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Chapter 1

Introduction

In this chapter, we introduce some definitions and notations used in this

thesis.

A graph is a triple G = (V (G), E(G), ωG), where V (G) is a finite (possibly

empty) set of vertices, E(G) is a set of edges and an incidence function ωG

that associates with each edge of G and unordered pairs of vertices of G. If e is an

edge and x and y are vertices such that ωG(e) = {x, y}, then e is said to incident

x and y. Further, the vertices x and y are called end vertices and we say that

x and y are adjacent. The order of G is |V (G)|. Two or more edges that join

the same pair of vertices are called parallel edges. An edge that joins itself is a

loop. A graph G is simple if G has no loops and parallel edges. If G is simple

and ωG(e) = {x, y}, then we denote e by xy.

The complement G of a graph G is that graph with V (G) = V (G)

and xy ∈ E(G) if and only if xy /∈ E(G). A graph H is a subgraph of G if

V (H) ⊆ V (G) and E(H) ⊆ E(G). H is an induced subgraph of G, denoted

by G[H], if, for every pair of x, y ∈ V (H), xy ∈ E(H) if and only if xy ∈ E(G).

Let x and y be a pair of non-adjacent vertices of G. Then G + xy is the graph

obtained from G by adding the edge xy.

The open neighborhood and the closed neighborhood of a vertex x

of G are denoted by NG(x) = {y ∈ V (G)|xy ∈ E(G)} and NG[x] = NG(x) ∪ {x},
respectively while NS(x) denotes either NG(x) ∩ S if S is a subset of V (G) or

NG(x) ∩ V (S) if S is a subgraph of G. The non-neighborhood of v in G denoted

by NG(x) is V (G) − NG[x]. A degree of x in G, denoted by d(x), is |NG(x)|. A

vertex of degree 1 is called an end vertex.

A complete graph is a simple graph in which every pair of vertices are

adjacent. A complete graph of order n is denoted by Kn. A simple graph G is

a bipartite graph if V (G) can be partitioned into 2 non-empty subsets V1 and

V2 such that no edge of G joins vertices in the same set. The sets V1 and V2 are

called the partite sets of G. If G is a bipartite graph having partite sets V1 and

V2 such that every vertex of V1 is joined to every vertex of V2, then G is called
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a complete bipartite graph. If |Vi| = pi, for 1 ≤ i ≤ 2, then we denote G

by Kp1,p2 . A complete bipartite graph which the cardinality of at least one of

partitioned vertex set equals to one is called a star, denoted by K1,n. The center

vertex of star K1,r is either vertex of K1,r such that degree is equal r if r ≥ 2 or

one end vertex if r = 1. K1,3 is called a claw. A graph is claw-free if it contains

no K1,3 as an induced subgraph .

The double star S(m,n) is the graph obtained from the disjoint union

of star K1,m and K1,n(m, n ≥ 1) by joining the two central vertices.

A walk in a graph G is a finite, non-empty alternating sequence W =

v0e1v1e2...envn of vertices and edges such that for 1 ≤ i ≤ n, the ends of edge ei

are vi−1 and vi. W is said to be a walk from vo to vn. A path is a walk with

distinct vertices. Two vertices x and y of G are connected if there is a path

from x to y. A graph G is connected if every pair of vertices of G are connected

otherwise G is disconnected. A maximal connected subgraph of G is called a

component of G. The distance between two vertices x, y, denoted by d(x, y), is

the length of a shortest xy-path in G. The diameter of G, denoted by diam(G),

is the maximum distance between two vertices of G.

Two simple graphs G1 and G2 are isomorphic if there is a one-to-

one function ϕ from V (G1) onto V (G2) such that xy ∈ E(G1) if and only if

ϕ(x)ϕ(y) ∈ E(G2). If G1 and G2 are isomorphic, then we denote by G1
∼= G2.

For M ⊆ E(G), M is a matching in G if no two edges of M have common

end vertex. A perfect matching of a graph G is a matching covering all vertices

in G.

Let G1 and G2 be vertex-disjoint graphs. Then the union of G1 and G2,

denoted by G1 ∪ G2, is the graph having V (G1 ∪ G2) = V (G1) ∪ V (G2) and

E(G1 ∪ G2) = E(G1) ∪ E(G2). We denote G ∪ G by 2G. The join of G1 and G2,

denoted by G1 + G2, is that graph consisting of the union G1 ∪G2, together with

edges xy where x ∈ V (G1) and y ∈ V (G2).

A subset D of V (G) is called a dominating set of G if every vertex of G

either belongs to D or is adjacent to a vertex of D. We will write D 	 G if D is a

dominating set of G. Further, if D = {x}, then we say that x dominates G rather

than {x} dominates G and is denoted by x 	 G. Moreover, if D is a dominating

set of G[H], then we say that D dominates H and is denoted by D 	 H. The

minimum cardinality of a dominating set of G is called the domination number

of G, denoted by γ(G).

A subset S of V (G) is said to be an independent set if no two vertices in
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S are adjacent. A dominating set D of G is called an independent dominating

set if D is independent and the independent domination number denoted by

i(G) is the minimum cardinality of an independent dominating set for G.

A graph G is said to be k-γ-critical if γ(G) = k but γ(G + uv) < k

for every pair of non-adjacent vertices u and v of G. A graph G is said to be

k-(γ, t)-critical if γ(G) = k but γ(G + uv) < k for every pair of non-adjacent

vertices u and v of G with d(u, v) ≤ t.

All graph considered in this thesis are finite undirected and simple. Chap-

ter 2 provides some basic background and preliminaries results related to our work.

In Chapter 3, we present new classes of 3-(γ, 2)-critical graphs of diameter 3 which

are not 3-γ-critical. Finally, Chapter 4 contains the characterization of 3-(γ, 2)-

critical graphs which are not 3-γ-critical of order at most 8.



Chapter 2

Literature reviews

This chapter provides some basic background and results concerning k-γ-

critical and k-(γ, t)-critical.

A concept of k-γ-critical was first introduced by Sumner and Blitch [?] in

1983. They showed that 1-γ-critical graph are complete graphs of order n and

characterized 2-γ-critical as follows.

Theorem 2.1. [?] A graph G is 2-γ-critical if and only if G ∼= ⋃n
i=1 K1,ni

(n ≥ 1).

In the same paper, they gave a class of 3-γ-critical as follows. For positive

integer p ≥ 6, let a + b + c = p − 3 be any partition of p − 3. Let A, B, C

be disjoint complete graphs of cardinality a, b and c, respectively, and such that

A∪B ∪C is complete. Let G be a graph with V (G) = A∪B ∪C ∪{v, u, w} with

NG(v) = A, NG(u) = B and NG(w) = C.

For any graph G with γ(G) = k, the diameter of G is at most 3k − 1(see

[?]). However, the upper bound of the diameter of k-γ-critical graphs was much

lower than that as we can see in the next theorem.

Theorem 2.2. [?] For k ≥ 2, the diameter of a connected, k-γ-critical is at most

2k − 2.

The upper bound in Theorem 2.2 is not best possible. When k ∈ {3, 4},
such upper bound can be lower as in the next two theorems. These bounds are

best possible.

Theorem 2.3. [?] The diameter of a 3-γ-critical graph is at most 3.

Theorem 2.4. [?] The diameter of a 4-γ-critical graph is at most 5.

Moreover, in [?], Favaron et al. proved that:

Theorem 2.5. [?] For positive integer k ≥ 2, there is a k-γ-critical having diam-

eter
⌊

3k
2
− 1

⌋
.

4
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According to the definitions of dominating set and independent dominating

set, it is easy to see that γ(G) ≤ i(G). However, the equality holds if G is claw-free,

proved by Allan and Laskar [?].

Theorem 2.6. [?] If G is claw-free, then γ(G) = i(G).

Sumner and Blitch [?] conjectured that if G is a k-γ-critical graph with

k ≥ 3, then γ(G) = i(G). This conjecture was proved to be false for k ≥ 4 and

unsettled for k = 3. Ao [?] gave a counterexample to this conjecture for k = 4.

Further, a class of k-γ-critical graphs with γ(G) < i(G) where k ≥ 4 was con-

structed in [?] by Ao et al.

In 1996, Henning et al. [?] extended the concept of k-γ-critical to k-(γ, t)-

critical. They gave a complete characterization of 2-(γ, 2)-critical graphs as fol-

lows.

Theorem 2.7. [?] A connected graph G is 2-(γ, 2)-critical if and only if either

G ∼= ⋃r
i=1 K1,ni

for ni ≥ 1 and r ≥ 1 or G ∼= S(m, n) for some positive integers m

and n.

They also provided an upper bound on the diameter of 3-(γ, 2)-critical and

4-(γ, 2)-critical as follows.

Theorem 2.8. [?] The diameter of a 3-(γ, 2)-critical graph is at most 4.

Theorem 2.9. [?] The diameter of a 4-(γ, 2)-critical graph is at most 6.

Further, they established a class L of 3-(γ, 2)-critical graphs with diameter

4 as follows. Let A1
∼= Kr(r ≥ 2), A2

∼= Ks(s ≥ 1) and let A3 be obtained from

a complete graph K2m(m ≥ 2) without the edges of a perfect matching. Let

u ∈ V (A1) and v ∈ V (A3). Let G be obtained from the disjoint union of A1, A2

and A3 by joining every vertex of A2 to every vertex of A1∪A3 distinct from u and

v. Then, they characterized 3-(γ, 2)-critical graphs with diameter 4 as follows.

Theorem 2.10. [?] G is a 3-(γ, 2)-critical graph having diameter 4 if and only if

G ∈ L.

In the same paper, Henning et al. gave a class of 3-(γ, 2)-critical graphs of

diameter 3 which are not 3-γ-critical as follows. Let A1
∼= Km(m ≥ 2), A2

∼= A3
∼=

Kn(n ≥ 2) and A4
∼= K1. Let v be a vertex of A1 and suppose V (A4) = {u}. Let

G be obtained from A1∪A2∪A3∪A4 by first joining every vertex of A1−v to every

vertex of A2. Next join u to every vertex of A2. Finally, if V (A2) = {v1, v2, ..., vn}
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Figure 2.1: A 3-(γ, 2)-critical graph of diameter 3 which is not 3-γ-critical

and V (A3) = {u1, u2, ..., un}, then join every vi to every uj for i 
= j. Figure 2.1

illustrates this construction.

Henning et al. concluded this paper by posing a problem to characterize

3-(γ, 2)-critical graphs of diameter 3 which are not 3-γ-critical and giving a con-

jecture that if G is a connected 3-(γ, 2)-critical graph, then γ(G) = i(G). This

conjecture is still unsettled.

In [?], Ananchuen gave an upper bound on the diameter of 2-(γ, t)-critical

graphs and provided a characterization of such graphs for t ≥ 3 as follows.

Theorem 2.11. [?] Let G be a 2-(γ, t)-critical for t ≥ 2. Then diam(G) ≤ 3 if

t = 2 and diam(G) = 2 if t ≥ 3.

Theorem 2.12. [?] For an integer t ≥ 3, G is 2-(γ, t)-critical if and only if

G ∼= ⋃r
i=1 K1,ni

(n ≥ 1) for ni ≥ 1 and r ≥ 1.

In the same paper, she established an upper bound on the diameter of

k-(γ, t)-critical graphs for t ≥ 3 and then showed that 3-(γ, t)-critical graphs are

3-γ-critical for t ≥ 3. This results are in the next three theorems.

Theorem 2.13. [?] For integers k ≥ 4 and t ≥ 3, the diameter of k-(γ, t)-critical

is at most 3k − 6.

Theorem 2.14. [?] For an integer t ≥ 3, the diameter of 3-(γ, t)-critical is at

most 3.

Theorem 2.15. [?] For an integer t ≥ 3, G is 3-(γ, t)-critical if and only if G is

3-γ-critical.
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In view of the results in this chapter, we have learnt that a characterization

of 3-(γ, 2)-critical graphs of diameter 3 which are not 3-γ-critical is not known. In

Chapter 3, we establish characterizations of some classes of 3-(γ, 2)-critical graphs

of diameter 3 which are not 3-γ-critical. The characterization of 3-(γ, 2)-critical

graphs of diameter 3 which are not 3-γ-critical of order at most 8 is provided in

Chapter 4.



Chapter 3

Characterizations of some classes of

3-(γ, 2)-critical graphs which are not

3-γ-critical

This chapter contains the main results of this thesis. We present four new

classes of 3-(γ, 2)-critical graphs of diameter 3 which are not 3-γ-critical. We also

provide characterizations of some classes of such graphs.

3.1 Classes of 3-(γ, 2)-critical graphs which are not 3-γ-

critical

In this section, we provide four classes of 3-(γ, 2)-critical graphs of diam-

eter 3 which are not 3-γ-critical. Our first class is constructed as follows. For

non-negative integers n1, n2, n3 and n4 with n1 ≥ 1, and n2 ≥ n3 ≥ 2, define

a graph J ∈ J as follows. Set V (J) = {u} ∪ V1 ∪ V2 ∪ V3 where |V1| = n1,

|V2| = n2 and |V3| = n3 + 2n4 + 1. Partition V3 into set V
′
, V

′′
and {v} with

|V ′| = n3 and |V ′′| = 2n4. The edges of J are defined as follows. G[V1] =

Kn1 , G[V2] = Kn2 , G[V
′
] = Kn3 and G[V

′′
] = K2n4- a perfect matching. Put

J [V2 ∪ V
′
] = Kn2+n3 − ⋃n3

i=1 K1,ri
where ri ≥ 1 for 1 ≤ i ≤ n3,

∑n3

i=1 ri = n2

and V
′
= {c1, c2, ..., cn3} is the set of centers of K1,ri

in J [V2 ∪ V
′
]. Note that we

have partitioned V2 into C1, C2, .., Cn3 where |Ci| = ri and J [{ci} ∪Ci] = K1,ri
for

1 ≤ i ≤ n3. Further, each vertex of V1 is joined to every vertex of {u} ∪ V2. The

vertex v is joined to every vertex of V2 ∪ V
′′

and each vertex of V
′′

is joined to

every vertex of V2 ∪ V
′
.

It is not difficult to show that J is a 3-(γ, 2)-critical graph of diameter 3

and u and v are the only pair of vertices of J with d(u, v) = 3 and γ(J + uv) = 3.

Figure 3.1 illustrates our construction. Note that a “ = ” in our diagram denotes

8
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the join between the corresponding graphs.

Figure 3.1: Graph J ∈ J

We now establish the second class. For positive integers n1, n2, n3 and n4

where n1 = 1 or n4 = 1 and n2 = 1 or n3 = 1, define a graph H ∈ H1 as follows.

Set V (H) = {u} ∪ {a, b} ∪ V2 ∪ V3 where |V2| = n1 + n2 and |V3| = n3 + n4.

