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Chapter 1

Introduction

1.1 DC Electrical Methods and Their Applica-
tions

While both electromagnetic and DC electrical methods first came into
use in the early part of the 20th century, the DC methods gained early accep-
tance because of less demanding theoretical and instrumentation considerations.
DC methods have become the most widely used geoelectrical method. These tech-
niques have been standardized, and the capabilities and limitations of the methods
are widely understood and accepted.

In fact, it is important to realize that direct current is not used in DC
electrical surveys. The DC techniques could better be described as employing time
varying direct current. This phrase may well be considered to be an oxymoron,
but it is useful in pointing out that when we speak of a DC geoelectrical method,
we mean that theory based on DC behavior is used, not direct current. There are
many sources of nearly DC voltage in the earth, and it is not easily possible to
identify the DC voltage caused by current that we inject into the ground from all
the other DC voltages. We make our contribution detectable by causing it to vary
with time in a specified way, so that the signature of the signal can be recognized.
The signature can be of any form, so long as the frequency is low enough that the
term —0B/0t in Maxwell’s equations can be ignored.

A particularly important group of DC electrical techniques includes those
known as vertical electrical sounding (VES). In traditional soundings, an assump-
tion is made that the geoelectrical structure in the area of exploration is one-
dimensional, with resistivity in the earth varying only with depth. The concept of
one-dimensionality is often extended to include geoelectrical structures which are
obviously other than one-dimensional. In such cases, representation of a more com-
plicated earth structures by a series of one-dimensional resistivity-depth functions
along a profile is used as a first step towards a more exact two- or three-dimensional
interpretation.

Another approach to the use of DC surveys is in horizontal profiling.



In this application, we assume that the geoelectrical structure is one in which
electrical resistivity in the earth changes laterally. Surveys are then carried out
by moving electrode arrays along a profile, attempting to determine the location
of changes in ground resistivity along the profile.

A third approach to using DC surveys is the electrical mapping method.
In such a survey, a single source of current flow in the ground is established,
and thus, the electric field or the potential is mapped over the surface of the earth
around the source in an area of exploration interest. Mapping the spatial behavior
of the DC field is useful in that interpretations can be made fairly readily in terms
of two- and three-dimensional earth structures.

A highly important time-varying electrical method is the induced polar-
ization (IP) method. In this method, it is recognized that the current flow in the
earth can cause chemical reactions with some minerals, in particular the metal
oxides and sulfides, causing some of the energy to be stored as chemical energy.
As the level of the current is changed, the rate of chemical reaction changes, and
in particular, if the current is interrupted, the chemical reactions may partially re-
verse, returning some of the chemical energy as current which decays in time. The
process can be considered to be roughly analogous to the charging and discharging
of a capacitor. This leads to a time-varying behavior of the electric field in the
earth, but when the frequencies are low enough that we can still say —0B /0t ~ 0,
the behavior can still be described adequately with what we call DC theory. The
IP method has been found to be extraordinarily effective for use in exploration
for mineral deposits since its introduction in the 1940s. A sectioning approach is
often used with IP surveys, that is, an electrode array is both expanded in size
and moved laterally along a traverse in the course of a survey. The product is a
pseudosection resembling a cross section of the earth along the traverse.

The basic premise in development of time-varying DC methods is that
the term —0B /0t in Maxwell’s equations can be considered to equal zero, and
therefore, no magnetic induction effect exists. However, we need not assume that
all magnetic effects are absent. In fact, the equation

VxH=J

holds independently of the size of the term —0B/0t. This equation states that
we can measure a magnetic field as a means for characterizing the behavior of a
time-varying direct current field. Jakosky [31, 32] suggested that magnetic field
measurements be used in place of electric field measurements in determinations
of earth resistivity, while Seigal has developed the approach of using magnetic
field sensors in induced polarization surveys (Seigal [51], Seigel and Howland-
Rose [52]). The use of magnetic field measurements in resistivity determinations
has been termed the magnetometric resistivity method, or MMR (Edwards [15],
Edwards and Howell [16], Nabighian et al. [43]). The MMR method differs from
the traditional resistivity method in that the potential electrodes are replaced by a
highly sensitive coil or magnetometer and one or more components of the magnetic



field are recorded. This method has been used successfully to explore for massive
sulfides and for geothermal resources, to map regional geology, to study hard rock
sites for nuclear waste disposal, to locate reef structures in sedimentary basins,
and to obtain conductivity profiles of the sea floor with depth, both in shallow
and deep water.

1.2 Outline of the Thesis

This thesis deals with development and application of new electrical tech-
niques for enhanced investigation in geophysical explorations. A horizontally strat-
ified structure of the earth is studied in this research work.

Chapter 2 presents an electrical method used for investigation of a multi-
layered earth structure. The method proposed here is based on the measurement
of low-level, low-frequency static magnetic fields associated with noninductive cur-
rent flow between two current electrodes on the earth’s surface. Analytical solu-
tions of the steady state magnetic field due to a direct current source are derived
in this study. Two types of multilayered earth structures are considered, includ-
ing layers having constant and exponentially varying conductivities. The Hankel
transform is introduced to our problems and analytical results are obtained. Our
solutions are achieved by solving a boundary value problem in the wave number
domain and then transforming the solution back to the spatial domain. The prop-
agator matrix technique is used to formulate recurrence relations for solving the
problems. The curves of magnetic fields obtained from the DC and MMR methods
are plotted and compared to show the behavior in response to different ground
structures while some parameters are approximately given. The ground structures
of rice paddy field and marine shrimp aquaculture farm are used to investigate
the magnetic field responses.

In Chapter 3, analytical solutions of the steady state magnetic field are
developed for the problem of a transitional medium in which the ground layers
have linearly and binomially varying conductivities. An inverse problem via the
use of the Newton-Raphson optimization technique is introduced for finding a
conductivity parameter of the ground.

Chapter 4 describes a study of interpretation of electrical surveys using
buried current electrodes. The area of investigated study is situated in a transi-
tional zone. We derive analytical solutions of the electric potential resulting from a
direct current point source located anywhere within multilayered earth structures.
The propagator matrix technique is also applied to make upward and downward
recurrences for solving the problems. The inversion processes, using the Newton-
Raphson and quasi-Newton methods, are conducted to estimate the conductivity
variation parameters.

Chapter 5 presents an inversion scheme for nonlinear ill-posed problems
arising in geoelectrical resistivity sounding. The proposed method is the regu-
larized conjugate gradient method which is used to interpret magnetic field data



gathered from a horizontally stratified layered earth. The L-curve criterion is ap-
plied to determine a suitable value of the regularization parameter. A comparison
of this scheme with conventional conjugate gradient and Levenberg-Marquardt
methods on a test model is also presented.

Finally, in Chapter 6, we summarize the results and contributions of this
thesis, and indicate future research directions.



Chapter 2

Magnetic Field of a DC Source
on a Multilayered Earth

2.1 Introduction

Usually interpretations of traditional resistivity soundings are conducted
by assuming that the earth’s structure consists of horizontally stratified layers
having constant conductivities. In many practical cases, the assumption may be
valid. A layered earth model is used to simulate the stratigraphic target. The
numerical evaluation of apparent resistivities for a horizontally stratified earth is
done by integrating the Bessel integral of a recurrence relation, usually by digital
filtering. However, in the real earth situation, there are cases where the sub-
surface conductivity varies continuously rather than discontinuously with depth.
Although stratified earth models with a large number of layers may satisfactorily
represent the geoelectric structure of continuously varying conductivity, numerical
computation is not efficient. Many authors have investigated the case where the
subsurface has a monotonic continuous variation of conductivity with depth. A
particularly interesting case is a multilayered earth with one or more layers having
exponentially varying conductivities. Stoyer and Wait [58] studied the problem
of computing apparent resistivity for a structure with a homogeneous overburden
overlying a medium whose resistivity varies exponentially with depth. Banerjee et
al. [7] gave expressions for apparent resistivity of a multilayered earth with a layer
having exponentially varying conductivity. Kim and Lee [34] derived a new resis-
tivity kernel function for calculating apparent resistivity of a multilayered earth
with layers having exponentially varying resistivities.

The mathematical and analytical aspects of the magnetometric resistivity
(MMR) method are summarized in a review paper by Edwards et al. [17]. The
characteristic anomalies for an anisotropic earth, vertical and dipping contacts,
thin and thick dykes, semicylindrical and hemispherical depressions as well as al-
pha media are described. Edwards [15] concentrated upon estimating the ratio of
the magnetic fields below and above a known conductive layer to infer the base-
ment resistivity. Inayat-Hussain [26] gave a new proof that the magnetic field
outside the one-dimensional medium is independent of the electrical conductiv-



ity. Veitch et al. [62] indirectly derived the magnetic field within a layered earth
excited from a point source by applying Stoke’s theorem and Ampere’s law to
the electric potential, which was presented by Daniels [13]. Unfortunately, these
works are not sufficiently general about the magnetic field to be used for many
current applications. Chen and Oldenburg [11] derived the magnetic field directly
by solving a boundary value problem of a horizontally stratified layered earth with
homogeneous layers, similar to the approach used by Edwards [15]. Yooyuanyong
and Sripanya [70, 71] developed analytical solutions for the problems of heteroge-
neous layers in which the conductivities vary exponentially, linearly and binomially
with depth.

In this study, the electrical exploration method based on the measurement
of static magnetic fields associated with noninductive current flow between two
current electrodes on the earth’s surface is introduced. We derive analytical solu-
tions of the steady state magnetic field due to a direct current source on two types
of multilayered earth structures including layers having constant conductivities
and layers having exponentially varying conductivities. The Hankel transform is
introduced to our problems and analytical results are obtained. Our solutions
are achieved by solving a boundary value problem in the wave number domain
and then transforming the solution back to the spatial domain. The propagator
matrix technique is used to formulate recurrence relations for solving the prob-
lems. The curves of magnetic fields obtained from the DC and MMR methods
are plotted and compared to show the behavior in response to different ground
structures while some parameters are approximately given. The ground structures
of rice paddy field and marine shrimp aquaculture farm are used to investigate the
magnetic field responses. An inverse problem via the use of the Newton-Raphson
optimization technique is introduced for finding a conductivity parameter of the
ground.

2.2 Model and Basic Equations

In our geometric model, a point source of direct current [ is located at
the interface between two half-spaces (see Figure 2.1). The half-space above the
interface (z < 0) is the region of air with conductivity approximately equal to zero,
whereas the half-space below the interface (z > 0) is an n-layered horizontally
stratified earth with depths to the layers hy, hs, ..., h,—1 (the lowermost layer
extending to infinity) measured from the ground surface, where n > 2 is an integer.
Each layer has conductivity as a function of depth, i.e., oy (2) for layer 1 < k <n.
The general steady state Maxwell’s equations in the frequency domain (Chen and
Oldenburg [11, 12]) can be used to determine the magnetic field for this problem,
namely

VxE=0 (2.1)

and
V xH=0E, (2.2)



J DC source

o, 1st layer

O, 2nd layer

o, nth layer

Figure 2.1: Geometric model of the earth’s structure.

where E is the vector electric field, H is the vector magnetic field, o is the con-
ductivity of the medium and V is the del operator. Eliminating E from equations
(2.1) and (2.2), we obtain

V x 1 V xH=0.
o
This can be expressed in cylindrical coordinates (r, ¢, z) as
101/1 10H, 1 H., H,
o (L2L(LO ) 10N 0L (o oMY
ropo \ror r 0¢ Jzo \ 0z or
01 (10H, O0H, o110 10H,
o222 e O Lo (2 (pH) — =
+<8za(r 0¢ (9z> (97“0(7“87‘(70 2 r 8¢))e¢
10 OH, OH, 101 (10H, OH,
+ | -= L — — | - = e, (2.3)
ror \o \ 0z or rdpo \r 0¢ 0z
where H,, H, and H, are the components of H in e,, e4 and e, directions, respec-
tively. Since the problem is axisymmetric and H has only the azimuthal compo-

nent in cylindrical coordinates, for simplicity, we use H to represent the azimuthal
component in the following derivations. Simplifying equation (2.3) yields

010H 010
“B200: ororar =0

or
10°H 0 (1\O0H 1 /[19? o (1\ 0
002 0z <;) 2 o (‘a— i)+ 3 (‘) ar <7“H>)
0 (1\10
+8r (E)?@r(rfn_

In our study, we denote o as a function of only depth z, and we now have

2 2
0°H 0 (1)8[—] 0°H 10H lH:0. (2.4)

2 %9 \o) e T Trar 2



The Hankel transform (Ali and Kalla [2]) is introduced and defined by
H(\z2) = / ArH (r,z) Jy (Ar) dr
0

and
H(r,z) = / H (X 2) Jy (\r)d),

where J; is the Bessel function of the first kind of order one and A is the scaling
factor. Taking the transformation on both sides of equation (2.4), we obtain

> 0*H 0 OH 0°H 10H 1
/o /\7“(822 +08_( ) 5 + = 52 +r87“ r2H> Ji (Ar) dr
—/ Ar -0 - Jy (Ar)dr,
0

or

O*H 0 (1 0H
/0 Ar 5.2 Ji(Ar)dr+o E (—) /0 M%‘h (Ar) dr

0 0’H OH A
+/O )\< 52 + o )Jl(Ar)dr—/O —HJy (Ar)dr =0,

r

or

0*H 0 (1 *  0OH
/0 A 5.2 Ji (Ar)dr + e (—) /0 )\T‘Ejl (Ar)dr

< 0 OH D)
g () e [T T Hsona <o
or

0*H 0 (1 0H
/0 AT 5.2 Jl()\r)dquJ&(—)/o )\TEJI(/\T)d

[t 0 ( 0H "0 ( 0H
—|—ali>r(1)1+/a )\E( aT)Jl(Ar)dr+hm/ 87’( o )Jl()\r)d

D)
—/ — HJy (A\r)dr =0.
0o T

Integrating by parts on the third and fourth terms of the above equation yields

0*H 0 (1 0H
/0 )\ra J1 (Ar) dr+aa— (—)/0 )\ra—Jl (A1) dr

z \ o z
. OH Lo Y 8H d
+ alif(l;i (ATE‘A ()\7’)) ) — alg(l;l+ )\TE%QA ()\7") d?“
. OH b OH d
+ blggl@ ()\TWJl ()\r)) - blgg@ )\Tﬁd_tjl (Ar) dr

A
—/ —HJy (A\r)dr =0,
0o T



or
> 0°H J (1 *  0OH
/0 Ar 5.2 Ji(Ar)dr+o Ep (;) /0 )\T’EL (Ar)dr
' OH " OH
— lim )\ra—di,fl (Ar)dr — lim )\ra—diJl (Ar) dr

a—0t J, or dr b—oo Jq or dr

—/ élT-[Jl()\r)dr:O.
0

r

Integrating by parts again on the third and fourth terms of the above equation,
we obtain

*  0*H 0 (1 ~  OH
/0 AT 5.2 Ji (Ar)dr + o g (;) /0 )\rgth (Ar)dr
, ! d d
+ ali{(l)lJr/a )\Ha (Tajl ()\7”)) dT
ot d(d
+ blinot/l AH% (T%]l ()\r)) dr

A
—/ —HJy (Ar)dr =0,
0

r

1

d
— i M H—J; (A
im ( r = 1 ( 'r))

a—07t o
b

) d
— lim (/\TH%L (Ar))

b—o0 1

or
*  0*H 0 (1 *  OH
/0 Arﬁjl (A1) dr—i—aé (;)/0 )\7‘%(]1 (Ar)dr
d d

1 b
: . d d
+ alg(x)h/a AH% (r%{h (Ar)) dr + bll)rgo 1 )\H% (T%Jl (Ar)) dr

—/ éHJl()\r)clr:(),
0o T

or

> O*H 0 (1 *  O0H
/0 Ar 5.2 Jy (Ar)dr + o g (—) /0 )\Ta—Jl (Ar) dr

o z

o d d A
—|—/0 )\H@ <7“$J1 ()\T)) dr —/0 ; HJl ()\7") dr = O,
or

> 0*H 0 (1 ~  O0H
/o AT 5.2 Ji (Ar)dr + o 5 (;) /0 /\T%(]l (A1) dr

> d? d A
+ / ANH (rﬁjl (Ar) + —J; ()\7")) dr — / —HJy, (A\r)dr =0,
0 r dr 0

r
or

*  0*H J (1 ~  0OH
/0 Ar 9.2 Ji(Ar)dr +o E (;) /0 )\rgjl (Ar) dr

o0 o0 A
+ / AH (NrJY (Ar) + AJy (Ar)) dr — / = HJy (A\r)dr =0,
0 0

r
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or
* 9*H 0 (1 < 0OH
/0 Arﬁjl (Ar)dr+ o 5 (E) /0 )\TE(]l (Ar)dr
o 1
+ / ArH ()\QJ{' (Ar) + éJ{ (A1) = =1 (/\T’)) dr = 0.
0 r r
Since J; is the solution of Bessel’s differential equation, we now have
A 1
ATV (Ar) + — T (Ar) = 5 () = —\2Jp (Ar).
This yields
* 9*H o (1 < 0OH
/0 Ar 5.2 Ji(Ar)dr+o g (E) /0 )\TEJI (Ar)dr
- >\2/ ArHJy (Ar)dr = 0.
0
Hence, the Hankel transform of equation (2.4) results in
O*H o (1\oH -
— (=) == )\ = 2.
022 +082 (O’) 0z A (2.5)

Therefore, the magnetic field in each layer can be obtained by taking the inverse
Hankel transform to the solution of equation (2.5), which satisfies the following

boundary conditions:

1. The azimuthal component of the magnetic field tends to zero as z tends to

infinity, i.e., .
lim H,, = 0.

