 4.5 manszarevesdihenesaiialuilszmelne 1 a.6.2007 [21]
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Reported Cases of Malaria

Disease Per 100,000 Population
of Thailand, Y2008

Incident rate (/100,000)
. Controllable (< 72)
[ Spreading (72-212)
I:] Moderate Spreading (213 - 492)
. Extreme Spreading (> 492)

Extreme Spreading (4): Mae Hong Son, Tak, Ranong, and Yala

Moderate Spreading (4): Kanchanaburi, Chumphon, Phang Nga, and Nara
Thiwat

Spreading (4): Ratchaburi, Prachuap Khiri Khan, Chanthaburi, and Trat
Controllable (65): Remaining

1 4
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Reported Cases of Malaria

Disease Per 100,000 Population
of Thailand, Y2009

Incident rate (/100,000)
. Controllable (< 72)
[ Spreading (72 -212)
|:] Moderate Spreading (213 - 492)
. Extreme Spreading (> 492)

Extreme Spreading (3): Mae Hong Son, Tak, and Ranong

Moderate Spreading (2): Phang Nga, and Yala

Spreading (6): Ratchaburi, Kanchanaburi, Prachuap Khiri Khan, Chanthaburi,
Trat, and Chumphon

Controllable (66): Remaining

510 4.7 manszaevesdihesedanialulszmelne 1 a.4.2000 [21]
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Reported Cases of Malaria

Disease Per 100,000 Population
of Thailand, Y2010

Incident rate (/100,000)
. Controllable (< 72)
[ Spreading (72 -212)
D Moderate Spreading (213 - 492)
. Extreme Spreading (= 492)

Extreme Spreading (4): Mae Hong Son, Tak, Ranong, and Phang Nga

Moderate Spreading (3): Kanchanaburi, Chumphon, and Yala

Spreading (5): Prachuap Khiri Khan, Chanthaburi, Trat, Rurat Thani, and Nara
Thiwat

Controllroble (65): Remaining

517 4.8 m3nszaevesdiesedanialulszmalne il a.4.2010 [21]
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Reported Cases of Malaria

Disease Per 100,000 Population
of Thailand, Y2011

Incident rate (/100,000)
. Controllable (< 72)
[ Spreading (72 - 212)
|:] Moderate Spreading (213 - 492)
. Extreme Spreading (> 492)

Extreme Spreading (3): Mae Hong Son, Tak, and Ranong

Moderate Spreading (0): -

Spreading (6): Kanchanaburi, Chanthaburi, Trat, Chumphon, Phang Nga, and
Yala

Controllable (68): Remaining

510 4.9 manszarevesdihesedaiialulszmelne 1 a.a2011 [21]
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Reported Cases of Malaria

Disease Per 100,000 Population
of Thailand, Y2012

Incident rate (/100,000)
. Controllable (< 72)
[ Spreading (72 - 212)
|:I Moderate Spreading (213 - 492)
. Extreme Spreading (> 492)

Extreme Spreading (2): Tak, and Ranong

Moderate Spreading (2): Mae Hong Son, and Yala

Spreading (7): Ratchaburi, Kanchanaburi, Prachuap Khiri Khan, Chanthaburi,
Trat, Chumphon, and Phang Nga,

Controllable (66): Remaining

517 4.10 m3nsznevesdiheseianialulszamalne U /2012 [21]
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Al. Theoretical Background

Many biological problems can be explained mathematically by a set of differential
equation, which may be nonlinear. In many situations, it is possible to replace the nonlinear
differential equation by a set of related linear differential equation that approximates the real
nonlinear equation close enough to give useful effects. The method of “linearization” may not
always be appropriated. Then the original nonlinear differential equation must be considered. The
study of nonlinear differential equation is usually confined to a variety of special cases and we
have to use various approximation methods. In this part, we shall give an introduction to the
method which we use in this research.

Definition A.1 A point X, € R" is an equilibrium point (or stationary point, singular

point, critical point or rest point) of

dX
— = f(t, X Al
" (t, X) (A1)

if f(t, X,) = 0 forall t >t
If X, is an equilibrium point of (A.1) at t* , then it is an equilibrium point for all T = t*
Definition A.2 The equilibrium point X = 0 of (A.1) is stable if for every 0>0and any t,
e RT thereisa (d,ty) > 0 such that
|u(t,t0,y)| < 9 for every t = tg
whenever | Y | < (d,ty) where u(t,y) is thesolutionof (A.1).
Definition A.3 The equilibrium point X = 0 of (A.1) is asymptotically stable if
1) itis stable and
2) foreveryt, = 0 there is an € (t,) > 0 such that

lim u(t,tgy,y) = 0 whenever |y| < g [54] (A.2)
t—o0

Definition A.4 The equilibrium point X = 0 of (A.1) is unstable if it is not stable. In this
case there is a t; = 0 and a sequence Y, — 0 of initial points and a sequence t_ such that
|u (to +tm-to>Ym) | > vy foreverym,t = 0.

For more general setting, consider a system of two autonomous first-order differential

equations :

(AR

FR 4 o = 4 J
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dX

—=g1(X (A3)
" g1(XY)
dY
—=2(XY) (A4
dt
where g and g, are nonlinear functions. We let ( X, Y) is the equilibrium point, then
gI(XY) = g(XY) = o (A.5)
Setting the solution at any time in the form
X® = X + x(t) (A.6)
and
YO = Y + y(t). (A7)

This method is called perturbation of the equilibrium point. We substitute X(t) and Y(t) from

(A.6) and (A.7) into (A.3) and (A.4) ,
(;it()_(+ x):g1(5(+ x,§+y) (A.8)
d — —_ —
E(Y_'_ V) =g, (X+x,Y+y) (A.9)

On the left hand side, we expand the derivatives and on the right hand side, we expand g;

and g, in a Taylor series about the equilibrium point ()_(, ?). Then we obtain

dX  dx Sl el Bl
— + — = + +
el g1(XY) + g1, (X V)x+g1 (X V)y
(A.10)
+ terms of order x 2 , y2 , Xy and higher,
&Y dy - - -
— + = = + +
ey 22X V) +g, (X Vx+gy (X Y)y
(A.11)

+ terms of order x 2 , y2 , Xy and higher,

_ P _
where 81, (XY) s % calculated  at (X,Y)and similarly for

g1y(X V), 22, (X V), g2, (X Y) and other terms.
g —_ . dX dy
By the definition of the equilibrium point, we have — =0, — = 0,

dt dt
gl(g(,?) = 0and gz()_(,% = 0. We consider only linear term. Thus from (A.10) and

(A.11), we obtain

4

! s o 7o
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dx = ajpx+apy
dt 11 125>
d—y = a1 X + g1y
dt 21 22Y-
We denote J as the Jacobian matrix of equations (A.3) and (A.4) and is given by
og1  0g
v v arp a2 ox
IXY) = = |
azl ap %82 982
x v xy
Letting o =apq + ann
B=ajjaxp —apay
and Y= o’ - 4B is called the discriminant.

Then the characteristic equation is A — o+ B=0

The eigenvalues are obtained from:

M2 =

aiﬁ
2

A linear system can have at most one equilibrium point, (0,0) if [ =det J # 0.

82

Theorem A.1 The equilibrium point X = 0 of (A.1) is stable if all eigenvalues of J have

negative real parts and every eigenvalues of J which has a zero real part is a simple zero of the

characteristic polynomial of J.

The behavior of the equilibrium points of the system of equations (A.3) and (A.4) can be

determined by considering the different kinds of eigenvalues of the Jacobian matrix.

The different behavior of equilibrium points are determined from the characteristics of

eigenvalues of J.
i) The eigenvalues of J are real and distinct.
ii) The eigenvalues of J are real and repeated.

iii) The eigenvalues of J are complex.

The behaviors of the equilibrium points for all three cases are described as follows.

Case [ The eigenvalues of J are real and distinct. There are three possible behaviors.

Y 4 o =1 o
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a. If both eigenvalues of J are negative, the equilibrium point will be a stable-two tangent

node (Figure A.1).
&
e
)

Y

-
]

7

Figure A.1 A stable two-tangent node.

.

b. If both eigenvalues of J are positive, the equilibrium point will be an unstable

two - tangent node(Figure A.2).

Figure A.2 An unstable two-tangent node.
c. If the eigenvalues of J have opposite signs, the critical point will be a saddle

point (Figure A.3).




a o a a a 4
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Figure A.3 A saddle point.

ii) The eigenvalues of J are real and repeated. There are two possible behaviors.

A0
a. If J isdiagonal and J is similarto the matrix as J = {0 7»} , then the

critical point is called a stellar node which be stable if A < 0 and unstable if

A >0 (Figure A.4).

A~

(a) Stable (b) Unstable
Figure A.4 A stellar node.
b.If J isnotdiagonal, then it is not similar to a diagonal matrix. The critical
point is called a stable one-tangent node if A < 0, and an unstable one-tangent

node if A > 0O (Figure A.5).

F F
J'“}
e ¥ ¥
(L
(a) Stable (b) Unstable

Figure A.5 The one-tangent node.

iii) The eigenvalues of J are complex.

It is necessary and sufficient that y = a? - 4 is negative and then

aii\/:

Ay H =
1,2 >

There are six possible behaviors as follows.

v o J

1 4 o 4
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a.If O>0 and B > 0, then the equilibrium point will be unstable node.
b.If Ol <0and B > (), then the equilibrium point will be stable node.

c.If OL <0 then the equilibrium point will be a saddle point.

d. If 0L2 < 4P and OL>0 , then the equilibrium point will be an unstable spiral
node (Figure A.6).
g
L
X
Figure A.6 An unstable spiral node.
e. If 0(2 < 4B and (<0, then the equilibrium point will be a stable spiral node

Figure A.7 A stable spiral node.

2

f.If o < 4P and = 0 mean that the eigenvalues of J are purely imaginary, then the

critical point will be a center (Figure A.8).

v o J

1 4 o 4
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Figure A.8 A center.

In this section, we use the above ideas to apply for systems of n > 2 equations.

Consider
Ccll—}f = £i(Xp, Xp s X)) wherej=12,...k (A.12)
or in the form of vector notation
& = F(X) (A.13)

for X = (X, X,....,X,) and F= (f, f,..., f;) where each function f; depend on all or some
Y, Y,...., Y. The equilibrium point Y is obtained by solving F(Y) = 0. The next step is to
determine stability properties of this equilibrium point.

When we linearlize equation (A.13), the Jacobian is obtained by setting
J = iF(?{) (A.14)
oX '

where J is a kXk matrix. The eigenvalues A of the matrix satisfy det( J —AI) = 0. We obtain a
characteristic equation in the form
Kbk kb = 0 (A.15)
The stability of the equilibrium point can be determined without solving the actual values of
eigenvalues by using the Routh-Hurwitz criteria.
Definition A.5 (Routh-Hurwitz criteria for local asymptotical stability)
Take the characteristic equation (A.15), define k matrices as follows:

H,=[b],

v o J

1 4 o 4
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b, 1
H, = ,
bz by

by 1 0
H,=|bs by by
|bs by bj
by 1 0 0 0
) bj b, by 1 0
M=y b, by by 0
(boj_1 bpj_a baj3 bajg b;
by I 0 - 0
T R
0 0 - by
where the (I,m) term in the matrix HJ. is
b,, for 0 < 2I'm < k
1 for 2 = m
2 <m or 21 > k+m.

