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1 Introduction

Let E be a real Banach space with dual E*, and let C be a nonempty closed convex subset
of E. Let A : C —> E* be an operator. A is called monotone if

(Ax-Ay,x~-y) =0, Vxy€C

«-inverse-strongly monotone if there exists a constant « > 0 such that
(Ax - Ay, x-y) > allAx-Ayl>, YxyeC;

L-Lipschitz continuous if there exists a tonstant L > 0 such that
lAx - Ayl < Ljx-yll. VxyeC.

If A is ¢-inverse strongly monotone, then it is é-[.ipschitz continuous, L.e.,

1
lAx - Ayl < —llx=yll. VxyeC.

A monotone operator A is said to be maximal if its graph G(A) = {(x,x™) : x* € Ax} is not
properly contained in the graph of any other monotone operator.
Let A be a monotone operator. We consider the problem of finding x € E such that

0 € Ax, (L1
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a point x € E is called a zero point of A. Denote by A~10 the set of all points x € E such that
0 € Ax. This problem is very important in optimization theory and related fields.

Let A be a monotone operator. The classical variational inequality problem for an op-
erator A is to find Z € C such that

(Az,y-2) >0, VyeC. (12)

The set of solutions of (1.2) is denoted by VI(A, C). This problem is connected with
the convex minimization problem, the complementary problem, the problem of finding a
point x € E satisfying Ax =0.

The value of x* € E* at # € E will be denoted by (x,x*) or x*(x). For each p > 1, the
generalized duality mapping J : E— 2F° is defined by

L) = {2 € B cloa) = bl [ = et}

for all x € E. In particular, ] = J, is called the normalized duality mapping. If E is a Hilbert
space, then J = I, where I is the identity mapping.
Consider the functional defined by

00, %) = Iy =2 Jx) + 21> forx,y € E, (1.3)

where J is the normalized duality mapping. It is obvious from the definition of ¢ that

(9l - #l) < 32 < (Il + o))", VayeE. ‘ (L4)

Alber [1] introduced that the generalized projection M¢: E — Cisamap that assigns toan
arbitrary point x € E the minimum point of the functional ¢(x, 9), that is, ¢cx = %, where
% is the solution of the minimization problem

P(#,x) = ;ggd’(y,x), ) (1.5)

existence and uniqueness of the operator I1¢ follows from the properties of the functional
#(x,y) and strict monotonicity of the mapping /.
liduka and Takahashi [2] introduced the following iterative scheme for findinga solution
of the variational inequality problem for an inverse-strongly monotone operator Aina
- 2-uniformly convex and uniformly smooth Banach space E: x; = x € C and

Xus1 = 1) Uxn = M%), V21, (1.6)

where T¢ is the generalized projection from E onto C, ] is the duality mapping from E into
E*and {),} is a sequence of positive real numbers. They proved that the sequence {x,} gen-
erated by (1.6) converges weakly to some element of VI(4,C). In connection, liduka and
Takahashi [3] studied the following iterative scheme for findinga zero point ofa monotone
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operator A in a 2-uniformly convex and uniformly smooth Banach space E:

x=x € E chosen arbitrarily,

In =] Uxn = AnAx),

Xy = {z € E: ¢(z,yn) < $(2,24)}; (1.7)
Yon={z€E: (%, —2Jx—Jxs) 20},

Xnel = nX,,nY,. (x),

where Tlx ny, is the generalized projection from E onto X, NY,, J is the duality map-
- ping from E into E* and (A,} is a sequence of positive real numbers. They proved that
the sequence {,} converges strongly to an element of A~'0. Moreover, under the addi-
tional suitable assumption they proved that the sequence {x,} converges strongly to some
element of VI(A, C). Some solution methods have been proposed to solve the variational
inequality problem; see, for instance, [4-6].
A mapping T : C — C is said to be ¢-nonexpansive [7, 8] if

o(Tx, Ty) < $(x,y), VxyeC.
T is said to be quasi-¢-nonexpansive [7, 8] if F(T) ## and
- o, Tx) < ¢(p.x), VxeC,peF(T)

T is said to be total quasi-$-asymptotically nonexpansive, if F(T) # #) and there exist non-
negative real sequences vV, fy With v, = 0, i, — 0 as n — 00 and a strictly increasing
continuous function ¢ : R* — R* with ¢(0) = 0 such that

¢(p. T"x) <0@,%) + vap(p @, %)) + ny Vn=1,¥zeC,pe F(T).

Let 2€ be the family of all nonempty subsets of C, and let S : C — 2€ be a multi-valued
mapping. For a point g € C, n > 1 define an iterative sequence as follows:

Sq:={q1:q1 € Sq},

S%q=58q:= U Sq1,
q1€59

$q=55'q:= | S,
]

s'g=5s"q:= | J Sguar.

gn-165""1q

A point p € C is said to be an asymptotic fixed point of § if there exists a sequence {x,}
in C such that {x,} converges weakly to p and

. lim d(x,,Sx,):= lim inf ||x, —x{=0.
n->00 n=»00 x€Sx,

The asymptotic fixed point set of § is denoted by F(S).

Page 3 of 19
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A multi-valued mapping S is said to be total quasi-¢-asymptotically nonexpansive if
F(S) # @ and there exist nonnegative real sequences vy, in with v, = 0, u, = Oasn — o0
and a strictly increasing continuous function ¢ : R* — R* with ¢(0) = 0 such that for all
x€C,peF(S),

o0, wa) < 0B, %) + vap(6(p,%)) + mr VM2 Lwy €S"x.

S is said to be closed if for any sequence {x,} and {w,} in C with w, € Sx, if x, > x and
w, — w, then w € Sx. ‘ :
A multi-valued mapping S is said to be uniformly asymptotically regular on C if
lim (sup [ISns1 — Sn ||) =0, sp€8'x.
n—-oo XE(E
Every quasi-¢-asymptotically nonexpansive multi-valued mapping implies a quasi-¢-
asymptotically nonexpansive mapping but the converse is not true.
In 2012, Chang et al. [9] introduced the concept of total quasi-¢-asymptotically non-
expansive multi-valued mapping and then proved some strong convergence theorem by

using the hybrid shrinking projection method.
Letf : C x C — R be a bifunction, the equilibrium problem is to find x € C such that

f@y=0, ¥yeC. (18)

The set of solutions of (1.8) is denoted by EP(f). The equilibrium problem is very general
in the sense that it includes, as special cases, optimization problems, variational inequal-
ity problems, min-max problems, saddle point problem, fixed point problem, Nash EP.
In 2008, Takahashi and Zembayashi [10, 11] introduced iterative sequences for finding a
common solution of an equilibrium problem and a fixed point problem. Some solution
methods have been proposed to solve the equilibrium problem; see, for instance, [12-21].

For a mapping A : C — E*, let f(x,9) = (Ax,y — ) for all x,y € C. Then x € EP(f) if and
onlyif (Tx,y—x) > 0 forallye Cie,xisa solution of the variational inequality.

Motivated and inspired by the work mentioned above, in this paper, we introduce and
prove strong convergence of a new hybrid projection algorithm for a fixed point of total
quasi-¢-asymptotically nonexpansive multi-valued mappings, the solution of the eqﬁilib-
rium problem, a zero point of monotone operators. Moreover, we prove strong conver-
gence to the solution of the variation inequality in a uniformly smooth and 2-uniformly
convex Banach space.

2 Preliminaries

A Banach space E with the norm || - || is called strictly convex if ||’%'1]| <1foralix,y€E
with jlx] = Iyl =land x#y. Let U={x € E: ix|| = 1} be the unit sphere of E. A Banach
space E is called smooth if the limit lim;—¢ M’tl"ﬂ exists for each x, y € U. It is also called
uniformly smooth if the limit exists uniformly for all x,y € U. The modulus of convexity of
E is the function § : [0,2] — [0, 1] defined by

5(e) = inf{l— “%Z

xy € E el = Iyl = L ik -yl e}.
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A Banach space E is uniformly convex if and only if §(¢) > O for all € € (0,2]. Let p be a
fixed real number with p > 2. A Banach space E is said to be p-uniformly convex if there
exists a constant ¢ > 0 such that 8(¢) > c¢? for all £ € [0, 2]. Observe that every p-uniform
convex is uniformly convex. Every uniformly convex Banach space E has the Kadec-Klee
property, that is, for any sequence {x,} C E, if x, = x € E and |x,}| — |lx[|, then x, — x.

Let E be a real Banach space with dual E*, E is uniformly smooth if and only if E* is
a uniformly convex Banach space. If E is a uniformly smooth Banach space, then E is a
smooth and reflexive Banach space.

Remark 2.1

« If E is uniformly smooth, then J is uniformly norm-to-norm continuous on each
bounded subset of E.

.. If E is reflexive smooth and strictly convex, then the normalized duality mapping J is
single-valued, one-to-one and onto.

« If E is a reflexive strictly convex and smooth Banach space and J is the duality
mapping from E into E*, then /™ is also single-valued, bijective and is also the duality
mapping from E* into E and thus JJ™! = [p and J~!] = Ig.

See [22] for more details.

Remark 2.2 If E is a reflexive, strictly convex and smooth Banach space, then ¢(x, y»=0
if and only if = . It is sufficient to show that if #(x,y) = 0, then x = y. From (1.3) we have
ll=ll = liyll. This implies that {(x,Jy) = lx]|? = |I/ylI%. From the definition of /, one has Jx = Jy.
Therefore, we have x = y (see [22, 23] for more details).

Lemma 2.3 (Beauzamy {24} and Xu [25]) IfE is a 2-uniformly convex Banach space, then,
Jor all x,y € E, we have

2
-yl < ik =yl
where ] is the normalized duality mapping of Eand 0 <c < 1.
The best constant % in the lemma is called the p-uniformly convex constant of E.

Lemma 2.4 (Beauzamy [24] and Zalinescu [26]) If E is a p-uniformly convex Banach
space, and let p be a given real number with p > 2, then, for all x,y € E, ] € J,(x) and
Iy € (s

c?
22

(x-5Jx _]y) = flx- yll",

where J, is the generalized duality mapping of E and % is the p-uniformly convex constant

of E.

Lemma 2.5 (Kamimura and Takahashi [27]) Let E be a uniformly convex and smooth Ba-
nach space, and let {x,}, {ya} be two sequences of E. If ¢ (xn, yn) = 0 and either {x,} or {y.}
is bounded, then ||x, — yu|| = 0.
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Lemma 2.6 (Alber [1]) Let C be a nonempty closed convex subset of a smooth Banach
space E, and let x € E. Then xo = lcx if and only if

(%0 — 3 Jx = Jxo) >0, VyeC.

Lemma 2.7 (Alber [1)) LetE be a reflexive strictly convex and smooth Banach space, C be
a nonempty closed convex subset of E, and let x € E. Then

o(y, Mcx) + ¢(Mcx,x) < p(yx), Yyel.

Lemma2.8 (Changetal. [9]) LetC bea nonempty, closed and convex subset of a uniformly
smooth and strictly convex Banach space E with the Kadec-Klee property. Let S : C — 2€ be
a closed and total quasi-¢-asymptotically nonexpansive multi-valued mapping with non-
negative real sequence v, and p, with v, — 0, iy —> 0 asn — &0 and a strictly increasing
continuous function ¢ : R* — R* with ¢(0) = 0. If uy = 0, then the fixed point set F(S) is a
closed convex subset of C.

For solving the equilibrium problem for a bifunction f: C x C — R, let us assume that
f satisfies the following conditions:

(Al) f(x,x)=0forallxeC; ,

(A2) fis monotone, ie., f(x,y) +f(y,2) <0 for all x,y € C;

(A3) for each x,y,z€C,

limf (tz+ (1 -t)x%,y) < flxy);
(A4) for each x € C, y > f(,y) is convex and lower semi-continuous.
Lemma 2.9 (Blum and Oettli [28]) Let C be a closed convex subset of a smooth, strictly

convex and reflexive Banach space E, let f be a bifunction from C x C to R satisfying (Al)-
(A4), and let r> 0 and x € E. Then there existsz€ C such that

fzy)+ é(y—z.lz—lx) >0, VyeC.

Lemma 2.10 (Takahashi and Zembayashi [11]) Let C be a closed convex subset of a uni-
formly smooth, strictly convex and reflexive Banach space E, and let f be a bifunction from
C x C to R satisfying conditions (A1)-(A4). For all r > 0 and x € E, define a mapping
T, : E— C as follows:

1
Tx= [ze C:fl(z.y)+ ;(y—z,]z—]x) >0,VyeC}.
Then the following hold.:
(1) T, is single-valued,;

(2) T, is a firmly nonexpansive-type mapping (29), that is, for all x,y € E,

(Tyx-T, JTx=JTry) < (Trx - Tr}’:]x“ly);
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(3) F(T,) = EP(f);
(4) EP(f) is closed and convex.

Lemma 2.11 (Takahashi and Zembayashi [11]) Let C bea closed convex subset of a smooth,
strictly convex and reflexive Banach space E, let f be a bifunction from C x C to R satisfying
(A1)-(A4),and let r > 0. Then, forx € Eand g € F (T),

o(g, Tx) + o(T,x,x) < ¢(q,%).

Let A be an inverse-strongly monotone mapping of C into E* which is said to be hemti-
continuousif forall x, y € C, the mapping 1 of [0, 1] into E*, defined by h(¢) = A(tx + 1-t)y),
is continuous with respect to the weak® topology of E*. We define by Nc(v) the normal cone
for C at a point v € C, that is,

Nc(v) = [x' eE*: (v-y,x‘) >0,Vy€ C}. (2.1)

Theorem 2.12 (Rockafellar [30]) Let C be a nonempty, closed convex subset of a Banach
_ space E, and let A be a monotone, hemicontinuous operator of C into E*. Let BC E x E*
be an operator defined as follows:

Av+Nc¢(v), veC;

Bv (2.2)

2, otherwise.

Then B is maximal monotone and B™10 = VI(A, C).

Theorem 2.13 (Takahashi {31]) Let C be a nonempty subset of a Banach space E, and let
A be a monotone, hemicontinuous operator of C into E* with C = D(A). Then

VI(A,C)={ueC: (v-u,Av) 2 0,YveC}. 2.3)

It is obvious that the set VI(A, C) is a closed and convex subset of C and the set A0 =
VI(A, E) is a closed and convex subset of E.

Theorem 2.14 (Takahashi [31]) Let C be a nonempty compact convex subset of a Banach
space E, and let A be a monotone, hemicontinuous operator of C into E* with C = D(A).
Then VI(A,C) is nonempty.

We make use of the following mapping V studied in Alber [1]:
V(xs") = 2l - 2{xx") + ||, VxeEx"eE, (2.4)
thatis, V(xx*) = ¢(x,/ 7 (x*)).

Lemma 2.15 (Alber [1]) Let E be a reflexive strictly convex smooth Banach space, and let
V be asin (2.4). Then we have

Viga) +2)7 (=) - %y ) < V(ns +y"), VxeEx"y €E"
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Lemma 2.16 (Beauzamy [24] and Xu [25]) If E is a 2-uniformly convex Banach space,
then, for all x,y € E, we have

2
=yl < S Wx =yl
where ] is the normalized duality mapping of Eand 0 <c <1.

Lemma 2.17 (Cho et al. [32]) Let E be a uniformly convex Banach space, and let B,(0) =
{x € E : |ix]| < r} be a closed ball of E. Then there exists a continuous strictly increasing
convex function g : [0, 00) > [0, 00) with g(0) = O such that

Az + py + yzll2 < Il + fuyll? + llyzl? - Apg(lle - 1)
forall x,y,z € B,(0) and A, pb,y € [0,1lwithA+pu+y=1L

Lemma 2.18 (Pascali and Sburlan [33]) Let E be a real smooth Banach space, and let A :
E — 2F° be a maximal monotone mapping. Then A~'0 is a closed and convex subset of E
and the graph G(A) of A is demiclosed in the following sense: if {x,} C D(A) with x, =~ x € E
and y, € Ax, withy, — y€ E*, thenx € D(A)and y € Ax.