Z—00

(2.6)

2. The vertical component of the current density must be zero at the free
surface (z = 0) except in an infinitesimal neighborhood around a current

source (Kim and Lee [34]), i.e.,

L)

z _
01E1|z:0 - 27T r

Y

where E# is the vertical component of the electric field.

(2.7)

. The azimuthal component of the magnetic field needs to be continuous on
each of the boundary planes in the earth, i.e., for each 1 < k <n —1,

lim H, = lim, Hiir. (2.8)

z—hy z2—h}]

. The radial component of the electric field, denoted by E”, needs to be contin-
uous on each of the boundary planes in the earth, i.e., foreach 1 < k <n-—1,

lim £} = lim, Ep... (2.9)

z2—hy z—rhy,



11

To determine the radial and vertical components of the electric field related to the
azimuthal component of the magnetic field, we expand equation (2.2) and obtain

. ( 1 9H, 18H¢>er (18Hr_ 10Hz)e¢

o o 0z o Or

or 0¢ o 0z
1 0 1 OH,
+(;E(TH¢)—58¢)EZ.
10H

. . 10
E T 50z E ~ oror (rH).

This yields

2.3 Response of a Layer Having Constant Con-
ductivity

For each layer k, where 1 < k < n and n > 2, having constant conductiv-
ity, equation (2.5) reduces to

0 H,

277 _
5~ NH =0

and the solution is .
Hk ()\, Z) = Ake*/\z + Bke)‘z,

where A;, and B, are arbitrary constants, which can be determined by using the
boundary conditions. Thus, the magnetic field in layer k is

Hy (r,2) = / (Age ™ + Bpe) Ji (Ar) dA. (2.10)
0

2.3.1 Solution for a 2-layered Earth

We firstly consider a 2-layered earth model. An overburden has a constant
conductivity o; with thickness i over a host medium having constant conductivity
oy. The magnetic fields in an overburden, denoted by H,, and in a host, denoted
by H,, can be written as

Hy (N 2) = Aje™ + Bje™

and .
H2 ()\7 Z) = AQQ_)\Z + BQG/\Z,

where Ay, B;, Ay and By are arbitrary constants, which can be determined by
using the boundary conditions. To satisfy (2.6), we require

By =0.
The boundary condition (2.7) can be applied to obtain

10 T 6(r)
;E(THI) - .

27 r

(2.11)



Replacing k£ by 1 in (2.10), equation (2.11) then becomes

[o(r) /Ooo (A1 + By) (%%(m ()\r))) dA
_ /OOO (A + By) (%Jl (W) + @) d\

_ /O T4+ By (AJ{ o) + 8 97’)) dx.

Using the recurrence relation for Bessel functions (Watson [67])

Ardy (Ar) + Jy (Ar) = Ardo (Ar)

and the integral
o0 )
/ Mo () da = 200
0

r

we obtain

o 0 I
/ (Ar + Bu) Mo () d\ = / Ay (W) dA.
0 0

™

Inverting the above equation yields
1
A = — — B;.
1= 5 1
Hence, the magnetic fields H 1 and I:IQ can be rewritten as

~ I
Hi(\z) = ge”\z + By (e — ™)

and

FIQ ()\, Z) = A26_>\z.
Thus, the boundary conditions (2.8) and (2.9) lead to

I _ _ _
e Moy B (e)\h_e /\h) — Ay
and L /T )
— (_ez\h _ Bl (eAh + eAh)) _ —Agei)\h.
o1 \ 27 02
Solving these equations for the unknowns B; and A,, we obtain
B, — i (0'2/0'1) —1
DT om (e — 1) + (02 /0y) (e + 1)
and
A2 _ T oD e2/\h

7oy (e —1) 4 (03/01) (e 4+ 1)

12
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In the case of a uniform half-space, the magnetic field in a homogeneous
medium can be determined by setting oy = 09 and we then have

. I
H(\z)= %e”z. (2.12)

Using the Lipschitz-Hankel integral (Watson [67])

& 1 z
—Az
J(Ar)ydrh=-(1— —— |,
/0 € 1 (Ar) r( ’—r2+z2)

we can transform equation (2.12) back to the spatial domain and obtain

H(r,2) = 2—; (1 - ﬁ) . (2.13)

2.3.2 Solution for an n-layered Earth

We now consider an n-layered earth model. Each layer k, where 1 < k <n
and n > 2, has a constant conductivity o,. For 1 < k < n — 1, the magnetic fields
in layers k and k£ 4 1 can be written as

H, (A, 2) = Ape ™ + Bpe™*

and .
Hii1 (N, 2) = Appie™™ + Byyie™.

Using the boundary conditions (2.8) and (2.9), we obtain
Ape M 4 BreMe = Ay e M 4 By et

and ] 1
L (Ake”h’“ _ Bke’\h’“) _

Ok Ok+1

(Ak+1€7)\hk - Bk+1€’\hk) :

Hence, Ay and By can be written in terms of Ay, and By, as

1
Ay = = ((1 + 2k ) Appr + (1 — ) Bk+1€2)‘z’“)
2 Ok41 Okt1
1
Bk = —= ((1 — Tk ) Ak+1€*2/\2k + (1 + Ok ) Bk-Jrl) ,
2 Ok41 Ok+1

or, in matrix form,

and

Ay, Ak+1:|
=TI 2.14
{BJ ol |:Bk+1 ’ (2.14)

where the propagator matrix is

1 { (L + (o%/0ok+1)) (1 = (ok/0ok11)) eﬂhk} :

B =2 [0 = oo e (14 (on/unn))
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Thus, equation (2.14) can be applied to obtain

n

[gj = jl;[lrj {gﬂ , (2.15)

where I'y is the 2 x 2 identity matrix. Similarly, the boundary conditions (2.6)

and (2.7) lead to

I
A= — — By, B, =0.
21

Substituting A; and B,, into equation (2.15), we obtain
[ s =15
7=1
This can be rewritten as a system of two linear equations in terms of the unknowns

B; and A, as
(11)
EF 1| A, |I/2rm
{BJ _[ ; } (2.16)

_Fr(LQl) 1

where F| ,iij ) is determined by

k

[Ir =

=1

Fk(ll) F]gl2)
Fk(21) F]E,QQ)

Since the coefficient matrix of the above system is nonsingular (see Section 2.5),
by Cramer’s rule, the system has a unique solution

A I 1
1= 5 = 5 An = 5 .
o Fr(LH) n FT(Lm) o FT(Ln) T Fr(Lm)

As Ay, By, A, and B,, are determined, so Ay and By, where k # 1 and n, can be
obtained from the recurrence relation (2.14).

2.4 Response of a Layer Having Exponentially
Varying Conductivity
For each layer k, where 1 < k < n and n > 2, the variation of conductivity

is denoted by
oy (2) = ape™*, (2.17)

where a > 0 and b, € R. Hence, the equation for the magnetic field in each layer
can be simplified by substituting equation (2.17) into (2.5) and we obtain
O*H,  0H,
— by,
072 0z

—\2H, = 0.
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The solution to the above equation is
]Z[k ()\, Z) = Ckeza’; —+ Dkezaz,

where

ak:

b, — /b7 + 4\2 a::bk-f- by + 4\
2 Y 2 )

Ck and Dy, are arbitrary constants, which can be determined by using the boundary

conditions. Thus, the magnetic field in layer k is

Hy (r,2) = / (Ckemé +Dkem¥) Ty (Ar) dA. (2.18)
0

Consider an n-layered earth model, for 1 < k < mn — 1, the magnetic fields
in layers k£ and k + 1 can be written as

f{k ()\, Z) = C’kem; + Dkeza:

and
~ - +
Hy1 (N, 2) = Cppq€+1 + Dy e+,

Using the boundary conditions (2.8) and (2.9), we obtain

- + - +
Ckehkak + Dkehkak _ Ck+1€hkak’+1 + Dk+1€hkak+1

and
1 — hrag + hkaJr
— — | Crayy €% + Dol e
Ok
— — hra,, =+ hka+
= pr <Ck+104k;+16 k+1 Dk+104k+1€ k1)
k+1
where
: [¢] : [ ]
lim oy, (2) = oy, lim oy (2) = o,
z2—rhy; z%h:

Hence, C} and Dy, can be written in terms of Cy,q and Dy yq as
- L ((a; _ M) Chopy (e —07)

_l’_
Qp — Qy Ok+1
+
loxe’ n _
kX1 -
+ (Oé: - —+) Dk+1eh’“(ak+1 O‘k))

k41

and

1 OpQ _ -4
Dy =— - = — Qg Clc+1‘9hk<w“rl o)

{ ]
_l’_
lopdte’ + +
k' k+1 — hi |« —«
+(—. _O‘k>Dk+1€ e(odi ’“));

Okt
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or, in matrix form,

Dy, Dy |’
where the propagator matrix is
o= _ _ o+ _
) o — TE% ) phe(oga—er ) (o TRk ) e (aily, —oy)
Opy1=—F—— ' Zin : + G
+ — °ng - 4+ o _ +
A — A, (—Uk?k+l - a;;) el (el (M - ozk) e(odia i)
Okt+1 Ok41

Thus, equation (2.19) can be applied to obtain

o) =1Ie 5] (2.20

where O is the 2 x 2 identity matrix. To satisfy (2.6), we require
D, =0.

The boundary condition as given in (2.7) leads to

=2 (2.21)

z=0
Replacing k£ by 1 in (2.18), equation (2.21) then becomes
1

/ (Cy + Dy) ()\J{ (A\r) + —
0 r T
Using the recurrence relation for Bessel functions

ArJy (Ar) + Jy (Ar) = Ardy (Ar)

and the integral
/ Mo () da = 27
0

r

we obtain - o g
/ (Cy + D) Mo (Ar) d\ = / L\ g ) dn.
0 0 27T

Inverting the above equation yields

I
C,=-——D,.
1 271' 1

Substituting C and D,, into equation (2.20), we obtain

-l ]
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This can be rewritten as a system of two linear equations in terms of the unknowns
D; and C,, as

G 1| (el [1/2r

where G,(fj ) is determined by

k (11) (12)
[1ei= Gf“?l) G’fw) :
j=1 sz Gk

Since the coefficient matrix of the above system is nonsingular (see Section 2.5),
by Cramer’s rule, the system has a unique solution

17 Gy o1 1

- %Ggl) N G7(121)7 n = %G%H) N G7(121)'

As C4, Dy, C,, and D,, are determined, so C} and Dy, where k # 1 and n, can be
obtained from the recurrence relation (2.19).

1

2.5 Analysis of Nonsingular Matrices

The coeflicient matrices of the linear systems of equations (2.16) and (2.22)
are discussed in this section. We are going to show that both of the coefficient
matrices are nonsingular. The main idea of the proof is to use a well established
result that if A is an n X n matrix, then A is a singular matrix if and only if the
determinant of A is zero.

We start off by proving a few simple properties of the entries F, éij ) and
G
Lemma 2.1. The statement

F,glz)—i—F,Em) o~ 2 <F]£11)+F,§21)

1s true for all k > 1.

Proof. We prove the above statement by using the principle of mathematical in-
duction on k. If kK = 1, then Fk(” ) is an entry of the 2 x 2 identity matrix, and
SO

’Fk(m) + F,§22) e~ _ o2 - Fk(n) X Fk(zl)'

Suppose that £ > 1 and that the statement is true for £ — 1, i.e.,
B+ R e < B 4 B2,

This yields
(Fk(l_ll) + F,ﬁ?) + (F,ﬁl_? + F,ﬁ?) e M1 5 (2.23)
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and
(AL + FEY) = (B + ) e > 0, (2.24)

Since we have

_ O'k71> o2 k1

Ok
l _ Ok—1 —2Mhg_q l Ok—1 !
2 <1 Ok ) € 2 1 _|_ Ok

it follows from (2.23) and (2.24) that

1 O
—2\hy k—1 (11) _2Ahy_ (12)
e’ ’“—§‘<1— o >Fk—162 ’“+(1+ - )Fk—l

o=
VS
Q
Q |+
> |
—
N——
[N
/N

FkE12) + F1522)

. (1 B O'k—l) Fk(—l) g1y (1 X O'k:—1> Fé?) —2X\hy,
Ok O
1 Ok~ (11) _2xh Ok-1\ (12)
<z |[1- F, (1 F
3 (=55 rtens (152
i (1 B Uk_1) Fk(211) 2M\hp 1 + <1 I 0k-1> F,ﬁ? 6_2>\hk’1
Ok O
1 Ok—1 (11 (21
-] (%) ()

i (1 n Uk;l) (F(m) +F(22)> —2Xhy_1
Ok

1 1 12 (22) -
3G ) (e
-1 (21) 12 —
() - ()
1
H((ses) (s -cmi) )
g

k-1 11) 21 (12) 22 -
() () )

Or—1\ p1) 1 Tk—1\ 2(12) —2h;_
1 F - 1 _ F k—1
+ or ) k—1 + 9 ( oL ) k:—le
1
2

(22) 3 o-50) o

Therefore, the principle of mathematical induction yields the assertion. n
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Lemma 2.2. The statements
<G(12 e 22)> —hiaif (G]E;H) i G,(fl)> aljefhka;
and
(G,(j” . G}f”) eead o (ng " G,?”) o—hkag
are true for all k > 1.