0 for
Then all eigenvalues have negative real part. This means that the equilibrium point X is

stable if and only if the determination of all Hurwitz matrices are positive which is

DetH, > 0 for j 1,2,3,.... k.
Next, we show conditions of Routh-Hurwitz criteria for case k = 3 and 5 which are appeared

in the thesis.

Fork=3;
We need to show that DetH, > 0 for j = 1,2and3.
H, = [b]; DetH, =b,,
b, 1
H, = ; DetH,=bb,- b,,
b3 b
by 1 0
H,=|b3 by by | DetH,= bbby —b3 —brby +bbs.

Since coefficients b, and by in 3" order characteristic polynomial equation equal to zero

then we have

DetH, = b,

IR 4 o = Jdou o
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DetH, = bb,- b, and
DetH, =  bbybs —b3 = b3(bjby —b3).
So the three conditions which correspond to DetH; > 0 for j = 1,2and3are b, >
0, b > 0 and bb, > b,
Therefore the three conditions of Routh-Hurwitz criteria for local asymptotical stability in
3" order characteristic polynomial equation are
i) b, > 0,
ii) b, > 0 and
iii) bb, > b,.

Fork=5
We need to show that DetHj > 0 for j = 1,2,3,4and5.
H, = [b]; DetH, =b,,
by 1
H, = [b3 bz} DetH,=bb,- b,,
b, 1 0
H,=|b3 by by | DetH,= bibybs —bj —brby +b;bs,
bs by bj
by 1 0 O
H - by by, by 1

' Ibs by by by
b; bg bs by
DetH, = b,b,b,b, =blb, —b’b; —b,bib, +b,b,b, +2bb,b, —~bl +bb,b, —b,b,b,

—b,b,b, +bsb.,

bg bg by bg bs
DetH, =b,b,b,b,b. —b2b,b, —b2b2b, —b,b2b? +b,b,b2 +2b,b,b> —b> —b bbb,
+b2b, +b’b,b,b, +2b7b,b.b, —3b,b,b.b, —b’b2 +b,b2b,b, —b,b2b.

—b’b,b,b, —b,b,b.b. +2b,b.b, +2b’b.b, —b, b2 —b’b,b,b, +b,bb,

o

Y 4 o =1 J o 4
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+b7b,by —b’b.b, +b,b,b;b, —b2b, —b’b,b, +b,b.b,.
Since the coefficients by, b,, b, and b, in 5" order characteristic polynomial equation equal to
zero then we have
DetH, =b,,
DetH,=bb,- b,,
DetH,= b,b,b, —b2 —b’b, +b,b,
by(b,b, —b;)—b,(b,b, —b,),

DetH,= b,b,b,b, —b2b, —b’b2 —b,b2b, +b,b;b, +2bb,b, —b’
—b,(b,b,b, - b2~ bb,)-b.(bb2—b,b, —2bb, +b,),
DetH,= b,b,b,b,b, —b2b,b, —b’b2b, —b,b’b? +b,b,b> +2b,b,b2 —b’

= b,(b,(b,b,b, - b2- b’b,)-b.(bb>—b,b, —2bb, +b,))

So the conditions which correspond to Det Hj > 0 for j = 1,2,3,4and>5.

are b, > 0,
bb, - b, > 0,
b,(b,b, =b,)-b,(b,b, —b;) > 0,

b,(b,b,b, - bi— b12b4)—b5(b1b§ -b,b, —=2b,b, +b;) > 0.
After we rearrange all above inequalities, we get the conditions of Routh-Hurwitz criteria
for local asymptotical stability in 5" order characteristic polynomial equation
i) b > 0(G=1,2,3,4,5)

ii) bbb, > bl+b’b, and
iii) (b1b4 _bs)(blbzbs _bg _b12b4) >b5(b1b2 _b3)2 +b1b§'

A2. Numerical Solutions of Differential Equations

In this research, we use Runge-Kutta-Fehlberg’s method which is one of the most widely
used methods, and is particularly suitable in cases when the computation of higher derivatives is
complicated. It can be used for equations of arbitrary order by means of a transformation to a
system of first-order equations. We shall discuss the solution of three first-order equations. Let

this system be

(AR

FR 4 o = 4 J
HBIATNTINTY AT WUTU WIATNNUT



ms maiiamsadmuniiaemadamans nszuaumsa lnuaddn uazszuuasaumeanagiimans

A o = =~
et INAREINMTTEUIAYee 15ANIAS Y

dx
— = fx,y,z,t
" (X, y,2,t)
dy
— = X, V,z,t
” g(x, y,21)
dz
— = h(x,y,z,t
" X, y,2,t)

with initial point (X, y,,Z,,t,) and interval length h.

90

Runge-Kutta-Fehlberg’s method for finding approximate values of x,y and z at each step is

, 2375k | +11264k 3 +10985k 4 — 4104k s

X = X
n+l n 20520
2375r 1 +11264r » +10985r 4 — 4104k
_ + 1 3 4 5
Yn+1 Yn 20520
(2375s |, +11264s , +10985s , —4104s
7 _ + 1 3 4 5
n " 20520
where
kl = hf(XnJYnﬂzn’tn)a
k r S h
k, = hf(x , +—L,y, +—,z, +—,t +—),
2 ( n 4 Yn 4 n 4 n 4)
k. = hix ¢ Gk, +9k;) - Gr, +9r2),zn LG8 4985
32 32 32
K, — hix 4 1932k | 7200k , + 7296k ;)
N " 2197 ’
, (1922r | - 7200r , +7296r )
" 2197 ’
- (1932s | - 7200s , + 7296s ;) PR
2197 13
k. = bix + (8341k | — 32832k , + 29440k , - 845k ,)
5 n )

4104

(8341r | - 32832r , + 29440 r, - 854r ,)
+ :
4104
L (83415 | -32830s , +294405, -854s ) |
4104

n

n

FUR 4 o = J o
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(-6080k | + 41040k , — 28352 k, + 9295k , - 5643k .)
20520 ’

k, = hf(x, +

, (-6080r | +41040r , — 28352 1, + 92951 , - 5643r ,)

Yo 20520
, +_(-6080s . +41040s , —28352s , +9295s , - 5643s ) . +11)
" 20520 o7

and the error for each step will be

k, 128k, 2197k, k,

Error = .
360 4275 75240 50

r,,I,,.., I,and the error of y value can be evaluated from the above equations.

$,58,,..., Scand the error of z wvalue can be evaluated from the above

equations.k |, k, ..., k and error of x by replacing function f with function g and function h.
Runge-Kutta-Fehlberge’s method can be applied directly to a system of n first-

order differential equations

Definition 8 A probability space (Q2,F,P) , a stochastic process (or random process) with state
space X is a collection of X-valued random variables indexed by a set T ("time"). That is, a

stochastic process F is a collection

{F, :teT}
where each F; is an X-valued random variable[14].

Definition 9 Geographic Information System (GIS) is a process of spatial information (spatial
data) with computer systems. The set-oriented data description (attributed data) and information
such as address, house number are associated with spatial location as latitude longitude in the
form of data tables and databases. GIS system comprises a set of tools that have the ability to
collect, maintain and search, to provide customized analysis, display spatial data, to meet
deployment objectives. The form and spatial relationships of all information can be used with GIS
to analyze meaning in relation to changes over time as such the spread of the diseases, the
migration movements, and the Intrusion damages [15].

(AR

FR 4 o = 4 J
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THE RELAPSED TRANSMISSION MODEL OF PLASMODIUM VIVAX

.. . *®
Choawaniti Teampae, Puntani Pongsumpun

Department of Mathematics, Faculty of Science, King Mongkut’s Institute of Technology
Ladkrabang, Bangkok 10520, Thailand
“e-mail: kppuntan@kmitl.ac.th

Abstract : Malaria in human is due to 4 types : Plasmodium falciparum , Plasmodium vivax ,
Plasmodium ovale and Plasmodium malariae. Plasmodium falciparum and Plasmodium
malariae destroy red blood cells at all stages because Plasmodium vivax and Plasmodium
ovale destroy only the red blood cells. Most Malaria cases in Thailand are due to Plasmodium
falciparum and Plasmodium vivax. This disease occurs in Africa, South America and Asia. In
Thailand, Malaria is found along the border with Burma , Cambodia and Malaysia. In 2010,
the provinces which have a large number of malaria patients are Tak . Kanchanaburi , Trad ,
Ratchaburi and Mae Hong Son. It is found in the forest area only. Malaria is not found in
urban areas. Anopheles vectors transmit this disease to the human. In this study, the
transmission of Plasmodium vivax malaria and the effect of relapsing of Plasmodium vivax
are considered by using mathematical model .The population are separated into human and
mosquito populations. The application of the standard dynamical modeling method is used
for analyzing the behaviors of solutions. The conditions of the parameters for the disease free
and endemic states are obtained. The example of parameter which may reduce the outbreak
of this disease is given.

Introduction: WHO estimated that each year, the malaria cases are 300-400 million persons
worldwide [1]. There are about 1 million deaths per year, mostly in Africa. In Thailand,
Malaria 1s found along the border with Burma, Cambodia and Malaysia. Malaria in human is
due to 4 types: Plasmodium falciparum , Plasmodium wvivax, Plasmodium ovale and
Plasmodium malariae. Most Malaria cases in Thailand are due to Plasmodium faleiparum and
Plasmodium vivax , the anopheles vectors transmit this disease. The symptoms of this disease
depend on the type of infection. Body aches, nausea, vomiting abdominal pain or diarrhea are
symptoms of the malaria cases. Some people may have a cough or flu-like in 4-5 days of
fever. The breakdown of red blood cells is not the same for all people. However, after malaria
were in the same period. Red blood cells are broken once every 48 hours. Symptom of
patients who be infected with Plasmodium vivax is usually not fatal, so called "benign tertain
malaria". The Plasmodium vivax cases can be repeated within two years, the longest is 8
years [2]. Top ten provinces that found malaria patients in fiscal year 2010 are as follows.
Tak (1574.87 people per hundred thousand population), Mae Hong Son(649.49 people per
hundred thousand population), Ranong (506.12 people per hundred thousand population),
Phangnga (338.52 people per hundred thousand population), Yala (328.92 people per
hundred thousand population), Chumphon (207.31 people per hundred thousand population),
Kanchanaburi (184.43 people per hundred thousand population), Trad (171.10 people per
hundred thousand population), Chanthaburi (166.59 people per hundred thousand
population), Prachuap Khiri Khan (91.00 people per hundred thousand population).

