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Chapter 1

Introduction

Montel’s theorem on normal families is one of the most important and useful
results in the classical Complex Analysis. Normality of the family of mappings
is a sort of compactness property. To wit, a family of mappings is a normal
family if every sequence in the family has a pointwise convergent subsequence, the
convergence being uniform on all compact subsets.

The celebrated theorem of Montel usually addresses analytic (or meromorphic)
functions defined in a domain (open connected set) D in the complex plane. The
theorem asserts that a family .# of analytic functions f : D — R? is a normal
family if and only if .% is locally bounded. That is, .% is a normal family precisely
when, for every compact set K C D there is a constant M such that |f(z)] < M
whenever z € K and f € .%.

In this thesis we will establish conformal versions of Montel’s theorem. In
particular we will demonstrate that a family .% of conformal mappings f : D — R2
is a normal family if each f € .% omits 2 values a; and by with chordal distance
q(as,bg) > r, where r > 0 is independent of f.

We also investigate convergence of a sequence of conformal mappings. As our
main result we will prove that if (f,,) is a sequence of conformal mappings of a
domain D into R? which converges pointwise in D to a mapping f, then there are
3 possibilities for f:

(1) f is a constant mapping.
(2) f assumes exactly 2 values, one of which at exactly one point.
(3) f is a conformal mapping.

Extensions of the aforementioned results into the realm of quasiconformal map-
pings will be indicated in the final section of this thesis.



Chapter 2

Modulus of a Path Family

In this chapter we study the basic properties related to the modulus of a path
family and present examples. Also, we introduce the concept of a ring and derive
modulus estimates in the spherical metric. The modulus of a path family is our
main tool in the investigation of conformal and quasiconformal mappings.

2.1 The modulus

A path 7 is a continuous mapping of an interval in R into R? = R? U {o0}.
A path is closed if the interval is closed, and open if the interval is open. The
locus |v| of a path 7 is the range of 7. A subpath of a path v is a restriction of
v to a subinterval.

Let v : [a,b] — R? be a closed path and let a =ty <t; < ... <t, =0bbea
subdivision of [a, b]. The supremum of the sums

over all subdivisions is called the length of v and denoted by /(7). Thus 0 <
((v) < oo and () = 0 if and only if 7 is constant.

A path v is rectifiable if ¢(v) # oo, otherwise non-rectifiable. Also a path
in R2 such that co € v([a,b]) is non-rectifiable, except for the constant path
v(t) = oo, for which we define ¢(y) = 0. A path ~ is locally rectifiable if
every closed subpath is rectifiable. Let + be a rectifiable path. The function
s [a,b] — R? defined by s(t) = £(v|[a, t]) is called the length-function.

A path 7 : [a,b] — R? is obtained from a path 3 : [¢,d] — R? by an increasing
change of parameter if there exists an increasing continuous mapping h of [a, b]

onto [c,d] such that v = o h.

Let 7 : [a,b] — R? be a rectifiable path. The path 7° : [0, £(7)] — R? is called
the normal representation of ~ if it has the following properties:

2



1. 7 is obtained from «° by an increasing change of parameter.

2. L(Y°[0,¢]) =t for all 0 <t < £().

Let A be a Borel set (see Appendix) in R? and let p : A — [0, 00] be a Borel
function (see Appendix). For each rectifiable closed path v : [a,b] — A, we define
the line integral of p over v as follows:

[ypds = /OM)p(yO(t)) dt.

Lmﬁzlf@ua

Definition 2.1.1. Let T be a family of paths in R2. Consider all Borel functions
p: R* — [0, 00] such that
/ pds > 1
.

for every locally rectifiable path v € T'. Denote this collection by F (') and call
such p € #(I') admissible for I'. For each p > 1 we set

We also use the notation

M,(I') = inf prdm,

peZ (') Jr2

where m. is the Lebesque measure in R?. If Z(T') = ¢, we define M,(T') = oo.
Clearly 0 < M,(T") < oo.

The number M,(I') is called the p-modulus of I'. The most important case in

the plane R? is the case p = 2. We shall denote My(T') by M(T') and call it the
modulus of T

Theorem 2.1.2. M, is an outer measure in the collection of all path families:

(1) M,(6) =0,
(2) Ty C Ty implies My(T'1) < My(T),

(3) M, (kfjl Fk) < ]iMp(rk).

Proof. (1) The function p : R? — [0, 00], defined by p(z) = 0 for all z € R?, is
admissible for the path family ¢. Hence

M,(¢) < /]Rz 0?dm = 0,



and so M,(¢) = 0.
(2) Every p € .Z(I'y) is also in .Z (I'1). Hence

R2

Thus
MP<F1) S inf ppdm = Mp(rg)

peZ(I'2) JR2

(3) We may assume that each M,(I'y) < co. Fix € > 0. For each k, we
choose pj, € .Z(I'y) so that

€

/RQ R < My(T) +

The function p, deﬁned by p(z) = O ph(=z NP for all z € R2, is admissible for
U [y, because if 7 € U [y, then v € T’y for some k and

k=1 k=1
/ pldz| > / pildz] > 1,
Y Y

since p > p;. for each k. Consequently,

Mp(UFk> < ]RQppdm:/]R2 (;pk>dm

k=1

Hence

M, (U Fk> <M, (Tw).

]

Definition 2.1.3. Let I'y and I's be two families of paths. We say that I'y ma-
norizes ['y and denote I'y < T'y if every path v € I's has a subpath in T'y.

Theorem 2.1.4. IfI'; < Ty, then My(T'1) > M,(I's).

Proof. Suppose that I'y < I';. We claim that . (I';) C #(I'y). Let p € Z#(I').
We want to show that p € Z#(I'y). Take an arbitrary locally rectifiable path
v € I's. Then ~ has a subpath ¥ € I'y. Thus

/p|dz| > 1.
¥



Hence

/ pldz| = / pldz] > 1
¥ v

and so p € .#(I'y). Now since
ppdm 2 Mp(rg),
R2
we obtain, taking the infimum over all such p € .%#(I'y), that

me:nﬂéfmzm@)

peZ (I'1)
U

For a given path family T, it is very difficult (in general impossible) to compute
M(T). The modulus of T' is known only for very few families I'.  We next give
some examples:

Example 1. Let G be a bounded rectangular domain in R? whose width and height

are a and b respectively. Let I'y be the collection of all vertical line segments in G.
Then

FO M(FO> = %

Proof. b

Ve

> X

a
First, we will show that M(I'g) < %. Let us construct p € % (I'g) in such

a way that
2 a
dm = —.
Aﬁ T

L ifze@
I b 1 I
m@_{01m¢a

Set



Clearly,

1 1
plde] = [ el = [z = 1

/v 7 b b/,
for all v € I'g. Hence py € % (I'g) and therefore,
/ 2dm = / adm = /dm

a
= —area(G) ﬁ =3
Next, we want to show that M(Ty) > ¢. Let p € .7 (T'y). Then

b
/ pIdZIZ/ p(x +iy)dy > 1,
Yz 0

where 7, is the vertical line segment in 'y starting at € [0,a]. We need the
following so-called Cauchy-Schwarz inequality for measurable functions f and g,

([ o) = s f e

This is a special case of Holder’s inequality: if f and g are non-negative measurable
functions with % + % =1, then

d d 1/p d 1/q
/ ft)g(t)dt < </ f(t)pdt) (/ g(t)th> .
The Cauchy-Schwarz inequality is obtained when p = ¢ = 2. Now,
b 2 b 2
= (o) = ([o)
0 0
b b
< / pidy / 1%dy
0 0
b
= b/ pidy.
0
1

b
—S/ p*(z + iy)dy.
b~ Jo

Integrating over all z € [0, a], we obtain

a a 1 a b
- = —dr < / (/ dey) dx
b /0 b 0 \Jo

M(Ty)

IN

Hence

IN
i
bl\)
IS
3



This is true for all p € .#(I'y). Hence it is true for the infimum to yield
< inf /pzdm = M(T).

Consequently,

]

Example 2. Let A be a spherical annulus B(0,b) \ B(0,a) where 0 < a < b. Let
[y be the collection of all radial segments in A. Then

2

M(To) = log '

log

— L _ ifre A
_ ) TFhogz ! ’
pol2) { 0 if 2z ¢ A.

