MANUIN
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NIARNUIN N.

AN9UTE N UATNITI R LA URI LU LA AN NAD AL LA esia 1

wazuuuLaaiawmdanauumg
n.1 uanstszanunaiinesiusin (B) sesnisuanuasuuuindieuialy

AR sTIN AN AmeFUFNA983T method of moment estimator (MME)
FagNNN9N (2.5)-(2.7) Tuun® 2
namaaesitlfafredyynnuuuindidawialdidean g F90.1 aulle 10 usazA

S Hauausaeteminiu 1000 wdaA Al B NA6e 9 azldnanismeaeedagii n.1

4 L e E—
4B oo e Estp |

12

1"
10

317 n.1 wanisilszanauAudngaens MME duiuAiusinluges (0.1-10.0)

uadeaniy a¥edyrnunuuindidawialdfan g = 1, 2, 4 uaz 10 InaiusazA1aey B
azaF ey nnuuunddsuialilaiuan 100 ga uazianistseuiuen Tnadnanig

dszannianaslugili n.2
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1.6 3
Est =1 Est p=2
14 1 25
1.2 .
oL o 2
.1
08 | 1.5
0.8 . . . . 1 . . . .
O 20 40 60 81 100 O 20 40 60 81 100
sample sample
g 20
Est =4 Est =10
5
15
o 4 o
10
3
2 - - : - 5 - - : -
0O 20 40 &1 21 100 0O 20 40 &1 21 100
sample sample

717 n.2 uanisszannidn B =1, 2, 4 uaz 10 AU 100 AT

AraangnsieslunisdszinnidignuansegluglresAiadawaz et uunIng§Iu
v !
(1,0) annszdszanniAn B 41uu 1,000 A Was U 19w 5,000, 1,000

LaZ400 AIMAIFIY

AN97991 N. 1 HANNTLTZNNUANLAN Wa £ =1, 2, 4 LAz 10 a1%31 1000 AT

ANUIUAIBEIN S =1 B =2 p =4 S =10
5,000 (1.0012,0.0273) | (2.0018,0.0647) | (4.0076,0.1651) | (10.0207,0.5804)
1,000 (1.0021,0.0629) | (2.0114,0.1432) | (4.0438,0.3980) | (10.0823,1.4310)
400 (1.0166,0.0942) | (2.0335,0.2399) | (4.0529,0.6254) | (10.2477,2.6314)

agtlAdnnistsennniAuuy MME azliinaiaaugnsiasdniuen B ludas 0.5-
4.5 waziiiadn B HANGAUAU 4.5 WUINHANAAIALARBUEITILEaE 7 Alugtln 0.1, .2 &9
aziina ludunaunisnFaumsuiaidunisuaniasmnuiiaziugon KLD deiulugnuise

HasldAn B lwtae 0.5-4.5
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N.2 NAN1TUIZHIUNIIH BT LA AN (a) YBAINIFUANLAIULLLLA AN AL ANANNAT

At Hlsza AN I A e ean1Aaea8 method of sample characteristic

function AIANNIN (2.10)-(2.14) Tuun® 2

v

dgl Y v % I a dl dld ' =X
ﬂqiﬂﬂﬂﬂﬂuiﬂﬂﬁ"]ﬁﬂﬁyﬁy’]muuuLL@@V\I’]@L@LM@VI@NN’WW?WN@W a AN0.1T [UDY 2

! 4 =

WiazA1 o HAuIUANRE1ainiL 1,000 udetlszinidl o fiAsag ) arlduanis

dszannpngdagi n.3

317 n.3 uaasnanIslsznnuATLeaRAa8AE method of sample characteristic function

Ansumwaanilutgag (0.1-2.0)

wasantiu aFedynaiwuunearnamidananuinsiana = 0.5, 1.0, 1.5 uaz
2.0 TnefiusiazAned o avaidnynnuuuneanamiiaianuInsaIuw 100 40 was

nnstlszannuen Tnadinanistseunuanfalugly n.4
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0.7 1.3
Esto =05 1.2 Esto.=1.0 ||
0.6 1
1.1
g 0.5 g 1
0.8
0.4
0.g
0.3 : : : : 0.7 : : : :
1] 20 40 &1 80 100 a 20 40 81 =0 100
sample sample
2 2.8
15 Esto.=1.5 ] 24 Esto. =20 |
1.6 2.2
fa ]
1.4 2
1.2 1.8
1 : : : : 1.6 : : : :
1] 20 40 81 81 100 a 20 40 61 81 100
sample sample

UM n.4 uanaN9LlszinnuAn o = 0.5, 1.0, 1.5 UAT 2.0 13U 100 AT

ArAdugnsieslunisdszinnidignuansegluglresAiadawaz it uunng§Iu

¥ ]
(u4,0) annszdezinif @ [7u9u 1,000 AT BIUIUAYREN9HAN 5,000, 1,000 UAY

400 Am1319 TauafluaeangunguusniaAn 7 = 10 uazngunaey y = 50 A9RN39

AN N.2 LAAIHANITLIZNNUALAANEUTL ¥ =10 91131 1000 AFS

AUIUAIDLIN o =05 o =10 o =15 a =20
5,000 (0.4971,0.0281) (1.0003,0.0340) (1.5033,0.0926) (2.0000,0.0001)
1,000 (0.5025,0.0631) (1.0053,0.0847) (1.5152,0.1738) (2.0000,0.0002)
400 (0.4911,0.0939) (1.0301,0.1334) (1.5254,0.3014) (2.0000,0.0002)




ANT199 N.3 LARINANTTUIZNUAMEAWNAUTL ¥ =50 R1U3U 1,000 AFS
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ANUIUAIREL N

a =05

a =10

a =15

a =20

5,000

(0.4935,0.1066)

(0.9995,0.0276)

(1.5021,0.0374)

(2.0000,0.0003)