37" Congress on Science and Technology of Thailand 1

.4

A¥emans1nsd as.siust wadduius



ms ldmaiiamsadaunuiiasinuadamans nszuaumsaTnuaadn uazszuumsaumangimans

A o = =~
WintANEINSTELIRYed IsANaSY

94

In 2010, there were 25,639 Malaria patients cases. There are 13,425 cases due to

Plasmodium vivax 11,852 cases due to Plasmodium falciparum. The data of Malaria cases

are show in the following figure.

Patient per hundred thousand populations

ot
80—

£1 Number of patients.

Figure 1. The graph shows the rate per hundred thousand population,

patients in the fiscal year 2007-2010.

Fiscal year

To recognize the importance of people's lives and property at risk of this infection, we
study the problem of patients from the Ministry of Health from 2007 to 2010. We analyze

and find the solution to the problem by creating a mathematical model for malaria. We use

this as basic information on disease prevention. The output of this study should be the way

for reducing the outbreak of this disease.

Methodology: In this study. We analyzed the mathematical model for the Plasmodium vivax

transmission. The human population is divided into four types. We study the dynamical

change of human and mosquito populations:

S, = the number of population who is at risk of infection,

E, = the number of population who is infected but cannot transmit the infection,

I, = the number of population who is infected,

D, = the number of population who is infected with embedded,

The mosquitoes are divided into two types:
S, = The number of mosquitoes at risk of infection.

I, = The number of mosquito that is infected.

The equations for the dynamics of the human population can be explained as follows.

oI,
ZN, N E, s,E, D, x
R | L 14 D,
o o, IS,
l T R L DE, |
25y ENA Py P
XD,

Figure 2. The transmission diagram of human
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2

.4

A¥emans1nsd as.siust wadduius



ms ldmaiiamsadaunuiiasinuadamans nszuaumsaTnuaadn uazszuumsaumangimans

A o = =~
WintANEINSTELIRYed IsANaSY

Sy (t)=ZN,+x,D, (1)+xE, (1) +x,1, (1) (p, +a,1,(1))S,(t)—oxI,(1) . (D
Ep(1)= ey, (1)S, (1) =(py + 5, +x) E, (1), ()
Iﬂ:‘ (I) = g-"lEh ('r] + 'Y]sz (f) - (p!‘.' + x4)]5! ({] ? (3)
D) (1)=oxI,(t)—(x,+p,+x,)D,(1). (4
a,s,
Q; SU vivth ) Iv
})VSV })11“!?
Figure 3: The transmission diagram of mosquitoes
Si(r)=C=(p,+a,1,(1)5,(7). (5)
L (1) =a,S, (1)1, (1)~ p,d, (7). (6)

Where the parameters in the above equations are defined as follows

V4

is the birth rate of human population,
is the death rate of human population,
is the total number of human population,

is the percentage of infected human in whom some hypnozoites remain dormant in the
liver,

is the rate at which a person leaves the infected class by recovering or by entering into
the dormant class.

is the rate at which the dormant human relapses back to the infected human,

is the recovery rate of the dormant human,

is the rate at which the imfected human can be susceptible human,

is the rate at which the P. vivax parasite is transmitted from the mosquito to the
human,

is rate of the population who change from an infected person (can not transmit
infection) to become infected (can transmit the infection),

is the rate at which the P. vivax parasite transmitted from the human to the mosquito,
is the number of mosquitoes at the beginning,

is the mortality rate of mosquitoes.

Wehave N, =S, +E,+1,+D, andN, =5, +1,.

We assume the total of populations are constant.

95

ﬁ: 0 and N, =0
dt
From (1) — (6) we let
37™ Congress on Science and Technology of Thailand 3
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_— . E . . D, « S . 1
h . _ h . B _ v _ v
gii T oar E T oap I h = N » D TN S\-‘ - N I v o N
i\J_,-l i\Jh ¥y "N.f: A EA

These give

S, ()= py+x,D, (1) + 1B, (1) + x,2, (1)~ (py + 2,1, (1) N,) S, (1) = o, I, (1) .(T)

E.frm ('r] = ah]v*(’)hrvsh* (’)_(p;‘z + &y + ‘Yl)Eﬁx (I] ’ (8)
1 (’) =&,E, (-")"'-‘CJD;;e (” —( s +x4)1h* (I), 9
J\-‘xr (t) = a\-‘S\-'x (I)IS: (t)jvis _.lU\-‘J\-‘x (t) . (10)
D, and S, are obtained from the conditions : D, =1-S,” —E, —1, and S, =1-1," .

A. Steady state
The Steady state (1,",S,",E,",1,") is found form setting the rate of change of each variable

equal to zero [3], this gives:
1) The disease Steady state F; (0.1,0,0) and

*

2) The endemic Steady state F, (I,". S, . E,

e

I’ )

where

- B x,x, {p:l +x +e, ) - [p‘n:x_‘ (p“ +x +e, } + NN ooz (ph +x +x; )— p,x,ox (p“ +x +x, }]

’
N _x - . N x ce — N
('\'aa.- )(J_‘ X, *ox )(pa.\: txx, +Nya +xe -Nae )

[p* +x, Jr{.\'_z —x, 7(0)':)1;](;:“ + X 75*)

) ; . : - :
. ( a1'N, (1N, S
B rep, txp s pe N | — 2 ey | 2 gy e gy, e, | —

N Py +5r‘I“ Nh

[ph +x +lx -x, —wx‘]f’:](p_-%—x‘ —Ei)

N

A
|
N . . - . N
Prar's ) ) ( ar'vw [ aI'w ([ aI N
VLTS T S L . R ar S S \,| Sl N fex txy 4 N 2T Ty ‘
P, TEF, TXF, TREN, | A Bx tEx tax txal |
. e

P +al N J \Feal N \P+alN, )/

(ph+.\l+ek)

fred N,
1, is the solution of the equation 4, ['I_ L ) +4,1," =0, where

A4 =pxax (p_ﬂ +X +E ) —[p‘.\':x‘ (ph +x +& ) +NNaoe, (pk +x +x ) +px ox (pa +x +x )]
4 = (Naa.- ) (x_‘ —x, tax ) ( pX +xx + NVXEQ’_" +xE - NI_C("E&) !
I,” >0 when

3
25X, (P +x,+5,)

2 (py +x 4 8,) + NN e s, ( p, +x, + s ) + p,%,0% (P, + X+ ;) J

G, > 1| G,

A
The local stability of each steady state is determined by the sign of all eigenvalues. If all

eigenvalues have negative real parts, then that steady state is locally stable. Eigenvalues (77)

for each steady state are obtained by setting

37™ Congress on Science and Technology of Thailand 4
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det(J—-nI)=0.
where J is the gradient matrix evaluated at the steady state and I is the identity matrix.

1) The disease free steady state F] (0,1,0,0) the characteristic equation is
(*Pﬁ: Xy T Xy *U)(*Pk X3 *77)(*});; —E TN *77)(*})1- -7)=0;
SO ==Py — Xy =N ] = =Py =X = =Py — & — X271 =~ Dy
i1) The endemic steady state ;

the comrespondent eigenvalues for each equilibrium point are found by solving the
characteristic equation; which is in the form

'+ K +K,n +K,n+K, =0

By using Routh-Hurwitz criteria, each equilibrium point is locally stable if the following
conditions are satisfied:

K, =0, (11)
KK, -K, =0, (12)
K,(K,K;+KK,)-K, =0, (13)
K (=K, + KKK, —KK,7) >0, (14)

where

K =3B +R+X +X + X, + X +INo, +INa +s,

K,=3F +3REB +1PX,+BX, +1PX,+ BX, + XX, +2P.X; + BX, + X, X, + 2PX, + BX, + X, X, + X, X, + X,X, + [N, P, + I,N,Ba,
+I N Xy, + I N Xyon + I N Xyoo, + 3L, N, B, + LN, X, + I[N, Xy, + TN, Xyoe, + LN X + LI NN oo, +2Fe, +Be, + X5, + X8,
+ X5, + I Na,s, + [N as, - X,0X,

Ky =B +3B'R + BX,+ 2BRX, + B X, + 2RRX, + RX\ X, + BX, X, + B X; + 2RRX; + BX X, + RX\ X, + X, +2RRX, + BX, X, + RX\ X,
+BX, X, + BX. X, + XXX, + XX, + BX. X, + X, X, X, + I N, Pla

+I N EBXa, + I NEX o, + I N X Xyo, + I NX: X, +3L,N, Fa,

w+ 2N BRay, + INPX,a, + I[N BX,a, + INPX:a,+ I NFEXa,

+2LN R Xa, + 2L N, B X e, + LN X\ Xy, + 2ILN, B X o, + [N, X Xsa,
2N, P X, + LN X X e, + LN X Yo, + LN X X,a +2LI NN, Paya, + ILILNN Xoo, + LILNN Xe0, + 11NN X.ea + Ple,
+2BRs, + BX,s, + RX, 5, + B X5, + RX;s, + R X 5, + BX. g, + X, X5, + X, X5, + I N Fog s, + ILN Fos, + IN Xoo,8, + IV Xio s,
2N, Pa,s + LN, X a8 + LN Xa 8+ N X o+ LI NNaas —NNSoas + I NN S oaas —PX,0X -BX ol - X X0k
—I N XX, —I,N,XooX —XeoX +I N ook

K =B(B+LNe)+ B (B +1Na )X, + X, + X, + X, + LN.ay + 5,)+ BW,e, (F1+ LN, S,a8, + L (XX, + X (X, + X, + X )+ LN, Xoa,
+HINXa +Xe+Xe+INae +X, (X, +INa +6,-0X ))+B(XX, +X (X, + X, + X )+ INXa +INXa+Xec+Xe
+I No,e, + X, (X, +I Na, +5, —oX,))+P (X (XX, +X,(X, —oX))+ &, (XX, + (X, X))+ I Nao, (X (X, +£)+ X, (X, +5, - 0X,)
+£,0X, )+ Na, (1+ 1IN S (X, + X))a,s, + I(X (XX, + X (X, —0X)+ 5 (XX, + X, (X, -X )+ I N,o, (X, (X, +£,)+ X, (X, + £, —0X))
+5,0X,))

From our calculations, we found that the disease free steady state is locally stable for G, <1.
The endemic steady state is locally stable for G, > 1.

. . 1
The wvalues of the parameter used in this study are as follows : p, Zmper day

corresponds to a life expectancy of 71 years in human. The mean life of mosquito is 35 day ;

P, = ! per day. The parameters are assumed as follows: N, =1000; N =900;

35
1 1 1 1 1 1
N =X, Xy =X, =, = O, = L8, :0001,6:?:0001
14~ 10 20 14 0.5 0.5

The conditions of Routh - Hurwitz Criteria are given in (11) - (14).
The conditions (11) - (14) with the above parameter are show in the following figures
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Figure 4: The conditions of Routh-Hurwitz criteria in endemic disease state.

