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Chapter 1

Introduction

In this chapter, we introduce some definitions and notations used in this
thesis.

A graph is a triple G = (V(G), E(G),wq), where V(@) is a finite (possibly
empty) set of vertices, E(G) is a set of edges and an incidence function wg
that associates with each edge of G and unordered pairs of vertices of G. If e is an
edge and x and y are vertices such that wg(e) = {z,y}, then e is said to incident
x and y. Further, the vertices = and y are called end vertices and we say that
x and y are adjacent. The order of G is |[V(G)|. Two or more edges that join
the same pair of vertices are called parallel edges. An edge that joins itself is a
loop. A graph G is simple if G has no loops and parallel edges. If GG is simple
and wg(e) = {x,y}, then we denote e by zy.

The complement G of a graph G is that graph with V(G) = V(G)
and zy € E(G) if and only if 2y ¢ E(G). A graph H is a subgraph of G if
V(H) C V(G) and E(H) C E(G). H is an induced subgraph of G, denoted
by G[H], if, for every pair of x,y € V(H), zy € E(H) if and only if zy € E(G).
Let x and y be a pair of non-adjacent vertices of G. Then G + zy is the graph
obtained from G' by adding the edge zy.

The open neighborhood and the closed neighborhood of a vertex x
of G are denoted by Ng(z) = {y € V(G)|ry € E(G)} and Ng[z] = Ng(x) U {x},
respectively while Ng(z) denotes either Ng(x) NS if S is a subset of V(G) or
Ne(z) NV (S) if S is a subgraph of G. The non-neighborhood of v in G denoted
by Ng(z) is V(G) — Ng[z]. A degree of x in G, denoted by d(z), is |[Ng(z)|. A
vertex of degree 1 is called an end vertex.

A complete graph is a simple graph in which every pair of vertices are
adjacent. A complete graph of order n is denoted by K,. A simple graph G is
a bipartite graph if V(G) can be partitioned into 2 non-empty subsets V; and
V5 such that no edge of G joins vertices in the same set. The sets V; and V5 are
called the partite sets of GG. If GG is a bipartite graph having partite sets V7 and

V5 such that every vertex of V; is joined to every vertex of V5, then G is called



a complete bipartite graph. If |V;| = p;, for 1 < i < 2, then we denote GG
by Kp, p,- A complete bipartite graph which the cardinality of at least one of
partitioned vertex set equals to one is called a star, denoted by K ,. The center
vertex of star K, is either vertex of K, such that degree is equal r if r > 2 or
one end vertex if r = 1. K 3 is called a claw. A graph is claw-free if it contains
no K3 as an induced subgraph .

The double star S(m,n) is the graph obtained from the disjoint union
of star K3 ,, and K ,(m,n > 1) by joining the two central vertices.

A walk in a graph G is a finite, non-empty alternating sequence W =
Vvpe1V16s...6,0, of vertices and edges such that for 1 < i < n, the ends of edge ¢;
are v;_1 and v;. W is said to be a walk from v, to v,. A path is a walk with
distinct vertices. Two vertices = and y of G are connected if there is a path
from x to y. A graph G is connected if every pair of vertices of G are connected
otherwise G is disconnected. A maximal connected subgraph of G is called a
component of GG. The distance between two vertices x,y, denoted by d(z,y), is
the length of a shortest zy-path in G. The diameter of GG, denoted by diam(G),
is the maximum distance between two vertices of G.

Two simple graphs G; and G, are isomorphic if there is a one-to-
one function ¢ from V(G;) onto V(Gs) such that xy € E(G;) if and only if
o(z)p(y) € E(Gy). If Gy and Gy are isomorphic, then we denote by Gy = Gs.

For M C E(G), M is a matching in G if no two edges of M have common
end vertex. A perfect matching of a graph G is a matching covering all vertices
in G.

Let G7 and G5 be vertex-disjoint graphs. Then the union of G; and G,
denoted by G U Gy, is the graph having V(G; U Gy) = V(G;) U V(G3) and
E(G1UGs) = E(Gh) U E(Gs). We denote G UG by 2G. The join of G and G,
denoted by G + G, is that graph consisting of the union G'; U G, together with
edges xy where x € V(G;) and y € V(Gs).

A subset D of V(G) is called a dominating set of G if every vertex of G
either belongs to D or is adjacent to a vertex of D. We will write D > G if D is a
dominating set of G. Further, if D = {x}, then we say that  dominates G rather
than {z} dominates G' and is denoted by = > G. Moreover, if D is a dominating
set of G[H], then we say that D dominates H and is denoted by D > H. The
minimum cardinality of a dominating set of G is called the domination number
of G, denoted by v(G).

A subset S of V(@) is said to be an independent set if no two vertices in



S are adjacent. A dominating set D of G is called an independent dominating
set if D is independent and the independent domination number denoted by
i(G) is the minimum cardinality of an independent dominating set for G.

A graph G is said to be k-vy-critical if v(G) = k but v(G + w) < k
for every pair of non-adjacent vertices v and v of G. A graph G is said to be
k-(v,t)-critical if v(G) = k but v(G + wv) < k for every pair of non-adjacent
vertices v and v of G with d(u,v) < t.

All graph considered in this thesis are finite undirected and simple. Chap-
ter 2 provides some basic background and preliminaries results related to our work.
In Chapter 3, we present new classes of 3-(vy, 2)-critical graphs of diameter 3 which
are not 3-y-critical. Finally, Chapter 4 contains the characterization of 3-(v,2)-

critical graphs which are not 3-vy-critical of order at most 8.



Chapter 2

Literature reviews

This chapter provides some basic background and results concerning k-v-
critical and k-(, t)-critical.

A concept of k-vy-critical was first introduced by Sumner and Blitch [?] in
1983. They showed that 1-vy-critical graph are complete graphs of order n and

characterized 2-v-critical as follows.
Theorem 2.1. [?] A graph G is 2-y-critical if and only if G = U}, K1,,(n > 1).

In the same paper, they gave a class of 3-y-critical as follows. For positive
integer p > 6, let a + b+ ¢ = p — 3 be any partition of p — 3. Let A, B,C
be disjoint complete graphs of cardinality a,b and ¢, respectively, and such that
AUBUC is complete. Let G be a graph with V(G) = AUBUC U {v,u,w} with
Ng(v) = A, Ng(u) = B and Ng(w) = C.

For any graph G with v(G) = k, the diameter of G is at most 3k — 1(see
[?]). However, the upper bound of the diameter of k-vy-critical graphs was much

lower than that as we can see in the next theorem.

Theorem 2.2. [?] For k > 2, the diameter of a connected, k-y-critical is at most
2k — 2.

The upper bound in Theorem 2.2 is not best possible. When &k € {3,4},
such upper bound can be lower as in the next two theorems. These bounds are

best possible.

Theorem 2.3. [?] The diameter of a 3-y-critical graph is at most 3.

Theorem 2.4. [?] The diameter of a 4-y-critical graph is at most 5.
Moreover, in [?], Favaron et al. proved that:

Theorem 2.5. [?] For positive integer k > 2, there is a k-y-critical having diam-

eter L% — J



According to the definitions of dominating set and independent dominating
set, it is easy to see that y(G) < i(G). However, the equality holds if G is claw-free,
proved by Allan and Laskar [?].

Theorem 2.6. [?] If G is claw-free, then v(G) = i(G).

Sumner and Blitch [?] conjectured that if G is a k-vy-critical graph with
k > 3, then v(G) = i(G). This conjecture was proved to be false for k& > 4 and
unsettled for £ = 3. Ao [?] gave a counterexample to this conjecture for k = 4.
Further, a class of k-vy-critical graphs with (G) < i(G) where k > 4 was con-
structed in [?] by Ao et al.

In 1996, Henning et al. [?] extended the concept of k-vy-critical to k-(v,t)-
critical. They gave a complete characterization of 2-(vy, 2)-critical graphs as fol-

lows.

Theorem 2.7. [?7] A connected graph G is 2-(vy,2)-critical if and only if either
G2 Kin, forn;>1andr >1 or G= S(m,n) for some positive integers m

and n.

They also provided an upper bound on the diameter of 3-(vy, 2)-critical and
4-(7y, 2)-critical as follows.

Theorem 2.8. [?] The diameter of a 3-(vy,2)-critical graph is at most 4.
Theorem 2.9. [?] The diameter of a 4-(vy,2)-critical graph is at most 6.

Further, they established a class £ of 3-(v, 2)-critical graphs with diameter
4 as follows. Let Ay =2 K,.(r > 2), Ay = K (s > 1) and let A3 be obtained from
a complete graph Ky, (m > 2) without the edges of a perfect matching. Let
u € V(A;) and v € V(A;s). Let G be obtained from the disjoint union of Aj, A,
and Az by joining every vertex of Aj to every vertex of A; U A3 distinct from u and

v. Then, they characterized 3-(v, 2)-critical graphs with diameter 4 as follows.

Theorem 2.10. [7] G is a 3-(v, 2)-critical graph having diameter 4 if and only if
GeL.

In the same paper, Henning et al. gave a class of 3-(v, 2)-critical graphs of
diameter 3 which are not 3-y-critical as follows. Let A; = K,,,(m > 2), Ay = Az &
K,(n>2)and Ay = K;. Let v be a vertex of A; and suppose V(Ay) = {u}. Let
G be obtained from A;UA;UA3UA, by first joining every vertex of A; —v to every

vertex of Ay. Next join u to every vertex of A,. Finally, if V(Ay) = {vy, va, ..., v, }



Figure 2.1: A 3-(vy, 2)-critical graph of diameter 3 which is not 3-v-critical

and V' (A3) = {w1, ug, ..., u,}, then join every v; to every u; for i # j. Figure 2.1
illustrates this construction.

Henning et al. concluded this paper by posing a problem to characterize
3-(v, 2)-critical graphs of diameter 3 which are not 3-v-critical and giving a con-
jecture that if G is a connected 3-(7, 2)-critical graph, then v(G) = i(G). This
conjecture is still unsettled.

In [?], Ananchuen gave an upper bound on the diameter of 2-(v, t)-critical

graphs and provided a characterization of such graphs for t > 3 as follows.

Theorem 2.11. [?] Let G be a 2-(v,t)-critical for t > 2. Then diam(G) < 3 if
t =2 and diam(G) =2 if t > 3.

Theorem 2.12. [?] For an integer t > 3, G is 2-(v,t)-critical if and only if
G2 Kip(n>1) forn; >1 and r > 1.

In the same paper, she established an upper bound on the diameter of
k-(~y,t)-critical graphs for ¢ > 3 and then showed that 3-(v,t)-critical graphs are

3-~y-critical for t > 3. This results are in the next three theorems.

Theorem 2.13. [?] For integers k > 4 and t > 3, the diameter of k-(v,t)-critical
15 at most 3k — 6.

Theorem 2.14. [?] For an integer t > 3, the diameter of 3-(v,t)-critical is at

most 3.

Theorem 2.15. [?] For an integer t > 3, G is 3-(v,t)-critical if and only if G is

3-y-critical.



In view of the results in this chapter, we have learnt that a characterization
of 3-(7, 2)-critical graphs of diameter 3 which are not 3-v-critical is not known. In
Chapter 3, we establish characterizations of some classes of 3-(vy, 2)-critical graphs
of diameter 3 which are not 3-y-critical. The characterization of 3-(y, 2)-critical
graphs of diameter 3 which are not 3-vy-critical of order at most 8 is provided in
Chapter 4.



Chapter 3

Characterizations of some classes of
3-(7, 2)-critical graphs which are not

3-y-critical

This chapter contains the main results of this thesis. We present four new
classes of 3-(v, 2)-critical graphs of diameter 3 which are not 3-y-critical. We also

provide characterizations of some classes of such graphs.

3.1 Classes of 3-(v,2)-critical graphs which are not 3-v-

critical

In this section, we provide four classes of 3-(, 2)-critical graphs of diam-
eter 3 which are not 3-vy-critical. Our first class is constructed as follows. For
non-negative integers ni,ng,ng and ny with ny > 1, and ny > nz > 2, define
a graph J € J as follows. Set V(J) = {u} UV; UV, UV where |Vi| = ny,
[Va| = ng and |Vs| = ng + 2ny + 1. Partition V3 into set V', V" and {v} with
V| = ng and |V"| = 2ny. The edges of J are defined as follows. G[V}] =
K,,, GVo] = K,,, G[V'] = K,, and G[V"] = Ka,,- a perfect matching. Put
JVaUV'] = Kpying — U, K1y, where 7, > 1 for 1 < i < ng, 02,7 = ng
and V' = {c1,ca, ..., Cny } is the set of centers of K, in J[V, U V']. Note that we
have partitioned V3 into Cy, Cy, .., Cp, where |C;| = r; and J[{¢;} UCy] = K, for
1 <i < ng. Further, each vertex of V] is joined to every vertex of {u} U V5. The
vertex v is joined to every vertex of Vo U V" and each vertex of V" is joined to

every vertex of Vo UV,

It is not difficult to show that J is a 3-(v,2)-critical graph of diameter 3
and v and v are the only pair of vertices of J with d(u,v) =3 and v(J 4+ uv) = 3.

13 2

Figure 3.1 illustrates our construction. Note that a “ =" in our diagram denotes



the join between the corresponding graphs.

