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This paper describes a recently developed averaging technique to robustify iterative learning and repetitive controllers. The
robustified controllers are found by minimising cost functions that are averaged over either multiple analytical time-domain
models or experimental frequency-domain data. The aim is to produce a technique that is simple and general, and can be
applied to any iterative learning control (ILC) or repetitive control (RC) design that involves the minimisation of a cost
function. Substantial improvement in convergence to zero tracking error in the presence of model uncertainties has been

observed for both ILC and RC by this averaging technique.

Keywords: iterative learning control; repetitive control; robustification; averaging cost function

1. Introduction

Iterative learning control (ILC) starts with a fundamental
tecugnition that repeated practice is.a common mode ot
human learning. Given a goal (reguiation, tracking, or
optimisation), ILC refers to the mechanism by which the
system improves its performance by repeated trials. As
the task is performed repeatedly, the system ultimately
compensates for any repeatable sources of error and
disturbances without necessarily knowing what they are
or where they come from. Learning control can be applied
to systems that are designed to return to the same initial
condition before each new execution of the task, as in
the case of a robot performing a task on each item that
arrives one by one on an assembly line. The same learning
concept can also be applied to the situation where there
is no resetting between periods such as turning or milling
operations, in which case repetitive control (RC) is used.
ILC and RC are thus most suitable for repetitive processes
such as manufacturing, Owens (1977), Uchiyama (1978),

109AN D Aserc /1007
L1704 j, NUECIS (1707,

Arimoto, Kawamura, and Miyazaki {
Moore (1993), Bien and Xu (1998), Frueh and Phan (2000),
Phan, Longman, and Moore (2000), Elci, Longman, Phan,
Juang, and Ugoletti (2002) and Dijkstra and Bosgra (2002).
In many applications, tracking accuracy can be several
orders of magnitude less than hardware repeatability. ILC
and RC are perhaps the most cost-effective technologies
that are capable of bringing tracking accuracy up to the
repeatability level of the hardware.

In order to reach zero tracking error, the iterations made

by RC or ILC must be convergent, or equivalently, they must

make an asymptotically stable process. The aim is to con-
verge to zero tracking error in hardware, but we must make
use of a model in designing the control laws, and the model
will not be perfect. If one can solve the inverse problem
of finding the input needed by the model in order to make
the model output track the desired trajectory, applying this
input to the hardware will give results that are only as good
as the model. Experimental experience on a robot showed
that inversion of a model reduced the tracking error by a
factor of 50. But when ILC was applied instead, the final
error level was reduced by a factor of 1000 after 12 iter-
ations Longman (2000) and Elci, Longman, Phan, Juang,
and Ugoletti (1994b). ILC and RC designs are based upon
a model, but they iterate with the real world behaviour.
Therefore, to accomplish this additional improvement over
inverting a model requires the ILC law or RC law to have
substantial stability robustness to model error. Indeed, ro-
bust ILC has been considered in the literature, e.g. Ishihara,
Abe, and Takeda (1992), Amman, Owens, Rogers, and Wahl
(1996) and Tayebi and Zaremba (2000), and continues to
be an important research topic. One of the approaches to
handle parameter uncertainty in ILC makes use of linear
matrix inequalities (LMIs). These approaches seek to guar-
antee stability for a specified range of parameters. Some
examples of these papers are Xu, Sun, and Yu (2008),
Galkowski et al. (2003), Galkowski, Paszke, Sulikowski,
Rogers, and Owens (2002a) and Galkowski, Rogers, Xu,
Lam, and Owens (2002b).

One can classify two types of robustness: robustness
to high frequency un-modelled dynamics such as residual

*Corresponding author. Email: benjamas.pan@kmutt.ac.th
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vibration modes, and robustness to parameter uncertainty
in a model of the correct order. To create the first kind of
robustness in ILC, batch zero-phase low-pass filtering is
introduced in Elci, Phan, Longman, Juang, and Ugoletti
(1994a), Elci et al. (1994b) and Plotnik and Longman
(1999). For RC, the Q filter of Chew and Tomizuka
(1990) serves this same purpose, and Panomruttanarug and
Longman (2006) develop enhanced specialised real time
FIR (finite impulse response) zero-phase filter cutoffs. Bao
and Longman (2008) further develops such filters, making
use of a transition zone and bounding the output amplitude
response not to go above unity. These filters allow one to cut
off the learning process above some frequency for which
the model is no longer accurate enough to produce stabil-
ity. One aims for zero error below the cutoff frequency, and
sacrifices zero error above the cutoff in exchange for asymp-
totic stability in the presence of high frequency model error.
Another strategy is through the use of basis functions as for-
mulated in Frueh and Phan (2000).

Robust design in the control literature usually addresses
robustness to parameter uncertainties, and aims to design a
controller that is guaranteed to be stable for some specified
range of parameters. The design process will fail if there
does not exist a controller that can stabilise the fuil param-
eter range. The approach used here applies to both ILC and
RC, and takes whatever distribution of uncertainty applies
to the problem, and improves the robustness for this distri-
bution, but does not attempt to guarantee stability for all
models in the distribution, something that may not be pos-
sible, Takanishi, Phan, and Longman (2005), Lee, Phan,
and Longman (2006), Brown, Phan, Lee, and Longman
(2007) and Panomruttanarug, Longman, and Phan (2007).
The simplicity of the approach makes it very attractive for
practical applications. The present paper describes the main
ideas and contributions of these four conference publica-
tions, and represents the first journal publication on this
different kind of robustification. The basic approach is de-
veloped in Takanishi (2005). The uncertainties in the model
are specified by their probabilistic distribution functions
(uniform, Gaussian, etc.). The controller is designed not
from these uncertainty distribution functions directly, but
rather indirectly from a set of models whose parameters are
generated from these distribution functions. Consequently,
instead of minimising a single cost function associated with
the nominal model, a cost function averaged over the uncer-
tain models is minimised. Since the cost function is nonlin-
ear, minimising the average cost is not the same as minimis-
ing the cost for the average or nominal model. The same
mathematics used to minimise a single cost function can be
easily extended to minimising an average cost function. Re-
markably, this simple extension results in a controller that
does very substantially improve the stability robustness.
Although in theory it would take an impractical number of
models to represent all possible uncertainty variations when
the number of uncertain parameters is large, it has been

observed that significant improvement in robustness can be
achieved with a relatively small number of models in the
design set. Being a probabilistic design approach, stability
cannot be guaranteed for all models that obey the specified
distribution functions. However, when taking into account
the method’s flexibility, simplicity, and the substantial im-
provement in robustness that it produces, one comes to the
conclusion that the benefits it brings far outweigh the prob-
abilistic nature of the solution. The robustness improve-
ment can be quantified rigorously by stochastic stability
analysis via Monte Carlo simulation, e.g. Brown (1956),
Apostolakis (1990), Henley and Kumamoto (1992), Ray
and Stengel (1992) and Phan and Maghami (1996), as done
in Brown et al. (2007) for a robustified RC design with
monotonic convergence. It is noted here that the averaging
technique is general in that it can be applied to any other
optimal controller design. Significant improvement in ro-
bustness has been observed when this design principle is
applied to optimal model predictive controllers as shown in
Barlow (2009).

This paper has two main parts. The first part presents
a set of effective ILC and RC laws, and then formulates
how one robustifies these laws by averaging cost functions.
Each law is designed to produce monotonic decay of the
Euclidean norm of the error from iteration to iteration in
ILC, or to produce monotonic decay of each component of
the frequency content of the error from period to period in
RC. Each law has a parameter that adjusts the learning rate,
with slower learning providing improved robustness, as is
understood in the literature. We seek to develop robustness
by averaging costs, improving the robustness for any cho-
sen gain. The second part provides a number of numerical
examples that illustrate the achieved robustification on a
robot joint model.

2. Robustification of ILC
2.1. Repetition domain formulation

The following summarises the ILC formulation originally
developed in Phan and Longman (1988) and later extended
in Phan, Longman, and Moore (2000). Consider a system
of the general form

x(k 4 1) = Ax(k) + Bu(k) + v(k) 0

y(k) = Cx(k),
where A, B, C are the matrices describing the sysiem
dynamics. For simplicity, we consider the single-input
single-output (SISO) case. Extension to the multiple-input
multiple-output (MIMO) case is straightforward. The index
k denotes the time ¢ = kT, where T is an appropriate sam-
pling interval. The vectors x(k) and y(k) denote the system
state and output, respectively. The initial state x(0) and the
process disturbance v(k) are the same from one repetition
(or trial) to the next.
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Define the following time history vectors:

[y (1) y*(1)
;(2) . | Y@
B = : Y= : 2
| vi(p) y*(p)
u;(0) w(0)
uj(1) w(l)
;= : w = .
| uj(p—1) w(p—1)

The y* represents the desired output trajectory that is
p-time-steps long. In the above definitions, we assume that
the time delay through the system is a one-time step, i.e. the
product C B is non-zero. For any repetition j, the relation-
ship between an input time history and the resultant output
time history is

¥, Pu; e 3)
where
[ &2 ]
CAxD D

| N |

P=| CA’B CAB . L@
: : \\CB
CAP~'B CA*B CAB CB

This equation packages the convolution sum solution of (@))
for all p-time-steps in the input-output histories of a run.
The vector w incorporates the effect of the unknown initial
state x(0) and the unknown disturbance v(k). The tracking
error for repetition j is

ei=y -y ®)
Define a backward difference operator §;(.) applied to any
variable z to be

8j§:§j —Zig- (0)
Thus, 8;e = —38;y. Applying this operator to (3) yields

e;=¢;_— Pu (7)
Notice that the unknown repeating initial condition and dis-
turbance are eliminated by this operation. Iterative learning
controllers designed from (7) will automatically compen-
sate for any unknown repetitive disturbances regardless of
any repeating initial condition. This equation forms the ba-
sis for the development of various ILC laws using modern
state-space techniques.