Proof. We will first show that M (I'y) < 2% Let

Given vy € 'y, we get

1 b
poldz| = | ——|dz| = Fdr = 1.
Yo Y0 |Z|10gg a Tlogg

Hence

M(Ly) < /pﬁdmz/pﬁdm
R2 A

et
= ———dm
4 12?2 (log 2)?2
27 b 1
= ———rdrdf
/0 /a 7’2(10g§)2r "
2w

log%

Next, we will prove that M(Ty) > 2. Let p € F(I'y). For each 0 € [0,27],

logg'

let vp : [a,b] — A be the line segment in I'y defined by

Yo (r) = re®.

b
/ pldz| :/ p(re®)dr > 1.
e a

Then



Hence, by the Cauchy-Schwarz inequality, we obtain

2 2

b b
1 < (/ pdr) :(/ prl/Q-r_l/er)
ba b ‘
< /(pr1/2)2d7’/(r1/2)2d7"
ab b 1(1
= /pQ’I‘dT/ —dr
a a r
b b
= log—/ pPrdr.
a a

Therefore

Integrating over all 6 € [0, 27], we get

2w 1 2 b
/ ol do < / </ p2rd7‘> df = / pldm < / pdm.
o 108, 0 a A R2

2
7Tb S / p2dm
lOg a R2

That is,

for all p € .7 (I'y). Hence

2
Wb < inf / p*dm = M(Ty).
log 2 ™ peF(To) Jg2
Consequently,
2m
M(To) = —,
log 2

as desired.



Example 3. Let A be a spherical annulus B(0,b) \ B(0,a) where 0 < a < b, and
let T' be the collection of all paths in A joining the boundary components of A.

Then 5
T

M(T) = el

Oga

Proof. We will show that M(T") < hfg’ré . Let

i if 2 € A,
polz) = { et
0 if z ¢ A.

The function pg is admissible for I', because if v € I' is locally rectifiable, then

b
/,00|dz| 2/ podr = 1.
o' a

Thus
2
M) < / pRdm = ——.
A log ¢
Let I'y be the collection of all radial

2

Next, we will prove that M(I") > e
segments in A. Then I'y C I". By Theorem 2.1.2, M(T'y) < M(I"). Therefore

D

2
< M(T).
log 2
Consequently,
27
M) = 7

log 2
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Example 4. Let A be the spherical annulus B(0,b) ~ {0} where b > 0, and let T
be the collection of all paths in A joining the boundary components of A. Then
M(T) =0.

Proof. Let B be a spherical annulus B(0,b) \. B(0,a) where 0 < a < b, and let I'g
be the collection of all paths in B joining the boundary components of B. Then
I'p < I'. By Theorem 2.1.4, we have

M(T'p) > M(T).

Note that M(I'g) = % by Example 3. Thus

2
"> M(T).
IOgE

10?9 — 0asa— 0, we get M(I') =0 as desired.

Since

2.2 Conformal Mappings

Let D and D" be domains in R?. Recall that a mapping f : D — D is a
homeomorphism if f is bijective and if both f and f~! are continuous.

Let C*! be the set of all continuous mapppings in R? that are differentiable at
every point in the domain and their partial derivatives are continuous.

Next let f: D — R? be a C'-mapping where f(z) = (u(z),v(z)). We write
f=u+1iv and z = x + 1y where z,y € R. Define the Jacobian of f at z as

J(z f) =

If J(z, f) # 0 for all z, then f is called a diffeomorphism. Since J(z, f) is
continuous and D is connected, we see that J(z, f) > 0forall z € Dor J(z, f) <0
for all z € D.

Let z,w € R? be non-zero. We call

s 2)

the oriented angle from z to w and denote it by 6(z,w). Then —7 < 0(z,w) < 7.
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Definition 2.2.1. Let D be a domain in R%. A diffeomorphism f : D — R? is
said to be conformal at a point zy if

0(a, B) = 0 (f(a), f(5))

for all smooth paths o, 3 emanating at zy. If this is true at every point of D,
the mapping f is said to be conformal in D. If D is a domain in R? and if
f: D — R? is a homeomorphism, then it is said to be conformal in D provided
fID ~ {oo, f71(c0)} is conformal.

Conformality can be characterized in terms of complex derivative:

Theorem 2.2.2. Let D be a domain in R?, and let f : D — R? be a diffeomor-
phism. The following conditions are equivalent:

(1) f is conformal at z.
(2) f has a complex derivative f (z).

Proof. See [4, Theorem 1.1, page 380].
]

Theorem 2.2.3. Let D be a domain in R®. A mapping f : D — R? is a conformal
mapping of D if and only if [ is injective and analytic.

Proof. Suppose that f is a conformal mapping of D. By definition, f is a diffeo-
morphism. That is, f is injective. By Theorem 2.2.2, f is differentiable at each
point of D. Thus f is analytic in D.

Conversely, assume that f is injective and analytic. Then f is an open bijective
mapping onto f(D). By a result in Topology, the inverse map f~! is also contin-
uous, therefore f is a homeomorphism. Since an analytic map is a C'*°-function,
f is a diffeomorphism. Therefore, by Theorem 2.2.2; f is a conformal mapping.

O

Lemma 2.2.4. Let U be an open set in R?* and let f : U — R? be continuous.
Suppose that vy : [a,b] — U is a locally rectifiable path such that f is absolutely
continuous on every closed subpath of v. Then f o~ s locally rectifiable. If
p:|fovy|—[0,00] is a Borel function, then

/prds < Lp(f(z))L(z, ldz|,

|f(z+h)—f(z)

where L(z, f) = lim supy,_g ] L. Purthermore the equality holds if

|f(@+h)—f ()|
Al

limyp, o exists.

Proof. See [5, Theorem 5.3, page 12].
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Theorem 2.2.5. Let D and D' be domains in R?, let p : R> — R be a non-
negative Borel function, let f - D — D' be a conformal mapping, and let v be a
locally rectifiable path in D. Then

/foﬂs = / p(FEDIF (2)lldz].

Proof. Since f is conformal, f is differentiable in D. Thus L(z, f) = |f'(x)| for

Lf (@+h)—f (=)
0 Al

every x € D. Since limy,_, exists for every = € |v|, there is, in fact,

equality in Lemma 2.2.4. Thus

/f _pis = / p(f () Lz, f)|dz] = / p(F(@))f'(2)]|da].

v

]

Suppose that A is a subset of R? and that f : A — R2 is continuous. If T’
is a family of paths in A, then the family I" = {f o y|y € T'} is called the image
of I under f.

Theorem 2.2.6. If f : D — D' is a conformal mapping, then M(I'") = M(T') for
every path family T’ in D.

Proof. First, we will show that M (T') < M(I"). Let p € .Z(I"). Set

o(f()If (2)] if z € D,
p(z):{g if z¢ D.

Since, by Theorem 2.2.5,

[l = [ senir Gla

IR
fov

for every locally rectifiable path v in ', we have p € .#(I"). Thus

Mr) < [ = [ AP )

= / ,62dm§/ prdm.
f(D) R2

Because p € .7 (I") is arbitrary,
M(T) < inf / prdm = M(I).
peF(I") JRr2

Next, since f is conformal, f~! is also conformal. Then the reverse inequality can
be proved by applying a similar argument with f=! in place of f.
O
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2.3 Rings

A domain A C R? is a ring if A¢, the complement of A, has exactly 2 compo-
nents. If the components of A¢ are Cjy and Cy, we denote A = R(Cy, C1).

By Topology, dA, the boundary of A, has also two components, namely By =
CoNAand By = C1NA, where A is the closure of A. For each ring A = R(Cy, C),
let I'4 be the family of all closed paths that join By and By in A.

Theorem 2.3.1. If A = R(Cy,Cy) and A" = R(C},,C,) are rings such that C; C
C;, then M(T ) < M(T ).

Proof. Let T'% be the family of all closed paths which join Cj ‘and C in R? and
%, be the family of all closed paths which join C} and Cf in R2. Because I'y C
% > T4, we have M(T'4) = M(T'%). Since I'%, < T'4, we obtain

M(T4) = M(T%) < M(I%) = M(T).