1,000

(0.4573,0.2417)

(0.9928,0.5603)

(1.5117,0.1071)

(2.0000,0.0006)

400

(0.4776,0.3596)

(1.0015,0.1115)

(1.5566,0.1919)

(2.0000,0.0006)

agi/ladnstlszanuAtuaaWngaeds method of sample characteristic function

aglinadimnugnsasdmiudn y Tutda (1.0-50) duiuiesn y > 50 Arynynudidou

= S o g oa = . = = o q
L‘]_IHQL‘]_I‘Lllﬂfﬁliﬂﬂ’]uﬂﬁﬂﬂqiﬂwﬂﬂ’mﬁ@’]ﬂLﬂ@@%lﬂﬂ’]ﬁ‘ﬂ?ﬂiﬂﬂﬂéﬂ’] a Teaziuanilinng

1 1 v
szannudn @ Tudag (0.1-1.0) HuananAAARUAIA13199 1.3 Faiiluen

T4gi99 (1.0-2.0)

a o AKX

UIREUAIN

¥

AN «




NMANAN 1.

= 6o 1 = o
naTaueudeidunfsuaniasAaNiiwLuin dinuanasiauls

fingl Kullback-Leibler Divergence

4.1 WerifunIsuantasANnasduuLLn s uiane faudls
f(X)— N/ }/exp(—l(x ,u) Zl(X—,u)j
2|z}

ANN192U89 Kullback-Leibler Divergence

D(f,(X)l f,( =TT T f (X In%dxldx
o )
_Ef1{| fz(xi,...,xN)}
B NG el

/|Z |y X)) 5 (X )

.t | 2|% | S 0em) 5 (xm)
o " |Zl|}/ o ’%(X #) X (X—)
% L > (X X X
_In|| 2||;+Ef1{lne_2( N EOO) ) e ”2)}
242
1, .
=5 n|zl|+E S(X=m) I (X)) + (X =) 25 (X =)
1|n@—l L (X= ) (X ;11)}+1E {(X= 1) 27 (X p1,)}
|Z| 2 2 2
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(21.2)

(11.5)



Aol B, {(X-)' 35" (X))
nuua i KK, =2
By {(X-) I3 (X= )] =B, {(X= 1) KIKy (X))
=B, {(X= ) KK (X )]
—tr(B, {K, (X=)(X- ) K })
—tr (KB {(X—pa) (X ) | K] )
=tr(KZK/)
o tr(AB) ~tr (BA)
tr(EKIK)
=t (22
(1)
=N
sl B, {(X- )’ 53 (X))

B, {(x_/‘Z)T Zgl(x_”z)} =B, {(x_/‘Z)T zgl(x_”Z)}

By (XTI X = XT8 0, = i 25X+ 155 |
=B, (XS, X} -E (X2} B, {2, X} + B, {15, s,

=B {XTZX} - 5 — gy 25 s+ 1 55
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(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(2.20)

(1.21)

(1.22)



fasan B, (X752}
By {X'5X} =B, {(X-p) T (X— )} + 4 T4

dwiunadd B, {(X—,ul)T Zgl(X—M)} el Z=K(X- )

B {(X-m) ' (X-m)| =B, {Z'Z]

Lmumm?‘ﬁ' (1.22) baz (2.29) T (2.21)

B, {(X-s) Z' (X-1)]
=tr {8, g 5 — Sy~ 5+ 3
:tr{Z;lzl} +(ﬂl —H, )T Zgl(/ﬁ_ﬂz)

WUANNNTR 2.17) waz (2.31) Tu (2.8)

O(111) =322 (e 2 )

2, _
2( || || N+tr{2 }+(,ul—,u2)TZzl(,ul—,uz)}
1
#1 N =1 aziflunisuanuasuiind@auiaudlsdien 39l KLD iy

D(f,(1l fz(X))=%{lna—€—1+a—€+—(M_f2) ]

0 o, o,
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(1.23)

(1.24)

(2.25)

(1.26)

(1.27)

(11.28)

(1.29)

(2.30)

(1.31)

(1.32)

(2.33)

(1.34)

(1.35)
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NNAKUIN A

AN aufasFunfsanuaIANULLLINN A s ldrane fauls

fingel Kullback-Leibler Divergence

A.1 WerifunIsuantasANinazidunuLn e wia luuanasouls

f(X;a,,B,Z):Cexp(—%((x_ﬂ)T z—l(x_ﬂ))%J (A.1)

|
=

Wwa C = T p 1}/
2/1ﬂ1;( %) Rk
()

r(3)

ANNN91U89 Kullback-Leibler Divergence

Wuarina li3unnsaaanisuaniadiilumniianay

D(f,(X)Il f,(X))= T TT fl(X)Indeldxznde

LA f,(X)
o c e—z((xw z;l(x—m)%
:j Ifl(x) In— 7 | dxy (A.2)
R C eiz((x’ﬂzf %, (X*ﬂz)) ’
2
. *%((X*M)T by 1(X*M))/%
= [ [ H(X)| 224 1 — | dx, - dx, (P.3)



T % L () T (X « —{(X-t) Z3' (X2 K
:I Ifl(X)Lln&Hne“(( ) ~Ine Ol 20w
A A
AR R R
T A
(e 2O o,
=T ]Cfl(x)ln—ldxl---de
R A,
-] fl(X)%((X—M)T zll(X—M))Adxf--de
+I T fl(X)%((X—,uz)T Z;l(X—yz))% dx, - dx,

D(1111.)=In -, {%W—MY ZJ%X—M))%}

2

+B, {%((x—uzf £ (X)) }

NANTTUN
NN

:IOMIO%((X_M)T le(X—ﬂl))% [Cle i
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(n.8)