2.2. ILC convergence conditions

A general (first-order) linear iterative learning control law
has the form

U; =u;_, +Le;_y, ()
where L is a matrix of control gains chosen by the specific
ILC design. Recognising that (8) can be written as §,u =
Le;_, the error propagation equation from one iteration to
the next can be derived from (7) as

Qj = (1 - PL)E_,‘_p (9)
where I is the identity matrix. One concludes from this
that the tracking error at every time step of the p-time-step
desired trajectory will go to zero as j tends to infinity, for
all initial error histories, if and only if all eigenvalues of the
matrix (/ — PL) are less than one in magnitude,

max|x; (I — PL)| < L. (10)

Some ILC laws have poor transients during the convergence
process even if (10) is satisfied. One can ensurc that the Eu-
clidean norm of the error decreases monotonically for every
iteration if L satisties the sutficient stapility condition

maxo; (I — PL) < 1, (11)

where g; is the ith singular value of (/ — PL), Longman
(2000). Although (10) is the true stability condition, (11) is
more practical.

2.3. Quadratic cost ILC

An optfmal learning controller can be found to minimise a
quadratic cost function with weighting matrices @ and R,
Frueh and Phan (2000), Phan and Juang (1996) and Owens
and Amann (1994)

J=elQe;+8]uRdu. (12)

Substituting (7) into (12), taking the derivative of J with
respect to §;u, and setting the result to zero produces an
ILC law of the form (8) with the optimal learning gain L,

L=(PTQP+R)'PTQ. (13)

Equation (13) above gives the optimal learning gain
matrix derived from a given model of the system. For the
multiple-model averaging design, we generate M differ-
ent models A;, B;, C;, i = 1,2, ..., M that are consistent
with the specified distribution functions for the uncertain
parameters. The averaging controller is one that minimises
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the expected value of J over the range of uncertain param-
eters. When the number of samples is sufficiently large, the
expected value of a quantity can be approximated by its
average. Hence, the average cost function to minimise is:

1 M
AUES DI e
i=1

Ji = (gj_1 - P,-(Sj_li)TQ(gj_l - Pi5j_L£) (15)
+ 8] uRSu,

for a sufficiently large M. Each P; is built from the /th
model. Minimising (14) with respect to d;u produces the
following learning gain, '

M -1 m
L= (Z PiTQPI.JrMR) W B \16)
i=1

i=1

It is clear from this derivation that an ILC law based on
the averaging technique can be derived as long as a cost
function is specified.

2.4. Contraction mapping ILC

The Euclidean norm contraction mapping ILC law, Jang
and Longman (1994), sets the ILC gain matrix L to be

L=¢PT, (17

where ¢ is a scaling factor. According to (9), the conver-
gence of the tracking error is governed by

e = (1-6PPT)e, s

To see the motivation for this law, write the singular value
decomposition of P as P = USVT where U and V are uni-
tary matrices, and S = diag(o1,02,...,0p) is 2 diagonal
matrix of all singular values of P. From (18)

l’l—(palz —l
| 1 — o0? -

UlEj = . Utejr.
1——¢orp2

(19)
T Tl o el T * & s T A1 A e
1 he ructiaean norm oi v € 15 LIS SalllC a5 UiC LUtiGlan
norm of ¢, every element of Ung will decrease in magni-
tude every iteration provided that [1 — ¢(7i2| < 1, or equiv-
alently,

0 < ¢ <2/max(c). (20)

To generalise the contraction mapping ILC law using the
averaging technique, we need a cost function that produces

the learning gain given in (17). This learning gain can be
derived from a cost function that is a sum of the squares of
all future errors,

J=zele= [+ +€(p)]. (21)

| —
N —

At the end of each repetition one has an input history u for
that run, and the resulting error history e. The derivative of
the scalar cost with respect to changes in the input u(k) at
time step k is

97 (d1\" [ oe
du(k) — \ de du(k) (22)
D €T ag - (P )TE.’ ’ B
=< \ouy) ~ YT
where we have used the derivative de/du(k) = —Px. The

subscript k on P denotes the kth column of matrix P. Then
taking a step of length ¢ in the steepest descent direction in
the next repetition creates the learning law
aJ
Wi =u;—¢ | =u;+¢Pe;,  (23)

3|
=l

hence the contraction mapping learning gamn L = ¢ #7 1s
justified. Taking the average of the cost (21) over different
models, and taking a step in the steepest descent direc-
tion for this average cost produces the following averaged
contraction mapping ILC gain

Xle

1 M M
L:—M—ZL,: ZP[T, (24)
i=1 i=1

<

where L; = ¢ PT, i =1,2,...,

2.5. Partial isometry ILC

Some of the singular values of P can be small. As a result
the error components on the associated singular vectors in
U will learn monotonically but slowly. For a sufficiently
large p, the singular values of P can be associated with
the magnitude frequency response of the system, and this
response gets small at high frequencies as in Chen and
Longman (2003). There can also be particularly small sin-
guiar vaiues that are iniroduced by the conveision of the
ordinary differential equation to a discrete-time difference
equation. Instead of using L = ¢ PT = ¢V SUT, the partial
isometry law, Jang and Longman (1996) uses

L=¢VUT. (25)

The entries in the diagonal matrix of (19) become 1 —
¢o;, and convergence is assured if the step length satisfies
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0 < ¢ < 2/ max(o;). This law learns substantially faster at
high frequencies. One could, of course, aim to speed up
the learning process by picking L = ¢V.S~'UT, but this
is simply creating the inverse of matrix P. This matrix is
normally ill-conditioned, and the inverse is very sensitive
to model errors. Using this inverse solution is therefore not
advisable in practice.

Again, to derive the iterative learning controller associ-
ated with (25) by averaging, we need to find a cost function
to produce it. Indeed, (25) can be found by considering the
following cost function

J = -;-gf (US'UT) e (26)

and taking the steepest decent direction as in the contraction
mapping law. Taking the average of the cost function in (26)
produces the following averaged partial isometry ILC gain

M M
1 ¢ r
i=l i=1
where L; = oV, UT,i = 1,24\ ., M

3. Robustification of RC
3.1. RC convergence condition

The following describes a convergence condition for RC as
described in Panomruttanarug and Longman (2004) which
later motivates a robustification design. Let p denote the
number of time steps in one period. A general linear repet-
itive control law takes the form,

u(k)=uk—p)+aje(lk—p+m-—1)
+-- +amelk — p)+aprelk —p—1) (28)
+---+aelk —n+m— p).

In (28) there are a total of 1 scalar gains for a SISO system.
The error e(k — p 4+ m — 1) corresponds to the most recent
past tracking error associated with the gain aj, and e(k —
n 4+ m — p) corresponds to the most distant past tracking
error associated with the gain a,. The control law in (28)
can also be written in the z-domain as

r F(Z‘) -I L'/ -\ /AON

)= sz — l_l \& s \<”)

rrs
(RS

where

F(Z):alzm_l +"'am—lz+am (30)
a1z 4 @z

The repetitive controller gains a;, ay, .. ., a, are to-be de-

signed so that the tracking error converges to zero as the

D(z})
|
i
Y¥zy EOE() F(z) U(z} G(2) --*':,,!’\Pw }"(:‘2

Figure 1. Repetitive control block diagram.

number of periods tends to infinity. Furthermore, for practi-
cal reasons, we desire the convergence of the tracking error
from period to period to be monotonic. To this end, from
the block diagram of Figure 1, we can write

{1 =z7"[1 = G)FRE®R) 31)

=(1-z7")[Y*(2) = D@)]’
where G(z) is the transfer function of the system be-
ing controlled, G(z) = C (zI — A)"' B. In (1), v(k) is
an input disturbance. Here d(k) is the equivalent output
disturbance, and the desired trajectory is y*(k), both of
which are periodic with a period of p- time-steps, hence

7(1 —z77)[Y*(z) — D(z)] = 0. It follows from (31) that

ZPE(2) =[1 — G(2)F(2)] E(2). (32)

Suppose that the learning is sufficiently slow compared
to the period of p-time-steps that one can consider each
period to be in a steady state. Now consider the frequency
transfer function version of 1 — G(z)F(z) formed by sub-
stituting z = €'“T ; where T is the sampling interval. The
magnitude of such a frequency transfer function for fre-
quency w gives the amplitude change from the amplitude
of a sinusoidal input of frequency w to the amplitude of
the steady-state sinusoidal output. Under the quasi-steady
state assumption above, this magnitude can be interpreted
as relating to the frequency components of the error in one
period to the frequency components of the error in the fol-
lowing period. Then, having this magnitude less than unity
for all frequencies between zero and Nyquist frequency sug-
gests monotonic convergence of all frequency components
of the error. Thus, we require

1 = G@)F(2) < 1, z =727 (33)

for all frequencies @ up to Nyquist frequency, 0 <
w;T <m. For a given repetitive controller F(z), 1 —
G(e“T)F(e'“T) can be plotted on the complex plane as
T varies between 0 and 7. We desire that this polar plot
remains inside the unit circle in the complex plane to satisfy
the approximate monotonic decay condition of (33) for all
frequency components of the tracking error. Note that the
argument that generates (33) suggests that any frequency
component of the error associated with a frequency outside
the unit circle would grow monotonically, corresponding
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to an unstable system. Condition (33) is a sufficient con-
dition for stability, but it can be shown that for reasonable
values of p, the difference between this condition and the
actual stability boundary is so small as to be of no practical
significance, as in Songchon and Longman (2003).