Results, Discussion and Conclusion: In analyzing the mathematical model of malaria, we
found two steady states. The local stability condition of each steady state is obtained. The

basic reproductive number (G, ) is used for reducing the outbreak of many diseases [4, 5]. The

result of this paper proposes an alternative approach, another way to reduce the spread of
malaria vivax. If we can define parameters to meet the conditions above, we can control an
outbreak of malaria.
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Plasmodium Falciparum Malaria Transmission
Model with its Incubation in Thailand

Puntani Pongsumpun

Abstract— Malaria is transmitted to human by biting of the infected
Anopheles mosquitoes. Plasmodium falciparum. Plasmodium vivax,
Plasmodium malariae and Plasmodium ovale are four types of
Malaria infection. This disease is found every year in Thailand.
Plasmodium falciparum is the commonest species spreading on the
tropical and subtropical countries. The severity of disease depends on
the type of Plasmodium which each person is infected. In this paper.
we study the transmission of Plasmodium Falciparum Malaria in
Thailand through mathematical modeling. The incubation period of
Plasmodium Faleiparum in human and mosquitoes are considered in
this study. The analytical and numerical solutions of our models are
obtained. The comparisons of numerical solutions when there are the
different constant recruitment rates of mosquitoes and different basic
reproductive numbers are given.

Kewvords— Plasmodium Falciparum, Basic reproductive number,
mathematical model, numerical solutions. mosquitoes.

I INTRODUCTION

ATLARIA is occwrred long time ago. This disease is

caused by the multiplication of protozoa parasite of the

genus Plasmodium. There are four types: Plasmodium
Jfalciparum, Plasmodium vivax, Plasmodium malariae and
Plasmodium ovale. Malaria is ranked among the top six of the
world’s serious diseases in the world by the World Health
Organization (WHO). More than three hundred million
Malaria cases are reported annually [1]. Plasmodium
falciparim is the species spreading on the tropic and
subtropics such as Africa. South America and Asia. We can
find Plasmodium vivax in the widest area. It can be found in
many temperate zones, subtropics and tropic such as China,
Turkey, Latin America and Asia. Plasmodium malariae is
found in the same breadth as Plasimodium falcipaiim but is
much less common in areas such as Central America.
Plasmodium ovale is found predominantly in tropic Africa, but
many occur in the West Pacific. The human (vertebrate) and
Anopheles mosquitoes (invertebrate) are host for the
transmission of Plasmodium. This disease can also be
transmitted accidentally via blood transfusion when the
donating individual has the malaria parasite. This is one of the
reasons why people who have been infected with disease can
never donate blood. Congenital infection of a newborn from
an infected mother also happens. but it is comparatively rare
[2]-

The relationship between host. agent and enviromment are
three factors which effect to the transmission of Malaria.

P. Pongsumpun 1s with Industrial Mathematics Research unit, Department
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10520(phone: (662)-329-8400 ext.320; fax: (662)-329-8400 ext.284. e-mail
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Temperature and humidity are the most important
envirommental factors. Malaria parasites stop developing in
the mosquitoes when the temperature is under 16 “C. The best
temperature for the development of diseases is within the
range of 20 — 30 °C. and the average relative humidity is at
least 60% [3]. A high relative humidity lengthens the life of
the mosquito and it enables them to live long enough to
transmit the infection to many persons. The dnopheline
mosquitoes are insects of the order Diptera. and genus
Anopheles. The male Anopheles feeds on nectar and fiuit
juices while the female takes both these plant products and
blood [4]. The number of life cycle for the mosquito is 4
cycles: egg. larva, pupa and adult. The emerging adult
mosquitoes copulate within a day or so, usually in flight and
after one or two blood meals, the first batch of several hundred
eggs are laid at the breeding site. The female may lay several
batches of eggs during her lifetime. The eggs hatch within
2 — 3 days. releasing the larvae into water, the larvae transform
into the non-feeding pupae. Within the pupae. over a period of
2 — 4 days, metamorphosis takes place, terminating in the
materialization of the adults [5].

The factors that effect to the choice of breeding site are
consisting of salinity. temperature, and amount of light and
shade. Apart from large expands of open water and clean
edged tanks and reservoirs mosquitoes will breed in anything
containing water. Larval surroundings, transitory and
everlasting, are grouped under the broad headings [2]. Malaria
is still a problem in Thailand [6]. It has not been removed
because the land features are suitable for mosquitoes to breed
in and malaria is developing resistance to malaria drugs. In
Thailand. malaria is found along the border with Burma,
Cambodia and Malaysia. Situation of Plasmodium falciparum
cases in Thailand is shown in fig 1.

—— P Talciparum

Incidance rate per100,000 populstions

Fig 1. Reported cases of Plasmodiumn falciparinm in Thailand.
year 1965-2009 [7].

The transmission of malaria is usually described by the Ross-
MacDonald (RM) model [6] but it can not describe the
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situation of Malaria in Thailand. To better understand the
problems of public health officials in Thailand, a new
transmission model mst be introduced to understand the
situations of the Falcipariin Malaria transmission in Thailand.
The incubation period of Plasmodium Falciparum in human
and vector populations are introduced into our model.

II. MATHEMATICAL MODEL

This model considers the dynamical change of human and
vector populations. The human population is divided into
susceptible, exposed. infectious and recovered classes. The
vector population is separated into susceptible. exposed and
infectious classes. The total human and vectors are supposed
to be constant [8].

In our model. we define the variables are as follows:

§p (t) is the number of susceptible human population,
Ep (t) is the number of exposed luman population,
ip(t) is the number of infectious human population.
Ep (t) is the number of recovered human population.
Sm (t) is the number of susceptible vector population,
Em (t) is the number of exposed vector population,

L (t) is the number of infectious vector population.

The schematic diagram of the transmission of Plasmodium
Jfalciparum is represented as the following fig.:

‘ Byl ()5, (1 enEp (1 i
Ry — - nEp (8 — 01—
= S0 == n0 — k0 R0 |

) 05, () = o =
n,sgml T & KLY ‘ \hny;rl

0.1, (1)
2a)
M (o 8,1, (115, (t) £ (1) e Eq(t) Lt
" *
LSa 1L,Ea (9 L1, (1)

Fig. 2. The compartmental diagrams of the model
2a) the hwmnan population 2b) the mosquito populations
For the human population, the rate of change for all groups are
given by

dgim = iy Np + 8 Ep()+33Tp(0) =8, T (055 (1) - 1,55 (1) (1)

% = 08I (0Sp () - (3 +ly+ep)Ep(D) @

df;’:o = enEp() - (83 +1y+82)Tp (©) 6

dRp®) _ 5,Ip (M 1aRp(® )]
de

For the vector population:

235

100

%: M -8.T5(0Sm (1) - 1.Sm () (5)

% — 0, Tp S ® -y +1,)Em () 6
dIy () = -

Eml e B -1 Talt 7

" ey ®-1,Im () [©)]

where N, =S, () + Ep(t) + Ip () + Rp(n and
Np =Sm@ +Em )+ Inm(® -

The parameters are defined as follows:

N = The total human population.

Ny, = The total vector population,

4.y, = The birth rate of human population.

l;,= The death rate of human population.

1. = The death rate of vector population,

8), = The transmission rate of Plasmodium falciparin  from
vector to human populations.

8., = The transmission rate of Plasmodium falciparum from
human to vector populations,

8, = The rate at which the exposed human change to be the
susceptible human,

8, = The rate at which the infectious human change to be the
recovered human,

83 = The rate at which the infectious human change to be the
susceptible human,

e, = The rate at which the exposed human change to be the
infectious human.

e, = The rate at which the exposed vector change to be the

infectious vector,

M = The constant recruitment rate of vector population.

Since the total human is constant, thus the rate of change for
each human population equals to zero.

We set N;J (t)=0 and N;n(t) =0. then we obtain hy, =ny
and N, =M/, . respectively.

We reduce equations (1)-(7) by letting

Sp(1) =Sp(tVN, . Ep (1) =Ep(/N,, . L) =Ip ()N,

R, (1) =Rp()/N, .Sy () = S (VML)

E, (1) = Em (0/(M/1,) and

I,(0= fm (£)/(M/1,.) . then the reduced equations become
dsp (t)

= =y +51Ep(ﬂ *ajlp(r)—(Bh}]mlm(r}flh)fip(ﬂ (8)
IE ,, (1)
%: By Nl (05 (1) - (61 + ep  15)E 5 (0 ©
11
4.0 enEp (0 - (83 + 82 + 1)1, (10)
dE,, (D) .
cT{( = (1- Ty (00, NL, (- (8, N T, (0 +e +1)E (0 (11
dr, (t)
E( = e Eq (-1 In() (12)
with  the conditions and

1=S;0+ E;(OQ+I, 0 +Rp()

1=S, 0+ En®+I,00-

9 4 @ ~ d o
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III. MODEL ANALYSIS

A. Analviical Results

The equilibrium points are found by setting the right hand side
of equations (8) to (12) equal to zero.
So the equilibrium points are

(i) the disease free equilibrium point E;= (1.0.0.0.0)
(i1) the disease endemic equilibrium point

&= £ & &® *
E, = (Sp-Ep-[p-Em-Im)

T Alplevs +e By Ny

- 18y Ny +1evavs8y Ny +e 8y Ny,

where

(13)

* =
hy +01E, + 831,

g [RTUEp TR 71 E__-F (14)
B NIy +1y

. "
* Vl("-h +031p)

Ep =1117 (15)
. = V2
ethIm
I; _ Vivita (16)
— +vy
ethIm
- 1-1,
Em :l—m amn
1
1+vs b —+vy !
L8Nl }
1 e
with vy =— Vo =1-8vy, vi=_——
o1 +ey +l]_1 03 +0, _lh

(18)

The local stability of each equilibrium point is defined
by the signs of all eigenvalues. The eigenvalues (1)) are the
solutions of the characteristic equation;

_ — 0 i=12
|J G 11# 0:1=1.2,
where T G; is the Jacobian matrix at the equilibrium point G;

:1=1.2 and I is the identity matrix.

If all eigenvalues for each equilibrium point produce the
negative real parts, then that equilibrium peint is local
stability.

i) The disease free equilibrium point E;= (1,0,0,0,0), the
characteristic equation is

[, -n = 0 (19)
or
-lyn & 03 0 By
0 —(G+en+lp)—n 0 0 BNy
0 e (0340, +1,) 0 0|=0
0 0 &N, —y—l,—m 0
0 0 0 0 1,

[l ]Gy ey +1y) ]G3 =82 +ly ) —nlbey ~ 1, —nlEl —nl = O-
The eigenvalues are

M o=-ly.ny =—(3; +ey +1y)

M3 =—-(03+02 +1ly)my=-e, -1,

and n; = -1,..