Proof. We also prove the above statements by using the principle of mathematical
induction on k. If £ = 1, then the entry G 7)'is in the 2 x 2 identity matrix. Thus,
we obtain

(G,(CIQ G(22> —hpai _ = age —hiaf afe —hpay _ (G 11) —|—G(21 ) afe —hkay,
and
(ng) +G,(€22)> oheal — pmhiall o o—hkay _ (ng +G}(fl)) ooy
Next, we suppose that k£ > 1 and that the statements are true for k£ — 1, i.e.,
<G(12) +G,(€221> aj_ye M < (G(H) +G 1) gy (2.25)

and
(G2 + G etmoeion < (G 4+ GEY ) e e, (2.26)

Since we have

(21) (22)
11 12
e o ()
Gy G a:—l —

it follows from (2.25) and (2.26) that

o +
(G177 + G ) oot = — ! (<a,j | = e ) QU hr (o =ai_a)
Qg O

N (a,‘; ay B ) 12) e (af —af )

+(Oz:1 Pk 1a ) 21) ehi-1 (o —ei_s)

N <JZ 1041.3 B ) ohr—1 (af —aj_ 1)) age —hpay
k-1~ Y1 k

‘7/3—1042 (12) (22) h + h et
+ Pra Qg (Gk—l + Gk—l) e 04126( ki ey
k
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or

1 _
(G,(Clz) + G,(fz)) Oz,;e_h’co‘ﬁ T <<(G;(€1,1% + G,(f,li) a;le—h’“—l%—l

+
k—1 k—1
R

Uk e <<G(111—|—G(21> —hk—1ay_,

.
B (G 12) —|—G22)> —hg_ai_ 1)) (hi—1—hp)
¢ o (e e
A1~ Q1
+
k—

(Gk 1+G22)> Q1€ e )%Jr

B oo o <<G(11 +G(21> ~hp_10_,

[ ]
Oy

- (Gl + G et )] et

1
<—4— <<( b 1—|—G21)>oz e
a a
+
k—

k-1 Y1
(Gk 1+Gk 1) Qe e )O‘:
B op_ o ap ((G(H i G(21 ) ~hk_10_,
o

— (G,(:fi + G](f_Qi) efhkﬂa;,l)) e(hkﬂ—hk)a;
1 50 om )
= - ((O{;’;l — k;.k) (Gk 1 + G 21)) _hk—lak_l
Qg1 — Qg1 oy

O_O a_ —

k

1 o0 - a0
_ ot  _ Ck=1Tk G(H)ehkfl(% —ay_y)
P — k—1 o k—1
Qg1 — O k

_l’_
o7 10 +
—1 — 12 L —
+ ( - —O‘k—l) G2 et (o =aiea)
o
k
o
g (0% - -
+ (O‘Z—l R ) &R Ca Y
Tk
o
0. 100 o —_at _ -
(T ) o) e
g
k

_ <G(11) i G (21) ) o +p—hoy,



By a similar argument, we also have

(G,(:Q) n G,(fQ)) o—hraf

1 o° aF .
S T — ((az_l — M) Gl(cl_liehk_l(a;_%_l)

[ ]
g1 ™ Y1 o
o .+
Tr1® o+
0—.
k
o _+
o ae L
-1 21 B _
(ot - ot et
Oy
o _+
g «
+ < k—l. ko _ al;—l) G;ffiehk—l(az—a;f_1>> e*hkaz
g
k

k

o 1025 (12) (22) h + h Aot
+ ;. — 0y (kal + Gk71> O e

k
1 -
af | —a;_, (((GS}i - Gl(f—li) &Z_le’hkﬂ%ﬂ

Qg — 0y
— (604 + 6 apyernia)
o Oé+ .
- T (Gl 4 G2 i
Ok
_ (GSE% + Gf}i) e_hk—loé;r_1>> e(hk—1—hk)ak+
L (11) e\ +  —he o
m (((Gk—l + Gk_1> Qy_q€ k=1 _1
o (Gg—zi + foi) Oé,;_le_hk—lazq)
— T (G 1 62 et
Ok
— (G,(clfi + G,(f_?) e*hkfla;rﬂ)) e(hkflfhk)az
1 (11) @)\ 4+ —ha-
m (((Gk—l + Gk—l) o _qe Rk
— (603 4G oy et
oy 10 B
~ e ((Gg . G}f}{) P10y
Ok
— (GS}% + G;i?) e—hk—wz;:_l)) o(hr—1—hi)ay;

1 o )
Jr—f ((az_l J— M) (G;l_li + G](f_li) €7hk*1ak71
Q-1 =~ X1 o

k

+ (%;1.% _ Oz;l) (GSE{ + G;ffi) e—hk_laLl) o1 —hi)ag;

21

1 o ot 7
= ot (o - ) (ot ) e
Q-1 =~ X1 o



or

1 op_104
(647 + 6 et = T (o - P )

{ ]
Q1 — Xy O

22

GO ghi—r(og; —a_y)

k—

1

oy L0 -

O

+ (az_l B O-k;—]_ak > G]E?_liehk_l(a;—a;_l)

k

° _

o7_ - -

+ E—1"k o G(2_2) ehk,l(ak _O‘Ic—l) e_hko‘k
o° k—1 k—1

k
_ (a4 o) e

Therefore, the principle of mathematical induction yields the assertion.

]

We are now in the position to prove the nonsingularity of the coefficient
matrices, which can be used to solve the linear systems of equations (2.16) and

(2.22), valid in these cases where there is a unique solution.

Proposition 2.3. The coefficient matriz of equation (2.16) is nonsingular.

Proof. We are going to show that the determinant of the coefficient matrix of

system (2.16) is nonzero, i.e.,

FM g

e g T ('Y 4 FED 0.

To prove this, we note that

FOD - p02)
PO p2)

N =
VRS
—_

Q
Q|3
A

—
N———
N =

Since n — 1 > 1, by Lemma 2.1, we have

F(121)—|—F221) o 2Ahn1 (111)+F(21)

n—

This yields

and

n—1-

(-
1

>0

> 0.

1+ 2=t

an_1> o2 1

)



23

Hence, we obtain

FO 4 pen 1 |4 Tom F751_11) +1 | T F7§1_21)€_2)\h"_1
2 o, 2 on
1 n— 1 n— _
e B T e O e I O
2 oy, 2 o
1 Op—1 11 21
S5 () (e )
- (1 - 0”‘1> (FS_? + Fff) e”hnl>
On
1
=L (R EE) (RO 4 FER) o)
P (RO 4 E) - (R 4 ) ) >0

Therefore, the determinant of the coefficient matrix is nonzero. This implies that
the coefficient matrix of system (2.16) is nonsingular. O

Proposition 2.4. The coefficient matriz of equation (2.22) is nonsingular.

Proof. We also want to show that the determinant of the coefficient matrix of
system (2.22) is nonzero, i.e.,

(1)
GC?(M) 1 =G+ GV #0.

To prove this, we note that

j=1 J=1
e e \ed o

Because n — 1 > 1, Lemma 2.2 asserts that

(G493 + 6 oot < (G4 + 62 gyt

n—1

and

(G424 a2 e trnion < (G + GRY) e,

n— n—
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it follows that

GUD 4 Gy — . <(a:1 B 021045) Gglli)lehn_l(a;—a;_l)
-1

Q

q

+

+

n—

_|_

(e
<a 1, ) G2V e (0071
(55 o)

GSQ%eh" 1(an—at 1)>
+

n—1 "~ “Yn-—1 n
o .
+( o 1) (62 +a) e—hnmw) ehn1csn
1
=7 - (((Gnl—l)l+Gn2—1)1) e 1t
an 1 an 1
+

(G(121 " G(22 ) _hn,la;1>> phn—10m 5 ()

Therefore, the determinant of the coefficient matrix is nonzero. This shows that
the coefficient matrix of system (2.22) is nonsingular. ]

2.6 Numerical Experiments

In our numerical experiments, we calculate the magnetic fields due to
a direct current source on multilayered earth structures of six models. Chave’s
algorithm [10] is used for numerically calculating the inverse Hankel transform of
the magnetic field solutions. Our example models are compared to the models
using the MMR method obtained by Chen and Oldenburg [11], Yooyuanyong and
Sripanya [70, 71]. The electric current of 1 ampere is used in our computations.
The magnetic fields from many kinds of ground structures are ploted to show the
behavior of fields against source-receiver spacing at different depths.

2.6.1 Synthesis Models

We firstly consider the synthesis models of 2-layered earth. Our models
are grouped into two categories. The models denoted by Models A-1, A-2, B-1 and
B-2 of the first category have conductivity discontinuity at the interface of layers.
The models A-1 and B-1 are obtained from the DC method, whereas the models
A-2 and B-2 are gotten from the MMR method. The conductivities of the first and



25

second layers for this category are constant. The magnetic fields can be described
by the model in Section 2.3.1. The values of the model parameters are given in
Table 2.1. The models of the second category are referred to as Models C-1, C-2,
D-1 and D-2. The conductivities for these models have continuity at the interface
of layers. The models C-1 and D-1 are obtained from the DC method, whereas the
models C-2 and D-2 are gotten from the MMR method. The overburden of these
models has an exponentially varying conductivity denoted by o (2) = ae®* with
thickness h, and the host has a constant conductivity o (h) with infinite depth.
The values of the model parameters for this category are given in Table 2.2. The
results of all models are plotted to show the behavior of magnetic fields against
source-receiver spacing r at different depths z = 0,0.5,1,...,10 metres as shown
in Figures 2.2 and 2.3.

Table 2.1: Methods and model parameters used in the first category.

Methods Model Parameters
DC MMR o1 (Sm™) o3 (Sm™) A (m)
A1 A2 0.05 0.5 5
B-1  B-2 0.5 0.05 5

Table 2.2: Methods and model parameters used in the second category.

Methods Model Parameters
DC MMR a(Sm™) b (m™') h(m)
Cc1 G2 0.05 0.2In10 5
D-1 D-2 0.5 —0.2In10 5

2.6.2 Real Earth Models

We now consider the conductivity data of the real earth structures of
rice paddy field and marine shrimp aquaculture farm, Banglen, Nakhon Pathom,
Thailand (Yooyuanyong et al. [69]). Soil salinity profiles frequently display mono-
tonically increasing or decreasing salt concentrations with depth z. This salt
concentration is strongly correlated with the conductivity o of the ground and
can be frequently denoted by an equation o (2) = ae®*, where a and b are the pa-
rameters that define the conductivity profile (Lee and Ignetik [37]). The models
of rice paddy field are denoted by Models E-1 and E-2; and for marine shrimp
aquaculture farm, the models are referred to as Models F-1 and F-2. The models
E-1 and F-1 are obtained from the DC method, whereas the models E-2 and F-2
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Model A-1 Model A-2
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Figure 2.2: Behavior of magnetic fields from our models in the first category.
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Figure 2.3: Behavior of magnetic fields from our models in the second category.
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are gotten from the MMR method. All the models are the heterogeneous conduc-
tive half-spaces and have exponentially varying conductivities as given above. The
values of the model parameters for the real earth structures are given in Table 2.3.
The results of these models are also plotted to show the behavior of magnetic fields
against source-receiver spacing r at different depths z = 0,0.5,1,...,10 metres as
shown in Figure 2.4.

Table 2.3: Methods and model parameters used in real earth models.

Methods Model Parameters
Structure DC MMR a (S-m_l) b (m_l)
Rice paddy field E-1 E-2 0.0780032423  0.1399913356
Marine shrimp aquaculture farm F-1 F-2 0.1743262126  0.1006195806

o o
o >

o

g
o
>

Magnetic Field Intensity (A/m)
o
o
=]

Magnetic Field Intensity (A/m)

o
o
5

4
o
>

o

n n . . . . — . . . .
1 3 5 7 9 1" 13 15 1 3 5 7 9 11 13 15
Source-Receiver Spacing (m) Source-Receiver Spacing (m)

Model F-1 Model F-2
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0.12F
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0.08
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Figure 2.4: Behavior of magnetic fields from real earth models.

2.7 Inversion Process

In our inverse model examples, we simulate the reflection of magnetic
radiation data from our forward models of practical interest. Two types of ground
structures are used to investigate the conductivity profiles. Newton’s method in
optimization is applied to find a conductivity parameter of the ground.
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2.7.1 Sample Tests

We firstly consider the magnetic field data obtained from the models of
two simple cases. Both of the test models are the heterogeneous conductive half-
spaces. The first model has exponentially increasing conductivity with depth,
whereas the second model has exponentially decreasing conductivity. The values
of the model parameters are given in Table 2.4. The parameter a is a conductivity
of the earth’s surface, which can be assumed to be known from the measurement.
The iterative procedure using the Newton-Raphson method (Press et al. [48]) is
applied to estimate the model parameter b of conductivity variation. We start the
iterative process to find the values of the conductivity parameter with an initial
guess b =0 m~!. The optimal results are close to the true values with misfits less
than 107'* A-m~" after using only 4 iterations (see Tables 2.5 and 2.6).

Table 2.4: Model parameters used in our sample tests.

Parameters
Model a (S-m_l) b (m_l)
1 0.0780032423  0.1399913356
2 0.1743262126 -0.1006195806

Table 2.5: Successive iterations for finding a conductivity parameter of the first
model in our sample tests.

Iteration Parameter b (S-m_l) Misfit (A-m_l)

0 0.000000000000000 1.214058494446720 x 103
1.307946426785820 x 10~* 7.517654261963835 x 1075
1.399565344760604 x 10~* 2.834058869836987 x 10~7
1.399913351184671 x 10~* 3.920654203089532 x 10712
1.399913355999150 x 10~* 3.680364159319444 x 10716

=~ W N

2.7.2 Interpretation of Simulated Real Data

We now consider the real data of magnetic radiation obtained from the
simulation model. The magnetic fields are generated by the forward problem of
the first model in our sample tests. Random errors up to 3% are superimposed
on the scaled magnetic fields to simulate the set of real data. The iterative pro-
cedure using the Newton-Raphson method is also applied to estimate the model
parameter of conductivity variation. The optimal result is close to the true value
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Table 2.6: Successive iterations for finding a conductivity parameter of the second
model in our sample tests.

Iteration Parameter b (S-m_l) Misfit (A-m_l)
0 0.000000000000000 9.884545374948975 x 10~4
1 —1.062912668426295 x 107! 5.856702123732604 x 10~°
2 —1.006326489408686 x 101 1.346242571305827 x 1077
3 —1.006195806657319 x 107! 6.769917897069811 x 10713
4 —1.006195806000140 x 101 1.562021926317163 x 1016

True Model /

12k — — — Estimated Model
Initial Guess Model

Conductivity (S/m)

. . . . . . . . .
0 2 4 6 8 10 12 14 16 18 20
Depth (m)

Figure 2.5: Graphs of conductivity o against depth z for our model example.

with percentage error less than only 1.2% after using 15 iterations. The graphs of
the true and estimated conductivity models are plotted as shown in Figure 2.5.

2.8 Discussions

Analytical solutions of the steady state magnetic field due to a direct
current source are derived by using the recurrence relations (2.14) and (2.19).
The recurrence relation (2.19) is applicable to general cases in which the layers
have either constant or exponentially varying conductivities. In the case of a
uniform half-space, we can obtain the magnetic field as shown in equation (2.13),
which is the same result obtained by Chen and Oldenburg [11].

The effects of magnetic fields obtained from the DC and MMR methods
are plotted and compared to show the behavior in response to different ground
structures at many depths. The magnetic curves of the models using the DC
method are quite different from the models using the MMR method. The length
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of the probe source gives effect to the magnitude of magnetic field. It can be seen
that the magnitude of magnetic field from the MMR method is much higher than
the magnetic field from the DC method at the same depth. As well as the different
ground structures, even the same method, the curves of magnetic fields are also
different at the same depth and source-receiver spacing. We observe that if the
ratio of the conductivities between two connected layers is high, it will lead to the
large sized magnitude of magnetic field. Moreover, in the case of an exponential
conductivity profile, if the exponent of the conductivity function is high, it will also
lead to the large size of magnitude. This means that the differences of curves for
our entire models are depended on the variation of conductivity. We also observe
that the responses of magnetic fields drop very fast as the source-receiver spacing
increases to 5 metres.