Tngnislasuioudsuanasiaulsrednsduiinganisuanias MGGD uanesauwls

( Tt (s (y))92
[C fy (y)dy = j el () gy %

| 1
Avualil g(x) =Y =K, (X— ) e K, =EA,2

$(Y)=KY +

(m.10)
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Differentiate yisaa3d uazinuualil |K| = det(K) azlé

[dg™(y)|_ 1 11
|y |
UNUANNIg (A.11) Tuannis (p.9)
1 _
f, (y)= Il f (47(y)) (R.12)
el 21 = KK, unud ¢ (y) = KUY + 2 Tuaunag (p.12) aglé
T -1 ﬂlZ
B, ((X_ﬂl) 2 (X_ﬂl))
(m.13)
1 ¢ 1 myl )
S —(Y'Y)?|Ce* dy, ---dy
RN )[1 -
1N
N
Y'Y =)y’ (P.14)
i=1
WU YTY:iyi2 Tuauns (.17)
i=1
1 . A
B 20 52 0] |
R A (m.15)
A
_ Yt s ?J 2 cg_“{gyij dy. ---d
|K1|‘[O '!;ﬂi (; yl 1 yl yN
A 1 2/%
C T wl(“ 2j 2 *z@i]
= — Y, e dy, ---dy (A.16)
rAE P2 i
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YR

N
UgzuntuAn (z yfj
i=1

o>

(;yfj z;|yi|ﬁl (R.17)

WNUENNNT (A.17) Tuannng (A.16) azls

I

T ETCINA 2 (n.18)
?j IZ(ZM j e dy,-e-dyy
-0 -0 i=1

& I luauns (A.18)

N
LA Z|yi|ﬂ1 = |y[* +]y, A
i=1

S

il el Il (n.19)
L 1 A G 1 )
I I I[ PR dy, -y,
b v, on]
_ Cl % 2 |y1|/31 [1 A A )
i 1% | B~y
© - A \iﬁ\ﬁl bl . \ﬁw\ﬂl}
+II|Z_2| ° ay, -y (7.20)
et ..J'|yN| e dy, ---dy,,
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vl 5
+J'J'72 [e et e’ del---dyN (m.21)

» © J%ﬂﬁl 7‘%3‘/’1 Jy. ‘/ﬁ |y iy %ﬁl
+II e e e dy,---dydy, f e dy, (.22)
© - ‘Zfﬂﬁl Mﬁl y’;‘iﬂﬂl |y |ﬁ1 LiN‘/}l
+ot [ et e e " dy,,--dy, TN e " dy,
. s Y,
4 mFu GGD nikdd: f(y; 4, f)=ce * ; c=—F
22T/ B)
o |y’

cje A dx =1 (R.23)

—00

ANFUNIATULNNHN (Gamma function)

et
j|y|n ce #dy=4" ~L 2 (.24)
- 1
0 r _
5

uni n= A unuAnluaunig (m.29)

_i _i (m.25)
) 757
p B
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ﬂizqﬂﬁmumi (A.23)- (A.25) Tuaunig (A.22)

1

B, {Z((X—M)T Zﬁ(x—m))%}

© o \11\”1 lyg Iyn |y |/)’1 lyol
+ J' J' ce ce c,e  dydy,---dy, IZ ce dy, (A.26)
0 w \31\/’1 M}:ﬁﬂ"l |y |/31 \yim"l
+eeet j J' ce & dy,---dy,, TN cye  dy,
C © \vi\ﬂl @”1 =y A \viwﬂl
| G T
1
© ® *‘/yTﬂ/& in‘ﬂl "y/TN‘ﬁl ® |y A Jifz‘ﬁl
+I I ce ! C,e ! YoM ! dyldy3 . dyN J TZ c,e ! dy2 (R.27)

“TKe 1 (1) ("2
| 4)
b By

| ' 1
WnuANANN C, = s way c=— P

221;1r( %gj 5./ U

Tugunng (m.28)
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;F f
S ST N - (A.29)
K| ey I
1 B
N
— (m.30)
B
Faunatl
1 T 51 N
B, A =((X-g) X (X~ ~— (m.31)
Aoy 0] * -

P
WanguInaLl E {%((X_ﬂz )T Zgl(x—uz)) 4} luannis (A7)

2

B, {%((x—uzf S (X)) }

glg'—a8
—38

1
/12

8

1 T e /%
T ’ ()" 2 (X )
((X_ﬂz) 2, (X_ﬂz)) 4{Cle 21( ween) ]dx1"'dxw (A.32)

sl%ﬂgma‘maﬂuﬁqLLﬂima‘EuﬁLm‘Mummaf (P.9)- (P.12) hazuNUr ¢ (y) = K'Y + 4

Tuaung (A.32)

1

- |z I%«YT K," +u§)2£l(Kle+ﬂo))% {Cle A dey--dyN (R.34)

,i(YT Y)%

=ﬁ. T T%«YT KT +ﬂg)K2T KZ(Kl—lYJrﬂO))’% {Cle px \del'“dyN (7.35)
1 = 0
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1 7 71 Poy —i(YTY)z
:? '[o ‘[0/1_( YTK KT +'u0K )(K K 1Y+K2ﬂ0)) i [Cle S del'“dyN
(n.36)
1% ©1 ) ) (A
=? J;) LZ( K JKIYY + Kz,uo)T(KzKllY+ Kz,uo)) {Ce dy, ---dy,,
(R.37)
WNUAN
1 T 1 ﬁ% N 1 2 ﬂ%
((KZKl Y+Kzﬂ0) (KZKl Y+K2ﬂo)) :(Z(Kzi Ky'Yi +Kziﬂoi) j (m.38)
i=1
Tuanns (p.37)
ﬁ% 1 4
1 7 1(d ~ 2 /2 ~—(YTv)?
:? [o J;OZ(Zl 1i1yi +K2iﬂ0i) j [Cle h ]dyldyN (ﬂ39)
Uszgnsiannig (A.14) Tuaunis (A.39)
1 0% 21 ) [ e
NF £ LZZ‘K .1yi + KZiﬂOi A {Cle Ky deldyN (P.40)
tezunum
N
I Ky, Kot | = 3K ki) (Kot ) (h.41)
i=1 i=1

e / An marginal density uagdmin matrix K, ifludrauluuuanuesyu (diagonal)