Partition V2 into sets V
′
2 and V

′′
2 with |V ′

2 | = n1 and |V ′′
2 | = n2. Partition V3 into

sets V
′
3 and V

′′
3 with |V ′

3 | = n3 and |V ′′
3 | = n4. The edges of H are defined as

follows. G[V
′
2 ] = Kn1 , G[V

′′
2 ] = Kn2 , G[V

′
3 ] = Kn3 and G[V

′′
3 ] = Kn4 . Further, the

vertex a is joined to every vertex of {u} ∪ V
′
2 and the vertex b is joined to every

vertex of {u}∪ V
′′
2 . Finally, each vertex of V

′
2 is joined to every vertex of V

′
3 , each

vertex of V
′′
2 is joined to every vertex of V

′′
3 and each vertex of V

′
3 is joined to

every vertex of V
′′
3 . It is easy to see that H is a 3-(γ, 2)-critical graph of diameter

3 and γ(H + uz) = 3 where z ∈ V3. Figure 3.2 illustrates our construction.

Figure 3.2: Graph H ∈ H1

A graph in the third class is constructed as follows. For positive integers

n1, n2, n3 and n4 where n2 ≥ n1 and n4 ≥ n3, let T = Kn1+n2+n3+n4 −
⋃n1+n3

i=1 K1,ri

where
∑n1

i=1 ri = n2 and
∑n3

i=n1+1 ri = n4. Put X1 = {x ∈ V (T )|x is the center

vertex of K1,ri
in T , 1 ≤ i ≤ n1}, X2 = {x ∈ V (T )|x is an end vertex of K1,ri

in T ,

1 ≤ i ≤ n1}, Y1 = {x ∈ V (T )|x is the center vertex of K1,ri
in T , n1 +1 ≤ i ≤ n3},

and Y2 = {x ∈ V (T )|x is an end vertex of K1,ri
in T , n1 + 1 ≤ i ≤ n3}. Clearly,
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|X1| = n1, |X2| = n2, |Y1| = n3 and |Y2| = n4.

Now let H
′

be a graph of order n1 + n2 + n3 + n4 + 4 obtained from T

by adding the four new vertices, say, u, a, b and v. That is V (H
′
) = V (T ) ∪

{u, v, a, b}. Choose w ∈ X1. Then put E(H
′
) = E(T )∪{ax|x ∈ {u} ∪ X1 ∪ X2}∪

{bx|x ∈ {u} ∪ Y1 ∪ Y2} ∪ {vx|x ∈ V (T ) − {w}}. We now define a graph H ∈ H2

as follows.

Let

H =

{
H

′
if n3 ≥ 2

H
′
or H

′ − {wz} if n1 = 1 and n3 = 1 where Y1 = {z}.

It is not difficult to show that H ∈ H2 is a 3-(γ, 2)-critical graph which is not

3-γ-critical. Note that γ(H + uv) = 3. Figures 3.3, 3.4, 3.5 and 3.6 illustrate our

constructions.

Figure 3.3: Graph H = H
′
when |X1| = n1 = 1 and |Y1| = n3 ≥ 2

We conclude this section by establishing the fourth class. Let k be a positive

integer where k ≥ 2. For 1 ≤ j ≤ k, let Hj be a graph of order at least 3

where V (Hj) is partitioned to 2nj + 1 sets, say V (Hj
0), V (Hj

1), ..., V (Hj
2nj

) for

Figure 3.4: Graph H = H
′
when |X1| = n1 ≥ 2 and |Y1| = n3 ≥ 2
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Figure 3.5: Graph H = H
′
when |X1| = n1 = 1 and |Y1| = n3 = 1

Figure 3.6: Graph H = H
′ − {wz} when |X1| = n1 = 1 and |Y1| = n3 = 1

some positive integer nj where |V (Hj
0)| = 1 and for 1 ≤ m ≤ nj, |V (Hj

2m)| ≤
|V (Hj

2m−1)|. The edges of Hj are defined as follows. For 1 ≤ m ≤ nj, each vertex

of V (Hj
2m−1) is adjacent to exactly one vertex of V (Hj

2m−2) and exactly one vertex

of V (Hj
2m) in such a way that each vertex of V (Hj

2m) is adjacent to at least one

vertex of V (Hj
2m−1). Figure 3.7 shows some examples of H1, H2, H3 and H4 where

|V (Hi)| = 9 for 1 ≤ i ≤ 4.

Figure 3.7: Graphs H1,H2,H3 and H4

Let k1 and k2 be positive integers where k1 + k2 = k. Put T1 =
⋃k1

j=1 Hj

and T2 =
⋃k

j=k1+1 Hj. Let either
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Z =
⋃k1

j=1

⋃�nj
2 �

m=0 V (Hj
4m) ∪ ⋃k

j=k1+1

⋃�nj
2 �

m=0 V (Hj
4m+2)

and

W =
⋃k1

j=1

⋃�nj
2 �

m=0 V (Hj
4m+2) ∪

⋃k
j=k1+1

⋃�nj
2 �

m=0 V (Hj
4m)

or

Z =
⋃k1+k2

j=1

⋃�nj
2 �

m=0 V (Hj
4m)

and

W =
⋃k1+k2

j=1

⋃�nj
2 �

m=0 V (Hj
4m+2)

and let X = (V (T1) ∪ V (T2)) − (Z ∪ W ). Put n0 = |V (T1)| + |V (T2)|. Next,

let Q0 = Kn0 − (E(T1) ∪ E(T2)) and for a positive integer n1 ≥ 2, let Q1 =

Kn1 −
⋃l1

j=1 K1,r1
j

where l1 +
∑l1

j=1 r1
j = n1 and n1 ≥ 2l1. Define a graph G ∈ H1

3

as follows. Set V (G) = V (Q0) ∪ V (Q1) ∪ {u, a, b, s1, s2} of order n0 + n1 + 5 and

E(G) = E(Q0) ∪ E(Q1) ∪ {ax, s1x|x ∈ Z ∩ V (T1)} ∪ {ax, s2x|x ∈ Z ∩ V (T2)}∪
{bx, s2x|x ∈ W ∩ V (T1)} ∪ {bx, s1x|x ∈ W ∩ V (T2)} ∪{xy|x ∈ X, y ∈ {a, b, s1, s2}
∪V (Q1)} ∪{xy|x ∈ {a, s1, s2} ∪ Z ∪W, y ∈ V (Q1)} ∪ {ua, ub, s1s2}.

For a positive integer n2 ≥ 2, let Q2 = Kn2−
⋃l2

j=1 K1,r2
j
where l2+

∑l2
j=1 r2

j =

n2 and n2 ≥ 2l2. Define a graph G ∈ H2
3 as follows. Set V (G) = V (G

′
) ∪ V (Q2)

where G
′ ∈ H1

3 and E(G) = E(G
′
) ∪ {

xy|x ∈ V (G
′
) − {u, a} , y ∈ V (Q2)

}
.

Put H3 = H1
3 ∪ H2

3. It is not difficult to show that G ∈ H3 is a 3-(γ, 2)-

critical graph which is not 3-γ-critical. Figures 3.8 and 3.9 illustrate our con-

structions. Note that in Figures 3.8 and 3.9, the vertex a joins to every vertex of

V (Q1) ∪ (Z ∩ V (T1)) ∪ (Z ∩ V (T2)) ∪ X and the vertex b joins to every vertex of

V (Q2) ∪ (W ∩ V (T1)) ∪ (W ∩ V (T2)) ∪ X.

Figure 3.8: Graph G ∈ H1
3

3.2 Main results

We begin this section with some basic properties of k-(γ, 2)-critical graphs

and 3-(γ, 2)-critical graphs of diameter 3 which are not 3-γ-critical.
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Figure 3.9: Graph G ∈ H2
3

For a pair of non-adjacent vertices x and y of G, Dxy denotes a minimum

dominating set of G + xy. Our first result follows immediately by the definition

of k-(γ, t)-critical graphs.

Lemma 3.2.1. For integers k ≥ 2 and t ≥ 2, suppose G is a k-(γ, t)-critical graph

and x and y are non-adjacent vertices of G with d(x, y) ≤ t. Then

(1) |Dxy| = k − 1 and |Dxy ∩ {x, y}| = 1.

(2) If x ∈ Dxy and y /∈ Dxy, then no vertex of Dxy − {x} is adjacent to y.

Let G be a 3-(γ, 2)-critical graph of diameter 3 which is not 3-γ-critical.

Then there exist vertices u and v of G with d(u, v) = 3 and γ(G + uv) = 3. For

1 ≤ i ≤ 3, let Vi = {x ∈ V (G)|d(u, x) = i}. Put V0 = {u}. Note that Vi 
= ∅ and

V (G) = V0 ∪ V1 ∪ V2 ∪ V3. Further, for 1 ≤ i ≤ 3, if x ∈ Vi, then there is a vertex

y ∈ Vi−1 such that xy ∈ E(G). Throughout the rest of our thesis, the symbols

G, u, v, Vi ; 0 ≤ i ≤ 3, will refer specifically to this set up.

Our next result follows by the fact that γ(G) = 3 and each vertex of Vi is

adjacent to some vertex of Vi−1 for 1 ≤ i ≤ 3.

Lemma 3.2.2. Let G be a 3-(γ, 2)-critical graph of diameter 3 which is not 3-γ-

critical. Then |V2| ≥ 2.

Proof. Suppose that V2 = {y}. Then each vertex of V3 is adjacent to y . Thus

{u, y} 	 G, a contradiction. Hence |V2| ≥ 2. This completes the proof of our

lemma.
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According to Lemma 3.2.1, if G is 3-(γ, 2)-critical and x and y are non-

adjacent vertices of G with d(x, y) = 2, then |Dxy| = 2 and either Dxy ∩ {x, y} =

{x} or Dxy ∩ {x, y} = {y}. Then the next two easy results follow.

Lemma 3.2.3. Let G be a 3-(γ, 2)-critical graph of diameter 3 which is not 3-

γ-critical and {x, y} ⊆ V (G) where d(x, y) = 2. Suppose G[V1] is complete and

x ∈ V1. Then Dxy = {x, z} for some z ∈ (V2 ∪ V3) − {y}.

Proof. Consider G + xy. Then Dxy = {x, z} or Dxy = {y, z} for some z ∈
V (G) − {x, y}. If Dxy = {y, z}, then, in order to dominate u, z ∈ {u} ∪ V1. So

zx ∈ E(G), contradicting Lemma 3.2.1(1). Thus Dxy = {x, z}. Then, in order to

dominate V3, z ∈ (V2 ∪ V3) − {y}. This completes the proof of our lemma.

Lemma 3.2.4. Let G be a 3-(γ, 2)-critical graph of diameter 3 which is not 3-

γ-critical. Suppose G[V1] is complete and x ∈ V2. Then Dux = {x, z} for some

z ∈ (V2 ∪ V3) − {x}.

Proof. Clearly d(u, x) = 2. Consider G + ux. Then Dux = {u, z} or Dux = {x, z}
for some z ∈ V (G) − {x, y}. If Dux = {u, z}, then in order to dominate V3,

z ∈ (V2 ∪ V3) − {x} and thus z 	 (V2 ∪ V3) − {x}. Hence, {z, y} 	 G for

some y ∈ NV1(x), a contradiction. Therefore, Dux = {x, z}. By Lemma 3.2.1(2),

z ∈ (V2 ∪ V3) − {x}. This completes the proof of our lemma.

Lemma 3.2.5. Let G be a 3-(γ, 2)-critical graph of diameter 3 which is not 3-

γ-critical. Suppose G[V1] is complete. If x and y are vertices of V2 ∪ V3 and

d(x, y) = 2, then |Dxy ∩ ({u} ∪ V1)| = 1. Further, x 	 V3 − {y} or y 	 V3 − {x}.

Proof. Consider G + xy. Then Dxy = {x, z} or Dxy = {y, z} for some z ∈ V (G)−
{x, y}. Then, in order to dominate u, z ∈ {u} ∪ V1. Hence, |Dxy ∩ ({u} ∪ V1)| = 1

as required. Clearly, z is not adjacent to any vertex of V3. Thus x 	 V3 − {y} or

y 	 V3 − {x}. This completes the proof of our lemma.

Our first theorem provides a characterization of G when G[V1] is complete.

Theorem 3.2.6. Let G be a 3-(γ, 2)-critical graph of diameter 3 which is not

3-γ-critical. If G[V1] is complete and each vertex of V1 is adjacent to every vertex

of V2. Then

(1) G[V2] is complete.

(2) |V3| ≥ 3.
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(3) v is the only vertex of G such that γ(G + uv) = 3.

(4) G ∈ J defined in Section 3.1.

Proof. By our hypothesis we have the following observation.

Observation 1: Each vertex of V1 dominates {u} ∪ V1 ∪ V2.

Claim 1: No vertex x ∈ V2 ∪ V3 such that x 	 V3.

It follows immediately by Observation 1 and the fact γ(G) = 3.

(1) Suppose there exist a, b ∈ V2 such that ab /∈ E(G). Note that d(a, b) =

2. Consider G + ab. Then Dab = {a, x} or Dab = {b, x} for some x ∈ {u} ∪ V1,

by Lemma 3.2.5. Without loss of generality, we may assume that Dab = {a, x}.
Then a 	 V3 − {b} = V3, by Lemma 3.2.5. But this contradicts Claim 1. Hence,

G[V2] is complete. This proves (1).

By (1), Observation 2 follows.

Observation 2: Each vertex of V2 dominates V1 ∪ V2.

(2) Suppose to the contrary that |V3| ≤ 2. If V3 = {v}, then v0 	 V3 where

v0 ∈ NV2(v). But this contradicts Claim 1. Hence, |V3| = 2. Let
{
v

′}
= V3 − {v}.

By Claim 1, vv
′

/∈ E(G). Further, there exists x ∈ NV2(v
′
) − NV2(v). Then

{u, x} 	 G + uv by Observation 2, a contradiction. Hence, |V3| ≥ 3. This proves

(2).

Let S = {x ∈ V3|γ(G + ux) = 3}. Clearly S 
= φ since v ∈ S. In order to

prove (3) and (4), we need to establish the following claims.

Claim 2: For each s ∈ S, s 	 V2.

Let s ∈ S. Suppose to the contrary that there exists y ∈ V2 such that

ys /∈ E(G). Note that d(s, y) = 2 by (1) and the fact that NV2(s) 
= φ. Consider

G + sy. Then Dsy = {s, x} or Dsy = {y, x} for some x ∈ {u} ∪ V1 by Lemma

3.2.5. If Dsy = {s, x}, then s 	 V3, contradicting Claim 1. Hence, Dsy 
= {s, x}.
Therefore, Dsy = {y, x}. Then y 	 V3 − {s}. It follows that y 	 V (G) − {u, s}
by Observation 2. Consequently, {u, y} 	 G + us. But this contradicts the fact

that s ∈ S. Hence, s 	 V2. This settles our claim.
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Claim 3: For each s ∈ S there exists t ∈ V3 − S such that st /∈ E(G) and

t 	 V3 − {s}.
Let s ∈ S. Choose u1 ∈ V1. Clearly, d(u1, s) = 2. Consider G + u1s. Then,

by Lemma 3.2.3, Du1s = {u1, t} for some t ∈ (V2 ∪ V3) − {s}. By Claim 2 and

Lemma 3.2.1(2), t ∈ V3 and thus t 	 V3 − {s}. If t ∈ S, then t 	 (V2 ∪ V3) − {s}
by Claim 2. But then {u, t} 	 G + us, a contradiction. Hence, t ∈ V3 − S. This

settles our claim.