We can see that all eigenvalues have negative real parts.
ii) The disease endemic equilibrium point

Ey = (Sp.Ep.Ip-Em.Tm)
where S;.E;.I;.E:;land [*m are defined in (13)-(18). The

characteristic equation is

e, - = 0 (20)
or
- (BlleI:n + ln) l l31 53
el.leI:(n -6y +ey +ly)—n 0
0 epn (B340, + 1) -1
0 0 (1-1;)8, N, -8, N, Epy
0 0 0
0 -0, NS,
0 8, NS, _ 0
0 0
—(8,Npl, +e, +10-1 —8,N,I,
[ -1, -n
[0 Ny Ly + 1) =[Gy +ep +15) —][=E5 +32 +1;,)
—MIHE, N, T, e, +1)-n]H, -n] = 0 @1

The eigenvalues are

= . B =
N =0 Ny Ty +1y) =-6, Ny K_Ph-lm = _K

Ny =—(8; +ep +1p)nzy =—(5;5 +5; +1p),
Mg = —(0,N,I,
andns =-1j,.

Thus, the real part of the above eigenvalues are negatives

hA

6,N B
We can conclude that the disease free equilibrium point is
local stability for Ry < 1 and the endemic disease equilibrium

+e, +1y)
when Ry = 1.(R, =

point is local stability for Ry> 1. The basic reproductive
number of the disease is defined by the averaging of the
number of secondary patient that one patient can produce if
he/she is introduced into a susceptible human. This number is

represented asRy = \,I"RO .

B. Numerical Results

In this paper, we considered the transmission of plasmodium
falciparum between the human and vector populations. The
values of the parameters used in this study are as follows:

Ah :; per day satisfies to a life expectancy of 70
(365 x 70)

: . . 1
years in human. The mean life of vectors is 25 days: 1, = s
per day. The other parameters are arbitrarily chosen
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Fig. 3. Numerical solutions of eqs.(8)-(12). demonstrate the
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o . IR 1
6y, =0.00001, 8, =0.00001, 8;=—. 83 =—. B3 =—.
14 - 20 14
1
e, ——.e, —— ., N =10,000, M= 60.000, Ry =475.51.
h 75V 14 P 0
4b) The three dimension frajectories solutions of all

populations, the values of parameters are same as 4a). The
solutions approach to the disease endemic equilibrium point
E, =(0.000772.0.000664,0.000781.0.006875.0.12276).

Iv.

The transmission model of Plasmodium Falciparum is
studied and is analyzed by using standard dynamic modeling
method [7]. The disease free equilibrium state is local stability
for Ry <1.For Ry> 1. the disease endemic equilibrium state

DISCUSSION AND CONCLUSION

is local stability. The numerical results for two conditions are
shown in fig.3 and fig.4. Moreover, we simulate the solutions
when the constant recruitment rates of mosquitoes are
different. From fig.5. we can see that the less time to reduce
the outbreak of disease when the more constant recruitment
rate of mosquitoes.
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Fig. 5. Time series solutions of susceptible, exposed.
infectious human populations. exposed and vector

populations for the different values of constant recruitment
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Fig. 6. Bifurcation diagram of eqs.(8)-(12), demonstrate the equilibrium
solutions of susceptible. exposed, infectious human populations,
exposed and vector populations for the different values of basic
reproductive numbers.

##+4 represents the stable solutions and @ *®® represents the
unstable solutions. For Ry < 1, E; will be stable. For Ry > 1,

E, will be stable.

The bifurcation diagrams of all populations are given in fig.6.
The basic reproductive number (R ) is defined as

hA 22

Ry =Ry = E (22)
From fig. 6. we will see that when the basic reproductive
number is higher, the susceptible human proportion is smaller
but the propottions of the other classes are higher. This
behavior occurs since there are enough susceptible human to
be infected from infectious vectors. If we can reduce the basic
reproductive number as we define in (22). then the number of
infected human population will be decreased. This will reduce
the outbreak of Plasmodium Falciparum in Thailand.
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Studying the Dynamical Network of Malaria at the Local Level with the Effect
of Plasmodinums’ Incubations

Puntani Pongsumpun

Department of Mathematics. Faculty of Science, King Monglut's Institute of Technology Ladkrabang. Chalonglaung
road, Ladkrabang, Bangkok 10520, Thailand.

ABSTRACT

Anopheles mosquito is the epidemic vector of Malaria. This disease is usually found in Thailand for many years because
the physical features of the land in Thailand is suitable for breeding of 4nopheles mosquitoes. Four types of
Plasmodiums (Plasmodium falciparum, Plasmodium vivax. Plasmodium malariae and Plasmodium ovale) are related
with this disease. The incubation rates of four Plasmodiuims are difference. The people who work in the border of
Thailand are at a higher risk to infection with this disease. In this study. we formulate and analysis the dynamical
equations for the transmission of Malaria with the effect of Plasmodiums® incubations when there is the movement of
population at the local level. The analysis of each parameter is given to point the way for decreasing the outbreak of this
disease.

KEYWORDS: 4nopheles mosquito. dynamical equations. incubation, local level, movement. Malaria, Plasmodiums.

INTRODUCTION

In each year. there are about 300 to 500 million Malaria cases. There is 1.5 to 2.7 million deaths worldwide due to
this disease. This disease can transmit between the people by biting of the female .4nopheles mosquito. Birds, mammals
and lizards are also the host of Malaria parasite. Protozoa parasite of the genus Plasmodium can cause the Malaria
disease. There are four types of malaria parasites: Plasmodium falciparum. Plasmodium vivax, Plasmedium malariae
and Plasmodinm ovale. These four types have the different incubation periods. The incubation periods of Plasmodium
Jalciparum. Plasmodium vivax. Plasmodium malariae and Plasmodium ovale are 12 days. 13 days. 28 days and 17
days, respectively. There are about 60 different species belonging to the genus 4nopheles [1]. Anopheline mosquitoes
are the only known vectors of malaria in human that perform this function throughout the world. These mosquitoes
undergo an aquatic larval stage. pupate and then hatch into flying adults. dnopheline mosquitoes are insects of the order
Diptera. and genus 4nopheles. The male 4nopheles feeds on nectar and fruit juices while the female takes both plant
products and blood [2]. The females’ mosquitoes require a meal of blood to produce fertile eggs. The female mosquito
ingests the malaria parasite by biting a human who was already infected with the parasite. There is four phases; egg.
larva. pupa and adult for the life cycle of mosquitoes. The adult vectors copulate within a day or so. usually in flight and
after one or two blood meals. the first batch of several hundred eggs are laid at the breeding site. Lifetime of female
mosquitoes may lay several batches of eggs. During two to three days. the eggs will hatch and release the larvae into the
water, the larvae will transform into the non-feeding pupae. Over a period of 2-4 days. within the pupae. metamorphosis
takes place. terminating in the materialization of the adults [2]. The symptoms of Malaria cases are chills. fever, nausea.
vomiting, back pain. increased sweating anemia. splenomegaly (enlargement of the spleen). Temperature and humidity
are most important environmental factors for developing of Plasmodiims in mosquitoes. If temperature is below 16 e
then parasites will stop developing in mosquitoes. The average temperature between 20 — 30 "C and the average relative
humidity about 60% are the best condition for the development of this disease [3]. Most Malaria cases are from
Southeast Asia and the Western Pacific, although a significant number also be found in Africa and South America [4].
The dynamical model of Malaria was first explained by Ross [5]. the equations were constructed between human and
vector populations but the incubation period of Plasmedium did not included into the model. In 2009 [6]. we formulated
the transmission network dynamics of only one Flasmodium: Plasmodium Vivax. and the analysis of time distribution
for the different situations were given. In 2012 [7]. we presented the mathematical model for the transmission of
Plasmodium Falciparnin Malaria by separating the human into juvenile and adults populations. Standard dynamical
modeling method was used for analysis our model. Recently [8]. mathematical model of Malaria was developed by
inclusion age of human and season. Analysis of the model was given. From the previous studies. the effects of
incubations of four Plasmodiums (Plasmodium falciparum, Plasmodium vivax, Plasmodium malariae and Plasmodium
ovale) were not considered for constructing the model. But in reality. all four Plasmodiums have the different behaviors.
The human behaviors, social contacts and travel between cities should be included in the model [9-10]. In this study, we
construct and analyze the dynamical equations for the transmission of Malaria with the effect of four Plasmodiums’
incubation when there is the movement of population at the local level (village).

*Corresponding Author: Puntani Pongsumpun Department of Mathematics. Faculty of Science. King Mongkut’s Institute of Technology
Ladkrabang, Chalongkming road, Ladkrabang. Bangkok 10520, Thailand. kppuntan@kmitl ac.th
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DYNAMICAL EQUATIONS

We study the transmission of Malaria with Plasmodiums’ incubations. The dynamical changes of human and
mosquito populations are considered. The human population is separated into five groups: susceptible, exposed.
infectious, dormant and recovered groups. The mosquito population is separated into three groups; susceptible, exposed
and infectious groups because the vector never recover from infection. The movement of people is considered to see the
distribution of this disease. Suppose that there are K persons and M houses in each village. The persons move to any
houses in this village by random process. We random the 1% person to the K™ person go to each house. The uniformly
distribution is used for random processing. Each day, one person can go only one time in one house of this village. The
probability for each person to visit each house is equivalent. Nobody come from the other villages.

In each house, the persons who stay at the first day will come back to their houses at the ending time. At the first
day, there is only one infected human in one house, no infected human stay in the other houses in the village.
The considered variables are defined as follows:
Sht_j is the number of susceptible persons in j% house after visited at dayt,

Ehr,j is the number of exposed persons in jm house after visited at day t .
Ihm is the number of infectious persons in j® house after visited at day t,
Dy, ; is the number of dormant persons in jtla house after visited at day t .
Ry . is the number of recovered persons in j® house after visited at day t,

S

i is the number of susceptible vector in j* house after visited at day t ,

E\.t:J is the number of exposed vector in j house after visited at day t ,

I"l,j is the number of infectious vector in j% house after visited at day't .