4 et matching

h..'l_!‘.‘lj = U“J [".].r:

Figure 3.1: Graph J € J

We now establish the second class. For positive integers nq,no,n3 and ny
where ny = 1 or ny = 1 and ny = 1 or ng = 1, define a graph H € H; as follows.
Set V(H) = {u} U{a,b} U Vo U V3 where |V5| = ny + ng and |V3| = n3 + ny.
Partition V; into sets V, and V, with |V,| = n, and |V, | = ny. Partition V5 into
sets V3 and V5 with |V;| = ng and |V; | = ny. The edges of H are defined as
follows. G[V,] = K,,, G[Vy ] = Ky,, G[V3] = K, and G[V; ] = K,,. Further, the
vertex a is joined to every vertex of {u} UV, and the vertex b is joined to every
vertex of {u} UV, . Finally, each vertex of V, is joined to every vertex of V;, each
vertex of V, is joined to every vertex of V; and each vertex of Vj is joined to
every vertex of V; . It is easy to see that H is a 3-(7, 2)-critical graph of diameter

3 and y(H + uz) = 3 where z € V5. Figure 3.2 illustrates our construction.

h n h na

<0 -0

" I

V=0

Kn i K, 4

Figure 3.2: Graph H € H;

A graph in the third class is constructed as follows. For positive integers

_ ni+n3
n1,ng, ng and ng where ng > ny and ny > ng, let T'= Ky tnpinginy — Uiy - K,

where > " i = ng and Y2 = ng. Put Xy = {z € V(T)|x is the center
vertex of Ky, in T, 1 <i<mn}, Xo = {x € V(T)|z is an end vertex of K;,, in T,
1<i<m},Y: = {x € V(T)|xis the center vertex of K, in T, n;+1 <i < n3},

and Yy = {z € V(T)|z is an end vertex of K;,, in T, n; + 1 < i < nz}. Clearly,
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| X1 | = nq, | Xo| = no, [Y1] = ng and |Ya| = ny.

Now let H be a graph of order ny 4+ ny + n3 + ny4 + 4 obtained from T’
by adding the four new vertices, say, u,a,b and v. That is V(H') = V(T) U
{u,v,a,b}. Choose w € X;. Then put E(H') = E(T)U{az|z € {u} U X, UX,}U
{bz|z € {u} UYL UYs} U{vz|z € V(T) — {w}}. We now define a graph H € H,
as follows.

Let
It is not difficult to show that H € Hy is a 3-(7,2)-critical graph which is not
3-v-critical. Note that v(H + uv) = 3. Figures 3.3, 3.4, 3.5 and 3.6 illustrate our

!

Hor H — {wz} ifn; =1 and ng = 1 where Y} = {z}.

constructions.

v X
a
PR X,
u .9 - .. Yz "
B . e Vi
. 14n3 1~
h]-rn-gﬂig—n.; _Uj:| Jir"I,r,

Figure 3.3: Graph H = H when |X;| =n; = 1 and |Y}| = ng > 2

We conclude this section by establishing the fourth class. Let k be a positive
integer where £k > 2. For 1 < j < k, let H; be a graph of order at least 3

where V(H;) is partitioned to 2n; + 1 sets, say V(HJ),V(HY), ...,V(Hgnj) for
. Ve X1
a ‘_-' .'.‘ I"I '.‘I "-__ _
$b = Wb B
u .\....:. .\.”_:.Yz
b\| ¥ Rz

Ku]—ng*ﬂﬁ'”% _U

ny+ng
1=1

K”!

Figure 3.4: Graph H = H when |X;| =n; > 2 and |Y;| = ng > 2
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. w Xy
a
o0 X,
u o0 v )
b .z Yy
, T o
I‘*2+r!g+r!_| . Uj:] I\l.r,

Figure 3.5: Graph H = H when |X;| =n; =1 and |Y}| =n3 =1

. w Xy
a
e X,
u L Y, o
b .': z Yl

I\".!—'ng-i-l'u = (Uf:l I\'],h i {H': I}

Figure 3.6: Graph H = H — {wz} when |X;| =n; =1 and |Y;| =n3 =1

some positive integer n; where |V (Hj)| = 1 and for 1 < m < ny, |V(H3,)| <
\V(H},, ,)]. The edges of H; are defined as follows. For 1 < m < nj;, each vertex
of V(H},, ) is adjacent to exactly one vertex of V (Hj, ,) and exactly one vertex
of V(H},) in such a way that each vertex of V(Hj, ) is adjacent to at least one

vertex of V/(HJ, ). Figure 3.7 shows some examples of Hy, Hy, H5 and H; where
\V(H;)| =9 for1 <i<d4.

fh o

Figure 3.7: Graphs Hy, Ho, H3 and Hy

Let ky and ky be positive integers where ki + ko = k. Put 77 = Uf1:1 H;
and Ty = U?:klﬂ H;. Let either
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z=Un Uz v,y v, L U v,

and .
W=k UL 2 V(Hipi) YUY o ULZJOJ V(H3,,)
7z = ubi v,

and

W= Ut UL v,
and let X = (V(Tl) UV(Ty) — (ZUW). Put ng = |V(T1)| + |V (T32)|. Next,
let Qo = K, — (E(T}) U E(T3)) and for a positive integer n; > 2, let Q; =
K, — U K ! where [; + Z] L ] = n; and n; > 2l;. Define a graph G € H}
as follows. Set V(G) V(Qo) UV (Q1) U{u,a,b, sy, sy} of order ng +ny + 5 and
E(G) = E(Qo) U E(Q1) U{az,s1zlx € ZNV (1Y)} Udax, sex|lz € ZNV(T3)}U
{bz, sox|z e WNV(Th)} U{bz, siz|lz € WNV(Ty)} Waylz € X,y € {a,b,s1, 2}
UV (Q1)} Uyl € {a, s1,5} UZ UW,y € V(Q1)} U{ua,ub, s1ss}.

For a positive integer ny, > 2, let Qg = KnQ—U K 2 where lg—l-zj . J =
ny and ny > 2ly. Define a graph G € H3 as follows. Set V(G) V(GHYUV(Qs)
where G € H} and E(G) = E(G') U {ay|z € V(G') — {u,a},y € V(Q2) }.

Put Hz = Hi U H3. Tt is not difficult to show that G € Hz is a 3-(v,2)-
critical graph which is not 3-vy-critical. Figures 3.8 and 3.9 illustrate our con-
structions. Note that in Figures 3.8 and 3.9, the vertex a joins to every vertex of
V(Q)U(ZNV(Ty))U(ZNV(Ty)) UX and the vertex b joins to every vertex of
V(Q)U(WNV(Ty)U(WnNV(Ty)) U X.

9
a I s,
< ZV(T) | WnW(T,
u X
b 2 | 5,
)

Figure 3.8: Graph G € H}

3.2 Main results

We begin this section with some basic properties of k-(vy, 2)-critical graphs

and 3-(7, 2)-critical graphs of diameter 3 which are not 3-y-critical.
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9

1
< ZW(T) | WAV(T)

X
ZV(T,) [WAV(T)

) "
| 0,

[}
L

\

Figure 3.9: Graph G € H3

For a pair of non-adjacent vertices  and y of GG, D,, denotes a minimum
dominating set of G 4 xy. Our first result follows immediately by the definition
of k-(,t)-critical graphs.

Lemma 3.2.1. Forintegers k > 2 andt > 2, suppose G is a k-(7y,t)-critical graph
and x and y are non-adjacent vertices of G with d(z,y) <t. Then

(1) |Dyyl =k —1 and |D,, N {x,y}| = 1.
(2) If v € Dyy and y ¢ Dy, then no vertex of Dy, — {x} is adjacent to y.

Let G be a 3-(v, 2)-critical graph of diameter 3 which is not 3-v-critical.
Then there exist vertices u and v of G with d(u,v) = 3 and y(G + uv) = 3. For
1<i<3, let V; = {x € V(G)|d(u,z) = i}. Put Vo = {u}. Note that V; # () and
V(G) = Vo UVi U Vo U Vs, Further, for 1 <i < 3, if z € V}, then there is a vertex
y € V;_1 such that xy € E(G). Throughout the rest of our thesis, the symbols
G,u,v,V; ;0 <i <3, will refer specifically to this set up.

Our next result follows by the fact that v(G) = 3 and each vertex of V; is

adjacent to some vertex of V;_; for 1 < i < 3.

Lemma 3.2.2. Let G be a 3-(, 2)-critical graph of diameter 3 which is not 3-y-
critical. Then |Va| > 2.

Proof. Suppose that Vo, = {y}. Then each vertex of V3 is adjacent to y . Thus
{u,y} > G, a contradiction. Hence |V5| > 2. This completes the proof of our

lemma. ]
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According to Lemma 3.2.1, if G is 3-(v, 2)-critical and = and y are non-
adjacent vertices of G with d(z,y) = 2, then |D,,| = 2 and either D,, N {z,y} =
{z} or D,, N {z,y} = {y}. Then the next two easy results follow.

Lemma 3.2.3. Let G be a 3-(v,2)-critical graph of diameter 3 which is not 3-
y-critical and {x,y} C V(G) where d(x,y) = 2. Suppose G[V1] is complete and
z € Vi. Then D,y = {x, z} for some z € (Vo UV3) — {y}.

Proof. Consider G + zy. Then D,, = {z,z} or D,, = {y,z} for some z €
V(G) — {z,y}. If D,y = {y, 2}, then, in order to dominate u, z € {u} UV;i. So
zx € F(G), contradicting Lemma 3.2.1(1). Thus D,, = {z, z}. Then, in order to
dominate V3, z € (Vo U V3) — {y}. This completes the proof of our lemma. O

Lemma 3.2.4. Let G be a 3-(v,2)-critical graph of diameter 3 which is not 3-
y-critical. Suppose G[V1] is complete and v € Va. Then D, = {x,z} for some
ze (VouVs) —A{z}.

Proof. Clearly d(u,z) = 2. Consider G + ux. Then D,, = {u,z} or Dy, = {z,z}
for some z € V(G) — {x,y}. If Dy, = {u,z}, then in order to dominate Vj,
z € (VouUVs) — {2z} and thus z > (V2 U V3) — {z}. Hence, {z,y} = G for
some y € Ny, (z), a contradiction. Therefore, D,, = {z, z}. By Lemma 3.2.1(2),
z € (Vo uV3) — {z}. This completes the proof of our lemma. O

Lemma 3.2.5. Let G be a 3-(,2)-critical graph of diameter 3 which is not 3-
y-critical.  Suppose G[V1] is complete. If x and y are vertices of Vo U V3 and
d(z,y) = 2, then |Dy, N ({u} UVY)| = 1. Further, x >~ Vs —{y} ory > V3 — {z}.

Proof. Consider G + xy. Then D,, = {x,z} or D,, = {y, z} for some z € V(G) —
{z,y}. Then, in order to dominate u, z € {u}UV;. Hence, |D,, N ({u}UV;)| =1
as required. Clearly, z is not adjacent to any vertex of V3. Thus x > V3 — {y} or

y > V3 —{x}. This completes the proof of our lemma. O
Our first theorem provides a characterization of G when G[V;] is complete.

Theorem 3.2.6. Let G be a 3-(vy,2)-critical graph of diameter 3 which is not
3-y-critical. If G[V1] is complete and each vertex of Vi is adjacent to every vertex

of Vo. Then
(1) G[Va] is complete.

(2) [Vs] = 3.
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(3) v is the only vertex of G such that v(G + uv) = 3.
(4) G € J defined in Section 3.1.

Proof. By our hypothesis we have the following observation.
Observation 1: Each vertex of V; dominates {u} U V; U V5.

Claim 1: No vertex z € V5, U V5 such that z > V3.
It follows immediately by Observation 1 and the fact 7(G) = 3.

(1) Suppose there exist a,b € V5 such that ab ¢ E(G). Note that d(a,b) =
2. Consider G + ab. Then Dy, = {a,z} or Dy, = {b,z} for some = € {u} UV,
by Lemma 3.2.5. Without loss of generality, we may assume that D,, = {a,x}.
Then a > Vi3 — {b} = V3, by Lemma 3.2.5. But this contradicts Claim 1. Hence,
G[V3] is complete. This proves (1).

By (1), Observation 2 follows.
Observation 2: Each vertex of V5 dominates V; U V5.

(2) Suppose to the contrary that |V3| < 2. If V3 = {v}, then vy > V3 where
vy € Ny, (v). But this contradicts Claim 1. Hence, V3| = 2. Let {v'} = V5 — {v}.
By Claim 1, vv' ¢ E(G). Further, there exists € Ny,(v') — Ny,(v). Then
{u,z} = G 4+ uv by Observation 2, a contradiction. Hence, |V3| > 3. This proves

(2).

Let S = {x € V3|7(G + ux) = 3}. Clearly S # ¢ since v € S. In order to

prove (3) and (4), we need to establish the following claims.

Claim 2: For each s € S, s > V5.

Let s € S. Suppose to the contrary that there exists y € V5 such that
ys ¢ E(G). Note that d(s,y) = 2 by (1) and the fact that Ny, (s) # ¢. Consider
G + sy. Then Dy, = {s,z} or Dy, = {y,x} for some z € {u} UV; by Lemma
3.2.5. If Dy, = {s,z}, then s > V5, contradicting Claim 1. Hence, Dy, # {s,x}.
Therefore, Dy, = {y,z}. Then y > V5 — {s}. It follows that y > V(G) — {u, s}
by Observation 2. Consequently, {u,y} = G + us. But this contradicts the fact
that s € S. Hence, s > V5. This settles our claim.
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Claim 3: For each s € S there exists t € V3 — S such that st ¢ E(G) and
t - Vs —{s}.