3.2. RC design from model

Note that a choice for F(z) is G~!(z). This choice is prob-
lematic because the inverse of a discrete-time z-transfer
function is usually unstable. Let & denote the repetitive
controller gain vector to be designed,

¢ = [CZ] a ... AGm—1 Qm Qm+1 --- an]T (34)
Then F(z) can be written as
F(z) = M(2)®, (35)

where M(z) (not to be confused with M, the number of
different models) is
MR=[z""z"%.z 1 7' .. ™). (36)
It is established in the previous section that we desire
the polar plot of 1 — G(e/“T)F(e'?) to remain inside the
unit circle for monotonic convergence of the tracking er-
ror. Hence, the repetitive controller gains can be found by
minimising the shape of this polar plot. This can be accom-

plished by minimising the cost function Panomruttanarug
and Longman (2004)

N-—-1
J= ZO W; [1 — G(z:))M(z:)®] 37)
x [1— G(zi))M(z;)®1" + 10T D,

where v is a scalar weighting factor, the star * de-
notes the complex conjugate operation, z; = T =
0,1,2,..., N — 1 where N is the number of discrete points
that make up the polar plot, each corresponds to a discrete
frequency w;, 0 < w; T < 7. Taking the derivative of J with
respect to the gain vector ® produces the RC gains,

O =A ‘B, (33)
where
N-1
A=Y Wi[Re(Q@)+Re(Q@) |+ 201 (39)
i=0 Vet ‘
B=) W [Re(S"(z))+Re(S@)"].  (40)

In (39), Re(.) denotes the real part of the quantity (.), and

0(z)) = S*(z:)S(z) S(zi) = G(zi)M(zy). 41)
In (39) and (40), the superscript T denotes the regular (real)
transpose, / is an identity matrix, and the superscript * de-
notes the complex conjugate transpose. The MIMO version
of this design technique is presented in Brown et al. (2007).

3.3. RC design from frequency response data

Another version of the above design can be formulated
to make use of frequency response data directly instead
of computing G(z) from a model like in Panomruttanarug
and Longman (2007). From experimental data, let |G(w)|
and ¢(w) denote the magnitude and phase of the frequency
response,

G(exp(jw; T)) = |G (w;) exp (¢(wi)) (42)

Then the RC gains can be found from (38)

N-1
A=Y WGz Zo ... Z,) 43
i=0
N—1}
B=) W;|G()|Zn, (44)
i=0
where
4 -
cos(w;T)
Zr=1. ) (45)
| cos((n — D, T) |
[ cos (w; T) 7
l+v
Zy=|. 5 (46)
| cos((n — 2)w;iT) |
cos((n — N T) |
cos((n —2)w; T)
Zn =1- ’ (4ﬂ>
L 1+

l_cos ((m — D T + (P(-C-Ui))

~rne (1 N T Lol v\
LA ESRY WSS BT G T

Zm = 7 : (48)

coé ((m — N)a; T + ¢(w;))

3.4. Robustified RC design

Now consider the case where the system model contains a
number of uncertain parameters. For the averaging design,
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we generate M different models G, (z), m = 1,2,..., M,
and minimise the average cost function

1
E{J)~ Mmgnﬂ, (49)
N—-1
In =Y Will = Gu(z)M(z)®] (50)
i=0
< [1 = Gp(z)M(z)®]* + v@’ @

Note that in this case averaging the cost for all models to
produce a controller is different than finding the controllers
for all models and averaging them. Minimising this average
cost produces the following RC gains computed as in (38)
but A, B are now given as

M
A=) A, +2Mvl, (51)
m=1
M
B= ZB’"* (52)

m=1
N-1

Ay = L iz [Ke(gmkz ))+Ke(g,,,(z,)) J (53)

1

N—1
Bm = Wl [RC (S;(Zr)) +Re (Sm(zi))l‘] > (54)
i=0
Qm(zi) = S;:,(Zi)Sm(Zi)v (55)
Sm(li) = Gm(Zi)M(Zi)- (56)

The previous averaging is designed for parametric un-
certainties. To account for high-frequency un-modelled dy-
namics, we can design the averaged RC based on frequency
response data directly. The counterparts of (51) and (52)
are

N-1
Wi |Gu(w))*[Z1 Zo ... Z,], (5T)
=0

m=1

=

=1

‘;U

M
v\
™ st
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A i
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=}

m=l1 i

where G,,(w) represents the frequency response of the mth
experiment, as in Panomruttanarug et al. (2007).

4. Robustified ILC illustrations

The following illustration is performed on a model mo-
tivated by the dynamics of each link of the 7-degree-of-
freedom robot (Robotics Research Corp. K-series 807iHP
manipulator) shown in Figure 2. The robot has a maximum
workspace radius of 0.89 m with a maximum payload of
20 1bs. The closed loop control of each link has a bandwidth

Figure 2.

A seven degree-of-freedom robot.

determined by a first-order pole at 1.4 Hz, and exhibits two
resonant frequencies. For purposes of illustration, the pa-
rameters are modified, and in particular the damping ratios
for each mode are taken to be 0.1 which is much lower than
the actual damping in the system. This makes the robusti-
fication of ILC and RC more difficult. Hence, we take the

oo CHISG Q.. 8 QUG
110iliiial inoaci 1o 6C

GUalS) = GalS)Gp($)Gels), 59)
where
Gals) “)G() ( i ) (60)
()= —— (5) = | ——————— 1,
s+a ! 52420 w5 + w?
2
Gols) = (———ﬂ————> (61)
¢ 52+ 20w,5 + w3

The model is fed by a zero-order-hold and we choose a
sampling frequency of 100 Hz. The nominal values of
the parameters are a = 8.8, w; = 6(27), w, = 18(27),
{1 = & = 0.1. We seek to robustify the ILC laws to para-
metric variations obeying uniform distributions around
these nominal values,

6.613 <a < 10.977
27.762 < wy < 46.234, 85.022 < wy < 141.114 (62)
0.0751 < &1 < 0.1243, 0.0751 < & < 0.1243.

Each of the ILC laws has the property that the learning gets
slow at high frequencies, and this means that the spectral
radius, or magnitude of the largest eigenvalue of I — PL,
will get close to unity in the stability criterion (10). Nu-
merical round off in the computations can easily make the
spectral radius go slightly above unity so that one may not
be able to make a definitive judgment of whether an ILC
system is stable. In other words, numerical simulations of
the learning process are made to help establish whether a
candidate controller is stable, but it is still possible that an
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Table 1. Quadratic cost ILC averaging results.

Max. Eigenvalues

Max. Singular Values

Quadratic Cost ILC >1 >1.001 >1.01 >1 >1.001 >1.01
Nominal 159 21 19 199 42 40
Average 136 0 0 200 9 5
Average with ¢ = 0.5 154 0 0 200 2 0
Average with ¢ = 0.1 142 0 0 199 0 0
200 different models: 1* run

Nominal 160 35 31 200 53 49

Average 156 0 0 200 9 5
200 different models: 2" run

Nominal 156 16 16 200 44 43

Average 156 0 0 200 5 4
200 different models: 3" run

Nominal 152 2 22 199 41 43

Average 150 0 0 200 8 5

instability is sufficiently small that it is not seen in simula-
tions for a specific initial error when a chosen number of
ILC iterations is performed. Here we examine three differ-
ent threshold levels for the spectral radius, all eigenvalues
|Ai] < 1, ]x;] < 1.001, and |};| < 1.01 because numerical
simulations suggest stability for systems with spectral ra-
dius less than 1.001 and instability for systems with larger
spectral radius. The monotonic decay condition (11) wants
the maximum singular value less than unity. Therefore, we
investigate this condition with the same three threshold lev-
els as well. Note that even if the eigenvalue or singular value
is truly above unity but less than 1.001, the ILC can be very
effective at reducing the tracking error in applications, as
in Longman and Huang (1994).

Table 1 studies the robustification using the quadratic
cost ILC law. Note that the learning rate at any given fre-
quency for this law decays as the square of the magnitude
frequency response of the system, so that if the system re-
sponse is down at some frequency by a factor of 10, the
learning rate is down by a factor of 100. This suggests
that the spectral radius should get very close to unity. Two
hundred models are created by picking random coefficients
from their uniform distributions in (62). The first row la-
belled ‘nominal’ corresponds to a controller designed from
the nominal model described above and appiied to the 200
models. The weighting matrices Q and R are set to be iden-
tity matrices. We find that 159 out of the 200 models have a
spectral radius above 1, 21 above 1.001, and 19 above 1.01.
The second row ot Table 1 uses an averaged cost design,
averaging over the 200 models. This time 136 models have
a spectral radius above 1 but no model has a spectral radius
above 1.001. Hence the averaging has made a very substan-
tial improvement. These results use a scaling factor equal to
unity (full gain). The third row of the table scales the gain
down to 0.5, and the next row scales it down further to 0.1.

When the computed spectral radius is above unity, but
less than 1.001, it is ambiguous whether the system is unsta-

ble, or numerical roundoffin the computation is responsible
for the spectral radius exceeding unity. However, even if the
system is unstable, the instability is most likely slow enough
that the law is still very useful in practice, as discussed in
Longman and Huang (1994) because the error may easily
reach a very small value before any indication of the insta-
bility starts to appear. This means one can apply the law and
turn oif the iearning when the error goes through a mini-
mum. The experiments on the robot in Elci et al. (1994a)
achieved an improvement in tracking error by a factor of 50

“before any error growth was observed from high- frequency

phase error.

The results cited so far use 200 models from the sample
distribution, and examine how well the controller averaged
over these models work on these same models. A better
test of robustification is to create a controller by averaging
the cost over these 200 models, but apply it to a different
sample of 200 models taken from the distribution. This is
done for three different random samples of 200 models in
the lower part of the table. The observed robustification by
using average cost (14) persists with no models having a
spectral radius larger than 1.001 in any of the three random -
samples of 200 models. Table 2 repeats the same process
for the contraction mapping ILC, and Table 3 for the par-
tal isometry ILC. Overall, 1t 1s clear that the averaging
technique results in a significant robustification for all ILC
designs.

5. Robustified RC illustrations

For RC we have two cases to illustrate. The first case uses
averaging to robustify a repetitive controller designed di-
rectly from experimental frequency response data and ap-
plied to a nominal model. The second case shows how the
averaged controller performs on variations of the nominal
model. Consider the same 5¢h order system in the previous
section. The repetitive controller (28) hasn = 20, m = 11.
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Table 2. Contraction mapping ILC averaging results.

