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APPENDIX A

A.1 Derivations of proposition 3.1: x,(P,)as P, €(0,,]

Under the assumptions of #(1+a)<1, B=1/(1+r) and b=1-b, it can be

obtained according to (3.29) that ,

p(1-a)(1-b)(a+B(a+1)) 5

a hE

= -w(l+p)(1-b)(a+1+p(1-a)R)
— wa(l-b)(1+A)

Rearranging the term and obtaining that,

¢
A

B
A

w’a’ (1+ ) 1
p(1-a)(a+pB(a+1)) R

~ wa(1+ 4) a+1+ 4
- 2,8(1—a)(a+ﬂ(a+1))(Pl Al )j

Therefore, the solution of x becomes

X wa’ (1+ )’ (atl o ) wal(l+p) 1
\/ 2(1- az(a+ﬂ a+1) (Pl Al )j p(1-a)(a+p(a+1)) R

34



35

. - wa(1+3)
2B(1-a)(a+B(a+1))
. a:1+ﬂ(1—a)+\/[a;:1+ﬂ(l—a)j _4ﬂ(1—a)((1(j;)ﬂ(a+1))).%

Let , =a+1, y,=B(1-a), and y, =(4ﬂ(1—a)(a+ﬂ(1+1)))/(1+,8), then

B wa(l+ ) a+1 L [[a+t 2 4,8(1—a)((a+ﬂ(a+1))) 1
a Zﬂ(la)(a+ﬂ(a+1))’{ P +ﬂ(l_a)‘J[ P ”“l‘a)j ) 1+ 5) )
X = Z;Za %Wzi\/(%wzj —%

Next it will be proved that the case of single or complex solution never occurs.
For the case of single solution, it would be disproved by supposing for a while that the
2
term [ﬁﬂxzj —% equals to zero and then the contradiction will be derived:
1 1

By Supposing that

then it can be obtain that

'27172+73i\/(27172 _73)2_4712722

P -
' 27}

This means that P, will have real solutions if
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(2ny,—7) —4r2y2 2 0

By pluggingy, =a+1, y, = #(1-a),and y, = (4,8(1—a)(a+,8(1+1)))/(1+ﬂ) in
the above equations, it implies —1> 0 which is the contradiction. Therefore, the case

of single solution can be rules out and it can be obtained by products that the term of

A
e 5 =

is always true and it will be used in later proves.

Next, to prove the case of two different solutions, it would be shown that

2
[%ﬂxzj —% > 0 forany P, >0. To begin with, since it is always true that
1 1
a+l i
-p(l-a
2 p0-a)

then (a;1+ﬂ(1—a)jz > 4(a+1)B(1-a).

\%

0,

1

SO e

According to the assumption of B (1+ a) <1,

(agl‘lw(l—a))z > 4(a+pB(1+a))B(1-a)-

1
R
a+1 ’ 4 1
. +
With(1+4) >0, ( +p 1—a} > a+p(1+a))p(l-a) —
(1) s AU-a)| 2 (e pltra))l-a) ¢
2
: " V3
That is, Ly > /3
[Pl ”] P
2
i V3
=+ > 0
[Pl ”j P
2
Since it is already shown before that the case [ﬁﬂxzj —% = 0 never occurs,
1 1

then
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The proof is done. Therefore x has two different solutions, which are

2
2wa| 7, 2 V.
x(R) = Dy i\/(—1+yj -2,
' R WA )R

The above function x (PB,) is differentiable on R**. For convenience, x"*"

low

and x" are defined to stand for the solution of higher value and that of lower one

high low

respectively. Next, it will be proved that both x™" and x™" are monotonic decreasing

ink,.

high high

For x™", taking first order derivatives of x™" with respect to P, and obtaining

2
A ( 73) 1}
x"" _ 2wa _A_(Pf’ Y22 ) p?

R | K o Y 7
7+7/2 — 2
R P

Since it is previously derived that;/lyz—%>0, it can be obviously seen that the

for B, >0

high

0%,

high

function is always less than zero. This implies that x IS monotonic

1
decreasing in F,.

low

For x°, taking first order derivatives of x""with respect to P, and obtaining



2
71 73 1
low (Pa*(mz ‘2)'pzj
o _2wal 75 (4 *~ | for B>0

oP, V3 P12 \/( 7 JZ 7,
7+ }/2 — L9
R R

For P, >0, itis always true that

V. .
7172_53 < N (5|nce71,72a73>0)

2
2
A +27f[7172—%jpl+(mz—%j R’ < +27f(7172—%]ﬂ+(7172) R’

n +(7172 —%j Po< n\/yf +2(7/172 —%j P, +7;R’ (since 7, —% >0)

5 2
71 V3 71 Vs
Ay - Dyy | -2
P (7172 2) 7/1\/(F>l 7/2] P,

low

Therefore, is always negative; that is, X" is monotonic decreasing in P,.
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Due to being monotonic decrease in P, of x"""and x"", it is implied that the
maximum value of x™ occurs as P, approaches 0° and its value is«*. Moreover,
the minimum value of X"™"is awa(y,)/(y,) asP, = °.