Let s € S. Choose u; € V;. Clearly, d(uy,s) = 2. Consider G + u;s. Then,
by Lemma 3.2.3, D,,s = {uy,t} for some ¢t € (Vo UV3) — {s}. By Claim 2 and
Lemma 3.2.1(2), t € V5 and thus t = V3 — {s}. If t € S, then ¢t > (Vo U V3) — {s}
by Claim 2. But then {u,t} = G + us, a contradiction. Hence, t € V3 — S. This

settles our claim.

Claim 4: If x € V3 — S and zs ¢ E(G) for some s € S, then x > V3 — {s}.
Further, there exists y € V5 such that yz ¢ E(G) and y > V5 — {x}.

By Claim 2 and the fact that Ny, (x) # ¢, d(x,s) = 2. By Lemma 3.2.5,
x> Vs—{s}ors>=Vy—{z}. If s = V3 — {z}, then {s,z} = G + us for some
z € Ny,(z) by Observation 2, a contradiction. Hence, x > V3 — {s}.

Suppose to the contrary that > V5. Then = = (Vo U V3) — {s}. So
{u,z} > G + us, again a contradiction. Hence, there exists y € V5 such that
yr ¢ E(G). Consider G 4+ yx. Then D,, = {y,z1} or Dy, = {z, 2} for some
z; € {u} UV] by Lemma 3.2.5. If D, = {x, 21}, then no vertex of D,, is adjacent
to s, a contradiction. Hence, D,, # {z,z}. Therefore, D,, = {y,z1}. Thus
y > V3 — {x}. This settles our claim.

Claim 5: For each x € V5, there exists a unique vertex y € V3 — S such that
xy ¢ E(G) and z > V3 — {y}.

Let « € V5. Then, by Claims 1 and 2, there exists y € V3 — S and
vy ¢ E(G). Clearly, d(x,y) = 2. Consider G + xzy. Then D,, = {y,z} or
D,, = {x, z} for some z € {u} UV; by Lemma 3.2.5. If D,,, = {y, 2}, then y > V3.
But this contradicts Claim 1. Hence, D,, # {y, z}. Therefore, D,, = {z,z}. It
follows that « > V3 — {y}. This settles our claim.

Claim 6: S = {v}.

Suppose to the contrary that there exists s € S and s # v. By Claim 3,
there are z,y € V3 — S such that zv ¢ E(G), ys ¢ E(G), x = V3 — {v} and
y = V3 — {s}. Clearly x # y and zs € E(G). By Claim 4, there exists t € V5
such that tx ¢ E(G) and ¢t = V3 — {z}. Sot = (V1 UVoUV3) — {z}. Hence
{s,t} = G + us, a contradiction. So S = {v}. This settles our claim.

Let V' = {x € Vifoy ¢ B(G) for some y € 3} and V' = Vi — (V" U {u}).
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Note that for each z € V", z = Vo and V' N S = ¢. Further, V' # ¢ by Claim 5.

Claim 7: |V'| > 2.

Suppose to the contrary that V' = {z}. Then there exists y € V, such
that yx € E(G) since x € V5. So y = V3. But this contradicts Claim 5. Hence,
|V'| > 2. This settles our claim.

Claim 8: Forally € V', yv ¢ E(G).
Let y € V'. Then, by the definition of V', there exists « € V, such that
xy ¢ E(G). By Claim 5, z >~ Vi3 — {y}. If yv € E(G), then {z,v} > G + uv, a

contradiction. Hence, yv ¢ E(G). This settles our claim.

By Claims 4 and 8, each vertex of V' dominates V3 — {v}. Thus following

claims hold.
Claim 9: G[V'] is complete.
Claim 10: If V" # ¢, then for each z € V", 2 = V, U V.

Claim 11: G[Vo U V'] 2 ', K,,,. Further, if o is the center of K, in
GV, U V'], then 5 € V.

By Claim 5 and the fact that V5 and V' are complete, v(G[Vo U V']) = 2.
Let € Vo and y € V' such that 2y ¢ E(G). Clearly, d(x,y) = 2. By Claim
5, v(G[Va U V'] 4+ xy) = 1. Hence, G[V, U V'] is 2-y-critical. By Theorem 2.1,
GV, u V'] = Ui, Ki,,. Let xp be the center and let zy, s, ...,x, be the end
vertices of K, in G[Va U V’]. If r = 1, then we may assume with out loss of
generality that zo € V'. In the case r > 2, zg € V' by Claims 5 and 9 together
with (1). This settles our claim.

It follows by Claims 4 and 11, that [V3| > |V].

Claim 12: If V" # ¢, then for each z € V", zv € E(G).
Let #+ € V". Suppose to the contrary that zv ¢ E(G). By Claim 4,
x = Vs—{v}. So{u,z} = G+wuv by Claim 10, a contradiction. Hence, zv € E(G).

This settles our claim.
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Claim 13: If V" # ¢, then G[V"] = Ky~ a perfect matching for some k > 1.
Let z € V". Then, by Claim 1, there exists y € V5UV3 such that 2y ¢ E(G).
By Claims 10 and 12, y € V. Note that d(z,y) = 2. By Lemma 3.2.5, 2 > Vs—{y}
or y = V3 — {x}. Without loss of generality, we may assume that = > V3 — {y}.
Consider G + ujx where u; € Vj. Then, by Lemma 3.2.3, D,,, = {uy, ¢} for some
c € (VouVz)—{x}. Soc = Vs—{z}. Thus ¢ = y, by Claim 10 and Lemma 3.2.1(2).
If [V"| = 2, we are done. So suppose |V"| > 3. Choose z; € V' — {z,y}. By
applying similar arguments as above, it is not difficult to see that, G [V”] = Ko,-

a perfect matching. This settles our claim.

By Claim 6, (3) holds. Further, by our hypothesis, (1) and Claims 2,6,8,10,11,
12 and 13, (4) holds. O

The converse of Theorem 3.2.6(1) is not true. Figure 3.10 shows an example
of 3-(v,2)-critical graph of diameter 3 which is not 3-y-critical where G[V4] and
G[V5] are complete but G[V; U V5] is not complete.

Figure 3.10: A 3-(v, 2)-critical graph of order 10

In [2], Henning et al. gave an example of a class of 3-(v, 2)-critical graphs
of diameter 3 which is not 3-vy-critical as shown in Figure 2.1. It is easy to see

that this class is a special case of graph in 7 when n, = ng and ny = 0.

Corollary 3.2.7. Let G be a 3-(v,2)-critical graph of diameter 3 which is not
3-vy-critical. If G € J where |V (G)| =8, then |V3| = 3.

We now turn our attention to the case when G[V;] = 2K.

Lemma 3.2.8. Let G be a 3-(vy,2)-critical graph of diameter 3 which is not 3-y-
critical. Suppose Vi = {a,b} and ab ¢ E(G). Let A = {x € Valax € E(G)} and
B = {x € Vhlbx € E(G)}. Then

(1) A+ ¢ and B # ¢.
(2) G[V5] is complete.
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(3) For eachx € A— B andy € B — A either d(x,y) =1 or d(x,y) = 3.

Proof. (1) Clearly, A # ¢ or B # ¢ since V5 # ¢. Suppose to the contrary that
A # ¢ but B =¢. Then za € E(G) and xb ¢ E(G) for all x € V5. But then
d(b,v) > 3, a contradiction. This proves (1).

(2) Consider G + ab. Then D,, = {a,z} or Dy = {b,x} for some = €
V(G) — {a,b}. Without loss of generality, assume that D,, = {a,z}. Then, in
order to dominate V3, x € Vo U V3 and x = V5. Suppose to the contrary that
there exist s,t € V5 such that st ¢ E(G). Clearly, © ¢ {s,t} but xs,zt € E(Q).
Thus d(s,t) = 2. Consider G + st. Then Dy = {s,y} or Dy = {t,y} for some
y € V(GQ) — {s,t}. Without loss of generality, assume that Dy = {s,y}. Then, in
order to dominate u, y € {u,a,b} and y = {u,a,b}. So y = u since ab ¢ E(G)
and thus s > (Vo U V3) — {t}. Clearly, d(a,s) = 2. Now consider G + as. Then
D.s = {a,z} or D,y = {s,z} for some z € V(G) — {a,s}. If D,y = {s,z},
then z must dominate u and ¢, which is not possible since d(u,t) = 3. Hence,
D.s # {s,z}. Therefore, D,s = {a,z}. Since a € V; and ab ¢ E(G), it follows
that z = {0} U (V3 —{s}). Thus z € V5. But this contradicts Lemma 3.2.1(2) since
s > V,. This proves (2).

(3) Let x € A— B and y € B — A. Suppose that d(x,y) = 2. Consider
G+ xy. Then D,, = {z, 2z} or D,, = {y, 2z} for some z € V(G) — {z,y}. Without
loss of generality, assume that D,, = {z, z}. Then z > {u,b} and zy ¢ E(G) by
Lemma 3.2.1(2). So z = u and thus z > (VoUV3U{a}) — {y}. Hence, {b,z2} > G,

a contradiction. This proves (3) and completes the proof of our lemma. O

In order to establish our characterizations of 3-(v, 2)-critical graph G with
G[V1] = 2K, we have to consider two cases. The case AN B = ¢ and the case
AN B # ¢ where A and B are defined in Lemma 3.2.8. We begin with the case
AN B = ¢.

Theorem 3.2.9. Let G be a 3-(v,2)-critical graph of diameter 3 which is not 3-
~v-critical. Further, let Vi, A and B be defined as in Lemma 3.2.8. If AN B = ¢,
then G € Hy or G € Hy where Hy and Hy are defined in Section 3.1.

Proof. Clearly, Vo = (A— B)U (B — A).

Claim 1: A=A—B#¢and B=B — A +# ¢.
Our claim follows by Lemma 3.2.8(1) and the hypothesis that AN B = ¢.
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Claim 2: No vertex of V5 dominates V3 if and only if G[A — B] and G[B — A] are
complete.

Suppose G[A — B]| and G[B — A| are complete. If there exists a vertex
x € V4 such that « > V3, then either {z,a} >~ G or {z,b} = G, a contradiction.
Hence, no vertex of V5, dominates V3. This proves the sufficiency.

We now assume that no vertex of V5, dominates V3. Suppose to the contrary
that G[A — B] or G[B — A] is not complete. Without loss of generality, suppose
G[A — B] is not complete. Then there are z,y € A — B such that zy ¢ E(G).
Clearly, d(x,y) = 2. Consider G + zy. Then D,, = {z,z} or D,, = {y,z} for
some z € V(G) — {x,y}. Thus z = {u,b}. So z € {u} UV;. Hence, z > V3 or

y > V3, a contradiction. This proves the necessity and settles our claim.
We now distinguish two cases.

Case 1: No vertex of V5 dominates V3.
By Claim 2, G[A — B] and G[B — A] are complete.

Claim 3: Forallz € A— B and for all y € B— A, zy ¢ E(G).

Suppose to the contrary that there exist x+ € A — B and y € B — A such
that zy € E(G). Then d(a,y) = 2. Consider G + ay. Then D,, = {a,z} or
D, ={y, 2z} for some z € V(G) —{a,y}. If D,, = {a, 2}, then z = {b} UV5. Thus
z € B = B — A. But this contradicts Lemma 3.2.1(2) since G[B — A] is complete.
Hence, D,, # {a,z}. Therefore, D,, = {y,z}. Clearly, z > {u} and za ¢ E(G)
by Lemma 3.2.1(2). So z = b. It follows that y = V3, contradicting the hypothesis
of Case 1. Hence, zy ¢ E(G) for all x € A— B and for all y € B — A. This settles

our claim.

Claim 4: For all z € V5, No_g(z) = ¢ or Ng_a(z) = ¢.

Suppose to the contrary that Ny_p(x) # ¢ and Np_a(z) # ¢ for some
x € V3. Let z € Ny_p(z) and y € Np_a(x). Then d(z,y) < 2. By Claim 3,
d(z,y) = 2, contradicting Lemma 3.2.8(3). This settles our claim.

Claim 5: Forallz € V3, 2 = A— Borx = B — A.
Let x € V5. Then there exists z € V5 such that zz € E(G). Without loss of
generality, we may assume that z € A — B. By Claim 4, Np_4(x) = ¢. We need
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to show that x = A— B. Suppose to the contrary that there exists w € A— B such
that wx ¢ E(G). Note that d(u, w) = 2. Consider G + uw. Then D,,, = {w,t} or
Dy = {u, t} for some t € V(G) — {u,w}. If Dy, = {w,t}, then £ must dominate
{z,b}. Sot € B— A and tz € E(G), a contradiction. Hence, D, # {w,t}.
Therefore, Dy, = {u,t}. Then t = (Vo U V3) —{w}. Thus ¢t € V5, U V3. Note that
B— A+# ¢ by Claim 1 and (A — B) — {w} # ¢ since z € (A — B) — {w}. It then
follows by Claim 3 that, t € V3 and t = ((B — A) U (A — B)) — {w}. But this

contradicts Claim 4. Hence, z = A — B. This settles our claim.

Let C ={z € Vslx = A— B} and D = {z € V3|z = B — A}. Note that C
and D are not empty otherwise d(z,y) > 3 forx € A— B and y € B — A. It also
follows by Claims 4 and 5 that C'N D = ¢. Further, G[V3] = G[C'U D] is complete
by Lemma 3.2.8(2).

Claim 6: [A—B|=1or |D|=1and |[B—A|=1or |C|=1.