863

Max. Eigenvalues

Max. Singular Values

Euclidean Norm Contraction Mapping Law >1 >1.001 >1.01 >1 >1.001 >1.01
Nominal 178 81 80 199 92 92
Average 155 0 0 200 13 12
Average with ¢ = 0.5 139 0 0 200 5 2
Average with ¢ = 0.1 148 0 0 200 0 0
200 different models: 1°* run

Nominal 173 89 87 200 99 98

Average 148 0 0 199 22 21
200 different models: 2" run

Nominal 169 80 79 200 93 98

Average 157 0 0 200 10 9
200 different models: 3" run

Nominal 163 73 e 200 87 36

Average 152 0 0 200 19 17
Table 3. Partial isometry ILC averaging results.

Max. Eigenvalues Max. Singular Values

Partial Isometry ILC >1 >1.001 >1.01 >1 >1.001 >1.01
Nominal 73 79 64 200 99 83
Average 58 1 1 200 42 33
Average wiih ¢ = 0.5 159 0 0 200 15 9
Average w1th ¢ =0.217 151 0 0 200 6 2

Average with ¢ = 0.1 0 0 200 2 0
200 dlfferenl models: 1* run

Nominal 171 78 66 200 99 87

Average 147 % 7. 200 55 50
200 different models: 2"/ run

Nominal 171 76 62 200 94 80

Average 155 5 4 200 44 36
200 different models: 3" run

Nominal 177 70 57 200 87 75

Average 146 4 4 200 39 37

If we know the model perfectly we can make a very effec-
tive repetitive control design. In practice we do not know
the model perfectly but we can make experiments (say 10
in this case) to compute the frequency response of the sys-
tem. Because of noise and leakage in identification, these
frequency responses will all be different. The conventional
approach is to take the average of the 10 identified fre-
quency responses to produce a single frequency response,
and then design a controller from this single average model.
Instead, in the robustified design, the controller is derived by
minimising a cost that is averaged over the 10 experimental
frequency responses.

Figure 3 shows the performance of the controller de-
signed from the average of the 10 frequency responses when
applied to the actual (nominal) model. The vertical axis of
Figure 3 is the left hand side (LHS) of (33) with G(z) being
the actual 5-th order model. Above about 35 Hz the plot
exceeds unity when v = 0, and at least for large enough pe-
riods this ensures instability of the RC system and growth of

error components above this frequency with successive pe-
riods. Increasing v quickly decreases the learning rate and
voids instability at higher frequencies. Now consider de-
signing a repetitive controller that minimizes the cost that

1
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Figure 3. LHS of (33) for RC designed from the frequency

response average.
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Figure 4. LHS of (33) for RC designed from the average cost
function. :

Figure 6. Magnitude and phase of 1 — G(z)F(z) for RC de-
signed from the average cost and applied to the same 25 models.

Figure 5. Magnitude and phase of 1 — G(z)F(z) for RC de-
signed from the nominal model and applied to models 1-25.

is averaged over all 10 frequency responses. The results
when applied to the actual model are shown in Figure 4.
Notice now that the magnitude plots have spectral radius
less than unity for all frequencies even when v = 0. Hence,
by the averaging technique one succeeds in getting an
asymptotically stable repetitive control system despite not
having any model that is accurate at high frequencies.
Finallv, we present here the performance of the ro-
bustified repetitive controller when it is applied to differ-
ent models due to parametric variations. The same sys-
tem is used for the simulation with similar variations in
the coefficients. Figure 5 shows the magnitude and phase
of 1 — G(e®T)F(e'“T) for a repetitive controller designed
from the nominal model, but applied to 25 variations of
the nominal model that are not used in the design set. The
unit circles are shown in the plots. Figure 5 is to be com-
pared directly to Figure 6 which plots the same quantity for
a repetitive controller which is designed from the average
cost and applied to the same 25 models. The performance
of the averaged design can be assessed by comparing each
subplot of Figure 5 to the corresponding subplot of Figure 6.

Figure 7. Magnitude and phase of 1 — G(z)F(z) for RC de-
signed from the nominal model and applied to another 25 models.

The improvement in the stability robustness can be clearly
observed. A total of 100 variations from the nominal model
are checked, and another 25 models are shown in Figures 7
and 8. Again, the same robustification effect is observed.

6. Understanding the mechanism of robustification

One can gain some understanding of the mechanism respon-
sible for the robustification by examining the averaging as
seen in the frequency domain. Consider the RC design ob-
tained by use of the cost function (37). It aims to pick the
RC law (35) to minimise the square of the left-hand side of
(33) summed over frequencies from zero to Nyquist, so that
the F(z) aims to match the inverse of the magnitude fre-
quency response, and to produce a phase that is the negative
of the steady state phase frequency response of the system.
Then when averaging is introduced, it tries to minimise this
summed over all models. If the minimisation succeeds in
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Figure 8. Magnitude and phase of 1 — G(z)F(z) for RC de-
signed from the average cost and applied to the same 25 models.

keeping the left-hand side of (33) less than unity at all fre-
quencies for a model, then the RC is stable for that model.

Note that (33) can be thought of as making a circular
region in the complex plane representatidn of the complex
numbers G(z)F(z), and that a model is stable if this fre-
auency response representation for each frequency from
zero to Nyquist stays inside the circle of unit radius centred
at +1. From this, we can conclude that the amount of phase
error in the F(z) attempt to match the negative of the phase
of G(z), is limited by + or —90 degrees (at least for large
enough p so that condition (33) can be considered the sta-
bility boundary, as in Songchon and Longman (2003)). If
one inserts an overall gain into F(z), then one can approach
this limit in phase error as the gain tends to zero. The mag-
nitude error is much less important in the determination of
stability.

Consider the same system (59) with the same uniformly
distributed uncertainties given in (62), with a 100 Hz sample
rate, and n = 200 and m = 101 in (28). And use 200 mod-
els randomly selected from these distributions. Figures 9
and 10 present the magnitude and phase frequency response
curves of the models. In order to make the plot intelligible,
only 21 of the 200 models are shown. The full frequency
response ranges from zero to 50 Hz at Nyquist frequency.
For clarity of presentation the figure presents the plots over
two frequency intervals showing the behaviours around the
two resonant frequencies of the system. The circles repre-
sent the frequency response of the nominal model. If one
_ were not robustifying, the F(z) would be designed to match
the curve represented by these circles, match in the sense
that the magnitude would aim for the reciprocal and the
phase would aim for the negative of the phase shown. The
design of F(z) when the cost function averages over the
200 modes, instead aims in this same manner to the curve
represented by the squares. The squares actually are the
noints aimed for, but the fit is sufficiently good so that one
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Figure 9. Magnitude and phase Bode plots in the frequency
Interval i-9 Hz of 21 sample iodels, foi the nominal model RC

design (circles), and for the averaged cost design (squares).
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Figure 10. Magnitude and phase Bode plots in the frequency
interval 11-27 Hz of 21 sample models, for the nominal model
RC design (circles), and for the averaged cost design (squares).
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does not see any discrepancy between the desired and the
actual designs when the latter is also plotted. Examining
the squares in the phase plots for each resonant frequency
region, it is clear that the design is keeping the phase of
the design much nearer the centre of the range of phases
for the set of models. The research that followed considers
the direct use of this thinking in producing robustification.
Any model among the set of models considered, having a
phase difference from the new design that is less than +
or —90 degrees can be stabilised by the averaging process
with a small enough overall gain. Hence, it is clear that the
resulting design stabilises models in the distribution that
would not be stable when one designs based on the nom-
inal model. We note that the averaging method used here
does not guarantee that all models in the distribution will
be stabilised. But we also note that no RC law can stabilise
a set of models that have a range of phase larger than the
maximum possible tolerance of 180 degrees, and hence de-
sign methods that aim to guarantee robustness for a given
set of models will fail in such cases. The method presented
here is very simple to use, and will stabilise the RC for a
wide range of model errors. Hence, we recommend that it
be used whenever one makes an ILC or RC design.

The same frequency response thinking can be applied
to those parts of ILC problems that can be considered mod-
elled by steady state frequency response thinking, for ex-
ample the part of the trajectory after a few time constants
for transient decay. Note that as the trajectory gets longer,
the ILC law (17) makes an error update formula (18) which
is converted to frequency response, be one minus ¢ times
the product of the magnitude frequency response, and the
difference of the phase angle frequency response, of the
true system and the model. The ILC law (27) is the same
except that the magnitude frequency response of the model
is removed. The ILC law (13) produces the negative of the
phase, but alters the magnitude differently. Hence, an aver-
aging of these laws creates similar interpretations as in the
RC problem above.

7. Conclusions

This paper describes a simple yet highly effective technique
to mnprove the siability robusiness of iierative iearning
and repetitive control laws. The method minimises a cost
function that is averaged over either multiple analytical
time-domain models or experimental frequency-domain
data. For ILC we consider ihree desigu ieihods. quadiatic
cost, contraction mapping, and partial isometry. For
sufficiently long trajectories, these laws also result in
a monotonic decay of every frequency component of
the tracking error from repetition to repetition. In the
RC problem, the approximate frequency-by-frequency
monotonic convergence condition from period to period is
used to derive the repetitive controllers.

The observed improvement in stability robustness by
the averaging technique is found to be significant for all

these ILC and RC designs. Consider the stability boundary
to be the computed spectral radius equal to 1.001. Such a
value produces well behaved learning histories, at least for
many repetitions, and may in fact be asymptotically stable
if the computation error is eliminated. We point out that
even if it is not asymptotically stable, such a law can be
very useful in practice, since it most often will produce
a very small error level before any effect of instability is
observed, as in Longman and Huang (1994). The results
here show that the quadratic cost ILC was unstable (i.e.
above 1.001) for 10.5% of the 200 models using the nom-
inal model to do the design, while no model exceeded this
spectral radius after averaging. Hence, they could be used
for learning in practice. The Euclidean Norm Contraction
Mapping law had 40% of the 200 models definitely un-
stable when designed from the nominal model, and again
no model exceeded this radius after averaging. The Partial
Isometry law had 39.5% definitely unstable before averag-
ing and only one model unstable after averaging. Obtaining
this much robustification with very little effort makes the
averaging approach presented here have real significance in
practice. Finally, although the focus of this paper is for ILC
and RC robustification, the averaging technique is quite
general and can be applied to any controlier design that
involves the minimisation of a cost function.
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DESIGNING STABLE ITERATIVE LEARNING CONTROL
SYSTEMS FROM FREQUENCY BASED REPETITIVE
CONTROL DESIGNS

Benjamas Panomruttanarug, Richard W. Longman," and Minh Q. Phan?