Theorem 2.3.2. If A is a ring, then M (I 4) is finite.

Proof. Let A = R(Cy,C4) be a ring. We may assume that Cy is bounded. Let
h =inf{|z —w|:z € Ch,w € C1} and let d(A,z) = inf {|z —w| : w € A}. Then
h > 0. Set E={z € R?:d(Cy, z) < h}. Define p: R?* — R by

1 .
5 ifzEeE,
p(z)_{ 0 if>¢ E.

Let v € '4. Then

]

Definition 2.3.3. Given r > 0, let ®(r) be the set of all rings A = R(Cy, Cy) in
R2 with the following properties: (1) Cy contains the origin and a point a such
that |a| = 1, (2) C} contains oo and a point b such that [b] = r. We denote

€)= inf M(La).

Remark 2.3.4. By Theorem 2.3.2, £(r) is a non-negative finite number.
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Theorem 2.3.5. The function £ : (0,00) — R has the following properties:
(1) & is decreasing.
(2) lim,nb(r) = 0.
(3) lim,—o§(r) = oo.
(4) &(r) > 0 for every r > 0.

Proof. See [5, Theorem 11.7, page 34].
]

Theorem 2.3.6. Suppose that A = R(Cy, CY) is a ring and that a,b € Cy and

c,00 € C7. Then
M(T4) > )
(A)—€(|b_a|

Proof. Let f be the function defined by

z—a
f(Z) - b—a
for all z € R2. Then f is conformal and
c—a
fla) =0, f()) =1, f(e) = 5= and f(o0) = o0,

Moreover, the ring f(A) = R (C('), C’;) has the following properties:
(1) Cy contains the origin and a point f(b) such that |f(b)| = 1,

(2) C} contains oo and a point f(c) such that |f(c)| = le=d|

|b—al’
By Theorem 2.2.6 and the definition of &, we get

M(T4) = M(Dgiay) > € (:Z:“D |
]

Theorem 2.3.7. Suppose that A = R(Cy, Cy) is a ring. Then M(I'4) =0 if and
only if Cy or Cy consists of a single point.

Proof. Without loss of generality, we may assume that Cjy consists of a single
point, namely a. Let € = ¢(Cy, C1) and R = B(a, §) ~ {a}. Then R is a ring such
that I'p < I'y. Thus M(I'4) < M(I'g) = 0 by Example 4. Therefore M(I",) = 0.
Conversely, suppose that M(I'4) = 0. We want to prove that Cy or C} consists
of a single point. Assume that neither Cy nor C consists of a single point. Then
we can choose distinct points a,b € Cy and ¢,d € . By performing a Mobious
transformation f(z) = -5, we may assume that d = oo. By Theorem 2.3.6 and
Theorem 2.3.5(4), we get
¢ — al

M(Tp) > € (H) >0

which is a contradiction. Hence the proof is complete.
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2.4 Spherical metric

We denote R2 = R2U{o0o}, the one point compactification of R?. A line in R?is
defined to be LU{oo}, where L is a line in R?. The plane will be equipped with the
topology induced by the chordal metric obtained from the standard stereographic
projection. To define the chordal metric, let S be the sphere in R? of radius
1/2 centered at (0,0,1/2) and let N = (0,0,1) be the north pole on S. The
stereographic projection of R? on S is the mapping f defined by, for P € R2,

N if P = o0,
f(P>:{ Q if P+

where Q = SN NP and NP is the line from N to P.

To define the chordal metric, let A be a point in R? and let f(A) = a where
f:R? — S is the stereographic projection.

The triangles NOA and NaO are similar right triangles. Thus

aN ON
ON AN’
That is,
1
la — N| =

V1+]AR

Let B be another point in R? and let f(B) = b. Then
1

VT 1B

b— N| =
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Hence

aN _1/y/1+|AP 1+ [B* _NB
Nb  1/\/1+|B? J/1+[A2 NA

Thus the triangles NAB and Nba are similar and we obtain

aN  NB
ab  AB
1/I+]APR 1/ \/1+|B]?
la — 0] B |A — B|
A-B
la— bl | |

VI+[APYI+]BP
Now we define the chordal metric ¢ in R? by
|A— B

q(A,B) = , if A#0c0# B,

B = apar e AT
1

Ao0) = ——, if A# 00, and

q(oo,00) = 0.
Let £ C R? be non-empty. We define the diameter of E by
q(E) = sup{q(a,b)la,b € E}.

If F and F are non-empty subsets of R2, then the distance from E to F, denoted
by q(E, F), is defined to be

q(E,F) =1inf{q(a,b)|la € E,b € F}.
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2.5 Modulus estimates in the spherical metric

Definition 2.5.1. Given 0 <r <1, let U(r) be the set of all rings A = R(Cy, C1)
in R2 with the following properties: (1) q(Co) > 1, (2) q(Cy) > r. We denote

Ar) = Aé%f(’r) M(T 4).

Theorem 2.5.2. The function X : (0,1] — R has the following properties:
(1) A is increasing.
(2) limy—oA(r) =0.
(3) A(r) > 0 for every 0 < r < 1.

Proof. (1) Suppose that r < s. We claim that WU(r) D U(s). Let A = R(Cy,Cy) €
U(s). Then ¢(Cy) > s and ¢(C;) > s. Since r < s, we have ¢q(Cy) > r and
q(Cy) > r. Thus A € U(r). Therefore A(r) < A(s). That is, A is increasing.

(2) Let 0 < r < 1/2 and A = B(0,r) ~ B(0,72) € ¥(r?). By Example 3,

we get
27 27

log % - log +~

Thus M(I'4) — 0 as r — 0. Hence lim,_oA(r) = 0.

M(T4) =

(3) We want to show that A(r) > 0 for every 0 < r < 1. Let 0 < r < 1.
Suppose that A = R(Cy,Cy) € ¥U(r). Choose a,b € Cy and ¢,d € C; such that
q(a,b) > r and q(c,d) > r. Performing a spherical isometry of R? we may assume
that d = co. By Theorem 2.3.6, we have

e ze (=)

Z} Without loss of generality we assume that |a| < |b]. We

|e=

|b—

Next, we estimate

obtain ) )
r < qla,b) = o —b) < Jobl
V14 la2y/T4+ b2 ~ 1+]al
and
1 1
r<gq(c,0) = ——= < —.
VIt T e
Thus
T 1 1
< and le| < —.
la—0] = 1+ |a|? r
That is,
1 1 1
< and lc —a| < |e|+ |a| < +—TM|.
la—0b] = r(1+]al?) r
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Hence

Since a # 0o,

(r) = 147t -
UAT) = s, r2(1 4+ t?) >
Thus | |
c_
<
b —a =)

By Theorem 2.3.5(1), we get

) <€ (=) < (e

Since u(r) > 0, Theorem 2.3.5(4) implies that &(u(r)) > 0. Thus M(I'4) > 0 for
every A € U(r). Hence A(r) > 0.
[l

Definition 2.5.3. Given0 <7 <1 and0 <t <1, let U(r,t) be the set of all rings
A = R(Cy, CY) in R? with the following properties: (1) q(Cy) >, (2) ¢(Cy) >,
(3) q(Cy, C1) < t. We denote

= inf M(I',4).
A(r,¢) Ael\g(nt) ()

Note that A(r, 1) is equal to the number A(r).

Theorem 2.5.4. The function A : (0,1] x (0,1] — R has the following properties:

Proof. (1) and (2) are obvious.

(3) Since A(r,t) is decreasing in ¢t and A(r) > 0 for every 0 < r < 1, we
have A(r,t) > A(r) > 0 as desired.

(4) Let 0 < r < 1. Suppose that t < § and A = R(Cy, (1) € ¥(r,t). Pick
a € Cy and ¢ € C such that ¢(a,c) < t. Next choose b € Cyy and d € C such that

q(a,b) > and q(c,d) >



Performing a spherical isometry of R2, we may assume that d = co. Hence

M(T'4) 25(:2:3:)-

Since
L < gle, 00) = —— !
- c, = —
2" EREERr
and
t<f—t< (COO) (CLC)< (CLOO)<i
4 = 2 =4\ qa, q\a, |a‘7
we obtain §
e~ al = qla, )T+ [aP/I+ [P <t (1 ; —) |
Since ;
|b—CL| ZQ(a7b> Z 5,
we have

|c—a|<2t1 16)
|b—a|—7( )

2t 16 lc — al
(5 (e ) =<z <o

2 1
)\(r,t)zf(?t (1+r_§>) fort<£.

