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1 Introduction

1t is well known that the metric projection operator plays an important role in various fields such as nonlinear
functional analysis, optimization theory, fixed point theory, nonlinear programming, game theory, variational
inequality and complementarity problems. (see [3]). In 1994, Alber [2] introduced and studied the generalized
projections from Hilbert spaces to uniformly convex and uniformly smooth Banach spaces. Moreover Alber
[3] presented some applications of the generalized projections to approximately solving variational incqualities
and von Neumann intersection problem in Banach spaces. In 2005, Li [50] extended the generalized projection
operator from uniformly convex and uniformly smooth Banach spaces to reflexive Banach spaces and studied
some properties of the generalized projection operator with applications to solve the variational inequality
in Banach spaces. Later, Wu and Huang [85] introduced a new generalized f-projection opcrator in Banach
spaces. They extended the definition of the generalized projection operators introduced by Abler [2] and
proved some properties of the generalized f-projection operator. In 2009, Fan et al. [30] presented some basic
results for the generalized f-projection operator, and discussed the existence of solutions and approximation
of the solutions for generalized variational inequalities in noncompact subsets of Banach spaces.

The study of Ky Fan inequality [31], fixed points of nonlinear mappings, and their approximation
algorithms constitutes a topic of intensive research efforts. Many well known problems arising in various
branches of science can be studied by using algorithms, which are iterative in their nature. As an example,
in computer tomography with limited data, each piece of information implies the existence of a convex set
in which the required solution lies. ‘

The problem of finding a point in the intersection of the convex sets is then of crucial interest, and
it cannot be usually solved directly. Thercfore, an iterative algorithm must be used to approximate such
point. The well known convex feasibility problem which captures applications in various disciplines such as
image restoration, computer tomography, and radiation therapy treatment planning is to find a point in the
intersection of common fixed point sets of a family of nonexpansive mappings. A simple algorithmic solution
to the problem of minimizing a quadratic function over the intersection of the convex sets is of extreme value
in many applications including set theoretic signal estimation.

For solving convex feasibility problem of a system of generalized Ky Fan inequalities is very general in
the sense that it includes, as special cases optimization problems, equilibrium problems, variational inequal-
ity problems, Min-Max problems. Moreover, the the generalized Ky Fan inequality was shown in [8] to cover
monotone inclusion problems, saddle point problems, variational inequality problems, minimization prob-
lems, optimization problems, variational inequality problems, vector equilibrium problems, Nash equilibria
in noncooperative games. In addition, there are several other problems, for example, the complementarity
problem, fixed point problem and optimization problem, which can also be written in the form of a general-
ized Ky Fan inequality. In other words, the generalized Ky Fan inequality and equilibrium problem are an
unifying model for several problems arising in physics, engineering, science, optimization, economics, etc. In
the last two decades, many papers have appeared in the literature on the existence of solutions of a gener-
alized Ky Fan inequality (or equilibrium problem; see, for example [3, 22, 96] and references therein). Some
solution methods have been proposed to solve the generalized Ky Fan incquality and equilibrium problems;
see, for example, (8, 39, 41, 43, 55, 58, 63, 61} and references therein.
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Let f : C x C — R be a bifunction, the equilibrium problem, is to find z € C such that

f(z,9)20, vyeC. (1.1)

The set of solutions of (1.2) is denoted by EP(f). The equilibrium problem is very general in the
sense that it includes, as special cases optimization problems, variational inequality problems, Miu-Max
problems, saddle point problem, fixed point problem, Nash EP. In 2008, Takahashi and Zembayashi [82, $3],
introduced iterative sequences for finding a common solution of an cquilibrium problem and fixed point
problem. Some solution methods have been proposed to solve the equilibrium problem; see, for instance,
(60, 18, 36, 73, 26, 92, 27, 28, 93, 94].

Let @ be a bifunction of C x C into R and ¢ : C — R be a real-valued function. The mized equilibrium
problem, denoted by MEP(8,¢), is to find z € C such that

8(z,y) +o(y) —o(z) 20, VyeCl. (1.2)

If ¢ = 0, the problem (1.2) reduce into the equilibrium problem for 8, denoted by EP(9), is to find z € C
such that
6(z,y) =0, VyeC. (1.3)

If § = 0, the problem (1.2) reduce into the minimize problem, denoted by Argmin(yp), is to find z € C such
that
e(y) —p(z) 20, VyeCl. (14)

The above formulation (1.3) was shown in [8] to cover monotone inclusion problems, saddle point problems,
variational inequality problems, minimization problems, optimization problems, variational incquality prob-
lems, vector equilibrium problems, Nash equilibria in noncooperative games. In addition, there are several
other problems, for example, the complementarity problem, fixed point problem and optimization problem,
which can also be written in the form of an EP(8). In other words, the EP(6) is an unifying model for sev-
eral problems arising in physics, engincering, science, optimization, cconomics, etc. In the last two decades,
many papers have appeared in the literature on the existence of solutions of EP(6); see, for example (8, 42]
and references therein. Some solution methods have been proposed to solve the EP(6); sec, for example,
[8, 39, 41, 43, 55, 63, 61] and references therein.