Suppose that |A— B| > 2 and |D| > 2. Let z € A— B and y € D. Clearly
d(z,y) = 2. Consider G + zy. Then D,, = {z,z} or D,, = {y, 2} for some
2 € V(G)—{z,y}. If Dy, = {z, 2}, then z must dominate {u} U (D — {y}), which
is not possible since d(u,y’) = 3 for y' € D —{y}. Hence, D,, # {z,z}. Therefore
D,, ={y, z}. Then z must dominate ({u} UV U (A — B)) —{z}. But this is not
possible since ab ¢ E(G). Hence, |A — B| =1 or |D| = 1. By a similar argument,
|B— A| =1 or |C|=1. This settles our claim.

It follows by Claims 1-6 that G is isomorphic to a graph in H;.

Case 2: There exists a vertex of Vs, say ¢, such that ¢ = V3 .
Without loss of generality, assume that ¢ € A — B. It follows by Claim 2
that either G|A — B] or G[B — A] is not complete.

Claim 7: For each x € B— A, there exists y € (B—A)—{x} such that xy ¢ F(G)
and either x > V3 or y > V3.

Let x € B — A. We first suppose that z2' € E(G) for some ©° € A — B.
Then d(z,a) = 2. Consider G + za. Then D,, = {z,z} or D,, = {a, z} for some
z € V(G) — {z,a}. Suppose first that D,, = {x,z}. Then z must dominate {u}.
By Lemma 3.2.1(2), 2z =b. Soz > (A— B)UV;s. If = B — A, then {z,a} > G,
a contradiction. Hence, there exists y € (B — A) — {«} such that zy ¢ E(G) and
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x > V3 as required. We now suppose that D,, = {a,z}. Then z > {b} UV5. Thus
€ (B—A)—{z}, 2z ¢ E(G) by Lemma 3.2.1(2) and z > V5 as required.

We now suppose that x is not adjacent to any vertex of A — B. By Lemma
3.2.8(3), d(z,¢) = 3. Then Ng(x) N Ng(c) = ¢. Since ¢ = V3, x is not adjacent to
any vertex of V3. We next show that ¢ is adjacent to some vertex of (B—A) —{x}.
Suppose this is not the case. Then for each w € (B — A) — {z}, Ny, (w) = ¢ by
Lemma 3.2.8(3) and the fact that ¢ = V3. Consequently, z, b, u, a, c is a shortest
x—c path in G. But this contradicts the fact that diam(G) = 3. Hence, cy € E(G)
for some y € (B — A) — {z}. Thus zy ¢ E(G) since d(z,c) = 3. Now consider
G+ zy. Then D,, = {x,s} or D,, = {y, s} for some s € V(G) — {z,y}. In either
case, s = {u,a}. Then s € {u,a} by Lemma 3.2.1(2). Hence, z > V3 or y > V3 as

required. This settles our claim.

Claim 8: For each z € A— B, there exists y € (A— B)—{z} such that zy ¢ E(G)
and z > V3 or y > V3.
By Claim 7, there is a vertex ¢ € B — A such that ¢ > V5. By applying

arguments as in the proof of Claim 7, our claim follows.

Claim 9: For each z € V3, d(a,z) =2 and d(b,x) = 2.
Our claim follows by Claims 7 and 8.

Claim 10: V3 = {v}.

Suppose that V3| > 2. Let s,t € V3 such that s # ¢. By Claim 9, d(a, s) = 2
and d(b,s) = 2. Consider G + as. Then D,s = {a,z} or D,s = {s,x} for some
z € V(G) —{a,s}. We first suppose that D,s = {a,z}. Then x dominates {b,t}.
Sox € B—Aand x>~ (B—A)U(V3—{s}). But this contradicts Claim 7. Hence,
Dus = {s,z}. Then x must dominate u and za ¢ E(G) by Lemma 3.2.1(2). So
x =bands > (A—B)UV3. Now consider G+bs. Then Dys = {b,y} or Dys = {s,y}
for some y € V(G) — {b,s}. If Dys = {b,y}, then y > {a} U (A — B)U (V5 —{s}).
Thus y € A — B and ys ¢ E(G) by Lemma 3.2.1(2). But this contradicts the
fact that s = (A — B) U V3. Hence, Dys # {b,y}. Therefore, Dys = {s,y}. Then
y > {u,a}. It follows that y = a by Lemma 3.2.1(2). Thus s = (B — A) U Vs.
Hence, s > V5 U V3. Consequently, {s,u} = G, a contradiction. Hence, |V3| = 1.

This settles our claim.

Claim 11: G[B — A] is 2-y-critical.
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By Claim 7, v(G[B — A]) > 2. Let y € B— A. Then there exists z € B— A
such that zy ¢ E(G). Clearly, d(y,z) = 2. Consider G + yz. Then the only
vertex of D, — {y, z} dominates {u,a}. Thus it must belong to {u,a} by Lemma
3.2.1(2). Hence, y = (B—A) —{z} or z = (B—A) — {y}. Soy(G[B - A]) =2.
It also follows that v(G[B — A] + yz) = 1. Hence, G[B — A] is 2-vy-critical. This

settles our claim.

Claim 12: G[A — B] is 2-y-critical.
Clearly, v(G[B — A]) > 2 by Claim 8. By similar arguments as in the proof

of Claim 11, our claim follows.

By Theorem 2.1, G[A — B] =2 J!_, K1, and G[B — A] 2 J" | K5, where
n,m,r;,s; are positive integers. Let X; and X5 be the sets of all centers and the
end vertices of K;,, in E[A — B, respectively. Let Y; and Y5 be the sets of all
centers and the end vertices of K, in G[B — A], respectively. Note that G[Xj]
and G|Y;] are complete where 1 < i < 2.

Consider v. If v = V3, then {u,v} > G, a contradiction. So there exists
w € (A— B)U (B — A) such that wv ¢ E(G). Assume that w € A — B.

Claim 13: w is the center of K, in G(A — B) for some i.

It is easy to see that if r; = 1, then we may assume that w is the center
of Ki,, in G(A — B) as required. We may now suppose that r; > 2. Suppose
to the contrary that w is an end vertex of Ki,, in @(A — B). Let zp and w; be
the center and the other end vertex of K, in G(A — B), respectively. Consider
G + zow. Then D, = {z0,2} or D,y = {w, 2} for some z € V(G) — {zg, w}.
In either case, z = {u,b}. Thus z € {u,b} since ab ¢ E(G). If Dy = {w0, 2},
then no vertex of D, ,, is adjacent to w;, a contradiction. Hence, Dy, = {w, z}.
But then no vertex of D, is adjacent to v, again a contradiction. Hence, w is

the center of K, in G(A — B) for some 7. This settles our claim.

Claim 14: d(v,w) = 2. Further, v = V5 — {w}.

Suppose to the contrary that d(v,w) = 3. Then Ng(v) N Ng(w) = ¢.
Since w € X; and G[X;] is complete, it follows that v is not adjacent to any
vertex of X; — {w}. By Claim 9, there exists z € X5 such that zv € E(G).
Thus z € Xy and zw ¢ E(G). We first show that v > X5. Suppose that there
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exists t € Xy such that vt ¢ E(G). Clearly d(v,t) = 2. Consider G + vt. Then
Dy = {v, 21} or Dy = {t, 1} for some z; € V(G) —{v,t}. If D,y = {v, 21}, then
x1 > {u,a,b} and thus z; = u. Consequently, v = V5 — {t}. Thus vw € E(G), a
contradiction. Hence, D,y = {t,z1}. Then z; > {u,b} and thus z; € {u,b}. It
follows that t = A — B. But this contradicts Claim 8. So v > X5 as required.
Since Ng(v) N Ng(w) = ¢ and v = Xy, it follows that G([A — B]) = K, for some
positive integer r. Hence, X; = {w}.

Consider G + ab. Then D, = {a,x2} or Dy = {b,x2} for some x5 €
V(G) —{a,b}. We first suppose that D,, = {b, z5}. Then x5 € (B — A)U{v} and
x9 = (A — B)U{v}. If 9 = v, then vw € E(G), a contradiction. So z, € B — A.
It follows that Ng(v) N Ng(w) # ¢, a contradiction. Hence, D,, = {a, x2}. Then
9 € (A— B)U{v} and 25 = (B — A) U {v}. Since X; = {w} and vw ¢ E(G),
xe € XoU{v}. We next show that v = B—A. If xo = v, then v = B— A. We now
assume that zo € Xy, then x5 = B — A. Suppose that there is y € Y; such that
vy ¢ E(G), for 1 <i < 2. Consider G +vy. Then D, = {v,z3} or D,,, = {y, x5}
for some z3 € V(G)—{v,y}. If D,, = {v, 23}, then x5 >~ {u, a,b} and thus 3 = u.
So v = Vo — {y}. Hence, vw € E(G), a contradiction. Therefore, D,, = {y, z3},
then x3 > {u,a} and thus z3 € {u,a}. It follows that y >~ B — A. But this
contradicts Claim 11. Hence, v = B — A as required. In either case, v = B — A
and thus v = Xy U (B — A). It then follows by Lemma 3.2.8(3) that z = B — A
since zv € E(G). Consider G +wuz. Then D,,, = {u,y,} or D,, = {2z, 11} for some
y1 € V(G) —A{u,z}. If Dy, = {u,y1}, then y; = (Vo U {v}) — {z}. By Lemma
3.2.1(2), y1 ¢ (B— A)U{v} UX,. Thus y; = w. But then wv € E(G), a contra-
diction. Hence, D,. = {z,y1}, then y; > {b,w}. So y; € B — A. It follows that
y1 € Ng(v) N Ng(w) = ¢ since v = B — A, a contradiction. Hence, d(v,w) = 2 as
required.

Now consider G + vw. Then D,, = {v,z} or D,, = {w,z} for some
x € V(G) — {v,w}. In either case, z > {u,b}. Thus x € {u, b} since ab ¢ E(G).
If Dy = {w,z}, then w = A — B since no vertex of {u,b} is adjacent to a ver-
tex of A — B. But this contradicts Claim 12. Hence, D,,, = {v,z}. Therefore,
v > Vo — {w}. This settles our claim.

Claim 15: For z € (X; U Xy) —{w} and y € Y1 U Y3, ay € E(G).
By Claim 14, zv € E(G) and yv € E(G). It then follows by Lemma
3.2.8(3) that zy € E(G).
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Claim 16: If | X;| > 2, then wy € E(G) for all y € Y] UY5.

Let wy; € X7 — {w}. Then there exists x; € X, where z; is an end vertex
of K, centered at w; in G(A — B). Then wz, € E(G). By Claim 15, x; is
adjacent to every vertex of Y7 UY,. Thus d(w,y) < 2 for all y € Y1 UY5. It fol-
lows by Lemma 3.2.8(3), that wy € E(G) for all y € Y1UY5. This settles our claim.

Claim 17: If X; = {w}, then wz € E(G) for some z € Y; U Y5.

Let y € Y;. Consider G +uy. Then D, = {u,z} or D,, = {y, x} for some
r € V(G) — {u,y}. We first suppose that D,, = {u,z}. Then zy ¢ E(G) and
x = (VoU{v}) —{y}. Since wv ¢ E(G), x ¢ {w,v}. By Claims 11 and 12, z € Y5.
Clearly, zw € FE(G) as required.

We now suppose that D,, = {y,z}. Then x = {a} U Ny,(y) but = # a by
Lemma 3.2.1(2). Thus # € A — B. If 2 = w, then w = Ny,(y). Thus wy € E(G)
where y' € Y5, If z € Xy, then yw € E(G) as required since zw ¢ E(G). This

settles our claim.

Claim 18: If X; = {w}, then w > Y; or w > Y5.
It follows from Claim 17, Lemma 3.2.8(3) and the fact that G[Y;] is com-
plete.

Claim 19: If X; = {w} and |Y;| > 2, then w > B — A.

By Claim 18, w > Y; or w = Y,. We first assume that w > Y5. Since
1Y1] > 2, there exist € Y] and y € Y5 such that zy € E(G). So d(w,z) < 2.
By Lemma 3.2.8(3), wx € E(G). By Lemma 3.2.8(3) and the fact that G[Y7] is
complete, w = Y;. Hence, w = B — A as required. By a similar argument, if
w = Y7, then w = B — A. This settles our claim.

Claim 20: Suppose X; = {w} and Y} = {z}. If wz € E(G), then w > Y; or
Yl = 1.

Suppose to the contrary that w is not adjacent to some vertex of Y5, say
y1, and |Ya| > 2. Let yo € Yo — {51 }. Then zy; ¢ E(G) for 1 <i < 2. By Lemma
3.2.8(3) and the fact that G[Y3] is complete, w is not adjacent to any vertex of Ys.
Note that d(a,y1) = 2 by Claim 15. Now consider G +ay;. Then D,,, = {a,z} or
Dy, = {y1,x} for some x € V(G) — {a,y:1}. We first suppose that D,,, = {a,z}.
Then z > {b,v}. By Claims 11 and 15 together with Lemma 3.2.1(2), z = z. But

then no vertex of D,,, is adjacent to y,, a contradiction. Hence, Dq,, = {y1,z}.
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Clearly, > {u}. By Lemma 3.2.1(2), x = b. But then no vertex of D, is

adjacent w, a contradiction. This settles our claim.

It follows by Claims 10-20 that if | X;| > 2, then G is isomorphic to a graph
in Figure 3.4. If | X;| = 1 and |Y}| > 2, then G is isomorphic to a graph in Figure
3.3. So we now suppose X; = {w} and Y; = {z}. If wz € E(G) and w > Y3, then
G is isomorphic to a graph in Figure 3.5. If wz € E(G) and w is not adjacent to
some vertex of Y, then |Y3| = 1 by Claim 20 and thus G is isomorphic to a graph
in Figure 3.6. Finally, if wz ¢ E(G), then G is isomorphic to a graph in Figure
3.6. Hence, GG is in Hy. This completes the proof of our theorem. O

We now turn our attention to the case AN B # ¢.