3 Main results

Theorem 3.1 Let C be a nonempty closed and convex subset of a uniformly smooth and
2-uniformly convex Banach space E. Let f be a bifunction from C x C to R satisfying con-
ditions (A1)-(A4), and let A be an a-inverse-strongly monotone mapping of E into E*. Let
§:C — 2€ be a closed and total quasi-¢-asymptotically nonexpansive multi-valued map-
ping with nonnegative real sequences v, fn With vy — 0, by —> 0 asn — 00 and a strictly
increasing continuous function yr : R* — R* with ¥(0) = 0. Assume that S is uniformly
asymptotically regular on C with py = 0 and F := F(S) NEP(f)N A~'0 # 0. For arbitrary
x1 € C, C, = C, generate a sequence {x} by

2y =] U0 = AnAsn),

Uy = Tr,2n,

Yo = J N anJn + BuJWn + VaJtin), Wy € "%, @.1)
Cuet = (V€ Cn: ¢(v,yn) < 9(v,24) < ¢(v, %) + Ki},

| Xnet = Mc, %1, NHE N,

where Ky = Vn SUPger Y (9(q, %)) + 1n. Assume that the control sequences {n}, {Bn}, {¥n)s
{An} and (r,)} satisfy the following conditions:
1. {@tn}, {Bn} and {va) are sequences in (0, 1) such thatoty + B+ vu =1,
liminf,— 50 @xBn > 0,
2. {An} C la,b] for somea,bwith0 <a<b< # and % is the 2-uniformly convex
constant of E,
3. {rn} C [d, 00) for some d> 0,
then {x,} converges strongly to TTrx,.
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Proof We will show that C, is closed and convex for all n € N. Since C; = C is closed and
convex. Suppose that C, is closed and convex for all n € N. For any v € C,,, we know that
¢ (V) < $(v,%4) + K, is equivalent to

2{v, Jxy —}yn) < lIxn "2 - "}'n “2 + K.

That is, Cpsy is closed and convex, hence Cy is closed and convex for alln € N,
We show by induction that F C C, for all n € N. It is obvious that F C C = Cy. Suppose
that F C C, where n € N. Let g € F, we have
¢(q. Zy) = é(q,]_‘(]xn 7 A,,Ax,,))
= V(qr]xn — MnAxn)
< V(g, Ut — AnAx) + RnAkn) ~ 2~ oty = AnA%s) = 4, XnA)
= Vig, Jxn) - ZAn(]—l Uxn = AnAxn) - qvAxn)

= ¢(qr %) — 2hnlxn - q:Axn) + 2(1-1an - A-nA-xn) - Xny —A,,Ax,,). (3.2)
Since A is an a-inverse-strongly monotone mapping, we get

=22y (% — q:Axn) = =2hn{Xy — 4, A%n -Aq) - 22X (%0 — q,Aq)
< =2hy(xy — q, A%y = Aq)

= —2ak, ||Ax, - Aql®. (3.3)

It follows from Lemma 2.17 that

2(]-1an = AnAXp) = %n» ")-nAxn) = 2(]‘1(]% = AnA%p) = I U, —A,,Ax,,)
= 2“1—1(]xn - AnAxy) - ] Uxn) “ IAnAxyil

4y -

< C—zllll Yty = AnAm) = I~ Utn) | [ An Al
4

= C_z’"Ixn — A%y = JxpllIAnAxnll
4

= “'EulnA"n"2

. 4

= 'C;l: 1A%}
4 2 2

< C—zk,,llen -Aqll”. (3.4)

Replacing (3.2) by (3.3) and (3.4), we get
2. 4.9 2
¢(q’zn) =< ¢(qrxn) —2aA,4]|Ax, _Aq" + -(:—ZA"lle" _Aq"

2 2
= (g, xn) +21p C—zx,, —a |||Ax, - Aql]

. < (g, %n)- - (35)

Page9of 19
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From Lemma 2.11, we know that

(g, un) = 9(q, Tr,2n) < $(q,24) < H(q, %) (3.6)

Since S is a total quasi-¢-asymptotically nonexpansive multi-valued mapping and w, €
S™x,,, it follows that

0(q.¥n) = 6(q.7 " @nJxn + BuJWn + YuJtin))
= gl - 2(g enfn + BufWn + YaJtis) + |@nStn + BufWu + yaJutn]l?
< (g, %n) + Bud (9, Wn) + Yn$(q, tn) |
< €s(q, %) + Bud(@: xn) + Bua¥ (0(9,%n)) + Butbn + Vn®(q, Un)
< @np(q) %n) + Bu® (G %n) + Vi iggvf(d’(q.xn)) + W + Yn®(qs Un)

= an¢(qrxn) + ﬂn¢(q:xn) + yn¢(q: uy) + K,

< an¢(q:xn) + ﬁn¢(q:xn) + Yn¢(q: Tr,.zn) + K,

< tn (g, %n) + Bu(q, Xn) + Vu (g, 20) + K,

=< an¢(q:xn) + ﬂn¢(q:xn) + Yn¢(q:xn) +K,

< ¢(q,%n) + Kn, (3.7)
where K;; = v, SUPger ‘/’('ﬁ(q: %a)) + Hn.

This shows that g € Cp,1, which implies that F C Cy,1. Hence F C C, for all n € N and

the sequence {x,} is well defined.

From the definition of C,,; with x, = Tlc,%; and x,.1 = ¢, %1 € Cpyy C Gy, it follows
that

&(%n%1) S P(Xnersm), Yn21, (3.8)
that is, {¢(xn,x1)} is nondecreasing. By Lemma 2.7, we get

¢ (xn%1) = ¢, x1,%1)
< ¢lg, %) - ¢(q,%x)
= ¢(q:xl)’ Vq €F. (3.9)
This implies that {¢(x,,x1)} is bounded and so limy.. o ¢(xs, %) exists. In particular, by
(1.4), the sequence {(||x, || - i |})?} is bounded. This implies {x,} is also bounded. So, we

have {u,}, {z,} and {y,} are also bounded.
Since x, = Mc,, %1 € Cpy C C, for all m,n > 1 with m > n, by Lemma 2.7, we have

& X 20) = Pl M, 1)
< ¢ x1) - @M, %1, 1)
= ¢Xms x1) ~ @ (xn,%1),
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taking m,n — 0o, we have ¢(x,,,x,) — 0. This implies that {x,} is a Cauchy sequence.
From Lemma 2.5, it follows that |{x, ~ x.x[| & 0 and {x,} is a Cauchy sequence. By the
completeness of E and the closedness of C, we can assume that there exists p € C such
that

lim x, =ps (3.10)
n—»00

we also get that

n->00

lim K, = nllvngo Vny sugw(db(q,x,,)) + =0, (3.11)
q€

Next, we show that p € F := F(S) NA™'0 N EP(f).
(a) We show that p € F(S). By the definition of IT¢,x, we have

S Xne1r%n) = S (Xne1s I-IC..’CI)
= ¢(xﬂ4'llxl) —¢(nc,,xllxl)

= ¢(xne1s31) = P (Xns31).
Since lim, -, o0 @ (%1, %) exists, we get
lim ¢(xns1,%n) = 0. | (3.12)
It follows from Lemma 2.5 that
Jim_ [[%n41 = %l = 0. (3.13)

From the definition of Cy,; and %441 = Mg, %1 € Cpat C Cp, we have @ (xp.1, ¥n) < ¢ (Xns1s
x,) + K;, & 0 as n — 00. By Lemma 2.5, it follows that

JHim {11 —ynll =0. : (3.14)
From lim,,_, oo X, = p, We also have

lim y, =p. (3.15)

n—»o0

By using the triangle inequality, we get [|xx = yull < % = %nsall + |%ne1 = yull = Oasn — oo.
Since J is uniformly norm-to-norm continuous, we obtain [|/x, - Jy.| = 0 as n — c0. On
the other hand, we note that

&, xn) — (g, ¥n) = 1xal® = Iyall? = 20q. J%n = Jn)
< 1% = yull (% + yull) + 20111120 = Jynl-

In view of |[x, — ¥ |l = 0 and [|fx, - Jyl| = 0 as n — 00, we obtain that

&(q.x,) — (g, ) >0 asn— oo (3.16)

Page 11 of 19
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From Lemma 2.17, we have

&(q¥n) = 8(a.7 " [@nftn + BuJWn + YuJtin])
< gl = 2(q, @nxn + BulWn + ViJin) + ll@tftn + BufWn + YuJutnll®
— 0 Bng(J2n = JWall)
= Un (g %n) + Bab(q, Wn) + VnB(q, ) — nBrg (1 = Jwal)
< ¢(g,%n) + K = @nBug (% = Jwall). (3.17)

It follows from liminf,_, 00 @18, >0, (3.16), (3.11) and the property of g that
lim ||Jx, — Jwall = 0.
n—o0
Since J~! is uniformly norm-to-norm continuous, we obtain
lim {lx, —wy| =0. (3.18)
n—»00
From (3.10) it follows that
lim {lw, - p|| =0. (3.19)
n=—oo
For w, € §"x,, generate a sequence {s,} by

s €Swy C Sle:
s3 € Swy C §3x,,

55 € Sws C S*as,

Sns1 € Swp C S™x,,.

On the other hand, we have |sys1 = pll < lsus1 — wall + lIw, = pll. Since S is uniformly
asymptotically regular, it follows that

lm [|spe1 = pll =0, (3.20)
n—>0o0

" we have
lim [ 5™ x, - rl =0, (3.21)

that is, S§"x, — p as n — 0o. From the closedness of S, we have p € F(S).

(b) We show that p € A710.

From the definition of Cy,; and x,41 = T¢,, ;%1 € Ci1 C Cyr, we have ¢(x,41,24) < d(xp41,
%n) + K,, = 0 as n — 00. By Lemma 2.5, it follows that lim,_ [[%s+1 = zall = 0. By the
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triangle inequality, we get [lx, — Zull < %0 = Znsall + [1Xne1 = Znll = O as n — oo. From
1imy—s o0 12s — Xxll = 0 and from (3.10), it follows that

lim z, = p. : (3.22)
n=>0o0
Since J is uniformly norm-to-norm continuous, we also have

lim ||z, = Jxall = 0. (3.23)
00

Hence, from the definition of the sequence {z,}, it follows that

Jzn — Jx,
Azl = "—’1A—l—" (3.24)
n
From (3.23) and the definition of the sequence {An}, we have
lim |Ax,|l = O, (3.25)
n—>oo
that is,
lim A%, = 0. ' (3.26)
n—>00
Since A is Lipschitz continuous, it follows from (3.10) that
Ap=0. (3.27)

Again, since A is Lipschitz continuous and monotone so it is maximal monotone. It follows
from Lemma 2.18 that p € A™'0.

(c) We show that p € EP(f). :

From %,,yn» — 0 and K, > 0 as n —> o0 and applying (3.7) for any q € F, we get
limy— 00 §(q, 4n) = ¢(q, p), it follows that

Sy Xn) = ¢(Tr,,rxn)
=< ¢(q:xn) - ¢(q: Tr,,xn)
= ¢(q,%n) = (g, un).

Taking limit as #n — 00 on the both sides of the inequality, we have lim,—.co ¢(tn,%4) = 0.
From Lemma 2.5, it follows that

lim- [luy, — x4l = 0 (3.28)
n—o00

and
lim u, =p. (3.29)
n—>oc

Since ] is uniformly norm-to-norm continuous on bounded subsets of E, we obtain

Jim un — Jzn t=0.
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— 0asn— ooand

Since r, > 0 for all n > 1, we have ‘——ulu",;,k"u

1
f(umy) + ;-(J’— Uy, Jun -Jz,) = 0, V}' eC.

From (A2), the fact that

n = Jén 1
ly = s qu——’Z—" > Lty = st St — )

n rll

> ~f(un,y)
?.f(yrun)- Vy € C,

taking the limit as n — oo in the above inequality and from the fact that u, — pas»n — oo,
it follows that f(y,p) <0 forally € C.Forany 0 < t < 1,definey, = ty + (1-t)p. Then y, € C,
which implies that f(y;, p) < 0. Thus it follows from (A1) that

0=f(yr,y:) <tf O y) + (1= )8y p) <ty

and 50 f(y:,) = 0. From (A3) we have f(p,y) > 0 for all y € C and so p € EP(f). Hence, by
(a), (b) and (c), that is, p € F(S)NA~10 N EP(f).

Finally, we show that p = [Irx;. From x,, = I1c,x1, we have {Jx - Jxn,x, - 2) = 0 for all
z € C,. Since F C C,,;, we also have

1 = Jxns %n =P} =0, VpEF.
Taking limit # —> 0o, we obtain
Uz ~Jp,p-P) 20, VpeF.

By Lemma 2.6, we can conclude that p = Igx; and x, — p as n — 00. The proof is com-
pleted. a

Next, we define z,, = [T/ (Jx, = AnAx,) and assume that [|Ay]| < [[Ay- Aul| forallye C
and u € VI(A, C) # 8. We can prove the strong convergence theorem for finding the set of
solutions of the variational inequality problem in a real uniformly smooth and 2-uniformly
convex Banach space.

Remark 3.2 (Qin et al. [7]) Let ¢ be the generalized projection from a smooth strictly
convex and reflexive Banach space E onto a nonempty closed convex subset C of E. Then
IM¢ is a closed quasi-¢-nonexpansive mapping from E onto C with F(I¢) = C.

Corollary 3.3 Let C be a nonempty closed and convex subset of a uniformly smooth and
2-uniformly convex Banach space E. Let f be a bifunction from C x C to R satisfying con-
ditions (A1)-(A4), and let A be an a-inverse-strongly monotone mapping of C into E* sat-
isfying || Ayll < | Ay — Aul| for allye Cand ue VI(A,C)#0. Let S: C— 2€ be a closed
and total quasi-p-asymptotically nonexpansive multi-valued mapping with nonnegative
real sequences Vu, bn With vy = 0, pt, — 0 as n — 00 and a strictly increasing continuous
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function y : R* — R* with /(0) = 0. Assume that S is uniformly asymptotically regular on
C with p, = 0 and F := F(S) NEP(f) N VI(A,C) # 9. For arbitrary x; € C, C, = C, generate
a sequence {x,} by

zZn = TcJ 7 (J2n = XnAxn),

Un = Ty, %0,

Y =T (@nJ%n + BuJWn + YaJtin),  Wn € S"%n, (3.30)
Cust = (VE Cp: 0(v,yn) < (. 24) < G, %) + Ka},

Zner = Mg, %, neN,

where Ky, = vy SUp e ¥ (99, %1)) + fhn. Assume that the control sequences {a,}, {Bn}s {¥vn}
{An} and {r,} satisfy the following conditions:
1. {ctn}, {Bn) and {ya} are sequences in (0,1) such that ay + Bn + ya = 1,
liminfy— oo @nBn > 0,
2. (A} C [a, b) for somea, bwithO<a<b< 5;‘1 and % is the 2-uniformly convex
constant of E,
3. {rn} C [d, o) for somed > 0,
then (x,) converges strongly to T1rx;.

Proof For q € F and Tl¢ is quasi-¢-nonexpansive mapping, we have
64, 24) = ¢ (4, TIc) ™ Un = AnA%n)) < 84 )7 Ut = AnAtn)).
So, we can show that p € VI(4, C).
Define B C E x E* by Theorem 2.14, B is maximal monotone and B0 = VI(4,C). Let
(z,w) € G(B). Since w € Bz = Az + Nc(z), we get w - Az € Nc(2).
From z, € C, we have
(z- 25, w—Az) 2 0. ' (3.31)
On the other hand, since z, = ¢/ ~'(Jx, — A,Ax,). Then, by Lemma 2.6, we have

(Z -2, J2n — Uxn - A'nA"xn)) >0,

and thus

( Jxn = Jzn
Z-2Zp

—Ax,,) < 0. _ (3.32)
It follows from (3.31) and (3.32) that

(z - 20, W) > (2~ 24, A2Z)

> (2 -2z, AZ) + (z -2y ]x,,l— Vo _ Ax,,)

n

= (2~-2z5,AZ-Axy) + <z - Zn,

Jxn = J2u >

n
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= (Z -Zn;Az "AZ,') + (Z - Zn;AZ" _Ax”) ¥ (Z— Zn, ]xn _]Zn)
> lz— 2y g Ve S
@ a
_M(tlz,. —%ll | Wotn -~ Jul )
o a

where M = sup,5, [I2 - z,|. From [|x, — 2, Il = 0 as n > oo and (3.23), taking lim,_, on
the both sides of the equality above, we have {(z—p,w) > 0. By the maximality of B, we have
y € B0, thatis, p € VI(A, C).From Theorem 3.1, we have p € F(S)NEP(f)NVI(A,C). The
proof is completed. 0

Let A be a strongly monotone mapping with constant k, Lipschitz with constant L > 0,
that is,

Az - Ayl <Lllx-yl. V¥x,y € D(A),
which implies that
1
1 flAx-Ayll < lx -yl Vxy € D(A).
It follows that
2k 2
(Ax - Ay, x-y) 2 kllx -yl = I |Ax ~ Ayl

hence A is a-inverse-strongly monotone with & = { Therefore, we have the following
corollaries.