Let E be a real Banach space with dual E* and let C be a nonempty closed convex subset of E. Let
A: C — E* be an operator. A is called monotone if

(Az — Ay,z—y) >0, Vz,y€C;

a—inverse-strongly monotone if there exists a constant o > 0 such that

(Az — Ay,z ~ y) 2 al|Az — Ay||*, Vz,y€C;

L-Lipschitz continuous if there exists a constant L > 0 such that

Az — Ayl < Lljz —yll, Vz,yeC.
2
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If A is a-inverse strongly monotone, then it is ﬁ-Lipschitz continuous, i.e.,

1
1Az - Agll < —llz - 9ll, V=.yeC.

A monotone operator A is said to be mazimal if its graph G(A4) = {(z,z") : z* € Az} is not properly
contained in the graph of any other monotone operator. :

Let A be a monotone operator. We consider the problem for finding z € E such that

0 € Az, : (1.5)

a point ¢ € E is called a zero point of A. Denote by A~10 the set of all point z € E such that 0 € Az. This
problem is very important in optimization theory and related fields.

Let A be a monotone operator. The classical variational inequality problem for an operator A is to
find 2 € C such that
(Az2,y—2) >0, VYyeC. (1.6)

The set of solution of (1.6) is denoted by VI(A,C). This problem is connected with the convex
minimization problem, the complementary problem, the problem of finding a point x € E satisfying Az = 0.

The value of z* € E* at z € E will be denoted by (z,z*) or z*(z). For cach p > 1, the generalized
duality mapping Jp : E — 25 is defined by

Jo(z) = {z* € E* : (&,2") = ||”, llz"]| = ll=|I"~"}

for all z € E. In particular, J = J; is called the normalized duality mapping. If E is a Hilbert space, then
J = I, where I is the identity mapping.

Consider the functional defined by
#(y,2) = [9l* — 2y, J=) + ||=l|?, for z,y € E, 1.7)
where J is the normalized duality mapping. It is obvious from the definition of ¢ that

(lyll = llzll)? < ¢(v, =) < (llwll + lzl)?, Vz,y € E. (1.8)

Alber [3] introduced The generalized projection Ilc : E — C is a map that assigns to an arbitrary point z € E
the minimum point of the functional ¢(z,y), that is, Icz = %, where 7 is the solution of the minimization
problem

¢(§a .’17) = !}Ielg ¢(ya z)) : (19)

existence and uniqueness of the operator Il¢ follows from the propertics of the functional ¢(z,y) and
strict monotonicity of the mapping J.

Tiduka and Takahashi [37] introduced the following iterative scheme for finding a solution of the varia-
tional inequality problem for an inverse-strongly monotone operator A in a 2-uniformly convex and uniformly
smooth Banach space E: z; =z € C and

Tny1 = HCJ-l(an - /\nAmn)a Vn 2> 1, (1.10)
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where Il is the generalized projection from E onto C, J is the duality mapping from E into E* and {},}
is a sequence of positive real numbers. They proved that the sequence {zn} generated by (1.10) converges
weakly to some element of VI(A,C). In connection, liduka and Takahashi [34] studied the following iterative
scheme for finding a zero point of a monotone operator A in a 2-uniformly convex and uniformly smooth
Banach space E:

( 11 =z € E chosen arbitrarily,

Yn = J Y (Jzn — AnAzy),
¢ Xn={z€E:4(2,yn) < $(z,2a)}, (1.11)
Yoi1 ={z2 € E: (zn—2,Jz — Jz,) 2 0},

L Zni1 = lx,av, ().

where IIx,_ny, is the generalized projection from E onto X, N Yy, J is the duality mapping from F into E"
and {\,} is a sequence of positive real numbers. They proved that the sequence {z,} converges strongly
to an element of A~10. Moreover, under the additional suitable assumption they proved that the sequence
{z,} converges strongly to some element of VI (A,C). Some solution methods have been proposed to solve
the variational inequality problem; see, for instance, [19, 47, 48].

Let E be a real Banach space with the dual space E* and C be a nonempty closed and convex subsct
of E. A mapping S : C — C is said to be:

(1) nonezxpansive if
1Sz = Syll < [lz — o

for all z,y € C

(2) quasi-nonezpansive if F(S) # @ and

ISz — yll < |z - vll
for all z € C and y € F(S);

(3) quasi-¢-nonezpansive if F(S) # @ and

é(p, Sz) < ¢(p,z),Vz € C, p € F(S).