Lemma 3.2.10. Let G be a 3-(v,2)-critical graph of diameter 3 which is not
3-v-critical. Further, let Vi, A and B be defined as in Lemma 3.2.8. Suppose
AN B # ¢. Then

(1) GIAN B] is complete.
(2) AN B # V.

(3) For every vertex ¢ € AN B, there exist a unique vertex v € A — B and a
unique vertex y € B — A such that ¢ = (V1 UVo U V3) — {z, y}.

Proof. (1) Suppose to the contrary that G[AN B] is not complete. Then there are
x,y € AN B such that zy ¢ E(G). Clearly, d(z,y) = 2. Consider G + xy. Then
D,, ={x,s} or Dy, = {y, s} for some s € V(G) — {z,y}. Without loss of gener-
ality, we may assume that D,, = {x,s}. Then s must dominate u and s ¢ {a,b}
by Lemma 3.2.1(2). So s = v and = > (Vo UV3) — {y}. Hence, {a,2} >~ G, a
contradiction. Therefore, G|A N B] is complete. This proves (1).

(2) Suppose to the contrary that AN B = V,. Then, by Lemma 3.2.8(2)
and (1), {z,v} = G 4+ wv for each x € AN B, a contradiction. Thus AN B # V5.
This proves (2).

(3) Let c € ANB. If ¢ = (A—B)U(B—A), then {c,v} = G+wuv by (1) and
Lemma 3.2.8(2), a contradiction. Hence, there exists a vertex x € (A—B)U(B—A)
such that cx ¢ E(G). We may assume without loss of generality that z € A — B.
Consider G + cz. Then D, = {¢,z} or D., = {x, 2z} for some z € V(G) — {c, z}.
In either case, z > {u}. We first suppose that D., = {z,z}. Then z = u by
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Lemma 3.2.1(2) and the fact that ¢ € AN B. Consequently, z > (Vo U V3) — {c}.
Hence, {z,b} > G, a contradiction. Therefore, D., = {c,z}. Then z € {u,b} by
Lemma 3.2.1(2). If 2 = u, then ¢ > (Vo U V3) — {z}. But then {c,a} > G, again
a contradiction. Hence, z # u. Therefore, z = b. Since b is not adjacent to any
vertex of (A — B)U Vs, ¢ = ((A— B) —{z}) U V3. Hence, = is the unique vertex
of A — B such that cz ¢ E(Q).

We next show that ¢ = (B — A) — {y} for some y € B — A. It is easy
to see that if ¢ = B — A, then {c,a} > G, a contradiction. Hence, there exists
y € B— A such that cy ¢ E(G). Consider G+ cy. By similar arguments as above,
c > ((B—A)—{y})UVs. Hence, y is the unique vertex of B — A such cy ¢ E(G).
It then follows that ¢ = (V; UVoUV3) —{z,y} by (1) and the fact that c € AN B.

This proves (3) and completes the proof of our lemma. O

Lemma 3.2.11. Let G be a 3-(v,2)-critical graph of diameter 3 which is not
3-v-critical. Further, let Vi, A and B be defined as in Lemma 3.2.8. Suppose
AN B # ¢. Then

(1) A— B # ¢ and B — A # ¢.

(2) Ifr € A— B and y € B — A such that {x,y} = Ny,(2) for some z € AN B,
then xy € E(Q).

Proof. (1) It follows immediately by Lemma 3.2.10(3) since AN B # ¢.

(2) By Lemma 3.2.10(3), z > (V4 U Vo U V3) — {z,y}. Consider G + uz.
Then D,,. = {u,w} or D,, = {z,w} for some w € V(G) —{u, z}. We first suppose
that D,. = {u,w}. Then w € {x,y} by Lemma 3.2.1(2) and the fact that z >
(ViuVoUuVs) —{x,y}. Further, w > (VoUV3)—{z}. Hence, 2y € E(G) as required.
We now suppose that D,. = {z,w}. Then w = {z,y} since {z,y} = Ny,(z). Thus
d(z,y) < 2. By Lemma 3.2.8(3), zy € E(G). This proves (2) and completes the

proof of our lemma. n

Lemma 3.2.12. Let G be a 3-(7,2)-critical graph of diameter 3 which is not 3-
~v-critical. Further, let Vi, A and B be defined as in Lemma 3.2.8 and AN B # ¢.
If \V5| > 2, then for each s € V3, there exist z € A— B and x € B — A such
that zs ¢ E(G) and xs ¢ E(G). Further z = (A — B)U (V3 — {s}) and = -
(B - A)U (V- {s}).

Proof. Let s; € V5. Then there exists sy € V3 such that s; # s;. By Lemma
3.2.10(3), ¢s1 € E(G) for all c € ANB. So d(a,s;) =2 and d(b, s;) = 2. Consider
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G + asy. Then Dy, = {a,x} or Dys, = {s1,2} for some z € V(G) — {a,s1}. We
first suppose that D,s, = {s1,z}. Then z > {u} and za ¢ F(G). So x = b and
s1 = (A— B)U V5. Consider G + bs;. Then Dy, = {b,y} or Dy, = {s1,y} for
some y € V(G) —A{b, s1}. If Dys, = {b,y}, then y > {a, s2} and ys; ¢ E(G). Thus
y ¢ AN B by Lemma 3.2.10(3). Soy € A — B C Ng[s1], contradicting Lemma
3.2.1(2). Hence, Dys, # {b,y}. Therefore, Dy, = {s1,y}. Then y = {u,a} and
yb ¢ E(G). Thus y = a and s; > (B — A)U V5. By Lemma 3.2.10(3), s; = AN B.
So s; = Vo U V3. Hence {u,s;} = G, a contradiction. Thus D,s, # {s1,x}.
Therefore, D,s, = {a,z}. Then z > {b} U (V53— {s;}) but zs; ¢ E(G) by Lemma
3.2.1(2). Sox e B—Aand x > (B— A)U (V3 —{s1}). Recall that d(b,s;) = 2.
By similar arguments as in the case G + as;, when we consider G + bsy, there is
a vertex z € A — B such that zs; ¢ E(G) and z = (A — B)U (V5 — {s1}). This

proves our lemma. [

Lemma 3.2.13. Let G be a 3-(v,2)-critical graph of diameter 3 which is not 3-v-
critical. Further, let V1, A and B be defined as in Lemma 3.2.8. Suppose ANB # ¢
and |V3| > 2. Let Z = {x € A— Blzy ¢ E(G) for somey € V3}, W = {z €
B — Alzy ¢ E(G) for somey € Vs}, Z =(A—B)—Z and W' = (B — A) - W.
Then

(1) Z # ¢ and W # ¢. Further, G[Z] and G|W| are complete.

(2) For each z € Z, there is only one vertexr of V3, say x, such that z = (A —
B)U (V3 — {z}).

(8) For each w € W, there is only one vertex of Vs, say y, such that w >
(B—A)U(Vs—{y}).

(4) For all z € Z and for allw € W, zw € E(G).

(5) For each z € Z, there exists v € AN B such that zx ¢ E(G). Further,
|[ANB| > |Z|.

(6) For each w € W, there exists y € AN B such that wy ¢ E(G). Further,
|[ANB| > |W]|.
(7) 1Z] > 2 and |W| > 2.
Proof. (1) Clearly, Z # ¢ and W # ¢ by Lemma 3.2.12. We next show that G[Z] is

complete. Suppose to the contrary that there exist x,y € Z such that xy ¢ E(G).
Clearly, d(z,y) = 2. Consider G + zy. Then D,, = {z,s} or D,, = {y, s} for
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some s € V(G) — {a} by Lemma 3.2.1(2). In order to dominate u, s € {u,b}. So
x = V3 or y = V3, contradicting the fact that =,y € Z. Hence, G[Z] is complete.
By similar arguments, G[WW] is complete. This proves (1).

(2) Let z € Z. Then there exists © € V5 such that zz ¢ E(G). Clearly,
d(z,xz) = 2 by Lemmas 3.2.8(2) and 3.2.12. Consider G + zz. Then D,, = {z,t}
or D,, = {z,t} for some t € V(G) — {z,x}. Suppose that D,, = {z,t}. Then
tz ¢ E(G). In order to dominate {u}UV}, t = usince ab ¢ E(G). Thus z = B—A.
But this contradicts Lemma 3.2.12. Thus D,, # {z,t}. Therefore, D,, = {z,t}.
Then, in order to dominate {u, b}, t € {u,b} and hence z > (A — B)U (V5 — {x}).
This proves (2).

(3) By similar arguments as in the proof of (2), (3) follows.

(4) Let z € Z and w € W. Then, by (2) and (3), z = V3 — {z} and
w = V3 — {y} for some z,y € V3. If © = y, then there exists s € V3 such that
sz € E(G) and sw € E(G) since |V3| > 2. By Lemma 3.2.8(3), zw € E(G). We
now suppose that = # y. Then by Lemma 3.2.12, there exists z; € Z — {z} such
that z1y ¢ E(G). By (2), z1 = V3 —{y}. Then = € Ny, (z1) N Ny, (w). Thus
2w € E(G) by Lemma 3.2.8(3). It then follows by (1) that z; € Ng(z) N Ng(w).
Hence, zw € E(G) by Lemma 3.2.8(3). This proves (4).

(5) Let z € Z. Note that d(b,z) = 2 by (4). Consider G + bz. Then
Dy, = {b,xz} or D,, = {z,z} for some z € V(G) —{b,z}. If Dy, = {2z, 2},
then, in order to dominate u, x € {u,a} and thus z > V3, a contradiction. Thus
Dy, # {z,x}. Therefore, D, = {b,x}. Then, in order to dominate {a} U Vj,
r€(ANB)U(A— B) and zz ¢ E(G) by Lemma 3.2.1(2). It follows by (2) that
x € ANB. It then follows by Lemma 3.2.10(3) that |[ANB| > |Z|. This proves (5).

(6) By similar arguments as in the proof of (5), (6) follows.

(7) Suppose that Z = {z}. According to Lemma 3.2.12, xz ¢ E(G) for all
x € V3. But this contradicts (2) since z > V5 — {z} and |V3] > 2. Hence, |Z] > 2.
By similar arguments, |W| > 2. This proves (7) and completes the proof of our

lemma. ]

Corollary 3.2.14. Let G be a 3-(v,2)-critical graph of diameter 8 which is not



30

3-v-critical. Further, let Vi, A and B be defined as in Lemma 3.2.8. Suppose
ANB # ¢ and |V3| > 2. Then for each s € Vs, there exist z € Z, w € W
such that zs ¢ E(G) and ws ¢ E(G). Further, z = (A — B)U (V3 — {s}) and
w = (B=A)U (Vs —{s}).

Proof. 1t follows from Lemmas 3.2.12, 3.2.13(2) and 3.2.13(3). O

Lemma 3.2.15. Let G be a 3-(v,2)-critical graph of diameter 3 which is not 3-y-
critical. Further, let Vi, A and B be defined as in Lemma 3.2.8. Suppose ANB # ¢
and |Vs| > 2. Let Z,Z',W and W' be defined as in Lemma 3.2.13. Then

(1) Z' # ¢ or W' # ¢.

(2) Suppose Z' # ¢ and W' # ¢. Then for eachx € Z' andy € W', xy € E(G).

(8) If Z' # ¢, then for each v € Z', x = Z U (B — A) U Vs.

(4) If W' # ¢, then for eachw € W', w = W U (A — B)U V.

(5) If Z' # ¢, then G|Z'] is 2-y-critical.

(6) If W' # ¢, then G[W'] is 2-y-critical.
Proof. (1) Suppose to the contrary that Z' = ¢ and W' = ¢. Consider G + ab.
Then we may assume without loss of generality that D, = {a,z} for some
x € V(G)—{a,b}. Sox = (B—A)UV;. Thus z € ZUV; by Lemma 3.2.1(2). But

this contradicts Lemmas 3.2.12 and 3.2.13(2). Hence, Z' # ¢ or W' # ¢. This
proves (1).

(2) Let # € Z and y € W'. By the definitions of Z' and W', ¢ €
Ne(x) N Ng(y) for each ¢ € V3. It follows by Lemma 3.2.8(3) that zy € E(G).

(3) Let # € Z'. According to the definition of Z' together with (2) and
Lemma 3.2.13(2), z = ZUW UVs. Let w € W. By Lemma 3.2.13(3) and the fact
that [V3| > 2, there exists y € V3 such that y € Ng(w)NNg(x). Hence, zw € E(G)
by Lemma 3.2.8(3). Therefore x = W and hence x = Z U (B — A) U V5. This
proves (3).

(4) By similar arguments as in the proof of (3), (4) follows.

(5) Clearly, no vertex € Z such that z = Z otherwise {b,z2} = G
by (3). So y(G[Z']) > 2. Let x € Z'. Then there exists y € Z such that
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xy ¢ E(G). Clearly, d(z,y) = 2. Consider G 4+ xy. Then the only vertex of
D,, — {z,y} dominates {u, b}. Thus it must belong to {u,b} by Lemma 3.2.1(2).
Hence, © = Z — {y} or y = Z — {x}. So y(G[Z]) = 2. Tt also follows that
Y(G[Z + xy]) = 1. Hence, Z is 2-v-critical. This proves (5).