An inverse problem via the use of an optimization technique is introduced
for finding a conductivity parameter of the ground. Two types of ground struc-
tures are used to investigate the conductivity profiles. The iterative procedure
using the Newton-Raphson method is applied to estimate the model parameter of
conductivity variation. The optimal results of our sample tests converge very fast
to the true values with misfits less than 107> A-m~! after using only 4 iterations.
These illustrate the advantage in using Newton-Raphson method which gives the
convergence much faster than using another method of inversion (e.g., Oldenburg
[44], Vozoft and Jupp [65]). Moreover, the optimal result for the simulated real
data also converges to the true value with percentage error less than only 1.2%
after using 15 iterations. The graphs of the true and estimated conductivity mod-
els are plotted as shown in Figure 2.5. We see that the graph of the estimated
model is close to the true model. The inversion method leads to very good results
and has high speed of convergence. This shows the robustness of our models and
procedure.

2.9 Summary and Conclusions

A new electrical method used for investigation of a multilayered earth
structure is presented in this study. The method proposed here is based on the
measurement of low-level, low-frequency static magnetic fields associated with
noninductive current flow between two current electrodes on the earth’s surface.
We derive analytical solutions of the steady state magnetic field due to a direct
current source on two types of multilayered earth structures including layers having
constant conductivities and layers having exponentially varying conductivities.
The Hankel transform is introduced to our problems and analytical results are
obtained. Our solutions are achieved by solving a boundary value problem in
the wave number domain and then transforming the solution back to the spatial
domain. The propagator matrix technique is used to formulate recurrence relations
for solving the problems. One of these relations is generalized in all cases where
the layers have either constant or exponentially varying conductivities. The effects
of magnetic fields obtained from the DC and MMR methods are plotted and
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compared to show the behavior in response to different ground structures at many
depths while some parameters are approximately given. The ground structures
of rice paddy field and marine shrimp aquaculture farm are used to investigate
the magnetic field responses. The magnetic fields obtained from different ground
structures and methods of investigation are very much different, especially for
the first 5 metres of source-receiver spacing. The curves of magnetic fields show
some significance to the depth of overburden layer. The inversion process, using
the Newton-Raphson method, is conducted to estimate a conductivity parameter
of the ground. The method leads to very good results and has high speed of
convergence.



Chapter 3

Magnetic Field of a DC Source on
a Transitional Multilayered Earth

3.1 Introduction

In many instances where the geological section can be approximated by
horizontal layers, the boundaries between the layers are not sharp but are tran-
sitional in nature. The concept of transition is enlarged to the cases where at
least in one geological formation, the electrical conductivity is not constant. For
simplicity, the electrical conductivity is assumed to be linearly dependent upon
depth. In practice, the transitional layer can stand for the weathered zone in
hard rock areas where the degree of weathering diminishes with depth. This
problem was first treated by Mallick and Roy [40] who obtained a theoretical
solution for the problem of a two-layered earth with transitional boundary. Lal
[36] presented a theory of resistivity sounding on a three-layered earth comprising
an inhomogeneous interstratum. The electrical conductivity in the intermediate
layer, embedded between two layers of uniform conductivity, is assumed to follow
either binomial or exponential variation. Jain [30] derived expressions for appar-
ent resistivity of a horizontal three-layered earth where the conductivity in the
second layer varies linearly with depth and changes abruptly at the boundaries.
Patella [45, 46| considered a horizontally stratified earth where the layers with
even numbers have linear conductivities varying with depth and the layers with
odd numbers have uniform conductivities. Koefoed [35] solved the problem of a
transitional layer with linear change of the resistivity with depth, a type of change
that seems to be more common in nature than the type considered by Mallick and
Roy. A solution is extended to layered stratifications involving an arbitrary num-
ber of homogeneous layers and of transitional layers. Banerjee et al. [8] obtained
expressions for apparent resistivity of a multilayered earth where one or more of
the layers has a binomial variation of conductivity with depth. Raghuwanshi and
Singh [49] studied the problem of a multilayered earth consisting of homogeneous
overburden of constant conductivity over a stack of transitional layers where the
conductivity varies with depth according to binomial and exponential laws in even
and odd layers, respectively.
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In this chapter, we study the problem of a multilayered earth in which
the layers have transitional ground profiles. Two types of transitional zones are
considered, including layers having linearly and binomially varying conductivities.
We develop analytical solutions of the steady state magnetic field for this problem.
The governing equations in Section 2.2 are reused to determine our solutions. The
propagator matrix technique is also used to formulate recurrence relations for
solving the problems. An inverse problem via the use of the Newton-Raphson
optimization technique is introduced for finding a conductivity parameter of the
ground.

3.2 Response of a Layer Having Linearly Vary-
ing Conductivity

For each layer k, where 1 < k < n and n > 2, the variation of conductivity
is denoted by
ox (2) = mgz + ¢, (3.1)

where ¢ and my, # 0 are constants, which preserve oy (z) > 0. Hence, the equation
for the magnetic field in each layer can be simplified by substituting equation (3.1)
into (2.5) and we obtain

82 ﬁ k my 0 ]Z[ k

— — \2H, = 0.
072 mz + cp 0z F

The solution to the above equation has been found by Lal [36] and given as

002 = () (A (200 0) + Bk (20021 ),

where
my

ok = —, U (2) = 1+ o2,
Ck
I, and K, are the modified Bessel functions of the first and second kinds of order
v. The unknown coefficients A, and B, are arbitrary constants, which can be
determined by using the boundary conditions. Thus, the magnetic field in layer k

1S

mina = [ (0 (an (Sue)

+ BiK, (ﬁ% (z))>) T (M) dX. (3.2)

Consider an n-layered earth model, for 1 < k < n — 1, the magnetic fields
in layers k and k + 1 can be written as

Hi (N, 2) = ¢y (2) (Akll (%m (z)) + ByK, (ﬁ% (z)))
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)

and

~ A
Hipr (A 2) =Yg (2) (Ak+1f1 (
Ok+1

A
(2)) + B K4 (
Ok+1

Using the boundary conditions (2.8) and (2.9), we obtain

Y. (hy) (Akfl (ﬁwk (hk)> + BrK, (ﬁwk (hk))>

= V1 (ha) (Ak+1f1 ( A (hk)) + B K < A (hk)))
Ok+1 Ok+1
and

% (BkKo (i;@k (hk)) — Aply (éwk (hk)>)

A A A
= — (Bk—i-lKO ( (hk)> — A1l (
Ck+1 Ok+1 Ok+1

Hence, A; and By, can be written in terms of Ay, and By, as

)

A, = Mkfl)AkH + M;E+1)Bk+1

and
(22)
By = Mk+1 Ak—i—l + Mk+1 Byt1,

where all the coefficients M éﬂ are given by

A
e (Lt D) K e )

+ 0441 K0 <—"¢k (hk)) L ( A Vit (hk>>) :
Ok Ok+1

L — (o,:+1Ko (ﬁwk(hw) K, (i@ml(hk))

OkCk+1 Ok+1

e (o) ().

A A A
MY = vodo | k() ) 1 h
b OkCk+1 k170 Qk%( k) ! Qk+1¢k+1( k)

~h < v (hk)) ]O(Q:H

-2 ) )
+ 0%l (&% (hk)) Ky ( A Vr1 (hk:)))

Ok+1

).




and
lim oy, (2) = oy, lim opq1 (2) = o5y q.
z—rhy; z—)h,;r

These can be rewritten in matrix form as
Ae| _ o Apa
By, B’

where the propagator matrix is

11 12
Ppi1 = Ml%éili M’%izlz
M, k+1 M k+1

Thus, equation (3.3) can be applied to obtain

PR ICIFdE
where I'y is the 2 x 2 identity matrix. To satisfy (2.6), we require
A, =0.
The boundary condition as given in (2.7) leads to

5(r)

r

1
z=0 T

Replacing k by 1 in (3.2), equation (3.5) then becomes

[ (o (2 e (2)) (i 2 - 20

Using the recurrence relation for Bessel functions
ArJy (Ar) + Jy (Ar) = Ardy (Ar)

and the integral
/ Mo () dx = 200
0

r

we obtain

0 01 01 0 27

Inverting the above equation yields

1
By = ﬁ—x‘h(,
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where

n () (e

Substituting By and A,, into equation (3.4), we obtain

/2 1] = HF i

This can be rewritten as a system of two linear equations in terms of the unknowns

Ay and B,, as
1 —F™ 4] [ o
B,| |I/2mg|’

n

C FTSQQ)

where F,gij ) is determined by

k

[Ir=

J=1

F]gll) F]ng)
Fkg21) F]§22)

Similar to Section 2.5, we can prove that the coefficient matrix of the above system
is nonsingular. By virtue of Cramer’s rule, the system has a unique solution

I F12 I 1
e = I = N

As Ay, By, A, and B,, are determined, so Ay and By, where k # 1 and n, can be
obtained from the recurrence relation (3.3).

3.3 Response of a Layer Having Binomially Vary-
ing Conductivity

For each layer k, where 1 < k < n and n > 2, the variation of conductivity
is denoted by
o (2) = cp (1 + dp2)™ (3.6)

where ¢, pr and dj, # 0 are constants, which preserve oy (2) > 0. Hence, the
equation for the magnetic field in each layer can be simplified by substituting
equation (3.6) into (2.5) and we obtain

021% dkpk 8[:[k ~
— — NH, = 0.
072 1+dyz 0z e =0

The solution to the above equation has been found by Lal [36] and given as

iy (0 2) = 00* (2) (ckzw (ﬁwk (z)) DK, (ﬁwk (z)>) ,
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where L+
~ ¥ ~ P
Or = dy, Ui (2) =1+ 0p2, M= i3

Cy and Dy are arbitrary constants, which can be determined by using the boundary
conditions. Thus, the magnetic field in layer k is

i) = [ (06 (Ot (20000)

+ DiK ., (ﬁ“ (z))>> Jy(Ar)dX. (3.7)

3.3.1 Solution for a 2-layered Earth

In this section, we firstly consider a 2-layered earth model with an over-
burden depth h. Both of the ground layers have binomially varying conductivities
as given in (3.6). The magnetic fields in an overburden, denoted by Hy, and in a
host, denoted by H,, can be written as

02 =7 6) (i (00 (9)) 4 Dy (2002 )
and
a0 2) = 7 (6) (ol (202 (9)) 4 Dafy (209 ),

where C7, Dy, C5 and Dy are arbitrary constants, which can be determined by
using the boundary conditions. To satisfy (2.6), we require

Cy = 0.
The boundary condition (2.7) can be applied to obtain

10
ror 7

2=0

L 5(r)

Replacing k by 1 in (3.7), equation (3.8) then becomes

[ 2) o (2))frim 20 - 220

Using the recurrence relation for Bessel functions

Ardy (M) 4+ Jy (Ar) = Mrdy ()

and the integral
6 (r)

/ Ao (Ar)dXh = =2,
0 r



we obtain

> A A <1
/0 (01]_71 (a) + le(v_w1 (a)) )\JO ()\T) d\ = /0 %)\Jo ()\7“) dA.

Inverting the above equation yields
I

D :—~—C~,
e 16

E— K., (i) -1, (i) e
01 01

Hence, the magnetic fields H; and H, can be rewritten as

where

0 2) =7 () (Ko (200 2)

and \
a0 2) = 0 () Doy (202
2
Thus, the boundary conditions (2.8) and (2.9) lead to

) (%K (20.m)

a1 (3aw) o (200)

— )3 (h) DoK ., (%2 (h))

02
and
A 1 A -
—{t (h ~K,, | =1 (h
Clwl ( )<27T§ (Qlwl( ))
_ By \ -
- (20m) 4ok (20m)))
01 01
A~ A -
= 20 (0 Dt (S0 (0))
C2 02
where
i 1 —py
k 5
Solving these equations for the unknowns C and D,, we obtain
1 I 1
v D

YoV lu T v U
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where

0= o iy 00 (s (200 00) Ko (202 m)
— ot (200} K (202 00) )
and

V= 2 () gy () (ay_% (%% (h)) K., (%tﬁa (h)>

oo vt (2im) i (2hw)).

In the case of a uniform half-space, the magnetic field in a homogeneous
medium can be written as

~ I
H(\z2)=—e (3.9)
2m
Using the Lipschitz-Hankel integral

& 1 z
—Az
J(Ar)ydrh=-{1— —— |,
/o ‘ 1 (Ar) 7‘( vr2+22)

we can transform equation (3.9) back to the spatial domain and obtain

1 z
3.3.2 Solution for an n-layered Earth

We now consider an n-layered earth model. Each layer k, where 1 < k < n
and n > 2, has a binomially varying conductivity as given in (3.6). For 1 < k <
n — 1, the magnetic fields in layers k£ and k + 1 can be written as

A0 = 37 () (Gl (20 0)) + Di, (200 )

and

3 ; -
B (0 2) = 9755 (2) (cf (~—wk+l <z>)

Ok+1
A~
+ D1 Ky — V11 (2) .
Ok+1

Using the boundary conditions (2.8) and (2.9), we obtain
Tk A s A~
¢ (i) | Ol | 50 (hi) ) + DKy, 5, ()

= it (he) (Ok+1‘[—7k+1 <%@Ek+l (hk))

Ok

+ Dpp1 Ky (%@Ek—&-l (hk)))

k+1
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and

2 e (kak (in ) =it (2 )

TUk41 A -
2 (DMKU,M (N—wm (hm)
Ok+1

A~
- C’C+1]Uk+1 (ék_—‘rlzﬁk-f'l (hk>>) :

Hence, C} and Dy can be written in terms of Cy,q and Dy yq as
Cy = ngfl)CkH + ngl+21)Dk+1

and
21
Dk = N]§+1)Ok+1 + Nk+1)Dk+1a

where all the coefficients N ,5 j)l are given by

A

(11) o v 1
Nk+1 - @k0k+1 (hk)d]ki—; ( )
. A~ A -
X O-kK_'Yk ~_¢k (hk) -[’Uk+1 ~ ¢I€+1 (hk>
Ok Ok+1
. A - -
+ o1 Ko | =0k () Iy | = Vi1 (hi) )
Ok Ok+1
A
N(12) —_ h Vk+1
k+1 O1Chit ( k)¢k+1 ( )

X (ak+1 ( Uy (hk)> K, . <é%+17j}k+1 (hk))

KL, (% <hk>) Ko (Am <hk>)) |
Ok Ok+1

(21) A Uk41
N = =2 () B2 ()

x (ak+1 ” ( D (hk)) I, <~i¢?k+l (hk))

I

h T Vk+1
k+1 ékjck+1 ( ki) ¢k+l ( )

X (cr,‘;]_w (éqﬁk (hk)) Ko, (;@H (hk)>
Ok Ok+1

ot (% (hw) Ko (4%1 (h@)) |
Ok Ok+1
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These can be rewritten in matrix form as
Cr Clrs1
=0 , 3.11
{DJ it |:Dk+1 (3.11)

where the propagator matrix is

Thus, equation (3.11) can be applied to obtain

{gﬂ = i[l@j {gﬂ : (3.12)

where ©; is the 2 x 2 identity matrix. Similarly, the boundary conditions (2.6)

and (2.7) lead to

I -
Dlz—N—Clc, Cn:O,
2mé

~ A 5 A ~
é-:K—'Yl (E) ) C:I—'Yl (E) /é-

Substituting D; and C,, into equation (3.12), we obtain

[(1/ 27r§>1 ol T jli[l@j L())J '

This can be rewritten as a system of two linear equations in terms of the unknowns

where

Cy and D,, as
1 -G [e] [ o
¢ G| [Da] |1/ 2mE]

where G,(fj ) is determined by

k

6=
j=1

Similar to Section 2.5, we can prove that the coefficient matrix of the above system
is nonsingular. By virtue of Cramer’s rule, the system has a unique solution

Ggl) G’(€12)
G](fl) GEZ)

I Gy b1 1
1= = = ; n = = = .