Claim 4: If x ∈ V3 − S and xs /∈ E(G) for some s ∈ S, then x 	 V3 − {s}.
Further, there exists y ∈ V2 such that yx /∈ E(G) and y 	 V3 − {x}.

By Claim 2 and the fact that NV2(x) 
= φ, d(x, s) = 2. By Lemma 3.2.5,

x 	 V3 − {s} or s 	 V3 − {x}. If s 	 V3 − {x}, then {s, z} 	 G + us for some

z ∈ NV2(x) by Observation 2, a contradiction. Hence, x 	 V3 − {s}.
Suppose to the contrary that x 	 V2. Then x 	 (V2 ∪ V3) − {s}. So

{u, x} 	 G + us, again a contradiction. Hence, there exists y ∈ V2 such that

yx /∈ E(G). Consider G + yx. Then Dyx = {y, z1} or Dyx = {x, z1} for some

z1 ∈ {u}∪V1 by Lemma 3.2.5. If Dyx = {x, z1}, then no vertex of Dyx is adjacent

to s, a contradiction. Hence, Dyx 
= {x, z1}. Therefore, Dyx = {y, z1}. Thus

y 	 V3 − {x}. This settles our claim.

Claim 5: For each x ∈ V2, there exists a unique vertex y ∈ V3 − S such that

xy /∈ E(G) and x 	 V3 − {y}.
Let x ∈ V2. Then, by Claims 1 and 2, there exists y ∈ V3 − S and

xy /∈ E(G). Clearly, d(x, y) = 2. Consider G + xy. Then Dxy = {y, z} or

Dxy = {x, z} for some z ∈ {u}∪V1 by Lemma 3.2.5. If Dyx = {y, z}, then y 	 V3.

But this contradicts Claim 1. Hence, Dxy 
= {y, z}. Therefore, Dxy = {x, z}. It

follows that x 	 V3 − {y}. This settles our claim.

Claim 6: S = {v}.
Suppose to the contrary that there exists s ∈ S and s 
= v. By Claim 3,

there are x, y ∈ V3 − S such that xv /∈ E(G), ys /∈ E(G), x 	 V3 − {v} and

y 	 V3 − {s}. Clearly x 
= y and xs ∈ E(G). By Claim 4, there exists t ∈ V2

such that tx /∈ E(G) and t 	 V3 − {x}. So t 	 (V1 ∪ V2 ∪ V3) − {x}. Hence

{s, t} 	 G + us, a contradiction. So S = {v}. This settles our claim.

Let V
′
= {x ∈ V3|xy /∈ E(G) for some y ∈ V2} and V

′′
= V3 − (V

′ ∪ {v}).
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Note that for each x ∈ V
′′
, x 	 V2 and V

′ ∩ S = φ. Further, V
′ 
= φ by Claim 5.

Claim 7: |V ′| ≥ 2.

Suppose to the contrary that V
′

= {x}. Then there exists y ∈ V2 such

that yx ∈ E(G) since x ∈ V3. So y 	 V3. But this contradicts Claim 5. Hence,

|V ′| ≥ 2. This settles our claim.

Claim 8: For all y ∈ V
′
, yv /∈ E(G).

Let y ∈ V
′
. Then, by the definition of V

′
, there exists x ∈ V2 such that

xy /∈ E(G). By Claim 5, x 	 V3 − {y}. If yv ∈ E(G), then {x, v} 	 G + uv, a

contradiction. Hence, yv /∈ E(G). This settles our claim.

By Claims 4 and 8, each vertex of V
′
dominates V3 − {v}. Thus following

claims hold.

Claim 9: G[V
′
] is complete.

Claim 10: If V
′′ 
= φ, then for each x ∈ V

′′
, x 	 V2 ∪ V

′
.

Claim 11: G[V2 ∪ V
′
] ∼= ⋃n

i=1 K1,ri
. Further, if x0 is the center of K1,ri

in

G[V2 ∪ V
′
], then x0 ∈ V

′
.

By Claim 5 and the fact that V2 and V
′
are complete, γ(G[V2 ∪ V

′
]) = 2.

Let x ∈ V2 and y ∈ V
′

such that xy /∈ E(G). Clearly, d(x, y) = 2. By Claim

5, γ(G[V2 ∪ V
′
] + xy) = 1. Hence, G[V2 ∪ V

′
] is 2-γ-critical. By Theorem 2.1,

G[V2 ∪ V
′
] ∼= ⋃n

i=1 K1,ri
. Let x0 be the center and let x1, x2, ..., xr be the end

vertices of K1,r in G[V2 ∪ V
′
]. If r = 1, then we may assume with out loss of

generality that x0 ∈ V
′
. In the case r ≥ 2, x0 ∈ V

′
by Claims 5 and 9 together

with (1). This settles our claim.

It follows by Claims 4 and 11, that |V2| ≥ |V ′|.

Claim 12: If V
′′ 
= φ, then for each x ∈ V

′′
, xv ∈ E(G).

Let x ∈ V
′′
. Suppose to the contrary that xv /∈ E(G). By Claim 4,

x 	 V3−{v}. So {u, x} 	 G+uv by Claim 10, a contradiction. Hence, xv ∈ E(G).

This settles our claim.
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Claim 13: If V
′′ 
= φ, then G[V

′′
] = K2k- a perfect matching for some k ≥ 1.

Let x ∈ V
′′
. Then, by Claim 1, there exists y ∈ V2∪V3 such that xy /∈ E(G).

By Claims 10 and 12, y ∈ V
′′
. Note that d(x, y) = 2. By Lemma 3.2.5, x 	 V3−{y}

or y 	 V3 − {x}. Without loss of generality, we may assume that x 	 V3 − {y}.
Consider G + u1x where u1 ∈ V1. Then, by Lemma 3.2.3, Du1x = {u1, c} for some

c ∈ (V2∪V3)−{x}. So c 	 V3−{x}. Thus c = y, by Claim 10 and Lemma 3.2.1(2).

If |V ′′| = 2, we are done. So suppose |V ′′| ≥ 3. Choose x1 ∈ V
′′ − {x, y}. By

applying similar arguments as above, it is not difficult to see that, G[V
′′
] = K2n-

a perfect matching. This settles our claim.

By Claim 6, (3) holds. Further, by our hypothesis, (1) and Claims 2,6,8,10,11,

12 and 13, (4) holds.

The converse of Theorem 3.2.6(1) is not true. Figure 3.10 shows an example

of 3-(γ, 2)-critical graph of diameter 3 which is not 3-γ-critical where G[V1] and

G[V2] are complete but G[V1 ∪ V2] is not complete.

Figure 3.10: A 3-(γ, 2)-critical graph of order 10

In [2], Henning et al. gave an example of a class of 3-(γ, 2)-critical graphs

of diameter 3 which is not 3-γ-critical as shown in Figure 2.1. It is easy to see

that this class is a special case of graph in J when n2 = n3 and n4 = 0.

Corollary 3.2.7. Let G be a 3-(γ, 2)-critical graph of diameter 3 which is not

3-γ-critical. If G ∈ J where |V (G)| = 8, then |V3| = 3.

We now turn our attention to the case when G[V1] ∼= 2K1.

Lemma 3.2.8. Let G be a 3-(γ, 2)-critical graph of diameter 3 which is not 3-γ-

critical. Suppose V1 = {a, b} and ab /∈ E(G). Let A = {x ∈ V2|ax ∈ E(G)} and

B = {x ∈ V2|bx ∈ E(G)}. Then

(1) A 
= φ and B 
= φ.

(2) G[V3] is complete.
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(3) For each x ∈ A − B and y ∈ B − A either d(x, y) = 1 or d(x, y) = 3.

Proof. (1) Clearly, A 
= φ or B 
= φ since V2 
= φ. Suppose to the contrary that

A 
= φ but B = φ. Then xa ∈ E(G) and xb /∈ E(G) for all x ∈ V2. But then

d(b, v) > 3, a contradiction. This proves (1).

(2) Consider G + ab. Then Dab = {a, x} or Dab = {b, x} for some x ∈
V (G) − {a, b}. Without loss of generality, assume that Dab = {a, x}. Then, in

order to dominate V3, x ∈ V2 ∪ V3 and x 	 V3. Suppose to the contrary that

there exist s, t ∈ V3 such that st /∈ E(G). Clearly, x /∈ {s, t} but xs, xt ∈ E(G).

Thus d(s, t) = 2. Consider G + st. Then Dst = {s, y} or Dst = {t, y} for some

y ∈ V (G)− {s, t}. Without loss of generality, assume that Dst = {s, y}. Then, in

order to dominate u, y ∈ {u, a, b} and y 	 {u, a, b}. So y = u since ab /∈ E(G)

and thus s 	 (V2 ∪ V3) − {t}. Clearly, d(a, s) = 2. Now consider G + as. Then

Das = {a, z} or Das = {s, z} for some z ∈ V (G) − {a, s}. If Das = {s, z},
then z must dominate u and t, which is not possible since d(u, t) = 3. Hence,

Das 
= {s, z}. Therefore, Das = {a, z}. Since a ∈ V1 and ab /∈ E(G), it follows

that z 	 {b}∪ (V3−{s}). Thus z ∈ V2. But this contradicts Lemma 3.2.1(2) since

s 	 V2. This proves (2).

(3) Let x ∈ A − B and y ∈ B − A. Suppose that d(x, y) = 2. Consider

G + xy. Then Dxy = {x, z} or Dxy = {y, z} for some z ∈ V (G)−{x, y}. Without

loss of generality, assume that Dxy = {x, z}. Then z 	 {u, b} and zy /∈ E(G) by

Lemma 3.2.1(2). So z = u and thus x 	 (V2 ∪V3 ∪{a})−{y}. Hence, {b, x} 	 G,

a contradiction. This proves (3) and completes the proof of our lemma.

In order to establish our characterizations of 3-(γ, 2)-critical graph G with

G[V1] = 2K1, we have to consider two cases. The case A ∩ B = φ and the case

A ∩ B 
= φ where A and B are defined in Lemma 3.2.8. We begin with the case

A ∩ B = φ.

Theorem 3.2.9. Let G be a 3-(γ, 2)-critical graph of diameter 3 which is not 3-

γ-critical. Further, let V1, A and B be defined as in Lemma 3.2.8. If A ∩ B = φ,

then G ∈ H1 or G ∈ H2 where H1 and H2 are defined in Section 3.1.

Proof. Clearly, V2 = (A − B) ∪ (B − A).

Claim 1: A = A − B 
= φ and B = B − A 
= φ.

Our claim follows by Lemma 3.2.8(1) and the hypothesis that A ∩ B = φ.
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Claim 2: No vertex of V2 dominates V3 if and only if G[A−B] and G[B −A] are

complete.

Suppose G[A − B] and G[B − A] are complete. If there exists a vertex

x ∈ V2 such that x 	 V3, then either {x, a} 	 G or {x, b} 	 G, a contradiction.

Hence, no vertex of V2 dominates V3. This proves the sufficiency.

We now assume that no vertex of V2 dominates V3. Suppose to the contrary

that G[A − B] or G[B − A] is not complete. Without loss of generality, suppose

G[A − B] is not complete. Then there are x, y ∈ A − B such that xy /∈ E(G).

Clearly, d(x, y) = 2. Consider G + xy. Then Dxy = {x, z} or Dxy = {y, z} for

some z ∈ V (G) − {x, y}. Thus z 	 {u, b}. So z ∈ {u} ∪ V1. Hence, x 	 V3 or

y 	 V3, a contradiction. This proves the necessity and settles our claim.

We now distinguish two cases.

Case 1: No vertex of V2 dominates V3.

By Claim 2, G[A − B] and G[B − A] are complete.

Claim 3: For all x ∈ A − B and for all y ∈ B − A, xy /∈ E(G).

Suppose to the contrary that there exist x ∈ A − B and y ∈ B − A such

that xy ∈ E(G). Then d(a, y) = 2. Consider G + ay. Then Day = {a, z} or

Day = {y, z} for some z ∈ V (G)−{a, y}. If Day = {a, z}, then z 	 {b}∪V3. Thus

z ∈ B = B −A. But this contradicts Lemma 3.2.1(2) since G[B −A] is complete.

Hence, Day 
= {a, z}. Therefore, Day = {y, z}. Clearly, z 	 {u} and za /∈ E(G)

by Lemma 3.2.1(2). So z = b. It follows that y 	 V3, contradicting the hypothesis

of Case 1. Hence, xy /∈ E(G) for all x ∈ A−B and for all y ∈ B −A. This settles

our claim.

Claim 4: For all x ∈ V3, NA−B(x) = φ or NB−A(x) = φ.

Suppose to the contrary that NA−B(x) 
= φ and NB−A(x) 
= φ for some

x ∈ V3. Let z ∈ NA−B(x) and y ∈ NB−A(x). Then d(z, y) ≤ 2. By Claim 3,

d(z, y) = 2, contradicting Lemma 3.2.8(3). This settles our claim.

Claim 5: For all x ∈ V3, x 	 A − B or x 	 B − A.

Let x ∈ V3. Then there exists z ∈ V2 such that zx ∈ E(G). Without loss of

generality, we may assume that z ∈ A − B. By Claim 4, NB−A(x) = φ. We need
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to show that x 	 A−B. Suppose to the contrary that there exists w ∈ A−B such

that wx /∈ E(G). Note that d(u, w) = 2. Consider G+uw. Then Duw = {w, t} or

Duw = {u, t} for some t ∈ V (G) − {u, w}. If Duw = {w, t}, then t must dominate

{x, b}. So t ∈ B − A and tx ∈ E(G), a contradiction. Hence, Duw 
= {w, t}.
Therefore, Duw = {u, t}. Then t 	 (V2 ∪ V3) − {w}. Thus t ∈ V2 ∪ V3. Note that

B − A 
= φ by Claim 1 and (A − B) − {w} 
= φ since z ∈ (A − B) − {w}. It then

follows by Claim 3 that, t ∈ V3 and t 	 ((B − A) ∪ (A − B)) − {w}. But this

contradicts Claim 4. Hence, x 	 A − B. This settles our claim.

Let C = {x ∈ V3|x 	 A − B} and D = {x ∈ V3|x 	 B − A}. Note that C

and D are not empty otherwise d(x, y) > 3 for x ∈ A − B and y ∈ B − A. It also

follows by Claims 4 and 5 that C ∩D = φ. Further, G[V3] = G[C ∪D] is complete

by Lemma 3.2.8(2).

Claim 6: |A − B| = 1 or |D| = 1 and |B − A| = 1 or |C| = 1.

Suppose that |A−B| ≥ 2 and |D| ≥ 2. Let x ∈ A−B and y ∈ D. Clearly

d(x, y) = 2. Consider G + xy. Then Dxy = {x, z} or Dxy = {y, z} for some

z ∈ V (G)−{x, y}. If Dxy = {x, z}, then z must dominate {u}∪ (D−{y}), which

is not possible since d(u, y
′
) = 3 for y

′ ∈ D−{y}. Hence, Dxy 
= {x, z}. Therefore

Dxy = {y, z}. Then z must dominate ({u} ∪ V1 ∪ (A−B))− {x}. But this is not

possible since ab /∈ E(G). Hence, |A−B| = 1 or |D| = 1. By a similar argument,

|B − A| = 1 or |C| = 1. This settles our claim.