Corollary 3.4 Let C be a nonempty closed and convex subset of a uniformly smooth
and 2-uniformly convex Banach space E. Let f be a bifunction from C x C to R sat-
isfying conditions (A1)-(A4), and let A : E — E* be a strongly monotone mapping with
constant k, Lipschitz with constant L > 0. Let §: C — 2€ be a closed and total quasi-
¢-asymptotically nonexpansive multi-valued mapping with nonnegative real sequences
Vns My With v, = 0, Ly = 0 as n — 00 and a strictly increasing continuous function
¥ :R* > R* with ¥(0) = 0. Assume that S is uniformly asymptotically regular on C with
1 = 0 and F := F(S) N EP(f) N A™*0 # @. For arbitrary x, € C, Cy = C, a sequence (x,} is
generated by

2y = ] xn = XnAn),

Un = Tp,Zus

Yn =J N (@nJxn + BuJWn + VoJtin),  Wn € S"%n, (3.33)
Cus1 = (V€ Cn: 00, yn) S 9V, 24) < GV, 24) + Kp},

Xnsl = nC,,,lxlv neN,

where Ky, = vy, SUpser ¥ ((g: xa)) + in. Assume that the control sequences (an}, {Bn}, {¥n}s
(A} and {r,} satisfy the following conditions:
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1. {a@n}, {Bn} and {yn} are sequences in (0,1) such that @y + B + Vu = 1,
liminf,— oo @nBr > 0,
2. (A, Cla, b} for somea,bwith 0 <a<b< % and % is the 2-uniformly convex
constant of E,
3. {ra} C [d, 00) for somed > 0,
then {x,} converges strongly to T1gx,.

Corollary 3.5 Let C be a nonempty closed and convex subset of a uniformly smooth and
2-uniformly convex Banach space E. Let f be a bifunction from C x C to R satisfying con-
ditions (A1)-(A4), and let A : C — E* be a strongly monotone mapping with constant k,
Lipschitz with constant L > 0 satisfying | Ayl < |Ay—Aull forally € Candu € VI(A,C) # 0.
Let S: C — 2€ be a closed and total quasi-¢-asymptotically nonexpansive multi-valued
mapping with nonnegative real sequences vy, jin With vy = 0, tty = 0 asn — 00 and a
strictly increasing continuous function y : R* — R* with ¥(0) = 0. Assume that S is uni-
formly asymptotically regular on C with py = 0 and F := F(§) N EP(f) N VI(A,C) # 0. For
arbitrary 2, € C, C, = C, generate a sequence {x,} by

2y = NS = AnAxy),

Uy = Tp%n,

Y = J N @nJ%n + BuJWn + VaJtin),  Wn € S"%n, (3.34)
Coe = (v € Cy: 0(v,n) < $(v,2) < $(V, %) + K,

| %ne1 = T, 21, €N,

where Ky = vn SUPer Y (9(q, %)) + tn. Assume that the control sequences {an}, {Bn}s (v},
{An) and {r,} satisfy the following conditions:
1. {a@n}, (Ba} and {yn} are sequences in (0,1) such that @y + Bn+ vn = 1,
liminf,— 0o @nfn > 0,
2. {As} C a,b] for somea,bwith0 <a<b< ‘22—,{‘ and % is the 2-uniformly convex
constant of E,
3. {rs} C [d, 00) for somed >0,
then {x,} converges strongly to T1gx,.

Let F be a Fréchet differentiable functional in a Banach space E and VF be the gradient
of F, denote (VF)~'0 = {x € E: F(x) = minyg F(y)}. Baillon and Haddad [34] proved the
following lemma.

Lemma 3.6 (Baillon and Haddad [34]) Let E be a Banach space. Let F be a continuously
Fréchet differentiable convex functional on E and VF be the gradient of F. If VF is 111-
Lipschitz continuous, then VF is an a-inverse strongly monotone mapping.

We replace A in Theorem 3.1 by VF, then we can obtain the following corollary.
Corollary 3.7 Let C be a nonempty closed and convex subset of a uniformly smooth

_and 2-uniformly convex Banach space E. Let f be a bifunction from C x C to R satisfy-
ing conditions (A1)-(A4). Let F be a continuously Fréchet differentiable convex functional
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on E and VF be L-Lipschitz continuous. Let S : C — 2€ be a closed and total quasi-
¢-asymptotically nonexpansive multi-valued mapping with nonnegative real sequences
Vs n With vg — 0, pp — 0 asn— 00 and a strictly increasing continuous function
¥ :R* — R* with ¥(0) = 0. Assume that S is uniformly asymptotically regular on C with

w1 =0 and F:= F(S)NF(T) NEP(f)N A0 # 8. For an initial point x € E, C, = C, define

th

where py = SUP{I»‘i: I»‘:}v Un = SUP{U,S,: ”:}v Y= SUPWIS: \l’T}: kn = vy supqe}"ll(¢(thn)) +HUn.
Assume that the control sequences {an}, {Bn}s (Vnls {20} and {r,} satisfy the following

e sequence {x,} by

2y = ]—lan - A'nVFxn):

Up = Tr,, X

Cpa={veC, :¢(V:yn) < ¢(Vrzn) < ¢(V:xn) + Ky},

{xnﬂ =g, %, HE N,

conditions:

1. {an), (Bn) and {yn) are sequences in (0, 1) such that @y + Bn 4+ yu = 1,
liminf,o oo @nBn > 0 and iminf, o0 nyn >0,

2. {An} C [a,b] for somea, bwithO<a<b< 522—"- and the 2-uniformly convex constant -i
of E,

3. {rs} C [d, 00) for somed >0,

then {x,} converges strongly to T1rx).
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We introduce a new hybrid projection method in mathematical programming for
finding a common element of the set of common fixed points of a countable family
of relatively quasi-nonexpansive mappings, the set of the variational inequality
for an a-inverse-strongly monotone operator, the set of solutions of the mixed
equilibrium problem and a zero of a maximal monotone operator in the framework
of a real Banach space. We obtain a strong convergence theorem for the sequences
generated by this process in a 2-uniformly convex and uniformly smooth Banach
space. Furthermore, we give some numerical examples which support our main
theorem in the last part.

Keywords: hybrid iterative scheme; inverse-strongly monotone operator; vari-
ational inequality; mixed equilibrium problem; relatively quasi-nonexpansive
mapping; maximal monotone operator

AMS Subject Classifications: 47H05; 47H09; 47TH10; 65115

1. Introduction and preliminaries

Let Ebe areal Banach space with | - || and E* the dual space of E. LetU ={x € E : [ix||=1}
be the unit sphere of E. A Banach space E is said to be strictly convex if |32 | <1 forall
x,y € U.ABanachspace Eissaidto be smoothif the limit lim, o “_‘ﬂM exists for each
x, y € U.Ttisalso said to be uniformly sioothif the limit is attained uniformly forx,y € U.
Let E be a Banach space. The modulus of convexity of E is the function & : 0,21 = [0, 1]
defined by 8(¢) = inf {1 = [552] :x.y € E, llxl = Iyl = 1, lx — vl > ¢} . A Banach
space E is uniformly convex if and only if 8(¢) >0 for all ¢ € (0, 2]. Let p be a fixed
real number with p > 2. A Banach space E is said to be p-uniformly convex if there
exists a constant ¢ >0 such that §(¢) > ceP for all ¢ € [0, 2]; see [1,2] for more details.
Observe that every p-uniform convex is uniformly convex. One should note that a Banach
space is p-uniform convex for I < p < 2. It'is well known that a Hilbert space is

2-uniformly convex, uniformly smooth. For each p > 1, the generalized duality mapping

* Corresponding author. Email: poom kum@kmutt.ac.th

© 2013 Taylor & Francis
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J,: E — 2E is defined by J,(x) = [x* € E*: (x,x*) = |x|I”, lx*]| = [ x]1P~!} for all
x € E.In particular, J = J, is called the normalized duality mapping. If E is'a Hilbert
space, then J = I, where [ is the identity mapping. It is also known that if E is uniformly
smooth, then J is uniformly norm-to-norm continuous on each bounded subset of E.

Let E be a real Banach space and let C be a nonempty closed convex subset of E and
A : C — E* be an operator. The classical variational inequality problem for an operator

Ais to find x* € C such that
(Ax*,y—x*) =0, VyeC. (1.1)

The set of solution of (1.1) is denoted by VI(A, C). Recall that let A : C — E* bea
mapping. Then, A is called

(i) monotone if
(Ax — Ay, x—y)=0. Vx.yeC,

(ii) a—inverse-strongly monotone if there exists a constant a > 0 such that

(Ax — Ay, x — y) > allAx — Ay|®, Vx,y€C.

The class of inverse-strongly monotone has been studied by many researchers to approxi-
mating a common fixed point; see [3-6] for more details. :
Consider the problem of finding:

v € E suchthat 0 € T (v), (1.2)

where T is an operator from E into E*. Such v € E is called a zero point of T. When T is
a maximal monotone operator, a well-know methods for solving (1.2) in a Hilbert space H
is the proximal point algorithm: x; = x € H and,

Xppl = I Xn, n=12,3,..., '(1.3)

where J,, = (I + roT)~' and {r,} C (0, 00), then Rockafellar [7] proved that the sequence

{x,} converges weakly to an element of T-10).
Let 6 be a bifunction of C x C into R and ¢ : C — R be a real-valued function. The

mixed equilibrium problem, denoted by ME P (8, ¢) is to find x € C such that
0(x, )+ 0() —¢(x) =0, V¥yeC. ()

If ¢ = 0, the problem (1.4) reduce into the equilibrium problem for 8, denoted by E P (),

is to find x € C such that ‘
0(x,y) >0, VyeC. (1.5)

If 6 = 0, the problem (1.4) reduce into the minimize problem, denoted by Argmin(gp) is to

find x € C such that
p(y) —ex) =20, VyeC. (1.6)

The above formulation (1.5) was shown in [8] to cover monotone inclusion problems,
saddle point problems, variational inequality problems, minimization problems, optimiza-
tion problems, variational inequality problems, vector equilibrium problems and Nash
equilibria in noncooperative games. In addition, there are several other problems, for
example, the complementarity problem, fixed point problem and optimization problem,
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which can also be written in the form of an EP(6). In other words, the EP(6) is an
unifying model for several problems arising in physics, engineering, science, optimization,
economics, etc. In the last two decades, many papers have appeared in the literature on
the existence of solutions of EP(9); see, for example,[8,9] and references therein. Some
solution methods have been proposed to solve the E P(6); see, for example,[3,4,8,10-14]
and references therein.

Consider the functional defined by

6(x, y) = IxI = 20x, Jy) + Iyl?, forx,y € E. (L7
1t is obvious from the definition of function ¢ that

Uyl = IxD? < 60y, ) < iyl + IxID*. Vx,y € E. (1.8)

Remark 1.1 If Eisareflexive, strictly convex and smooth Banach space, thenforx, y € E,
¢ (x,y) = Oif and only if x =y. It is sufficient to show that if ¢ (x,y) = O thenx = y.
From (1.7), we have |lx|| = ly}l- This implies that (x, Jy) = )2 = | Jy||2. From the
definition of J, one has Jx = Jy. Therefore, we have x = y; see [15,16] for more details.

As well know that if C is a nonempty closed convex subset of a Hilbert space H and
Pc : H — C is the metric projection of H onto C, then Pc is nonexpansive. This fact
actually characterizes Hilbert spaces and consequently, it is not available in more general
Banach spaces. In this connection, Alber [17] recently introduced the generalized projection
¢ : E = C is a map that assigns to an arbitrary point x € E the minimum point of the
functional ¢ (x, y), thatis, TTcx = X, where ¥ is the solution to the minimization problem

Px,x) = ;glzrb(y.x), (1.9)

existence and uniqueness of the operator Ti¢c follows from the properties of the functional
¢ (x, y) and strict monotonicity of the mapping J (see, for example, [15-19]).

If E is a Hilbert space, then ¢(y,x) = Hly — J:II2 and TI¢c becomes the metric
projection of E onto C. Let TIc be the generalized projection from a smooth, strictly
convex and reflexive Banach space E onto a nonempty closed convex subset C of E. Then,
Tc is a closed relatively quasi-nonexpansive mapping from E onto C with F(TIl¢) = C
(see also [13]). .

Let C be a closed convex subset of E, a mapping S : C — C is said to be nonexpansive
if |Sx — Syl < llx — yll, ¥x, yeC.Apoint x € C is a fixed point of § provided Sx = x.
Denote by F(S) the set of fixed points of S that is, F(S) ={x € C: Sx =x}. Recall that
a point p in C is said to be an asymptotic fixed point of S [20]if C contains a sequence {x,}
which converges weakly to p such thgt_lil/n,,_*oo lxn — Sxnll = 0. The set of asymptotic
fixed points of § will be denoted by F(S). A mapping S from C into itself is said to be
relatively nonexpansive [21-23}if F(S) = F(S) and ¢(p, Sx) < ¢(p.x) for allx e C
and p € F(S). The asymptotic behaviour of a relatively nonexpansive mapping was studied
in [24-26]. S is said to be ¢-nonexpansive, if ¢ (Sx, Sy) < ¢(x,y) forx,y € C. S is said
to be relatively quasi-nonexpansive if F(S) # @ and ¢(p, Sx) < ¢(p,x) forx € C
and p € F(S). We note that the class of relatively quasi-nonexpansive mappings is more
general than the class of rglggvely nonexpansive mappings [24-28] which requires the

strong restriction: F(S) = F(S).
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Definition 1.2 Let C be a nonempty subset of E and let {T;,}2 | be a countable family of
mappings from Cinto E. A pointp in Cis called an asymptotic fixed point of {T,,}22 | [20]if C
contains a sequence {x };o.; which converges weakly to p such that im0 1Xn—Taxnll =
0. The asymptotic fixed point set of {7 }o° , will be denoted by F ({T,, ;‘f_’__l) A mapping T,
from C into itself is called countable family of relatively nonexpansive mappings if

(R1) F ({T,}2,) is nonempty;
(R2) ¢ (p,Tax) < ¢(p,x)forallx e Candp € F ({Ta¥2,)s
®3) F((Tak2) = F (T2
A sequence {T,,}°2, is called countable family of relatively quasi-nonexpansive mappings
(or countable family of quasi-¢-nonexpansive mappings) if conditions (R1) and (R2) hold.
It is obvious that a countable family of relatively nonexpansive mappings is a countable
family of relatively quasi-nonexpansive mappings but the converse is not true. In order to

_explain this better, we give the following example.

Example 1.3 Let E = R with the usual norm and define a mapping T, : E —> E by

0, if x <

’

Ta(x) =

O [ [

%, if x >

y

for all n > 0 and for each x € R.
It is easy to see that (Yoo, F(Ty,) = F(T,) = {0} and

¢ (0, Tyx) = 10— Toxll < 10— x[l = ¢(0,x), VxeR.

Therefore, T is a relatively quasi-nonexpansive mapping but not a relatively nonexpansive
mapping.

In 2004, Matsushita and Takahashi [29] introduced the following iteration: a sequence
{xn} defined by

xni1 = Med "N andxn + (1 — an) I Sxn), (1.10)

where the initial guess element xo € C is arbitrary, {ay} is a real sequencein [0, 1], Sis a
relatively nonexpansive mapping and Ilc denotes the generalized projection from E onto
a closed convex subset C of E. They proved that the sequence {x,} converges weakly to a
fixed point of S. In the sane year, Kamimura et al. [30] considered the algorithm (1.11) ina
uniformly smooth and uniformly convex Banach space E, namely

Ympt = I Mo d 2y + (1 = ) (I, x)), n=1,2,3,.... (1.11)

They proved that the algorithm (1.11) converges weakly to some element of T-10.

In 2005, Matsushita and Takahashi [27] proposed the following hybrid iteration method
(it is also called the CQ method) with generalized projection for relatively nonexpansive
mapping S in a Banach space E:
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xo € C chosen arbitrarily,

yn = J N andxn + (1 = an)J Sxn),

Cpn=1{z€C:¢(z,yn) <z xn)l, (1.12)
On = {zeC: {xp —z.Jx0 — Jxp) = 0},

xp+1 = lc¢,ng,Xo.

They proved that {x,} converges strongly to T g (s)xo, Where TTps) is the generalized
projection from C onto F(S).In 2008, liduka and Takahashi [31] introduced the following
iterative scheme for finding a solution of the variational inequality problem for an inverse-
strongly monotone operator Aina 2-uniformly convex and uniformly smooth Banach space

E:x; =x € Cand
Xn41 = nC-]—l(an — ApAxy), : (1.13)

foreveryn = 1,2,3,..., where Tlc is the generalized metric projection from E onto C,
J is the duality mapping from E into E* and {A} is a sequence of positive real numbers.
They proved that the sequence {x, } generated by (1.13) converges weakly to some element
of VI(A, C).