Since &£(s) — oo as s — 0, this proves (4).

This implies that

Hence

19



Chapter 3

Normal Families

This section is devoted to an investigation of Montel’s theorem in the setting
of conformal mappings. We begin by recalling the definition of equicontinuity.

3.1 Equicontinuity

Definition 3.1.1. Suppose that T is a topological space, that (M,q) is a metric
space and that ¥ is a family of mappings f : T — M. The family ¥ is equicon-
tinuous at a point vy € T if for each ¢ > 0 there is a neighborhood U of x
such that

q(f(z), f(zo)) < € whenever x € U and f € F.

If # is equicontinuous at each point of T, it is called equicontinuous.

In our case, T will always be a domain in R2, M = R2, and ¢ is the chordal
metric.

Example 5.

1. If % consists of only finitely many elements of continuous functions, then
F 1S equicontinuous.

2. Let 1, = {fn:R? = R?|f,.(2) = 2z +n,n € N}. Then F; is equicontinuous
everywhere.

3. Let Fy = {fn:R* = R?|f.(2) =nz,n € N}. Then F is equicontinuous
nowhere.

The following theorem is our main result on equicontinuity:

Theorem 3.1.2. Let F be a family of conformal mappings of a domain D into
R2. If each f € F omits 2 values ay,by with chordal distance

20
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where r > 0 is fized, then F is equicontinuous.

Proof. Let xg € D and 0 < € < r. Choose neighborhoods U and V of zg, for
example disks, so that U C V C D, that A = V ~ U is a ring domain, and so that
M(T'4) < A(e), where A is the function introduced in Definition 2.5.1. Let f € .Z.
Then f(A) = R(Cy,C}), where Cy = f(U) and C; = (f(V))¢, is a ring. Since C}

contains ay and by, we get

q(C1) = q(ay, by) = .
For each = € U, the point f(z) lies in Cy. Thus

¢ (f(x), f(x0)) < a(Co).
Let t = min (r,q (f(z), f(x0))). Then q(Cy) > t, ¢(Cy) > t, and f(A) € V(t),
where W(¢) is the collection of rings introduced in Definition 2.5.1. By the defini-
tion of A(¢), we obtain
M(Tyca)) 2 A?)-
Since f is a conformal mapping, Theorem 2.2.6 implies
M(Tfa)) = M(T'4) < Ale).

Thus A(t) < A(e). Since A is increasing and ¢ = min (r,q (f(z), f(x0))), we have
t<e<randt=q(f(x),[f(xy)). Hence

q (f(x), f(xo)) <e.

This holds for all z € U and f € .#. Therefore q (f(z), f(z0)) < € whenever x € U
and f € .. Consequently, .Z is equicontinuous at x.
[

Theorem 3.1.3. Let % be a family of conformal mappings of a domain D. Then
F is equicontinuous if one of the following conditions is satisfied:

(1) There are points x1, x5 € D and a number r > 0 such that each f € .F omits
a point ay and q (ayf, f(x;)) > r fori=1,2.

(2) There are points x1,x2, x5 € D and a number r > 0 such that each f € F
satisfies the three inequalities q (f(x;), f(x;)) > r, fori # j.

Proof. (1) Set Dy = D ~ {z1}. Then every f|D; omits the points ay and f(x;)
such that g(ays, f(x1)) > r. By Theorem 3.1.2, the family of all restrictions f|D; is
equicontinuous. That is, .% is equicontinuous at every point of D except possibly
at x;. Considering similarly the restrictions f|D ~\ {x2}, we conclude that .Z# is
equicontinuous also at x;. Hence .# is equicontinuous in D.

(2) Every f|D ~ {x1, 22} omits the points f(z1) and f(z2). By Theorem
3.1.2, the family .% is equicontinuous at every point of D except possibly at x;
and xo. Considering similarly the restrictions f|D N\ {xq, x5} and f|D ~\ {x1, 23},

we conclude that .# is equicontinuous also at these points.
O

Corollary 3.1.4. If Z be a family of conformal mappings of a domain D such
that each f € F assume at three given points three fized values, then F is equicon-
tinuous.
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3.2 Normal Family

Definition 3.2.1. Suppose that T' is a topological space, that (M,q) is a metric
space and that (f,) is a sequence of mappings from T into M.

1. (f.) converges in T pointwise to a mapping f if for each z € T

fu(2) = f(2) as n — oc.

2. (fn) converges in T uniformly to a mapping f if

sup | fn(z) — f(2)] = 0 as n — oc.
zeT

3. (fn) converges in T c-uniformly to a mapping [ if f, — [ uniformly on
every compact subset of T.

Definition 3.2.2. Let T' be a topological space and let (M, q) be a metric space.
A family F of continuous mappings f : T — M is called a normal family if
every sequence in % has a subsequence that converges c-uniformly in T.

Remark 3.2.3. If .% is a normal family, then every sequence in ¥ contains a
subsequence that converges pointwise in all of T

Theorem 3.2.4. Let (M, q) be complete, and let f,, : T — M be an equicontinuous
sequence that converges at every point of a set E which is dense in T. Then (f,)
converges c-uniformly in T.

Proof. See [4, Lemma 4.2, page 281].
[

The link between equicontinuity and normality is the following celebrated the-
orem:

Theorem 3.2.5. (Ascoli’s theorem) If T is a separable topological space and
M is a compact metric space, then every equicontinuous family % of mappings
f:T — M is a normal family.

Proof. See [5, Theorem 20.4, page 68].
]

Combining Ascoli’s theorem with Theorem 3.1.2 we obtain the following ver-
sion of Montel’s theorem:

Theorem 3.2.6. Let F be a family of conformal mappings of a domain D into
R2. If each f € F omits 2 values ay, by with chordal distance

q(ag,bs) =7,

where r > 0 is fized, then F is a normal family.



Chapter 4

Convergence

In this section we investigate the limit mapping of a convergent sequence of
conformal mappings. In particular, we are interested in determining what kind of
limit mappings are possible. It turns out that there are 3 possibilities. To achieve
this we need three auxiliary results.

4.1 Convergence of conformal mappings

Lemma 4.1.1. Let (f,) be a sequence of analytic functions in an open subset D
of R%. If f, — f uniformly on every compact subset of D, then f is analytic in
D.

Proof. Let z € D, let U be a neighborhood of z and let T" be a triangle in U.
Then T is a compact subset of D. By Cauchy’s theorem, we get fT fn =0 for all
n. Since f,, — f uniformly on T,

/f:/limfn:lim fn=0.

By Morera’s theorem, f is analytic in U. This holds for every z in D, and so f is

analytic in D.
m

In the following, we denote D,, the image of D under f for each n.

Lemma 4.1.2. Let f, : D — D, be conformal, let f, — [ pointwise in D, and
let { fn|n € N} be equicontinuous in D. If there are distinct points z1, 2y € D such
that f(z1) = f(z2), then every neighborhood U of z; contains a point xo # 2z such
that f(z1) = f(o).

Proof. Let U be a neighborhood of z; not containing z,. We choose a circle S C U
such that S separates the points 21, 2o in R2. Since f, is a conformal mapping,
hence a homeomorphism, the set f,,(S) separates f,(z1) and f,(z2) for all n. Thus
there are points x,, € S such that

q (fn<wn)7 fn(zl>) < q (fn('z?)v fTL(zl)) :

23
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As a compact set, S contains all its limit points. Let zy be a limit point. Thus
we may assume that z,, — z¢o € S. Next, we will show that

q (fa(zn), f(z0)) — 0 as n — oco.