It follows by Claims 1-6 that G is isomorphic to a graph in H1.

Case 2: There exists a vertex of V2, say c, such that c 	 V3 .

Without loss of generality, assume that c ∈ A − B. It follows by Claim 2

that either G[A − B] or G[B − A] is not complete.

Claim 7: For each x ∈ B−A, there exists y ∈ (B−A)−{x} such that xy /∈ E(G)

and either x 	 V3 or y 	 V3.

Let x ∈ B − A. We first suppose that xx
′ ∈ E(G) for some x

′ ∈ A − B.

Then d(x, a) = 2. Consider G + xa. Then Dxa = {x, z} or Dxa = {a, z} for some

z ∈ V (G) − {x, a}. Suppose first that Dxa = {x, z}. Then z must dominate {u}.
By Lemma 3.2.1(2), z = b. So x 	 (A − B) ∪ V3. If x 	 B − A, then {x, a} 	 G,

a contradiction. Hence, there exists y ∈ (B − A) − {x} such that xy /∈ E(G) and
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x 	 V3 as required. We now suppose that Dxa = {a, z}. Then z 	 {b} ∪ V3. Thus

z ∈ (B − A) − {x}, zx /∈ E(G) by Lemma 3.2.1(2) and z 	 V3 as required.

We now suppose that x is not adjacent to any vertex of A−B. By Lemma

3.2.8(3), d(x, c) = 3. Then NG(x) ∩NG(c) = φ. Since c 	 V3, x is not adjacent to

any vertex of V3. We next show that c is adjacent to some vertex of (B−A)−{x}.
Suppose this is not the case. Then for each w ∈ (B − A) − {x}, NV3(w) = φ by

Lemma 3.2.8(3) and the fact that c 	 V3. Consequently, x, b, u, a, c is a shortest

x−c path in G. But this contradicts the fact that diam(G) = 3. Hence, cy ∈ E(G)

for some y ∈ (B − A) − {x}. Thus xy /∈ E(G) since d(x, c) = 3. Now consider

G + xy. Then Dxy = {x, s} or Dxy = {y, s} for some s ∈ V (G)−{x, y}. In either

case, s 	 {u, a}. Then s ∈ {u, a} by Lemma 3.2.1(2). Hence, x 	 V3 or y 	 V3 as

required. This settles our claim.

Claim 8: For each x ∈ A−B, there exists y ∈ (A−B)−{x} such that xy /∈ E(G)

and x 	 V3 or y 	 V3.

By Claim 7, there is a vertex c
′ ∈ B − A such that c

′ 	 V3. By applying

arguments as in the proof of Claim 7, our claim follows.

Claim 9: For each x ∈ V3, d(a, x) = 2 and d(b, x) = 2.

Our claim follows by Claims 7 and 8.

Claim 10: V3 = {v}.
Suppose that |V3| ≥ 2. Let s, t ∈ V3 such that s 
= t. By Claim 9, d(a, s) = 2

and d(b, s) = 2. Consider G + as. Then Das = {a, x} or Das = {s, x} for some

x ∈ V (G) − {a, s}. We first suppose that Das = {a, x}. Then x dominates {b, t}.
So x ∈ B−A and x 	 (B−A)∪ (V3 −{s}). But this contradicts Claim 7. Hence,

Das = {s, x}. Then x must dominate u and xa /∈ E(G) by Lemma 3.2.1(2). So

x = b and s 	 (A−B)∪V3. Now consider G+bs. Then Dbs = {b, y} or Dbs = {s, y}
for some y ∈ V (G)− {b, s}. If Dbs = {b, y}, then y 	 {a} ∪ (A−B) ∪ (V3 − {s}).
Thus y ∈ A − B and ys /∈ E(G) by Lemma 3.2.1(2). But this contradicts the

fact that s 	 (A − B) ∪ V3. Hence, Dbs 
= {b, y}. Therefore, Dbs = {s, y}. Then

y 	 {u, a}. It follows that y = a by Lemma 3.2.1(2). Thus s 	 (B − A) ∪ V3.

Hence, s 	 V2 ∪ V3. Consequently, {s, u} 	 G, a contradiction. Hence, |V3| = 1.

This settles our claim.

Claim 11: G[B − A] is 2-γ-critical.
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By Claim 7, γ(G[B−A]) ≥ 2. Let y ∈ B−A. Then there exists z ∈ B−A

such that zy /∈ E(G). Clearly, d(y, z) = 2. Consider G + yz. Then the only

vertex of Dyz −{y, z} dominates {u, a}. Thus it must belong to {u, a} by Lemma

3.2.1(2). Hence, y 	 (B − A) − {z} or z 	 (B − A) − {y}. So γ(G[B − A]) = 2.

It also follows that γ(G[B − A] + yz) = 1. Hence, G[B − A] is 2-γ-critical. This

settles our claim.

Claim 12: G[A − B] is 2-γ-critical.

Clearly, γ(G[B−A]) ≥ 2 by Claim 8. By similar arguments as in the proof

of Claim 11, our claim follows.

By Theorem 2.1, G[A − B] ∼= ⋃n
i=1 K1,ri

and G[B − A] ∼= ⋃m
i=1 K1,si

where

n, m, ri, si are positive integers. Let X1 and X2 be the sets of all centers and the

end vertices of K1,ri
in G[A − B], respectively. Let Y1 and Y2 be the sets of all

centers and the end vertices of K1,si
in G[B − A], respectively. Note that G[Xi]

and G[Yi] are complete where 1 ≤ i ≤ 2.

Consider v. If v 	 V2, then {u, v} 	 G, a contradiction. So there exists

w ∈ (A − B) ∪ (B − A) such that wv /∈ E(G). Assume that w ∈ A − B.

Claim 13: w is the center of K1,ri
in G(A − B) for some i.

It is easy to see that if ri = 1, then we may assume that w is the center

of K1,ri
in G(A − B) as required. We may now suppose that ri ≥ 2. Suppose

to the contrary that w is an end vertex of K1,ri
in G(A − B). Let x0 and w1 be

the center and the other end vertex of K1,ri
in G(A − B), respectively. Consider

G + x0w. Then Dx0w = {x0, z} or Dx0w = {w, z} for some z ∈ V (G) − {x0, w}.
In either case, z 	 {u, b}. Thus z ∈ {u, b} since ab /∈ E(G). If Dx0w = {x0, z},
then no vertex of Dx0w is adjacent to w1, a contradiction. Hence, Dx0w = {w, z}.
But then no vertex of Dx0w is adjacent to v, again a contradiction. Hence, w is

the center of K1,ri
in G(A − B) for some i. This settles our claim.

Claim 14: d(v, w) = 2. Further, v 	 V2 − {w}.
Suppose to the contrary that d(v, w) = 3. Then NG(v) ∩ NG(w) = φ.

Since w ∈ X1 and G[X1] is complete, it follows that v is not adjacent to any

vertex of X1 − {w}. By Claim 9, there exists z ∈ X2 such that zv ∈ E(G).

Thus z ∈ X2 and zw /∈ E(G). We first show that v 	 X2. Suppose that there
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exists t ∈ X2 such that vt /∈ E(G). Clearly d(v, t) = 2. Consider G + vt. Then

Dvt = {v, x1} or Dvt = {t, x1} for some x1 ∈ V (G)−{v, t}. If Dvt = {v, x1}, then

x1 	 {u, a, b} and thus x1 = u. Consequently, v 	 V2 − {t}. Thus vw ∈ E(G), a

contradiction. Hence, Dvt = {t, x1}. Then x1 	 {u, b} and thus x1 ∈ {u, b}. It

follows that t 	 A − B. But this contradicts Claim 8. So v 	 X2 as required.

Since NG(v)∩NG(w) = φ and v 	 X2, it follows that G([A−B]) = K1,r for some

positive integer r. Hence, X1 = {w}.
Consider G + ab. Then Dab = {a, x2} or Dab = {b, x2} for some x2 ∈

V (G)−{a, b}. We first suppose that Dab = {b, x2}. Then x2 ∈ (B −A)∪{v} and

x2 	 (A − B) ∪ {v}. If x2 = v, then vw ∈ E(G), a contradiction. So x2 ∈ B − A.

It follows that NG(v) ∩ NG(w) 
= φ, a contradiction. Hence, Dab = {a, x2}. Then

x2 ∈ (A − B) ∪ {v} and x2 	 (B − A) ∪ {v}. Since X1 = {w} and vw /∈ E(G),

x2 ∈ X2∪{v}. We next show that v 	 B−A. If x2 = v, then v 	 B−A. We now

assume that x2 ∈ X2, then x2 	 B − A. Suppose that there is y ∈ Yi such that

vy /∈ E(G), for 1 ≤ i ≤ 2. Consider G + vy. Then Dvy = {v, x3} or Dvy = {y, x3}
for some x3 ∈ V (G)−{v, y}. If Dvy = {v, x3}, then x3 	 {u, a, b} and thus x3 = u.

So v 	 V2 − {y}. Hence, vw ∈ E(G), a contradiction. Therefore, Dvy = {y, x3},
then x3 	 {u, a} and thus x3 ∈ {u, a}. It follows that y 	 B − A. But this

contradicts Claim 11. Hence, v 	 B − A as required. In either case, v 	 B − A

and thus v 	 X2 ∪ (B − A). It then follows by Lemma 3.2.8(3) that z 	 B − A

since zv ∈ E(G). Consider G +uz. Then Duz = {u, y1} or Duz = {z, y1} for some

y1 ∈ V (G) − {u, z}. If Duz = {u, y1}, then y1 	 (V2 ∪ {v}) − {z}. By Lemma

3.2.1(2), y1 /∈ (B − A) ∪ {v} ∪ X2. Thus y1 = w. But then wv ∈ E(G), a contra-

diction. Hence, Duz = {z, y1}, then y1 	 {b, w}. So y1 ∈ B − A. It follows that

y1 ∈ NG(v) ∩ NG(w) = φ since v 	 B − A, a contradiction. Hence, d(v, w) = 2 as

required.

Now consider G + vw. Then Dvw = {v, x} or Dvw = {w, x} for some

x ∈ V (G) − {v, w}. In either case, x 	 {u, b}. Thus x ∈ {u, b} since ab /∈ E(G).

If Dvw = {w, x}, then w 	 A − B since no vertex of {u, b} is adjacent to a ver-

tex of A − B. But this contradicts Claim 12. Hence, Dvw = {v, x}. Therefore,

v 	 V2 − {w}. This settles our claim.

Claim 15: For x ∈ (X1 ∪ X2) − {w} and y ∈ Y1 ∪ Y2, xy ∈ E(G).

By Claim 14, xv ∈ E(G) and yv ∈ E(G). It then follows by Lemma

3.2.8(3) that xy ∈ E(G).
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Claim 16: If |X1| ≥ 2, then wy ∈ E(G) for all y ∈ Y1 ∪ Y2.

Let w1 ∈ X1 − {w}. Then there exists x1 ∈ X2 where x1 is an end vertex

of K1,ri
centered at w1 in G(A − B). Then wx1 ∈ E(G). By Claim 15, x1 is

adjacent to every vertex of Y1 ∪ Y2. Thus d(w, y) ≤ 2 for all y ∈ Y1 ∪ Y2. It fol-

lows by Lemma 3.2.8(3), that wy ∈ E(G) for all y ∈ Y1∪Y2. This settles our claim.

Claim 17: If X1 = {w}, then wz ∈ E(G) for some z ∈ Y1 ∪ Y2.

Let y ∈ Y1. Consider G + uy. Then Duy = {u, x} or Duy = {y, x} for some

x ∈ V (G) − {u, y}. We first suppose that Duy = {u, x}. Then xy /∈ E(G) and

x 	 (V2∪{v})−{y}. Since wv /∈ E(G), x /∈ {w, v}. By Claims 11 and 12, x ∈ Y2.

Clearly, xw ∈ E(G) as required.

We now suppose that Duy = {y, x}. Then x 	 {a} ∪ NV2(y) but x 
= a by

Lemma 3.2.1(2). Thus x ∈ A−B. If x = w, then w 	 NV2(y). Thus wy
′ ∈ E(G)

where y
′ ∈ Y2. If x ∈ X2, then yw ∈ E(G) as required since xw /∈ E(G). This

settles our claim.

Claim 18: If X1 = {w}, then w 	 Y1 or w 	 Y2.

It follows from Claim 17, Lemma 3.2.8(3) and the fact that G[Yi] is com-

plete.

Claim 19: If X1 = {w} and |Y1| ≥ 2, then w 	 B − A.

By Claim 18, w 	 Y1 or w 	 Y2. We first assume that w 	 Y2. Since

|Y1| ≥ 2, there exist x ∈ Y1 and y ∈ Y2 such that xy ∈ E(G). So d(w, x) ≤ 2.

By Lemma 3.2.8(3), wx ∈ E(G). By Lemma 3.2.8(3) and the fact that G[Y1] is

complete, w 	 Y1. Hence, w 	 B − A as required. By a similar argument, if

w 	 Y1, then w 	 B − A. This settles our claim.

Claim 20: Suppose X1 = {w} and Y1 = {z}. If wz ∈ E(G), then w 	 Y2 or

|Y2| = 1.

Suppose to the contrary that w is not adjacent to some vertex of Y2, say

y1, and |Y2| ≥ 2. Let y2 ∈ Y2 − {y1}. Then zyi /∈ E(G) for 1 ≤ i ≤ 2. By Lemma

3.2.8(3) and the fact that G[Y2] is complete, w is not adjacent to any vertex of Y2.

Note that d(a, y1) = 2 by Claim 15. Now consider G+ay1. Then Day1 = {a, x} or

Day1 = {y1, x} for some x ∈ V (G) − {a, y1}. We first suppose that Day1 = {a, x}.
Then x 	 {b, v}. By Claims 11 and 15 together with Lemma 3.2.1(2), x = z. But

then no vertex of Day1 is adjacent to y2, a contradiction. Hence, Day1 = {y1, x}.
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Clearly, x 	 {u}. By Lemma 3.2.1(2), x = b. But then no vertex of Day1 is

adjacent w, a contradiction. This settles our claim.

It follows by Claims 10-20 that if |X1| ≥ 2, then G is isomorphic to a graph

in Figure 3.4. If |X1| = 1 and |Y1| ≥ 2, then G is isomorphic to a graph in Figure

3.3. So we now suppose X1 = {w} and Y1 = {z}. If wz ∈ E(G) and w 	 Y2, then

G is isomorphic to a graph in Figure 3.5. If wz ∈ E(G) and w is not adjacent to

some vertex of Y2, then |Y2| = 1 by Claim 20 and thus G is isomorphic to a graph

in Figure 3.6. Finally, if wz /∈ E(G), then G is isomorphic to a graph in Figure

3.6. Hence, G is in H2. This completes the proof of our theorem.

We now turn our attention to the case A ∩ B 
= φ.