As Cy, Dy, C,, and D,, are determined, so C} and Dy, where k # 1 and n, can be
obtained from the recurrence relation (3.11).
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3.4 Numerical Experiments and Inversion Pro-
cess

In our inverse model example, we simulate the reflection of magnetic radia-
tion data from our forward model of practical interest. The model of a simple case
for the ground structure is used to investigate the conductivity profile. Chave’s
algorithm is used for numerically calculating the inverse Hankel transform of the
magnetic field solutions. The special functions are computed by using the Numer-
ical Recipes source codes (Press et al. [48]). The electric current of 1 ampere is
used in our computations. Newton’s method in optimization is applied to find a
conductivity parameter of the ground.

3.4.1 Sample Test

We firstly consider the magnetic field data obtained from the model of
a simple case. The test model is a heterogeneous conductive half-space having
linearly varying conductivity. The values of the model parameters are given in
Table 3.1. The parameter ¢ is a conductivity of the earth’s surface, which can
be assumed to be known from the measurement. The iterative procedure using
the Newton-Raphson method is applied to estimate the model parameter m of
conductivity variation. We start the iterative process to find the value of the
conductivity parameter with an initial guess m = 0.01 S-m~2. The optimal result
is close to the true value with misfit less than 107> A.m™! after using only 4
iterations (see Table 3.2).

Table 3.1: Model parameters used in our sample test.

Model Parameters
c (S-m’l) m (S~m72)
0.0732142857 0.0192857142

3.4.2 Interpretation of Simulated Real Data

We now consider the real data of magnetic radiation obtained from the
simulation model. The magnetic fields are generated by the forward problem of
the example model in our sample test. Random errors up to 3% are superimposed
on the scaled magnetic fields to simulate the set of real data. The iterative pro-
cedure using the Newton-Raphson method is also applied to estimate the model
parameter of conductivity variation. The optimal result is close to the true value
with percentage error less than only 2.5% after using 10 iterations. The graphs of
the true and estimated conductivity models are plotted as shown in Figure 3.1.
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Table 3.2: Successive iterations for finding a conductivity parameter of example
model in our sample test.

Iteration Parameter m (S~m_2) Misfit (A-m_l)
0 1.000000000000000 x 102 8.180001750383465 x 10~4
1 1.852032793499813 x 102 6.250561100953308 x 1075
2 1.928092324273490 x 102 3.888282783978445 x 10~7
3 1.928571404354892 x 1072 1.269670704489176 x 10~
4 1.928571419999880 x 102 2.203713394566984 x 10716
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Figure 3.1: Graphs of conductivity ¢ against depth z for our model example.

3.5 Discussions

Analytical solutions of the steady state magnetic field for transitional
ground profiles are derived by using the recurrence relations (3.3) and (3.11). The
recurrence relation (3.11) is applicable to general cases in which the layers have
constant, linearly or binomially varying conductivities. In the case of a uniform
half-space, we can obtain the magnetic field as shown in equation (3.10), which is
the same result obtained by Chen and Oldenburg [11].

An inverse problem via the use of an optimization technique is introduced
for finding a conductivity parameter of the ground. The model of a simple case
for the ground structure is used to investigate the conductivity profile. The it-
erative procedure using the Newton-Raphson method is applied to estimate the
model parameter of conductivity variation. The optimal result of our sample test
converges very fast to the true value with misfit less than 107'° A-m~! after using
only 4 iterations. This illustrates the advantage in using Newton-Raphson method
which gives the convergence much faster than using another method of inversion
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(e.g., Oldenburg [44], Vozoff and Jupp [65]). Moreover, the optimal result for the
simulated real data also converges to the true value with percentage error less
than only 2.5% after using 10 iterations. The graphs of the true and estimated
conductivity models are plotted as shown in Figure 3.1. We see that the graph
of the estimated model is close to the true model. The inversion method leads to
very good results and has high speed of convergence. This shows the robustness
of our model and procedure.

3.6 Summary and Conclusions

The problem of determining resistivity kernel function for a transitional
medium is studied in this chapter. Two types of transitional zones are considered,
including ground layers having linearly and binomially varying conductivities. We
develop analytical solutions of the steady state magnetic field for this problem.
The governing equations in Section 2.2 are reused to determine our solutions.
The propagator matrix technique is also used to formulate recurrence relations for
solving the problems. One of these relations is generalized in all cases where the
layers have constant, linearly or binomially varying conductivities. The inversion
process, using the Newton-Raphson method, is conducted to estimate a conduc-
tivity parameter of the ground. The method leads to very good results and has
high speed of convergence.



Chapter 4

Electric Potential in a
Transitional Multilayered Earth
Containing Buried Electrodes

4.1 Introduction

Conventional resistivity surveys over deeply buried targets are often per-
formed for the purpose of outlining mineralization. Frequently, however, these
surveys are of limited value due to poor resolution resulting from the depth of the
target and a very small amplitude response due to conductive overburden. Yet,
as the target depth increases, it becomes even more important to outline mineral-
ization in some manner so as to reduce a number of deep and costly exploratory
drill holes necessary to evaluate a prospect.

The use of current electrodes down a drill hole, which has presumably
intersected some portion of the target zone or in any case is at least a near miss,
improves the response and provides valuable data concerning the direction and
offset of the target with respect to the drill hole. An electrical survey on the
surface around the drill hole containing a buried current electrode is often more
effective in outlining mineralization in the immediate vicinity of the drill hole than
conventional electrical surveys employing surface current electrodes, and therefore,
should be considered as a part of any borehole geophysics program in which surface
electrical surveys have insufficient penetration.

Investigations using buried electrodes were reported for layers having con-
stant and exponentially varying conductivities. Alfano [1] considered a three-
layered earth model with homogeneous layers and demonstrated that the uncer-
tainty in the interpretation of resistivity soundings can be reduced by using buried
electrodes. Daniels [13] presented a solution for the layered earth problem of a
buried current source and a buried receiver. The model is developed for source
and receiver electrodes buried anywhere within a horizontally stratified layered
earth containing an arbitrary number of homogeneous layers. Baumgartner [9]
studied underwater formulations which show that apparent resistivity data can be

45
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enhanced by using submerged electrodes in the water layer. Sato [50] developed
a theoretical solution for the potential field due to a direct current source buried
in a horizontally layered space with all layers possessing exponentially varying
resistivities.

In this study, we consider the problem of a multilayered earth in which
the layers have transitional ground profiles. We derive analytical solutions of the
electric potential resulting from a direct current point source located anywhere
within two types of multilayered earth structures including layers having linearly
varying conductivities and layers having binomially varying conductivities. The
Hankel transform is introduced to our problems and analytical results are obtained.
Our solutions are achieved by solving a boundary value problem in the wave
number domain and then transforming the solution back to the spatial domain.
The propagator matrix technique is used to formulate upward and downward
recurrences for solving the problems. Inverse problems via the use of the Newton-
Raphson and quasi-Newton optimization techniques are introduced for finding the
conductivity parameters of the ground.

4.2 Model and Basic Equations

A geometric model of the earth’s structure consists of two conductive
half-spaces (see Figure 4.1). The half-space above the ground surface (z < 0) is
a region of air, whereas the half-space below the ground surface (z > 0) is an n-
layered horizontally stratified earth with depths to the layers hy, ho, ..., h,_1 (the
lowermost layer extending to infinity) measured from the ground surface, where
n > 2 is an integer. A point source of direct current [ is deliberately located at
the interface z = h of layer s and layer s + 1 (1 < s < n — 1) for simplifying the
mathematics. Each layer has conductivity as a function of depth, i.e., o, (2) for
layer 0 < k < n. The electric potential V' in direct current conditions satisfies the
equation

E=-VV, (4.1)

where E is the vector electric field and V is the del operator. The vector current
density J and the vector electric field are related through Ohm’s law as

J =oE, (4.2)

where o is the conductivity of the medium. The vector current density satisfies
the equation

V-J=0, (4.3)

except at current sources or sinks. Eliminating E and J from equations (4.1),
(4.2) and (4.3), we obtain
V-(eVV)=0.

This can be expressed in cylindrical coordinates (r, ¢, z) as

1/0 oV 0 [(ocdV 0 oV
;(a(aw)w—gb(?a—cﬁ)*%(“a)):O' (44)
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surface V, - layer 0

V, - layer 1

V, - layer 2

V.- layer s

B
®

DC souree

V. - layer k

V., - layer n-1

V- layer n

Figure 4.1: Geometric model of the earth’s structure.

Since the problem is axisymmetric in cylindrical coordinates, it follows that V'
depends only on 7 and z. Simplifying equation (4.4) yields

Lo (VY o (VY
ror ar or 0z g 0z )
1 0 oV 0o OV oV 0’V 0o oV
- —r— ) +r—-—- —_——t 00—t —— =
or or or Or r Or 022 0z 0z

In our study, we denote ¢ as a function of only depth z, and we now have

0.

r

o2 ror 022 00z0z
The Hankel transform (Ali and Kalla [2]) is introduced and defined by
V(\z) = / AV (r, z) Jo (Ar) dr
0
and -
V(rz) = / V(A 2) Jo (\r) dA,
0

where Jy is the Bessel function of the first kind of order zero and A is the scaling
factor. Taking the transformation on both sides of equation (4.5), we obtain

> 0’V 10V 9*V 1000V *
/0 )\T(W—F;E‘FW‘F;%E) Jo()\?’)d?"—A )\T'O'J@()\?“)d?“,
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or
o 0’V oV * 9V
/0 A (TW—FW) JO ()\’I") d’l“—|—/0 )\ij() ()\7“) dr
100 [ 0OV
“ N g O dr =
+082/0 TazJo(r)r 0,
or
<. 0 ov > 0%V
/(; )\a (7” W) Jo ()\7') dT—F/O )\TWJO ()\7") dr
100 [ 0OV
+;$ i AraJo()\r)dr—O,
or

o (ta oV [t o oV
lim A—(r—) Jo (Ar) dr + lim 1 E(TE) Jo (Ar) dr

a—0t J,  Or or b—o0

> 9V 100 [ 0V
‘|>\/0 AT@J@ ()\T) dT‘F;E/O )\T&Jg ()\T‘)dr:()

Integrating by parts on the first and second terms of the above equation yields

aligi (Ar%—ZJO ()\7“)) : - ali}r(r)l+ al )\raﬁ—‘;%% (Ar) dr
+ banolo ()\T%—‘;Jg (Ar)) i — blijgo /1b AT%_‘:C%JO (Ar) dr
+ /000 )\7‘(?;7‘2/% (Ar) dr + %% /000 )\ré;—‘:Jo (Ar)dr =0,
or
/000 )\T%Jg (Ar) dr + %g—z /000 /\rg—‘Z/JO (Ar) dr
_ ahj(% al )\T%—‘:%Jo (Ar) dr — bli_)rglo lb /\r%—‘;d%Jo (Ar) dr = 0.

Integrating by parts again on the third and fourth terms of the above equation,

we obtain
[e'e) 2 1 [e'e)
/ /\ra—VJo (Ar) dr + 190 / /\raa—ng (Ar)dr
0 0 Z

022 o0z
— i A ViJ (Ar) 1—!— li lAvi iJ (Ar) | d
Do A\ dr”° " . ai%* " dr Tdr 0RAT "

a—07t
b

i [ (Do) dr =0
bors . dar \"ar® )=

d
— i AV —Jp (A
im ( TVdTJO( r))

b—oo 1



49

or

o] 2 1 [e’e)
/ )\ra—ng (Ar)dr + 100 )\Ta—VJO (Ar) dr
0

022 o0z J, 0z

Yo,d o d " ,d [ d
+ lim AV — (T‘—JO ()\r)) dr+ lim [ AV— (r—JO ()\r)> dr =0,

a—0t J, dr dr b—oo 4 r dr

or

> 0%V 100 > 0OV
/(; )\ijo ()\7“) dr + ;% ; )\ngo ()\7’) dr
or

& d d
AV — —Jo (A dr =0
+/0 dr <Td7“ o r)) " ’
/OO 0*V 100 [ 0V
0

ATWJO (AT) dr + ;& ; AT’EJO ()\T’) dr

o d? d
+ /0 AV <7’WJ0 (Ar) + %Jo ()\7‘)> dr =0,
or

> 0%V 100 > 0V
/0‘ )\ijo ()\7") dr + ;% ; )\Tajo ()\T') dr

+ / AV (NrJf (Ar) + NJg (Ar)) dr = 0,
0
or

> 0%V 100 > 0OV
/(; )\ijo ()\7“) dr + g% ; )\T&J{) ()\r) dr

o A
+/ ArV ()\QJ(;' (Ar) + ;J(’) (Ar)) dr = 0.
0
Since Jy is the solution of Bessel’s differential equation, we now have
2 71 A ! 2
AJy (M) + ;JO (Ar) = =X"Jy (Ar).

This yields

© 92V 100 [ 0V *
/0 )\T@Jo (Ar) dr + P /0 )\Tajo (A1) dr — )\2/0 ArV Jo (Ar) dr = 0.

Hence, the Hankel transform of equation (4.5) results in

PV 1900V -

—— - ——— - XV =0. 4.6

02?2 * o0z 0z (46)
Therefore, the electric potential in each layer can be obtained by taking the inverse
Hankel transform to the solution of equation (4.6), which satisfies the following

boundary conditions (Sato [50]):
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1. The electric potential V; actually converges as z tends to minus infinity.
2. The electric potential V,, also converges as z tends to infinity.

3. The electric potential needs to be continuous on each of the boundary planes,
ie, foreach 0 <k <n-—1,

— +
z—rhy, z2—rh;

4. The vertical component of the current density needs to be continuous on
each of the boundary planes except on z = hy, i.e., foreach 0 < k <n —1
and k # s, . .

