APPENDIX B7
SUBGAME PERFECT NASH EQUILIBRIUM FINDING FOR THE CASE 1.4

Obijective function
Player 1:

2 2 _ _
Maxm(pl_l/Z +n1J(ﬂ_l/2 n, , Py sz

2 2 2(m,) 2(-m,)

&_l/z_nz + PL— P >0
2 2(_m2) 2(_m2)

s.t. q, =20 or x, 20 or

&_]/z_nz_'_ P1— P <1

and g, <1 or x, <1 or <
2 2(_m2) 2(_m2)

Player 2:

|\/|aXp pz_l/22+n§ 1_ﬂ+]7/2_n2_p1_p2
i 2 2 2(_m2) 2(_m2)
m, Y2-n, p-P; o

S.t. q, <1 or 1-x, <1 or >
2 2(=my) 2(-m,)

&_l/z_nz + P.— P, <1
2 2(_m2) 2(_m2)

and g,>20 or 1-x, >0 or

Lagrange function:

L= [pl_1/22+nf](ﬂ_l/2—nz N pl—pz]

2 2 2(_m2) 2(_m2)

&_]/Z_nz + P — P
2 2(_m2) 2(_m2)

w[
_ﬂz[

&_l/z_nz_F PL— P, -1 (B87)
2 2(_m2) 2(_m2) .
L= o Y2Emg Yy mp V270, PP
i i 2 2 2(-m,) 2(-m,)

_’_/11 &_l/z_nz + P.— P
2 2(_mz) 2(_m2)
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_ﬂz(&_]ﬁ—nz L PP, _1] (B.88)
2 2(_m2) 2(_m2)

First order condition and complementary slackness are as follow.

Player 1:

oL 5-8, +8u, +8m. +4n> —8n, —16p, +8p, - (B.89)

op, 16m,

A o oM V2on, pp (8.90)

6:”1 2 2(_m2) 2(_m2)

W > 0 (B.91)
oL - (ﬂ_]/z‘”upl‘pZ] = 0 (B.92)

' Oty 12 2(-m,)  2(-m,)

L LU il I (B.93)

Ol 2 2(-my) 2(-m,) -

1y > 0 (B.94)

u oL, = —yz(&—]/z_nz + Pr— P2 _]} = 0 (B.95)
O, 2 2(-m,) 2(-m,)

Player 2:

oL, _ —3+84, -84, —-8m,(m, —2) +4n,(n, +2) +8p,16p, _ 0 (B.96)

apz 16m2

a4, - m_Y2-n, p-p > 0 (B.97)

o, 2 2(-m,) 2(-m,)

A > 0 (B.98)
Lo 4 m_Y2-n, P-p, = 0 (B.99)
oA, 2 2(-my) 2(-m,)

o, _ B &_1/2—n2+p1—p2 _1 > 0 (B.100)

oA, 2 2(-m,) 2(-m,) -

L > 0 (B.101)

. = M Y2enm pmp, ) o (B.102)
2 2(_m2) 2(_m2)
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By applying market clear condition g, +q, =1 and 0<q, <1, 0<q, <1, the only

solution of p,, p,, s, 1,,4,,andA, are as follow.

p, = %(7 +16m, +8m? +8n? —8n, +4n? ) (B.103)
p, = i(—1+ 32m, —8m? +4n’ +8n, +8n§) (B.104)
M = 0
Hs = 0

= 0
i = 0

In order to check that these prices are the optimal prices that make each player

has highest profit, second order condition is employed.

o°r, 1 o°r, _ 1 < 0

apz m, —m, apzz m, —m,

Since the value of 6%z, /op? and 0%z, /dp? are negative, we can ensure that

these prices are the optimal prices for each player. By substitute the optimal price,
equation (B.103) and (B.104), into market share function we get:

4m, +2m?2 —n? +(n, —1)

= B.105
9, 12m, ( )
_ 2 2 _1)\2
a, _ 8m, —2m; +n; —(n, -1 (B.106)
12m,

Since all Lagrange multiplier are zero, we can see that the constraints are not
binding. We can conclude that the market demands of both players are positive. Thus,

we can conclude the following results.



72

4m, +2mZ —n? +(n, -1)* >0 (B.107)

8m, —2m; +n? —(n, —1)* >0 (B.108)

By substitute optimal price of each player, equation (B.103) and (B.104), back
into the profit function of each firm and applying first order condition again, we

obtain:
7 = pf——1/22+n12 ﬂ_l/Z—anrpf—p;
2 2 2(-m,)  2(-m,)
2
_ (4m, +2m2 —nZ + (n, -1)?) (B.109)
72m,
aaﬂ; __njfam,+om?—n? +(n, -1)°) (B.110)
n, 18m,
2, 2 _ “_
T, = pZ——(]/Z) kil 1—&+]7/2 o _P—Pe
2 2 2(-m,) 2(-m,)
2
_ (Bm, —2mZ +n? —(n, -1?) (B.111)
72m,
or, _ (n,~Dfem, —2m +n?—(n,~1)?) (B.112)
anz 18m2 .

Considering equation (B.110) and (B.112), since we know from inequality

(B.107) and (B.108) that the value 4m,+2m?-n’+(n,-1)> and

8m, —2m; +n? —(n, —1)> must be greater than 0, the optimal product quality level of

player 1 is 0 and player 2 is 1. Again, we will apply second order condition to check
whether these are the optimal product quality level for both players. The second

orders are as follow.
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0%, _ _2m,(2+m,) =3n; +(n, -1)° - 0
on? 18m,

o’r, _ 2m, (-4 +m,) —n? +3(n, —1)* y 0
on? 18m,

We can see that when n, =0 the value of 8z, /on? will always be negative
and also when n, =1the value of 6%z, /dn? is always negative. Thus the optimal
product quality level for each player is n, =0andn, =1. Substitute the optimal

quality back into profit function, equation (B.109) and (B.111), and do the partial

differentiation with respect to m., we obtain:

. m,(2+m,)?
O EETH

or, 0

om,

. m,(—4+m,)?
Tao T BT

om, _ (=4 +3m,)(-4+m,)
om, 18

Since dx,/om, is always positive regardless the value of m,, the optimal
value of m, is 1, respectively. However, this value of m, will violate the condition

m, > m,. Therefore we can conclude that this case does not have Nash Equilibrium.