(4) asymptotically nonezpansive if there exists a sequence {k.} C [1,00) with kn — 1 as n — oo such
that

Sz — S™y| < kallz — i
for all =,y € C;

(5) asymptotically quasi-nonezpansive if F(S) # @ and there exists a sequence {k,} C [1,00) with
k., — 1 as n — oo such that

15"z — yll < kallz -yl
for all z € C and y € F(S);



(6) total asymptotically nonerpansive if there exist the nonnegative real sequences {v,}, {u#n} with
Vp — 0, iy = 0asn—ooanda strictly increasing continuous function ¢ : Rt — R* with ¥(0) = 0 such
that
15"z — §™y|| < liz — yll + pntp(llz - vll) +vm

forall z,y€ Cand n 2 1

(7) total quasi-p-asymptotically nonezpansive, if F(S) # 0 and there exist nonnegative real sequences
Un, fin With vp — 0, pp — 0 as 7 — 0 and a strictly increasing continuous function ¢ : Rt - Rt with
¢(0) = 0 such that

é(p,S™z) < 6(p, T) + Vap(d(P, Z)) + pin, YR 21, VZ € C, pe F(9).

A mapping S : C — C is said to be uniformly L-Lipschitz continuous if there exists a constant L > 0
such that
18"z — S™yll < Llz - yl| (1.12)
for all z,9 € C. A mapping S : C — C is said to be closed if, for any sequence {zn} C C such that
lim zn = 7o and lim Sz, = yo, we have Szo = o

n—o0

Let 2€ be the family of all nonempty subsets of C and let S : C — 2€ be a multi-valued mapping. For
a point ¢ € C, n > 1 define an iterative sequence as follows:

Sq:={q:q €Sq}

S2q=58¢:= |J Sa

q1€S5q
S3q = 8S%q := U Sqo
92€T?q
Shg=88""1q:= U SQn-1-
4'.—165”‘1q

A point p € C is said to be an asymptotic fixed point of S, if there exists a sequence {z,} in C such
that {z,} converges weakly to p and

rlll{r;od(xn,an) = lim :l:élfl:'i;,, f{zn - z|| = 0.

The asymptotic fixed point set of S denoted by F(s).

A multi-valued mapping S is said to be total quasi-¢-asymptotically nonezpansive, if F(S) # ¢ and
there exist nonnegative real sequences vn, fn with v, — 0, g, — 0 as n — oo and a strictly increasing
continuous function ¢ : Rt — R* with (0) = 0 such that for all z € C, p € F(5)

&(p, wn) < ¢(p, ) + vn($(p, T)) + pin, ¥ 2 1, wn € S™x.
5



-

S is said to be closed if for any sequence {z,} and {w,} in C with w, € Sz, if z, — T and w, — w,
then w € Sz.

A multi-valued mapping S is said to be uniformly asymptotically reguler on C if

lim (sup fsns1 — sn||> =0, sp € S™z.
n—00 \ zeC

Every quasi-¢-asymptotically nonexpansive multi-valued mappings implies quasi-¢-asymptotically non-
expansive mappings but the converse is not true. .

In 2012, Chang et al. [13] introduced the concept of total quasi-¢-asymptotically nonexpansive multi-
valued mapping and then proved some strong convergence theorem by using the hybrid shrinking projection
method.

For a mapping A : C — E*, let f(z,y) = (Az,y—z) for all 7,y € C. Then z € EI"(f) if and only if
(Tz,y—z)>0forallye C; i.c., z is a solution of the variational incquality.

Motivated and inspired by the work mentioned above, in this work, we introduce and prove strong
convergence theorems of hybrid projection algorithm for a fixed point set. In the first theorem, we prove
strong convergence theorem of a family of relatively quasi-nonexpansive mapping. Next, we extend a mapping
to a total quasi-¢-asymopotically nonexpansive mapping and then we can prove strong convergence theorem.
Finally, we extend from a single-value mapping to a multi-valued mapping. In the final theorem we show the
fixed set of a total quasi-¢-asymopatically nonexpansive multi-valued mappings. Moreover, we prove strong
convergence to solution of the equilibrium problem, zero points of monotone operators, the solution of the
variation inequality in Banach space.