Repetitive control (RC) and iterative learning control (ILC) design control sys-
tems that aim for zero tracking error in repeating situations. ILC applies to
spacecraft problems that perform repeated scanning maneuvers with a fine
pointing instrument. Very effective RC design methods use steady state fre-
quency response approaches. They cannot be applied directly to ILC because
ILC is a finite time problem, and asks for zero error not only in the part of the
desired trajectory after transients have decayed, but also asks for zero error dur-
ing the transients as well. This work converts these effective RC design methods
so that they apply to the ILC problem, and produce convergence to zero tracking
error that is monotonic with iterations in the sense of the Euclidean norm. One
first fills the ILC gain matrix with the RC gains, and then adjusts a few gains as-
sociated with the first few time steps, using a steepest descent or other similar
algorithm. We show that adjusting only one gan can be sutficient to produce
asymptotic stability and monotonic convergence. The method is simple to apply,
and allows one to make use of a very effective RC design method in ILC appli-
cations, and represents a powerful way to apply frequency response ideas to fi-
nite time ILC problems. :

INTRODUCTION

Repetitive control (RC) and iterative learning control (ILC) are sister fields that aim to con-
verge to zero tracking error in repeating situations. Repetitive control applies to control systems
that perform periodic commands, or to systems that are subject to periodic disturbances (see Ref-
erences 1-5). Because time progresses indefinitely, one can make designs based on steady state
frequency response, and then the error can asymptotically approach zero as time progresses.

Iterative learning control applies to situations in which one wants to perform a specific track-
ing command starting from the same initial condition each time, and want to have zero error
every time step of the finite time trajectory. Hence, one is asking for zero error not in steady state

only, but throughout the initial transients each un. See References 5-9.
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The most important RC application for spacecraft is the isolation of fine pointing equipment
from the vibrations caused by slight imbalance in CMG’s or reaction wheels (References 10-11).
ILC applies when one wants to make repeated scanning maneuvers with fine pointing equipment.

Very effective design methods have been developed to generate repetitive control laws mak-
ing use of steady state frequency response, as presented in References 12,4. The approach designs
an FIR filter that mimics the inverse of the steady state frequency response of the feedback con-
trol system. This produces a stable but noncausal transfer function that can be applied to the data
from the previous period. This circumvents the difficulty that the inverse of the discrete time z-
transfer function that would handle the transient phase too, is almost always unstable and cannot
be used in the RC design. The approach can be amazingly effective. Using only a linear combina-
tion of 12 errors observed in the previous period of the disturbance or command, one can get an
effective inverse of the system that is good to three digits for a third order system, as described in
References 12,4 and also cited below. The design places zeros at roughly evenly spaced locations
around a circle in the z-plane, in order to cancel the effect of each zero introduced on the negative
real axis by the discretization process. '

The simplest form of ILC adds to the command at each time step, a constant times the error
observed at the corresponding time in the previous run, but shifted forward by the time delay
through the feedback control system. This ILC law can be proved to be asymptotically stable and
converge to zero tracking error for essentially all linear systems (e.g. Reference 5), and also for
nonlinear systems satisfying a Lipschitz condition (Reference 13). Convergence is based on a
“transient wave” of zero error that propagates from the start of the trajectory, and eventually
reaches the end of the trajectory. But the learning transients can easily become astronomical on
the way to zero error, because the behavior in the parts of the trajectory in front of the “wave” are
being excited (Reference 5). This includes any parts of the trajectory that can be considered as
steady state behavior, i.e. as beyond the settling time of the system. Reference 9 suggested that
ILC should be designed to satisfy a monotonic decay condition for the steady state frequency re-
sponse, in order to avoid such prohibitively bad transients. This paper develops methods to very
directly do this, using an RC design based on an FIR filter that mimics the inverse of the steady
state frequency response in order to create the learning matrix. Then a few of the gains associated
with the initial time steps are adjusted to convert to a stable and monotonically converging ILC
algorithm. This successfully converts the very effective RC design method into a very effective
and easy to use ILC design method.

This paper follows from two previous works, References 14,15. The first reference makes use
of the same RC gains to fill the ILC gain matrix, and iteratively changes the initial conditions to
produce convergence. There is no need for adjustment of the initial conditions using the method
presented here. The second reference uses a cost function that aims to decrease a quadratic cost
during learning that penalizes the sum of singular values squared of the error propagation matrix,
together with a penalty on the change in the command input from run to run. The present paper is
similar, but focuses directly on the maximum singular value and does a minimal amount of gain
adjustment in order to produce stability and monotonic convergence of the ILC design. Exampies
show that one may be able to produce this monotonic convergence by adjusting only one gain in
the upper left corner of the ILC gain matrix, and do this by simply plotting the maximum singular
value versus this gain.

ILC PROBLEM FORMULATION AND CONVERGENCE CONDITIONS

Consider a scalar input, scalar output system



x(k+1)= Ax(k)+ Bu(k)

= )
y(k)y=Cx(k)+v,(k)

Usually this represents a feedback control system, and (k) then represents the command. The

v,(k) represents any repeating disturbance that occurs every time one gives a command to the

system. Wherever the disturbance occurs in the feedback control system, it is converted to its
equivalent output disturbance used here. The iterative learning control problem seeks to itera-
tively adjust the command u(k), k=0,1,..., p—1 from one run to the next, aiming to converge to

that command which produces an output y(k) matching the desired output history,
yy(k), k=1,2,...,p. We assume CB # 0 (simple adjustments can be made when it is zero). The
solution of this equation for every time step in the desired trajectory, can be packaged as

y, = Ax(0)+ Pu; +v, )
where j is the run number, also called the repetition number or iteration number, and
T
y,=[n® »@ - )]
T
uy=[u,0) u®) -~ u(p-1]
[ CB 0 o 0 CA
CA CB - 0 - | CA?

P=l . [ © NN : . ’ A=l .

| CA"™B CA"™B - CB] | cA” |

—_—
w
N~

The time arguments in the entries of v, yD, g;=y, —y, ae the same as those in y , and are
3 pa =j —J
shifted by one time step from those in u, reflecting the one time step delay going through the
system when CB=# 0. The ILC objective is that as j —> o, the output y =y . The command
_/ —

input must then converge to
up =Py, = Ax(0)-y,] @

where the P matrix is the true P matrix associated with the behavior of the hardware, which is
likely to differ from the P matrix associated with a system model used for ILC design. The fact
that the iterations are made with the real world allows the possibility of getting zero error in
hardware while using an imperfect model in the ILC law design.

Define a difference operator in repetitions so that &,u =u Pty and §;y=y —y. . and
Y A

apply these to Eq. (2) to produce 6,e=~8;y=—P6;u. A general linear first order ILC law takes

the form 6,u=Le, ,, or

i =z ile ()
Bog =8 T og -

where L is the px p matrix of learning gains {;;, for row i and column j. Substituting Eq. (5)

into the error update equation above Eq. (5) produces the error propagation formula from iteration
to iteration



€j+1 = (I—PL)Q, ) (6)

The error vector e; will converge to zero for all possible initial error history vectors ¢, ob-

tained in the first run, if and only if the spectral radius of matrix (I —PL) is less than unity, i.e.
all eigenvalues of this matrix must be less than unity in magnitude. Another important condition
is: the Euclidean norm of the error will decay monotonically for all possible initial error history
vectors ¢, , if and only if the maximum singular value of matrix (I-— PL) is less than unity. The -

first condition is the stability boundary, an if and only if condition, and the second condition is a
sufficient condition for stability, and one that has the desirable monotonic error decay property:

|A,(1-PL)| <1 i=12,..,p (7

maxo,(I-PL)<1 i=12,..p - (®

It is instructive to examine a transfer function analysis of the ILC equations. Here we ignore

the fact that we are dealing with finite time signals, and take the z-transform of Eq. (1) for the jth
run :

Y,(2) = G(2)U (2)+ V(2)+ C(ed = A) " 2x(0)

®
G(z)=C(zd-A)"'B
Then §,,,E(z)=—6,,Y(2)=~G(2)6,,,U(z) . Also take the z-transform of Eq. (5)
8,,U(2)= L(2)E;(2) (10)

We will be considering the steady state frequency response when we use the transforms, and this
is obtained by substituting z = exp(i®T) where T is the sample time interval and @ is the radian

frequency. In order for transform methods to make sense with the learning law, L must be some-
thing that can be represented as a difference equation. This means that the entries must have the
property that every entry in any diagonal must be the same (as in a Toeplitz matrix), and we are
looking only at steady state response, which means the matrix must be big enough that much of
the trajectory is after the transients of the initial conditions are negligible, and one ignores the
right and left ends of the matrix for which the gains become truncated. Under these circum-
stances, one can describe the learning law as a z-transform L(z) . Combining these equations pro-

duces
E,.(2)=[1-G()L(2)E,(2) (11)

which presents a transfer function transforming the error in one iteration into the error in the next
iteration. If the magnitude of the frequency response function is less than unity for all frequencies
up to Nyquist frequency,

1= G(e“")L(e* )| <1 ¥ @,050T <7 (12)

then every steady state frequency component of the error will decay every iteration. This is not a
proof of stabiiity. it ignores ihe faci ihai ILC is a finite time problem, and that it asks for zerc er-
ror during the transients as well as any part of the response that might be modeled by steady state
response. If the ILC is unstable then there is no portion of the trajectory that can be modeled by
the above equation. Nevertheless, when the ILC is stable, the condition suggests good learning
transients, and Reference 9 suggests that one should design ILC to satisfy this condition for this



purpose. This paper does exactly that, designs the ILC law based on this condition, and then
makes small modifications to a few gains in the upper left corner of L in order to satisfy the suffi-
cient condition for convergence, Eq. (8), which also guarantees monotonic convergence of the
error Euclidean norm.

