APPENDIX B2
SUBGAME PERFECT NASH EQUILIBRIUM FINDING FOR THE CASE 1.1

Obijective functions

Player 1:

2 2 _ _
Maxm(pl_l/Z 2+m)(m1;m2_ (n-n) . PP, ]

2(m,—m,) 2(m, —m,)

m, +m n, —n _
st. ¢, 20 or x_ >0 or — ,  (n,—ny) PP o

2 2(m1 _mz) 2(ml_m2) -

and ql <1 or XC3 <1 or ml+m2_ (nl_nz) N pl_p2 <
2 2(m, —m,) 2(m, —m,)

Player 2:

Maxpz(p2—1/222+n22][1—m1+m2+ (nl_nz) _ P.— P, )

2 2(m1 - mz) 2(m1 - mz)

st.  g,<1 or 1-x, <1 or m+m,  (N-n) =Py
2 2(m, —m,)  2(m, —m,)

and q,=>0 or 1—xc320 or m, +M, _ (n,—ny) n P, — P,

<
2 2(m1 - mz) 2(m1 - mz)

The Lagrange functions:

Player 1:
L — p—1/22+n12 ml+m2_ (nl_nz) n P — P
' ' 2 2 2(m-my) 2(m -m,)
m(mmz (") . PP, J_ﬂz(mmz (n-n)  p-p _1J
2 2Am-m) 2m-m) 2 2Am-m) 2m-m)
Player 2:
L= (p2_1/222+n§][1_m1;m2+ (n-n)  p-p J

2(m, —m,) 2(m,—m,)

M{mmz (1) . AP, ]_ﬂz(mmz (1) . AP, _1J
2 2Am-m) 2(m-m) 2 2Am-m) 2m-m)
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First order condition and complementary slackness are as follow.

Player 1:

oL, 1 2 2 2

— = —\p, - W4-n] )2+ (M, —m;)—(n, —n

op, 2(m1—m2)(Iol (]/ 1)/ (m: =ma) = =)

+(p1_p2)+ﬂ1_ﬂ2) = 0 (B.33)

oL _ m+m, (0 —n,) Pl VEE 0 (B.34)

Ot 2 2(m,-m,) 2(m, —m,)
oL, _ m+m, (n,—n,) P — P, -
ke = - + = 0 (B.36

# a;ul ﬂl( 2 2(ml - mz) 2(m1 - mz) ( )

oL, _ _(ml +tm, (n,—n,) n P — P, _1j > 0 (B.37)

O, 2 2(m, —m,) 2(m, —m,)

L, > 0 (B.38)

" oL, _ —,u{mﬁmz ~(n—ny) L PP _1]: 0 (B.39)
O, 2 2(m,—m,) 2(m,—m,)

Player 2:

oL, 1 2 2 2

_ 2 = — —1/4—n 2—(m  —m n,—n

op, 2(m1_m2)(p2 (]/ 2)/ (m 2 ?

~(p = P2) == ,) = 0 (B.40)

o,  _ m +m, (n,—n,) Pl VEE 0 (B.41)

aﬂ‘l 2 2(m1 - mz) 2(m1 - mz)

L= 0 (B42)
oL, _ ﬂq(ml +m,  (n,-n,) L PP J - 0 (B.43)
8/11 2 2(m1 - mz) 2(m1 - mz)

ok, _ o fmrm (mn) L PmPe ), (B.44)

04, 2 2(m,—m,) 2(m, —m,)

y) ai — _iz(ml—FmZ _ (nl_nZ) + pl B p2 _1j= 0 (846)
2 2(m1—m2) 2(m1_m2)
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By applying market clear condition g, +q, =1 and 0<q, <1, 0<q, <1, the

only solution of p,, p,, 44, 1,,4,,and4, are as follow.

p, = i(S—lel —8m2 +16m, +8m2 +8n, +8n> —8n, +4n2)  (B.47)
p, = i(e;—gzml +8m?2 +32m, —8m2 —8n, +4n? +8n, +8n2)  (B.48)
H = 0
H = 0

In order to check that these prices are the optimal prices that make each player

has highest profit, second order condition, evaluate at p, p, in (B.47) and (B.48), is

employed.