(6) By similar arguments of (5), (6) follows. O

Lemma 3.2.16. Let G be a 3-(v,2)-critical graph of diameter 3 which is not 3-y-
critical. Further, let Vi, A and B be defined as in Lemma 3.2.8. Suppose ANB # ¢
and |V3| > 2. Let S = {x € V3|v(G 4+ ux) = 3}. Then

(1) 1S]<2.

(2) If |S| =2, then V3= 5.

(8) If |S| =2 and Z' # ¢, then x = AN B for allx € Z'.
(4) If |S| =2 and W' # ¢, theny = AN B for ally € W'.

Proof. (1) Let ¢ € AN B. Then, by Lemma 3.2.10(3), there exist z € A — B and
w € B — A such that ¢ = (V; UV U V3) — {z,w}. If there is a vertex s € S such
that sz € E(G) and sw € E(G), then {s,c} = G +us, a contradiction. Hence, for
each s € S, sz ¢ E(G) or sw ¢ E(G). By Lemmas 3.2.13(2), 3.2.13(3), 3.2.15(3)
and 3.2.15(4), it is easy to see that |S| < 2. This proves (1).

(2) Suppose that V3 # S. Then there exists t € V3—.5 such that v(G+ut) =
2. By Corollary 3.2.14, there exist z € Z and w € W such that tz ¢ E(G) and
tw ¢ E(G). Let S = {s1,s2}. Then, by Lemmas 3.2.13(2) and 3.2.13(3), z = S
and w > S. Further, by Lemmas 3.2.13(5) and 3.2.13(6), there exist ¢;,co € ANB
such that ¢;z ¢ F(G) and cow ¢ E(G). If ¢y = ¢o, then {c1,51} = G + usy, a
contradiction. Thus ¢; # ¢;. By Lemma 3.2.10(3), there exists w; € B — A such
that wic; ¢ E(G). According to Lemma 3.2.13(3), w1 € E(G) or wysy € E(G).
Then either {cq, s1} = G +wus; or {c1, s2} = G + uss, a contradiction. This proves

(2).

(3) Let s € S — {v} and let z € Z'. Then z > V3. Suppose to the contrary
that there exists ¢ € AN B such that ¢z ¢ F(G). Then, by Lemma 3.2.10(3),
there exists w € B — A such that we ¢ E(G). According to Lemma 3.2.13(3),
w = V3 —{y} for some y € V3. So w is adjacent to some vertex of V3, say s;.

Clearly, s; = s or sy = v. It follows that {s1,c} = G+us;, a contradiction. Hence
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z >= AN B. This proves (3).

(4) By similar arguments as in the proof of (3), (4) follows. O

Corollary 3.2.17. Let G be a 3-(v,2)-critical graph of diameter 8 which is not
3-v-critical. Further, let Vi, A and B be defined as in Lemma 3.2.8. Suppose
ANB # ¢ and |V3| > 2. If |S| = 2, then for each ¢ € AN B, there exist the unique
vertex x € Z and the unique vertex y € W such that ¢ = (V4 U Vo U V) — {x,y}.
Further, Nvy,(z) N Ny, (y) = ¢ but Ny, (z) U Ny, (y) = Va.

Proof. 1t follows from Lemmas 3.2.10(3), 3.2.13(2), 3.2.13(3), 3.2.16(2), 3.2.16(3)
and 3.2.16(4) together with the fact that v(G 4 us) = 3 for s € S. O

Recall that v is the vertex of V3 C V(G) which d(u,v) = 3 and v(G+uv) =
3. By the definition of S in Lemma 3.2.16, v € S. In what follows, for simplicity,

if |[S| = 2, then we shall denote S = {s1, $2} where v = s.

Lemma 3.2.18. Let G be a 3-(7,2)-critical graph of diameter 3 which is not 3-
~v-critical. Let Vi, A and B be defined as in Lemma 3.2.8 where AN B # ¢. Let
S = {s1, 55} where S is defined as in Lemma 3.2.16 and let Z,Z' ., W and W' be
defined as in Lemma 3.2.13. Suppose H is a component of G[Z U (AN B)UW].
Then

(1) ZOV(H) # ¢, (ANB)NV(H) # ¢ and W NV (H) # ¢.

(2) For z € ZNV(H), V(H) can be partitioned to Cy, Cy,Cy, ..., Cyy, for some
positive integer n. Each of them is independent and Cy = {z} and for 1 <
1 < 2n,

ANB, ifi=j(mod4) for j e {1,3}
C; C W, if i = 2(mod4)
Z, if i = 4(mod4)
in such a way that for x € V(C;) where i = j(mod4), j € {1,3}, there
is exactly one vertex in V(C;_1), say y, and exactly one vertex in V(Ciy1),
say y , such that y,x,y is a path in G and for v € V(C;), i = j(mod4),
j € {2,4}, there exists t € V(C;_1) such that vt € E(G). Further, for
1 <i <2 ifzs; & BE(G), then 2's; ¢ E(G) for all 2 € ZNV(H) and
ws; ¢ E(G) for allw e WNV(H) where j € {1,2} — {i}.
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(3) Forwe WnNV(H), V(H) can be partitioned to Cy, Cy,Cy, ..., Co, for some
positive integer n. FEach of them is independent and Cy = {w} and for
1 <2< 2n,

ANB, ifi=j(modd) for j e {1,3}
C; C Z, if i = 2(mod4)
w, if i = 4(mod4)
in such a way that for x € V(C;) where i = j(mod4), j € {1,3}, there
is exactly one vertex in V(C;_1), say y, and exactly one vertex in V(Ciy1),
say y , such that y,x,y is a path in G and for v € V(C;), i = j(mod4),
j € {2,4}, there exists t € V(C;_1) such that vt € E(G). Further, for
1 <i<2 ifws; ¢ B(G), then w's; ¢ E(G) for allw € WNV(H) and
zs; ¢ E(G) for all z € ZNV(H) where j € {1,2} — {i}.

(4) G|ZU(ANB)UW] contains k > 2 components. Further, there are 1 < k; <
k—1 components of G[ZU(ANB)UW)] such that for each z € ZOJM™, V(H;),
251 € E(G) but zs5 ¢ E(G) and for each w € W N, V(H;), ws; ¢ E(G)
but wsy € E(G) and for each z € Z —\Ji*, V(H,), zs1 ¢ E(G) but zs, €
E(G) and for each w € W — Uf;l V(H;), ws; € E(G) but wsy ¢ E(Q).

Proof. (1) It follows from Lemmas 3.2.13(5), 3.2.13(6) and Corollary 3.2.17.

(2) Let z € ZNV(H). Choose y € V(H) such that dg(z,y) =
mazzey(m)d(z, x) = k. For a positive integer 1 < i <k, let C; = {x]d(z,x) = i}.
Clearly, y € Cy. Put Cy = {z}. Then, by Lemmas 3.2.13(1) and 3.2.13(4),
G[Z U W] is complete. So C; € AN B. By Lemma 3.2.13(5), C| # ¢. By Lemma
3.2.10(1) and Corollary 3.2.17, Cy # ¢ and Cy € W. By Lemmas 3.2.13(1),
3.2.13(4) and 3.2.13(6), if C5 # ¢, then C5 C AN B. By Corollary 3.2.17, Cy # ¢
and Cy C Z. Continuing in this fashion, for i > 1, if Cy; 11 # ¢, then Cy;1 1 € ANB
and ¢ # Cypo € W oand if Cyiy3 # ¢, then Cyp3 € AN B and ¢ # Cyuiq C Z.
Clearly, y € ZUW by Corollary 3.2.17. Thus k = 2n for some positive integer
n. By Lemmas 3.2.10(1) and 3.2.13(1), G[AN B],G[Z], and G[W] are complete.
Hence C; is an independent set.

Note that, by our partition, each vertex of C; for 1 <1 < k, is adjacent, in
G, to at least one vertex of C;_;. However, if i = 1(mod4) or i = 3(mod4), then
each vertex of C; is adjacent, in G, to exactly one vertex of C;_; and to exactly
one vertex of C; 1 by Corollary 3.2.17 and the fact C; C AN B for i = 1(mod4)
or i = 3(mod4).
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Now let zs; ¢ E(G). Then, by Corollary 3.2.14, zs; € E(G) for j €
{1,2} — {i}. We first show that each vertex of C5 is not adjacent to s;. Suppose
this is not the case. Then there is w € Cy € W such that ws; € E(G). Since
w € Cy, there is ¢ € O; € AN B such that cw € E(G) by our partition. Then,
by Corollary 3.2.17, {z,w} = Ny,(c) and thus {s;,c} = G + us;, a contradiction.
Hence, w's; ¢ E(G) for all w' € Cy. By Corollary 3.2.14, w's; € E(G) for all
w € Cy.

If C5 = ¢, then we are done. So suppose C3 # ¢. By the above argument,
C3 C AN B and ¢ # Cy C Z. Suppose to the contrary that there exists z; € Cy
such that z;s; € E(G). By our partition, there is ¢; € C3 such that z,¢c; € E(G).
By Corollary 3.2.17 and our partition, there is w; € Cy such that wie; € E(G)
where {z1, w1} = Ny,(c1). Since wys; € E(G) and z1s; € E(G), it follows that
{c1,8:} = G + us; by Corollary 3.2.17, again a contradiction. Hence, each ver-
tex 2z € Oy, 2's; ¢ E(G) but z's; € E(G) by Corollary 3.2.14. Continuing in
this fashion, for all 2 € Cyq C Z, 2's; ¢ E(G) but 2's; € E(G) and for all

w € Cuipg CW, w's; ¢ E(G) but w's; € E(G). This proves (2).
(3) By similar arguments as in the proof of (2), (3) follows.

(4) Suppose that G[Z U (AN B) U W] contains exactly one component, say
H. Let z; € ZNV(H). By Lemma 3.2.13(2), we may assume that 2,5, € F(G) and
2185 ¢ E(G). Then, by (2), z's; € E(G) and z'sy ¢ E(G) for all 2" € ZNV(H).
Hence, s; is adjacent to every vertex of Z. But this contradicts Corollary 3.2.14.
Hence, G[Z U (AN B) U W] contains k > 2 components.

Now let Hy, Hs, ..., H, be components of G[Z U (AN B)UW]. Let z €
Z NV (Hy). According to Lemma 3.2.13(2), we may assume that zs; € E(G)
but zs, ¢ F(G). Then, by (2), each vertex of Z NV (H,), say 2, z's; € E(G)
but 2's, ¢ E(G). Further, each vertex of W NV (H,), say w, ws; ¢ E(G) but
wse € E(G).

We may renumber the components of G[Z U (AN B) U W] in such a way
that for 1 < i < ky, if z € ZNV(H;), then zs; € (G) but zs, ¢ E(G) and if
w e W NV(H;), then ws; ¢ (G) but wsy € E(G). It is easy to see that k; > 1
and if k1 = k, then s;z € E(G) for all z € Z. But this contradicts Corollary
3.2.14. Hence, k; < k — 1. By (2) and Lemma 3.2.13(2), for k; + 1 < i < k, if
z € ZNV(H;), then zs; ¢ (G) but zs, € F(G) and if w € W N V(H;), then
ws; € (G) but wsy ¢ E(G). This proves (4) and completes the proof of our
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lemma. ]

Theorem 3.2.19. Let G be a 3-(v,2)-critical graph of diameter 3 which is not
3-v-critical.  Further, let Vi, A and B be defined as in Lemma 3.2.8 and let S
defined as in Lemma 3.2.16. If AN B # ¢ and |S| = 2, then G € Hs, defined in
Section 3.1.

Proof. Let Z ={x € A— Blzy ¢ E(G) for some y € V3}, W ={z € B — Alzy ¢
E(G) for somey € Va3}, Z' = (A—B)— Zand W' = (B — A) — W. According to
Lemma 3.2.18(4), let Hy, Hs, ..., Hy,, Hy, ., ..., Hy be components of G[ZU(ANB)U
W] where 1 < k; < k—1 and for each = € (ZNUM, V(H,)) U (W — UL, V(H))),
zsy € E(G) but zs, ¢ E(G) and for each z € (Z—J5, V(H)UWNUL, V(H,)),
xsy ¢ EB(G) but zs, € E(G). Put Ty = U, V(H;) and T = Up, ., V(H,).
Then, by Lemmas 3.2.10(1), 3.2.13(1), 3.2.13(4), 3.2.13(5), 3.2.13(6) and 3.2.18
and Corollary 3.2.17, G[ZU (AN B)U W] = K,,, — (E(T1) U E(T,)) where ny =
\V(T1)|+|V(T3)|. By Lemma 3.2.15(1), we may assume without loss of generality
that Z' # ¢. Then, by Lemma 3.2.15(5), and Theorem 2.1, G[Z'] = K,, —
Uiy K1, where ny = [Z'] = Iy + 320 7y and ny > 2. If W' = ¢, then G
is isomorphic to a graph in H} by Lemmas 3.2.15(3), 3.2.16(3), 3.2.18(2) and
3.2.18(3).