THE RC GAINS INTRODUCED INTO THE ILC GAIN MATRIX L

Repetitive control differs from ILC in that it aims to eliminate tracking error in following a pe-
riodic command, or a constant command but in the presence of a periodic disturbance of known
period. We take this period to be p time steps. Instead of observing the error in the previous run
and modifying the command history for the current run, RC at each time step, in real time, ob-
serves the error during the previous period and adjusts the current command. There is no re-
starting of the system, and time progresses toward infinity. This means that one can rigorously
made designs based on steady state frequency response. Reference 4 proves that for repetitive
control, a necessary and sufficient condition for convergence to zero steady state error for all pos-
sible periods p, is that condition Eq. (12) is satisfied. The effective RC design method of Refer-
ences 12,4 designs an FIR compensator of the form

—(n—m)

1 n=1 m=2 0 ~(n=m=-1)
L()=a7" +a,2"" +-+a,z +a,,2 +a,z

(13)

=(a " +a, " +ta, " +ta, 7 +a, )] b\
where the z° term applies to the error observed one period back, and the other terms are applied
to errors both forward and backward from this point. The designer picks the number of gains »,
i.e. the number of errors to include, and also picks how many forward and how many backward
gains to consider, by choice of the integer m. The coefficients are designed to minimize the cost
functional that aims to satisty Eq. (12)

N
7 =Y [1= G )L™ w,[1 = G(e™ )L™ N *+ v(a] +ai +-++a,) (14)

j=0

The superscript asterisk indicates complex conjugate, and the w; are adjustable weights which

are set to unity here. The v is discussed below, and will normally be set to zero.

The full RC design approach in Reference 4 also asks for a zero-phase low-pass filter cutoff of
the learning process, because one cannot usually have good magnitude and phase information to
know that Eq. (12) is satisfied all the way up to Nyquist frequency. In RC this is done with an
FIR design similar to Eq. (14) (References 16,4). The same is done in ILC but using zero-phase
Butterworth filters (References 9,17,5). The cutoff is most likely adjusted based on hardware per-
formance, since one does not normally know the frequency above which one’s model becomes
too poor to use for design. But it can also be based on how big the corrective action has to be in

order to cancel high frequency error, because these corrective actions could saturate the actuators,
require too much control effort. or too much control energy.

Numerical examples will be given making use of a third order differential equation model of
the feedback control systems for each link of a Robotics Research Corporation robot as in Refer-
ence 9, with transfer function from command to response given by

" a ? ,
G(z)_(s+a)(s2+2§wos+a)§) (1)




where a=88, {=0.5, w, =37, and for the purposes of the current study we usually use the

discrete time equivalent when fed by a zero order hold sampling with sample time interval
T =1/50. The effectiveness of the design method is illustrated as in References 12,4, where a
sample interval of T = 1/100 second was used and 7 was taken as 12, and m was adjusted for best

performance with m = 7. Figure 1 plots the product G(eim’T)L(ei""T) for frequencies from zero to

Nyquist. The magnitude of the deviation from the point +1 is the value of the left hand side of Eq.
(12), showing that the FIR compensator using 12 gains is very close to an inverse of the fre-
quency response.

Imaginary Axis
=

2
[ 0995 3 7005 01
Reai Axis
. . Ty, 0T . )
Figure 1. Plot of G{2*" )L{c'”") fora 12 gain design 2 =12, m ="7.

To use the result to fill up the matrix L, one enters the 12 gains at the appropriate locations on
each row of the matrix, but truncating the gains at the start and end of the matrix as needed. The
coefficient a,, in repetitive control multiplies the error in the previous period precisely one period

back. Because of the one step time shift in the definitions of ¥ and ¢, the gain a,, should fill the

subdiagonal, i.e. the diagonal immediately below the main diagonal in the L matrix. And the other
coefficients are filled in accordingly. ’ ‘

Here we describe the somewhat arbitrary way we chose to put entries into the matrix L for the
computations made in later sections. The number of time steps in an ILC run, also denoted by p,
is chosen as an odd number, either 51 or 101 time steps. Then the RC gains are computed for n
equal to 51 or 101, supplying enough gains to fill the central row of L. The value of m is chosen
to produce 26 coefficients for errors future to the time step of the control being computed, and 25
time steps in the past and at the time step of the current control being computed, for the case of p
= 51. For p = 101, there are 51 future gains and 50 gains for past and current time steps. These
numbers are repeated to fill in all elements along their respective diagonals. This leaves triangular
areas with zero entries in the upper right and lower left of matrix L. One could fill in the full ma-
trix with computed gains, but as seen below, the gains get small going far enough forward or
backward in time and can be truncated. And as seen in Fig. 1 that uses 12 gains, the number of
zains required for good performance need not be large

This does not produce a matrix L that is guaranteed stable or has monotonic decay of the error,
-and we develop methods to modify a small number of gains in the upper left corner of L to pro-
duce these desired properties.



THE DESIGN PARAMETER v IN THE COST FUNCTIONAL

When the sample time interval is short, the gains can become large, with successive gains be-
ing of opposite sign. This last property is needed to learn quickly at frequencies near Nyquist be-
cause at Nyquist there are only two samples per period. The penalty term with v in the cost func-
tion Eq. (14) was introduced for use in case this causes ill conditioning due to taking the differ-
ences of nearly equal numbers.

To study the effects of v, we start with Figure 2 that shows the gains when v is zero. It shows
gains computed for a 51 gain design for the third order system Eq. (15), which are to be read off
the scale at the top of the plot. Also given are gains for a 101 gain design using the bottom scale.
Both use the same sample rate of 50Hz. To graphical accuracy the 51 gains of the first design are
the same as the corresponding gains in the 101 gain design. One observes that the gains become
near zero rather quickly as one deviates from the central gain in the plot. Figure 3 is a zoomed in
plot to show how the gains change as one introduces small nonzero values for v, and one sees that
the size of the largest gain decreases quickly when v is introduced. As it increases, the property of
alternating sign from one gain to the next disappears, which makes it difficult to learn fast near
Nyquist frequency.
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Figure 2. RC gains for 51 and 101 gain de- -Figure 3. Detail of gains using 101 gain design,

signs, with v =0, and 50Hz sample rate. and varying v, S0Hz sample rate.

Figure 4 gives the plot of G(¢ )L(e"") for the 51 gain result with v = 0.1, analogous to Fig. 1

that used 12 gains and v = 0. The radial distance from +1 is the amount of decay of the associated
frequency point, i.e. the left side of Eq. (12), and it approaches the origin, meaning there is almost
no change in the error at the corresponding frequency from one iteration to the next. Figure 5
gives a detailed view near the origin, and it shows that there is decay of the error at all frequen-
cies. Figure 6 however increases v to 0.2, and we see that now the distance from +1 gets larger
than one, and some frequencies get amplified from one iteration to the next. The increased pen-
alty on the size of the gains has nowstopped the learning process from working at high frequen-
cies. and produced an instability.

The v penalty acts like a low pass filter on the learning process. Figure 7 studies this by find-
ing that frequency for which the radial distance from the +1 point reaches 0.95, which the figure
chooses to call a cutoff frequency. This plot corresponds to a S0Hz sample rate, producing a 25Hz
Nyquist frequency, and the vertical axis gives ihe “cuioll” fiequency in Hz vs. the value of .
Note that one still needs to use a separate cutoff filter for robustification to model error at high
frequency, a filter that is applied to the whole updated signal, not just the error input to the leam-
ing law.



When the gains generated by Eq. (14) with nonzero v are used to form the learning gain matrix
L, without any adjustment of these gains, the maximum singular values of [/ —PL] are plotted in
Fig. 8. We see that the maximum singular value goes toward unity, which is consistent with the
concept that the learning from one iteration to the next gets very slow at high frequencies. This
section has examined how v influences the designs, and the result suggests that one may not want
to use a nonzero v unless there really is difficulty associated with having nearly equal large gains
with opposite signs creating differences of nearly equal number in the control computation. In the
remaining numerical examples, the value of v will be set to zero.
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ILL CONDITIONING OF THE ILC PROBLEM AND ROW DELETIONS

The ILC problem which asks to obtain zero error every time step of a finite time trajectory by
adjusting the zero order hold input, is usually an ill conditioned problem. The matrix P in Eq. (4)
is guaranteed full rank if the number CB on the diagonal is nonzero (all eigenvalues are equal to
CB), which it is for a SISO system with a one step time delay through the system (larger time de-
lays are easily treated). But the condition number of P can easily be that of a singular matrix as
indicated in Table 1 (References 18,19). The numbers for ¢ equal to zero are wrong, the condition
number is much worse — the computer is not capable of computing this number correctly, and the
value saturates. The actual number grows roughly like 3 to the pth power as matrix size p is in-
creased. This is a result of the fact that the inverse of a discrete time transfer functions obtained
from a continuous time system fed by a zero order hold, is unstable for fast enough sample rate
provided the pole excess in continuous time is 3 or more (Reference 20). The control action satis-
fying Eq. (4) is then an exponentially growing control action that alternates sign every time step.
This means that the intersample error is also growing exponentially, but at every sample time the
error happens to be going through zero. This means that even if one can compute the solution for
the control action, and the actuators could actually apply it, it is not a control action that one
would want to use. The intersample error is growing exponentially with time step. And this de-
feats the intended purpose of achieving zero tracking error.

References 18,19 present methods to address this problem, including doing so by not ask- -
ing for zero error during the first few time steps. The number of time steps that are deleted from
the start of the desired trajectory history, should be at least equal to the number of zeros outside
the unit circle. For fast enough sampile rate, this is one for pole excesses of 3 and 4, two for pole
excesses of 5 or 6, etc. Table 1 shows the resulting condition numbers for the P matrix including
the effect of removing ¢ = 1, 2, or 3 initial rows ot £. We do this to make the 1LC problem 1nto a
well posed inverse problem to be solved. Equation (4) now has an infinite number of solutions,
one of which is the original inverse solution, but another is the pseudo inverse solution, which
. will be well behaved with the condition numbers in the table.