The dynamical equations of human and vector populations are given by

ASth = —(‘,-'hf MR (U (N )va Shyj + (rlf A PRI JEhy j-o(n -¢—1‘10)Ihtj

+ 5, + I'EO)Dth + (g, + r-"otht_j + (rﬁf T, rﬁm T, )Ihi,j
AEp 6= (?hf by T T VR )I‘\rt-j Shhj (t)- U‘lf +n, + " +1, )Ehr,j (t)- (thg +hh, T Ay, T Ah, JEn g (1)

Mht,j = (hpg +hpy, +hpy + Ay JEy . -(r-"'f Flsy HIs 45 My . +(r3v +1'20thr

]
_(rﬁf 15, —1‘6m + 15, )Ih G
AD =aln . +1_ ) —(13,, +13,)D -(r, +1r_)D
By (n, 10)ht!j (13 +135) b r, +r,) b

ARhI,j = (1-sf I, I AL Ny, . (t)- (14, +140)R11t,J

AS"r,j (1) =C7(-‘,‘__f +y. o+ "v“:m +«f‘_0 jIhr,j(r)S\'t:j (r)-p‘..‘s‘.laj (t)

'1‘.-

AEV[-,]' 0= ( Vi + “f\-'\- - ?Vm +v Vo jIhr,j (® S"t.j (t)- (“"\'j' 0+ }"‘\-'\. -+ “'L\'m (1) + ;‘L"o (I))E\'tj (®
-1yE vt ®
‘AIVLJ- ®= (}-\'f ®+ }"vv O+ ;'"m m=+n Vo (D)Ey ti (t)- l-l\'I\'I’j ®
The parameters are defined as follows
Parameters Definition
Transmission rate of Pfalciparum from mosquitoes to human

i
h
f
v Transmission rate of P.vivax from mosquitoes to human
h
v
Transmussion 1ate of P.malariae from mosquitees to human
v
"h
Transmussion 1ate of P. ovale from mosquitoes to human
n
o
Transmission rate of Pfalciparum from human to mosquitoes
I
N3
Transmission rate of P.vivax from human to mosquitoes
Vy
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Transmission rate of P.malariae from human to mosquitoes

Yvm
v Transmission rate of P. ovale from human to mosquitoes
Vo
o Percentage of infected humans 1 whom some hypnozoites remam dormant 1n the liver
T Rate at which the exposed human change to be the susceptible human with P falciparum
1f
5 Rate at which the exposed human change to be the susceptible human wath P.vivax
-
I Rate at wiuch the exposed human change to be the susceptible human with P malariae
m
5 Rate at which the exposed human change to be the susceptible human with P.ovale
o
I, Rate at which the dormant human change to be the mfected human with Pvivax
2y
I Rate at which the dormant human change to be the infected human with P.ovale
<o
o Rate at which the dormant human change to be the susceptible mman with P.vivax
v
I Rate at which the dormant human change to be the susceptible mman with P.ovale
o
14 Rate at which the recovered human change to be the susceptible human with Pvivax
v
Iy Rate at wiuch the recovered human change to be the susceptible human with P.ovale
o
T Rate at which the infections human who be infected with P falciparum change to be the
of recovered human
15 Rate at which the infectious human who be infected with P.vivax change to be the recovered
w human
Is Rate at wiich the infectious human who be infected with P.malariae change to be the
“m recoverad human
I. Rate at which the infectious uman who be infected with P.ovale change to be the recovered
%0 human
1‘6 Rate at which the infectious human change to be the susceptible human with P falcipariom
£
Tg Rate at which the infections human change to be the susceptible human with P.vivax
-
I Rate at which the infectious human change to be the susceptible human with P.malariae
m
s Rate at wiich the infections human change to be the susceptible human with P.ovale
o
:"‘hf Incubation rate of Pfalciparum in human
Ah Incubation rate of P.vivax in human
=
. Incubation rate of P.malariae in human
m
% h Incubation rate of P.ovale in human
o
% v Incubation rate of Pfalciparum in mosquitoes
/. Incubation rate of P.vivax in mosquitoes
v
Ay Incubation rate of Pmalariae in mosquitoes
m
. Incubation rate of P.ovale in mosquitoes
‘o
Jii Death rate of mosquitoes
o
C Constant recruitment rate of mosquitoes
K The total population
M The mumber of house
E The ending time

Table 1. Definition of parameters in our model.

NUMERICAL ANALYSIS OF OUR DYNAMICAL EQUATIONS
We simulate our dynamical equations in the different situations to see the time distribution of exposed and
infected humans. The results are as follows:
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+
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1 20 39 58 77 96 15 | | 1 20 39 58 77 96 115
Time(day) | Time({day)

Fig.1 Time series solutions of exposed human and infectious human for the different number of house in one village.

v

The parameters are K = 10,000, Yy =045, v, =035y, =015 7
v m

T = 0-05. 7, =045, ¥

=035,y =0.15,
v Vm

o

¥y, =005, @=05 1 =130, 4 =1/60, r, =1/9, § =1/120, r, =1U/(5'30). B, =1/(5%30), 13, = 1/(3*30),
o = 1/(6%" s =1/(5% = 1/(3% =1/30. r- = =1/7. 1= = r = =

13, = 1/(6"30). 14, =1/(5%30). 145 = 1/(3%30). 1y =130, 15, =114, 15 =1/7. 15, = 1/17. 1, = 1/90. 15 = 1/120,
Tg_ = 1/60. Ig, = /100, hpe =1/12, hy = 113, Ay, = 1/28, Ay =117, hyp = 112, by =113,y =1/28. b =

V17, M, =1/45,

- 3
—+— gemmalPF. ) = 045, gammalPV ) = 0.35, gamma(P.)= 0.15, gamma(P0 )= 0.08 —+—gammalFF.}= 045, gammalPV.} = 0.35, ganmalPhl )= 0.15, gamma(PC )= 0.05
=#=qgammaFF )= 0,35 gammalPy ) = 0.3, panma(Ph. )= 0.1, gamma[Fo )= 0.02 —8—gamma(FF } = (.35, gamma(PV.]=0.3, gammaiPM | = 0.1, gammaPO. )= 002
5 4
—— pemma(PF )= 03 ganmalPy )= 0.2, gammaiPm.) = 0.05, gammalP0 )= 0.015 —gammalFE. } = 0.3, gammaiPy.) = 0.2, gammalPM. )= 0.05, ganmaPO. )= 0.016
—— gemmalFF = 0.25, gammalPV | = 0.15, gamenalFid.)=0.03, gammaiPO ) =00 —k—gamma[FF )= 0.25, gamma(PV | = 0.15, gammalPM )= 0.03, gamma(PO =001
4 2
c c
E i}
§ 5
L 2
= w
i g
o
a
gt 2
1 “ L
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1 20 <} 56 71 =i 15
1 2 39 58 7 % 15 ) !
Time{day) Time(day)

Fig.2 Time series solutions of exposed human and infectious human for the different transmission rate of four

Flasmodiums in one village. The parameters are K = 10,000, M = 150, & = 0.5, = 130, 1 = 1/60, r; = 1/90,
m
n,, = 1/120, o= 1/(5*30). 1y = 1/(5%30), 13 = 1/(3*30). 13, = 1/(6*30), 14, =1/(5*30), 13, = 1/(3"30), Iy, = 1/30,
5 = /14, s =1/7. 5 = 1/17. Top = 1/90. Is,. = 1/120, 1y = 1/60, Ig, = 1/100. ;\hf =1/12, lhv= 1/13, ?Lhm =
m g m

128, hpy = 117, ke =112, by, = 113, hy = 1/28, Ay =117, {1 =1/45.
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5
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Fig.3 Time series solutions of exposed human and infectious human for the different percentage of infected humans in
whom some hypnozoites remain dormant in the liver. The parameters are K = 10,000, M = 150, Yng = 0.45.

.:,hv =
0.35, vy, =0.15, vy, =005 y_ =045 vy =035 vy =015 v =0.05 r,_=1/30, r_=1/60, r, = 1/90,
Thy "hg Vi vy "V "o 1f v Im
5 = 1/120, r2\-‘ =1/(5*30), L, = 1/(5%30). I3, = 1/(3%30), I3, = 1/(6%*30), 1‘4‘__211"(5*30). Ly, = 1/(3%30), r5f = 1/30,

=1/
5 =1/14, s

= U7, 55, =117, 15 =190, 15, = 1120, 15 = 1/60, 15, = 1100, Ay = 112 Ay = 113, Ay, =

128, hy = V1T, hop = 112, by =113, by =1/28, =117, f1 =1/45.

—lenndahiPE )= U 13, lamhPM| = 1728, lamde(PO ) = 117 —a— lamdan(PF ) = 1/12, landah{PV.} = 1113, lamdsh{PM.) = 128, lamdahiPO.) = 11T
I APV | = 155, IBmdenFo | = 1734
[AMBAPM | = 134, IEmAs{FO )= 1151 | —8—lamdan(PF | = 124, lamdah{PV. ] = 1126, lamdzhiPM.) = 56, lamdah[PO. ) = 1/34
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Fig4 Time series solufions of exposed human and infectious human for the different incubation rate of four

Plasimodiums in one village. The parameters are K = 10,000, M = 150. yp, =0.45. vy, =035 =0.15, y, =0.05,
0

hy * oy

vy =045 v =035 vy =015 vy =005 =05 r,_ =130, =1/60, r, =1/90, n =1/120, r, =
tv 1 v 1 0

Vg v v ' Vm o f m 2y

1/(5%30). 1, = 1/(5%30). 13, = 1/3*30), 13, = 1/(6%30). 15, =1/(5*30). 13,= 1A3"30). 1y =130, 15, = V14, 15 =

U7, 15, = 117, 15 =190, 15, =1/120, 1 =1/60, 15, =1/100, {1 =1/45.
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Fig.5 Time series solutions of exposed human and infectious human for the different rate at which the exposed human

change to be the susceptible human in one village. The parameters are K = 10,000, M = 150, yp,, =045, v, ~=0.35,
v

¥

g, = 0-15:

"o

13, = 1(3%30), 13,= 1(6*30), 13, =1/(5*30). 1y, = 1/(3*30), 1, = 1/30. 55, = 114, 15 =17, x5 =117, 1 =

190, 15, =1/120. 15 = 1/60. 15, =1/100. ke =1/12. dyy =113,y = 128 Ay = 117, Ay =112, by = VI3,

=0.05, y_ =045 vy =035 v
v

Tvy

=015y, =005, a=05 1, =1/(5*30). 1, = 1/(5*30).

Vm Vo

Iy =128, by, =117, 11, =1/45.

2 =+ riPF = 1190, rB{PY.|= 1120, (PN} = 1/60, r6{PC )= 11100 | 3
11100, B[PV )= 14130, (P ) = 170, (PO )= 11110 |
10, 1PV, )= 11140, B(PM.) = 180, r6(PO.) = 1120 |
——ri{PF = 11120, PV )= 11150, r6{PM ) = 1680, (PO )= 11130 | =——ri(FF.)= 1110, r6(PV.) = 17140, rIFM.) = 180, r6(F0.) = 1120
—a—r5{PF )= 1120, r6iPV.)= 1/150. 6iPM.) = 1/80. r6IP0.) = 11130

—a—rR{PF ) = 1400, FR(PY )= 11120, rB(PM ) = 1480, R{PO ) = 1/100
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58 b 96 15| | 1 20 39 58 77 96 118
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1 20 39

Fig.6 Time series solutions of exposed human and infectious human for the different rate at which the infections human

change to be the susceptible human in one village. The parameters are K= 10,000, M =150, y,, =045, v, ~=0.35,
v

Vg =005 7, =045y =035 7, =015y, =005 @=05 r =1/30, 5, =1/60. 1, =1/9,
n, =1/120. 1y = 1/(5*30). 1, = 1/(5"30). 13,=1/(3*30), 13, = 1/(6¥30), 1y, =1/(5%30). 145 = 1/(3"30), 1, =1/30.
B3, = V14 15 =17, 15 = V17, hyg = V12, dyy = 113, hyy = 128, Dy = 117 dyp = 112, dg = V13, Ay =