We now suppose that W' # ¢. Then, by Lemma 3.2.15(6), and Theorem
2.1, GIW'] = K, — Ué2:1 K4, where ny = W' =1, + 222:1 t; and ny > 2ls.
It then follows by Lemmas 3.2.15(2), 3.2.15(3), 3.2.15(4), 3.2.16(3), 3.2.16(4),
3.2.18(2) and 3.2.18(3) that G is isomorphic to a graph in H3. This completes the

proof of our theorem. O

In the case S = {v} and |V3| > 2. We cannot guarantee that for each
c € AN B, Ny,(c) € ZUW. Figure 3.11 shows an example of a 3-(v, 2)-critical
graph which is not 3-y-critical when Ny,(c) € Z U W and Figure 3.12 shows an
example of a 3-(v, 2)-critical graph which is not 3-y-critical when Ny, (c) € ZUW.
Further, for ¢ € AN B, the vertex v may not join to any vertex of Ny, (c)(see
Figure 3.11 when ¢ = c3) or may join to exactly one vertex of Ny, (c)(see Figure
3.11 when ¢ € {¢1, c2} or see Figure 3.12 when ¢ € AN B). It seems not possible
to characterize 3-(vy, 2)-critical graphs which are not 3-vy-critical in this case. Note
that in Figures 3.11 and 3.12, the vertex a joins to every vertex of ZUZ U(ANB)
and the vertex b joins to every vertex of W U (AN B).



36

Z V4
£ Bl ot
a 1 2.3 1 2
.0 el |&--
?“.L---,lh S . 4
1 | r~a "-:::::
< e ?C?C'J'cz i
u e T
0 S
P
“ w oW, W B

Hli! l:t"]2|.1“l!!'|.f‘gig‘(‘3t['g.t"]l;;.{';jrl'j;.ﬂfj..Hil.ﬂft'-_uf':-_'.l':;;.r‘fﬂ,t'll'j;b

Figure 3.11: A 3-(v, 2)-critical graph with Ny,(c) C ZUW
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Figure 3.12: A 3-(v,2)-critical graph with Ny,(c) £ ZUW

Theorem 3.2.20. Let G be a 3-(,2)-critical graph of diameter 3 which is not
3-v-critical. Further, let Vi, A and B be defined as in Lemma 3.2.8. Suppose
ANB # ¢ and V3 ={v}. Let F} = {x € A— Blay ¢ E(G) for somey € A— B},
F, = (A-B)—-F, F; = {z € B— Alzy ¢ E(G) for somey € B — A},
Fy;=(B—A)— Fy. Then

(1) No vertex x € Vo U {v} such that z > V;.

(2) For each x € F U Fy,xv ¢ E(G).

(3) Fi# ¢ or Fs # ¢.

(4) Fori e {1,3}, if F; # ¢, then G[F;] is 2-y-critical.

(5) Suppose Fy # ¢ and Fy # ¢. Then for each x € Fy and y € Fy, x >
(A—B)U(B—A) andy - (A—B)U (B — A).
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(6) Suppose Fy # ¢ or Fy # ¢. Fori € {1,3}, if F; # ¢, then d(v,z) =1 or
d(v,z) =3 for all x € F;.

(7) Suppose Fy # ¢ and Fy # ¢. Fori € {1,3}, if F; # ¢, then v = F; and for
r € F, andy € F;, xy € E(G) where j € {1,3} — {i}.

(8) Suppose Fy = ¢ and Fy = ¢. Then there is only vertex of Fy U F3, say w,
such that v = Vo — {w}. Further, if w € Fy, then for each x € Fy —{w} and
y € Fs, xy € E(G) and if w € F3, then for each y € F3 — {w} and x € F7,
zy € E(G)

Proof. (1) Suppose to the contrary that there exists z € VoU{v} such that x = V5.
If © € Vy, then {u,z} > G + uv, a contradiction. If x = v, then {u,v} = G, a

contradiction. This proves (1).

(2) Let x € Fy U Fy. Without loss of generality, assume that « € Fy. Then,
by definition of Fy, x = A — B. If 2v € E(G), then {b,z} > G, a contradiction.
So zv ¢ E(G). This proves (2).

(3) Suppose that F; = ¢ and F3 = ¢. Then Fy # ¢ and F; # ¢ by
Lemma 3.2.11(1). Consider G + ab. Then Dy, = {a,z} or D,, = {b, x} for some
xz € V(G)—{a,b}. Without loss of generality, assume that D,, = {a, xz}. Then by
Lemma 3.2.1(2), z € FoU{v} and x = FyU{v}. If x € F5, then zv € E(G). But
this contradicts (2). Thus = v and = > Fj, which again contradicts (2). Hence,
Fy # ¢ or F3 # ¢. This proves (3).

(4) Let i € {1,3}. By the definition of F;, 7(G[F;]) > 2. We first suppose
that ¢ = 1. Let y € Fy. Then there exists ¢t € F} such that yt ¢ E(G). Consider
G+yt. Then the only vertex of D,; —{y,t} dominates {u,b}. Thus it must belong
to {u,b} since ab ¢ F(G). Hence, y = Fy — {t} or t = Fy —{y}. So v(G[F}]) = 2.
It also follows that v(G[Fi] + yt) = 1. Hence, G[F}] is 2-vy-critical. By similar
arguments, G|F3] is 2-y-critical. This proves (4).

(5) By definitions of Fy and Fy, for each z € Fy, x = A — B and for
each y € Fy, y = B— A. Let ¢ € AN B. Then, by Lemma 3.2.10(3), there
exist t € A— B and w € B — A such that ¢t ¢ F(G) and cw ¢ E(G). By
Lemma 3.2.11(2), tw € E(G). By Lemma 3.2.8(3), zw € E(G) for all z € F, and
yt € E(G) for all y € Fy. Hence, vy € E(G) by Lemma 3.2.8(3). It follows that
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x> B—Aandy >~ A—B. Hence, x = (A—B)U(B—A) andy > (A—-B)U(B—A).
This proves (5).

(6) Suppose that there exists x € Fj, for i € {1,3} such that d(x,v) = 2.
Consider G + vz. Then D,, = {v,t} or D,, = {z,t} for some t € V(G) — {v,z}.
If D,, = {v,t}, then t > {u,a,b}. Sot =wand v > Vo — {x}. Thus v > F; or
v > Fy. But this contradicts (2). Therefore D,, = {x,t}. Then t > {u,b}. Thus
t € {u,b} and x >~ Fy, a contradiction. This proves (6).

(7) Suppose to the contrary that there exists x € F;, for ¢ € {1,3} such
that zv ¢ E(G). We may assume that ¢ = 1. Then, by (6), d(z,v) = 3. So
ze ¢ E(G) for all c € AN B since v is adjacent to every vertex of AN B by Lemma
3.2.10(3). Further, ¢ > Fy. It follows that for each y € Fy, y = AN B. Hence,
y > V5 by (5). But this contradicts (1). Hence, v > F; for i € {1,3}. By Lemma
3.2.8(3), zy € E(G) for all « € Fy and y € F3. This proves (7).

(8) By Lemma 3.2.11(1), F; # ¢ and F3 # ¢. Then, by (4), G[F}] =
Ui, K1, and G|F3) = Ui~ K15, where n,m,r;, s; are positive integers. Accord-
ing to Lemma 3.2.10(3), d(a,v) = 2 and d(b,v) = 2. Further, there is w € Fy; U F}
such that vw ¢ F(G) otherwise {u,v} > G. We may suppose that w € F;. Then
applying similar arguments as in the proof of Claims 13, 14 and 15 in Theorem
3.2.9, (8) follows. O

Figures 3.13 - 3.17 show examples of 3-(vy, 2)-critical graphs of diameter 3
which are not 3-vy-critical satisfying the hypothesis of Theorem 3.2.20. In order
to characterize such graphs, we need to consider, up to isomorphism, at least 5
cases according to F;, i € {1,2,3,4} by (3). So it seems not possible to char-
acterize 3-(v, 2)-critical graphs of diameter 3 which are not 3-y-critical satisfying
the hypothesis of Theorem 3.2.20. Note that in Figures 3.13- 3.17, the vertex a
joins to every vertex of F; U Fy U (AN B) and the vertex b joins to every vertex of
F;UF,U(ANB).
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Kg — {129, Y13, €2, ct, v2, 0t}

Figure 3.13: A 3-(7,2)-critical graph with |Fy| = 2,|F3| =1, |F3| =2 and |Fy| =1

N
ANB|c ¥ »
u £ e

Kg - {2129, 2, ¢t 02,0t}

Figure 3.14: A 3-(v, 2)-critical graph with |Fy| = 2,|Fs| = 1,F3 = ¢ and |Fy| =1
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Figure 3.15: A 3-(v, 2)-critical graph with |Fy| =2, Fy = ¢, |F3| =2 and Fy = ¢
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Figure 3.16: A 3-(v,2)-critical graph with |Fy| =2, Fy = ¢, F3 = ¢ and |Fy| =1
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Figure 3.17: A 3-(v, 2)-critical graph with |Fy| = 2,|Fs| = 1,|F3| =2 and Fy = ¢



Chapter 4

Characterization of 3-(v, 2)-critical
graphs which are not 3-v-critical of small

order

In this chapter, we apply lemmas and theorems in Chapter 3 to show that
there are exactly 10 non-isomorphic 3-(v, 2)-critical graphs of diameter 3 which
are not 3-y-critical of order at most 8.

Recall that G is denoted a 3-(7, 2)-critical graph of diameter 3 which is not
3-v-critical. Further, u and v are vertices of G where d(u,v) = 3 and v(G+uv) = 3.
For the sake of symmetry, we may suppose without loss of generality that d(u) <
d(v). For 1 <i <3, let V; = {z € V(G)|d(z,u) = i}. Then |V;| < [VoU V5| — 1.
If V2 U V3 C Ng[v], then {u,v} is a dominating set of G, a contradiction. Hence,
d(v) < |VoU V3| — 2. It then follows that |Vi| + 2 < |V, U V3|. Note also that
\V(G)| > 6.

Lemma 4.1. Let G be a 3-(v,2)-critical graph of diameter 8 which is not 3-y-
critical. Then |V (G)| > 7.

Proof. Since |Va U Vs| > [Vi| + 2, [V(G)| = 1 4 |Vi| + |[Va| + |V3| > 3+ 2|V4]. If
V1| > 2, then |[V(G)| > 7 as required. So we now consider the case |V}| = 1.
Then the only vertex of V; is adjacent to every vertex of V5. By Theorem 3.2.6(2),
V3| > 3. Because of Lemma 3.2.2, |V(G)| = 14+|Vi|+|Va|+|V5]| > 1+14+243 =T.

This completes the proof of our lemma. O]

Lemma 4.2. Let G be a 3-(v,2)-critical graph of diameter 8 which is not 3-y-
critical. If |V(G)] <8, then 1 < |Vi| < 2. Further, if |Vi| =1, then G € J.

Proof. Clearly, [V4| > 1. If |Vi| > 3, then [Vo U V5| > [Vi| +2 > 5 and thus
\V(G)| > 9, a contradiction. Hence, 1 < V]| < 2. We now suppose that |V = 1.
Then the only vertex of V; is adjacent to every vertex of V5. By Theorem 3.2.6(4),

GeJ. O
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Theorem 4.3. Let G be a 3-(,2)-critical graph of diameter 3 which is not 3-7y-
critical. If |V(G)| =7, then G is isomorphic to the graph J;, for some 1 <i < 2,
in Figure 4.1.

J; J,

Figure 4.1: 3-(vy, 2)-critical graphs of order 7

Proof. By Lemma 4.2, 1 < |V;| < 2. Further, if |Vj| = 1, then G is isomorphic
to the graph J;. We now assume that |Vi| = 2. Then, by Lemma 3.2.2 and the
fact that |V3] > 1, 2 < |V4| < 3 and thus 1 < |V3] < 2. Put |Vj| = {a,b}. Let
A={z € Vhlax € E(G)} and B = {x € Vs|bx € E(G)}.

Claim 1: ab ¢ E(G).

Suppose to the contrary that ab € F(G). If each vertex of V; is adjacent
to every vertex of V5, then |V3] > 3 by Theorem 3.2.6(2), a contradiction. Hence,
there is a vertex of V4 say a, such that a is not adjacent to some vertex of V5, say
y. Since y € V5 and ya ¢ E(G), it follows that yb € E(G). Clearly, d(a,y) = 2.
Consider G+ay. By Lemma 3.2.3, D,, = {a, 2z} for some z € (Vo,UV;3)—{y}. Then
zy ¢ E(G) but z = V3. If z = Vo — {y}, then {b, z} > G, a contradiction. Hence,
there exists a vertex y; € Vo — {y} such that zy; ¢ E(G). Clearly, y1a € E(G)
since D, = {a, z}.

We first show that z ¢ V3. Suppose this is not the case. Then z € V5. Thus
there exists w € Vo —{y, y1 } such that wz € E(G). Since |V,| < 3 and |[V(G)| =7,
It follows that Vo = {y, vy, w} and V3 = {z} = {v}. But then d(v) = 1 < d(u),
contradicting our hypothesis that d(v) > d(u). Hence, z ¢ V3. Therefore, z € V5.
Consequently, Vo = {y,y1, 2z} and V3 = {v}. Then zv € E(G) since z = V5. If
vy; € E(G), then {v,b} > G, a contradiction. Hence, vy; ¢ E(G). By our hy-
pothesis that d(v) > d(u), vy € E(G). But then {a,v} > G, again a contradiction.

This settles our claim.

Claim 2: AN B = ¢.
Suppose to the contrary that AN B # ¢. Let ¢ € AN B. Then, by Lemma
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3.2.10(3), there exist x € A— B and y € B— A such that ¢ = (V;UVLUV3)—{x,y}.
Since |V3] < 3, it follows that AN B = {c}, A— B = {z} and B— A = {y}. By
Lemma 3.2.11(2), zy € E(G). Because v(G) = 3, vx ¢ E(G) or vy ¢ E(G). By
our hypothesis that d(v) > d(u), vz € E(G) or vy € E(G). Hence, {z,b} > G or

{y,a} = G, a contradiction. This settles our claim.