Note that because there is no attempt to achieve zero error for ¢ time steps at the start of the
trajectory, it is best whenever possible to prescribe a desired trajectory that is continuous with a
number of derivatives that are also continuous, as one transitions from the physical state of the
hardware before and at the initial time, to the desired output trajectory. A common situation is the
system being at rest before and at the initial time, meaning all derivatives are zero. This is illus-
trated below by examples.

The equations and convergence conditions can be adjusted to handle this modified problem.
The input history vector u; remains unchanged since we still make use of all time steps of input,

but P, L, VY€ become P, L, YooY pr e Va which are the original matrices or col-

umn vectors with ¢ initial rows removed, except in the case of L, where c initial columns are

removed. The convergence and monotonic decay conditions Egs. (7,8), are changed by replacing
P,Lby P, L,,and noting that the number of eigenvalues and singular values is reduced by c.

SENSITIVITY OF MAXIMUM SINGULAR VALUE OF {7 - PL) TO EACH GAININ L

We are not only interested in making the ILC law stable, we also want to have good learning
transients in the sense that the Euclidean norm of the error decays monotonically. So our design
objective is to satisfy the inequality of Eq. (8). When we simply use the RC gains computed as
described above and insert them into the ILC law gain matrix L in the manner described above,



the result does not usually satisfy the sufficient condition Eq. (8), and also does not satisfy the
necessary and sufficient condition for stability Eq. (7). Of course the process of inserting the
gains into the matrix, means that near the top left comer of matrix L and also near the bottom
right corner, a number of the substantial gains will be truncated because they seek to use error
information from the previous run that apply to time steps before the start of the ILC finite time
problem, or after the end of the problem. Experience in Reference 14 suggests that one may need
to adjust the gains in the first few columns of L. To see which gains might be most effective at
reducing the maximum singular value of [/ - F,L ] to below unity, we compute the sensitivity of
the maximum singular value to £, the entry of L in row i and column j. For notational conven-
ience we count rows/columns starting with the first row/column when none have been deleted
from P and L, and use these same row numbers no matter what value of ¢ is being considered.
Denote the singular value decomposition of [/—P,L ] for whatever value of ¢ is of interest
(including ¢ = 0) by USV" where §= diag(dl,O'Z,...,O'p_c) is the matrix of singular values, and

the kth column of the unitary matrix ¥ is the column vector v, . Define
H=(I-PLY[I-PL] (17)

Then VT HV =S* which shows that ¥ diagonalizes matrix H with eigenvalues o} . A standard

result for the derivative of an eigenvalue with respect to a parameter gives for symmetric matrices
diagonalized by a unitary matrix is

do. , oH . ,
3f:vk _a?fv“ , (18)

i it

Note that 9o /9L, =26,(d0, /L), so we can compute the sensitivity of any singular value to

changes in the gain £, in the learning gain matrix L, according to

00 oH

sﬁ=(vz.5z—ijvk)/(20k) (19)
oH oL a |
o —{I-PLT|-P==+|-P=—=| [I-PL 20
o, [ ][ faﬂ,,}“{ fazzij}[ 2 (20)

and JL_/9d¢; is a matrix of the same dimension as L, that is all zero except for unity in the loca-

tion of the gain ;.

Figures 9, 10, and 11 present the sensitivity results for all entries in matrix L, using 51 gains

produced by RC, using 50Hz sample rate, and setting v = 0 in the cost function. Figures 9, 10,
and 11 are for ¢ =0, 1, and 2 respectively. The first three columns in all cases are by far the most
sensitive, with the sensitivity decaying as one goes down the column. Although there is truncation
of substantial gains as one approaches the bottom right corner of matrix L, there does not appear
to be any special sensitivity of the maximum singular value for gains in that part of the matrix.
The signs of the sensitivities appear to alternate from one column to the next, and also alternate as
the value of ¢ goes from 0 to 1 to 2. In all cases the most sensitive entry in the entire matrix is the
entry in the top left corner. As ¢ increases to 2, the sensitivity to this entry decreases by roughly a
factor of 10.
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Figures 12, 13, and 14 repeat the same sensitivities except this time the 51 gains are computed
for a 100Hz sample rate. Although the first three columns are now associated with half the
amount of time as in the previous figures, it is still the first three columns that have the most sen-
sitivity, and in a very similar pattern. The main difference is that the sensitivities are increased by
roughly a factor of 3.
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ADJUSTING ONE GAIN AND THE DELETED ROW NUMBER ¢

Since the gain in the upper left corner of the ILC gain matrix L is the one with the largest in-
fluence on the maximum singular value, consider adjusting just this one gain. This makes a very
simple optimization because it is a one dimensional search. Figures 15, 16, and 17 plot the maxi-
mum singular value as a function of the one gain in the upper left corner of L,, denoted by

£, 0,, L, forc=0,1,2 respectively.

In Figure 15 for the case of ¢ = 0, the original £,, gain is -79.9166. The gain that minimizes
the maximum singular value is ¢,, =-37.5000. The spectral radius comes close to satisfying the
stability condition Eq. (7), but the minimum possible maximum singular value is roughly 4, vio-

lating monotonic decay  condition Eq. (8). Neighboring ~ values of £, are

1,, =59.7207, I, ==23.9624, 1, =54.9593, 1,, = —79.9166 . We conclude that one cannot

satisfy the monotonic decay condition Eq. (8) by adjustment of this one gain alone, provided c = .
0. Of course, we also want a nonzero value of ¢ in order to have a well posed inverse problem.

30 T 30

welargest singular value ~w=|argest singular value

~~w2nd largest singular value < ==w2nd largest singular value
251 | Spectral radius / il 37 '\\ """"" Spectral radius
e ) .
.
20+ . / 20 .,
e o~

10 /w oy N
b | P \
......................... | : B
A s N h g\ Bt e |
50 40 30 20 40 o0 10 20 30 40 50 50 40 -30 20 40 0 10 20 30 40 50
gain at entry (1,1) gain at entry (1,2)
Figure 15. The largest and second largest sin- Figure 16. Same as Figure 15 for gain L, for
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Figure 16 is the corresponding plot for the case ¢ = 1. This time stability is achievable by ad-
justing the one gain in the upper left corner, but the maximum singular value gets much closer to
satisfying Eq. (8) but does not get below unity. Figure 17 presents the case ¢ = 2, and this time
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one can have not only asymptotic stability, but guaranteed monotonic decay. The original L,

gain is -18.9316, the minimizing gain is -14.5000, and the neighboring gains are
L, = 549593, 1,, =-79.9166, [, = 6.5213, 1,, =—18.9316 . We see that by picking ¢ = 2, adjust-
ing only one out of the approximately 1951 gains can produce stability and monotonic conver-
gence. The maximum singular value achieved is 0.4808 which guarantees that the Euclidean
norm of the error will decrease by more than a factor of 2 every iteration. This is very fast con-
vergence.

ERROR BEHAVIOR AT INITIAL UNADDRESSED TIME STEPS AND
TRAJECTORIES WITH SMOOTH STARTUP

As described above, not addressing the tracking error for a few initial time steps helps to cre-
ate a well posed inverse problem. The value of ¢ allows a stable in time control action, and as ob-
served in the previous section, and can produce asymptotic stability with monotonic decay. When
employing ¢ for this purpose, it is of interest to know what the errors are like for the ¢ unad-
dressed time steps. ‘

To study this we start with the same 3" order system and use 51 gains from the RC design
with v = 0, and adjust only the single top left entry in the leaming gain matrix L, as in the previ-
ous section, picking that gain that gives the smallest maximum singular value of [/-F.L ]. We
consider four possible desired trajectories with Yy setto y .Y, .2 ¥V,

y,, =@/2)sin(wt) w=2r/8 ; t=kT

y,, =@/ Hll-cos(@r)] ; w=2rl4

y,, =m[ 51 ((100T)* = 7.5¢ / (100T)" +3¢*/(100T)’ | (20)
Y,.=@/®=cos(@)]’ ; w=2m/4
k=0,12,...,100

which are shown in Figure 18. Time k = 0 corresponds to the initial condition, and times
k=1,2,...,100 define the error history vector before any initial rows are deleted. We consider the
3" order system to be at rest before and at time zero, i.e. all initial derivatives are zero before and
at time zero. The desired trajectory y makes a continuous function going through time zero, but

the first derivative has a jump discontinuity. The trajectory y . is continuous and its first deriva-
tive is continuous, but the second derivative has a jump discontinuity. Then Yps is continuous
through the second derivative, while Ypa is continuous through the 3™ derivative. The ILC learn-

ing process is affected by discontinuities in derivative whether they are at the start of the trajec-

tory or in the middle of a trajectory.

Figure 19 considers the case ¢ = 0, and plots the root mean square (RMS) of the error history
for all 100 time steps for all four trajectories since all time steps are addressed, using square P
and L matrices that are 100 by 100. The spectral radius for this case is 1.000 and the maximum
singular value is 4.3769. Note that the decay of the error is not monotonic. Because £ 1s numeri-
cally singular there is an error subspace that cannot learn, and we see the error fails to go to zero.
For future comparison, Figures 20, 21, 22, and 23 plot the error at time steps k=1,2,3,4 for each

of the desired trajectories, as a function of iteration number. The errors stop changing after a rela-
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tively small number of iterations, and do not converge to zero, although smoother updates pro-
duce much smaller error levels at these steps.

16 3
8X 10
1.4 p———
~=-e(2)
12 5{ - @(3)
S o(4
1 : (4)
4,
-4 .
5 :
4
1]
——Command#| |
------ Command#2
ommand#3
L weGommandda|| ] b TRETTTRmeEeem
%20 40 60 30 700 :
Time step -20 2 4 6 8 1o

iteration number

Fi 18. The 4 desired trajectories.
fgure €4 desired frajector’2 Figure 21. As in Figure 20 for Command #2.