2 Preliminaries

A Banach space E with norm || - |, is called strictly convez if 12£2]| < 1 for all z,y € E with |z = [lyl| =1
and z # y. Let U = {z € E : ||z| = 1} be the unit sphere of E. A Banach space E is called smooth if the
limit %9@0 ﬂﬂ}tﬂﬂ cxists for cach z,y € U. It is also called uniformly smooth if the limit exists uniformly
for all z,y € U. The modulus of convezity of E is the function §-: [0,2] — [0, 1] defined by

8(e) =inf(1 — | ZL|| : 2,y € B, ||zl = [lgll = L fle = ol 2 €}-

A Banach space E is a uniformly conver if and only if d(¢) > 0 for all € € (0,2]. Let p be a fixed real
number with p > 2. A Banach space E is said to be a p-uniformly convez if there exists a constant ¢ > 0 such
that &(¢) > ce? for all € € [0,2]. Observe that every p-uniform convex is uniformly convex. Every uniformly
convex Banach space E has the Kadec-Klee property, that is, for any sequence {zn} CE,ifz, ~z€FE
and ||z,|| — ||z||, then z, — .

Let E be a real Banach space with dual E*, E is a uniformly smooth if and only if E* is a uniformly
convex Banach space. If E is a uniformly smooth Banach space, then E is a smooth and reflexive Banach
space.

Remark 2.1. ¢ If E is smooth, then J is single-valued;
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o If E is strictly convex, then J is one-to-one and (x — y,z* — y*) > 0 holds for all (z,z*),(y,y*) € J
with = # y;

e If E is a strictly convex, then J is strictly monotone;
¢ If E is a smooth, then J is single valued and semi-continuous;
e If E is uniformly smooth, then J is uniformly norm-to-norm continuous on each bounded subset of E;

e If E is reflexive smooth and s;tric_:tly convex, then the normalized duality mapping J is single valued,
one-to-one and onto;

¢ If E be a reflexive strictly convex and smooth Banach space and J is the duality mapping from E into
E*, then J~! is also single-value, bijective and is also the duality mapping from E* into E and thus
JJ ' = Ig. and J~1J = Ig;

¢ If E is uniformly smooth, then F is smooth and reflexive;
o E is uniformly smooth if and only if E* is uniformly convex.
See [17] for more details.

Remark 2.2. If E is a reflexive, strictly convex and smooth Banach space, then ¢(z,y) = 0 if and only if
z = y. It is sufficient to show that if ¢(z,y) = 0 then z = y. From (1.7), we have |[z| = |lyl|]. This implies
that (z,Jy) = ||z||> = ||Jy[|%. From the decfinition of J, onc has Jz = Jy. Thercfore, we have z = y (see
[17, 68] for more details).

Lemma 2.3. (Beauzamy [10] and Xu{86]) If E be a 2-uniformly convez Banach space. Then, forallz,y € E
we have

2
lz -yl < =z = Jyl,

where J is the normalized duality mapping of E and 0 < ¢ < 1.

The best constant % in Lemma is called the p-uniformly convezx constant of E.

Lemma 2.4. (Beauzamy [10] and Zalinescu[89]) If E be o p-uniformly convez Banach space and let p be a
given real number with p > 2. Then for all z,y € E, J; € Jp(x) and J,, € Jp(y)

c?
S N — yliP
(.’l) Y, J:l: Jv) 2 2p_2p"$ y" )

where Jp is the generalized duality mapping of E and % is the p-uniformly convezity constant of E.

Lemma 2.5. (Kamimura and Takahashi [45]) Let E be a uniformly convez and smooth Banach space and
{zn}, {yn} be two sequences of E. If §(zn,yn) — 0 and either {z,} or {y,} is bounded, then ||z, —yn| — 0.

Lemma 2.6. (Alber {3]) Let C be a nonempty closed convex subset of a smooth Banach space E and let
z € E. Then zo = Illcz if and only if

(to —y,Jz — Jx0) 20, VyeC.



Lemma 2.7. (Alber [3]) Let E be a reflerive strictly conver and smooth Banach space, C be ¢ nonempty
closed conver subset of E and let x € E. Then

&y, cz) + d(llcz,7) < dy,z), YyeC.

Lemma 2.8. (Qin et al. [63]). Let E be a uniformly convez and smooth Banach space, let C be a closed
conver subset of E, and let T be a closed relatively quasi-nonezpansive mapping from C into itself. Then
F(T) is a closed convez subset of C.

Lemma 2.9. ([21]) Let C be a nonempty closed and convez subset of a uniformly smooth and strictly convex
Banach space E with the Kadec-Klee property. Let S : C — C be a closed and total quasi-¢-asymptotically
nonexrpansive mapping with the nonnegative real sequences {v,} and {yp} with v, — 0 and p, — 0 as
n — oo, respectively, and a strictly increasing continuous function ¢ : Rt — Rt with ((0) =0. If y; =0,
then the set F(S) of fired points of S is a closed convex subset of C.

Lemma 2.10. (Change et al.{13]) Let C be a nonempty, closed and convex subset of a uniformly smooth and
strictly convezx Banach space E with the Kadec-Klee property. Let S : C — 2€ be a closed and total quasi-
¢-asymptotically nonexpansive multi-valued mapping with nonnegtive real sequence vn, and py, with v, — 0,
fin — 0 as n — oo and a strictly increasing continuous function ¢ : R* — Rt with ©(0) = 0. If yu; = 0,
then the fized point set F(S) is a closed convez subset of C.