Lemma 3.2.10. Let G be a 3-(γ, 2)-critical graph of diameter 3 which is not

3-γ-critical. Further, let V1, A and B be defined as in Lemma 3.2.8. Suppose

A ∩ B 
= φ. Then

(1) G[A ∩ B] is complete.

(2) A ∩ B 
= V2.

(3) For every vertex c ∈ A ∩ B, there exist a unique vertex x ∈ A − B and a

unique vertex y ∈ B − A such that c 	 (V1 ∪ V2 ∪ V3) − {x, y}.

Proof. (1) Suppose to the contrary that G[A∩B] is not complete. Then there are

x, y ∈ A ∩ B such that xy /∈ E(G). Clearly, d(x, y) = 2. Consider G + xy. Then

Dxy = {x, s} or Dxy = {y, s} for some s ∈ V (G) − {x, y}. Without loss of gener-

ality, we may assume that Dxy = {x, s}. Then s must dominate u and s /∈ {a, b}
by Lemma 3.2.1(2). So s = u and x 	 (V2 ∪ V3) − {y}. Hence, {a, x} 	 G, a

contradiction. Therefore, G[A ∩ B] is complete. This proves (1).

(2) Suppose to the contrary that A ∩ B = V2. Then, by Lemma 3.2.8(2)

and (1), {x, v} 	 G + uv for each x ∈ A ∩ B, a contradiction. Thus A ∩ B 
= V2.

This proves (2).

(3) Let c ∈ A∩B. If c 	 (A−B)∪(B−A), then {c, v} 	 G+uv by (1) and

Lemma 3.2.8(2), a contradiction. Hence, there exists a vertex x ∈ (A−B)∪(B−A)

such that cx /∈ E(G). We may assume without loss of generality that x ∈ A − B.

Consider G + cx. Then Dcx = {c, z} or Dcx = {x, z} for some z ∈ V (G) − {c, x}.
In either case, z 	 {u}. We first suppose that Dcx = {x, z}. Then z = u by
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Lemma 3.2.1(2) and the fact that c ∈ A ∩ B. Consequently, x 	 (V2 ∪ V3) − {c}.
Hence, {x, b} 	 G, a contradiction. Therefore, Dcx = {c, z}. Then z ∈ {u, b} by

Lemma 3.2.1(2). If z = u, then c 	 (V2 ∪ V3) − {x}. But then {c, a} 	 G, again

a contradiction. Hence, z 
= u. Therefore, z = b. Since b is not adjacent to any

vertex of (A − B) ∪ V3, c 	 ((A − B) − {x}) ∪ V3. Hence, x is the unique vertex

of A − B such that cx /∈ E(G).

We next show that c 	 (B − A) − {y} for some y ∈ B − A. It is easy

to see that if c 	 B − A, then {c, a} 	 G, a contradiction. Hence, there exists

y ∈ B−A such that cy /∈ E(G). Consider G+ cy. By similar arguments as above,

c 	 ((B −A)−{y})∪V3. Hence, y is the unique vertex of B −A such cy /∈ E(G).

It then follows that c 	 (V1 ∪V2 ∪V3)−{x, y} by (1) and the fact that c ∈ A∩B.

This proves (3) and completes the proof of our lemma.

Lemma 3.2.11. Let G be a 3-(γ, 2)-critical graph of diameter 3 which is not

3-γ-critical. Further, let V1, A and B be defined as in Lemma 3.2.8. Suppose

A ∩ B 
= φ. Then

(1) A − B 
= φ and B − A 
= φ.

(2) If x ∈ A−B and y ∈ B −A such that {x, y} = NV2(z) for some z ∈ A∩B,

then xy ∈ E(G).

Proof. (1) It follows immediately by Lemma 3.2.10(3) since A ∩ B 
= φ.

(2) By Lemma 3.2.10(3), z 	 (V1 ∪ V2 ∪ V3) − {x, y}. Consider G + uz.

Then Duz = {u, w} or Duz = {z, w} for some w ∈ V (G)−{u, z}. We first suppose

that Duz = {u, w}. Then w ∈ {x, y} by Lemma 3.2.1(2) and the fact that z 	
(V1∪V2∪V3)−{x, y}. Further, w 	 (V2∪V3)−{z}. Hence, xy ∈ E(G) as required.

We now suppose that Duz = {z, w}. Then w 	 {x, y} since {x, y} = NV2(z). Thus

d(x, y) ≤ 2. By Lemma 3.2.8(3), xy ∈ E(G). This proves (2) and completes the

proof of our lemma.

Lemma 3.2.12. Let G be a 3-(γ, 2)-critical graph of diameter 3 which is not 3-

γ-critical. Further, let V1, A and B be defined as in Lemma 3.2.8 and A∩B 
= φ.

If |V3| ≥ 2, then for each s ∈ V3, there exist z ∈ A − B and x ∈ B − A such

that zs /∈ E(G) and xs /∈ E(G). Further z 	 (A − B) ∪ (V3 − {s}) and x 	
(B − A) ∪ (V3 − {s}).

Proof. Let s1 ∈ V3. Then there exists s2 ∈ V3 such that s1 
= s2. By Lemma

3.2.10(3), cs1 ∈ E(G) for all c ∈ A∩B. So d(a, s1) = 2 and d(b, s1) = 2. Consider
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G + as1. Then Das1 = {a, x} or Das1 = {s1, x} for some x ∈ V (G) − {a, s1}. We

first suppose that Das1 = {s1, x}. Then x 	 {u} and xa /∈ E(G). So x = b and

s1 	 (A − B) ∪ V3. Consider G + bs1. Then Dbs1 = {b, y} or Dbs1 = {s1, y} for

some y ∈ V (G)−{b, s1}. If Dbs1 = {b, y}, then y 	 {a, s2} and ys1 /∈ E(G). Thus

y /∈ A ∩ B by Lemma 3.2.10(3). So y ∈ A − B ⊆ NG[s1], contradicting Lemma

3.2.1(2). Hence, Dbs1 
= {b, y}. Therefore, Dbs1 = {s1, y}. Then y 	 {u, a} and

yb /∈ E(G). Thus y = a and s1 	 (B −A)∪V3. By Lemma 3.2.10(3), s1 	 A∩B.

So s1 	 V2 ∪ V3. Hence {u, s1} 	 G, a contradiction. Thus Das1 
= {s1, x}.
Therefore, Das1 = {a, x}. Then x 	 {b} ∪ (V3 − {s1}) but xs1 /∈ E(G) by Lemma

3.2.1(2). So x ∈ B − A and x 	 (B − A) ∪ (V3 − {s1}). Recall that d(b, s1) = 2.

By similar arguments as in the case G + as1, when we consider G + bs1, there is

a vertex z ∈ A − B such that zs1 /∈ E(G) and z 	 (A − B) ∪ (V3 − {s1}). This

proves our lemma.

Lemma 3.2.13. Let G be a 3-(γ, 2)-critical graph of diameter 3 which is not 3-γ-

critical. Further, let V1, A and B be defined as in Lemma 3.2.8. Suppose A∩B 
= φ

and |V3| ≥ 2. Let Z = {x ∈ A − B|xy /∈ E(G) for some y ∈ V3}, W = {x ∈
B − A|xy /∈ E(G) for some y ∈ V3}, Z

′
= (A − B) − Z and W

′
= (B − A) − W .

Then

(1) Z 
= φ and W 
= φ. Further, G[Z] and G[W ] are complete.

(2) For each z ∈ Z, there is only one vertex of V3, say x, such that z 	 (A −
B) ∪ (V3 − {x}).

(3) For each w ∈ W , there is only one vertex of V3, say y, such that w 	
(B − A) ∪ (V3 − {y}).

(4) For all z ∈ Z and for all w ∈ W , zw ∈ E(G).

(5) For each z ∈ Z, there exists x ∈ A ∩ B such that zx /∈ E(G). Further,

|A ∩ B| ≥ |Z|.

(6) For each w ∈ W , there exists y ∈ A ∩ B such that wy /∈ E(G). Further,

|A ∩ B| ≥ |W |.

(7) |Z| ≥ 2 and |W | ≥ 2.

Proof. (1) Clearly, Z 
= φ and W 
= φ by Lemma 3.2.12. We next show that G[Z] is

complete. Suppose to the contrary that there exist x, y ∈ Z such that xy /∈ E(G).

Clearly, d(x, y) = 2. Consider G + xy. Then Dxy = {x, s} or Dxy = {y, s} for
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some s ∈ V (G) − {a} by Lemma 3.2.1(2). In order to dominate u, s ∈ {u, b}. So

x 	 V3 or y 	 V3, contradicting the fact that x, y ∈ Z. Hence, G[Z] is complete.

By similar arguments, G[W ] is complete. This proves (1).

(2) Let z ∈ Z. Then there exists x ∈ V3 such that xz /∈ E(G). Clearly,

d(z, x) = 2 by Lemmas 3.2.8(2) and 3.2.12. Consider G + zx. Then Dzx = {z, t}
or Dzx = {x, t} for some t ∈ V (G) − {z, x}. Suppose that Dzx = {x, t}. Then

tz /∈ E(G). In order to dominate {u}∪V1, t = u since ab /∈ E(G). Thus x 	 B−A.

But this contradicts Lemma 3.2.12. Thus Dzx 
= {x, t}. Therefore, Dzx = {z, t}.
Then, in order to dominate {u, b}, t ∈ {u, b} and hence z 	 (A−B)∪ (V3 −{x}).
This proves (2).

(3) By similar arguments as in the proof of (2), (3) follows.

(4) Let z ∈ Z and w ∈ W . Then, by (2) and (3), z 	 V3 − {x} and

w 	 V3 − {y} for some x, y ∈ V3. If x = y, then there exists s ∈ V3 such that

sz ∈ E(G) and sw ∈ E(G) since |V3| ≥ 2. By Lemma 3.2.8(3), zw ∈ E(G). We

now suppose that x 
= y. Then by Lemma 3.2.12, there exists z1 ∈ Z − {z} such

that z1y /∈ E(G). By (2), z1 	 V3 − {y}. Then x ∈ NV3(z1) ∩ NV3(w). Thus

z1w ∈ E(G) by Lemma 3.2.8(3). It then follows by (1) that z1 ∈ NG(z) ∩ NG(w).

Hence, zw ∈ E(G) by Lemma 3.2.8(3). This proves (4).

(5) Let z ∈ Z. Note that d(b, z) = 2 by (4). Consider G + bz. Then

Dbz = {b, x} or Dbz = {z, x} for some x ∈ V (G) − {b, z}. If Dbz = {z, x},
then, in order to dominate u, x ∈ {u, a} and thus z 	 V3, a contradiction. Thus

Dbz 
= {z, x}. Therefore, Dbz = {b, x}. Then, in order to dominate {a} ∪ V3,

x ∈ (A ∩ B) ∪ (A − B) and xz /∈ E(G) by Lemma 3.2.1(2). It follows by (2) that

x ∈ A∩B. It then follows by Lemma 3.2.10(3) that |A∩B| ≥ |Z|. This proves (5).

(6) By similar arguments as in the proof of (5), (6) follows.

(7) Suppose that Z = {z}. According to Lemma 3.2.12, xz /∈ E(G) for all

x ∈ V3. But this contradicts (2) since z 	 V3 − {x} and |V3| ≥ 2. Hence, |Z| ≥ 2.

By similar arguments, |W | ≥ 2. This proves (7) and completes the proof of our

lemma.

Corollary 3.2.14. Let G be a 3-(γ, 2)-critical graph of diameter 3 which is not
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3-γ-critical. Further, let V1, A and B be defined as in Lemma 3.2.8. Suppose

A ∩ B 
= φ and |V3| ≥ 2. Then for each s ∈ V3, there exist z ∈ Z, w ∈ W

such that zs /∈ E(G) and ws /∈ E(G). Further, z 	 (A − B) ∪ (V3 − {s}) and

w 	 (B − A) ∪ (V3 − {s}).
Proof. It follows from Lemmas 3.2.12, 3.2.13(2) and 3.2.13(3).

Lemma 3.2.15. Let G be a 3-(γ, 2)-critical graph of diameter 3 which is not 3-γ-

critical. Further, let V1, A and B be defined as in Lemma 3.2.8. Suppose A∩B 
= φ

and |V3| ≥ 2. Let Z,Z
′
, W and W

′
be defined as in Lemma 3.2.13. Then

(1) Z
′ 
= φ or W

′ 
= φ.

(2) Suppose Z
′ 
= φ and W

′ 
= φ. Then for each x ∈ Z
′
and y ∈ W

′
, xy ∈ E(G).

(3) If Z
′ 
= φ, then for each x ∈ Z

′
, x 	 Z ∪ (B − A) ∪ V3.

(4) If W
′ 
= φ, then for each w ∈ W

′
, w 	 W ∪ (A − B) ∪ V3.

(5) If Z
′ 
= φ, then G[Z

′
] is 2-γ-critical.

(6) If W
′ 
= φ, then G[W

′
] is 2-γ-critical.

Proof. (1) Suppose to the contrary that Z
′
= φ and W

′
= φ. Consider G + ab.

Then we may assume without loss of generality that Dab = {a, x} for some

x ∈ V (G)−{a, b}. So x 	 (B−A)∪V3. Thus x ∈ Z∪V3 by Lemma 3.2.1(2). But

this contradicts Lemmas 3.2.12 and 3.2.13(2). Hence, Z
′ 
= φ or W

′ 
= φ. This

proves (1).

(2) Let x ∈ Z
′

and y ∈ W
′
. By the definitions of Z

′
and W

′
, c ∈

NG(x) ∩ NG(y) for each c ∈ V3. It follows by Lemma 3.2.8(3) that xy ∈ E(G).

(3) Let x ∈ Z
′
. According to the definition of Z

′
together with (2) and

Lemma 3.2.13(2), x 	 Z ∪W
′ ∪V3. Let w ∈ W . By Lemma 3.2.13(3) and the fact

that |V3| ≥ 2, there exists y ∈ V3 such that y ∈ NG(w)∩NG(x). Hence, xw ∈ E(G)

by Lemma 3.2.8(3). Therefore x 	 W and hence x 	 Z ∪ (B − A) ∪ V3. This

proves (3).

(4) By similar arguments as in the proof of (3), (4) follows.

(5) Clearly, no vertex x ∈ Z
′

such that x 	 Z
′

otherwise {b, x} 	 G

by (3). So γ(G[Z
′
]) ≥ 2. Let x ∈ Z

′
. Then there exists y ∈ Z

′
such that
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xy /∈ E(G). Clearly, d(x, y) = 2. Consider G + xy. Then the only vertex of

Dxy − {x, y} dominates {u, b}. Thus it must belong to {u, b} by Lemma 3.2.1(2).

Hence, x 	 Z
′ − {y} or y 	 Z

′ − {x}. So γ(G[Z
′
]) = 2. It also follows that

γ(G[Z
′
+ xy]) = 1. Hence, Z

′
is 2-γ-critical. This proves (5).

(6) By similar arguments of (5), (6) follows.