Let {S,} be a sequence of nonexpansive mappings from C into itself such that Mt
F(S,) # 9 satisfy the following condition (the AKTT-condition): if for each bounded subset

Bof C /)
S sup(liSu+1z — Spzll : 2 € B} < 0. (1.14)

n=1 !
Assume that if the mapping § : C — C defined by Sx = limy— 00 Spx for all x € C,
then lim,,— oo SUp{liSz — Spzl : 2 € C} = 0. Aoyama et al. [32, Lemma 3.1] proved that
the sequence {S,} converges strongly to a point in C for all x € C. Takahashi et al. [33]
studied the strong convergence theorem by the new hybrid method for a countable family
of nonexpansive mappings in Hilbert spaces: xo € H.C; = C and x; = P¢,xp and let

Yn = OpXy + (1 — an)Snxn,
Cpt1 =12 € C: llyn —zll < llxu —2li}, (1.15)
Xn4+1 = Pc, . X0, 1€ N,

where 0 < @, < a < 1 foralln € Nand {S,} is a sequence of nonexpansive mappings of
C into itself such that ﬂs":, F(S,) # @. They prove that if {S,} satisfies some appropriate
conditions, then {x,} converge strongly to Py f(s,) X0 _

In 2009, Takahashi and Zembayashi [34] studied the problem of finding a common
element of the set of fixed points of a nonexpansive mapping and the set of solutions of an
equilibrium problem in the framework of Banach spaces. Also, Takahashi and Zembayashi
[35] proved the following iteration for a relatively nonexpansive mapping:

Yn = -,_l(an-,xn + (1 —an)J Sxn),

U € C such that 0(un, y) + = (y — wn. Jun — Jyn) 20, Vy €C, (L16)
Chy1 ={z€Cp: d(z, 1) < @ (2, xn)}, '
Xn+l1 = nC,,_HX,

where J is the duality mapping on E. Then, {x,} converges strongly to ITgs)neP@IX>
where TIF(s)nEP(9) 1S the generalized projection of E onto F(S)NEP@H).

In 2009, Inoue et al. [36] proved strong convergence theorem for finding a common
element of the zero point set of a maximal monotone operator and the fixed point set of a
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relatively nonexpansive mapping by using the hybrid method for defined a sequence {x,}

as follows:
g = J (@n I xn + (1 = @n) IS Jr, Xn),

Chn=1{2€Cp: (. tn) <P Xa).
On=1{2€Cp:{xn—2 Jxg— Jxu) =0},

(1.17)

xn+1 = c,n@, X0, Vn > 1,

and, under some control conditions, they proved that the sequence {x,} converge strongly
to a point Mg gnr-10- After that, Klin-eam et al. [9], extended Inoue et al. [36] to obtain
the strong convergence theorem for finding a common element of the zero point set of
a maximal monotone operator and the set fixed point set of two relatively nonexpansive
mappings in a Banach space.

On the other hand, we also consider the following condition for the countable family
mapping was introduced by Nakajo et al. [37]. Let C beanonempty closed convex subset of a
Hilbert space H,let {S;}bea family of mappings of C into itself with F := N2 F(S,) # 9
and wy, (z4) denotes the set of all weak subsequential limits of a bounded sequence {zn}in
C. {S.} is said to satisfy the NST-condition if for every bounded sequence {z,} in C,

1—>

In 2010, Boonchari and Sacjung [38] used the more general condition so-called the
(*)-condition (see (3.1) and more also example see [39]) for a countable family of relatively
quasi-nonexpansive mappings to obtained the strong convergence theorems in a real Banach

space.

Remark 1.4 The following questions naturally arise in connection with the above results.

e Isit possible to construct an approximate fixed point sequence for finding common
fixed points of a countable family of more general relatively quasi nonexpansive
mappings the set of the variational inequality for an e-inverse-strongly monotone
operator, the set of solutions of the mixed equilibrium problem and a zero of a
maximal monotone operator in more general Banach spaces?

e Can the algorithms (1.15), (1.16) and (1.17) still be valid for relatively
quasi-nonexpansive mappings which more general than relatively nonexpansive
mappings?

e Can the algorithms (1.16) and (1.17) still valid for a countable family of relatively
quasi-nonexpansive mappings under some weaker conditions?

Employing the ideas of liduka and Takahashi [31], Takahashi and Zembayashi [34,
35], Cholamjiak [40], Inoue et al. [36], Klin-eam et al. [9] and Plubtieng and Sriprad
[41], we introduce a new hybrid projection method in mathematical programming which
modifying and combining the algorithms (1.11), (1 .13), (1.15), (1.16) and (1.17) by using
the new condition. Consequently, we obtain strong convergence theorems for finding a
common element of the set of fixed points of a countable family of more general relatively
quasi nonexpansive mappings the set of the variational inequality for an a-inverse-strongly
monotone operator, the set of solutions of the mixed equilibrium problem and a zero of
a maximal monotone operator in a real uniformly smooth and uniformly convex Banach
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space. Our main theorems in this paper improve and unify most of the results that have been
proved for this important class of non-linear operators.

2. Basic results
We also need the following lemmas for the proof of our main results.

LemMma 2.1 (Beauzamy [42] and Xu [43]) IfE be a 2-uniformly convex Banach space.
Then for all x,y € E we have ‘

2
I =yl < S 1Jx = Iy,
where J is the normalized duality mapping of E and 0 <c < 1.
The best constant ]E in Lemma is called the p-uniformly convex constant of E.

Lemma 2.2 (Beauzamy [42] and Zalinescu [44)) If E be a p-uniformly convex Banach
space and let p be a given real number with p > 2. Then forall x,y € E, jx € Jpx and

Jy € Jpy
llx = yli”,

. . c?
(x - )’, J.\‘ - J)‘) Z 2,’—2])

where Jp is the generalized duality mapping of Eand 21’ is the p-uniformnly convexity constant

of E.

Lemma 2.3 (Kamimura and Takahashi [19]) Let E be a uniformly convex and smooth
Banach space and let {xn)} and {yn} be two sequences of E. If ¢ (X1, yn) —> 0 and either
(xn} or {yn} is bounded, then | xy — ynll = 0.

LemMAa 2.4 (Alber[17]) Let C be a nonempty closed convex subset of a smooth Banach
space E and x € E. Then xo = Mcx if and only if

(xo—7y,Jx —Jxq) 2 0, vy eC.

LemMa 2.5 (Alber[17]) LetEbea reflexive, strictly convex and smooth Banach space,
let C be a nonempty closed convex subset of Eandlet x € E. Then

o (y, Mex) + ¢ (Mex, x) < p(y,x), VyeC.

LemMMa 2.6 (Qin et al. [13]) Let Ebea uniformly convex and smooth Banach space,
let C be a closed convex subset of E, and let T be a closed relatively quasi-nonexpansive
mapping from C into itself. Then F(T) is a closed convex subset of C.

For solving the equilibrium problem for a bifunction 8 : C x C — R, let us assume that 6
satisfies the following conditions: '

(A1) O(x,x) =0forallx e C;
(A2) 6 is monotone, i.e., 8(x,y) + 9(y.x) <0forallx.y € C;
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(A3) foreachx,y,z € C,
liig gtz + (1 —0x,y) <0,y
4

(A4) foreachx € C,y > 6(x,Y) is convex and lower semi-continuous.

LemMma 2.7 (Blum and Oettli [8]) Let C be u closed convex subset of a smooth, strictly
convex and reflexive Banach space E, let 8 be a bifunction from C x C to R satisfying
(A1)—(A4), and letr > 0 and x € E. Then there exists z € C such that

1
0z, y)+-(y—zJz— Jx) >0, VYyeC.
: r

The following lemma is a spacial case of Zhang [45].

LeMMA 2.8 (Zhang [45]) LetCbea closed convex subset of a smooth, strictly convex
and reflexive Banach space E. Let ¢ : C — R is convex and lower semi-continuous and 6
be a bifunction from C x C to R satisfying (A1)~(A4). Forr > Oand x € E, then there
exists u € C such that

1
6, y)+ @(y) — olu) + -r—(y —u,Ju—=Jx)>0, VyeC.
Define a mapping K, : C —> C as follows:

1
K,(x) = [u eC:0u,y)+e(y) —9l)+ ;(y —u,Ju—Jx)=>0, Vye C}
2.1
forall x € C. Then the followings hold:

(1) K, is single-valued;

(2) K, is firmly nonexpansive, ie., forallx,y € E, (K;x — Kry, JKrx — JK,y) <
(K,x — Kyy. Jx = Jy);

3) F(K,)=MEP(,9);

(4) MEP(6, ¢) is closed and convex;

(5) ¢(l71 K:z) + ¢(Krz, 2) < ¢(17, 2), Vp € F(K,-) andz € E.

Let E be a reflexive, strictly convex, smooth Banach space and J be the duality mapping
from E into E*. Then, J~! is also single value, one-to-one and surjective, and it is the
duality mapping from E* into E. We make use of the following mapping V studied in

Alber [17]
v (x.x%) = lxl? = 206, %) + 112, 2.2)

for all x € E and x* € E*, thatis, V (x,x*) = ¢ (x, 77" (x")).

Lemma 2.9 (Alber [17]) Let E be a reflexive, strictly convex smooth Banach space and
let V be as in (2.2). Then

V(x,x*) + 207 (1) =2y SV (6 x" +57).

forallx € E andx*, y* € E*.
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An operator T C E x E* is said to be monotone if (x — y,x* — y*) > 0 whenever
(x,x*), (y, ¥*) € T. We denote theset {x € E : 0 € Tx} by T-10. A monotone T is said
to be maximal if its graph G(T) = {(x, y) : y € T x} is not properly contained in the graph
of any other monotone operator. If T is maximal monotone, then the solution set 770 is
closed and convex. Let E be a reflexive, strictly convex and smooth Banach space, it is
known that T is a maximal monotone if and only if R(J 4+ rT) = E* forall r > 0. Define
the resobvent of Tby J, = (J +rT)~'J forall r > 0. J, is a single-valued mapping from
E to D(T). Also, T-10) = F(J,) forall r > 0, where F(J;) is the set of all fixed points
of J,. Define, for r > 0, the Yosida approximation of Tby T, = (J — JJ,)/r. We know
that 7, x € T(J,x) forallr > 0andx € E.

LEMMA 2.10 (Kohsaka and Takahashi [46)) Let E be a smooth, strictly convex and
reflexive Banach space, let C be a nonempty closed convex subset of E and let T Cc ExE*
be a monotone operator satisfying D(T) C C C J~ YN soRWJ +rT)). Letr > 0, let J,
and T, be the resolvent and the Yosida approximation of T, respectively. Then the following

hold:

Q) oG, Jrx) +¢(Jx,x) <, x), VxeCue T-10;
(i) (Jyx,T,x) €T, VxeC;
(i) F(J,) =T"'0.

Let A be an inverse-strongly monotone mapping of C into E* which is said to be
hemicontinuous if for all x,y € C, the mapping F of [0, 1] into E*, defined by F(1) =
Aitx + (1 —t)y), is continuous with respect to the weak* topology of E*. We define by
Nc (v) the normal cone for Cata point v € C, that is,

Nc() = {x* € E* : (v — y.x*) =0, VyecC}. (2.3)

LemMa 2.11 (Rockafellar [47]) Let C be a nonempty, closed convex subset of a Banach
space E and A a monotone, hemicontinuous operator of C into E*. Let U C E X E* bean

operator defined as follows:

_ | Av+ Nc(v), veEeC;
Uv = [ @, otherwise. (24)

Then U is maximal monotone and U -0 =VI(A. ).

3. Main results

Let C be a closed subset of a Banach space E. Recall that a mapping § : € — C is closed
if for each {x,} in C, if x, — x and Sx, —> y, then Sx = y. Let {S,} be a family
of mappings of C into itself with F = ﬂfl‘; 1 F(Sn) # @, and {S,} is said to satisfy the
(x)-condition if for each bounded sequence {zn} in C,

u]i—lzloo lzn — Suzall = 0, z, —> zimplyz € F. 3.1)
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Remark 3.1 It follows directly from the definitions above that if (S,} satisfies
NST-condition, then {S, } satisfies (x)-condition (see example [39, Example 1.6]).If S, = S
and S is closed, then {S, } satisfies (x)-condition.

In this section, by using the (¥)-condition, we prove the new convergence theorem for
finding a common element of the set of solutions of the mixed equilibrium problem, the
common fixed point set of a countable family of relatively quasi-nonexpansive mappings,
a zero of maximal monotone operators and the solution set of variational inequalities for
an a-inverse strongly monotone mapping in a 2-uniformly convex and uniformly smooth

Banach space.

TueoreM 3.2 Let C be a nonempty closed and convex subset of a 2-uniformly convex
and uniformly smooth Banach space E. Let T C E X E* be a maximmal monotone operator
satisfying D(T) C C and let J,, = (J + ra 7)Y for all ry > 0. Let 8 be a bifunction
from C x C to R satisfying (A1)~(A4), and let ¢ : C —> R U {400} be a proper lower -
semicontinuous and convex function. Let A be an a-inverse-strongly monotone mapping
of C into E* satisfying |Ay|l =< |Ay — Aull, Vy € Candu € VI(A,C) # @. Let
S, : C — C be a countable family of relatively quasi-nonexpansive mappings such that
satisfies the (x)-condition and © := (ﬂ:":] F(Sn)) NT-'ONMEP (8,9)NVI(A,C) # 0.
For an initial point xo € E with x; = Tl¢ xq and Cy; = C, define the sequence {x,} as
Jollows:

in = 1-ICJ—I(-’xn — AnAxn),

Yo = I @nxn + (1 = @n) I SpJy,2n),

u, € C such that 6 (up, y) + @(y) — o) + ;l;(y —up, Ju, —Jyn) >0, VyecC,

Cot1 =1{2€Cy: (2, Uy) < 0pd (2, %0) + (1 —an)@(z,24) < @(2, xn)}s

xn+1 = Mg, X0, Yn = 1,
(3.2)

where J is the duality mapping on E, {a,} is sequence in [0, 1} and {r,} C [d, 00) for some
d > 0and {7} C [a, bl for somea,bwithO <a <b < c2a/2, where % is the 2-uniformly
convexity constant of E. Iftiminf,—, 0o (1 —ay) > 0, then {xn} converges stronglyto p € ©,
where p = Ilexo.

Proof We first show that Cpy1 is closed and convex for each n > 1. Clearly, C; = C is
closed and convex. Suppose that C,, is closed and convex for each n € N. Since for any
z € Cp, we known ¢ (z, un) < ¢(z, x») is equivalent to 2(z, Jxp — Juy) < a2 = lun |2
S0, Cy41 is closed and convex. Next, we show that © C Cy, forall n > 1. Itis obvious that
® C C; = C, suppose that ® C C, forn € N. Indeed, putu, = K,,y, and v, = Jr, zn for
all n > 1. On the other hand, from Lemma 2.8, Lemma 2.10, by the convexity of || - |2, and
S, is a family of relatively quasi-nonexpansive mappings, foreach g € ® C C,, we have
¢(q.un) =o(q. Ky, yn)

< ¢(q, yn)

= ¢(q. J (T xn + (1 = @n)J Syvn)

= “qnz - 2(q: onJx, + (1 — an)J Spun) + "anjxn + (1 - a,)J Sy Un“2

= ||qu2 - 20, (q7 Jxp) — 2(1 - an)(qa ]Snv) + ayllxn ”2 + 1 - an)"SnUn "2

=an¢(qg, xp) + (1 —ay)o(g. Sntn)

< anp(g.xn) + (1 — )P (g, vn)
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=a,9(q, xp) +(1— an)9(q. Jr,2n)
< and(q, xn) + (1 —an)p (g, 2n)- 3.3)

It follows from Lemma 2.9, that

¢, zn) ¢4, HC]—I(J-’CN — A Axp))

$(q, I (I xn = AnAxn))

Vig, Jxp — AnAxy)

Vg, Ux, — A Axy) + AyAxp) — 2<J—l (Jxn — XyAxp) — g, AnAxy)

Vg, Jxn) — 2)¥n(-]—l(-]xn — A Axy) — 4. Axp)

d(g, xn) — 2y (xn — g, Axp) + Z(J_l (Jxn — AnAxn) — Xn, —AqAxy).
' 3.4

Since g € VI(A, C) and from A be an a-inverse-strongly monotone mapping, we have

A THIA

= — 2% {xn — ¢+ Axn — Aq) — 2xn{xn — ¢, Aq)
< —2Au{xp — 4, Axp — A‘I) (3.5)
— —2ak,|lAx, — Aqll.