1/28, }‘Vo =1/17, p_=1/45.
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Fig.7 Time series solutions of exposed human and infectious human for each type of Plasmodium in one village. The

paramefers are K=10,000, M =100, yy,=0.45, y, =035, vy, =015 v, =005y =045 vy =035y =
v m (4 f w m

0.15, Voo = 0.05, a=10.5. I,

o= 130, 1, = 1/60. 1, = 1/90, n,=1/120, 1, = 1/(5*30). 1, = 1/(5*30). 13,

1/(3%30), Iy, = 1/(6%30). l'4v=l.f(i*30}. T4 = 1/(3*30), 1'5f = 1/30. I, = 1/14, r5m = 1/7. Is, = 1/17. 1‘ﬁf = 1/90.
g, = 1/120, 1 = 1/60, Tg, = 1/100, :A‘hf = 1/12, lhv: 1/13, lhm: 1/28, I\hoz 1/17, I\vf: 1/12, }bvv: 1/13,
m
}L‘.m: 1/28, ?-L\.o =1/17, u_=1/45.
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Fig.8 Time series solutions of exposed human and infectious human for each type of Plasmodium in one village. The
paramefers are K =10,000, M =150. yy,=0.45, Vo, = 0.35, Yoy, = 0.15, The = 0.05, ‘(‘__f =0.45, Yoy = 0.35, Yoy =

0.15, y, =005 a=05, 1
o

=1/30, r_ = /60, 1
f v

lm
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Tey = /120, 5 = 1/60, T5, = 1/100, Ape = 1/12, Ay, = V13, Apy, = 128, Ap = V17, Ayp= 112, Ay, = /13,
by, = 1/28, by =117, 11, =1/45.
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Fig.0 Time series solutions of exposed human and infectious human for each type of Plasmodium in one village. The
parameters are K= 10,000, M =200, vy, = 0.45, vy, ~=0.35, Vhy — 0.15, The 0.05, Y“'—f =0.45, Yoy = 0.35, y =

hy m
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1/(3%30), 13,= 1/(6%30). 1y, =1/(5%30), 14,

o, = 1/120. 15 = 1/60. 15, = 1/100. dp;

Ay Ay

by =128,k =1/17, p =1/45
m ] v

1
1 —— P.Falciparum —+—P.Falciparum
—8—P Vivax —=—P \fivax
— P.Malariae ——P.Malariae
" —+—P Ovals
075 ——P.Ovale 0.75
c =
" [}
£ £
205 T 205
-
3 8
2 8
ﬁ E al
0.25 025
an [ N
1 20 39 58 w 96 115 1 20 39 58 77 96 115
Time(day) Time(day)

Fig. 10 Time series solutions of exposed human and infectious human for each type of Plasmodium in one village. The

parameters are K = 10,000, M = 250, ';lhf=O‘4S._ "th =0.35, Yhm:O'ls‘ yho=0.0S. yvf =045, ¢ . =0.35, Ve =

Yo .
0.15. y, =0.05 =05 r =130 5, =1/60. 1, =1/90, §, = 1/120, 1, = 1/(5*30). 1p,= 1/(5%30). 15,=
(3*30), 13,= 1/(6*30). 13, =1/(5%30). 13, = 1/(3*30), ry =1/30, 15, = 114, 15 =17, 15 = V17, 15 = 1/90.
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oy = 1/120, t5 = 1/60, x5, = 1/100, Ay = 112, hp, = 113, k= 128, Ao = 117, hyp= 1/12, Ay = 113,

by = 128, Ry = 117, g1, =1/45.

Furthermore, we consider the time distribution of infectious human when incubation rates of Plasmodiums do not
included in our dynamical equations.

4 3
100houses 150honses
’ 1
2
c c
] o
£ £
= 2 =
n o
3 3
= I t
1 L
1] o4
1 20 39 a8 T 96 115 1 20 39 58 ir =] 115
Time(day} Time{day)
2 2
200 houses 250 houses
1.5 15

nfectious human
Infectious human

N . UU\LAT_L
m 39 58 77 98

1 20 k] T 98 113 | 1 115

58 £
Time(day) | Time(day)

Fig.11 Time series solutions of infectious human for the different number of houses in one village. The parameters are

K=300, Yy =045, v, =035, v, =015,y =005, y, =045 y =035 y =015y =005 a=05,

1, = 30, n = 1/60, r, = 1/90. 5 = 1120, 1, = 1/(5*30), 1, = 1/(5*30), 13, = 1/(3'30), 13,= 1/(6*30).

14, =1/(5*30), 14, = 1/(3%30), rif = 1/30, L5, = 1/14, r5m =1/7. 5, = 1/17. r . = 1/90. s, = 1/120, rém = 1/60.

ot
16, = 1/100. 41, =1/45.

DISCUSSION AND CONCLUSION

We show mumerical solutions of our dynamical equations. The different parameters are considered. Fig.1 show
time series solutions of exposed human and infectious human for the different number of houses in one village. Fig.2
show time series solutions of exposed human and infectious hwman for the different transmission rate of four
Plasmodiums in one village. Fig.3 show time series solutions of exposed human and infectious human for the different
percentage of infected humans in whom some hypnozoites remain dormant in the liver. Fig.4 show time series solutions
of exposed human and infectious human for the different incubation rates of four Plasmodiums in one village. Fig.5
show time series solutions of exposed human and infectious human for the different rate at which the exposed human
change to be the susceptible human in one village. Fig.6 show time series solutions of exposed human and infectious
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human for the different rate at which the infections human change to be the susceptible human in one village. From the
model outputs, we can see that the epidemic sizes are higher when the smaller number of households, the higher
transmission rates, the smaller percentages of infected humans in whom some hypnozoites remain dormant in the liver.
the higher incubation rates of Plasmodiums, the smaller rates at which the exposed human change to be the susceptible
human and the higher rates at which the infectious human change to be the susceptible human. The epidemic outbursts
are longer when the higher number of houses, smaller transmission rates and smaller incubation rates of Plasmodiums.
Fig.7 to fiz. 10 show time series solutions of exposed human and infectious human for each type of Plasmodium when
different number of households are considered. We can see that the most Malaria cases are infected with Plasmodium
JSalciparum, Plasmodium vivax, Plasmodium malariae and Plasmodium ovale, respectively. Moreover, we consider the
time distribution of infectious human when the incubation rates of Plasmodiums are not considered. From fig.11. we
can see that the epidemic outbursts are longer than when the incubation rate of Plasmodiums are included. The results
of this study will point the way for controlling the transmission of this disease when there is the movement of
populations.
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D my+Hp Ny ye) My +Ay) | (My+ip Npyy) (01 +0p +Ap) (My +Ay)

— InNpvviy
(my+igNpye) (my+2y)

v

— ipmyNpYy
(my+ipNpyy)(my+ady)

v

Taed 1, Furamasvosaums 4; (I,)2% 4+ A, (1)
& A =
HARATIIRUNTTHALRAYIaIANMT fa I, = O uas I = A—Z 1o
1

bymZnb, (by +my + Ay) + (by(b; + my)mynb;
A, = +((b2 + b3 + Inh)NthYth + bznlvnblj)\h))\v
—(by + bz + my) (b, + my)my(b; + my, + Ay)(my, + Ay)

.4
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NupYo(my((by + bz + my)(by + my) —bynby)(by +my + Ay)
A = _‘|'(031 +my + Nth)((bz + bz + mh_) (by + myp) — bynby)
+((by + bz + my)(by + mp + Nyyn) + (=b; + NyynInb)An)A,)

Houluihin
bzm§by (by+mp+Ap)+(bz(by +mp)mynb,
*((bp+bs+mp )Ny Ny Vh vy +bomynby JAp)Ay
(bz+bz+my) (by+mp)my(by +mpy+Aap) (my+iy)

I, > 00 Ky > 1, (Kp =

3.2 ANNaRgI M

ATmEdesnIMYeIIRaNAavz i lugdidnvarmmevosamingn ladeu Sradnvazmwn:
: 2 - o .
duay uaasigaauaaiuianadesam  mamAdvaznm: ldnnaunsdnvasnn:

(Characteristic equation)
det (J —VIZ)
1 aacugamelagnn:13TlsaE; = (0,1,0,0,0) ldaumsdnuus: Al
(=my — by — by = V)(—=bg —my — LyplN, — V)(=by —my — 2 = V)(=my, — ypNplp, — A, — V)(—m, — V)

Hiov = —my — by — by, V=—by —my, — [y, N, V=—b —my, —A,,V=—m,—y NI, — 1, V=—m,

Ca 2 : :
wrhdimdnvazmmaiuauimue uaasinaaugaiiamuadesnmdie Ky < 1

3 é‘ - £ 3 = = 4
2) vaduaamelaanizszanaieia E; = (Iy, Sy, By, 1y, Ey) lATumIdnyalz RNzl
VE4+ GV + GaV3 4+ GsVE+ G,V 4+ G =0

. P

1w & 4 = . 5
'ﬂTﬂﬂHﬂl:Lﬂw’BﬂE]«ﬁ!ﬂﬁiJﬂ'ﬂﬂ‘lEﬂﬁﬁﬂn 2Iz1UALTATINA 'Hﬂu'ﬂll Hiogaan 'ﬁs{ﬂdﬂll Routh-Hurwitz Criteria “id

o d
uaaalddsil

Gs > 0 (3.1
GG, — G, >0 (3.2)
G5G4G3 + GsGy — G,G2 — G3 >0 (3.3)
G,(GsGyG3 — G2 — G2G,) — G,(GsGZ — G3Gy — 2GsGy + Gy) >0 (3.4)
G1(Gy(GsG,G3 — G2 — G2G,) — G2 (GsGE — G3G, — 2GsG, + Gy) >0 3.5)
Taei
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Gs =by + bs+ b+ by +3mp + 2my, + ioNoys + iaNa¥y + dn + 4,

Gy =baby + 2bym; + 2bymy, + 3mE + 2bam+ 2bym, + 6mym, + mE + i.baNoyvy + (b Noye +
2igmpNyye + 2implNeys + EnbaNawy + i baNpyy + 3igmalNayy + iameNovy + iatpNalNpYare + badn +
bydp + 2mpdy + 2 dp + i, Novpda + ipNp¥odn + (Ba + by + 3mp + myo + i Ny + ipNp¥e + Ap )4, +
by(by+by+by +2mp+ 2my+ ixgNyyp+ A) + ba(by + 2mp + 2my, + i, Npyvn + (aNe¥e — by + A5 + 4,)

Gy =bsbymy + bomi + bymi + mi + 2bbom, + 4bympym, + dbymym, + 6mim, + bomi + bymi+
3mn"é» +ipbaby Ny + ipbamulNypya + tpbymaNyyn + ipmalNpyn + 2ipbamyeNpyvy + 2ipbymy Novn +

&1 mpm,Ny¥s + E;mEINYy + (nDa By Ny¥y, + 203 bamp Nyy, + 20 bymy, Npyy + 31,mENyY, + [pbamy, Nay, +
tpbympNpyy + 3ipmpmy, Npyyp + (ptp by Ne Npvi Ve + 1 pip B NalNpvi ¥y + 2igiympNg Nova vp +

i piyMyuNpNpVn ¥y + By (Baby + bamy + bymy + mi + 2bam,+ 2bymy, + dmpm, + mi+ iy(ba + by +
2my + MmNy, + ba(by + mp+2my, + G Npyy —1by)) + Bybydy + b Ay + bymp dn + mids +
ZbamyAp + 2bym oAy + dmpmody + midy + 1By NoYn Ap + Lymp Nyyp A + 20,m, Nyypdp + 1 pbaNoyp iy +
LpbaNe¥odn + 2tpmp Ny diy + 1M Nedpds + G N Np¥e Vol + £ Nyanbady + By (bo + By + by +2mp +
My, + ipNp¥)Ay + (3mE + 3mpmy, + 2iympNyyy + tymy Ny + 3ipmpNayy + taipNaNoyn ¥ + (2my +
my + 1Ny + 1 Ne ¥ )dn + by (2mp + my, + 1Ny + 1pNp ¥ + A) + by (by +2mp +my, +1,N0 +
EalNeYe+ Ay + ba(mi +mi + 2im Ny + iime Nayy + (i NaNgyR e — 2monby — i Noyanby —

i pNpynby + 2m iy + i NYp Ap + TpNp YAy —"Ibp’-h +(m, +i an + ipNpyy —nby + A5 )4, + by(mp +
2my, + igNpyn + (aNp¥e + 45 + A+ mp(dmy + i Now + 20, Npy, — mby + 4, +24.))