Lemma 3.2.16. Let G be a 3-(γ, 2)-critical graph of diameter 3 which is not 3-γ-

critical. Further, let V1, A and B be defined as in Lemma 3.2.8. Suppose A∩B 
= φ

and |V3| ≥ 2. Let S = {x ∈ V3|γ(G + ux) = 3}. Then

(1) |S| ≤ 2.

(2) If |S| = 2, then V3 = S.

(3) If |S| = 2 and Z
′ 
= φ, then x 	 A ∩ B for all x ∈ Z

′
.

(4) If |S| = 2 and W
′ 
= φ, then y 	 A ∩ B for all y ∈ W

′
.

Proof. (1) Let c ∈ A ∩ B. Then, by Lemma 3.2.10(3), there exist z ∈ A − B and

w ∈ B − A such that c 	 (V1 ∪ V2 ∪ V3) − {z, w}. If there is a vertex s ∈ S such

that sz ∈ E(G) and sw ∈ E(G), then {s, c} 	 G+us, a contradiction. Hence, for

each s ∈ S, sz /∈ E(G) or sw /∈ E(G). By Lemmas 3.2.13(2), 3.2.13(3), 3.2.15(3)

and 3.2.15(4), it is easy to see that |S| ≤ 2. This proves (1).

(2) Suppose that V3 
= S. Then there exists t ∈ V3−S such that γ(G+ut) =

2. By Corollary 3.2.14, there exist z ∈ Z and w ∈ W such that tz /∈ E(G) and

tw /∈ E(G). Let S = {s1, s2}. Then, by Lemmas 3.2.13(2) and 3.2.13(3), z 	 S

and w 	 S. Further, by Lemmas 3.2.13(5) and 3.2.13(6), there exist c1, c2 ∈ A∩B

such that c1z /∈ E(G) and c2w /∈ E(G). If c1 = c2, then {c1, s1} 	 G + us1, a

contradiction. Thus c1 
= c2. By Lemma 3.2.10(3), there exists w1 ∈ B − A such

that w1c1 /∈ E(G). According to Lemma 3.2.13(3), w1s1 ∈ E(G) or w1s2 ∈ E(G).

Then either {c1, s1} 	 G+us1 or {c1, s2} 	 G+us2, a contradiction. This proves

(2).

(3) Let s ∈ S − {v} and let z ∈ Z
′
. Then z 	 V3. Suppose to the contrary

that there exists c ∈ A ∩ B such that cz /∈ E(G). Then, by Lemma 3.2.10(3),

there exists w ∈ B − A such that wc /∈ E(G). According to Lemma 3.2.13(3),

w 	 V3 − {y} for some y ∈ V3. So w is adjacent to some vertex of V3, say s1.

Clearly, s1 = s or s1 = v. It follows that {s1, c} 	 G+us1, a contradiction. Hence
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z 	 A ∩ B. This proves (3).

(4) By similar arguments as in the proof of (3), (4) follows.

Corollary 3.2.17. Let G be a 3-(γ, 2)-critical graph of diameter 3 which is not

3-γ-critical. Further, let V1, A and B be defined as in Lemma 3.2.8. Suppose

A∩B 
= φ and |V3| ≥ 2. If |S| = 2, then for each c ∈ A∩B, there exist the unique

vertex x ∈ Z and the unique vertex y ∈ W such that c 	 (V1 ∪ V2 ∪ V3) − {x, y}.
Further, NV3(x) ∩ NV3(y) = φ but NV3(x) ∪ NV3(y) = V3.

Proof. It follows from Lemmas 3.2.10(3), 3.2.13(2), 3.2.13(3), 3.2.16(2), 3.2.16(3)

and 3.2.16(4) together with the fact that γ(G + us) = 3 for s ∈ S.

Recall that v is the vertex of V3 ⊆ V (G) which d(u, v) = 3 and γ(G+uv) =

3. By the definition of S in Lemma 3.2.16, v ∈ S. In what follows, for simplicity,

if |S| = 2, then we shall denote S = {s1, s2} where v = s1.

Lemma 3.2.18. Let G be a 3-(γ, 2)-critical graph of diameter 3 which is not 3-

γ-critical. Let V1, A and B be defined as in Lemma 3.2.8 where A ∩ B 
= φ. Let

S = {s1, s2} where S is defined as in Lemma 3.2.16 and let Z,Z
′
, W and W

′
be

defined as in Lemma 3.2.13. Suppose H is a component of G[Z ∪ (A ∩ B) ∪ W ].

Then

(1) Z ∩ V (H) 
= φ, (A ∩ B) ∩ V (H) 
= φ and W ∩ V (H) 
= φ.

(2) For z ∈ Z ∩ V (H), V (H) can be partitioned to C0, C1, C2, ..., C2n for some

positive integer n. Each of them is independent and C0 = {z} and for 1 ≤
i ≤ 2n,

Ci ⊆

⎧⎪⎨
⎪⎩

A ∩ B, if i ≡ j(mod4) for j ∈ {1, 3}
W, if i ≡ 2(mod4)

Z, if i ≡ 4(mod4)

in such a way that for x ∈ V (Ci) where i ≡ j(mod4), j ∈ {1, 3}, there

is exactly one vertex in V (Ci−1), say y, and exactly one vertex in V (Ci+1),

say y
′
, such that y, x, y

′
is a path in G and for x ∈ V (Ci), i ≡ j(mod4),

j ∈ {2, 4}, there exists t ∈ V (Ci−1) such that xt ∈ E(G). Further, for

1 ≤ i ≤ 2, if zsi /∈ E(G), then z
′
si /∈ E(G) for all z

′ ∈ Z ∩ V (H) and

wsj /∈ E(G) for all w ∈ W ∩ V (H) where j ∈ {1, 2} − {i}.



33

(3) For w ∈ W ∩ V (H), V (H) can be partitioned to C0, C1, C2, ..., C2n for some

positive integer n. Each of them is independent and C0 = {w} and for

1 ≤ i ≤ 2n,

Ci ⊆

⎧⎪⎨
⎪⎩

A ∩ B, if i ≡ j(mod4) for j ∈ {1, 3}
Z, if i ≡ 2(mod4)

W, if i ≡ 4(mod4)

in such a way that for x ∈ V (Ci) where i ≡ j(mod4), j ∈ {1, 3}, there

is exactly one vertex in V (Ci−1), say y, and exactly one vertex in V (Ci+1),

say y
′
, such that y, x, y

′
is a path in G and for x ∈ V (Ci), i ≡ j(mod4),

j ∈ {2, 4}, there exists t ∈ V (Ci−1) such that xt ∈ E(G). Further, for

1 ≤ i ≤ 2, if wsi /∈ E(G), then w
′
si /∈ E(G) for all w

′ ∈ W ∩ V (H) and

zsj /∈ E(G) for all z ∈ Z ∩ V (H) where j ∈ {1, 2} − {i}.

(4) G[Z ∪ (A∩B)∪W ] contains k ≥ 2 components. Further, there are 1 ≤ k1 ≤
k−1 components of G[Z∪(A∩B)∪W ] such that for each z ∈ Z∩⋃k1

i=1 V (Hi),

zs1 ∈ E(G) but zs2 /∈ E(G) and for each w ∈ W ∩⋃k1

i=1 V (Hi), ws1 /∈ E(G)

but ws2 ∈ E(G) and for each z ∈ Z − ⋃k1

i=1 V (Hi), zs1 /∈ E(G) but zs2 ∈
E(G) and for each w ∈ W − ⋃k1

i=1 V (Hi), ws1 ∈ E(G) but ws2 /∈ E(G).

Proof. (1) It follows from Lemmas 3.2.13(5), 3.2.13(6) and Corollary 3.2.17.

(2) Let z ∈ Z ∩ V (H). Choose y ∈ V (H) such that dG(z, y) =

maxx∈V (H)d(z, x) = k. For a positive integer 1 ≤ i ≤ k, let Ci = {x|d(z, x) = i}.
Clearly, y ∈ Ck. Put C0 = {z}. Then, by Lemmas 3.2.13(1) and 3.2.13(4),

G[Z ∪W ] is complete. So C1 ⊆ A∩B. By Lemma 3.2.13(5), C1 
= φ. By Lemma

3.2.10(1) and Corollary 3.2.17, C2 
= φ and C2 ⊆ W . By Lemmas 3.2.13(1),

3.2.13(4) and 3.2.13(6), if C3 
= φ, then C3 ⊆ A ∩ B. By Corollary 3.2.17, C4 
= φ

and C4 ⊆ Z. Continuing in this fashion, for i ≥ 1, if C4i+1 
= φ, then C4i+1 ⊆ A∩B

and φ 
= C4i+2 ⊆ W and if C4i+3 
= φ, then C4i+3 ⊆ A ∩ B and φ 
= C4i+4 ⊆ Z.

Clearly, y ∈ Z ∪ W by Corollary 3.2.17. Thus k = 2n for some positive integer

n. By Lemmas 3.2.10(1) and 3.2.13(1), G[A ∩ B], G[Z], and G[W ] are complete.

Hence Ci is an independent set.

Note that, by our partition, each vertex of Ci for 1 ≤ i ≤ k, is adjacent, in

G, to at least one vertex of Ci−1. However, if i ≡ 1(mod4) or i ≡ 3(mod4), then

each vertex of Ci is adjacent, in G, to exactly one vertex of Ci−1 and to exactly

one vertex of Ci+1 by Corollary 3.2.17 and the fact Ci ⊆ A ∩ B for i ≡ 1(mod4)

or i ≡ 3(mod4).
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Now let zsi /∈ E(G). Then, by Corollary 3.2.14, zsj ∈ E(G) for j ∈
{1, 2} − {i}. We first show that each vertex of C2 is not adjacent to sj. Suppose

this is not the case. Then there is w ∈ C2 ⊆ W such that wsj ∈ E(G). Since

w ∈ C2, there is c ∈ C1 ⊆ A ∩ B such that cw ∈ E(G) by our partition. Then,

by Corollary 3.2.17, {z, w} = NV2(c) and thus {sj, c} 	 G + usj, a contradiction.

Hence, w
′
sj /∈ E(G) for all w

′ ∈ C2. By Corollary 3.2.14, w
′
si ∈ E(G) for all

w
′ ∈ C2.

If C3 = φ, then we are done. So suppose C3 
= φ. By the above argument,

C3 ⊆ A ∩ B and φ 
= C4 ⊆ Z. Suppose to the contrary that there exists z1 ∈ C4

such that z1si ∈ E(G). By our partition, there is c1 ∈ C3 such that z1c1 ∈ E(G).

By Corollary 3.2.17 and our partition, there is w1 ∈ C2 such that w1c1 ∈ E(G)

where {z1, w1} = NV2(c1). Since w1si ∈ E(G) and z1si ∈ E(G), it follows that

{c1, si} 	 G + usi by Corollary 3.2.17, again a contradiction. Hence, each ver-

tex z
′ ∈ C4, z

′
si /∈ E(G) but z

′
sj ∈ E(G) by Corollary 3.2.14. Continuing in

this fashion, for all z
′ ∈ C4i+4 ⊆ Z, z

′
si /∈ E(G) but z

′
sj ∈ E(G) and for all

w
′ ∈ C4i+2 ⊆ W , w

′
sj /∈ E(G) but w

′
si ∈ E(G). This proves (2).

(3) By similar arguments as in the proof of (2), (3) follows.

(4) Suppose that G[Z ∪ (A∩B)∪W ] contains exactly one component, say

H. Let z1 ∈ Z∩V (H). By Lemma 3.2.13(2), we may assume that z1s1 ∈ E(G) and

z1s2 /∈ E(G). Then, by (2), z
′
s1 ∈ E(G) and z

′
s2 /∈ E(G) for all z

′ ∈ Z ∩ V (H).

Hence, s1 is adjacent to every vertex of Z. But this contradicts Corollary 3.2.14.

Hence, G[Z ∪ (A ∩ B) ∪ W ] contains k ≥ 2 components.

Now let H1, H2, ..., Hk be components of G[Z ∪ (A ∩ B) ∪ W ]. Let z ∈
Z ∩ V (H1). According to Lemma 3.2.13(2), we may assume that zs1 ∈ E(G)

but zs2 /∈ E(G). Then, by (2), each vertex of Z ∩ V (H1), say z
′
, z

′
s1 ∈ E(G)

but z
′
s2 /∈ E(G). Further, each vertex of W ∩ V (H1), say w, ws1 /∈ E(G) but

ws2 ∈ E(G).

We may renumber the components of G[Z ∪ (A ∩ B) ∪ W ] in such a way

that for 1 ≤ i ≤ k1, if z ∈ Z ∩ V (Hi), then zs1 ∈ (G) but zs2 /∈ E(G) and if

w ∈ W ∩ V (Hi), then ws1 /∈ (G) but ws2 ∈ E(G). It is easy to see that k1 ≥ 1

and if k1 = k, then s1z ∈ E(G) for all z ∈ Z. But this contradicts Corollary

3.2.14. Hence, k1 ≤ k − 1. By (2) and Lemma 3.2.13(2), for k1 + 1 ≤ i ≤ k, if

z ∈ Z ∩ V (Hi), then zs1 /∈ (G) but zs2 ∈ E(G) and if w ∈ W ∩ V (Hi), then

ws1 ∈ (G) but ws2 /∈ E(G). This proves (4) and completes the proof of our
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lemma.

Theorem 3.2.19. Let G be a 3-(γ, 2)-critical graph of diameter 3 which is not

3-γ-critical. Further, let V1, A and B be defined as in Lemma 3.2.8 and let S

defined as in Lemma 3.2.16. If A ∩ B 
= φ and |S| = 2, then G ∈ H3, defined in

Section 3.1.

Proof. Let Z = {x ∈ A − B|xy /∈ E(G) for some y ∈ V3}, W = {x ∈ B − A|xy /∈
E(G) for some y ∈ V3}, Z

′
= (A−B)−Z and W

′
= (B −A)−W . According to

Lemma 3.2.18(4), let H1, H2, ..., Hk1 , Hk1+1 , ..., Hk be components of G[Z∪(A∩B)∪
W ] where 1 ≤ k1 ≤ k − 1 and for each x ∈ (Z ∩⋃k1

i=1 V (Hi))∪ (W −⋃k
i=1 V (Hi)),

xs1 ∈ E(G) but xs2 /∈ E(G) and for each x ∈ (Z−⋃k1

i=1 V (Hi))∪(W∩⋃k1

i=1 V (Hi)),

xs1 /∈ E(G) but xs2 ∈ E(G). Put T1 =
⋃k1

i=1 V (Hi) and T2 =
⋃k

i=k1+1 V (Hi).

Then, by Lemmas 3.2.10(1), 3.2.13(1), 3.2.13(4), 3.2.13(5), 3.2.13(6) and 3.2.18

and Corollary 3.2.17, G[Z ∪ (A ∩ B) ∪ W ] = Kn0 − (E(T1) ∪ E(T2)) where n0 =

|V (T1)|+ |V (T2)|. By Lemma 3.2.15(1), we may assume without loss of generality

that Z
′ 
= φ. Then, by Lemma 3.2.15(5), and Theorem 2.1, G[Z

′
] = Kn1 −⋃l1

j=1 K1,rj
where n1 = |Z ′| = l1 +

∑l1
j=1 rj and n1 ≥ 2l1. If W

′
= φ, then G

is isomorphic to a graph in H1
3 by Lemmas 3.2.15(3), 3.2.16(3), 3.2.18(2) and

3.2.18(3).