—2An{xp — 4, Axp)

From Lemma 2.1 and A be an a-inverse-strongly monotone mapping, we also have

2(-,—] (Jxy — )\nAxn) — Xpny, —An A-xn)
= 2(J " (Txy = AnAxy) = T (Txn), =An Axn)
< 2" (xn = AnAxy) = T I x) 120 Axal

4

< zinu“u.v,. — AnAxn) — JI T () | An Axyl

4
= ___"an — AAxg — Jxp { "}\nAxn"
62
4
= lIAnAxy I1?
4
= ;A,%qun I
4 , 2
=< ?A; lAx, — Aqil”. (3.6)

- Substituting (3.5) and (3.6) into (3.4), we obtain
(@ 20) < 0@ xn) = 202l Axn — AqIl® + Z00 1 Axa — Agl®

—6@. 1) + 24 (3 = @) 1A%, = Aql 3.7
5 ¢(q’ xn)'
Substituting (3.7) into (3.3), we also have
. ¢(q: uy) < 01n¢(q, x) + a- an)qb(q, Xn),
= ¢, Xpn)- 3.8)

This show that g € Cp41 implies that ® C Cra1 and hence, ® C Gy, foralln > 1. This
implies that the sequence (x,} is well defined. .
From definition of Cp41 thatx, = Ilc,xo and x,4+1 = Ic,,, X0. we have

¢ (xn.x0) < $(xusi.x0), Vo=l (3.9)
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By Lemma 2.5, we get

@ (xp, x0) = ¢I1¢, (x0), x0)
< ¢(p,x0) — d(p.xpn) (3.10)
=

¢(p,x0), VpeO.

From (3.9) and (3.10), then {¢ (x,, x¢)} are nondecreasing and bounded. So, we obtain that
limy s 0o ¢ (Xn, Xo) exists. In particular, by (1.8), the sequence { (l|xa || — I|xoll)?} is bounded.
This implies {x,} is also bounded. So, we have {u,} and {z,} are bounded.

Next, we show that {x,} is a Cauchy sequence in C. Since x,, = ¢, x9 € C,, C Cp,
form > n,by Lemma 2.5, we have

@ Xy X)) = ¢ (xp, T, x0)
< ¢ (xm, x0) — ¢(Ilc,x0, x0)
= ¢(xm, x0) — ¢ (xn, X0).

Takingm, n — oo, wehaved (xp, x,) — 0.FromLemma2.3, we get ||x, —x, || —> O.
Thus {x,} is a Cauchy sequence and by the completeness of E and the closedness of C, we
can assume that there exist p € C such that x,, — p € C asn — o0o. Now, we claim that
| Ju, — Jxp|| = O, as n = oo. By definition of I1¢,xo, we have

= ¢(xy+1, l-.[C,,JCO)
< ¢ (xy41, x0) — ¢TI, x0, x0)
= ¢ (Xnt1,x0) — $(xy, X0).

¢ (xn+l ’ xn)

Since limy— 00 ¢ (x5, Xg) €Xists, we also have

lim ¢ (xp+1, x,) = 0. (3.11)
n—>000
Form Lemma 2.3, that
nli»ngo lxpt1 — xull = 0. (3.12)

Since J is uniformly norm-to-norm continuous on bounded subsets of E, we have
lim ||Jx,41 — Jxu|| = 0. (3.13)
n—»oo

Since x,,+1 = ¢, ,x0 € Cu41 C Cy, and the definition of C, 1, we have

é(xXn+1,up) O Xpt1,Xn), N —> 00:

Again applying Lemma 2.3, we get

lim ¢ (xpy1,un) =0. (3.14)
H=—=>OO
Hence
lim ||xp4y — unj =0. (3.15)
n—oo
From
lin — xall = litn — Xut1 + Xut1 — Xnll
< up — xn41 I + ”xn+l — Xl
It follows that

lim |lu,, — x,{| = 0. (3.16)
n—00
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Since J is uniformly norm-to-norm continuous on bounded subsets of E, we also have

lim ||Ju, — Jxp|l = 0. (3.17
n—oQ

Next, we will show that x, > p € @ := MEP(#,9) N (N2
T-'0

(a) First, we show thatx, — p € MEP@, ¢). From (3.3)and (3.7), we get ¢ (p. yn) <
¢ (p.xn). By Lemma 2.8 (5) and u, = K, yn, we observe that

O (Un, yn) = ¢(Kr,,)’na Yn)
< ¢(p,yn) — o(p. Kr,,}’n)
< ¢(p, xn) — ¢ (p, Kr,,)’h) :
= ¢(p, xn) — ¢(P, un) (3.18)
= IplI2 = 2(p, Jxa) + Iixall® = (U217 = 2(p, Jun) + lunll?)
= ||xy “2 — Hun "2 —2(p, Jxn — Jun)
< llxn — unllUixn + ual) + 2lpliJxn — Junll.

From (3.16), (3.17) and Lemma 2.3, we also have

FS) NVIA,C)N

Since J is uniformly norm-to-norm continuous, we have
nIme Juy — Jynll =0. (3.20)
By using the triangle inequality, we obtain

"xn-H — Yn | = "xn+l — Uy + Un — Yn I
3.21
< Nenst — ttnll + litn — il (3-2D)

By (3.15) and (3.19), we get
nlingo lxpt1 — yull = 0. (3.22)
Since J is uniformly norm-to-norm continuous, we obtain
Jim {41 = Jyall-= 0. (3.23)
From (A2), that

1
0(y) — oun) + —(y — tn, Jun — Jys) = 0(y,uz), VyeC,

n

'n

e(y) —pun) + (y — Uy, (—Ji—i“—)) >0(y,u,), VyeC.

11y —J ¥ ll

n

From »,, > 0 then — 0 asn — oo, we have

(P()’) - Qo(un) = 9(}’» un)v
since i, — p asn — o, we obtain

0(y, p) +o(p) —o(») <0.
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Fort withO<r<1land yeC,lety, =ty + (1 —t)p. Then, y, € C and hence 6(y;, p) +
@(p) — ¢(y) < 0. By the conditions (A1), (A4) and convexity of ¢, we have

0 = 0 y) +o) —eln)
< 10(y, ) + (A =0800n p) +1te(y) + (1 —e(p) — ()
< 1@ Y) + o) — o)) + (1 =@ p) +o(p) — ()
< 00, y) + o) — o).

From (A3) and the weakly lower semicontinuity of ¢, we also have 6(p, y) + ¢(y) —
¢(p) = 0. Vy e C.Thisimpliesp € MEP (0, ¢).

(b) We show that x, — p € N2 F(Sy). From definition of C, 11, we have
and(z, xp) + (1 — 0n)$ (2, Zn) < G (2, Xn) & (2, 20) < (2, Xn).

Since xp4+1 = M, X0 € Cpy1, We get & (Xnttr2n) < O (Xu+1, xn). It follows from (3.11),
that

lim ¢ (xp+1,2n) =0 . (3.24)
n—>o0
again form Lemma 2.3, that
M fxasr = znfl = 0. (3.25)

Since
Nz, — xall < llzn — Xptll + X1 — xu I

from (3.12) and (3.25), we also have
lim ||z, — xa]l = 0. ‘ (3.26)
n—>00

Since J is uniformly norm-to-norm continuous, we obtain

]ilTl HJZI[ - jx" " = 0. (3.27)
n—=>00

Since v, = J;, zn, We cOmpute

NJxn1 — Jynll = 1T xp41 — (@ xn + (1 — an) I Spunll
= llap S Xp41 — @nJxn + (1 = ap)Jxps1 — (1 = @) I Spupll
= [lan(xnt1 — Jxp) + (1 — @) (I Xpr41 — JSpv)ll
= |(1 —an) (I Xp41 — I Spun) — oy (Jxn — Ixp 1)l
> (I —a)) |l Jxn1 — ISuvnll — anll/xn — Jxn+1ll,

and hence

| Jxp41 — J Snvn | < I U xn41 — Iyall +anllJx; — Jxnt1l)- (3.28)

ay

From (3.23), (3.13) and lim io%f(l — a;,) > 0, we obtain that
i d
lim [[Jxp41 — JSuunll =0. 3.29
n—>oo

Since J~! is uniformly norm-to-norm continuous on bounded sets, we have

im |lxp41 — Swvnll = 0. (3.30)
n—o0
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Using the triangle inequality, we get

lzn — Snunll = llzn — Xn+1 + Xn41 — Snunll
<lzn — Xu41ll + lIxp+1 = Snvnll.

From (3.25) and (3.30), we have

lim Jlz, — Spuull = 0. (3.31)
n-»o00

Since ¢ (g.vn) = l—_‘—&;(¢ (g, un) — an9(q, x,)) and Lemma 2.10, we observe that

O vy, zZn) = ¢(Jr,,zn’ Zn)
< ¢(q,zn) —9(q, Jr,,Zn) :
= ¢(q,2n) — $(q, Vn)
< ¢(q>2n) — Tog @ (g, Un) — (g, Xn)
$(q>%n) = 7og (0 (g, ttn) — and (g, Xn)
o (g, Xn) — $(g: un)) :
= (1%l = Nunl® = 2(q. Jotn = Jun))
e (xall? = llen)®) +21(g. Jan — Juy))
= (all = e ) e ll + Heeall) + 2lig 1 0 — T )
= (Ul = Nl Uleall + lenll) + 21l g N1 %0 = Jun ).

It follows from (3.16) and (3.17), we get

NIA

IAIA TA

lim ¢ (va, z:) = 0.
n—»oo
From Lemma 2.3, that
lim |lv, —znll = 0. (3.32)
n—»>oo
By using the triangle inequality, we get

lvp = Savnll = lfvn — 20 + 20 — Suvn i
< ffvn = zall + llzn — Snvall.

From (3.31) and (3.32), we have
nl—i)ngo "vn -] Snvn " = O. (3.33)
Since [|Ixp — vall < llxn = Zall + lzn — vall, (3.26) and (3.32), then
lim "x" - U" " = 0. (3.34)
n=—>o0
Since x, —> p asn — 00, we have v, —> p asn — 20. It follows from (*)-condition,
that p € N2 F(S,)-

(c) We show that x, — p € VI(A, C). Indeed, define U C E x E* by Theorem 2.11,
U is maximal monotone and U~'0 = VI(A, C). Let (v, w) € G(U). Since w € Uv =
Av + Nc(v), we get w — Av € Nc(v).
From z, € C, we have
(v—2zp,w— Av) > 0. (3.35)
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On the other hand, since z, = ¢ J ™ (Jx, — A, Ax,). Then by Lemma 2.4, we have
(v — Zn, Jin — (Jxn — ApAXy)) = 0,
and thus

IJxp—Jz
<U — 2n, —EI—'_H - Axn> __<_ 0. (3.36)
n

It follows from (3.35) and (3.36), that

(v —zp, w) = (V— zn, AV)
= (v—zn’Av)'*'(v—zn’:‘l_Y'"—]z"' Axn

= (v-—zn,Av—Ax,,)+(v— Zns ———J"';"JZ"

( Z,,,AU Az,,)—l-(v—z,,,Az,,—Ar,,)+(v—z ,M)

l

> _” Zn" "’n_rnu "U Zn " "an"JZn“
|2y —xnll I xn—Jzall
> —m (s T L ).
where M = sup,> [[v— znll. Take the limit as n — oo and (3.27), we obtain

(v — p, w) > 0. By the maximality of U, we have p € U~'0, thatis p € VI(4,C).

(d) Weshowthatx, - p €T~ 10. Since J is uniformly norm-to-norm continuous on
bounded sets, from (3.32) and J is uniformly norm-to-norm continuous

liln “JZ" N\ JU" ” = O.
n—>oo

From r, > 0, we have
lim "'“J7n — Ju,ll =0.

n—>00 ry
Therefore, |
lim |7y, z,ll = lim —|[|Jz, — Ju,| = 0.
n—o00 n—>00 ry

For (w, w*) € T, from the monotonicity of T, we have (w — v,, w* — T,,z,) > 0 for all
n > 0. Letting n — 00, we get (w — p, w*) > 0. From the maximality of 7, we have
p € T~'0. Hence, from (a)~(d), we obtain p € ©.

Finally, we show that p = ITgxg. From x, = Il¢,xo, we have (Jxo — Jx,, xp —2) > 0,
Vz € C,. Since ® C C,, we also have )

(JXO_an:Xn_y)ZQ Vy € ©.
Taking limit n — oo, we obtain
(Jxo—Jp.p—y)=0, VyeO.

By Lemma 2.4, we can conclude that p = [Tgxo and x, = p as}z — 00. This completes
the proof. U

Setting S,, = S in Theorem 3.2 and Remark 3.1, then we obtain the following result.

CoroLLARY 3.3 Let C be a nonempty closed and convex subset of a 2-uniformly convex
and uniformly smooth Banach space E. Let T C E x E* be a maximal monotone operator
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satisfying D(T) C C and let J;, = (J + ry T)~YJ for all r, > 0. Let 8 be a bifunction
from C x C to R satisfying (A1)-(A4), and let ¢ : C —> R U {+00} be a proper lower
semicontinuous and convex function. Let A be an a-inverse-strongly monotone mapping
of C into E* satisfying l|Ay|l < llAy — Aull, Vy € Candu € VI(A,C) # 0. Let
S : C — C be a closed relatively quasi-nonexpansive mappings such that © := F(§) N
T 'ONMEP@, ) N VI(A,C) # @. For an initial point xo € E with x) = Tlc,xq and
C: = C, define the sequence {x,} as follows:

o =I¢ J! (Jxp — Ay Axy),

Yn = J! (epJxp + (1 — an)JSJr,,Zn)’

u, € C such that 0(un, y) +¢(y) —o(u,) + ;];(y —Up, Juy —Jy,) >0, VyeC,

Chnt1=(2€Cp:9(z, Up) <apd(z,xy) + (1 — )P (2,20) < P(z, xn)}.

Xp41 = Mc, %0, Vn =L

3.37)

where J is the duality mapping on E, {a,} is sequence in [0, 1} and {r,} C [d, 00) for some
d>0and {r,} C [a. b] for somea,b withO<a<b< c20/2, where % is the 2-uniformly
convexity constant of E. Iflim inf,, _, 0o (1 —@y,) >0, then {x,} converges strongly to p € ©,
where p = Tlgxo.

4. Application to complementarity problem

Let K be a nonempty, closed convex cone E and A be an operator of K into E*. We define
its polar in E* to be the set

K*={y*€E*:(x,y*)ZO,VxGK}. @.1)
Then, the element 1 € K is called a solution of the complementarity problem if
Au € K*, (u, Au) = 0. 4.2)

The set of solutions of the complementarity problem is denoted by C (K, A).

TueoreM 4.1 Let K be a nonempty and closed convex subset of a 2-uniformly convex
and uniformly smooth Banach space E. Let T C E x E* be a maximal monotone operator
satisfying D(T) C K and let J,, = (J + r,lT)—lJfor allr, > 0. Let 8 be a bifunction
from K x K to R satisfying (A1)-(A4), and let ¢ : C —> R U {+00} be a proper lower
semicontinuous and convex function. Let A be an «-inverse-strongly monotone mapping
of E into E* satisfying ||Ayll < ||Ay — Aull, Vy € K andu € C(K,A) # 0. Let
S, : K — K be a countable family of relatively quasi-nonexpansive mappings such that
satisfies the (x)-condition and ® = (N}2 F(Sy)) N T-'ONMEP@6.9)NC(K, A) # 0.
For an initial point xo € E with xi = Tk, and K; = K, define the sequence {xy,} as
follows: .

zn = [k Jﬁl(an — AnAxy),
Yn = ]_](OZ,,JX,I + (- an)anJr,,Zn)’
u, € C such that 8(uy, y) +o(y) —ou,) + r—tl(y —up, Juy, —Jy,) >0, VyeC,
Cht1 =(2€Cph:d(z,un) <ud(z,x2) + (1 —an)d(z,20) < 6(z, x5},
Xptt =g, x0, V=1,
4.3)
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where J is the duality mapping on E, {a,} is sequences in [0, 1] and {r,} C [d, o0) for
some d > 0 and {A,} C la, b] for some a,b with0 < a < b < c2a/2, where % is the

2-uniformly convexity constant of E. If limint, (1 — ay) > 0, then {x,} converges
strongly to p € ©, where p = Tlgxy.

Proof Asinthe proof of Takahashi in [16, Lemma 7.11], we get that VI (K, A)=C (K, A).
So, we obtain the result. O

5. Numerical examples

In this section, in order to demonstrate the effectiveness, realization and convergence of
algorithm of Theorem (3.1), we consider the following simple example.