Let € > 0. Since {f,|n € N} is equicontinuous at zy, there is a neighborhood V'
of zy such that ¢ (fn(z), fu(20)) < § whenever z € V and n € N. Thus there is
M, € N such that z,, € V for all n > M, and such that

0 (faln). fulo)) < 5

whenever n > M. Since f,, — f pointwise in D, there is M; € N such that

q (fn(z0), f(20)) <

DO

for all n > M. Let M = max{My, M;}. Then

q (falzn), f(w0)) < a(falan)s fulzo)) +q (fulzo), f(20))
< g + % =€

whenever n > M. Since € is arbitrary, we have

q (fulzn), f(x0)) = 0 as n — oo

as desired. Now

q (fn(x0), fu(21)) < q(ful20), F(20)) +q (f(20), fu(wn)) + ¢ (fu(xn), ful21))
< q(fal@o), f(w0)) + q (f (o), fulxn)) + 4 (fal22), ful21))

for all n. By taking the limits as n — oo, obtain

q (f(@o), f(z1)) < q(f(22), f(21))-

By the hypothesis, f(21) = f(22), and we obtain ¢ (f(zo), f(21)) = 0, which means
that f(z1) = f(x¢). Hence the proof is complete.
[l

Lemma 4.1.3. Let f, : D — D, be conformal, let f, — [ pointwise in D, and
let {fn|n € N} be equicontinuous in D. Then every xg € D has a neighborhood U
such that f|U is either injective or constant.

Proof. Since {f,|n € N} is equicontinuous, there is a ball neighborhood U of zg
such that

1
q(fn(x), fu(zg)) < 1 whenever x € U and n € N.

If U does not have the desired property, we can pick distinct points wuy, us, uz in U
such that f(uy) # f(u2) = f(uz). We join u; and uy by an arc Jy C U and choose
another arc J; such that the end points of J; are uz and a point uy € OU and such
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that J; N\ U = uyg, JoNJp = ¢. If Ais the ring U \ (Jp U Jy), then f,(A) = A, is
the ring R(C{, CT) where CJ = f,.(Jo) and CT = (f.(U ~ J1)). Since f,(u1) and
fnl(ug) lie in CF', we have

Q(Cg) > Q(fn(u1>v fn(u2)) .

Because ¢ (f,,(U)) < 3, it follows that f,,(U) under stereographic projection must
be contained in a half-sphere, so its complement contains a half-sphere, and there-

fore ¢ ((f,(U))°) = 1. Thus

1=q((fo(U))) < q(CT).
Now f,(uz) € Cf and f,,(u3) € C}, and so

q (C(T)L> C{L) <q (fn<u2)a fn(u3)) .

The ring A,,, therefore, lies in the collection ¥(r,,t,), where

rn=q(falw), fauz))  and b, = q(fa(u2), fulus)).
Recalling that
)\(Tn, tn> = mf M(FB),

Be¥(rn,tn)

we thus obtain
M(Ta,) = M, tn)

for all n € N. Now, since f, — f pointwise in D, it follows that

rn = q (f(u1), f(uz)) >0

and
tn — q(f(u2), f(us)) = 0.
By Theorem 2.5.4(4), therefore,
AT, tn) — 00
as n — 0o. Hence M(I'4,) — oo. Since f, is conformal for each n,
M(Ta,) = M(T4),

by virtue of Theorem 2.2.6. Thus M(['4) = co. But since A is a ring, M(I"4)
is finite by Theorem 2.3.2. Thus we have reached a contradiction. Hence every
xo € D has a neighborhood U such that f|U is either injective or constant.

O

The main result of this section is the following theorem.

Theorem 4.1.4. If f, : D — D,, is conformal and f, — [ pointwise in D, then
there are 3 possibilities:
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(1) f is a constant. The convergence may be c-uniform or not.

(2) f assumes ezactly 2 values, one of which at exactly one point. The conver-
gence is not c-uniform.

(3) f is a conformal mapping. The convergence is c-uniform.

Proof. Suppose first that f assumes exactly 2 values, say by = f(a;) and by =
f(az). Since f,, — f pointwise, we get

fu(a1) — f(a1) = b1 and f,(az) — f(az) = bo.

Let V; and V5 be neighborhoods of b; and by, respectively, such that Vinv, = é.
Then there exists an integer ng such that f,(a;) € Vi and f,(as) € V5 for all
n > mng. Forn=1,2,... ng, we have f,(a1) # fn(a2) because f, is injective. Let

r=min {q(fi(a1), f1(a2)),q¢(fo(ar), fo(a2)), - ., a(fuo(a1), fuo(a2)),a(V1,V2) } .

Then r > 0. Thus f,|D \ {a1,as} omits 2 values, which are f,(a;) and f,(as)
with
q(fnlar), fulaz)) > 7 >0

for all n € N. By Theorem 3.1.2, the family { f,,|D ~\ {a1, a2} |[n € N} is equicontin-
uous. Thus f, — f c-uniformly in D ~\ {aq,as}. This implies that f is continuous
in D\ {ay,as2}. Since f(D) = {by,bs}, it must be the case that f (D \ {a1,as2})
is either {b;} or {b2}. Suppose that f (D \ {a1,as2}) = {b1}. Thus we have

[ by forze DN {as},
f(x)_{bQ for r = as.

Here, f is not continuous in D. Thus the convergence cannot be c-uniform and
we have the situation (2).

It remains to prove that if f assumes at least 3 values, say by = f(a1), by =
f(az), and by = f(as3), then we have the situation (3). Since f,, — f pointwise in
D, we get

fular) = f(a1) = by, fulaz) — f(az) = by, and f,(as) — f(as) = bs.

Let Vi, V5 and V3 be neighborhoods of by, b, and bs, respectively, such that V; N
Vj = ¢ for all i # j € {1,2,3}. Then there exists an integer n; such that
falar) € V4, fu(as) € Vo and f,(a3) € V3 for all n > ny. Forn = 1,2,...,ny, we
have f,(a;) # fn(a;) for all i # j. Let

r=min {q(fi(a:), f1(a;)), q(f2(a:), fo(ay)), . -, q(fa (@i), fui(a)), a(Vi, V;) }

for all i # j € {1,2,3}. Then r > 0. Thus

Q(fn(ai)v fn(aj)) >r >0
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for all n € N. By Theorem 3.1.3, {f,|n € N} is equicontinuous. By Theorem
3.2.4, f, — f c-uniformly. Hence f is continuous in D.

Next, we want to show that f is injective. Suppose that there are distinct
points z1, 29 € D such that f(z1) = f(22). By Lemma 4.1.2, every neighborhood
U of z; contains a point xg # z; such that f(z;) = f(z¢). By Lemma 4.1.3, every
z € D has a neighborhood U such that f|U is either injective or constant. Let D,
be the set of all z € D which have a neighborhood in which f is injective, and Dy
the set of all x € D which have a neighborhood in which f is constant. Then D,
and D, are open and disjoint, and D = Dy U D,. Since z; ¢ Dy, we have Dy # ¢.
Since D is connected, D = D,. Hence f is constant in D, which is a contradiction.
Therefore f is injective.

Since f, is conformal and f,, — f c-uniformly, f is analytic in D by Lemma
4.1.1. As an analytic function, f is an open mapping. Hence f(D) is an open
set. As a connected set, therefore, f(D) is a domain. Since f is injective, we
can infer that f is a continuous bijection of D onto f(D). The openness of f
guarantees that also f~! is continuous. Therefore f : D — f(D) is an analytic
homeomorphism. Such a mapping is always a conformal mapping.

]

Corollary 4.1.5. If f, : D — D,, is conformal and f, — f c-uniformly in D,
then f is either a conformal mapping onto a domain D' or a constant.

If D happens to be the extended plane R2, the second case above can be ruled
out:

Theorem 4.1.6. If f, : R2 — R2 is_conformal and f, — [ c-uniformly in RZ,
then f is a conformal mapping onto R2.

Proof. By Corollary 4.1.5, f is either a conformal mapping onto a domain in R?
or a constant. If f is a constant, then ¢ ( fn(@)) — 0. Since f,(R?) = R2, this is

impossible. Hence f must be a conformal mapping onto R2.
O

Remark 4.1.7. In Theorem 4.1.6, it is possible that (f,,) converges non c-uniformly

to a constant. For example: the sequence (f,,), where f,(2) = z+ne;y for all z € R
and e; = (1,0), converges to a constant.