Let A be an inverse-strongly monotone mapping of C into E* which is said to be hemicontinuous if for
all z,y € C, the mapping h of [0, 1] into E*, defined by h(t) = A(tz + (1 — t)y), is continuous with respect
to the weak* topology of E*. We define by N¢(v) the normal cone for C at a point v € C, that is,

Ne(v)={z"€E*: (v—y,z*) >0, VyeC}. (2.1)

Theorem 2.11. (Rockafellar [72]) Let C be a nonempty, closed convez subset of a Banach space E and A
a monotone, hemicontinuous operator of C into E*. Let B C E x E* be an operator defined as follows:

Av+ N¢(v), veC;

Bu= ’

Y { 0, otherwise. (2.2)
Then B is mazimal monotone and B~'0 = VI(A,C).

Theorem 2.12. (Takahashi [31]) Let C be a nonempty subset of a Banach space E and A a monotone,
hemicontinuous operator of C into E* with C = D(A). Then

VI(A,C)={ueC:{v—-u,Av) >0, Vv e C}. . (2.3)

It is obvious that the set VI(A,C) is a closed and convex subsct of C and the set A~10 = VI(4, E)
is closed and convex subset of E.

Theorem 2.13. (Takahashi [81]) Let C be a nonempty compact convez subset of a Banach space E and A
a monotone, hemicontinuous operator of C into E* with C = D(A). Then VI(A,C) is nonempty.
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We make use of the following mapping V studied in Alber [3}:
V(z,z*) = |l|* - 2(z, ") + |l=*|*>, Vz€E,z* € E*, (24)
that is, V(z,z*) = ¢(z, J 71 (z*)).

Lemma 2.14. (Alber {3]) Let E be a reflezive strictly convez smooth Banach space and V be as in (2.4).
Then we have
V(z,z*) +2(J7'(z") ~2,9") < V(z,3" +y"), Vz€E, z",y" € E".

Lemma 2.15. (Cho et al.[16]) Let E be a uniformly convex Banach space and B-(0) = {z € E : ||z|| < r}

be a closed ball of E. Then there erists a continuous strictly increasing convez function g : [0, 00) — [0, 00)
with g(0) = 0 such that

Dz + py +201% < Al + lpwll? + vzl = Aug(llz ~ ),

for all z,y,z € By(0) and A\, pu,y € [0,1] with A+ p+v=1.

Lemma 2.16. (Pascali and Sburlan [59]) Let E be a real smooth Banach spaces and A : E — 28" be a
mazimal monotone mapping. Then A0 is closed and convez subset of E and the graph G(A) of A is
demiclosed in the following sense: if {z,} C D(A) with z,, — = € E and y,, € Az, with y,, —» y € E*, then
x € D(A) and y € Az.

In 2006, Wu and Huang [85] introduced a new generalized f-projection operator in Banach space.
They extended the definition of the generalized projection operators introduced by Abler (2] and proved
some properties of the generalized f-projection operator. Consider the functional G : Cx E* — RU{+o0}
defined by

Gy, @) = Iyl - 2(y, @) + llwl* +20f(v) (2.5)

for all (y,w) € C x E*, where p is a positive number and f : C — R U {+00} is proper, convex and lower
semicontinuous. From the definition of G, Wu and Huang [85] proved the following properties:

(1) G(y,w) is convex and continuous with respect to @ when y is fixed;

(2) G(y,w) is convex and lower semicontinuous with respect to y when w is fixed.

Let E be a real Banach space with its dual space E* and C be a nonempty closed and convex subset
of E. We say that wé : B* — 2€ is a generalized f-projection operator if

7r£.w ={uelC:Gu,w= irel(fJG(y, w), Vw € E*}.
v

Recall that a Banach space E has the Kadec-Klee property ([17, 33, 81]) if, for any sequence {z,} C E
and z € E with z, — z and ||z.|| — ||z]|, we have |z, — z|| - 0 as n — co. It is well-known that, if E is a
uniformly convex Banach space, then E has the Kadec-Klee property.
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Lemma 2.17. ([85]) Let E be a real reflezive Banach space with its dual space E* and C be a nonempty V
closed and convex subset of E. The following statement hold:

(1) ﬂéw is a nonempty, closed and convex subset of C for all w € E*;
(2) If E is smooth, then for allw € E*, 1 € nLw if and only if
(e —y,@—Jz)+pf(y) - pf(z) 20
forallyeC;

(8) If E is strictly convez and f : C — R U {+o0} is positive homogeneous (i.e., f(tz) = tf(z) for all
t > 0 such that tx € C, where z € C), then ﬂéw is single valued mapping.