Example 5.1 For simplicity, we assume E = Rand C = [—1, 1]. Let 6(z. y) = =522 +
zy +4y? and o(x) = 4x2. Find z € [=1, 1] such that

1
0(z,y) +¢0y) —<ﬂ(z)+;(y -2z,z—x)>0, Vyel[-1,1]

Solution It can easily be seen that 8, ¢ and F are satisfied the conditions in Theorem 3.1.
Forany r > 0 and x € [—1, 1], by Lemma 2.8, we can see that there exists z € [~1, 1]
such that, forany y € [—1, 1],

1
0(z,y) + o(y) — p(2) + -r-(y—z,z—-x) >0,
1
—572 +4yz-i-zy-f-4y2 — 472 & ;(y —2z,2—x)) >0,
8ry* + (rz+z—x)y + (=9rz2> — 2 + x2) 2 0.

Let G(y) = 8ry? + (rz+z—x)y + (—9rz2 — 22+ xz). Then G is a quadratic function

of y with coefficienta = 8r,b = rz+z — x and ¢ = —9rz% — 72 + xz. Therefore, we can
compute the discriminant A of E as follows:
A=h>—4ac

=[rz+z—x)* —4(8r) (—9rz2 - 224 xz)
=289r2z% + 34rz2 — 34rxz + 22 — 2z2x + x2
- (289r2 + 34 4 1) 22+ (34r? — 2xz + x2
=7r + D22+ 2(17r + Dxz + x?

=[(17r + Dz + x)~.

We know that G(y) > O forall y € [—1, 1] if it has at most one solution in [—1, 1]. Thus

A < 0and hence z = x.
< 0 and hence l7r+l)¥ . | |

By Example 1.3, we can define a countable family of a relatively quasi-nonexpansive
mapping S, : C —> C as follow:

0, ifx <1

Sp(x) = I 1. - ,]l,
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Sequence Value (x,)

1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

[}
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1 1,
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Iteration Step (n)

0.9 0.9
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2 04 2 o4
2 03 $ 03
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Iteration Step (n) lteration Step (n)

Figure 1. The convergence comparison of different initial values x; = 0.2, 0.5, 1.

Table 1. The numerical results for initial guess x; = 0.2, 0.5, I.

n (iterative number)

initial guess

x3=0.2 x; =05 xp =1
5 0.0147 0.0368 0.0765
10 0.0005 0.0013 0.0027
15 1.9548 x 1073 4.8872 x 10~3 1.0145 x 10~4
20 7.0621 x 1077 1.7655 x 10~° 3.6648 x 10~
25 2.5466 x 1078 6.3665 x 10~8 1.3215 x 1077
_ n+l

In Theorem 3.1, weset 8§ =0,A =0, J,, = I, a, = 5~ and r, = |. We apply it to
find the fixed point of S, of Example 5.1.
Under the above assumption, then Theorem 3.1 is simplified as follows:

[ xo € E chosen arbitrary,

Ci =E,x; = Pgxp and z;, = x,,
+1 1
Yn = <n27) Xp + (%) SnXn,

Xn

18’ .
Cny1 ={2€Cy: lz—unll < llz — 24},
X1, Yn>1,

(5.1

Up = Kr,,(xn) =

Xn+1 = nC,,+

In fact, in one-dimensional case, the C,, 4 is closed interval. If we set [a,+1, by+1] := Cuy1,
then the projection point x,4.1 of x; € C onto C,4| can be expressed as:

X1, ifx; € lans1, busi]s

Xn+1 = PC,,+1(-7Cl) buyr, ifxy > byyy;

ant1. ifx) < apyr.
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The numerical results for initial guess x; = 0.2, 0.5, 1 were shown in Table 1. From the
table, we see that the iterations converge to 0 which is the unique fixed point of S. The
convergence of each iteration was also shown in Figure 1 for comparison.
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1 Introduction

In 1972, Ky Fan’s inequalities were first introduced by Fan [1]. The study concern-
ing Ky Fan’s inequalities, fixed points of nonlinear mappings and their approxima-
tion algorithms constitutes a topic of intensive research efforts. Many well-known
problems arising in various branches of science can be studied by using algorithms
which are iterative in their nature. As an example, in computer tomography with
limited data, each piece of information implies the existence of a convex set in
which the required solution lies.

Many authors have considered a family of nonexpansive mappings to show
the existence of fixed points and related topics. Especially, the well-known convex
feasibility problem reduces to finding a point in the intersection of the fixed point
sets of a family of nonexpansive mappings and the problem of finding an optimal
point that minimizes a given cost function over the set of common fixed points of
a family of nonexpansive mappings.

For solving the convex feasibility problem for a system of generalized Ky Fan’s
inequalities is very general in the sense that it includes, as special cases, optimiza-
tion problems, equilibrium problems, variational inequality problems, minimax
problems. Moreover, the generalized Ky Fan’s inequality was shown in (6] to cover
monotone inclusion problems, saddle point problems, variational inequality prob-
lems, minimization problems, optimization problems, vector equilibrium problems,
Nash equilibria in noncooperative games. In other words, the generalized Ky Fan’s
inequality and equilibrium problem are a unified model for several problems arising
in physics, engineering, science, optimization, economics and related topics.

One of the most interesting and important problems in the theory of maximal
monotone operators is to find a zero point of maximal monotone operators. This
problem contains the convex minimization problem and the variational inequality
problem. A popular method for approximating this problem is called the proximal
point algorithm introduced by Martinet [25] in a Hilbert space. In 1976, Rockafellar
[31] extended the knowledge of Martinet [25] and proved weak convergence of the
proximal point algorithm. The proximal point algorithm of Rockafellar [31] is
a successful algorithm for finding a zero point of maximal monotone operators.
Thereafter, many papers have shown convergence theorems of the proximal point
algorithm in various spaces (see 12,13, 16,21,23,26,30,37,43, 44]).

A point z € Cis a fired point of S provided Sz = z. We denote by F(S) the fixed
point set of S, that is, F(S) = {z € C: Sz = z}. A point p in C is called an asymp-
totic fized point of S [36] if C contains a sequence {zn} which converges weakly to

*p such that limpoo [|zn — Szn|| = 0. The set of asymptotic fixed points of S is
denoted by f"\(S). Recently, Halpern and Mann iterative algorithms have been con-
sidered for approximations of common fixed points by many authors. For example,
in 2011, Saewan and Kumam [38] introduced a modified Mann iterative scheme
by using the generalized f-projection method for approximating a common fixed
point of a countable family for a countable family of relatively quasi-nonexpansive
mappings. Chang et al. [11] considered a modified Halpern iterative scheme for
approximating a common fixed point for a totally quasi-¢-asymptotically nonex-
pansive mapping. Recently, Li et ol. [24] introduced a hybrid iterative scheme for
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approximation of a fixed point of relatively nonexpansive mappings by using the
properties of generalized f-projection operators in a uniformly smooth real Ba-
nach space, which is also uniformly convex, and proved some strong convergence
theorems for the hybrid iterative scheme.

On the other hand, Ofoedu and Shehu [27] extended the algorithm of Li et
al. {24] to prove strong convergence theorems for a common solution of the set of
solutions of a system of Ky Fan’s inequalities and the set of common fixed points
of a pair of relatively quasi-nonexpansive mappings in a Banach space by using
the generalized f-projection operator. Chang et al. (10] extended and improved
the results of Qin and Su [28] to obtain strong convergence theorems for finding a
common element of the set of solutions for a generalized Ky Fan’s inequality, the
set of solutions for a variational inequality problem and the set of common fixed
points for a pair of relatively nonexpansive mappings in a Banach space.

Motivated and inspired by the work mentioned above, in this paper, we intro-
duce a new hybrid iterative scheme of the generalized f-projection operator based
on the Halpern-Mann type iterative scheme for finding a common element of the
set of zeroes of a system of maximal monotone operators, the set of fixed points of
a totally quasi-¢-asymptotically nonexpansive mapping and the set of solutions of
a system of generalized Ky Fan’s inequalities in a uniformly smooth and strictly
convex Banach space with the Kadec-Klee property.

2 Preliminaries

A Banach space E with the norm || - || is called strictly conver if 1&2) < 1 for
all z,y € U with z # y, where U = {z € E: ||lz|| = 1} is the unit sphere of E. A
Banach space E is called smooth if the limit
i 12+ 291 = [
t—0 t
exists for each z,y € U. It is also called uniformly smooth if the limit exists uni-
formly for all z,y € U. In this paper, we denote the strong convergence and weak
convergence of a sequence {zn} by zn — z and z, — z, respectively.

Let E be a real Banach space with the dual space E* and let C be a nonempty
closed and convex subset of E. A mapping S : C — C is said to be:
(1) nonezpansive if
1Sz - Syl < Jlz ~ ol

for all z,y € C;
(2) quasi-nonezpansive if F(S) # @ and

1Sz — yll < liz ~yl|

for all z € C and y € F(S);
(3) asymptotically nonezpansive if there exists a sequence {ks} C [1,00) with
kn = 1 as n = oo such that

15"z = S™yll < knllz — yl]

3122



FPTA_328_edited [07/19 09:56)

4 Siwaporn Saewan et al.

for all z,y € C;
(4) esymptotically quasi-nonezpansive if F(S) # 0 and there exists a sequence
{kn} C [1,00) with kn = 1 as n — oo such that

15"z - 4ll < knllz ~ yl|

for all z € C and y € F(S);
(5) totally asymptotically nonezpansive if there exist nonnegative real sequences

{vn}, {un} with vn 2 0, gy - 0asn — 0o and a strictly increasing continuous
function ¢ : R* — R¥ with (0) =0 such that

15"z = S™y|| < llz = y|| + pn(ljx - yl) +vn
for all z,y € C and n > 1.

A mapping S : C — C is said to be uniformly L-Lipschitz continuous if there
exists a constant L > 0 such that

15" — "yl < Lijz - ]| (1)

for all z,y € C. A mapping S:C 5 Cis said to be closed if, for any sequence
{zn} C C such that nlgrr;o Tn = xg and nle STn =y, we have Szq = v0.
(o]

The normalized duality mapping J: E — 28" is defined by
J(x) = {z" € E* : (z,2") = ||z|)%, |l=*|| = llzll}

for all z € E. If E is a Hilbert space, then J = I » where I is the identity mapping.
Consider the functional ¢ : E x E — R defined by

¢(z,) = llzl” - 2(z, Jy) + lyll?, )

where J is the normalized duality mapping and (., -) denotes the duality pairing
of E and E*. If E is a Hilbert space, then #(y,z) = |ly — z||®. 1t is obvious from
the definition of ¢ that

(Il = l1zl)? < é(v,z) < (il + ll=l))? (3)
for all z,y € E.

A mapping S: C — C is said to be:
(1) relatively nonezpansive [7,8] if F(S) = F(S) and

¢(p, Sz) < ¢(p,z)

forallz€eCandpe F(S); R
(2) relatively asymptotically nonezpansive [2] if F(S) = F(S) # 0 and there
exists a sequence {kn} C [1,00) with kn = 1 as 7 — oo such that

#(p, S"z) < knd(p, z)

forallze C,pe F(S) and n > 1;
(3) ¢-nonezpansive (29,46] if

#(Sz, Sy) < ¢(z,y)
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for all z,y € C;
(3) quasi-g-nonezpansive (29,46} if F(S) # @ and

¢(p, Sz) < ¢(p, z)

for all z € C and p € F(S);
(4) asymptotically ¢-nonezpansive [46] if there exists a sequence {kn} C [0, c0)
with kn — 1 as n — oo such that

¢(S"z, 8™y) < knd(z,y)
t
forallz,ye Cand n>1; 4
(5) quasi-p-asymptotically nonerpansive [46] if F(S) # @ and there exists a
sequence {kn} C [0,00) with kn, — 1 as n — oo such that

#(p, S"z) < kno(p,x)

forallze€C,pe F(S) and n > 1;

(6) totally quasi-¢-asymptotically nonezpansive if F(S) # 0 and there exist non-
negative real sequences {vn}, {un} with v,, — 0, Hn — 0 asn — oo and a strictly
increasing continuous function ¥ : Rt 5 Rt with ¥(0) = 0 such that

¢(p’ Snx) S ¢(p,$) + Vn¢(¢(ﬂ, 3)) + Hn
forallze C,pe F(S)and n > 1.

Lemma 1 (9] Let C be a nonempty closed and conver subset of a uniformly smooth
and strictly convez Banach space E with the Kadec-Klee property. Let S:C = C be a
closed end totally quasi-¢-asymptotically nonezpansive mapping with nonnegative real
sequences {vn} and {un} with vn — 0 and un — 0 as n — 00, respectively, and a
strictly increasing continuous function ¢ : Rt — Rt with ¢(0) = 0. If yy =0, then
the set F(S) of fized points of S is a closed conver subset of C.

Alber [5] introduced that the generalized projection Ilc : E — C is a mapping
that assigns to an arbitrary point z € E the minimum point of the functional
#(z,y), that is, lIcz = Z, where 7 is the solution of the minimization problem

The existence and uniqueness of the operator /1¢ follows from the properties of
the functional ¢(y,z) and strict monotonicity of the mapping J (see, for example,
3,5, 14,20, 40]).

If E is a Hilbert space, then ¢(z,3) = ||z — y||? and IIc becomes the metric
projection Po : H 5 C. If Cis a nonempty closed and convex subset of a Hilbert
space H, then P is nonexpansive. This fact actually characterizes Hilbert spaces,
it is not available in more general Banach spaces.
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Remark 1 The basic properties of a Banach space E related to the normalized
duality mapping J are as follows (see [14]):

(1) If E is an arbitrary Banach space, then J is monotone and bounded;

(2) If E is a strictly convex Banach space, then J is strictly monotone;

(3) If E is a smooth Banach space, then J is single-valued and semicontinuous;

(4) If E is a uniformly smooth Banach space, then J is uniformly norm-to-norm
continuous on each bounded subset of E;

(5) If E is a reflexive smooth and strictly convex Banach space, then the nor-
malized duality mapping J is single-valued, one-to-one and onto;

(6) If E is a reflexive strictly convex and smooth Banach space and J is the
duality mapping from E into E*, then J~! is also single-valued, bijective and is
also the duality mapping from E* into E, and thus JJ~! = J g- and J™1J = I;

(7) If E is a uniformly smooth Banach space, then E is smooth and reflexive;

(8) E is a uniformly smooth Banach space if and only if E* is uniformly convex;

(9) If E-is a reflexive and strictly convex Banach space, then .J~! is norm-
weak*-continuous.

Remark 2 If E is a reflexive, strictly convex and smooth Banach space, then
é(z,y) = 0 if and only if z = y. It is sufficient to show that if #(z,y) = 0, then
z =y. From (2) we have

0 = |zl - 2(z, Jy) + [ly]?
= [l = 2zl Jyll + fly)?
= liel? - 2zl Iyl| + 1)
= |lz - g%

That is, ||z|| = |ly|j. This implies that (z,Jy) = |z||* = || Jy||*. From the definition _

of J, one has Jz = Jy. Therefore, we have ¢ = v (see [14,40,35] for more details).

In 2006, Wu and Huang [42] introduced a new generalized f-projection operator
in a Banach space. They extended the definition of the generalized projection
operators introduced by Abler [4] and proved some properties of the generalized
f-projection operator. Consider the functional G : C x E* —s RU {400} defined
by

Gy, @) = I9ll” ~ 2y, @) + ll=l|® + 20f(y) (5)

for all (y,w) € C x E*, where p is a positive number and f:C > RU{+o0} is
proper, convex and lower semicontinuous. From the definition of G, Wu and Huang
[42] proved the following properties:

(1) G(y,w) is convex and continuous with respect to @ when y is fixed;

(2) G(y,w) is convex and lower semicontinuous with respect to y when @ is
fixed.

Definition 1 Let E be a real Banach space with its dual space E* and let C be a
nonempty closed and convex subset of E. We say that wé : E* - 2% is a generalized
f-projection operator if

wéw ={veC:Guwm) = lle'lg Gly, w), Vw € E*}.
- y
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Recall that a Banach space E has the Kadec-Klee property [14,18,40] if for any
sequence {zn} C E and z € E with zp, — z and ||z} — llzll, we have ||z, — 2| — 0
as n — oo. It is well known that if E is a uniformly convex Banach space, then E
has the Kadec-Klee property.

Lemma 2 [42] Let E be a real reflezive Banach space with its dual space E* and let
C be a nonempty closed and conver subset of E. The following statements hold:
1) ﬂéw is a nonemply, closed and conver subset of C for all w € E* ;

(2) If E is smooth, then for all w e E*, z € wéw if and only if

(z-v,w—Jz) +pf(y) - pf(z) >0

forallyeC;

(3) If E is strictly convez and f : C » R U {+00} is positive homogeneous (i.e.,
F(tz) =tf(z) for allt > O such that tz € C, wherez € C), then né.w is @ single-valued
mapping.