10% 10* 4 . i
10° —e(1)
— Command#1 -—e(2)
------- Command#2 8. -
ol e Command#3| raty o\ \VT\ U™ N o(4)
1 ~~-Command#4 6
[ -2 y )
g 10 1 § y
@ a
s
& 2
10°}.
10° L -2 .
0 20 40 60 80 100 0 2 4 6 8 10
Repetition number Iteration number
Figure 19. The RMS error for all time steps Figure 22. As in Figure 20 for Command #3.
vs. iterations for ¢ = 0. .
25X 10
0.4y = _ —ef1)
—e ~-6(2)
— :gi 2 - e(3)
o N 4
0'05“-., e g{d) , ¥ e(4)
w
! 0.5
-0.05 .
g 2 4 6 8 10 % 2 4 5 8 10
Iteration number fteration number
Figure 20. Error at the first 4 time steps vs. Figure 23. As in Figure 20 for Command #4.

iterations for Command #1.

14



— Command#{ C [—elt)
—— Command#2 6 -—-ef2)
- Command#3 - ef3)
-~ Commandi4 5 - efd)

-. 4 -

g .

@ ]

E 3

0

2 ui

4

o AR
20| . . I A
0 20 40 - 60 80 100 ' 2 4 6 8 10
Repstition number Iteration number
Figure 24. RMS error at addressed time steps Figure 26. Same as Figure 25 for Command
usingc=1. #2.
0.1 ( = oxt0”
-
-—e{2) —s(1)
0.08 e : ——e(2)
ef3) i .
: X - e3)
- () : .
0.08, : a(4)
. 0.6} -
2 004
ur o
0.4
_ Mo 02
-0.02 - 0
0 20 40 60 80 100 b 4 5 8 10
iteration number iteration number
Figure 25. Error at the first 4 time steps using Figure 27. Same as Figure 25 for Command
¢=0and Command #1. - #3
25510
—e(t)
AN AN & o(2)
7 -8(3)
...... od)
1.50 AN
o
w
0.5
-O.KO 2 4 & 8 10

{teration number
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Figure 24 repeats Figure 19 but this time ¢ is set to 1, making P. a 99 by 100 matrix,and L_ a

100 by 99 matrix. The spectral radius for this case is 0.4132 and the maximum singular value is
1.4870, The RMS error is given for the addressed time steps, without time step £ =1, Figures 25,
26, 27, 28 repeat 20 through 23 for this c. No attempt is made to reduce the error at time step &k =
1 to zero and it coriverges to some nonzero value which is smaller for the trajectories having con-
tinuity of more derivatives. Now the errors at addressed time steps 2, 3, and 4 approach zero, al-

- . RV T3 T . PP LS L. .
owing ine RMS error at addressed times io reach i0 for ali Lrajectorlcs.
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Figures 29 through 33 are the analogous figures for ¢ = 2. This time P, is 98 by 100 and L, is

100 by 98, and the errors at time steps k£ = 1 and 2 are not addressed. The RMS error at addressed
points in Figure 29 decays more smoothly and faster than when ¢ = 1.
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Figure 33. Same as Figure 30 for Command #4.

For these desired trajectories with both ¢ =1 and with ¢ = 2, the ILC laws give very good per-
formance after adjusting only one gain in matrix L_. And the error level at the one or two time
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steps that are not being learned can be very small if one picks a desired trajectory with a “smooth
startup”, i.e. with several derivatives being continuous going through the initial time.

ADJUSTING MORE THAN ONE GAIN IN MATRIX L

From the sensitivity transfer function plots in Figures 9 through 14 a number of gains in the
upper left corner of the gain matrix L, have a particularly strong influence on the maximum sin-

gular value, and adjusting a number of such gains could achieve better results. We can do this
using a steepest descent method. Let £ be a column matrix of the gains we choose to adjust and

the maximum singular value of [/—P.L_] can now be thought of as a function of these gains,
O (£) . Let £, be a specific set of values for the ith gain adjustment. By picking

j @D

the linearized change in the maximum singular value becomes
(4
(e
max 22
) e

which will decrease the maximum singular value provided 7, is not too large and the derivative

do.max
dt

Aﬁi ==Y (

do

do
o (L+Al)=0_ (£)+] —22 i
nu\(_, _,) md\(_,) [ df

dt

T
] Ag: S o.m;m(gi)_ yi (

of the singular value is not zero. Then one can think of the maximum singular value as a function
O .. (7;) of one parameter for this line search. And the minimizing value ¥, =¥, * can be found

as in the previous section that varied only one gain. Then set

] _ 23)

re-evaluate the maximum singular value and the sensitivities for this new set of gains, and repeat.
Note that the derivative of H in Eq. (19) is a linear function of the gains and hence, so is the sen-
sitivity in Eq. (23).

do,
0 = —y ¥
—i+] =i },r ( dg_

Figures 34, 35, and 36 give an example of using this algorithm to optimize the first three gains
in the first column of the learning matrix. No rows are removed from P for these results, ¢=0,
and we see to what extent using more gains can improve the value of the maximum singular
value. Figure 34 gives the result of a line search along the initial steepest descent direction for the
three gains. The initial maximum singular value was above 12 as before. Varying v along this

direction did not produce as good a minimum as when only the first gain in the upper left corner
was adjusted, compare the minima in Figure 15 and in Figure 34, Using the value corresponding
to this minimum, the new steepest descent direction for the three gains was determined, and Fig-
ure 35 presents the line search for this direction. Figure 36 gives the best value for 9 successive
line searches, and we see that the final result is essentially the same as the result adjusting only
one gain in Figure 15. -

Considering (he sirong dependence of the maximuin singular vaiue on the first entry in the top
left comer of the learning gain matrix, one might wonder whether the optimized results require
some gain in this position that is wildly different than neighboring gains. One case using 51
gains at S0Hz sample rate with c¢ set to zero, has the following 7 gains going down the first col-
umn: -37.5, 59.7, -24.0. 5/21. -1.23. 0.246. -0.0536 (the 51® gain is 1.11x107, justifying the

17



truncation of gains after the 51%). It decays more slowly going across the first row, again alternat-
ing sign, and ending at -0.267 at the 7™ entry. The next element on the diagonal is -79.9166 which
is the entry for the rest of the diagonal. So the optimized first entry does not appear to be wildly
different, does not require something very special for this one step. Consider now the effect of
using 100Hz sar'nple rate instead of S0Hz, but keeping the same matrix size, and using 51 gains.
Before optimizing the one gain in the upper left corner, the first seven gains going down the first
column are: -627.8, 545.0, -238.1, 57.17, -13.74, 3.300, -0.7924. After optimizing, the first entry
became -349. Optimizing changed the gain by less than a factor of 2. We do note, however, that
the decay of the gain values going down the column is much more correlated to the time step than
to the physical time. A fast sample rate will want fast changes in gain values in time.
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Figure 35. Second line search using first three
gains in first column.
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Figure 36. Maximum singular value for 9 successive direc-
tions along updated steepest descent directions

OTHER POSSIBLE COST FUNCTIONS

In the adjustment of the single gain we monitored the largest singular value and the second
largest singular value. It did not occur that these two crossed and switched roles as the gain was
adjusted, but it could have occurred, and this would have caused trouble to the steepest descent

methad when the r)orvvafnm of the largﬁcf cvngnlav‘ value ic not continuous,

Pt 4L0; 20LY

If such difficulties are encountered, one could decide to minimize a cost function that includes
for example, the largest and the second largest singular values. Let ¢ be a column vector of the

singular values one chooses to adjust, use subscript i for the ith updated value associated with £,
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and create the sensitivity matrix with sensitivities for each singular value, S, = (dg / dﬁ)'i, whose
kth column is the column vector of the derivative of the k&th ¢ with respect to £. Then Eq. (22)

generalizes to o(£, +AL,)=o(L,)+S AL,. The update A¢, can then be chosen to minimize the
cost function

T =0+ AL (0L + AL+ AL T [AL] 24

which results in A, =—[S,S] +rI]"S;0({,). A similar approach was used in Reference 15 but

the cost function penalized the eigenvalues of H instead, i.e. the quadratic term was quadratic in
the squares of the singular values.

Note that there are various numerical algorithms available for eigenvalue optimization of sym--
metric matrices, and one can of course appeal to these methods. See for example, Reference 21.

CONCLUSIONS

A method is presented here to design iterative learning control systems using the very effec-
tive repetitive control design method of Reference 12 which is based on steady state frequency
response. Because ILC is a finite time problem that asks for zero tracking error at every time step,
including time steps during the initial transients, steady state frequency response modeling does
not immediately apply to the ILC problem. It is shown in.examples that by adjusting only one
gain in the ILC gain matrix generated using the steady state frequency response based RC design,
one is able to achieve asymptotic stability and also monotonic decay of the Euclidean norm of the
error. This is accomplished by making a graph of the maximum singular value as a function of the
one gain. A steepest descent method is presented in order to achieve still better performance ad-
justing multiple gains. Additional methods are suggested to handle cases where the largest singu-
lar value is non differentiable.

The iterative learning control problem is very often an ill posed problem, because the system
matrix for the convolution sum solution is numerically singular even though analytically it is
guaranteed full rank. This occurs when a continuous time system with at least 3 more poles than
zeros is fed by a zero order hold (with sufficiently fast sample rate). This property applies to all
ILC laws. In the design approach used here, it is handled by not asking for zero error at a few
time steps at the beginning of the trajectory. The error associated with these unaddressed time
steps is studied, and it is suggested that whenever possible one should prescribe the desired trajec-
tory in such a way that it is continuous together with continuity of several derivatives going
through the time of start up.

The resulting design approach for ILC is an effective method that is easy to use. It is particu-
larly easy to use when one only adjusts one gain in the leammg matrix to achieve stability and
monotonic convergence to zero tracking error.

The approach allows one to consider any sort of design for ILC that is based on frequency re-
sponse thinking. After creating such a design, one adjusts a few gains to get asymptotic stability
and monotonic decay of the error, making the design based on steady state response thinking ap-
wlvr 4a dha £Fiam semaes TV (Y savenlal
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