. OV, : Vi1
lim op,—— = lim o}y .
z—hy Z ok 0z

(4.8)

5. The total current flowing out of any cylindrical surface around a current
source must be equal to the current intensity, i.e., for any radius &,

2m 13
]1112% (/¢0 /7‘0 Js|z=hrh - (=Zzrdrde)

2w 13
+/ / J5+1|z:hs+h . (2rd7’d¢)) =1. (4.9)
¢=0 Jr=0

4.3 Response of an Air Region

The equation for the electric potential in an air region, denoted by Vj, can
be determined by simplifying equation (4.6) with constant oy as

02V,

.
022 A =0

and the solution is .
Vo (A, 2) = Age™ + Boe ™,
where Ay and By are arbitrary constants, which can be determined by using the

boundary conditions. Thus, the electric potential in an air region is

Vo (r,2) = / (Age™ + Boe ) Jo (Ar) dA.
0

4.4 Response of a Ground Layer Having Lin-
early Varying Conductivity

For each layer k, where 1 < k < n and n > 2, the variation of conductivity
is denoted by
ok (2) = mgz + ¢, (4.10)
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where ¢, and my, # 0 are constants, which preserve oy (2) > 0. Hence, the equation
for the electric potential in layer & can be simplified by substituting equation (4.10)
into (4.6) and we obtain

82 ‘N/k . mg 8‘7}6

— A2V, =0.
022 mpz+c, 0z F

The solution to the above equation has been found by Lal [36] and given as

Vi (A, 2) = Ay (ﬁd”“ (z)) + BrK, (ﬁw (z)> :

where
my

Ok = —, Ui (2) = 1+ oz,
Ck
Ay and By, are arbitrary constants, which can be determined by using the boundary

conditions. Thus, the electric potential in layer £ is
* A A
Vi (r,2) = Al Ewk (2) ) + BpKo Ewk (2) Jo (Ar) dA. (4.11)
0

4.4.1 Downward Recurrence

The objective is to establish a linear equation with arbitrary constants
A and By, incorporating the physical and geometric parameters of the layers
and interfaces above layer k. This section involves only equations with arbitrary
constants A, and By for k = 0,1,...,s. If 1 < k < s — 1, then the electric
potentials in layers k£ and k + 1 can be written as

Ve (h2) = Ay (ﬁ% (z)) + BuK, (%% (z))

and

A

Ok+1

A

Ok+1

Virr (A, 2) = Ayl ( Vi1 (Z)> + Bi41 Ko ( () (Z)> :

Using the boundary conditions (4.7) and (4.8), we obtain

Al <i¢k (hk)) + Bir Ky (iiﬁk (hk)>
Ok Ok
A

Ok+1

A

Ok+1

= A1l ( () (hk>> + B+ Ko ( Vit (hk))

and

Ao (Akll (ﬁm (hk)) — ByK, (é@bk (hk))>

= A0p4 (Ak+1]1 ( A Vi1 (hk)) — Bk, (Q)\ V41 (hk)>) ,

Ok+1 k+1




where

lim oy (2) = oy, lim opq1 (2) = o5y q.

z—rhy,

+
z—rhy;

Hence, Ajy1 and Byyq can be written in terms of A, and By, as

Apyr = MEY AL+ M2 B,

and

k+1

By = M3 Ay + M) By,

k+1

where all the coefficients M, ,Elj)l are given by

k+1

A o[ [
Mlg1+11) = (%h (@% (P

A\
sz;2+21) = (%Kl <g¢k (h

mpg4+1

Similarly, if £ = 0, then we have
Vi (A,

and \
‘7k+1 (A, Z) = Ak+1fo (

Ok+1

)) fo (921%“ (hk)>

A
+ ori1do &?ﬂk (hk)) K (

k)) Iy (QI:-I (G (hk)>

A
+ ‘71:+1K0 <E¢k (hk)) I (Q

2) = Ape™ + Bre

A

Ok+1

Ykt (Z)> + Bi11Ko (

Thus, the boundary conditions (4.7) and (4.8) lead to

AkeAh’“ + Bke_khk = Ak+1_[0 (

A

Ok+1

Y1 (M)) + Biri1 Ko ( A

Ok+1

A

Ok+1

92

(G (hk)>) ,

Vi1 (Z)> :

(O (hk))
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and
Aoy (Ake)‘h’“ — Bke_”\h’“)

= A0pi1 <Ak+111 <

4 Vk+1 (hk)) — Byy1 K ( A Yri1 (hk)>> :
Ok+1

Ok+1

Hence, Ay, and By, can also be written in terms of A, and B, as
Ao = M A+ M2,

and

By = My Ay + M) By,

where all the coefficients M, ,Elj)l are given by

ek A
Mk(:ill) = (UEKO (Q (hk)> +01;+1K1 ( Vit (hi) >)
k+1

o) i)

e M ([ A
Mlgfl) = <‘7k+1K1 (Qk+1
h — o]
) = ot (2 v ) ).

M1
e M/ A R
Méizl) - (kao <—¢k+1 (hk)) +op i (—¢k+1 (hi) ))
Ok+1 0

ek A
A (0' I (
h Mi+1 SR Ok+1
k+1

Thus, for 0 < k < s — 1, the downward recurrence can be defined by

Aks1 Ag
=TI 4.12
5] =t ) 412

where the propagator matrix is

(11) (12)
L1 = [Mk“ My 1]

21) (22)
Mngrl M5

The coefficients M ,Eii)l, in the general case, can be rewritten as

11 A A
it = g (i <

et ()] + 010G (v ()] ).

k+1

) - szicho ( A Y41 (hk)>) )
Ok+1

) — 07G 1o ( A Y41 (hk)>) ;
Ok+1

) + ottt (v ().

k+1

12 A
Mk(;+1) = Jk+1€kK1

M4+

21
M1§+1) = p— (Uk+1ijl (

(22) _ A
i = o (s (525
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where
(Mot () if1<E<s—1,
a Ahk if k =0,
a Ahk if k = 0,
and
_Ahk if k=0,

L P if k= 0.

¢ {K1 ((Maow) ¥ (hy)) 1<k <s—1,

4.4.2 Upward Recurrence

In a way similar to that of Section 4.4.1 but working in the opposite
direction, the objective is to establish a linear equation with arbitrary constants
Ay and By, incorporating the physical and geometric parameters of the layers
and interfaces below layer k. This section involves only equations with arbitrary
constants A and B for k=s+1,s+2,....,n. f s<n—1,fors+1<k<n-—1,
the electric potentials in layers k£ and k + 1 can be written as

Ve (A, 2) = Al (ﬁwk (2)) + By Ky (ﬁwk (z)>

and

N A A
Vigr (A, 2) = Apa o ( (Z)> + Bi41 Ko (
Ok+1 Ok+1

Using the boundary conditions (4.7) and (4.8), we obtain

).

Ay <ﬁ¢k (hk)) + Bk, (%wk (hk))

A
= Api1lo (
Ok+1

) (o)

and

Ao (Akll (ﬁm (hk)> — ByK, (é@bk (hk))>

= \0pyq (Ak+1f1 ( A Y41 (hk)) — B Ky ( A Y41 (hk;))) '
Ok+1

Ok+1

Hence, Ay and By can be written in terms of Ag,; and By as

Ay = kill)AkHJr ,§+1)Bk+1
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and
21 22
By = N;S+1)Ak+1 + N;S+1)Bk+17

where all the coefficients N, lgﬂ are given by

A A A
N/iﬁ) = (UZKI <E¢k (hk)) Iy <9k+1¢k+1 (hk))
+ o711 Ko (ﬁ% (hk)) I ( A Vg1 (hk)>) :

Ok+1

A A A
Nk(;fl) = (02K1 <g1/)k (hk)) Ky <Qk+1 Yt (M))
— 034150 (ﬁ% (M)) K, ( A () (hk)>) ,

Ok+1
N[ (A A
N = p— (kal (gwk (hk)) Iy (Q Vi1 (hk))

k+1

— Op1lo <i¢k (’%)) I ( A () (hk)>> ;
Ok Ok+1

ng—Zl) = mik (013[1 (ﬁwk (hk)) Ky < A Y1 (hk))

Ok+1

() (o)

Ok+1

Thus, for s +1 < k <n — 1, the upward recurrence can be defined by
Ay, Ak:+1
-0 , 4.13
|:Bk1 k+1 |:Bk+1 ( )

where the propagator matrix is

11 12
0 = Vit V3|
Nk—l—l Nk+1

4.4.3 Solution for an n-layered Earth

We now consider an n-layered earth model. Each layer k of ground, where
1 <k <nandn > 2, has a linearly varying conductivity as given in (4.10). A
region of air, denoted by layer 0, has a constant conductivity. A point source of
direct current is deliberately located at the interface z = hy of layer s and layer
s+ 1, where 1 < s < n — 1, for simplifying the mathematics. The downward
recurrence (4.12) can be applied to obtain

[gj = }i[rj {gﬂ : (4.14)
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Similarly, the upward recurrence (4.13) yields

As—i—l O An
] o 1] a9
where .
i H 0; ifs<n-—-1,
0" = Jj=s+2
I, if s=n—1.

On the boundary plane z = hy, the boundary condition (4.7) is used again, and
so we have

Ah&&qm0+&m(£mmﬁ

A A
= Ag1lo ( (hs)) + Bs11 Ko <
Os+1 Os+1

(hs)> . (4.16)
Moreover, the boundary condition (4.9) requires

%Té(é /TO (“Saz)

rdrqu

z=hs—

/ / ( mgv
Os+1
»=0 Jr=0

Replacing k£ by s and s + 1 in (4.11), equation (4.17) then becomes

[ () i ()
et (o) (i)

X 2ArJy (Ar) d\dr = 1.
Using the integral (Watson [67])

rdrdgb) =1. (4.17)
z=hs+h

/)\TJO (Ar)dr =rJy (M),

we obtain

[ (o (e (oo 0) =t (v 0))
1(ﬁm( ) &Hm($1

m)))

% 2mEJy (AE) dA = 1.
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Inverting the above equation yields

2 (a;j <A511 <Qi¢ <h3)> — B,K, (in (m)))

ot (ASHII( A (m)) —BSHKI( A e <h5>))) — 1 (418)

Os+1 Os+1

Thus, from equations (4.16) and (4.18), As and By can be written in terms of Ay
and By, as

I\ A
A, = NWA 1+ NP B Ko [ 24, (R,
s+1 41+ s+1 +1 + 27rm5 0 quvb ( )

and

I\ A
B, = NﬁlfAerl + Nﬁ?BHl - Iy (Q—@/)s (hs)) )

2mmy

where all the coefficients N, S(ﬂ are determined from the entries of the propagator
matrix in Section 4.4.2 by replacing k with s. These can be rewritten in matrix

form as
As o As 1 A KO (()‘/Qs> ¢s (hs>>
{BJ O {BSL] " 2rm, [—fo (M) v, <hs>>] | 419)
Substituting equations (4.14) and (4.15) into (4.19), we obtain
- ) AO _ * An A KU ((A/Qs) % (hs))
1Ir [B} ~ Oen® [B} * 2em, {—fo (Moo v <hs>>} - U

To guarantee the convergence of the electric potential V5 when z tends to minus

infinity, we must take
By = 0.

Similarly, when z tends to infinity, the convergence of the electric potential V,, can
be guaranteed by taking
A, =0.

Hence, equation (4.20) becomes

]ljfj m = Oen®” m ’ % [f‘?o%%//%ﬁﬁ %3)))} |

This can be rewritten as a system of two linear equations in terms of the unknowns
Ap and B,, as

e (] - g [ S G0)

N 2mmeg
where Fj; and G;; are determined by
1
F11 F12 * Gll G12
I, = , 0,10 = .
H / {Fm Fm] - {Gm G

j=s
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Similar to Section 2.5, we can prove that the coefficient matrix of the above system
is nonsingular (see also Chen and Oldenburg [11, 12]). By virtue of Cramer’s rule,
the system has a unique solution

A — I Gu]()((/\/@s)ws(hs))+G22K0((/\/Qs>ws(hs))

07 onm, F11Ga — F1Gha ’
B — I\ F11 [0 (()\/Qs) ws (hs)) +F21 KO (()‘/QS) ws (hs))
" 21mmy, Fi1Goy — F51Ga '

As Ay, By, A, and B, are determined, so Ay and By, where k& # 0 and n, can
be obtained from the upward and downward recurrences as shown in equations
(4.12) and (4.13).

4.5 Response of a Ground Layer Having Bino-
mially Varying Conductivity

For each layer k, where 1 < k < n and n > 2, the variation of conductivity
is denoted by
ok (2) = ¢ (1 + dp2)™ (4.21)

where ¢, pr and dj, # 0 are constants, which preserve oy (z) > 0. Hence, the
equation for the electric potential in layer k can be simplified by substituting
equation (4.21) into (2.5) and we obtain

— X2V, = 0.
072 1+dpz 0z F

The solution to the above equation has been found by Lal [36] and given as
7, Tk A~ A~
Vi ()‘7 Z) = Yk (Z) Ck‘[_')’k gwk (Z) + DkK—% a¢k (Z> )

where ]

~ 7 ~ — Pk

o =dr, Ur(z)=1+0k2, = 5
C and Dy, are arbitrary constants, which can be determined by using the boundary
conditions. Thus, the electric potential in layer k is

Vi) = [ @) (Gl (2000)
\ -

+ DyK_, (@M (2))) Jo (Ar)dA. (4.22)
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4.5.1 Downward Recurrence

The objective is to establish a linear equation with arbitrary constants
Cy and Dy, incorporating the physical and geometric parameters of the layers
and interfaces above layer k. This section involves only equations with arbitrary
constants Cy and Dy for £k = 0,1,...,s. If 1 < k < s — 1, then the electric
potentials in layers k£ and k + 1 can be written as

B2 =07 () (Gl (2000)) + Du (2000 )

and

3 _ A -
Vit (A, 2) = 05 (2) <Ck+ll—'yk+1 <—~ Y41 (Z)>
Ok+1

Using the boundary conditions (4.7) and (4.8), we obtain

by () (Ckka (é@k (hk)) + Dp K, (%ﬁk (hk)>>
A -
= O () (Ck+1[’7k+1 <~—¢k+1 (’M)
Ok+1
+ D1 Ky, <~Ld~1k+1 (hk)))
Ok+1

and

peadi () (et (200 ) = Duko, (2600 )

= Aeen ' (h) (Ck+1IUk+1 (~_7/~)k+1 (hk:)>
Ok+1

A -
— Dppi Ky, (ék—H%H (hk)>) a

where
o 1+ Dj

’Uj =
2
Hence, Cj,1 and Dy,q can be written in terms of Cj, and Dy, as

Ci41 = kill)ok + Mklfl)Dk

and
Dysr = MGy + M) Dy,
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where all the coefficients M. lgﬂ are given by

- A )
M) = 2 () 4 ()
Ok+1Ck+1

X (ak o ( i (hk)) K, .. (é%ﬂlzku (hk:))

+ Ol <~i7jk (hk)) Koy, (;Q;HI (hk>>) )
Ok Ok+1

MY = = 7 (ha) B ()
Ok+1Ck+1
>< (a,:ﬂm (20000 Kovey (s () )
Ok Ok+1
- Uszk (él;k (hk>> K—’Yk+1 (;ik—kl (hk)>) )
Ok Ok+1
S A Tt
Mk+1 - = (hk) wk-‘,—l ( )
Ok+1Ck+1
A -
X (Ul:—&-l[—% ( wk( )) Vk+1 <@k_+1¢k+1 (hk>
A~ A
— oy, (@wk (hk)> I, (@ Urest (hk)>)
M) = O (i) D ()

Ok+1Ck+1
A~
o (ak ( b <hk>) I (~—wk+l <hk>)
Ok+1
. A~ A -
+op Ko | =k (b)) Loy | = %rg1 (hi) ) ) -
Ok Ok+1
Similarly, if £ = 0, then we have
‘;}c ()\, Z) = Ake)‘z + Bke_’\z

and

3 s -
Vit (0 2) = 32441 (2) (oz (@—wkﬂ <z>)

k+1
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Thus, the boundary conditions (4.7) and (4.8) lead to