Recently, Fan et al. [17] showed that the condition, f is positive homogeneous,
which appears in (17, Lemma 2.1 (iii)], can be removed.

Lemma 3 {17] Let E be a real reflezive Banach space with its dual space E* and let
C be a nonempty closed end convez subset of E. If E is strictly convez, then wéw is
single-valued.

Recall that J is a single-valued mapping when E is a smooth Banach space.
There exists a unique element w € E* such that w = Jz, where z € E. This
substitution in (5) gives the following:

G(y, Jz) = [lyll* = 2y, Jz) + =) + 20f(v). (6)

Now, we consider the second generalized f projection operator in a Banach
space (see [24]).

Definition 2 Let E be a real smooth Banach S})ace and let C be a nonempty
closed and convex subset of E. We say that L : E - 2° is a generalized f-

projection operator if

Héz ={ueC:Gu,Jz) = ;22 G(y,Jz), Vz € E}.

Lemma 4 [15] Let E be a Banach space and let f : E - RU {+oo} be a lower
semicontinuous and conves function. Then there exist z* € E* and a € R such that

f(@) 2 (,2%) +a

forallz € E.
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Lemma 5 [24] Let E be a reflezive smooth Banach space and let C be a nonempty
closed and convez subset of E. The Jollowing statements hold:
(1) Héz is a nonempty closed and convez subset of C forallz € E;

2) Foralilze E, 2 € MLz if and only if
C

& -y, Jz—J2)+pf(y) - pf(z) > 0

forallye C;
3) If E is strictly convez, then IT ! isa stngle-valued mepping.
c

Lemma 6 [24] Let E be a real reflexive smooth Banach space and let C be a nonempty
closed and convez subset of E. Then, foranyz € E and # € Hé:c,

#(v,2) + G(¢,Jz) < Gy, Jz)
forallyeC.

Lemma 7 (24]. Let E be a Banach space and let f:E - R U{+00} be a proper,
conver end lower semicontinuous mapping with conver domain D(f). If {zn} is a
sequence in D(f) such that zn, — % € D(f) and limp—y00 G(zp, Jy) = G(2, Jy), then
limnoo [|2nll = (2]

Remark 3 Let E be a uniformly convex and uniformly smooth Banach space and
f(y) = 0 for all y € E. Then Lemma 6 reduces to the property of the generalized
projection operator considered by Alber [5).

If f(y) > 0 for all y € C and f(0) = 0, then the definition of a totally quasi-¢-
asymptotically nonexpansive S is equivalent to the following:

If F(S) # 0 and there exist nonnegative real sequences {v,}, {pn} with vy - 0,
p#n = 0 8s n = oo, respectively, and a strictly increasing continuous function
¥ :R* 5 R* with %(0) = 0 such that

G(p, §"z) < G(p,z) + va¥C(p, ) + pn
forallz€ C,pe F(S) and n > 1.

Let 6 be a bifunction from CxC to R, where R denotes the set of real numbers.
The equilibrium problem (for short, (EP)) is to find # € C such that

0(,9) >0 ] (7
for all y € C. The set of solutions of (EP) (7) is denoted by EP(0).

For solving the equilibrium problem for a bifunction 6 : C x C = R, let us
assume that 0 satisfies the following conditions:

(Al) 6(z,z) =0 for all z € C;

(A2) 6 is monotone, i.c., 0(z,y) + 6(y,z) < 0 for all z,y € C;

(A3) for all z,y,2 € C,

l. 1 _ AY < .
tlfg G(tz + ( t)x1 Y; S O(z,y),
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(Ad) forallz e C, y — 0(z,y) is convex and lower semicontinuous.

For example, let B be a continuous and monotone operator of C into E* and
define
0(z,y) = (Bz,y - z)

for all z,y € C. Then 6 satisfies (A1)-(A4).
Lemma 8 [6] Let C be a closed conver subset of @ smooth, strictly conver and reflexive

Banach space E and let 8 be o bifunction fomCxC toR satisfying the conditions
(A1)-(A4). Then, for anyr > 0 and z € E, there exists z € C such that

0(z,y) + %(y ~2,Jz-Jz) >0

forallyeC.

Lemma 9 [41] Let C be a closed convex subset of a uniformly smooth, strictly conver
and reflezive Banach space E and let 8 be a bifunction from C x C to R satisfying
the conditions (A1)-(A4). For allr >0 and z € E, define a mapping T? : E - C a3
follows:

To={:€C:0(,9) + ~(y~ 2,72~ Jz) >0, vy € C}.

Then the following hold:

(1) T¢ is single-valued;
2) Tl isa firmly nonezpansive-type mapping (22], that is, for all z,y € E,

(TP - T}y, J Tz — ITy) < (T0% — Ty, Jz - Jy):
(3) F(T?) = EP(0);
(4) EP(0) is closed and convez.

Lemma 10 [41] Let C be a closed conver subset of a smooth, strictly convezr and
reflezive Banach space E and let 6 be a bifunction from C x C to R satisfying the
conditions (A1)-(A4). Then, for anyr >0, z € E and g€ F(TH),

$(9, T7z) + (T z, ) < #(q,x).

An operator A C E x E* is said to be monotone if
(-wz*-y") >0
for all (z,z*), (v,4*) € A. A point z € E is called a zero point of A if
0€ Az (8)
We denote the set of zeroes of the operator A by A~10, that is,
AT'0={z€ E:0€ Az).

A monotone A C E x E* is said to be mazimal if its graph G(4) = {(z,y*) :
y* € Az} is not property contained in the graph of any other monotone operator.
If A is maximal monotone, then the solution set 4A~10 15 closed and convex.

9/22
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Let E be a smooth strictly convex and reflexive Banach space, let C be a
nonempty closed convex subset of E and let A C E x E* be a monotone operator
satisfying D(A) C C € J~}(Ny5oR(J + AA)). Then the resolvent Jy : C — D(A) of
A is defined by

Iaz ={z€ D(A): Jz € Jz + Mz, ¥z € C}.

J is a single-valued mapping from E to D(A). On the other words, J, =
(J+2A)"1J for all A > 0.

For any A > 0, the Yoside approzimation Ay : C > E* of Ais defined by
Ay = J—I_—A‘]—"ﬁ for all z € C. We know that A,z ¢ A(Jyz) for all A > 0 and
z € E. Since relatively quasi-nonexpansive mappings and quasi-¢-nonexpansive
mappings are the same, we can see that J, is a quasi-¢-nonexpansive mapping
(see [39, Theorem 4.7]). ' '

Lemma 11 [19] Let E be a smooth strictly conver and reflexive Banach space, let C
be @ nonempty closed conver subset of E and let AC E x E* be a monotone operator
satisfying D(A) C C C J™Y(NasoR(J + AA)). For any A > 0, let J) and Ay be the
resolvent and the Yosida approzimation of A, respectively. Then the following hold:

(1) ¢(p, Jaz) + ¢(Jrz,z) < ¢(p,x) for allz € C andp € A~10;

(2) (%) (Jaz,Axz) € A forallz €C;

(3) (c) F(Jy) =A"10.

Lemma 12 [32] Let E be a reflerive strictly convez and smooth Banach space. Then
an operator A C E x E* is mazimal monotone if and only if R(J + XA) = E* for all
A>0.

3 Main result

Now, we give the main results in this paper.

Theorem 1 Let C be a nonempty closed and conver subset of a uniformly smooth and
strictly convex Banach space E with the Kadec-Klee property. For eachi=1,2,.-.,m,
let 0; be a bifunction from C x C to R satisfying the conditions (A1)-(A4). Let A;

E x E* be a mazimal monotone operator satisfying D(A;) c C and ij"" =(J+

/\j,nAj)"lJ forall Aj, >0and j = 1,2,---,1. Let S : C — C be a closed and
totally quasi-¢-asymptotically nonezpansive mapping with nonnegative real sequences
{vn}, {pn} withvn - 0, pp > 0 as n 00, respectively, and a strictly increasing
continuous function ¢ : R* — R* with %(0) = 0. Let f : E — R™ be a conver and
lower semicontinuous function with C C int(D( f)) and f(0) = 0. Assume that S is
uniformly L-Lipschitz continuous end F = F(S) N (N2, EP(8:)) N (n;=lA;10) # 0.
For any initial point x, € E, define C; = C and the sequence {zn} in C by

—_ 1AL Ay
Zn = JAl.n O_Jho_lm
un=T9"‘ oTIm-t o...oTH

Tm.n Tim-1,n Tin4n,

yn = I HanJz1 + fnJ S"zn + Yo Jun), (9)
Cn+1 = {v € Cn : G(v,Jyn) < anG(v, Jz1)+ (1 - an)G(v,Jzn) +(n},

Ay
0-:-0 J/\x,..z"’

Tntl = HénH:cl
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for each n > 1, where {an}, {Bn} and {1} are the sequences in (0,1) such that
antbntm=1 (= UnSupge r ¥(G(q,Jzn)) + pn and for eachi=1,2,... ,m,
{rin} C [d,0) for some d > 0. If, for each j = 1,2,--- 1, lim infaseoAjn > 0,
iMn—e0 on = 0 and liminfp_,e0 By < 1, then the sequence {z,} converges strongly
to a point IT ;.z;.

Proof. We split the proof into five steps.

Step 1. We first show that C, is closed and convex for all n > 1. From the
definitions of C; = C is closed and convex. Suppose that C,, is closed and convex
for all n > 1. For any b € C,,, we know that G(b, Jyn) < G(b, Jzn) +(n is equivalent
to the following:

2an(b, Jz1) + 2(1 — an)(b, Jzn) — 2(b, Jyn)
< anllz1fi® + (1 ~ an)llzall? - flynlf® + ¢n.

Therefore, Cp11 is closed and convex for all n > 1.
Step 2. We show that F c C, for all n > 1. Now, we show by induction that
F C Cnfor all n > 1. It is obvious that F CC1=C. Suppose that F c C, for some
n 2 1. Define un = K7z, when Ki = Tf;"nT,ﬁ‘_',‘_n "‘fo',.. forall j =1,2,-...m
with K2 = I and define zn = Abz,, when Al = ij"“ ° .IIC"_‘I”‘ 0---0 Jﬂl for all
J=12,---,l with A} =I. Let g € . Then we have
G(q) J‘Un) = G(qr JK:{"Zn)
< G(qr Jz")
= G(g, J(48hzn))
< G(qv JZ’I)'

(10)

Since S is a totally quasi-¢-asymptotically nonexpansive mapping, from (10) we
have

G(g, Jyn)
= G(q,(anJz1 + BnJ Sz + Tndus))
= "‘I"2 ~ 20n(g, Jz1) — 28, (g, JS"zy) ~ 2v1(q, Jun)
+ilanJzy + Br IS 2y, + Tndun|? + 20f(q)
< llgli? - 2an g, Jx1) — 2Bn(q, JS™2n) — 2yn(q, Jun)
+an(|Jzali? + BrllJS |12 + ya|| Jun|f® + 20f(q)
= anG(g, Jz1) + BnG(q, JS™zn) + 1mG(q, Jun)
< anG(g,Jz1) + Bn(G(q, Jzn) + vap(G(q, Jzn)) + Ba) + 7 G(q, Jun)
< anG(g,Jz1) + BnG(q, Jzn) + 10 G(g, Jun) + Br(vn(G(g, Jzn)) + un)
< anG(q, Jz1) + fnG(g, J2n) + 12 G(q, Jun) + vn supye » Y(G(g, Jzn)) + pn
< anG(q, Jz1) + BnG(q, Jn) + vnG(q, Jun) + (n
< anG(g,Jz1) + BnG(g, Jzn) + 1G(q,J2n) + (n
< anG(g, Jz1) + BnG(q, Jzn) + 1nC(g, J2n) + Cn
< anG(g,I71) + (Bn + 10)G(g, Jzn) + (n
= anG(q,Jz1) + (1 - an)G(q, Jzn) + (n.
(11)
This shows that ¢ € Cpy1, which implies that F C Cpy, and so F C Cy_for all
n 2 1 and the sequence {z,} is well defined.
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Step 3. We show that z, — p, yn = p, zn — p and un — p as n — o0o. Since
f+E = R is a convex and lower semi-continuous function, from Lemma 4, we
known that there exist z* € E* and « € R such that

f(z) > (z,2") +
for all z € E. Since zn, € Cn, C E, it follows that

G(zn, Jz1) = llznll? ~ 2(zn, J1) + ||z1|1% + 20/ (n)
' 2 llzall? = 2zn, J21) + 212 + 20(zn, 2%) + 2pa
= ||lzn|l? = 2(zn, J21 - p2*) + |21]|? + 2002 (12)
2 [[zall® - 2llznlll V21 - pz*|| + |21 1% + 200
= (lznfl = 21 = pz*1)? + fl21|* — 1721 = p2*||? + 2pa.

For all g € F and z, = Hé":n, we have

G(g,J21) 2 G(zn, Jz1) 2 (llnll — V21 ~ p2*[) + [loa |2 = |2y — pz*1* + 2pa.

That is, {zn} is bounded and so are {G(zn, Jz1)} and {jn}. By using the fact that
@n+1 = 11§, o1 € Cny1 C Cn and zn = I}, 2, it follows from Lemma 6 and (3)
that

0 < (Izn+1 — lIzall)? < (2n+1,2n) < Gzns1, Jz1) - G(zn, Jz1). (13)

This implies that {G(zn, Jz1)} is nondecreasing and so limp—y 00 G(zn, Jz1) exists.
Taking n — oo, we obtain

s, $(ns1, 2n) = 0. (14)

Since {zn} is bounded, E is reflexive and Cj, is closed and convex for al n > 1.
We can assume that z, — p € Cy, as n = co0. From the fact that z, = Héuzl, we
get s

G(zn, Jz1) < G(p, Jz1) (15)

for all n > 1. Since f is convex and lower semi-continuous, we have

liminfnc0 G(2n, Jz1) = liminfrn—eo{||znl|? - 2z, Jz1) + [|l21]|% + 20f(zn)}

2 llpl* ~ 2(p, Jz1) + 21 [1? + 20/ (p)
= G(zn,Jz1).

(16)
By (15) and (16), we get
G(p, Jz1) < liminf G(zn, J21) < limsup G(zn,Jz1) < Glp, Jz1).
n-roo n—co
That is, lgrgo G(zn, Jz1) = G(p, Jz1), which implies that fznll = lipll as n = oo.
n
Since E has the Kadec-Klee property, we obtain
e ™ =P Y

We also have

nl_iy;O Tntl =p. (18)
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From (17), we get
lim ¢n = nl_i{go(l’n Supge r Y(G(g, Jzn)) + pn) = 0. (19)

n—oco

From (17) and (18), we have nle lzn = Zn41| = 0. Since J is uniformly norm-to-
fo o]
norm continuous, it follows that

nlln;o [zn — Jzpgq]| = 0. (20)

Moreover, since 2,41 = Hé."“:cl € Cnt1 C Cn and (9), we have
G(zn+1,Jyn) < anG(zny1,Jz1) + (1 — an)G(zn+1,Jzn) + (n
is equivalent to the following: '
(Zn+1,¥n) < and(Tasr,z1) + (1 - an)®(Tn+1,%n) + Cn. (21)
Since nango an =0, (14) and (19), we have
S §(zns1,m) =0, (22)

By (3), it follows that
llyall = lipl (23)

as n — oo. Since J is uniformly norm-to-norm continuous, we obtain
1 yall = || Jpll (24)

as n — oco. This implies that {[|Jyn||} is bounded in E*, Since E* is reflexive, we
assume that Jy, — y* € E* as n = 0. In view of J(E) = E*, there exists y € E
such that Jy = y*. It follows that

(zn+1,9n) = llzngr]? - 2(zn+1, Jyn) + |lynll®

= o1l = 2ns 1, Jyn) + [Tgal?. (25)
Taking liminf,— o on both sides of the equality above, since || - || is weak lower
semi-continuous, this yields that
02 lIpll* - 2(p, ") + lly*I>
= llpll* - 2(p, Jy) + || Jy]| (26)

Ipll? - 2(p, Jy) + |ly]|?
= ¢(p,y).

From Remark 2, p = y, which implies that y* = Jp. It follows that Jy, — Jpe E*
as n — oo. From (24) and the Kadec-Klee property of E*, we have Jy, — Jp as
n — oo. Note that J~! : E* 55 E is norm-weak®-continuous, that is, yn, — p as
n — co. From (23) and the Kadec-Kiee property of E, we have

lim yn =p. (27)

n—oo

From (11), we have

G(q, Jyn) < anG(q, Jl‘l) + ﬁnG(qy Jffn) + ')’nG(Q: Jzn) +¢n
< anGg, Jz1) + (1 - an)G(g, Jzn) + (o
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From (17), (19), (27) and the conditions limp—e0 an = 0, lim infraoo fn < 1, it
follows that for any ¢ € F, limpn— o0 #(9,2n) = ¢(q,p). Let 2z, = Alzp, for all n >1.
From Lemma 11(1), it follows that for any q € F,

¢(Zm$n) = ¢(A£z-"3n» Tn)
< 8(g,7n) - #(g, Abzn)
= ¢(q, In) - ¢(¢1; 2n)~

Taking n — oo on both sides of the inequality above,'we have
Hm ¢(zn,zn) = 0.
n-+co .