[ L3 e
~Ki J- J-%i(Kzi Kljlyi )ﬂz +(K2alu0i )'52 {Cle ﬂaizzl“y del...dyN (P.42)
1 ¢ t1Q 5 vl e
:? .[ JZZ;(Kz,KfY.)‘ +Z(K ,uo) Ce “e % e A dy--dy,

(P.43)
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K| = 4
o N
Ce “e * ...e ™ |dy,---dy, (n.44)
© © ‘yl‘/}l ‘yZ‘/}l ‘yN‘ﬁl
=iJ‘J‘i (K21K1;1y1)ﬂ2 Ce e A g A dyl"'dyN
|K1| —o0 —oo)?
‘yl‘ﬁl ‘h‘ﬁl yn ‘ﬂl

_ P
+(K22K121y2) Cle Ao A op A dyldyN

(P.45)
p ™ Iyl /™
+'--+(K2NK1‘N1yN)2 Ce “e * ...e % |dy,---dy,
N 5 ‘yl‘ﬂl ‘yz‘ﬁl ‘yw‘ﬂl
Sk o e e oy,
i=1
1 % % y: P vl Iy
:?'[) J(:o ( 111) (yl)2 Ce e e dy, ---dy,
y: 5 vl yn [
(K K2) (v Ce e & e A [dy,dly,
(P.46)
‘)’1‘[}1 ‘yz‘/}l \YN \'El
(K, K, ) (v )"|Ce “e * e 7 |dy,--dy,
N p ™ [yl [
+ Z(Kziﬂoi) Cle ha A .p A dyldyN
i=1
szenAaunIg (A.28)- (A.31) luannns (.46) Laz
ch =C,-C,:-Cy (A.47)

pry ' o, X far ~ P
ANATNAT C Nﬂqﬁluﬂﬂuﬂ‘]_lﬂq /B LNENALAEA
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‘/51 ‘)’z‘ﬁl

C @ @ _n* ‘VN‘Z&
e d ]| (K (0" oo Pl tce by,

B B ‘yl‘ﬂl _M ‘YN‘ﬁl
+(K22K1‘21) (y,)*|ce “ce * --cye * |dy,--dy,

(P.48)
Y ‘yﬂﬂl ‘Yz ‘ﬂl \yN \ﬁl
ot (K K (v )| ce #oe P oce B (dyeedy,
N 5, _M _M \YN\/&
+Z(K2iﬂ0i) ce A C,e ) --Cy€ A dyldyN
i=1
C s % MEL bR el
:/12|Ki|CN (Klelzl) _-[Om_.[o(yl)zcle g C.e & -C\€ dy, ---dy,
52 vl A e
+(K22K1‘21) 2 jj(yz)ﬂz c,e 4 ce A X A -+-Cy € X dyldyN
o (P.49)

U <
+...+(K2NK1’NI) J.'“J-(yN)ZCNe z ce A +:Cy 4@ Za dyldyN

—o0 —o0

N 5 % © \Vl\ﬁl \Yl\ﬁl
+Z(K2u“0i)2j“'j ce * -cye M |dy,---dy,

—00

_‘yl‘ﬁl © _M ‘yN‘/’l
J.(yl)ﬂzcle “dy, J'cze A o.cee M ody,---dyy

|
e
[ =
(@)
=
—_
A
N
il
LN
~
>
7\
8

1

o _‘Yz‘ﬁl o M‘ﬁl ‘Ya‘/ﬁ ‘YN‘[;l
K K‘1 J' %ce 4 ody, _[ce “ce M ocye A odydy,---dy,

1

i=1

- vt o et N
+"'+(K2N KlNl)ﬂz[J'(yN )ﬂz c\e X dyN]{J.Cle A <+Cy_4€ A dyZ"'dyN}—i_z(Kzﬂol )ﬂz

1

(m.50)
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x ‘)ﬁ‘/}l » ‘yz‘/ﬁ
c " o - |
/12|K1|CN [(Klelll)ﬂ Lj(yl)ﬂ ce A dyll‘i‘(Kzz Klzl)ﬁ {J’(yz)ﬂ c,e 2 dyz\]
1

—0

. Il
+”'+(K2N KlNl)ﬂz[J.(yN)ﬂ2 cye “ dyN}'i(Kz/‘O.)ﬁz] (A.51)
1

n+1
c < n ’Mﬂ l F ﬁ
szenAannig (p.24) J'|y| ce + dy =47 ——"_2 Tuaunns (n.51)

(n.52)

12|K1|C F(lj 43 .
b
(m.53)
azls
(0P P o) s
onet
2 N
“uﬁiw () )= At S K ) (7.55)

wnuA C,, ¢V = ¢ 4
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o {%((X‘”Z)T Zzl(x—#z))ﬂ%}
ﬂﬁlj (P.56)

ﬂf ((K <) ) E(ﬁlj *Zg‘(Kzﬂoﬁ)ﬂZ
A

KN UANNNT (A.31) way (P.56) luaunng (p.7) agle

s
G ﬂfl 4 B ) 13
D(f,ll f,)= nC—Z—EJrTZ ((KzKl) ) r(lj +/1—2|Z_11(K ,uo) (A.57)
B
1 S, +1
i), i
2 22 N ﬁl -1 1
D(f, 1 fz)zN|n—’81+2InH 7 2/11 ((KK ) ) ﬁl)
AT R r| = 58
fe {ﬁa} (ﬂlj -
1Y B,
e CACE)
e N =1 auflunisuanuaaindidewialufulsimes (GGD) #eflaunns KLD daii
= 1 Ba ﬂz +1
pAfro,T A F(J
(il f,)=In| — (%j /3 o A Iil
ﬁz/qﬂallﬂ(}/ﬂl) 1 lzﬁZJZ F(ﬁj (ﬂ59)
1 ﬂz
+_(ﬂ1_ﬂ2]
4 0,

AMNANNIT (A.58) e B = B, =2 azld KLD 189n13uaniadiiy MGD

D(f Il f,)= 2[In||Z || N +tr{2;121}+(,ul—y2)T Z;l(,ul—uz)] (n.60)



85

NIANAN .