Since AN B = ¢, Theorem 3.2.9 together with the fact that |[V5| < 3
implies G € H;. Hence, G is isomorphic to J;. This completes the proof of our

theorem. []

Theorem 4.4. Let G be a 3-(,2)-critical graph of diameter 3 which is not 3-y-
critical. If |V(G)| = 8, then G is isomorphic to the graph J;, for some 1 <i <8,
in Figure 4.2.

4 <

Figure 4.2: 3-(vy, 2)-critical graphs of order 8

Proof. By Lemmas 3.2.2 and 4.2, 1 < |V| < 2 and |V4| > 2. It then follows that
V3] < 4 since |V(G)| = 8. If G[V}] is complete and each vertex of V] is adjacent
to every vertex of V5, then, by Theorem 3.2.6 and Corollary 3.2.7, GG is isomorphic
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to J; when |V;] = 1 and G is isomorphic to J, when |V;]| = 2. We next consider
when G[Vi] is not complete or there is a vertex of V; which is not adjacent to
some vertex of V. In either case, it is easy to see that |V;| = 2. Consequently,
2 < |V] <4 and |V3| < 3. Now put V; = {a,b}. Let A = {x € Valax € E(G)}
and B = {z € Vs|bx € E(G)}. We distinguish two cases.

Case 1: G[V4] is not complete.
Then ab ¢ E(G) and thus G[V3] is complete by Lemma 3.2.8(2).

Case 1.1: ANB = ¢.

Then, by Theorem 3.2.9, G € H; or G € Hy. We first suppose that
G € Hy. Then |V3| > 2 and thus V3| < 3. If [V, = 2, then G is isomorphic to Js.
If |V5| = 3, then G is isomorphic to the graph in Figure 4.3.

Figure 4.3: Graph H € H;

It is easy to see that the graph in Figure 4.3 is isomorphic to the graph Js.
We now assume that G € Hs. Then |V3] = 1 and thus |V;| = 4. Further,
|A— B| >2and |B— A| > 2. Thus |A — B| =2 and |B — A| = 2 since |V3| = 4.

Hence, GG is isomorphic to either .J; or Js.

Case 1.2: AN B # ¢.

Then |AN B| > 1. It follows by Lemma 3.2.11(1) that |[A — B| > 1 and
|B — A| > 1. Since |V3| < 4, Then |[AN B| < 2. According to Lemma 3.2.13(7),
|V5] = 1. Hence, |V3| = 4.

Claim 1: |[ANB|=1.

Suppose this is not the case. Then |[ANB| = 2. Thus |[A—B| = |B—A| = 1.
Let {w} = A— B, {#} = B— A and {71,232} = AN B. By Lemmas 3.2.10(1)
and 3.2.10(3), z1z2 € E(G) and z;v € E(G) for 1 <i <2 but z;w ¢ E(G) and
vz ¢ E(G) for 1 < i < 2. Further, by Lemma 3.2.11(2), wz € E(G). Now
consider G + ab. Without lost of generality, we may assume that D,, = {a,t}
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for some t € V(G) — {a,b}. By Lemma 3.2.1(2), t ¢ Ng(b). Then t € {w,v}.
If t = w, then wv € E(G) and thus {w, b} = G, a contradiction. Hence, t # w.
Therefore, t = v. Then vz € E(G) since az ¢ E(G). But then {z,a} > G, again

a contradiction. This settles our claim.

Then |A— B| =2 or |B— A| = 2 since |V3| = 4. Without lost of generality,
assume that |A — B| = 2. Then |B—A| =1. Put {wy,we} = A—B, {2} =B—-A
and {z} = AN B. By Lemma 3.2.10(3), we may assume that zw; ¢ E(G) and
xrz ¢ E(G). Further, zwy € E(G) and zv € E(G). Then zw; € E(G) by Lemma
3.2.11(2). It follows that zv ¢ E(G) otherwise {z,a} = G.

Claim 2: wywy ¢ E(G).
Suppose not. Then wywy € E(G). Thus d(ws, z) < 2 since zw;, € E(G).
By Lemma 3.2.8(3), wyz € E(G). But then either {wy,u} = G if wev € E(G) or

{wq,u} = G+ uv if wyv ¢ E(G), a contradiction. This proves our claim.

Claim 3: wyv € E(G).

Suppose this is not the case. Then wyov ¢ E(G). Then d(ws,v) = 2 by the
path wq, z,v. Consider G + wyv. If Dy, N{ws, v} = {v}, then the only vertex of
Dy — {v} dominates {u,a,b, z}. But this is not possible since ab ¢ E(G) and
z € V. Hence, Dy, = {ws,t} for some t € V(G) — {wq,v}. Then ¢ dominates
{wy,u,b}. Thus t € V] since w; € V5. But this is not possible since bw; ¢ E(G)
and ab ¢ F(G). This contradicts the fact that v(G + wyv) = 2 and settles our

claim.
We now distinguish two subcases.

Subcase 1.2.1: vw; € E(G).

Observe that Ng(z) N Ng(wy) = ¢. By Lemma 3.2.8(3), d(z,wz) = 1 or
d(z,we) = 3. If d(z,wy) = 1, then zws € E(G) and thus G is isomorphic to Js.
Further, if d(z,wy) = 3, then zwy ¢ F(G) and thus G is isomorphic to Jy.

Subcase 1.2.2: vw; ¢ E(G).
Consider G + bws. Let {s} = Dy, — {b,wy}. We first suppose that
Dyy, = {b,s}. Then s ¢ Ng(ws) by Lemma 3.2.1(2). Thus s € {wy, 2} since

s = {a,v}. But then no vertex of Dy, is adjacent to v, a contradiction. Hence,
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Dy, = {ws, s}. Then s ¢ Ng(b) by Lemma 3.2.1(2). Thus s = a since s > {u}.
It follows that wez € E(G) since sz ¢ E(G). Hence, G is isomorphic to Js.

Case 2: There exists a vertex of Vi, say a such that a is not adjacent to some
vertex of V5, say y.

By Case 1, we may assume that ab € F(G). Since y € V3 and ay ¢ E(G),
it follows that by € E(G). Thus y € B — A. Further, since D,, = {y, 4.},
21y € E(G) or z1y2 € E(G). Thus d(b,z;) = 2. Consider G + ay. By Lemma
3.2.3, Doy = {a, z} for some z € (Vo UV3) —{y}. Then zy ¢ E(G) and z > V.
If z = Vo — {y}, then {z,b} > G, a contradiction. Hence, there is y; € Vo — {y}
such that zy; ¢ E(G). Then ay; € E(G) since D,, = {a, z}. We now distinguish

two cases.

Case 2.1: |V,| = 3.
Then |V3| = 2.

Claim 4: z € V5.

Suppose this is not the case. Then z € V3. Thus there exits yo € Vo—{y, 1}
such that zy, € E(G). It follows that by, ¢ E(G) otherwise {b, z} > G. Consider
G + uy. By Lemma 3.2.4, D,, = {y,w} for some w € (Vo U V3) — {y}. Then
w = {a,z} since ya ¢ E(G) and yz ¢ E(G). Thus w = y, since y12 ¢ E(Q).
Hence, y2a € E(G). Now consider G + uy;. By similar argument, D,,, = {y1,92}
and thus y2b € E(G).

Let {z1} = V5 — {z}. Since Dy, = {y1,y2}, 211 € E(G) or z1y2 € E(G).
Thus d(a, z;) = 2. Further, since Dy, = {y1,y2}, 21y € E(G) or 212 € E(G).
Thus d(b, z;) = 2. Consider G + az;. By Lemma 3.2.3, D,,, = {a,w;} for some
w; € (Vo UV3) —{z1}. Then wy > {y,z} since ay ¢ E(G) and az ¢ E(Q).
Thus w; = y» since z is not adjacent to y and y;. Hence, yoy € E(G). We next
consider G + bz;. By similar arguments, Dy,, = {b,y2} and thus yy; € E(G)
since by; ¢ E(G). Now ys = {a,b,y,y1,z}. Clearly, {y2,2} > G + uz and
{y2, 21} = G + uz; since z > Vi and V3 = {2, z1}. But this contradicts the fact
that v(G + uv) = 3 since v € {z, z;} This settles our claim.

By our hypothesis that |V5| = 3 and Claim 4, Va2 = {y, 41, 2}. Note that
by1 ¢ E(G) otherwise {b,z} = G. Let {v;} = V3 — {v}. Then zv € E(G)

and zv; € F(G). Since z € V,, we may assume without loss of generality that
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za € E(G).

Claim 5: Ng(z2) = {v,v1,a,b}.

By the above argument we only need to show that zb € F(G). Consider
G +uy;. By Lemma 3.2.4, D,,, = {y1, w2} for some wy € (Vo UV3) — {y1}. Since
yib ¢ E(G) and y1z ¢ E(GQ), it follows that wy = {b,z}. Thus wy € V, since
b e Vi and z € V. Consequently, wy = z since yz ¢ E(G). Hence, bz € E(G) as

required. This settles our claim.

Claim 6: vv; ¢ E(G).

Suppose to the contrary that vv; € E(G). Consider G + avy. Then, by
Lemma 3.2.3, D,,, = {a,ws} for some w3 € (Vo UV3) — {v;}. Clearly, ws > {v}
but ws ¢ Ng(v1) by Lemma 3.2.1(2). Thus ws ¢ {z,v}. Consequently, ws =y or
wz = y1. If wy =y, then {v,a} > G, a contradiction. Hence, ws = y;. But then

{v,b} = G, again a contradiction. This settles our claim.

Claim 7: d(v) = 2.

Suppose this is not the case. Then d(v) = 3 since |V U V3| = 5 and by
Claim 6. Thus vy € F(G) and vy; € E(G). By Claim 5, {v,z} = G + uv, a
contradiction. Thus d(v) < 2. By our hypothesis that d(v) > d(u) = 2, d(v) = 2.

This settles our claim.

Recall that vz € E(G). We may now assume without loss generality that
vy € E(G) but vy, ¢ E(G). Note that vy ¢ E(G) otherwise {y,a} > G. Now
consider G + av. By Lemma 3.2.3, D,, = {a,w,} for some wy € (Vo U V3) — {v}.
Then wy > {y,v1} but wy ¢ Ng(v) by Lemma 3.2.1(2). Thus wy ¢ {y, z}. Hence,
wy € {vy,y1}. Clearly, wy # vy since viy ¢ E(G). Hence, wy = y;. Then
y1y € E(G) and yyv, € E(G). Hence, G is isomorphic to the graph in Figure 4.4.

Figure 4.4: A 3-(vy, 2)-critical graph of order 8
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It is easy to see that the graph in Figure 4.4 is isomorphic to the graph Js.

Case 2.2: |V, = 4.
Then |V3] = 1 and thus V3 = {v}. Recall that V; = {a,b} and ab € E(G).

Claim 8: d(v) = 2.

Clearly, Ng(v) C V, and |Ng(v)| < |Va| — 2 = 2 otherwise {v,a} > G or
{v,b} > G since each vertex of V5 is adjacent to a or b. By our hypothesis that
d(v) > d(u) =2, d(v) = 2.

Claim 9: If {x, 22} = Vo — Ng(v), then Ny, (z1) N Ny, (22) = ¢.
If x € Ny, (x1)N Ny, (z2) where z € {a,b}, then {z,v} > G, a contradiction.

This settles our claim.

Put Ng(v) = {wy,ws}. We first suppose that wywe ¢ E(G). For 1 <i <3,
set V) = {2 € V(GQ)| d(v,x) = i}. Clearly, u € V; and {v} UV, UV, UV, forms
a partition set of V(G). By applying Case 1, G is isomorphic to J; for some
3 <i < 8. We may now assume that wyws € E(G). Thus G[{v, w;, ws}] = K.

Claim 10: For 1 <i <2, Ny, (w;) = {a, b}.

Since w; € Vo, wia € E(G) or w;b € E(G). Suppose without loss of gen-
erality that w;a € F(G) and assume that w;b ¢ E(G). Consider G + bw;. By
Lemma 3.2.3, Dy, = {b,z} for some = € (Vo UV3) — {w;}. Then x > {v} but
x ¢ Ng(w;) by Lemma 3.2.1(2). But this is not possible since G[{v} U Ng(v)] =

G[{v, w1, wy}] = K3. This settles our claim.

Recall that y € B — A, y; € A and z is not adjacent to y and y,. Further,
z = V3. Then y ¢ {wy, ws} by Claim 10. Since z >~ {v} and zy; ¢ E(G), it follows
that y; ¢ {wy,ws} since G[{v} U Ng(v)] = K3. Hence, Vo — Ng(v) = {y,y1}. By
Claim 9, y;b ¢ E(G) since yb € E(G). Note that z € {v,w;,wy}. It is easy to
see that, for 1 < i < 2, wyy ¢ E(G) otherwise {w;,a} = G and wyy; ¢ E(G)
otherwise {w;,b} > G. Consider G + uy. By Lemma 3.2.4, D,, = {y,c} where
c e (VobUVs) —{y}. Clearly, ¢ > {v} since yv ¢ E(G). Then ¢ € {v,wy,ws}.
Thus yy; € E(G) since ¥ is not adjacent to any vertex of {v,w;,ws}. Hence, G
is isomorphic to the graph in Figure 4.5.
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Figure 4.5: A 3-(v, 2)-critical graph of order 8

It is easy to see that the graph in Figure 4.5 is isomorphic to the graph J,. This

completes the proof of Case 2.2 and hence our theorem. O]
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