Recently, Fan et al. [30] showed that the condition, f is positive homogeneous, which appears in [30,
Lemma 2.1 (iii)], can be removed.

Lemma 2.18. ([30]) Let E be a real reflezive Banach space with its dual space E* and let C be a nonempty
closed and convex subset of E. If E is strictly convez, then w({.w is single-valued.

Recall that J is single-value mapping when E is a smooth Banach space. There exists a unique element
@ € E* such that @ = Jz, where x € E. This substitution in (2.5) gives the following:

Gy, Jz) = yll* - 2y, Jz) + liz]l* + 20/ (v). (2.6)

Now, we consider the second generalized f projection operator in a Banach space (see (50]).

Let E be a real smooth Banach spacc and C be a nonempty closed and convex subsct of E. We say
that Hé : E — 2C is a generalized f-projection operator if

Héz ={uveC:Gu,Jz) = 12£ G(y, Jz), Vz € E}.
¥y

Lemma 2.19. ([29]) Let E be a Banach space and f : E — R U {+co} be a lower semicontinuous and
convez function. Then there exist z* € E* and o € R such that

f(@)2 (z,2") + a

forullz € E.

Lemma 2.20. ([50]) Let E be a reflezive smooth Banach space and C be a nonempty closed and convex
subset of E. The following statements hold:

(1) Héz is nonempty closed and conver subset of C for all z € E;

(2) For all z € E, & € Lz if and only if

(&~-y,Jz— Ji) +pf(y) - pf(2) 20
10



forallyeC;

(3) If E is strictly convez, then I'Ié is single-valued mapping.

Lemma 2.21. ([50]) Let E be a real reflexive smooth Banach space and C be a nonempty closed and conver
subset of E. Then, foranyz € Eand Z € Hé:z:,

o4, ) + C(&, Jz) < G(y, J2)

forallyeC.

Lemma 2.22. ([50]). Let E be a Banach space and f : E — R U {+00} be a proper, convez and lower
semicontinuous mapping with conves domain D(f). If {z.} is a sequence in D(f) such that z, — & € D(f)
and limy o0 G(2n, JY) = G(Z, Jy), then limy oo [|Znl] = l|Z]]-

Remark 2.23. Let E be a uniformly convex and uniformly smooth Banach space and f(y) = 0 for all
y € E. Then Lemma 2.21 reduces to the property of the generalized projection operator considered by Alber

3]
Let f(y) > 0 for all y € C and f(0) = 0, then the definition of a totally quasi-¢-asymptotically
nonexpansive S is equivalent to the following:

If F(S) # 0 and there exist the nonnegative real sequences {vn}, {tn} with v, — 0, g, — 0 asn — oo,
respectively, and a strictly increasing continuous function ¢ : R+ — R* with ¥(0) = 0 such that

G(p, S"z) < G(p, z) + VG (p, ) + pin

forallz € C,p€e F(S)andn > 1.

Let @ be a bifunction from C x C to R, where R denotes the sct of rcal numbers. The equilibrium
problem (for short, (EP)) is to find & € C such that

6(%,y) 20 (2.7) .
for all y € C. The set of solutions of the (EP) 2.7 is denoted by EP(6).
An operator A C E x E* is said to be monotone if
(z—y,z"—y*) 20
for all (x,z*),(y,y") € A. A point z € E is called a zero point of A if

0 € Az. (2.8)

We denote the set of zeroes of the operator A by A~'0, that is,

A"0={z€E:0€ Az}.
11



A monotone A C E x E* is said to be mazimal if its graph G(A) = {(z,y*) : y* € Az} is not property
contained in the graph of any other monotone operator. If A is maximal monotone, then the solution set
A~10 is closed and convex.

Let E be a smooth strictly convex and reflexive Banach space, C be a nonempty closed convex subset
of E and A C E x E* be a monotonc opcrator satisfying D(A) ¢ C € J™}(Ny5oR(J + AA)). Then the
resolvent Jy : C — D(A) of A is defined by

Iz ={2€ D(A):Jz € Jz+ Az, Vz € C}.

J) is a single-valued mapping from E to D(A). On the other words, Jy = (J + AA)~1J for all A > 0.

For any A > 0, the Yosida approzimation Ay : C — E* of A is defined by Ayz = h;f’ﬁ for all
x € C. We know that Ayz € A(Jz)for all A > 0 and z € E. Since relatively quasi nonexpansive mappings
and quasi-¢-nonexpansive mappings are same, we can see that Jy is a quasi-¢-nonexpansive mapping (see
[76, Theorem 4.7]).