AN URI ST UA NI RNIZARINITAN MR AN U AL

wuvuearngimidanannnsuatafaulsdiag Kullback-Leibler Divergence

3.1 Werifudnenizianizaasuaan 1 a b an aNuInIuanssale

(p(t):exp[—%(tTZt)%j (€.1)

LAZANATUNITHAN AR N UL AN ZADILAAN AL A

N
1 a Z - , 1 ° 1
e A= #N dusminiFunnsaesnisuanuaaiuniiauay
1
a

2

A31N197949 Kullback-Leibler Divergence 1894NN198 UL IANE

o0

D (] (1)1l @} (t jj j(p{ In—dtdt .dt,

—00 —00

:T T(plln—dz t,--dt, (.3)
A
o 7[7(thlt)a%
:Jw :!;(pl' In%ﬂn _[ (thzt)a%] dt, ---dt, (4.4)
(]




:T T(ol'( tZt)a/ ;(tZt)D%]dtl dt,,

In%—? 'Tgo tZt dt1 dt+T T(pl' tZt)/dtl---dtN

WaTEUINAL '[.f (pl'%(tTth) % dt, ---dt,

—0 —00

R T TR =
I...J'golz(t zlt) dt,---dt, :%I_J;e

—0 —00 —00

Tingnialaswioudslunstuiineananssiouls

o0 0 o0 o0

J‘...J'%(w)dwl...da,N =J...I¢t(¢—1(a})

dit, ---dit,

nuua i ¢(t) = = H/'t
¢ (0)=H, @

Differentiate a4 uazivualil |H| = det(H)

|dg™(e)| _
| do | |H]]

LNUANNIT (3.9) Iu’éﬁllﬂ’]ﬁ‘ (N.7) azle

¢, (w)=

ﬁ-@(m))

[
n1TNgeangl Covariance matrix

11 1 1\"
Z = E1A1ElT = E1A12A12 ElT = ElAl2 (ElAlzj = H1H1T

WA ¢ (@) = H; o luaunis (3.12)

86

(N.10)

(€.11)

(4.12)

(4.13)



87

© © 77tT21ta% o
%Jje[ )](tzlt)édtl dt
- (9.14)
) ) . o _E(wTw)D%
—2‘%.[0 J;O(a) a))ée[ ]da)l---da)N
AN @ Za) wnUANlANNIT (9.14)
; A
R il
T
N\Y
szannian (Zwﬁj
(ij Z|a) (4.16)

WNUANNIT (3.16) Tu@umi (N.15) azla

J.j Z|a) | [‘iwlal]da)l---da),\, (4.17)

—0 —o i=1

2\HT\

WA i|a)i|“1 =lay|" +|w,|* +-+-+]oy|* lusnnis (@.17)
i=1

_ z‘ﬁ;‘TT( @ lol s tlo al)e;(aﬂuwzaummw"l)da)l,,_dwN (2.18)
+ T T |a)2|a1 e‘%(\f’)l\u1+\")z\“1+...+\wN\al)da)l“.da)N (9.19)
T T sl o)
oot [ [lay [ e 2 de,---da,



1
”\wz\ —len[™
al(e 2 e2" |dao,---da,

Lot o f\w
+J‘...J.|a)2|a1(e2 e2 2 ..-e N da)l da)N
A e =
+...+J-...I|Q)N|al(e2 e ? ...p 2 " da)1~.-d0)N

—00 —00

Lot L O
el e

S Lo Lo a el
+II e e? -e? dodo,-do, |a’z| e’ do
) 0 1 1 1
Sl lena® —*\ *
+~--+J'---J'(e e ™ day - day || |oy] e 2" da,

a
AU — luannng (.21)
a

A R - T o™
1 e
1

—0 —w —o0

1

o0 © 1 1 © 1
el Gl e el
+(J.---'[ae 2% ae 2" -ae? " dode,--do, I|0)z|a1 ae > do,

—00

1

Tt ep D T gl
tot| [ [ ae --ae doy--doy || [|oy"ae 2™ day,

—00

1

=g 1o o o

et [T|WN 2] ae E‘ oy | da)Nﬂ

88

(4.20)

(1.21)

(4.22)

(8.23)

(4.24)



AMnFURSTLLANNN .er ae”” " dp=| =

—00

1 N+l n+1
1)e v 1 a 2
n=ay=|3 avle | = — =
a
WNANNNT (4.26) Tuannis (9.23) azls

el

on [
“HI®N
4ot I|mN|a1ae2 daw,

ol e 2" dwlj [lez

—00

1
Sl
“ ae 2 dw,

1
A A =a g2 Tuaunns (1.29)

N|2|2
‘HT‘a o

\ 1
AMNANNTIN (4.13) |2

=[H]]

RO

IO---T(pl'%(tTElt)/dt -dt :g
Ransaunwasl T T(pl’z t'3,t) 7 gt

—00 —00

t,---dt, luaunis (4.7)

89

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)



90

)“%

]E ]2 ’;(tTZ t) % dt, ---dt, % T T (tTZZt)a% e—%(tTZﬂ

dt,---dt,, (4.33)