Proof. Let z € R2. Since

lim f,(z) = lim (2 + ne;) = oo,
(fn) converges pointwise to the constant function f defined by f(z) = oo for all
z € R?. Next, we will show that (f,) does not converge uniformly to f. Suppose
that there is a positive integer ny such that for all z € R2?,

1

0 (Ful2), 1)) < 5
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whenever n > ng. Let z = —ne;. Then f,(z) = f.(—ne;) = (—ney) + ne; = 0.
But

q (fu(2), f(2)) = q(0,00) = 1,
for all n. Thus ¢ (f,(2), f(z)) is not less than § for all n > ny, a contradiction.

Therefore (f,,) does not converge c-uniformly to f.
O

Remark 4.1.8. In Theorem 4.1.6, it is possible that (f,) converges c-uniformly
to a constant. For evample, f.(z) = £ for all z € R where R is the upper
half-plane.

Proof. Let z € RZ. Note that

n—0o0 n—oo M

Thus f, — 0 pointwise in R?. Next, we will show that f,, — 0 c-uniformly in R?.
Let € > 0 and F be a compact subset of R%. Let M > 0 such that |z| < M for all
z € F. Choose a positive integer N > % Then, for any z € F,

z

falz) =01 = |2

< <
_ €
N

whenever n > N. Hence f, — 0 uniformly in F.
O

To deal with the case where D has exactly one boundary point requires a con-
sideration on the removability of an isolated boundary point. For this purpose,
we recall the concept of a cluster set:

Definition 4.1.9. Given a mapping f : D — ]RT_Qand a point b € 0D, the cluster
set C(f,b) of f atb is the set of all points ' € R? such that there ezists a sequence
(z;) such that x; € D, x; — b and f(z;) — b'. Alternatively,

C(f,b)=(f(DNT)

where U runs through all neighborhoods of b. Thus f has a limit b’ at b if and only
if C(f,0) = {b'}. Since R? is compact, the cluster set is never empty. The cluster
set of f on a set A C 0D is defined by

c(f,4) =,

beA

The cluster set of a homeomorphism f: D — D' is always a subset of 0D'.
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Suppose that D is a proper subdomain of R2. Let C' be a component of D
Then DN C' is a component of dD. Thus if f : D — D’ is a homeomorphism and
B is a component of D, then C'(f, B) is a component of 9D’. That is, D and D’
have the same number of boundary components. This implies that a homeomor-
phic image of a ring is always a ring.

Theorem 4.1.10. Suppose that f : D — D’ is a conformal mapping and that
b is an isolated point of OD. Then f has a limit V' at b, and b is an isolated
point of OD'. Defining f*(b) = b and f*|D = f, we obtain a conformal mapping
ff:DU{b} - D U{b}.

Proof. Since b is an isolated point of 0D, we can choose a ball neighborhood U of
b such that U NdD = {b}. Let A = U ~ {b}. Then A is a ring with boundary
components OU and {b}. Thus M(I'4) = 0 by Example 4. Moreover, f(A) is
also a ring with boundary components f(0U) and C(f,b). Since f is conformal,
M(T'¢(A)) = M(I'4) = 0 by Theorem 2.2.6. By Theorem 2.3.7, C(f,b) consists of
a single point &’. Thus f has a limit b’ at b. Because f is a conformal mapping and
{b} is a component of A, C(f,b) = {b'} is a component of df(A). This implies
that ¢ (b, f(OU)) > 0. Since

q(V',0D" ~A{V'}) = ¢V, f(OU)) > 0,

b’ is an isolated point of dD’. Note that DU{b} is a domain. Then f*: DU{b} —
D"U{l'} is a continuous bijection, and hence a homeomorphism. That is, f* is a
conformal mapping.

]

Theorem 4.1.11. Let D = R2 ~ {a} and let (f,) be a sequence of conformal
mappings of D that converges c-uniformly to a mapping f. Then f is either a

constant or a conformal mapping onto a domain R2 {b}. In the second case,
b =lim, ... b, where f,(D) =R2?~ {b,}.

Proof. Suppose that f is not constant. Then, by Corollary 4.1.5, f is conformal.
For each n € N since f, is a conformal mapping, we have f, is analytic on D~ {a}.
By Theorem 4.1.10, f,, can be extended to a conformal mapping f : R? — R2,
Set fr(a) = b,. Let x1, 19, x3 be distinct points in D. Let

e = min{q(f(x), f(x})) i # j} > 0.

Since f, — f c-uniformly in D, there is an integer N such that

q (fu(zy), f(25)) <

Wl ™

for all n > N and j = 1,2,3. Thus q (fu(z:), fu(7;)) > § for alln > N and i # j.
Let

rp = min{q(f(z:), fu(x;)) 11 # j} and  ro=min{r,:n=1,...,N}.
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Set r = min{%o, g} Then

q(fn(2i), fulaz)) > 7

whenever n € N and i # j. By Theorem 3.1.3, { f#|n € N} is equicontinuous in R2.
Then (fF) converges c-uniformly to a mapping f* by Theorem 3.2.4. Thus f* is
a conformal mapping onto R? by Theorem 4.1.6 and f* : R2 — R2 converges uni-
formly to f*. Hence f maps D onto R2~ {b}, where b = f*(a) = lim, o f*(a) =
lim,,—, by,

]

The discussion of the case where D has more than one boundary point involves
the concept of the kernel, next to be introduced:

Definition 4.1.12. Let Ey, Es,... be a sequence of sels in R2. The kernel
ker, o E, of this sequence is the set of all points in R? which have a neighborhood
contained in all but a finite number of the set E,. Equivalently,

ker,, . E, = D int ﬁ E,,

k=1 n=~k

where int E is the interior of a set E.

The kernel of a sequence is always an open set. However, it does not need to
be connected ever if the sets F, are domains. We shall also use the simpler but
less rigorous notation ker F,, for ker,, ., E,.

Theorem 4.1.13. Let D be a domain which has at least two boundary points. Let
fn: D — D, be a sequence of conformal mappings that converges c-uniformly to
a mapping f. Then f is either a conformal mapping onto a component of ker D,
or a constant in (ker D, U ker D¢ ).

Proof. Suppose that f is a conformal mapping onto D’. We first show that D’ C
ker D,,. Let yo € D’. We will prove that yg € ker D,,. That is, we will show that
there is a neighborhood U of 3y and an integer ng such that U C D, for all n > ny.

Let 79 = f~'(yo). Choose a neighborhood U of zy such that U C D. Since
fn — f c-uniformly in D, f,, — f uniformly in U. Thus f, — f pointwise in U
which implies that f,(x¢) — f(xo) = yo. Then there is a ball neighborhood V' of
Yo and an integer ngy such that

falzo) €V and Vnf,(0U)=¢
for all n > ng. Since V' is conected,

vV cf,(U)cCD,
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for all n > ng. Thus yo € ker D,,. Hence D’ C ker D,,.

Let G be the component of ker D,, which contains D’. Thus D’ C G. Suppose
that D’ # . Then there is a point b € G N JD’. By the definition of the kernel,
there is a ball neighborhood U of b and an integer ng such that U C D,, for n > ny.
Hence g, = f,7!|U is defined for n > ng. Since every g, omits two fixed values,
namely the boundary points of D, {g,|n > ng} is a normal family by Theorem
3.2.6. Passing to a subsequence, we may assume that g, — ¢ c-uniformly in
U. Consider a point x € f~1(D'NU). Since f,(x) — f(x) and {gn|n > ne} is
equicontinuous at f(x),

q (gn(f (), 2) = ¢ (gn(f(2)), gn(fn(x))) — 0.

Thus g(f(x)) = x for all x € f~' (D'NU). In particular, g is not constant in the
non-empty open set D' N U. By Corollary 4.1.5, g is a conformal mapping of U
onto a domain V. From the first part it follows that

V C kerg,(U) C D.

Thus ¢(b) € D. Since f(g(y)) =y for all y € D'NU, we have

f(g(b)) = Zlgglo flg(yi)) = Zliglo yi = b,
where y1,99,... is any sequence in D' N U converging to b. Thus b € D', a
contradiction. Hence D' = G.