Lemma 2.24. ([44]) Let E be a smooth strictly convez and reflexive Banach space, C be a nonempty closed
convez subset of E and A C E x E* be o monotone operator satisfying D(A) C C C J~HNx>oR(J + AA)).
For any A > 0, let Jy and A, be the resolvent and the Yosida approzimation of A, respectively. Then the
following hold:

(1) ¢(p, Jaz) + ¢(JInz,z) < ¢(p,z) for allz € C and p € A710;
(2) (B) (rz,Arz) € A for allz € C;
(3) (c) F(Jy) = A~10.

Lemma 2.25. ([72]) Let E be a reflezive strictly convexr and smooth Banach space. Then an operator
A C E x E* is mazimal monotone if and only if R(J + AA) = E* for all A > 0.

For solving the equilibrium problem for a bifunction 8 : C x C — R, let us assume that @ satisfies the
following conditions:
(A1) 6(z,z) =0forall z € C;
(A2) 6 is monotone, ic., O(z,y) +0(y,z) <0 for all 2,y € C;
(A3) for each z,y,z € C,
ltiﬂ)lo‘tl + (l - t)fb,y) < o(w’y);
(A4) for each z € C, y — 6(z,y) is convex and lower semi-continuous.

Lemma 2.26. (Blum and Oettli [8]). Let C be a closed convex subset of a smooth, strictly convez and
reflexive Banach space E, let 6 be a bifunction from C x C to R satisfying (Al)-(A4), and let r > 0 and
z € E. Then there ezists z € C such that '

1
0(z,y)+;(y—z;Jz—J:c) >0, vyeC.

12



The following lemma is a spacial case of Zhang [96].

Lemma 2.27. (Zhang [96]). Let C be a closed conver subset of a smooth, strictly conver and reflezive
Banach space E. Let ¢ : C — R is convez and lower semi-continuous and 6 be a bifunction from C x C to
R satisfying (A1)-(A4). For r > 0 and x € E, then there exists u € C such that

1
0w, y) +(y) = o(u) + ~(y~u,Ju-Jz) 20, VyeC.
Define a mapping K, : C — C as follows:
1
Ki(z) ={ue€ C:0uy) +oly) - o(u) + ~(y—w,Ju-Jz) >0, VyeC} (2.9)
for all z € C. Then the followings hold:
1. K, is single-valued;

2. K is firmly nonezpansive, i.e., for allz,y € E, (K;z— K.y, JK;z — JK,y) < (K,z - K,y,Jz - Jy)
3. F(K,) = MEP(0,y);

Y

4. MEP(0,p) is closed and convex;

5. ¢(p| K,-Z) + ¢(Krzv Z) < ¢(P, z)y Vp € F(Kr) end z€ E.

3 Methodology

1. Studying and investigating on fixed point problems.
2. Studying and investigating on nonlinear problems.
3. Establishing new theorems for fixed point problems and nonlinear problems in Banach spaces.

4. Finding necessary and sufficient conditions which are established for mappings to have fixed points
and common solutions of nonlinear mappings.

4 Main results

Let C be a closed subset of a Banach space E. Recall that a mapping S : C — C is closed if for each {zn}
in C, if z, —» z and Sz, — y, then Sz = y. Let {S,} be a family of mappings of C in to itself with
F =032, F(Ss) # 0, {Sn} is said to satisfy the (x)-condition if for each bounded sequence {zn} in C,

n.llsn;o lzn = Snznll =0, 2z, — z imply z € F. (4.1)

Remark 4.1. It follows directly from the definitions above that if {S,} satisfics NST-condition, then {Sn}
satisfies ()-condition. If S, =S and S is closed, then {S,} satisfies (*)-condition.

13



.

Using the (*)-condition, we prove the new convergence theorems for finding a common element of
the set of solutions of an equilibrium problems, the common fixed point set of a family of relatively quasi-
nonexpansive mappings, a zero of maximal monotone operators and the solution set of variational inequalities
for an a-inverse strongly monotone mapping in a 2-uniformly convex and uniformly smooth Banach space.

Theorem 4.2. Let C be a nonempty closed and convez subset of a 2-uniformly convez and uniformly
smooth Banach space E. Let T C E x E* be a mazimal monotone operator satisfying D(T) C C and let
Jrn = (J +17T)" 1T for all v, > 0. Let 8 be a bifunction from C x C to R satisfying (A1)-(A4), and let
¢ :C — RU{+o00} be a proper lower semicontinuous and convez function. Let A be an a-inverse-strongly
monotone mapping of C into E* satisfying |[Ay|| < |Ay — Aul|, Yy € C and u € VI (4,C) # 0. Let
S : C — C be a family of relatively quasi-nonezpansive mappings such that satisfies the (*)-condition and

= (M52 F(SR)) NT-10N MEP(0,9) N VI(A,C) # 8. For an initial point 2 € E with zy = I, 2o and
Cl = C, define the sequence {z,} as follows:

zn =HcJ Y (Jz, — A Azy),

Un = J N anJzn + (1 = an)ISnJ;, 20),

un € C such that 0(un,y) + ¢(y) — (un) + L (y Un, Jun — Jy,) 20, VyeC, (4.2)
Cni1 = {2 € Cp : §(z,un) < and(z,z,) + (1 - an)qb(z zn) < ¥(z,2,)},

Zot1 = g, ,z0, Y21,

where J is the duality mapping on E, {a,} is sequence in [0,1] and {r,} C [d,0) for some d > 0 and
{An} C [a,b] for some a,b with 0 < a < b < c*a/2, where } is the 9-uniformly convezity constant of E. If
liminfp_.o(1 — an) > 0, then {z,} converges strongly to p € ©, where p = Meox,.