-0  —©

Tngnasunusautlslunisauiinemanasiaulsuannie (3.9)-(.12) uazunien

e o Tuaunig (4.33) azlé
@)=H"o 1 A
_ A1 T T y-1 -7 a% *%(‘”T‘“> ’
_Z‘HHL--[O(CO H'ZH, o) e dt, ---dt,, (4.34)
n13Lkein Covariance matrix
11 1 1\
%, = E,A,E] =E,AZAZE] = EZAg[EZAgJ = H,H] (4.35)
WNUANNNT (4.35) Tuannig (4.34) agle
_ A1 T Tpy-1 Tg-T 0% *%(‘”T‘”)
_Z‘HHL--[O(CO H'H,H H, T0) 2 e dt, ---dt,, (4.36)
muuali H] = H*H, wazunusnluaunis (3.36) azlé
0 o0 o T a%
. A1 T T % ’%(‘” ‘”)
_Z\HI\L'L(W HoHoo) e dt,---dt, (4.37)
N
a7N a)Ta):wa LA lAaNNT (4.37)
i=1
N \Y
0 0 0(% _l Z 2
i
g = dt, ---dt (4.38)
Z‘HT‘j _'!; |_1( ) ' §

1lsrenAANNIT (9.16) M4 4NN17 (9.38) WNLl7zN0uAn

(4.39)

[,ZN;(G). H, )2]0% )

(4.40)

0w Y
LA I...j(i‘wiHOiaz)ezg. dt -l

2H | 2\E



91

o EAR
ol AT {lato ]+t -+ o, “)e 2 b it (0.41)

1
el e o)

‘]; llama] oo ot ) -, (042

T e[ e[ - +Hon]
) 2&\& Ua’lHol‘ o day-do
N T ]3 ‘a)ZHOZ ‘az e*%(\ah\au\“’z\“u...JwN ‘al)da)l---da)N (4.43)
N +T _T‘wNHO ;(\wl\””\%\ jon] )d s da)N}
zz‘ﬁT‘{T---T‘a)lHol (e;wl e%‘w‘ e%‘w‘ jda)l daw,
1 —0 0
N T T o H, | (e‘i‘”lale‘i‘”zal e ”jd o, do, (3.44)

= A T...T(eiruZal...eiruNalda, wdw ]UmH ‘az eiwde
2‘ 1T‘ - © 2 N AR )

Lot e Loy @& o
- [ez e? —e? dodo,--do, ‘a)zHOz‘ e? do, (4.45)

I e @ —glonl®
j e e dw,---doy , ‘a)NHON‘ e da,

mu Z_ Tugannng (9.45) azla
aV



92

0 o 1 1 o 1 o
— [ —len[? o _
=% j---jae 2% ae 2 dw,-do, 'HcolHO1 ‘ae 2 do
Z‘H ‘a s

1

° % La L a 7}%‘&1 ° @ a1
+(.|'---J'ae 2 e 2% e 2™ da)lda)g---da)NJ[”a)zHoz ae 2 da)zJ (9.46)

(4.47)
+ +[”a)N o da)NH
A @ o @ @ e
2\Hf\a”ﬁH1“1 * dwl}[H(’ [l da)z] (1.48)

_— (4.49)
a)
2]

Uszgneannig (1.49) lu (1.48) azls



0 0,
2JH " r[l Fm
al Cxl
F{a2+1j |
+ooo 4| Hg? (2)‘«17? %
Fm
al

A (2)2‘2F[az‘jlj((H“z)%Hs>+---+<H5‘;))

WNUAN tr(ng):((H§2)+(H5’;)+---+(H§§))

Tuaunig (9.51)

\ F(a2+lj
A a
~ 2 4] L
2\Hf\aN( ) o 1
a,

tr(Hg’Z)

et a, A=>—1— =1 lugunis (4.53) aLls

‘Hl‘a

a,+1

=(2)m r(;j tr(Hg?)

wnuen Hy = Hj H, " luaunis (9.54)

- (Z)Z_ltr((HzTHl‘T ) )r[“—zal”]

a)

93

(4.50)

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)



94

paTiL
r a,+1
[T A % T T\ a,
J.J-(Dli(t Zzt) dt1dtN 2(2)0& tr((H2 Hl ) )—1 (4.56)
. 8
o
WNUANNNT (4.32) Baz (4.56) Tuaunns (4.7) azls
r[a2+1j
N % T\ (04
D(¢llp;) = n%—;+(2)m 1tr((H2TH1T) )—11 (4.57)
| {5
2
D(¢llg})~ Nin—s%) 1y |21|+_ﬁ+(2)3i1tr((HTH-T)’”)—%
o ( 1 J |22| o o ( 1 ) (4.58)
o,l'| — =
a a,

de N =1 azflunisuanuasuuuneainamdasulaman uasilaunis KLD gl

r(az—i-lj
D((p;nco;):m[%]—i{”] A ) 59)
2



95

Visual Inspection in Textured Materials Using Generalized Gaussian Density
and Kullback-Leibler Distance

Nuttaphon Chureeganon and Sanya Mitaim
Department of Electrical Engineering, Faculty of Engineering, Thammasat University, Pathumthani 12120
Phone 081 436 3988, Fax 02 564 3010, E-mail: nchureeganon@yahoo.com, msanya@engr.tu.ac.th

Abstract

This paper presents a new statistical method for
inspection of textured materials. The algorithm consists
of feature extraction (FE) with similarity measure (SM)
and thresholding (TS). In the FE step, each pixel of the
test image is modeled using generalized Gaussian
Density (GGD) with parameters estimated from its
neighboring pixels in (rxc) window. Then Kullback-

Leibler distance (KLD) gives the similarity between the
obtained GGD of each pixel and the GGD of the
template obtained from the non-defective image. The
decision making step or the thresholding (TS) step uses
maximum-value distance obtained from the template
image. We evaluate the performance of the proposed
method with experiments on fabric and metal images.