The maximum value of X" occurs as x"approaches 0°° and its value

iswa/, . Moreover, the minimum value of x"is 0 asP, — o0 *,

Therefore, the amount of purchased market inputs
X, € {x"’w, x“‘gh} = (O,Wa/(a+l))U((wa(1+ ﬂ))/(a+,3(a+1)),oo)

For the range of x, (P,), it must satisfy the following

1) The time constraint of the first period, which is

0 < tRl < 1
1 1 pla(l-b)+b
0 < 1+———|1+ ( (1-b) ) x <1 (from 3.30)
1+r w a(1-b)
1
O high g 2wa| », 7 ’ 7 2wa Vs
limx™ =lim —— | =+, +,[| =+7, | —= |=lim = =00
R0 R0y, | B R R R0y, 71+72Pl—\/(7/1+;/2|31) -75P
2 _
lim Xhlgh — lim %{714_7/2 7/1+7/2 \]Ilm 2wa 7/2): 4wa72
R —® R —w® R0 e
3
2
fim x = lim 2Y8| 7, (&sz Vs | i 2wa Y3 . _wa
R0 Aio0 | R P R RN E 71+72Pl+\/(7/1+7/zpl) — 7P n
4 . 2wa
F|,1ILTOIOX _élgl [ ,f(— 2 J l|31ILT3)— 0)=0
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0 < 1+ﬂ—%(1+ﬁ(z+l))xl < 1 (p=Y(2+r),
b=1-b)
[ Sw ] < y < [(1+ﬂ)wj
ICERY ' ICERY
Baw < % < (1+8)aw
(a+pB(a+1)) (a+pB(a+1))

2) The time constraint of the second period, which is

0 < te, < 1
z-1 B(a(l=b)+b)
0 < P a(l—b) X <1 (from 3.32)
0 < x < -% (z=1+(b/(a(1-b))) b=1-b)

3) the positive domain of logarithmic function

w+(1+r)b, > 0 (from 3.23)

w+(1+r)( a(1-b) X1_1+r

B(a(l-b)+b) w J -

X >0

4) the solution of equation (3.29)

X, € {x'°W, xhigh} = (O,Wa/(a+1))U((Wa(1+ ﬂ))/(a+ﬂ(a+l)),oo)

Therefore, it can be obtained that
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_ g Baw (1+5)aw a
{Xl(Pl)}_{ ’ }ﬂ (a+ﬂ(a+1))'(a+,6’(a+1))}ﬂ{01,3}

paw  _wa _ (1+p)aw 5 g W2
(a+p(a+1)) a+l™ (a+p(a+1)) a+1

. a . .
Since << is claimed® to be true

for any values of 0 <a<1,0< g <1. Accordingly, x (P,) can be written as

c fpaw wa
%(R) {(a+ﬂ(a+1))’(a+l)}

Therefore, the solution x, (P, ) is unique and

2
ow 2wa| 7 14
P)=x"(P)= 1 _ 1A _3
X1( 1) X (1) . {Pl‘w/z \/[Pl‘w/zj Pl\]

5 It has to be proved that —_#8W W8 anqthat wa __(1+p)aw
(a+pB(a+1)) a+l a+l” (a+p(a+1))
For the first one, it can be rearranged the termto be g(a+1) < a+pg(a+1) which

always true. Next, for the second one, it can be obviously seen that

QD
+
=
~
IA

a+1+ B (a+1) therefore,
(a+1)(1+B)
(1+8)/(a+B(a+1))
(1+p)wa/(a+B(a+1)).

IA

A~ N TN~
o))
_I_
[N
N S
IA

5
~~
QD
+
H
N
IA

® Its proof is by letting w equal to the maximum value, which is 1, and then
showthatpa < a(a+1).

From the assumption of

Therefore,
pa <
Ba < a(a+l).
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According to equation (3.34), it can be solved that 1)
P =0, = (272 (1- B)/(1+ )+ 72) [ 72 (1~ (- B)/(1+ B)) ) &

% (P,)=Baw/(a+ B(a+1)) and that 2) P, =0as x (R)=aw/(a+1).

2
Since the function _2wa W Vo — [ﬁﬂfzj 22 | js monotonic decreasing and
ra | R R R

differentiable in R™", the domain of the function

2
x (P)= 2wa ﬁ+72— (ﬁ—i-]/zj ~ 75 Jaccording to equation (3.34) is(0,,] .
7 | R R R

A.2 The proof of x,(R)as P, > o,

For P, > @,, the religion time of period 1 always equals to one. The following
are the objective function and the constraint of period 1 ast, =1, which are based on

equations (3.23)-(3.25). In period 1 problem, an agent has to maximize

V(P) = maxa(l-b)logx +(1-a)(1-b)logP,+ AV, (P, b,)

%1, Py b,

where V,(P,,b,) = a+(a(1-b)+b)log(w+(1+r)b,)+(1-a)(1-b)P
Subject to 1) the first-period budget constraint
X = _bz

and 2) the constraint of non-negative value of t, , and x, according to the

equation(3.22) which implies asb, > —fw or



The above is equivalent to the following problem of unconstrained maximization:

V(P) = maxa(l-b)logx +(1-a)(1-b)logP,+ AV, (P;.b,)

X, Py ,b,

where V,(P,,b,) = a+(a(1-b)+b)log(w—(1+r)x )+(1-a)(1-b)logP,

FOC with respect to x ,

a(l-b) _ A1+ r)(a(l-b)+b)
X, (Ww=(1+r)x)

It can be obtained thatx, (P,) = ,Baw/(a+ﬂ(a+1)) which is obviously lower
than Sw . Therefore, x (P,)=

paw/(a+ p(a+1)) is the amount of x, whenP, > .
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