If fis not a conformal mapping, then by Corollary 4.1.5, f(x) = ¢ where ¢ is
a constant. Since every neighborhood U of ¢ meets D,, for large n, there exists an
integer ng such that U ¢ D¢ for n > ng. Therefore ¢ € (ker D¢)°. Next, we will
show that ¢ ¢ ker D,,. Assume that ¢ € ker D,,. By the definition of ker D,,, we
can choose a ball neighborhood U of ¢ and an integer ng such that U C D, for
n > ng. Define g, = f1|U. Since every g, omits two fixed values, {g,|n > ng} is
a normal family by Theorem 3.2.6. Passing to a convergent subsequence, we may
assume that g, — ¢ c-uniformly in U. Let x € D. Then f,(x) € U for large n.
Since f,(z) — f(z) and {g,|n > ne} is equicontinuous at f(x),

q(z,gu(c)) = q(gn(fu(z)), gn(c)) — 0.

Hence (g, (c)) converges to every point x € D, which gives a contradiction. There-
fore ¢ ¢ ker D,,. Now we conclude that ¢ € (ker D,, U ker D¢)*.
[

Next we will show that if f is a conformal mapping, then the inverse mappings
£ converge to f1.

Theorem 4.1.14. Suppose that f,, : D — D, is a sequence of conformal mappings
that converges to a conformal mapping f : D — D'. Then for every compact set
F C D' there is a integer ng such that F C D, for n > ng. Moreover, the
mappings [, *|F converges uniformly to f~!|F.
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Proof. Suppose first that F' # D’. This is the case if D’ # R2. We can choose a
domain G such that F' C G and G is a proper subset of D’. By Theorem 4.1.13,
we have D’ C ker D,,. Thus, for every y € G, we can find a neighborhood U (y) of y
and an integer n(y) such that U(y) C D, for all n > n(y). Choose a finite covering
{U(y1),...,U(yp)} of G, and set ng = max {n(y1),...,n(yx)}. Then F C G C D,
for n > ng as desired.

For n > ng, let g, = f1|G. If ay, as are two points in D\ f~*(G), f.(a;) ¢ G for
large n. Theorem 3.2.6 implies that {g,|n > ne} is a normal family. By Theorem
3.2.4, it suffices to prove that g,(yo) — f~'(yo) for an arbitrary y, € G. Fix yj,
let € > 0 and set g = f~'(yo). By the equicontinuity of the family {g,}, choose
a neighborhood U C G of y, such that

q(9n(Y), gn(yo)) < €

for all y € U and n > ng. Since f,(x¢) — f(x9) = yo, there is an integer ny > ny
such that f,(zg) € U for n > ny. Thus, for n > ny, we have

q (%0, gn(Y0)) = q (gn (fu(0)) ; gn(¥0)) < €

Therefore g, (yo) — xo. This implies that f, (yo) — f~'(yo). By Theorem 3.2.4,
(f7YF) converges uniformly to f~!|F. Thus g, — f~! c-uniformly in G.
Finally, if F = D’ = R2, then we can choose compact proper subsets I, Fy C
D’ such that F; U F, = F. By the previous argument, we get that f ! — f~!
uniformly in F; and Fb, respectively. Hence f, ' — f~! uniformly in F.
O

Theorem 4.1.15. Suppose that D is a domain which has at least two boundary
points and that (f,) is a sequence of conformal mappings onto a fixred domain D’
such that f, — f pointwise in D. Then D' has at least two boundary points, and
the convergence is c-uniform. The limit mapping f is either a conformal mapping
onto D' or a constant ¢ € OD'. In the first case, f;1 — f~1 c-uniformly in D'.
The second case can occur only in the following cases: (1) 0D is connected. (2)
0D consists of two points. (3) OD has an infinite number of components.

Proof. Applying Theorem 4.1.10 to f, !, we obtain that 9D’ has at least two
points. Thus f omits two fixed values. Theorem 3.2.6 implies that {f,|n € N} is
a normal family. Thus f,, — f c-uniformly. Then f is either a conformal mapping
onto D’ or a constant ¢ € 9D’ by Theorem 4.1.13.

Suppose that f is a conformal mapping. From Theorem 4.1.14, it follows that
f7t — f~! ccuniformly in D’. Thus we have the first case.

Next, assume that f is a constant and 0D has exactly k components By, ..., B,
where 2 < k < co. We will show that & = 2. Since f,, is a conformal mapping, 0D’
has exactly k components By, ..., B}, such that, for each n, B] is one of the cluster
sets C(fn, B). Passing to a subsequence, we may assume that B, = C(f,, B;) for
alln € Nand 1 <i < k. Choose a compact set F' C D such that the sets B; are
contained in different components of F°. For example, we may put

F ={z € Dlg(x,0D) > r}
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for a sufficiently small r. The sets B! are contained in different component of
(fu(F))°. Since f,(x) — ¢ uniformly in F,

q (fu(F)) = 0.

Let U, be the component of (f,(F))° which has the largest spherical diameter.
Note that
Un C (fu(F))"  and  9(Uy) = 0U, C fu(F).

Since ¢(f.(F)) — 0, ¢(0U,,) — 0. From the choice of U, it impiles that ¢(US) — 0.
On the other hand Uf contains all but one B.. This is possible only if £ = 2 and if
one of the sets B, say B; = B!, contains only the point c¢. By applying Theorem
4.1.10 to f,; !, we have B, contains only a single point and f,, can be extended to
a conformal mapping

ff:DUB, — D'UB,

where B = {c}. Then f*(z) — ¢ pointwise in D U By. If By contains more than
one point, {f¥n € N} is a normal family. Thus f — ¢ c-uniformly. By Theorem
4.1.13, ¢ is a boundary point of D"U Bj. This is a contradiction because Bj = {c}.

]

As applications of the previous results we will prove:

Theorem 4.1.16. Suppose that D and D' are domains, each of which has at least
two boundary points. Suppose also that F' is a compact subset in D. For e > 0
there is & > 0 with the following property: If f: D — D’ is a conformal mapping
such that q (f(F),0D") < 6, then q (f(F)) <e.

Proof. Suppose that the theorem is not true. Then there is € > 0 and a sequence
fn: D — D' of conformal mappings such that

q(fn<F>,8D’)<% and ¢ (fo(F)) > e

Since each f, omits two fixed values, {f,|n € N} is a normal family. We may
assume that f,, — f c-uniformly in D. By Theorem 4.1.15, f is either a conformal
mapping onto D’ or a constant in dD’. Since q (f,(F),0D’) < %,

q(fu(F),0D") -0 as n — .
If f is conformal, ¢ (f(F'),0D") > 0. But
q (fu(F),0D") — q (f(F),0D") >0

which contradicts that ¢ (f,,(F),0D’) — 0. Hence it is impossible that f is con-
formal. Since

q (fn(F)) Z €,

f cannot be a constant in 9D’. Hence the theorem is true.



34

Theorem 4.1.17. Suppose that D and D' are domains such that 0D has at least
three points and exactly k components, 2 < k < oo. Suppose also that F is a
compact set in D, consisting of at least two points. Then there exists a positive
number 0 such that

q(f(F),0D) >0  and  q(f(F)) >0

for every conformal mapping f : D — D’.

Proof. Suppose that the theorem is not true. Then for every n € N, there is a
conformal mapping f,, : D — D’ such that

1
n

S|

Q(fn(F)vaD,) < or q(fu(F)) <

Note that 0D’ has exactly k& components, hence every f,, omits two fixed values.
By Theorem 3.2.6, {f,|n € N} is normal family. We may assume that f, — f
c-uniformly in D. Since 0D has at least three points and exactly k& components
2 < k < o0, fis a conformal mapping by Theorem 4.1.15. Because F'is a compact
set containing at least two points and f is a conformal mapping,

q(f(F)) > 0.

Thus there is a subsequence { f,,, } such that either

1 1
— for all & or q(fu,(F)) < — for all .

0(F(F).0D) < — —

For the first case,
q(fn.(F),0D") =0 as k — oo,

which contradicts the fact that
q (far(F),0D") = q (f(F),0D") > 0.
Similarly, if ¢ (f,, (F)) — 0, it contradicts the fact that

q (fn(F)) = q (f(F)) > 0.

Therefore the theorem must be true.



Chapter 5

Quasiconformal Mappings

In this section we define the concept of a quasiconformal mapping and observe
that the main theorems on normal families, equicontinuity and convergence remain
true for quasiconformal mappings.