Keywords: defect detection, statistical modeling,
generalized Gaussian density, Kullback-Leibler distance.

1. Introduction

Surface inspection is one of the crucial steps in
manufacturing. Visual inspection of industrial products
requires low-cost, high-speed, and high-quality detection
of defects. Some of the most challenging industrial
inspection problems deal with the textured materials
such as textile web, paper, wood, and metal [1]. At
present human operators still perform most of these
visual inspection tasks. But automatic visual inspection
machines seem to provide a better solution since
human’s fatigue and carelessness often cause errors in
the inspection. These errors will cause severe damages
and losses as unqualified products are shipped to
customers or must be discarded.

The inspection problem encountered in textured
materials becomes texture analysis problems at
microscopic levels. Image texture analysis also plays an
important role in many image processing tasks, medical
image analysis, document processing, remote sensing,
query by content in large image databases and visual
inspection on surface [1]-[7]. Several researchers work
on defect detection using statistical models such as gray-
level texture feature extracted from co-occurrence matrix
[2], mean and standard deviations, autocorrelation of
subimages [3]. The texture demonstrates a high order of
periodicity and, hence, Fourier-domain features have
been used for the detection of fabric defects [4]. Then
detection of local defects requires multiresolution
decomposition of fabric images across several scales. A
feature vector composed of significant features at each
scales is used for the identification of defects. Such a
multiresolution analysis of fabric using discrete wavelet

transform (DWT) has been detailed in [5]. Jasper et al.
[6] use texture-adapted wavelet bases whose response is
close to zero for normal fabric texture and significantly
different for fabric defect, thereby enabling detection.
Escofet et al. [7] use multiscale Gabor filters for textile
web defect detection. Other researchers [8]-[10] propose
the use of wavelet transform as features extraction and
then model the wavelet coefficients with generalized
Gaussian density (GGD). Then they use Kullback-
Leibler distance (KLD) as a way to measure similarity
between the GGDs and then apply this technique to
image retrieval. All of these methods are computational
intensive and they require optimization of several
parameters.

This paper proposes a defect inspection
algorithm based on statistical models of textured images.
The research effort intends to develop an automatic
visual inspection system that can reduce human errors
and increase productivity. The paper explores an idea of
defect detection in test images using generalized
Gaussian density (GGD) modelling of the gray-scale
value of each pixel of the test image without any pre-
processing such as Gabor filtering or wavelet
transformation. The KLD measures the similarity
between the GGD models of each pixel in the test
images and the template of non-defective image. The
obtained KLD map will be used as features and the
defect detection step will use variable threshold to obtain
the final defect map. The proposed method requires less
computational time and is simpler for implementation.

The organization of this paper is as follows.
Section 2 describes the proposed visual inspection
method. Section 3 shows experimental results on fabric
and metallic defect samples. Then Section 4 gives
conclusions of the paper.

2. Defect Inspection based on GGD models of
pixels

We use the generalized Gaussian density
(GGD) to model the probability density function (pdf) of
each pixel of an image. The extracted densities are
obtained from the pixels’ neighbors that we call template
(or the non-defective example of the textured image) and
subimages (the overlapping, windowed samples from the
image under inspection). So we obtain the parameters
for GGD model for the template image and another GGD
model for the pixel of the test subimage. Then the KLD
measures the distance between these two GGDs and
gives a distance map of the test image. The low-valued
distance pixel indicates small difference of textures (non-
defective pixel) of the pixel while the high-valued



distance pixel indicates large difference of textures or
high possibility of the pixel being defective. Finally, we
use threshold that depends on the maximum-valued
distance of template to detect defective pixels. The
detailed algorithm is shown in Fig. 1.

Test Image | subimages Feature Extraction
(M xN) > s, [ 3
GGD Modeling
GGD Parameter (0“1'/31‘1)
Template Image KLD ¢
Dis(i, j)
(0:.8,) |
|
v
Variable
Threshold )
l Defect Detection
Binary
Defect Image

Fig. 1 The proposed visual inspection system based on GGD
and KLD with variable threshold.

2.1 GGD Modeling of Gray Scale Value

Generalized Gaussian density (GGD) has been
use as a model of wavelet coefficients [11] and used in
several applications that include image retrieval [10] and
texture analysis [12]. Our method employs the GGD as a
probability density function of each gray-scale pixel by
directly fitting the histograms of the neighboring pixels.
The GGD has the form [10]-[12]

p(xir, ) = Ke ) @
where g is inversely proportional to the decreasing rate
of the histogram peak, o models the width of the
_B
20Tl B)

is a normalization constant. Usually o is referred to as
the scale parameter and g as the shape parameter. The

GGD model contains the Gaussian density when g =2
and the Laplacian density when g =1.

Here we use a window of rxc pixels moving
on a test image of size M xN pixels to get the
subimages S,;. The window is moved on row and

histogram (or standard deviation), and K =

column to crop the test image. We model each pixel
(i, J) of the test image (the image under inspection)

with a GGD model with parameter o,; and g, ;. The
two parameters o,, and S are estimated using all the
(rxc) pixels in the subimages S, ; as follows

_ . (/5 e[ M
G_mll“(Zlﬂ) and g=F [mj (2)

where T'(-) is the Gamma function T'(x) = It“e"dt and
0
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F(x) = I?(2/x)
'@/ x)r@/x)
The parameters (the moments) m, and m, in (2) can be
estimated from neighboring pixels in the r xc window:

1
LSO WICHEN) 4)
1
m, :r_CZZ|Si,j(Xv y)_ml

2.2 Kullback-Leibler Distance

The Kullback-Leibler distance is possibly the
most frequently used information-theoretic distance
measurement [13]. If p(x,6,) and p(x,0;) are two

@)