G, =2bybympym, + 2bymim, + 2bymim, + 2mim, + bybymi + 2bympmi + 2bympmi + 3mimi+
th'bsbnmva?E + 2£L'b2mk ”E-N;:?ﬁ + Zirhlmk m:.'N;:??L + 21!:”‘%’"1’:”1:1"& + fuba”'EN;-?a + EobbmgNl:yh +
24,mumiNo¥y + by bympNoyy + 1pbamiNa vy + 15bymiNY, + Mg Ny + € 5By bymo Niy, +
2ipbympmyNiy, + 205 bymy muNu vy + 3ipmam, Novy + taip By by NaNova v + tntpbamaNaNoyay, +

iy Bymy Np NV Vo + TplyMENp Ny ¥ Ve + T plpDaty Ny Nody vy + Dl Bymy Ny Ny vy +

2ipiymy MmNy Nyye ¥, + 2b3bymy Ay + 2bampm, Ay + Zb.amhmvlh +2mim iy, + bymidy, + bymid, +
2mpmgdy + 24, bym Ny dy + 20,mamoNoy di + £,mNeYe A + £r3buNp o s + 1nbymiNoyeds +

i nbympNayo Ay + ipmENLYdy + inbym Ny Ay + ipbymy Npyedi + 2impm Npyp dp + intobaNaNoyayeda +
i niy RN NoYa¥odn + EnlymuNa Ny ¥odn + 2igmy Noyanby Ap + iaip NaNpynvpnbydn + (mp(mi +

map(B3my+ i Ny — 3inNp¥e) + 2i Novp (mp — inNp 1)) + (nE + mpa@my + iy Npyn — 2ipNpye) +
Npva(—ia(—1+ e )NpSpyy + ip(m, — i, Na(1 + 5:-_)1".: +1b )NAg + by(mi + (my— EpNpye)(ENpyr +
Ap)+ mp@my+ ipNoyy — 20 Npyp+ A5)) + ba(mf + i, Noy (my — iNz3p) + (i + ioNpys —

taNaypddn + mp(2m, + "vaﬂ'l 2ipNpyyp+ Ap) + By(mp + my * 1pNp¥n — ialVpye +4n)))Ap +

by (Zb"ﬂa’ﬂu +2mim, + bym + 2mpmi+ InbymaNpyy + inmENL ¥ + Enbymy Noyy + 2iampmy Nyy, +
(bymy +mi + byom, + 2mam,, — i5(Bs + 2my INey Ao + By(mo(my + LNy ) + (o — EaNpy A +

by (2my+ tpNpye + A,) + my (2my + 1 Neyy + A4)) + by (my + tymy Ny, — 2monb, — Ny ynby + (my, —
ipNaye— Mby)Ap + by (2my, + i Ny, + 4p) + mp(2my, + ixNpy, +4,))) + b, (iwmng?'h +

i aiy M NpNo¥ ¥y — mimby — 2i,m  Npyamby — igmeNpypmby — iaipNaNoynvenby + mids + 2i,mNoyy A, +
Ly Np Vodp + inlpNa Nown Vodn — 2mymby Ay — ipNpyembydn + (—mymby + ipNpdp (1 + @ )NpShye +

nby —Ap)+ (My—Mby)Ap + i Np¥a (Mg + IpNp(—1 + Sp)vp — Mby + Ap )4, + mﬁ(Zm,, + i Nae +45) +
ma(2mi + uNoy, (G Nove — nby + A — 24.) + (LN —nby + A4, + 2m (6. Noyy + 6Ny, —nbs +

Ap +Ap)) + by(mi + ip Novu(olNoy + 25) + (EoNo¥s — EaNedp + 224y + mp(@my, + 1Ny, +4,) +

my (i Ny, + igNpyp+ 245 + 4,)))
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Gy = b;b,,mhmé i b;m%mi% + bymim; + mimg + ivbabaméNth + iphymymiN, v, +
fﬂbémhmvNLYk +i mhm.,,N ¥ T inbabympm Ny, + fﬂbzmh"‘uNEYv + iﬂb‘;m;m,,Nhr.; +
Ihmﬁmt Niyy + inipbs bdmi.'N?:M}‘ﬂrL + lhlnbzm?:WN NT.. Yalet Ih! b-lmﬁ"&NhM}?x'ﬁ
tmm.umuﬂrﬂ'mn + bybymidy + bymymid, + bymumidy +mimidn + i, bamiNyads +
!.m'r:mL* vYadn T inbabymy Novpdy + i gbympmy N vp A + inbympmy Npypdy + :’?:?nn?"‘I.Nﬂn;i'fl +
EkfvbamthNp}'h 1"1?’11‘: + Ehiﬁmkmmﬂkwvhyvﬂ-ﬁ + Eva'vak“bl'lﬁ F l’nfv"h-Ni:Nﬁ‘thﬂbiin T
bybympmy, A, + bymim, 4, + bnmhml.‘iv +mpmpd, + ipbybym Nyy dy + iphamym, Noyy A, +
@ b&mﬁml. vVl +1 ma‘:mLNc'YP' — ipbybymp Ny Ay — tpbs miNnYL v ihbathr: Yoy —
{aMENG Yody — 1l By BN N ¥ K«% Lrlpba My NaNo Vi ¥ Ay — T tpbamaNaNpyavedy —
ipiyMaNaNYnYodp + babympdpdy + bampmodpd, + bympmyApd, + mimy Ay A, +
ubamvaYk}'hiv + iymym,N, Yraﬁfeﬂ-u = 1B By Npvpdpdy — 1abamp Ne ¥y dp Ay —
ipbympNpYpdndy — UM NoVpdndy — (alpby NoNyVa Vodndy — T plymaNpNp VYo dndy, +

UrbaNENy SpYa Vodndy — Tatyba NaNySp¥a VoAndy — by @y NaNpSa v Vodad, +

TnMaNa NpSa¥aVodndy — taleMalNp NpSu¥aodn Ay — T &MalNa NpSaVaVodndy +

iniy Ny NFSn VR YoAndy — Tnip NuNG Sp¥3 Vo dn Ay — inty@uNalNG Spa Yodndy + 1ymuNyyanbydpd, —
iniyNa Nova ¥onby Andy + by ((ba + mp)(Bs + mp)(mi — inNa¥ody + my (inNavy +4,)) +

by (—minb, — ipm,Nyy,nby — inNa NoSa¥e¥ody + inipNaNoSe¥n Vol + in@, Na Ny Sy v ¥pdy —

mynby A, + i Npyenby &y + By (my — in Npvpdy + mp(ipNayy + 45)) + mb(mf; — ipNp ¥ty +

my(ipNa ¥y +45)))) + by (_ivméwvyknbi - EhEL‘mI?NkNUyPRYF?Jbi F: fvaNﬂ'h}h + -

Lply ”R-Naﬁ'ﬁnhﬂn mgnby A, — inymNpyMbydy — in i NaNE Sp¥Evedy + inigNaNG Spyavedy +
‘kivethN shyi' 1’?‘11, ik hmrNchbzl 3 l&!vN Nr}'i:ﬁnblj' 3 lvmrNt'ykl J' ol

i iy Ny Ny Vi Ypdndy — mv"bilkA + ip Ny ypnby dpdy + ml‘l(m!. inNpypdy + mu(l rVayp+ Ap)) +
by(mp + ipNp¥n + A3 )(MG — i NoYoho + mu(inNa¥e + 4p)) + mp(mi(—mby + 43) +

tplNa¥p (1 + e, )N Spyn + by — A3 )4, — my(mby — A5 )@ Ny + 4p) + £ Npye (my +
IalNa(— 1+ 5p)vpdy + my(GaNp¥e + 400)))

o o 2 L &
Amuald Siwautlsznsianua 1500 au sufa Ny, = 1500 au, dszmnsniliauiiang

i i a e e —
288 65-70 U T1vndszmasaaiilisanianifanidudainisaisvaalszrins Aniu

T sda A s - - i i
A= my = ADIUY ,'3:JU:;L'Ja"I‘llﬂQ%TlﬂﬂﬁiBﬂﬁuliffﬂﬂﬂ"If'l"l‘i’ 14 'JulTT'Iﬂli‘;i:JU:l'lﬁ"l‘llﬂx‘lﬁﬂﬁu"ﬂ'm

365+70
. = . o) J H | o , L)
msthaudndulihednaiaiuie by = by = -, dotu, szsznafidereiiegludile 10 fuiufe
1 1= =g o 1 N & a 4 g
by = ;dodu, szoziramIF lumsinmoimsthamiduizeznawesmsiunnnmsamaoiluma 20
o E 1 4 o > L S & & o 4 g
Tudufie by = AeTu, Turugaianin 500 A1 udie N, = 500 @3, gaiiladaiiongite 35 Ju 1
- o g PO | ¥ oA & ' &
fo m,, = - Ao, Sovazdanmovostszmnsniiiy 0.02 ufe 1 = 0.02, SanImsnemona 1INy
1 e | o 4 | 1 oe 4
lillszrnamiau 0.01 Huda y, = 0.01, dasimsamenaadoninlszvin laaminy 0.01 Tuda
¥, = 0.01
5 : s ; e =
Ti1320190u 183 Routh-Hurwitz Criteria A3 U300A0A15N 3.1 - 3.5) 1Famsiiwes

4 ol
deduannsauaanTvesoan1sh G.1 - 3.5) Tadsl

o
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E
=

i ' = .. a5 = A
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daq

Routh-Hurwitz Criteria

4 aylwaniive
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