When we extend mapping S to totally quasi-¢-asymptotically nonexpansive, we have the following
Theorem.

Theorem 4.3. Let C be a nonempty closed and convex subset of a uniforinly smooth and strictly convez
Banach space E with the Kadec-Klee property. For eachi=1,2,--- ym, let 8; be a bifunction from C x C
to R satisfying the conditions (A1)-(A4). Let A; C E x E* be o mazimal monotone operator satisfying
D(Aj;)cC andJ T o= (J+Ajn4j)” lJfarall)\,, >0andj=1,2,---,1l. Let $:C — C be a closed and
totally quasi-¢- asymptotzcally nonezpansive mapping with the nonnegative real sequences {v,}, {en} with
Vn = 0, pin — 0 as n — oo, respectively, and a strictly increasing continuous function ¢ : Rt — R+ wz'th
¥(0) = 0. Let f : E — R* be a convez and lower semicontinuous function with C C int(D(f)) and f(0) =
Assume that S is uniformly L-Lipschitz continuous and F = F(S)n(nZ, EP(8;)) N (n'_ 147 lO) # 0. For
any initial point 21 € E, define C; = C and the sequence {z,} in C by

Zn = Jfl‘n o J/C'-: -0 JA1 JTn
Up = Ta o "nn:-_l " OT91 nens
=J" l(angl +,HnJS Tn + TndUn), (4.3)

Cny1 = {v € Cp : G(v, Jyn) < anG(v,Jz1) + (1 — an)G(v,Jz,) + (n},

$n+1 ch-{»l x

for each n > 1, where {an}, {Bn} and {v,} are the sequences in (0,1) such that a, + Brn+vm =1,
(o = u,,supqef:/)(G(q JTn)) + pn and for each i = 1,2,--- \m, {r;,} C [d,00) for some d > 0. If, for
each j =1,2,--- 1, liminf, 00 Ajn > 0, lim,,o0 0, = 0 and liminf,_, ., Bn < 1, then the sequence {zn}
converges strongly to a point H,_-a:l

14



Theorem 4.4. Let C be a nonempty closed and convez subset of a uniformly smooth and 2-uniformly convez
Banach space E. Let f be a bifunction from C x C to R satisfying the conditions (A1)-(A4) and let A be
an a-inverse-strongly monotone mapping of E into E*. Let S : C — 2€ be a closed and total quasi-¢-
asymptotically nonezpansive multi-valued mapping with nonnegative real sequences vy, pn with v — 0,
fin — 0 asn — oo and a strictly increasing continuous function ¢ : Rt — R* with ¥(0) = 0. Assume that
S is uniformly asymptotically regular on C with p1 =0 and F := F(S)n EF(f)NA~'0 # 0. For arbitrary
z; € C, C, = C, generate a sequences {Tn} by

zn = J Y JTn — AnAzZy),
Un = Tr,.zrn
Un = J Y onJzZn + BrJwn + 1nJUn), Wn € S"Zn, (4.4)
Cny1={v€Chp: ¢(v> Un) < &(v, zn) < ¢(U:$n) + Kn}’
. Tp41 =g, ,, 71, nEN,

" where Kn = Vnsupger ¥(4(g, T,)) + pin. Assume that the control sequences {an}, {Bn}, {1}, {An} and
{rv} satisfy the following conditions:
1. {an}, {Bn} and {n} are sequences in (0,1) such that an + fn + Tn = 1, liminf, o0 anfBn > 0,
2. {An} C la,b] for some a,b with0 <a<b< °—;2 and L is the 2-uniformly convezity constant of E,

8. {ra} C [d,00) for some d >0,

then {z,} converges strongly to Ilpx;.

5 Conclusion and Suggestion

In this work, we introduce new hybrid iterations of the generalized projection operators and the generalized
f-projection operators for finding a common element of the fixed point set and solution of nonlinear problems.
This research has three theorems for fixed point problems and nonlinear problems. Each theorem compound
by difference mapping and differences conditions for get the strong convergence. For other researcher should
study other mappings or iterations and study the necessary conditions to get some new convergence.
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