We now suppose that W
′ 
= φ. Then, by Lemma 3.2.15(6), and Theorem

2.1, G[W
′
] = Kn2 −

⋃l2
j=1 K1,tj where n2 = |W ′| = l2 +

∑l2
j=1 tj and n2 ≥ 2l2.

It then follows by Lemmas 3.2.15(2), 3.2.15(3), 3.2.15(4), 3.2.16(3), 3.2.16(4),

3.2.18(2) and 3.2.18(3) that G is isomorphic to a graph in H2
3. This completes the

proof of our theorem.

In the case S = {v} and |V3| ≥ 2. We cannot guarantee that for each

c ∈ A ∩ B, NV2(c) ⊆ Z ∪ W . Figure 3.11 shows an example of a 3-(γ, 2)-critical

graph which is not 3-γ-critical when NV2(c) ⊆ Z ∪ W and Figure 3.12 shows an

example of a 3-(γ, 2)-critical graph which is not 3-γ-critical when NV2(c) � Z∪W .

Further, for c ∈ A ∩ B, the vertex v may not join to any vertex of NV2(c)(see

Figure 3.11 when c = c3) or may join to exactly one vertex of NV2(c)(see Figure

3.11 when c ∈ {c1, c2} or see Figure 3.12 when c ∈ A ∩ B). It seems not possible

to characterize 3-(γ, 2)-critical graphs which are not 3-γ-critical in this case. Note

that in Figures 3.11 and 3.12, the vertex a joins to every vertex of Z∪Z
′ ∪ (A∩B)

and the vertex b joins to every vertex of W ∪ (A ∩ B).
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Figure 3.11: A 3-(γ, 2)-critical graph with NV2(c) ⊆ Z ∪ W

Figure 3.12: A 3-(γ, 2)-critical graph with NV2(c) � Z ∪ W

Theorem 3.2.20. Let G be a 3-(γ, 2)-critical graph of diameter 3 which is not

3-γ-critical. Further, let V1, A and B be defined as in Lemma 3.2.8. Suppose

A∩B 
= φ and V3 = {v}. Let F1 = {x ∈ A−B|xy /∈ E(G) for some y ∈ A−B},
F2 = (A − B) − F1, F3 = {x ∈ B − A|xy /∈ E(G) for some y ∈ B − A},
F3 = (B − A) − F4. Then

(1) No vertex x ∈ V2 ∪ {v} such that x 	 V2.

(2) For each x ∈ F2 ∪ F4, xv /∈ E(G).

(3) F1 
= φ or F3 
= φ.

(4) For i ∈ {1, 3}, if Fi 
= φ, then G[Fi] is 2-γ-critical.

(5) Suppose F2 
= φ and F4 
= φ. Then for each x ∈ F2 and y ∈ F4, x 	
(A − B) ∪ (B − A) and y 	 (A − B) ∪ (B − A).
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(6) Suppose F2 
= φ or F4 
= φ. For i ∈ {1, 3}, if Fi 
= φ, then d(v, x) = 1 or

d(v, x) = 3 for all x ∈ Fi.

(7) Suppose F2 
= φ and F4 
= φ. For i ∈ {1, 3}, if Fi 
= φ, then v 	 Fi and for

x ∈ Fi and y ∈ Fj, xy ∈ E(G) where j ∈ {1, 3} − {i}.

(8) Suppose F2 = φ and F4 = φ. Then there is only vertex of F1 ∪ F3, say w,

such that v 	 V2 −{w}. Further, if w ∈ F1, then for each x ∈ F1 −{w} and

y ∈ F3, xy ∈ E(G) and if w ∈ F3, then for each y ∈ F3 − {w} and x ∈ F1,

xy ∈ E(G)

Proof. (1) Suppose to the contrary that there exists x ∈ V2∪{v} such that x 	 V2.

If x ∈ V2, then {u, x} 	 G + uv, a contradiction. If x = v, then {u, v} 	 G, a

contradiction. This proves (1).

(2) Let x ∈ F2 ∪F4. Without loss of generality, assume that x ∈ F2. Then,

by definition of F2 x 	 A − B. If xv ∈ E(G), then {b, x} 	 G, a contradiction.

So xv /∈ E(G). This proves (2).

(3) Suppose that F1 = φ and F3 = φ. Then F2 
= φ and F4 
= φ by

Lemma 3.2.11(1). Consider G + ab. Then Dab = {a, x} or Dab = {b, x} for some

x ∈ V (G)−{a, b}. Without loss of generality, assume that Dab = {a, x}. Then by

Lemma 3.2.1(2), x ∈ F2 ∪ {v} and x 	 F4 ∪ {v}. If x ∈ F2, then xv ∈ E(G). But

this contradicts (2). Thus x = v and x 	 F4, which again contradicts (2). Hence,

F1 
= φ or F3 
= φ. This proves (3).

(4) Let i ∈ {1, 3}. By the definition of Fi, γ(G[Fi]) ≥ 2. We first suppose

that i = 1. Let y ∈ F1. Then there exists t ∈ F1 such that yt /∈ E(G). Consider

G+yt. Then the only vertex of Dyt−{y, t} dominates {u, b}. Thus it must belong

to {u, b} since ab /∈ E(G). Hence, y 	 F1 − {t} or t 	 F1 − {y}. So γ(G[F1]) = 2.

It also follows that γ(G[F1] + yt) = 1. Hence, G[F1] is 2-γ-critical. By similar

arguments, G[F3] is 2-γ-critical. This proves (4).

(5) By definitions of F2 and F4, for each x ∈ F2, x 	 A − B and for

each y ∈ F4, y 	 B − A. Let c ∈ A ∩ B. Then, by Lemma 3.2.10(3), there

exist t ∈ A − B and w ∈ B − A such that ct /∈ E(G) and cw /∈ E(G). By

Lemma 3.2.11(2), tw ∈ E(G). By Lemma 3.2.8(3), xw ∈ E(G) for all x ∈ F2 and

yt ∈ E(G) for all y ∈ F4. Hence, xy ∈ E(G) by Lemma 3.2.8(3). It follows that
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x 	 B−A and y 	 A−B. Hence, x 	 (A−B)∪(B−A) and y 	 (A−B)∪(B−A).

This proves (5).

(6) Suppose that there exists x ∈ Fi, for i ∈ {1, 3} such that d(x, v) = 2.

Consider G + vx. Then Dvx = {v, t} or Dvx = {x, t} for some t ∈ V (G) − {v, x}.
If Dvx = {v, t}, then t 	 {u, a, b}. So t = u and v 	 V2 − {x}. Thus v 	 F2 or

v 	 F4. But this contradicts (2). Therefore Dvx = {x, t}. Then t 	 {u, b}. Thus

t ∈ {u, b} and x 	 F1, a contradiction. This proves (6).

(7) Suppose to the contrary that there exists x ∈ Fi, for i ∈ {1, 3} such

that xv /∈ E(G). We may assume that i = 1. Then, by (6), d(x, v) = 3. So

xc /∈ E(G) for all c ∈ A∩B since v is adjacent to every vertex of A∩B by Lemma

3.2.10(3). Further, c 	 F2. It follows that for each y ∈ F2, y 	 A ∩ B. Hence,

y 	 V2 by (5). But this contradicts (1). Hence, v 	 Fi for i ∈ {1, 3}. By Lemma

3.2.8(3), xy ∈ E(G) for all x ∈ F1 and y ∈ F3. This proves (7).

(8) By Lemma 3.2.11(1), F1 
= φ and F3 
= φ. Then, by (4), G[F1] ∼=⋃n
i=1 K1,ri

and G[F3] ∼=
⋃m

i=1 K1,si
where n,m, ri, si are positive integers. Accord-

ing to Lemma 3.2.10(3), d(a, v) = 2 and d(b, v) = 2. Further, there is w ∈ F1 ∪F3

such that vw /∈ E(G) otherwise {u, v} 	 G. We may suppose that w ∈ F1. Then

applying similar arguments as in the proof of Claims 13, 14 and 15 in Theorem

3.2.9, (8) follows.

Figures 3.13 - 3.17 show examples of 3-(γ, 2)-critical graphs of diameter 3

which are not 3-γ-critical satisfying the hypothesis of Theorem 3.2.20. In order

to characterize such graphs, we need to consider, up to isomorphism, at least 5

cases according to Fi, i ∈ {1, 2, 3, 4} by (3). So it seems not possible to char-

acterize 3-(γ, 2)-critical graphs of diameter 3 which are not 3-γ-critical satisfying

the hypothesis of Theorem 3.2.20. Note that in Figures 3.13- 3.17, the vertex a

joins to every vertex of F1 ∪F2 ∪ (A∩B) and the vertex b joins to every vertex of

F3 ∪ F4 ∪ (A ∩ B).
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Figure 3.13: A 3-(γ, 2)-critical graph with |F1| = 2, |F2| = 1, |F3| = 2 and |F4| = 1

Figure 3.14: A 3-(γ, 2)-critical graph with |F1| = 2, |F2| = 1, F3 = φ and |F4| = 1

Figure 3.15: A 3-(γ, 2)-critical graph with |F1| = 2, F2 = φ, |F3| = 2 and F4 = φ
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Figure 3.16: A 3-(γ, 2)-critical graph with |F1| = 2, F2 = φ, F3 = φ and |F4| = 1

Figure 3.17: A 3-(γ, 2)-critical graph with |F1| = 2, |F2| = 1, |F3| = 2 and F4 = φ



Chapter 4

Characterization of 3-(γ, 2)-critical

graphs which are not 3-γ-critical of small

order

In this chapter, we apply lemmas and theorems in Chapter 3 to show that

there are exactly 10 non-isomorphic 3-(γ, 2)-critical graphs of diameter 3 which

are not 3-γ-critical of order at most 8.

Recall that G is denoted a 3-(γ, 2)-critical graph of diameter 3 which is not

3-γ-critical. Further, u and v are vertices of G where d(u, v) = 3 and γ(G+uv) = 3.

For the sake of symmetry, we may suppose without loss of generality that d(u) ≤
d(v). For 1 ≤ i ≤ 3, let Vi = {x ∈ V (G)|d(x, u) = i}. Then |V1| ≤ |V2 ∪ V3| − 1.

If V2 ∪ V3 ⊆ NG[v], then {u, v} is a dominating set of G, a contradiction. Hence,

d(v) ≤ |V2 ∪ V3| − 2. It then follows that |V1| + 2 ≤ |V2 ∪ V3|. Note also that

|V (G)| ≥ 6.

Lemma 4.1. Let G be a 3-(γ, 2)-critical graph of diameter 3 which is not 3-γ-

critical. Then |V (G)| ≥ 7.

Proof. Since |V2 ∪ V3| ≥ |V1| + 2, |V (G)| = 1 + |V1| + |V2| + |V3| ≥ 3 + 2|V1|. If

|V1| ≥ 2, then |V (G)| ≥ 7 as required. So we now consider the case |V1| = 1.

Then the only vertex of V1 is adjacent to every vertex of V2. By Theorem 3.2.6(2),

|V3| ≥ 3. Because of Lemma 3.2.2, |V (G)| = 1+|V1|+|V2|+|V3| ≥ 1+1+2+3 = 7.

This completes the proof of our lemma.

Lemma 4.2. Let G be a 3-(γ, 2)-critical graph of diameter 3 which is not 3-γ-

critical. If |V (G)| ≤ 8, then 1 ≤ |V1| ≤ 2. Further, if |V1| = 1, then G ∈ J .

Proof. Clearly, |V1| ≥ 1. If |V1| ≥ 3, then |V2 ∪ V3| ≥ |V1| + 2 ≥ 5 and thus

|V (G)| ≥ 9, a contradiction. Hence, 1 ≤ |V1| ≤ 2. We now suppose that |V1| = 1.

Then the only vertex of V1 is adjacent to every vertex of V2. By Theorem 3.2.6(4),

G ∈ J .

41
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Theorem 4.3. Let G be a 3-(γ, 2)-critical graph of diameter 3 which is not 3-γ-

critical. If |V (G)| = 7, then G is isomorphic to the graph Ji, for some 1 ≤ i ≤ 2,

in Figure 4.1.

Figure 4.1: 3-(γ, 2)-critical graphs of order 7

Proof. By Lemma 4.2, 1 ≤ |V1| ≤ 2. Further, if |V1| = 1, then G is isomorphic

to the graph J1. We now assume that |V1| = 2. Then, by Lemma 3.2.2 and the

fact that |V3| ≥ 1, 2 ≤ |V2| ≤ 3 and thus 1 ≤ |V3| ≤ 2. Put |V1| = {a, b}. Let

A = {x ∈ V2|ax ∈ E(G)} and B = {x ∈ V2|bx ∈ E(G)}.

Claim 1: ab /∈ E(G).

Suppose to the contrary that ab ∈ E(G). If each vertex of V1 is adjacent

to every vertex of V2, then |V3| ≥ 3 by Theorem 3.2.6(2), a contradiction. Hence,

there is a vertex of V1 say a, such that a is not adjacent to some vertex of V2, say

y. Since y ∈ V2 and ya /∈ E(G), it follows that yb ∈ E(G). Clearly, d(a, y) = 2.

Consider G+ay. By Lemma 3.2.3, Day = {a, z} for some z ∈ (V2∪V3)−{y}. Then

zy /∈ E(G) but z 	 V3. If z 	 V2 − {y}, then {b, z} 	 G, a contradiction. Hence,

there exists a vertex y1 ∈ V2 − {y} such that zy1 /∈ E(G). Clearly, y1a ∈ E(G)

since Day = {a, z}.
We first show that z /∈ V3. Suppose this is not the case. Then z ∈ V3. Thus

there exists w ∈ V2−{y, y1} such that wz ∈ E(G). Since |V2| ≤ 3 and |V (G)| = 7,

It follows that V2 = {y, y1, w} and V3 = {z} = {v}. But then d(v) = 1 < d(u),

contradicting our hypothesis that d(v) ≥ d(u). Hence, z /∈ V3. Therefore, z ∈ V2.

Consequently, V2 = {y, y1, z} and V3 = {v}. Then zv ∈ E(G) since z 	 V3. If

vy1 ∈ E(G), then {v, b} 	 G, a contradiction. Hence, vy1 /∈ E(G). By our hy-

pothesis that d(v) ≥ d(u), vy ∈ E(G). But then {a, v} 	 G, again a contradiction.

This settles our claim.

Claim 2: A ∩ B = φ.

Suppose to the contrary that A∩B 
= φ. Let c ∈ A∩B. Then, by Lemma
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3.2.10(3), there exist x ∈ A−B and y ∈ B−A such that c 	 (V1∪V2∪V3)−{x, y}.
Since |V2| ≤ 3, it follows that A ∩ B = {c}, A − B = {x} and B − A = {y}. By

Lemma 3.2.11(2), xy ∈ E(G). Because γ(G) = 3, vx /∈ E(G) or vy /∈ E(G). By

our hypothesis that d(v) ≥ d(u), vx ∈ E(G) or vy ∈ E(G). Hence, {x, b} 	 G or

{y, a} 	 G, a contradiction. This settles our claim.