A -
Ape 4 Bre™ YP;ZTT () (Ck+11’7k+1 (ék_wkﬂ (hk>>
+1

A~
+ Dpp1 Ky <~—?/1k+1 (hk)))
Ok+1

and
. N -
Aoy (Ape ™ — Bre ™) = Mgt (hy) (Ck+11vk+1 (ﬁ@bk—&-l (hk))
+

A -
Ok+1
Hence, Cy,1 and Dy, can also be written in terms of Cj and Dy as

Chpr = MU Cy + M Dy

and
Dy = kill)ck + Mszl)Dk,

where all the coefficients M. éﬂ are given by

~r(11) AeM T Vk+1 o A~
Mk+1 = = Y (hk> UkKﬂHl — k41 (hk>
Ok+1Ck+1 Ok+1
° >‘ 7
+ o1 Koy (éTH¢k+l (hk)>) :
e M . A -
M]g}f]? - —szf:i (hk> (O-k+1KUk+1 (~_77Z)k‘+1 (hk‘))
Ok+1Ck+1 Ok+1
A -
— o K, (ék_H¢k+1 (hk)>) :
~ AeMe . A -
M,iill) = ~—¢Zi+11 (hk) (Ok+1IUk+1 <~—¢k+1 (hk))
Ok+1Ck+1 Ok+1
o >\ 7
—opl (@k_ﬂwarl (hk)>) ,
~ e M ) . A -
lefl) = —?/ﬂﬂ () (Ukl—ka (~—¢k+1 (hk>>
Ok+1Ck+1 Ok+1

° A=
+ Opi1loy, (ék_ﬂ¢k+1 (hk)>> -
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Thus, for 0 < k < s — 1, the downward recurrence can be defined by

Cr1 = Ch
-7 123
o] =[], (4.29

where the propagator matrix is

(1) (12)
fk+1: leéﬁ) M(22) :
Mk—l—l Mk—l—l

The coefficients M,g +)1, in the general case, can be rewritten as

"~ 1 or )\ 7
N = 2 ) (oGRS ()
Ok+1Ck+1 Ok+1
° et )\ 7
+ 001G K,y (ék_ﬂ¢k+1 (hk>>) ;
Y A 7 1 o A
M = 00 (00 (s, (s (b))
Ok+1Ck+1 Ok+1
Iy )\ 7
- ng;cK—Wk+1 (ék_ﬂ¢k+1 (hk>>) )
~ A . = A~
M = g ) (o2 (5 e ()
Ok+1Ck+1 Ok+1
o A 7
- UkCichka <~_1/1k+1 (hk)>> )
Ok+1
M(22) T V41 ol A~
k+1 — wk+1 (M) ngk[—wﬂ — Vg1 (i)
Ok+1Ck+1 Ok+1

. g )\ 7
+ op 18k loe (@k_ﬂwk—H (h@)) :

where .
i = Ve (hy) Iy (M o) e (By)) i1 <k <s—1,
N if k=0,
5 (he) Ly, (N ow) e (he) i1 <k <s—1,
= o itk =0,
and .
= Ol () Koy (M ow) dn (hi)) i1 <k <s—1,
e it k=0,
5t () Ko (Mow) vn (he)) if 1<k <s—1,
S e it k=0
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4.5.2 Upward Recurrence

In a way similar to that of Section 4.5.1 but working in the opposite
direction, the objective is to establish a linear equation with arbitrary constants
Cy and Dy, incorporating the physical and geometric parameters of the layers
and interfaces below layer k. This section involves only equations with arbitrary
constants Cy and Dy, for k =s+1,5s+2,....,n. f s<n—1,fors+1<k<n-1,
the electric potentials in layers k£ and k£ 4 1 can be written as

B2 =0 ) (i (2002 4 D, (26009 )
and

B} _ A -
Vit (A, 2) = 05 (2) (Ck+1['yk+1 <@—¢k+1 (2))

k+1

Using the boundary conditions (4.7) and (4.8), we obtain

) (Cutay (200 00)) + Dk (2000 )
Ok Ok
- A~
= 1/’12?:11 (Px) <Ck+1‘[—'}’k+1 <~_¢k+1 <hk)>
Ok+1
+ Dk+1K—7k+1 (Azﬁkﬂ (hk)>)
Ok+1

and

Akt (hy) (ckka <%¢k(hk)) DK, ( w(hk)))

= )‘CkHI;Zﬁl (hk) (Ck+1]vk+1 <~—'(Zk+1 (hk)>
Ok+1
A~
- Dk‘+1Kvk+1 (~_¢k+1 (hk>>) .
Ok+1

Hence, C} and Dy, can be written in terms of Cy,1 and Dyyq as
Cr = Ny O + N Dy
and
< (21 (22
Dk = N]g+1)Ck+1 + N1£+1)Dk+17

where all the coefficients V, ,5 j)l are given by

N;&iﬂ——w (h) U4 ()

x(crk ( @Z)k(hk)) I (%zﬁm(hk))

ot B, (20000) Loy (S () ).
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(12 )\ 7 1
N1§H’=m¢z< ) O ()

X <ak ( U (hk)) K_,, ., (@%ﬂ"&lﬁl (hk)>

- O-I:JrlK*% (éd}k (hk)) KUk+1 (Azﬁlﬁrl (hk)>) )
Ok Ok+1

\7 A k+1
NER = 520 () B ()
o A~ A~
X <JkIUk <~_wk (hk)) I_’Yk+1 (~_¢k+l (hk)>
Ok Ok+1
R A~ A~
- O'k—i-l]*’we <~_wk (hk)) Ivk+1 (~_wk+1 (hk)>) )
Ok Ok+1

N = w (hi) W5t (h,)

X <0k Vg ( ¢k (hk)) K—’Yk+1 (~>\ 1[%4—1 (hk)>
Ok+1
Ok Ok+1

Thus, for s +1 < k <n — 1, the upward recurrence can be defined by

Ce| & Clrs1
{Dk] 60 [D] | (124)

where the propagator matrix is

v7(11 (12
e = [Nt N
Nk-l—l Nk+1

4.5.3 Solution for an n-layered Earth

We now consider an n-layered earth model. Each layer k of ground, where
1 <k <nandn > 2, has a binomially varying conductivity as given in (4.21). A
region of air, denoted by layer 0, has a constant conductivity. A point source of
direct current is deliberately located at the interface z = hy of layer s and layer
s+ 1, where 1 < s < n — 1, for simplifying the mathematics. The downward
recurrence (4.23) can be applied to obtain

1
Cs|  1ra [Co
{DJ = HPJ [DJ . (4.25)
j=s
Similarly, the upward recurrence (4.24) yields

Cs+1 _O* Cn
0] e [0 -
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where
n

- HéJ ifs<n-—1,

0" = Jj=s+2
I, ifs=n-—1.

On the boundary plane z = hy, the boundary condition (4.7) is used again, and
so we have

b2 (hs) <csl% (in <hs>> + DK, (in (m)))

5 N -
= w;/ff (h8> (CS—I—II—75+1 <~_1/}s+1 (hs>>
Os+1
N -
+ Ds+1K—%+1 (~_ws+1 (hS))> : (4'27)
Qs—l—l
Moreover, the boundary condition (4.9) requires
2 13 ‘7
}lbirré < / / <05%> rdrdgo
- =0 Jr=0 o—heh
27 £ v
- / / <as+1aV$+ 1) rdrd¢) = 1. (4.28)
=0 Jr=0 0z
z=hs+h

Replacing k by s and s + 1 in (4.22), equation (4.28) then becomes

e (it ) (Cut (2:0.0)) = D, (26,0 )

o A~
- Cs—&—lwsf; (hs) (OS+1‘[U5+1 (~_¢s+1 (h5)>

Os+1

~ DK, (A@LS“ (hs))>) 2m\rJy (Ar) dhdr = 1.
Os+1

Using the integral
/)\TJO (Ar)dr =rJy (Ar),

we obtain
o ~ A~ A~
/ (Cswgs (hs> (Cs[vs (des (hs>> - DSK’US <~_ws (hs)>>
0 Os Os
~ A -
— Cop1 ¥t (hs) <Cs+1fvs+1 <~—¢s+1 (hs)>
Qs+1

A

- DS+1KU5+1 <~_1/~}s+1 (hS)))> 27T§<]1 (Af) dr = 1.
Qs—i—l
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Inverting the above equation yields

2 (cszﬁgs (hs) (CSIUS (in (hs)) — D,K,, (in (m)))

. -
—@Hw;zmo(cﬁﬂgﬂ(gzwﬁlwa)
-
— Ds+1Kvs+1 <§—+1¢5+1 (hs>>)) - ] (429)

Thus, from equations (4.27) and (4.29), Cs and D; can be written in terms of Cy
and Dgyq as

I\

Sés

Cs = Ns(}rll)csﬂ + Ns(ﬁ)Derl +

00 (h) Ko, (V/2.) 0 (h))
and

D, = Nﬁll)csﬂ + N§-24—21)DS+1 -

P ) T, (V20 (1))

27Cs 05

where all the coefficients N S(ﬂ are determined from the entries of the propagator
matrix in Section 4.5.2 by replacing k with s. These can be rewritten in matrix
form as

o) 4 [C - I | Ko ((A/ 2s) ¥s (m))
gy s+1} % () 1A - (430
|:D51 o |:D5+1 i ¢S ( ) 27TCSQS _I—’Ys <()‘/§s) ws (hs)> ( )
Substituting equations (4.25) and (4.26) into (4.30), we obtain
. -
- [C, - . [C, ~ I\ K_,, (()‘/Qs) Vs (h5)>
I'; = 0,410 3 (hs — -
H j [Do] +1 |:Dn:| + U ( >27rcsgs -1, <(/\/§S)¢s (h5)>

To guarantee the convergence of the electric potential Vy when 2z tends to minus
infinity, we must take

. (4.31)

Dy = 0.

Similarly, when z tends to infinity, the convergence of the electric potential V,, can
be guaranteed by taking
C,=0.

Hence, equation (4.31) becomes
. .
~ CO i ~ |: 0 :| T I\ K—’ys (()‘/Qs) % (hs)>
I'; = 0,10 7= (hsg — -
Jl:[s j {0} 10" | p |+ () 2mcsds |1, ((A/és)ws (hs)>

This can be rewritten as a system of two linear equations in terms of the unknowns
Cy and D,, as

K (VE) 0 ()
2meade | 1, (V8B (b))

9

Iy _él2j| [Co} % ors
: : — 7 (hy
[El_Gm S =i (v
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where F}j and C;’Z-j are determined by
1 ~ ~ ~ ~
= Fiy F12} S A {Gu Gu}
I' == L ©,,.10" = | = ~ .
31:[5; ! {Fm Foy i G G

Similar to Section 2.5, we can prove that the coefficient matrix of the above system
is nonsingular (see also Chen and Oldenburg [11, 12]). By virtue of Cramer’s rule,
the system has a unique solution

1y Gl (V200 (h) + G Ko, (020 . (1)

C’0 - QZ;;YS (hs>

)

2mCs 06 F11Goy — Fn Gy
by ey P (V2 & (h) + Fu Ko, (020 ()
t s N ome b, F11Goy — F Gy '

As Cy, Dy, C,, and D,, are determined, so Cy and Dy, where k£ # 0 and n, can
be obtained from the upward and downward recurrences as shown in equations
(4.23) and (4.24).

4.6 Numerical Experiments and Inversion Pro-
cesses

In our inverse model examples, we simulate array data of the electric
potential from our forward models of practical interest. Two types of ground
structures are used to investigate the conductivity profiles. Chave’s algorithm
is used for numerically calculating the inverse Hankel transform of the electric
potential solutions. The special functions are computed by using the Numerical
Recipes source codes. The electric current of 1 ampere is used in our computations.
The Newton-Raphson and quasi-Newton methods in optimization are applied to
find the conductivity parameters of the ground.

4.6.1 Sample Tests

We firstly consider the electric potential data obtained from the models
of two simple cases. Both of the test ground models have two layers. The con-
ductivity in the region of air is approximately equal to zero. The overburden of
these models has a constant conductivity denoted by a with thickness h, whereas
the host has a linearly varying conductivity denoted by o (2) = a+m (z — h) with
infinite depth. The values of the model parameters are given in Table 4.1. The
buried depth of the current source for our entire models is 10 metres. The param-
eter a is a conductivity of the earth’s surface, which can be assumed to be known
from the measurement. This implies that the first example model has only one un-
known parameter, namely, m. The iterative procedure using the Newton-Raphson
method is applied to estimate this unknown parameter, whereas the unknown pa-
rameters m and h of the second model are estimated by using the quasi-Newton
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optimization technique. We start the iterative processes to find the values of the
model parameters with initial guess values m = 0.01 S-m~2 and h = 10 m. The
optimal result of the first model is close to the true value with misfit less than
1071 Am™! after using only 5 iterations (see Table 4.2). Figure 4.2 shows the con-
vergence of inversion for the second model. After using 19 iterations, the method
leads to the optimal result with misfit less than 1078 A-m~*.

Table 4.1: Model parameters used in our sample tests.

Parameters
Model a (S'm™) m (S m~2)  h (m)
1 0.1692857143  0.0261904761 10
2 0.1692857143  0.0261904761 15

Table 4.2: Successive iterations for finding a conductivity parameter of the first
model in our sample tests.

Iteration Parameter m (Somfz) Misfit (A~m’1)
0 1.000000000000000 x 10~2 4.749162622332120 x 10~2
1 2.033955876743766 x 1072 1.293418643404850 x 102
2 2.552178316744411 x 102 1.330168906724910 x 103
3 2.618214527566087 x 1072 1.636837440359377 x 10~°
4 2.619047481445817 x 102 2.525438450070918 x 107
5 2.619047610000015 x 102 1.539218879220922 x 10~1¢

4.6.2 Interpretations of Simulated Real Data

We now consider the real data of electric potential obtained from the
simulation models. The electric potentials are generated by the forward problems
of the first and second models in our sample tests. Random errors up to 3% are
superimposed on the scaled electric potentials to simulate the set of real data.
The iterative procedures using the Newton-Raphson and quasi-Newton methods
are also applied to estimate the model parameters of conductivity variations for
the first and second models, respectively. The optimal result of the first model
example is close to the true value with percentage error less than only 2.3% after
using 19 iterations. The graphs of the true and estimated conductivity models are
plotted as shown in Figure 4.3. The method for the second model leads to the
optimal values of the parameters h and m in which the percentage errors are less
than 4.3% and 8.0%, respectively, after using 23 iterations. Figure 4.4 shows the
true and estimated conductivity models for the second model example.



69

0.012

0.01r

0.008 |

0.006

Misfit (A/m)

0.004 |

0.002

0 5 10 15 20
Number of Iterations

Figure 4.2: Misfit versus number of iterations for the second model in our sample
tests.

4.7 Discussions

Analytical solutions of the electric potential resulting from a buried cur-
rent source are derived by using upward and downward recurrences. The recur-
rence relations (4.12) and (4.13) are applied to determine a solution for the problem
of a multilayered earth with layers having linearly varying conductivities, whereas
the recurrence relations (4.23) and (4.24) are used for a binomial conductivity
profile. These relations are applicable to general cases in which the layers have
constant, linearly or binomially varying conductivities. Our solutions can be used
to interpret hole-to-hole, hole-to-surface and conventional surface array data (the
buried depth of the current source is assumed to be zero).

Inverse problems via the use of optimization techniques are introduced for
finding the conductivity parameters of the ground. Two types of ground structures
are used to investigate the conductivity profiles. The first ground model has only
one unknown parameter of the conductivity variation. The iterative procedure
using the Newton-Raphson method is applied to estimate this unknown parameter,
whereas all the unknown parameters of the second model are estimated by using
the quasi-Newton optimization technique. The optimal result of the first model in
our sample tests converges very fast to the true value with misfit less than 107%°
A-m~1! after using only 5 iterations. The optimal result of the second model is also
close to the true value with misfit less than 1078 A-m~! after using 19 iterations.
These illustrate the advantage in using the Newton-Raphson and quasi-Newton
methods which give the results much better than using another method of inversion
(e.g., Oldenburg [44], Vozoff and Jupp [65]). Moreover, in the interpretations of
simulated real data, the optimal result of the first model converges to the true value
with percentage error less than only 2.3% after using 19 iterations. The graphs
of the true and estimated conductivity models are plotted as shown in Figure 4.3.
We see that the graph of the estimated model is close to the true model. After
using 23 iterations, the inversion method for the second model leads to the optimal
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values of the conductivity parameters in which the percentage errors are less than
4.3% and 8.0%. Figure 4.4 shows the true and estimated conductivity models for
the second model example. The graph of the estimated model is also close to
the true model. The inversion methods lead to very good results and have high
speed of convergence. This shows the robustness of our models and procedures.
We note that, since the number of unknown parameters in the first model is less
than the unknown parameters in the second model example, not surprisingly, the
convergence of inversion for the first model is faster than the inversion for the
second model. Moreover, the optimal result of the first model should also be
better than the result of the second model example.