5.1 The Dilatations of a Homeomorphism

Definition 5.1.1. Let D and D" be domains in R? and let f : D — D' be a
homeomorphism. Set

M(I") M(T)

Ki(f) = sup (D) , Ko(f) = SUPNTT)’

and K(f) =max {K(f),Ko(f)},

where the suprema are taken over all path families T' in D such that M(I") and
M(I") are not simulatancously 0 or co. We call Ki(f), Ko(f) and K(f) the in-
ner, the outer and the maximal dilatation of f in D, respectively.

Remark 5.1.2.
1. Clearly, 0 < K;(f), Ko(f) < oo, and either K;(f) > 1 or Ko(f) > 1.
2. In fact, it can be shown that both K;(f) and Ko(f) are at least one.

3. If f is conformal, then M(T') = M(T") for each path family T in D, and,
consequently, K;(f) = Ko(f) = 1.

4. M(T") < K (f)M(T) and M(T) < Ko(f)M(T") for all path families T.

Theorem 5.1.3. Let D, D" and D" be domains in R? and let f : D — D' and
g: D" — D" be homeomorphisms. Then

(1) Kr(f=) = Ko(f).
(2) Ko(f™h) = Ki(f).

35
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3) K(f71) = K(/).

)
4) Ki(go f) < Ki(9)Ki(f).

5) Ko(go f) < Ko(g9)Ko(f)-

6) K(gof) < K(9)K(f).

Proof. (1) and (2) are clear by Definition 5.1.1.

(
(
(
(

(3) From (1) and (2) we get
K(f71) =max {K(f™'), Ko(f )} = max {Ko(f), K1(f)} = K(f)-
(4) Let T be a path family in D and let I = f(T'),I" = g(I'""). Then
M(I") < Ki(g)M(I') < Ki(g)K(f)M(T),
and so
M(T")
M(T)
Taking the supremum we obtain K;(go f) < K;(g9)K(f).

< Ki1(9)K1(f).

(5) The proof is analogous to that of (4).
(6) From (4) and (5) we obtain

K(go f) max {K;(go f), Ko(go f)}

max {K7(g9)K1(f), Ko(9)Ko(f)}
max {K7(g), Ko(g)} - max {K1(f), Ko(f)}
K(g)K(f).

I VAN VAN

5.2 Quasiconformal Mappings

Definition 5.2.1. Let D and D" be domains in R? and let f : D — D’ be a home-
omorphism. If K(f) < K < oo, then f is K-quasiconformal. Equivalently, f
18 K -quasiconformal if and only if

%M(F) < M(T') < KM(T)

for all path families " in D. The mapping f is quasiconformal if K(f) < oco.

Remark 5.2.2. Obviously f is K-quasiconformal if and only if K;(f) < K and
Ko(f) < K.
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As consequences of Theorem 5.1.3 we have the following corollaries.

Corollary 5.2.3. If f is K-quasiconformal, then f~! is K-quasiconformal.
Proof. Since K(f) < K < o0, we get
K(f7) =K(f) < K <cc.

Thus f~! is K-quasiconformal.
O

Corollary 5.2.4. If h = g o f, where f is Ki-quasiconformal and g is K-
quasiconformal, then h is K1 Ks-quasiconformal.

Proof. Since K(f) < K; and K(g) < K, Theorem 5.1.3 implies that
K(h)=K(go [) < K(9)K(f) < KiK>.

Therefore h is K7 K>-quasiconformal as desired.
O

We close this thesis with quasiconformal analogues of Montel’s theorem and of
the main convergence theorem (Theorem 4.1.4):

Theorem 5.2.5. Let .7 be a family of K-quasiconformal mappings of a domain
D into R2. If each f € F omits 2 values ay, by with chordal distance
where r > 0 is fized, then .F is equicontinuous and hence a normal family.

Proof. Let xg € D and 0 < € < r. Similar to the proof of Theorem 3.1.2, we can
choose neighborhoods U and V of g, for example disks, so that U C V' C D, that
A =V~ U is a ring domain, and so that KM (T'4) < A(e), where A is the function
introduced in Definition 2.5.1. Then f(A) = R(Cy, C,), where Cy = f(U) and
Cy = (f(V)), is a ring. Since Cy contains ay and by, we get

q(C1) > q(ag,bf) > 7.

For each z € U,
q(f(@), f(x0)) < q(Co).

From the definition of A(¢) and K-quasiconformality of f, we obtain
KM(Ta) > M(Tyay) > A1)

where t = min (r,q (f(x), f(zo))). Thus A(t) < A(e). Since \ is increasing, we
have ¢t < e < r. Hence

q (f(x), f(x0)) <e.

for all z € U and f € .%. Therefore .# is equicontinuous at x,. Finally, .# is

normal by Ascoli’s theorem.
O
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Corollary 5.2.6. Let .F be a family of K-quasiconformal mappings of a domain
D. Then F is equicontinuous if one of the following conditions is satisfied:

(1) There are points x1,x2 € D and a number r > 0 such that each f € F omits
a point ay and q (ays, f(x;)) > r fori=1,2.

(2) There are points x1,x2,x3 € D and a number r > 0 such that each f € F
satisfies the three inequalities q (f(x;), f(x;)) > r, fori # j.

Proof. The proof is analogous to the proof of Theorem 3.1.3, except using Theorem
5.2.5 instead of Theorem 3.1.2.
m

In the proof of Lemma 4.1.2, the property of conformality required in the
proof is only that every conformal mapping is a homeomorphism. Since a K-
quasiconformal mapping is a homeomorphism, Lemma 4.1.2 can be stated in a
more general version as following.

Lemma 5.2.7. Let f,, : D — D,, be K-quasiconformal, let f,, — [ pointwise in D,
and let { f,|n € N} be equicontinuous in D. If there are distinct points zy,zo € D
such that f(z1) = f(zq), then every neighborhood U of z, contains a point xoy # 2
such that f(z1) = f(xo).

Lemma 5.2.8. Let f,, : D — D,, be K-quasiconformal, let f,, — f pointwise in D,
and let { fn|n € N} be equicontinuous in D. Then every o € D has a neighborhood
U such that f|U is either injective or constant.

Proof. The proof is analogous to that of Lemma 4.1.3, except in the last paragraph
where the conformality is applied. In K-quasiconformal case, we have M (I"4,) <
KM(T'4). Then the sort of the proof of Lemma 4.1.3 is still valid here.

O

By using the same argument in the proof of Theorem 4.1.4, we can prove the
following theorem by applying Corollary 5.2.6, Lemma 5.2.7 and Lemma 5.2.8 in-
stead of Theorem 3.1.3, Lemma 4.1.2 and Lemma 4.1.3 respectively.

Theorem 5.2.9. If f,, : D — D, is K-quasiconformal and f, — f pointwise in
D, then there are 3 possibilities:

(1) f is a constant. The convergence may be c-uniform or not.

(2) f assumes ezactly 2 values, one of which at exactly one point. The conver-
gence is not c-uniform.

(3) f is a homeomorphism onto a domain D'. The convergence is c-uniform.
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The following results are from [3].

Let €2 be a set. A nonempty collection A of subsets of €1 is called a o-algebra
if the following two conditions are satisfied:

1. A€ Aimplies A° € A.
2. {A,}, € Aimplies |, 4, € A.

Let B be the smallest o-algebra of subset of R? that contains all open sets of
R2. Members of B are called two-dimensional Borel sets.

Let 2 be a set and A a o-algebra of subsets of €. A measure, u, on A
is an extended real-valued function satisfying the following conditions:

1. u(A) >0 for all A e A.

2. () =0.
3. If Ay, Ay, -+ arein A, with A; N A; = ¢ for i # j, then

() -z

The pair (2, .A) is called a measurable space and the triple (€2, A, i) is called a
measure space.

A measure on B is called a two-dimensional Borel measure.

We denote by C the smallest collection of real-valued functions on R? that
contains the collection of continuous functions and is closed under pointwise lim-
its. The members of C are called Borel measurable funcions. Equivalently, A
function f is Borel measurable if and only if the inverse image of each open set
under f is a Borel set; that is, f is Borel measurable if and only if f~1(O) € B for
all open sets O.

Note that a function f is Borel measurable if and only if {z € R?|f(x) < a} is
Borel set for all a € R.
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