2 2
0 722-1 — 1 < 0 ’ 0 77;2 — 1 < 0
apl m, —m, 6pz m, —m,

Since the value of 6%z, /dp? and d°z,/0p? are negative, we can ensure that
these prices are the optimal prices for each player. From these optimal pricing for
each firm, we would be able to find the market share function under the assumption

that m, <m, by substitute the optimal price, equation (B.47) and (B.48) into the
market share function. The result is as follow.
2(m, +1)* -=2(m, +1)* + (n, =1)* — (n, —-1)?

L 12(m, —m,) (B.49)

_ 2(m1 _2)2 _Z(mz _2)2 +(n1 _1)2 _(nz _1)2

12(m, —m,) (550

a, =

Since all Lagrange multiplier are zero, we can see that the constraints are not
binding. We can conclude that the market demands of both players are positive. Thus,

we can conclude the following results
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2(m, +1)* -=2(m, +1)* +(n, -1)° —(n, -1)* <0 (B.51)
2(m, —2)* =2(m, —=2)* +(n, -1)* —=(n, -1)* >0 (B.52)

By substitute optimal prices of both players, equation (B.47) and (B.48), back
into the profit function of each firm and applying first order condition, we obtain:

7[1* - [pI_(]/Z)2+n12j[ml+m2_ (nl_nz) n pi_p; J
2 2 2(m1 _mz) 2(m1 _mz)
_ ~ (2(m1 +1)? —2(m27;r1)2 +(n, -1%—(n, —1)2) (B.53)
(ml_mz)
o, (Ln)(2(m, +D)? —2(m, +1)7 + (0, ~)* ~(n, ~1)*) (.50
on, 18(m, —m,) '
71'; — (p;_(]/2)2+n22][1_m1+m2+ (nl_nz) _ IOI—IOZ j
2 2 2(m1 _mz) 2(m1 _mz)
— _(2(m1_2)2_2(m2_2)2+(n1_1)2_(n2 _1)2)2 (B 55)
72(m, —m,) '
677; — (_1+ n2)(2(m1 _2)2 _Z(mz — 2)2 + (nl _1)2 — (nz _1)2) (B 56)
on, 72(m, —m,) '

Considering equation (B.54) and (B.56), since we know from inequality
(B.51) and (B.52) that the value of 2(m, +1)* —2(m, +1)* + (n, —=1)* —(n, —1)* must
be less than 0 and the value of 2(m, —2)* —2(m, —2)* +(n, =1)* — (n, —1)®> must be
greater than 0, the optimal product quality level for both players are 1. Again, we will
apply second order condition to check whether these product quality levels are the
optimal product quality level for both players. At the point where n, =n, =1, we

have:
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o%x; _ —2m (2+my) +2m,(2+m,) —E(m im,+2) < 0
on? 9(m, —m,) g P

270 2m, (-4 —2m, (~4

Om L MM amAem) 20 g
on, 9(m, —m,) 9

Since the value of 6%z, /on? and &°z,/on? are negative. Thus the optimal
product quality level for both players are n, =n, =1. Substitute the optimal quality of

both players back into profit function, equation (B.53) and (B.55), and do the partial

differentiation with respect to m,, we obtain:

* 1
7[1 = —E(ml—mz)(2+ml+m2)2 (857)
o, 1
= ——(2+3m, -m,)2+m, +m B.58
om, 18( =M, )( L+ M) (B.58)
* 1 2
T, = —E(m1 -m,)(-4+m, +m,) (B.59)
on, 1
= ——(4+m, -3m,)(-4+m, +m B.60
om, 18( L 2)( L+ M) (B.60)

Since oz, /om, is always negative and o, /om, is always positive, we can
conclude the maximal differentiation or the optimal value of m, andm, are Oand1,
respectively. Therefore, by substitute these optimal values of m, back into profit

function, the optimal profit for each player is1/2.

Therefore, under the assumption m, <m,, the optimal locations are
m, =0andm; =1, the optimal product quality levels aren, =n; =1, the optimal
pricing are p, = p, =13/8, optimal market share are g, =q, =1/2, and optimal

profitare =, =z, =1/2.