Since A ∩ B = φ, Theorem 3.2.9 together with the fact that |V2| ≤ 3

implies G ∈ H1. Hence, G is isomorphic to J2. This completes the proof of our

theorem.

Theorem 4.4. Let G be a 3-(γ, 2)-critical graph of diameter 3 which is not 3-γ-

critical. If |V (G)| = 8, then G is isomorphic to the graph Ji, for some 1 ≤ i ≤ 8,

in Figure 4.2.

Figure 4.2: 3-(γ, 2)-critical graphs of order 8

Proof. By Lemmas 3.2.2 and 4.2, 1 ≤ |V1| ≤ 2 and |V2| ≥ 2. It then follows that

|V3| ≤ 4 since |V (G)| = 8. If G[V1] is complete and each vertex of V1 is adjacent

to every vertex of V2, then, by Theorem 3.2.6 and Corollary 3.2.7, G is isomorphic
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to J1 when |V1| = 1 and G is isomorphic to J2 when |V1| = 2. We next consider

when G[V1] is not complete or there is a vertex of V1 which is not adjacent to

some vertex of V2. In either case, it is easy to see that |V1| = 2. Consequently,

2 ≤ |V2| ≤ 4 and |V3| ≤ 3. Now put V1 = {a, b}. Let A = {x ∈ V2|ax ∈ E(G)}
and B = {x ∈ V2|bx ∈ E(G)}. We distinguish two cases.

Case 1: G[V1] is not complete.

Then ab /∈ E(G) and thus G[V3] is complete by Lemma 3.2.8(2).

Case 1.1: A ∩ B = φ.

Then, by Theorem 3.2.9, G ∈ H1 or G ∈ H2. We first suppose that

G ∈ H1. Then |V3| ≥ 2 and thus |V2| ≤ 3. If |V2| = 2, then G is isomorphic to J3.

If |V2| = 3, then G is isomorphic to the graph in Figure 4.3.

Figure 4.3: Graph H ∈ H1

It is easy to see that the graph in Figure 4.3 is isomorphic to the graph J3.

We now assume that G ∈ H2. Then |V3| = 1 and thus |V2| = 4. Further,

|A − B| ≥ 2 and |B − A| ≥ 2. Thus |A − B| = 2 and |B − A| = 2 since |V2| = 4.

Hence, G is isomorphic to either J4 or J5.

Case 1.2: A ∩ B 
= φ.

Then |A ∩ B| ≥ 1. It follows by Lemma 3.2.11(1) that |A − B| ≥ 1 and

|B − A| ≥ 1. Since |V2| ≤ 4, Then |A ∩ B| ≤ 2. According to Lemma 3.2.13(7),

|V3| = 1. Hence, |V2| = 4.

Claim 1: |A ∩ B| = 1.

Suppose this is not the case. Then |A∩B| = 2. Thus |A−B| = |B−A| = 1.

Let {w} = A − B, {z} = B − A and {x1, x2} = A ∩ B. By Lemmas 3.2.10(1)

and 3.2.10(3), x1x2 ∈ E(G) and xiv ∈ E(G) for 1 ≤ i ≤ 2 but xiw /∈ E(G) and

xiz /∈ E(G) for 1 ≤ i ≤ 2. Further, by Lemma 3.2.11(2), wz ∈ E(G). Now

consider G + ab. Without lost of generality, we may assume that Dab = {a, t}
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for some t ∈ V (G) − {a, b}. By Lemma 3.2.1(2), t /∈ NG(b). Then t ∈ {w, v}.
If t = w, then wv ∈ E(G) and thus {w, b} 	 G, a contradiction. Hence, t 
= w.

Therefore, t = v. Then vz ∈ E(G) since az /∈ E(G). But then {z, a} 	 G, again

a contradiction. This settles our claim.

Then |A−B| = 2 or |B−A| = 2 since |V2| = 4. Without lost of generality,

assume that |A−B| = 2. Then |B−A| = 1. Put {w1, w2} = A−B, {z} = B−A

and {x} = A ∩ B. By Lemma 3.2.10(3), we may assume that xw1 /∈ E(G) and

xz /∈ E(G). Further, xw2 ∈ E(G) and xv ∈ E(G). Then zw1 ∈ E(G) by Lemma

3.2.11(2). It follows that zv /∈ E(G) otherwise {z, a} 	 G.

Claim 2: w1w2 /∈ E(G).

Suppose not. Then w1w2 ∈ E(G). Thus d(w2, z) ≤ 2 since zw1 ∈ E(G).

By Lemma 3.2.8(3), w2z ∈ E(G). But then either {w2, u} 	 G if w2v ∈ E(G) or

{w2, u} 	 G + uv if w2v /∈ E(G), a contradiction. This proves our claim.

Claim 3: w2v ∈ E(G).

Suppose this is not the case. Then w2v /∈ E(G). Then d(w2, v) = 2 by the

path w2, x, v. Consider G + w2v. If Dw2v ∩ {w2, v} = {v}, then the only vertex of

Dw2v − {v} dominates {u, a, b, z}. But this is not possible since ab /∈ E(G) and

z ∈ V2. Hence, Dw2v = {w2, t} for some t ∈ V (G) − {w2, v}. Then t dominates

{w1, u, b}. Thus t ∈ V1 since w1 ∈ V2. But this is not possible since bw1 /∈ E(G)

and ab /∈ E(G). This contradicts the fact that γ(G + w2v) = 2 and settles our

claim.

We now distinguish two subcases.

Subcase 1.2.1: vw1 ∈ E(G).

Observe that NG(z) ∩ NG(w2) = φ. By Lemma 3.2.8(3), d(z, w2) = 1 or

d(z, w2) = 3. If d(z, w2) = 1, then zw2 ∈ E(G) and thus G is isomorphic to J6.

Further, if d(z, w2) = 3, then zw2 /∈ E(G) and thus G is isomorphic to J7.

Subcase 1.2.2: vw1 /∈ E(G).

Consider G + bw2. Let {s} = Dbw2 − {b, w2}. We first suppose that

Dbw2 = {b, s}. Then s /∈ NG(w2) by Lemma 3.2.1(2). Thus s ∈ {w1, z} since

s 	 {a, v}. But then no vertex of Dbw2 is adjacent to v, a contradiction. Hence,
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Dbw2 = {w2, s}. Then s /∈ NG(b) by Lemma 3.2.1(2). Thus s = a since s 	 {u}.
It follows that w2z ∈ E(G) since sz /∈ E(G). Hence, G is isomorphic to J8.

Case 2: There exists a vertex of V1, say a such that a is not adjacent to some

vertex of V2, say y.

By Case 1, we may assume that ab ∈ E(G). Since y ∈ V2 and ay /∈ E(G),

it follows that by ∈ E(G). Thus y ∈ B − A. Further, since Duy = {y, y2},
z1y ∈ E(G) or z1y2 ∈ E(G). Thus d(b, z1) = 2. Consider G + ay. By Lemma

3.2.3, Day = {a, z} for some z ∈ (V2 ∪ V3) − {y}. Then zy /∈ E(G) and z 	 V3.

If z 	 V2 − {y}, then {z, b} 	 G, a contradiction. Hence, there is y1 ∈ V2 − {y}
such that zy1 /∈ E(G). Then ay1 ∈ E(G) since Day = {a, z}. We now distinguish

two cases.

Case 2.1: |V2| = 3.

Then |V3| = 2.

Claim 4: z ∈ V2.

Suppose this is not the case. Then z ∈ V3. Thus there exits y2 ∈ V2−{y, y1}
such that zy2 ∈ E(G). It follows that by1 /∈ E(G) otherwise {b, z} 	 G. Consider

G + uy. By Lemma 3.2.4, Duy = {y, w} for some w ∈ (V2 ∪ V3) − {y}. Then

w 	 {a, z} since ya /∈ E(G) and yz /∈ E(G). Thus w = y2 since y1z /∈ E(G).

Hence, y2a ∈ E(G). Now consider G + uy1. By similar argument, Duy1 = {y1, y2}
and thus y2b ∈ E(G).

Let {z1} = V3 − {z}. Since Duy1 = {y1, y2}, z1y1 ∈ E(G) or z1y2 ∈ E(G).

Thus d(a, z1) = 2. Further, since Duy = {y1, y2}, z1y ∈ E(G) or z1y2 ∈ E(G).

Thus d(b, z1) = 2. Consider G + az1. By Lemma 3.2.3, Daz1 = {a, w1} for some

w1 ∈ (V2 ∪ V3) − {z1}. Then w1 	 {y, z} since ay /∈ E(G) and az /∈ E(G).

Thus w1 = y2 since z is not adjacent to y and y1. Hence, y2y ∈ E(G). We next

consider G + bz1. By similar arguments, Dbz1 = {b, y2} and thus y2y1 ∈ E(G)

since by1 /∈ E(G). Now y2 	 {a, b, y, y1, z}. Clearly, {y2, z} 	 G + uz and

{y2, z1} 	 G + uz1 since z 	 V3 and V3 = {z, z1}. But this contradicts the fact

that γ(G + uv) = 3 since v ∈ {z, z1} This settles our claim.

By our hypothesis that |V2| = 3 and Claim 4, V2 = {y, y1, z}. Note that

by1 /∈ E(G) otherwise {b, z} 	 G. Let {v1} = V3 − {v}. Then zv ∈ E(G)

and zv1 ∈ E(G). Since z ∈ V2, we may assume without loss of generality that
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za ∈ E(G).

Claim 5: NG(z) = {v, v1, a, b}.
By the above argument we only need to show that zb ∈ E(G). Consider

G + uy1. By Lemma 3.2.4, Duy1 = {y1, w2} for some w2 ∈ (V2 ∪ V3) − {y1}. Since

y1b /∈ E(G) and y1z /∈ E(G), it follows that w2 	 {b, z}. Thus w2 ∈ V2 since

b ∈ V1 and z ∈ V2. Consequently, w2 = z since yz /∈ E(G). Hence, bz ∈ E(G) as

required. This settles our claim.

Claim 6: vv1 /∈ E(G).

Suppose to the contrary that vv1 ∈ E(G). Consider G + av1. Then, by

Lemma 3.2.3, Dav1 = {a, w3} for some w3 ∈ (V2 ∪ V3) − {v1}. Clearly, w3 	 {v}
but w3 /∈ NG(v1) by Lemma 3.2.1(2). Thus w3 /∈ {z, v}. Consequently, w3 = y or

w3 = y1. If w3 = y, then {v, a} 	 G, a contradiction. Hence, w3 = y1. But then

{v, b} 	 G, again a contradiction. This settles our claim.

Claim 7: d(v) = 2.

Suppose this is not the case. Then d(v) = 3 since |V2 ∪ V3| = 5 and by

Claim 6. Thus vy ∈ E(G) and vy1 ∈ E(G). By Claim 5, {v, z} 	 G + uv, a

contradiction. Thus d(v) ≤ 2. By our hypothesis that d(v) ≥ d(u) = 2, d(v) = 2.

This settles our claim.

Recall that vz ∈ E(G). We may now assume without loss generality that

vy ∈ E(G) but vy1 /∈ E(G). Note that v1y /∈ E(G) otherwise {y, a} 	 G. Now

consider G + av. By Lemma 3.2.3, Dav = {a, w4} for some w4 ∈ (V2 ∪ V3) − {v}.
Then w4 	 {y, v1} but w4 /∈ NG(v) by Lemma 3.2.1(2). Thus w4 /∈ {y, z}. Hence,

w4 ∈ {v1, y1}. Clearly, w4 
= v1 since v1y /∈ E(G). Hence, w4 = y1. Then

y1y ∈ E(G) and y1v1 ∈ E(G). Hence, G is isomorphic to the graph in Figure 4.4.

Figure 4.4: A 3-(γ, 2)-critical graph of order 8
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It is easy to see that the graph in Figure 4.4 is isomorphic to the graph J8.

Case 2.2: |V2| = 4.

Then |V3| = 1 and thus V3 = {v}. Recall that V1 = {a, b} and ab ∈ E(G).

Claim 8: d(v) = 2.

Clearly, NG(v) ⊆ V2 and |NG(v)| ≤ |V2| − 2 = 2 otherwise {v, a} 	 G or

{v, b} 	 G since each vertex of V2 is adjacent to a or b. By our hypothesis that

d(v) ≥ d(u) = 2, d(v) = 2.

Claim 9: If {x1, x2} = V2 − NG(v), then NV1(x1) ∩ NV1(x2) = φ.

If x ∈ NV1(x1)∩NV1(x2) where x ∈ {a, b}, then {x, v} 	 G, a contradiction.

This settles our claim.

Put NG(v) = {w1, w2}. We first suppose that w1w2 /∈ E(G). For 1 ≤ i ≤ 3,

set V
′
i = {x ∈ V (G)| d(v, x) = i}. Clearly, u ∈ V

′
3 and {v} ∪ V

′
1 ∪ V

′
2 ∪ V

′
3 forms

a partition set of V (G). By applying Case 1, G is isomorphic to Ji for some

3 ≤ i ≤ 8. We may now assume that w1w2 ∈ E(G). Thus G[{v, w1, w2}] = K3.

Claim 10: For 1 ≤ i ≤ 2, NV1(wi) = {a, b}.
Since wi ∈ V2, wia ∈ E(G) or wib ∈ E(G). Suppose without loss of gen-

erality that wia ∈ E(G) and assume that wib /∈ E(G). Consider G + bwi. By

Lemma 3.2.3, Dbwi
= {b, x} for some x ∈ (V2 ∪ V3) − {wi}. Then x 	 {v} but

x /∈ NG(wi) by Lemma 3.2.1(2). But this is not possible since G[{v} ∪ NG(v)] =

G[{v, w1, w2}] = K3. This settles our claim.

Recall that y ∈ B − A, y1 ∈ A and z is not adjacent to y and y1. Further,

z 	 V3. Then y /∈ {w1, w2} by Claim 10. Since z 	 {v} and zy1 /∈ E(G), it follows

that y1 /∈ {w1, w2} since G[{v} ∪ NG(v)] = K3. Hence, V2 − NG(v) = {y, y1}. By

Claim 9, y1b /∈ E(G) since yb ∈ E(G). Note that z ∈ {v, w1, w2}. It is easy to

see that, for 1 ≤ i ≤ 2, wiy /∈ E(G) otherwise {wi, a} 	 G and wiy1 /∈ E(G)

otherwise {wi, b} 	 G. Consider G + uy. By Lemma 3.2.4, Duy = {y, c} where

c ∈ (V2 ∪ V3) − {y}. Clearly, c 	 {v} since yv /∈ E(G). Then c ∈ {v, w1, w2}.
Thus yy1 ∈ E(G) since y1 is not adjacent to any vertex of {v, w1, w2}. Hence, G

is isomorphic to the graph in Figure 4.5.
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Figure 4.5: A 3-(γ, 2)-critical graph of order 8

It is easy to see that the graph in Figure 4.5 is isomorphic to the graph J2. This

completes the proof of Case 2.2 and hence our theorem.
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