®)

probability densities where 6, is a set of model

q

parameter (test image) and 6, is a set of model

parameter of template (non-defective image) the
Kullback-Leibler distance is defined by

P(x6,)
D( p(x;6, x;6.))=|p(x;6,)lo —dx. (6
(PO5O) 1 p(x:6,)) = [ p(x:6,) 9 eE) (6)

The closed form for the KLD between two GGDs has the
form [4]

D( P..s Il po‘gﬁz) [ﬁ +1
2

{2
:|og[wj+[2] A ) 1 q
ﬂzo-lr(]/ﬂl) 1—‘[1] ﬂl

s

where o, =0,,, B, =/, are parameters of the GGD
model of the pixel (i,j) and o,=o0,, B, =5 are
parameters of the GGD model of the template. Note that
in general D(p, |l p,)#D(p, Il p,) where p, and p,
are two pdf’s and thus KLD is not symmetric. So it is not

truly a distance function but it is always non-negative
[13]. We can modify our distance measure as

D(p,. p,)=D(p, Il p,)+D(p, Il p,) or other variants to

make it symmetric. In this paper we use the original
form of KLD in Eq (6).

2.3 Defect Detection
The distance image Dis(i, j) is generated when

we compute the distance of GGD models. Next the
feature under test is transformed to binary image as
follows:
.. 0 Dis(i,j)>y
B(, J) = . 8
¢.) {1 Otherwise ®)
where y is the threshold obtained from the maximum-

valued distance of the template image. Thresholding
produces a binary image of possible defects in the image
under inspection. The defective pixel has value 0 (black)
and a normal pixel has value 1 (white). The threshold
y determines the sensitivity of this algorithm. The



threshold depends on texture of the material and the
environment in capturing the images.

3. Experimental Results

We tested our algorithm on gray-scale images
that included images of fabric and metallic textures
materials as shown in Fig. 2 and Fig. 3. The defective
samples included defects commonly found in industry
[14]. We chose the template image from non-defective
parts of the surface materials as shown in Fig. 2a and
Fig. 3a. We estimated the parameters of the GGD
models of the template material images (o;,f;) to

calculate the KLD of template and used the maximum-
valued distance as the threshold for defect detection step.

. ‘-li .

gy w
i
*

(b) (©) (d) (e)

Fig. 2 Defect detection of fabric textures. (a) templates. (b)-(e)
test images (top row: (b) tear defect. (c) coarse pick defect. (d)
hole defect. (e) big-knot defect.) and detection results:
(middle row: our method; bottom row: Gabor wavelet filtering.)

We used a window size rxc=12x12 for
fabric images in Fig. 2 (top row of Fig. 2b-e). The fabric
defect detection results using the proposed algorithm are
shown in the middle row of Fig. 2b-e where the
thresholds are 0.3, 0.1, 0.2 and 0.1. The results using
Gabor filtering are shown in bottom row of Fig. 2b-e for
comparison. The proposed method can detect more
defects than Gabor filer. Fig. 3 shows the results of
defect detection for images of metallic surfaces (top row
of Fig. 3b-e). In this case we used a window size
rxc=10x10. The results of our proposed algorithm are
shown in the middle row of Fig. 3b-e (with thresholds
0.7, 0.2, 0.3 and 0.3). The bottom row of Fig. 3b-e shows
the results using Gabor filtering. Our method can detect
more parts of the defects.

Next we tested the robustness of our algorithm
on the same set of images using simulated illumination
(by addition or subtraction of pixel values). Fig 4a shows
the samples of images with addition of 30% constant
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illumination and Fig 4b with subtraction of 30% constant
illumination. So the images in Fig 4a become brighter
and Fig 4b become darker. We use the window size,
threshold and template as same as Fig. 3 and Fig. 4. The
defect detection results are in Fig 4b and Fig 4d.

@)

~ |

(b) (© (d) (€
Fig. 3 Defect detection of metallic surfaces.
(a) templates. (b)-(e) test images and detection results:
(middle row: our method; bottom row: Gabor filtering.)

@ (b) © (d)

Fig. 4 Test of uniformly-illuminated images. (a) modified fabric
surfaces with addition of 30% brightness. (b) defect detection
results of (a). (c) modified fabric surfaces with subtraction of

30% darkness. (d) defect detection results of (c).

Fig. 5 shows another test case where the pixels
values that are added to the original images have
Gaussian distribution with zero-mean and variance 80



(based on the pixel value 255) and then low-pass filtered
with a window size 20x 20 that the value of window is
1/400. The defect detection results are good.

@ (b) © (d)

Fig. 5 Test of Gaussian illuminated images. (a) modified fabric
surfaces. (b) defect detection results of (a). (c) modified metallic
surfaces. (d) defect detection results of (c).

4. Conclusions

This paper presents an algorithm based on
generalized Gaussian density (GGD) modeling of pixel
values of textures and Kullback-Leibler distance (KLD)
for fabric and metal defect detection. Experiments show
that this simple algorithm can perform well comparing to
the Gabor filtering presently used in texture analysis and
defect detection. The advantages of our method are as
follows: The number of required parameters for GGD to
be estimated is small in contrast to Gabor wavelet
filtering [14], [15]. The implementation would be
simpler and the required processing time would be
smaller. The algorithm is robust for the variation of
uniform and non-uniform illumination across the image
using the same threshold. Adaptive threshold may
improve this robustness.

However, the method has several limitations.
The textured images must always be periodic or look
alike. The algorithm is solely based on the pdf of the
pixels and hence it would fail for two different textures
(or defects) that have similar pdf’s. We assume that the
case in which defects have similar pdf’s to the templates
are rare. Finally the size of the window affects detection
performance. Too big window size would ignore small
defects and too small window size would give noisy
detection. Future research will also focus on optimal
window sizing that depends on characteristics of textures
and defects. Then adaptive threshold will add the
performance of algorithm.
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