From (3), it follows that ([|z.|| — liznl})?> = 0 as n — oo. Since Hznll = |p|| as
n — oo, we have
lznll = ol (28)

as n — oo. Since J is uniformly norm-to-norm continuous on bounded subsets of
E, it follows that
I znll = (|72l (29)

as n — co. This implies that {||Jz.||} is bounded in E*. Since E* is reflexive, we
can assume that Jzn, — z* € E* as n - o0. In view of J(E) = E*, there exists
z € E such that Jz = 2*, and so

$(zn,2n) = |l2nl® = 2(zn, Jz0) + [|2n|?
= |[zall® = 2(zn, J2n) + || J2a 2.

Taking liminf, ., on both sides of the equality above, from the weak lower semi-
continuity of the norm || - ||, it follows that
0> !lpllz -2(p, ") + ||2*||2
= llpll* - 2(p, Jz) + iz .
= ¢(p, 2).
From Remark 2, we have p = z, which implies that z* = Jp and so Jzp — JpeE*
as n — oco. From (29) and the Kadec-Klee property of E*, we have Jz, — Jp as

n — oo. Since J7! is norm-weak*-continuous, that is, z, — p, from (28) and the
Kadec-Klee property of E, it follows that

lim zp, =p. (32)

n—oo

From (11), we have

G(g, Jyn) < anG(g,J21) + BnG(g, Jzn) + mG(q, Jun) + (n
< anG(g,Jz1) + (1 — an)G(q, Jzn) + (n.
From (17), (19), (27) and the conditions limn—oo an = 0, liminfnye0 B < 1, it
follows that nli’ngo #(q,un) = ¢(q,p). From Lemma 9, it follows that for any g€ F
and un = Kz,
$(un,zn) = ¢(Kv?zn:$n)
< é(g,2n) - ‘35(?; KrTl‘n)
= 6(q,2n) — ¢(g, un).

(30)
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Taking n — oo on both sides of the inequality above, we have

Aim_¢(zn,un) = 0. (33)
From (3), we have
(lznll = luall)* = 0 (34)
as n — oo. Since [|zn|| - |[p]], we have
lluntl = o] (35)
as n — oo, and so
(Jurll = [Vpll (36)

as n — 00. That is, {||{Jun||} is bounded in E*. Since E* is reflexive, we can assume -

that Jun — u* € E* as n — oo. In view of J(E) = E*, there exists u € E such
that Ju = u*. It follows that

¢($n+1»un) = "i"'rni»l"2 = 2zn41, Jun) + ”un"2

7 "mﬂ+l"2 = 2zns1, Jun) + llJun||2. (37)
Taking liminfn—co on both sides of the equality above, since || - || is weak lower
semi-continuous, it follows that
02> IIPH: -2(p,u*) + IIu'II22
= lpl” - 263, Ju) + | Ju (38)

= lloll? - 2(p, Ju) + [jull®
= ¢(p, u).
From Remark 2, p = v, that is, u* = Jp. It follows that Jun — Jp € E*. From (36)
and the Kadec-Klee property of E*, we have Ju,, — Jpas n — oo. Since J7! s
norm-weak*-continuous, that is, u, — p as n — co. From (35) and the Kadec-Klee
property of E, we have
Jim un =». (39)

Step 4. We show that p € 7 = F(§)n (N, EP(6;)) N (n§-=1Aj'10). First, we
show that p € ﬂ§-=1A;10. Let zn = Az, for each n 2 1. Then, for any q € F, it
follows that for each 7 =1,2,--.,1,

¢(q’ zn) = ¢(q: Aﬁtzn)
< ¢(¢1, Aﬁt-lxn)
< 6(g, A% zn) (40)
< ¢(q! A'le")

By Lemma 11,'for each j=1,2,---,m, we have

¢(A'1jt$n,zn) < ¢(q) IYl») o ¢(qa A'fjlxﬂ) (41)
S ¢(q) zn) - ¢(q1 Zn)-

Since zn > pand 2z, 2 pasn — 00, we get ¢(A¥;a:n,:z:,.) — 0 as n = oo for all
J=12,---,m. From (3), it follows that

(1A%zn]l - [lzall)? = 0
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asn—ooforall j=1,2---,m. Since llznll = lipll as n — oo, we also have
4%zl - llpl (42)

asn — oo for all j = 1,2,-- -, m. This implies that for each i=12---,m, {A{zn}
is bounded. Since E is reflexive, without loss of generality, we can assume that
ALz, — k as n — oo. Since C,, is closed and convex for each n > 1, it is obvious
that k € Cn. Again, since

H(Ahan,zn) = 1842l = HAhan, Jza) + onl,
taking liminf, o on both sides of the equality above, we have
0. 1" - 2k, Jp) + Ilpl> = o(k,p). (43)
That is, kK = p and it follows that for all i=12...
Azn—p (44)
as n — oo. Thus, from (42), (44) and the Kadec-Klee property, it follows that
Jim Alz, =p (45)

forall j =1,2,---,m. We also have

. j—1 _
Jim A7 s =p (46)
for all j =1,2,---,m, and so
Lm ([ Ahzn — A% 2, =0 (47)
n—oo

for all j =1,2,...,m. Since J is uniformly norm-to-norm continuous on bounded
subsets of E and lim infy 00 Ajn > 0 for each j =1,2,---,1, we have

Jim sz 194k zn — JAL 2, = 0. (48)
Let A?,:cn = J}:j nA{;—lzn for each j =1,2,.--,.. Then we have
Jim 1Ay, A0 2l = lim 5L ] Afon — AL 20 = 0. (49)

For any (w,w*) € G(A4;) and (A?;z",A,\jm Ai;_lx,,) € G(A;) foreach j =1,2, . A
it follows from the monotonicity of A; that for all n > 1,

(w— Alzn,w* - Ay, A5 zn) >0
forall j =1,2,---,1 Letting n = oo in the inequality above, we get (w -p,w*) >0

forall j =1,2,---,L. Since A; is maximal monotone for allj =1,2,--. 1, we obtain
PE Mo 4770,
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Next, we show that p € N2, EP(8;). For any g € F and un = K7'zn, we observe
that
¢(q)u") = ¢(Q» Kr'lnzﬂ)
S ¢(q1 K;ln_lzﬂ)
< #(q, Krrxn_zzu) _(50)

< #(g, Knzn).

, By Lemma 10, for i =1,2,---,m, we have

d’(K;:uzn:zn) < ¢(Q1 zn) - ¢(Qr Kritzﬂ) (51)
< ¢(g,zn) — ¢(g, un)-

Since zn — p and un — p as n — 0o, we get ¢(Kizn,zn) = 0 as n — oo for all
i=1,2,---,m. From (3), it follows that

(K7 zall - llznll)? - 0
as n — 0o. Since ||zn|| = |pll as n — o0, we also have
i Kznll = lIpl (52)

as n — oo. Since {K,‘,zn} is bounded and E is reflexive, without loss of generality,
we assume that K}z, — h as n — 00. Since Cp, is closed and convex for each n > 1,
it is obvious that kA € Cn. Again, since

$(Khzm,on) = [Knznl® = 2(Knzn, Jza) + |z,
taking liminfp— oo on both sides of the equality above, we have
0 > ||RlI? — 2(k, Jp) + Il = ¢(h,p). (53)
That is, h = p and it follows that for all { =1,2,..-,m, it follows that
Kizn—p (54)
as n — oo. Thus, from (520, (54) and the Kadec-Klee property, it follows that
Jim Kizo=p (55)
for all i =1,2,---,m. We also have
K 2RSe (56)
foralli=1,2,---,m, and so
| Khzn = K5 anll = 0
for alli =1,2,---,m. Since J is uniformly norm-to-norm continuous, we obtain

lim ||[JKizn — JKS 20| =0
n—oo

foralli=1,2,---,m. From r; , >0 forall i = i,2,~--,m, we have

(TKizn - JKE 2, 50

Ti,n
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as n — oo and
0i(Khzn,y) + 72 (y = Knzn, JKpzn — JK3 2n) 20 (57)

for all y € C. Thus, by (A2), we have

. JKiz—JKi" 2, . . -
ly - Kzl 1Ea2 a2l > Lty — Kizn, Kz — TKE 20)

2> -ei(K:.l:zﬂ!y) (58)
Z ei(yx K:,Zn)

for all y € C and Kizn, — p as n — oo, and so 8;(y,p) < 0 for all y € C. For
-any t with 0 < t < 1, define y+ = ty + (1 — t)p. Then y € C, which implies that
0;(ye,p) <O for all i =1,2,---,m. Thus, from (Al), it follows that

0 = 0;(ye, ve) < t0:i(we,y) + (1 — 8)6:(ye,p) < t0:(we, ),
and so ;(yt,y) > 0 for all i = 1,2,---,m. From (A3), we have 6;(p,y) > 0 for all
y€Candi=12---,m, that is, p € EP(6;) for all i = 1,2, --,m. This implies
that p € N%, EP(6;).
Finally, we show that p € F(S). Since {zn} is bounded, the mapping S is also
bounded. From yr. — p as n — oo and (9), we have

lJS™zall = [l TPl (59)
as n — oo. Since J~! : E* = E is norm-weak*-continuous,
Sty —p (60)

as n — oo.
On the other hand, in view of (59), it follows that

IS™znll - llplll = I (S"zn)l - I7pll| < §I(S™za) — Ipl =0
and so ||S"zx| — ||pll- Since E has the Kadee-Klee property, we get
S"zn = p (61)

for all n > 1. By using the triangle inequality, since S is uniformly L-Lipschitz
continuous, we get

15" an ~ Smzp|
< |I8™  zg — S™  zp || 4+ IS™  2nss — sl + [Znt1 = 2all + llzn — S"za
< (L + Dllznsr — znll + 15" 2041 — 2t + llzn - S"2all
62
Since S™zn — p 8s n — oo, we get S"*1z,, = p as n — oo, and so SS™z, —)ga.l
n — oo. In view of the closeness of S, we have Sp = p, which implies that p € F(S).
Hencepe F.
Step 5. We show that p=1T 3’;1:1. Since F is a closed and convex set, it follows
from Lemma 5 that I7 }zl is single-valued, which is denoted by 5. By the definitions

of zp = Hé.nzu and p € F C Cn, we also have
G(zn, Jz1) < G(p, Jz1)
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for all n > 1. By the definitions of G and f, we know that for any z € E, G(£, Jx)
is convex and lower semicontinuous with respect to &, and so

G(p, Jz1) < liminf G(zn, Jz1) < limsup G(zn, J21) < G(B, J21).
n—oo n—oo

From the definition of H}z;, since p € F, we conclude that p=p = 1T _’;-a:l and
zn — p as n — oo. This completes the proof.

_Setting vn = (kn — 1), pn = 0 and ¥ : Rt = 1 in Theorem 1, we have the
following result.

Corollary 1 Let C be a nonempty closed and convez subset of a uniformly smooth and
strictly convez Banach space E with the Kadec-Klee property. For eachi=1,2,---,m,
let 6; be a bifunction from C x C to R satisfying the conditions (A1)-(A4). Let A; C
E x E* be a mazimal monotone operator satisfying D(A) C C and Jgj" =(J+
)\j,,,Aj)'lJ for all \jn > 0 and j = 1,2,---,1. Let S : C — C be a closed and
quasi-¢-asymptotically nonezpansive mapping. Let f : E — Rt be a convez and lower
semicontinuous function with C C int(D(f)) and f(0) = 0. Assume that S is uniformly
L-Lipschitz continuous and F = F(S)N(n}Z, EP(G,-))n(n§=1A;10) # 9. For an initial
point z1 € E, define Cy = C and the sequence {zn} in C by

_ 1A Ay /A Ay
n = J)‘o"" ) JAzo—l,n 0---0 J’\‘z'zn,
Un = Tr::'n [+] Tf::_-,l'n 0---0 Tr:’nZn,
Yn = J—l(an.lzl + ﬁnJSnxn +’]’n1un)y (63)

Crn+1 = {v € Cn : G(v,Jyn) < anG(q,Jz1) + (1 — an)G(q, Jon) + (n},

Tnt1 =g o1

for alln > 1, where {an}, {Bn} and {¥n} are the sequences in (0, 1) withan+Bn+ym =
1, ¢ = supqef(kn —1)G(q,Jzn) and, for eachi=1,2,3,---,m, {rin} C [d,00) for
some d > 0. If limpso0 an = 0, liminfrs oo Bn < 1 and liminfp—eo Ajn > 0 for all
j=1,2,---,1, then the sequence {zn} converges strongly to a point I1 ;.a:l.

If f(z) = 0 for all z € E in Theorem 1, then G(z, Jy) = ¢(z,y) and ITS. = IIx
and so we have the following corollary.

Corollary 2 Let C be a nonempty closed and convez subset of a uniformly smooth and
strictly conver Banach space E with the Kadec-Klee property. For eachi=1,2,---,m,
let 6; be a bifunction from C x C to R satisfying the conditions (A1)-(A4). Let A; C

E x E* be a mazimal monotone operator satisfying D(A;) C C and ij"" =(J +

,\j‘,,AJ-)"lJ forallAj,>0andj=1,2,---,l. Let $: C — C be a closed and totally
quasi-¢-asymptotically nonezpansive mapping with nonnegative real sequences vn, pin
with vn = 0, un — 0 as n = oo, respectively, and o strictly increasing continuous
function ¥ : R — R* with ¢(0) = 0. Assume that S is uniformly L-Lipschitz
continuous end F = F(S) n (NX,EP(6;)) N (n§-=1Aj_10) # @. For an initial point
z1 € E, define C1 = C and the sequence {zn} in C by

Un = T"?n':‘,n ° Tf:—.ll,n O QT'qll.nz""
Yn = J_l(an-]xl + ﬂnJSnxn +7nJUn), (64)

Cn+1 = {‘U € Cn : ¢(‘U,yn) S an¢(11,$1) + (1 —_ an)dJ(v, xn.) +<n}y
Tn+1 = g, 71
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foralln > 1, where {an}, {Bn} and {yn} are the sequences in (0,1) with an+Bn+mm =

17 <ﬂ = Vn Supq€f¢(¢(q’ xn)) + Hn and} fOT eaCh = ]"21 3,"',171,, {Ti,n} C [d,OO)

for some d > 0. If limpoco an = 0, liminfrsoo fn <1 and liminfn—00 Ajn > 0 for
each j = 1,2,---,1, then the sequence {zn} converges strongly to a point IIrz:.

Setting vn = (kn—1), o = 0 and ¥(z) = z in Theorem 1, we have the following
corollary.

Corollary 3 Let C be a nonempty closed and convex subset of a uniformly smooth and
strictly convez Banach space E with the Kadec-Klee property. For eachi=1,2,.---,m,
let 0; be a bifunction from C x C to R satisfying the conditions (A1)-(A4). Let A; C
E x E* be a mazimal monotone operator satisfying D(A) € C and J;:_"“ = (J +

/\j,nAj)"l.I for all A\jn > 0 and j = 1,2,---,l. Let S : C = C be a closed and
quasi-p-asymptoticolly nonezpansive mapping. Assume that S uniformly L-Lipschitz
continuous and F = F(S) n (NI, EP(8;)) N (n§-=1A;10) # 0. For an initial point
1) € E, define C1 = C and the sequence {zn} in C by

Zn = J’C'n o Jf“_’l‘n 0---0 Jﬂ‘"zn,
‘U.n = quv’:,n on::ll.n %J* 5 T:,?‘l."Zn,
yn = J N (anJz1 + fnI S"Tn +nJun), (65)

Cni1 = {v € Cn : ¢(v,yn) < andlg,71) + (1 — an)é(q,2n) + (a}s
Tn+l = HCn+lzl

foralln > 1, where {an}, {Bn} and {yn} are the sequences in (0,1) with an+fntyn =
1, ¢n = supger(kn — 1)¢(q, zn) and, for each i =1,2,3,---,m, {rjn} C [d,00) for
some d > 0. If limpyeoon = 0, liminfn 00 Bn < 1 and liminfrnsoo Ajn > 0 for
each j =1,2,---,1, then the sequence {zn} converges strongly to a point Hrz.
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