4.8 Summary and Conclusions

The problem of a buried current source and a buried receiver in a transi-
tional medium is studied in this chapter. We derive analytical solutions of the elec-
tric potential resulting from a direct current point source located anywhere within
two types of multilayered earth structures including layers having linearly varying
conductivities and layers having binomially varying conductivities. The Hankel
transform is introduced to our problems and analytical results are obtained. Our
solutions are achieved by solving a boundary value problem in the wave number
domain and then transforming the solution back to the spatial domain. The prop-
agator matrix technique is used to formulate upward and downward recurrences
for solving the problems. One of these relations is generalized in all cases where the
layers have constant, linearly or binomially varying conductivities. Our solutions
can be used to interpret hole-to-hole, hole-to-surface and conventional surface ar-
ray data. The inversion processes, using the Newton-Raphson and quasi-Newton
methods, are conducted to estimate the conductivity variation parameters. The
methods also perform very good results and have high speed of convergence.



Chapter 5

Regularized Solution of Inverse
Problem for DC Magnetic Field

from a Multilayered Earth

5.1 Introduction

The electrical resistivity method was first applied by Conrad Schlumberger
in 1912. The purpose of resistivity sounding is to investigate the change of for-
mation resistivity with depth. The inverse problem in resistivity interpretation
was reported as early as the 1930s. Slichter [53] presented a method of interpreta-
tion of resistivity data over a layered earth using Hankel’s Fourier-Bessel inversion
formula. The method gives a unique solution if the resistivity is a continuous
function of electrode spacings. In practice, resistivity measurements are limited
to a small number of readings taken at discrete electrode spacings, and thus, a
unique resistivity response does not exist. Vozoff [53] tested Slichter’s method on
field and synthetic data generated for three-layered and four-layered earth mod-
els. The method becomes unstable if the data are noisy. Zohdy [75] proposed
a method of direct resistivity interpretation which is valid for noisy data as well.
Unfortunately, none of these earlier investigations deal with existence, uniqueness,
construction and stability, which are important concerns and must be dealt with
in any inverse problem.

In the late 1960s and early 1970s, Backus and Gilbert [4, 5, 6] introduced a
linear inverse theory for geophysical problems. They thoroughly discussed model
resolution, least squares fit of the data, and solution uniqueness. The method is
valid even for noisy or insufficient data, and they quantified the trade-off between
resolution and stability for solutions to inverse problems. The Backus-Gilbert
approach, as do many others, suffers from the difficulty in estimating the degree
of smoothness for all admissible models, this is required to calculate the greatest
deviation between the estimated and true models. Following Backus and Gilbert’s
work, generalized linear inverse theory was described by Wiggins [68] and Jack-
son [29] in terms of linear algebra. They described classical solutions to inverse
problems and resolution of model parameters in terms of matrix algebra.

72
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The method of generalized linear inverse theory for the resistivity problem
was introduced initially by Inman et al. [28]. They described the linearization of
inverse resistivity problems and minimization in a least squares manner to find the
best possible solution. They also discussed important information such as the noise
level (random error) associated with data, the eigenvalues and eigenvectors of the
system matrix, which are essential to study model parameter resolution. They did
not discuss the singularity of the system metrix that arises with small but nonzero
eigenvalues, which was experienced by Inman [27], Jupp and Vozoft [33], Vozoff
and Jupp [65] in many resistivity problems. Thus, because of its ill-conditioned
nature, the generalized linear inverse method is unstable for geophysical inverse
problems which have a nearly singular system matrix. Only very simple resistivity
structures do not produce a system matrix which is nearly singular.

Fortunately, Hoerl and Kennard [23, 24] showed that linear estimation
from non-orthogonal data (i.e., nearly singular data) could be refined or improved
by using biased estimators, this technique has been named ridge regression. Mar-
quardt [42] established the similarities between the generalized inverse method and
ridge regression method, and proved the suitability of ridge regression methods
for problems with small eigenvalues. Because most common resistivity problems
involve small eigenvalues, Inman [27] introduced ridge regression for inversion of
resistivity data. Hoversten et al. [25] studied five different least squares inversion
techniques and their speeds of convergence over horizontally layered resistivity
structures. They showed that, of the five methods studied, ridge regression re-
quires the fewest number of iterations to reach a desired minimum. A critical
review of least squares inversion techniques and their application to layered geo-
physical problems has been done by Lines and Treitel [39].

Previously, one of the central problems in inversion theory was a solution
of minimization problem for different functionals. This problem can be solved
directly in the linear case of a forward operator. However, in the general case of
a nonlinear operator, the solution can only be found iteratively. There are many
different approaches to the construction of the iterative processes for functional
minimization. One of the most widely used techniques for optimization is based
on gradient-type methods. The formal solution of ill-posed inverse problem could
result in unstable, unrealistic models. Regularization theory provides guidance for
overcoming this difficulty. The foundations of regularization theory were developed
in numerous publications by Andrei N. Tikhonov. Pous et al. [47] proposed an
iterative technique for inverting one-dimensional resistivity data, where an error
function is minimized. They tried to resolve equivalence in the resistivity data,
and were able to obtain a more realistic model by using a regularization process.

In this study, we adapt and apply a regularization technique to inverse
problems arising in geoelectrical resistivity sounding based on the measurement
of static magnetic fields. The proposed method is the regularized conjugate gra-
dient (RCG) method which is used to interpret magnetic field data gathered from
a horizontally stratified layered earth. The L-curve criterion is applied to deter-
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mine a suitable value of the regularization parameter. A comparison of this inver-
sion scheme with conventional conjugate gradient (CG) and Levenberg-Marquardt
(LM) methods on a test model is also presented.

5.2 Forward Problem

The forward problem expressed in terms of integral expression for mag-
netic field due to a direct current source on a horizontally stratified layered earth
with all layers possessing constant conductivities was described and discussed in
Chapter 2. The azimuthal component of the magnetic field, denoted by Hy, in
the k-th layer is given as follows:

Hy (r,2) = / (Age™ + Bre*?) Ji (Ar) dA, (5.1)
0

where Ay and By are undetermined coefficients that can be efficiently calculated
through a recursive scheme presented in Section 2.3, and J; is the Bessel function
of the first kind of order one. Equation (5.1) can be integrated by a quadrature
and continued fraction expansion technique (e.g., Chave [10]).

5.3 Regularized Inversion Scheme

The main objective in our inversion method is to obtain a geologically
interpretable model that can adequately reproduce observations. This is accom-
plished by posing the inverse problem as an optimization problem in which an
objective function of the earth model is minimized.

5.3.1 Regularized Conjugate Gradient Method

Let us consider a geophysical inverse problem described by the operator
equation

d=A(m),

where m is a model vector, d is an observed data vector and A is a nonlinear
operator. In the framework of general regularization theory, a solution of inverse
problem can be reduced to minimization of the Tikhonov parametric functional,
namely

min F, (m), (5.2)
where
2 2
Fo (m) = |[A(m) —d|” + o |m|~,

« is a regularization parameter and || - || denotes the Euclidean norm. The regular-
ized least squares problem (5.2) can be solved by applying a nonlinear conjugate
gradient method. This technique generates a sequence my, for £ > 1, starting from
an initial guess my and using the recurrence

my,; = my + A\yhy,
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where )\, is a positive step size obtained by a line search, and hy is a search
direction generated by the rule

hy = —go, hyi 1 = —grt1 + chy,

where g = VF, (my) and 7 is an update parameter which can be determined
by using the Fletcher-Reeves formula

T
- gk+1 8k+1

Yk
g,I gk
or the Polak-Ribiére formula

(gk—i-l - gk)T 8k+1
g;l gk

5.3.2 Choice of the Regularization Parameter

There are several heuristic ways to proceed in order to select the regular-
ization parameter, but the criterion based on the L-curve construction (Hansen
[20], Hansen and O’Leary [22]) is certainly the most used. The method offers a con-
venient way to display regularized information as a function of the regularization
parameter. The L-curve is a parametric plot of the norm of a regularized solution
versus the norm of the corresponding residual. The idea of the L-curve criterion is
to choose a regularization parameter related to the characteristic L-shaped corner
of the L-curve which corresponds to a good balance between minimization of these
two quantities. The L-curve’s corner is defined as a point on the curve

(R(a),S (@) = (log[|A (mq,) — dl|, log [ma]),
which has a maximum curvature. The curvature x is usually given by the formula
R'S" — R'"S'
(R +(s7)""

k(o) =
where the differentiation is with respect to a.

5.4 Numerical Experiments

In our inverse model example, we simulate the reflection of magnetic ra-
diation data from the forward model of practical interest. The model of a simple
case for the ground structure is used to investigate the conductivity profile. The
algorithm for regularized inversion is applied to find the model parameters of
conductivity variation.



76

5.4.1 RCG Solution

As a sample test, we consider the synthesis model of a 2-layered earth. The
overburden for our model has a constant conductivity ¢; with thickness h over the
host medium having constant conductivity oo with infinite depth. The values of
the model parameters are given in Table 5.1. The magnetic field data are generated
by the forward problem of the example model for our sample test. Random errors
up to 3% are superimposed on the scaled magnetic fields to simulate the set of
real data. The parameter o; is a conductivity of the earth’s surface, which can
be assumed to be known from the measurement. The iterative procedure using
the regularized conjugate gradient method is applied to estimate the unknown
parameters h and o,. We start the iterative process to find the values of the
model parameters with initial guess values h = 1 m and o5 = 0.01 S-m~*. The
suite of RCG solutions is obtained for a range of 20 values of «, ranging between
approximately 2.3 x 107! and 5.3 x 10~!7 after using 12 iterations. The L-curve
of the model norm versus the data misfit is plotted as shown in Figure 5.1. As
the regularization parameter a decreases, the curve moves from the lower right
to the upper left. Figure 5.2 shows the curvature x of the L-curve as a function
of the regularization parameter «. The optimal value for « is located at the
point of maximum curvature of the L-curve. The solution best satisfying the L-
curve criterion corresponds to o = 1.1827196 x 107! in which the misfit norm is
roughly 2.4489561 x 1077 (see Figure 5.3). Figure 5.4 shows the RCG solution for
our sample test in comparison with the initial and true models.

Table 5.1: Model parameters used in our sample test.

Model Parameters
o1 (Sm™1) o2 (S'm™1) h (m)
0.1 0.25 5

5.4.2 Comparison of Inversion Schemes

The regularization scheme for the inversion of magnetic field data is com-
pared with conventional conjugate gradient and Levenberg-Marquardt methods in
terms of the final model obtained from the same starting model, and the number
of iterations taken to attain the final model parameters. The usefulness of the
scheme proposed here is demonstrated by Table 5.2 which compares the results
obtained from three inversion schemes tested on the example model in Section
5.4.1.



0.70615
10

0.70613
10 M

0.70611
10

solution norm

0.70609
10 M

0.70607

10 6.61102
10

Figure 5.1: L-curve of solution norm versus corresponding residual norm.

x 10

10

-6.61101

-6.611

10
residual norm

10

-6.61099

curvature of L-curve
|
o
()]

-16
10
regularization parameter

10—15

-14

7

Figure 5.2: Curvature x of L-curve as a function of regularization parameter «.



78

5.0832449

solution norm

2.4489561E-7
residual norm

Figure 5.3: Characteristic L-shaped corner of L-curve as a point on curve with
maximum curvature.

0.35 T T T T
True Model
03k | — — RCG Solution 4
~~~~~~~ Initial Guess Model

0.25f

0.15f | |

Conductivity (S/m)

0.1 : : i

0.05 : .

Figure 5.4: RCG solution shown in comparison with initial and true models.
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Table 5.2: Comparison table of results obtained from three inversion schemes.

Inversion Schemes

RCG CG LM
no. of iterations 12 13 17
h 5.0761858 5.0762371 5.0762391
% error in h 1.5237159 1.5247415 1.5247811
o2 2.6779874 x 1071 2.6780332 x 107! 2.6780341 x 10~
% error in o9 7.1194965 7.1213277 7.1213621
residual norm 2.4489561 x 1077  2.4489552 x 10~7  2.4489552 x 10~7
solution norm 5.0832449 5.0832963 5.0832983
€ITor norm 7.8237271 x 1072 7.8288248 x 1072 7.8290194 x 10?2

5.5 Discussions

A regularization technique can be applied to inverse problems arising in
geoelectrical resistivity sounding. The model of a simple case for the ground struc-
ture is used to investigate the conductivity profile. The iterative scheme using the
regularized conjugate gradient method is applied to estimate the model parame-
ters of conductivity variation. The L-curve criterion is used to select an optimal
value of the regularization parameter. The scheme has taken only 12 iterations
to attain the true model parameters. The graphs of the true and estimated con-
ductivity models are plotted as shown in Figure 5.4. We see that the graph of
the estimated model is close to the true model. The inversion scheme leads to
very good result and has high speed of convergence. A comparison of inversion
results obtained from our scheme, conventional conjugate gradient and Levenberg-
Marquardt methods on a test data set clearly demonstrates an edge over the other
two stated schemes as far as the robustness is concerned (see Table 5.2). This il-
lustrates the advantage in using the RCG method which gives the result much
better than using another method of inversion.

5.6 Summary and Conclusions

An inversion scheme for nonlinear ill-posed problems arising in geoelec-
trical resistivity sounding is presented in this study. The proposed method is the
regularized conjugate gradient method which is used to interpret magnetic field
data gathered from a horizontally stratified layered earth. The L-curve criterion
is applied to determine a suitable value of the regularization parameter. The final
inverted model obtained is qualitatively in good agreement with the real model
from synthetic data. A comparison of this scheme with conventional conjugate
gradient and Levenberg-Marquardt methods on a test model is also presented,
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and our scheme is found to be more robust than the other two schemes. The
example of using RCG scheme described here has been successfully applied for
geophysical inversion of magnetic field data.



Chapter 6

Conclusions and Future Works

6.1 Conclusions of the Thesis

Of all the electrical prospecting methods, resistivity sounding is the sim-
plest way to understand in principle. This thesis has been concerned about the
problem of determining resistivity kernel function for a horizontally stratified lay-
ered earth. An inverse problem in resistivity interpretation has also been described
and discussed in this study.

In the first part of this thesis, covering Chapters 2 and 3, we presented
a new electrical method used for investigation of a multilayered earth structure.
The method proposed here is based on the measurement of low-level, low-frequency
static magnetic fields associated with noninductive current flow between two cur-
rent electrodes on the earth’s surface. In Chapter 2, we derived analytical solutions
of the steady state magnetic field due to a direct current source on two types of
multilayered earth structures including layers having constant conductivities and
layers having exponentially varying conductivities. The Hankel transform was
introduced to our problems and analytical results were obtained. Our solutions
were achieved by solving a boundary value problem in the wave number domain
and then transforming the solution back to the spatial domain. The propagator
matrix technique was used to formulate recurrence relations for solving the prob-
lems. One of these relations is applicable to general cases in which the layers have
either constant or exponentially varying conductivities. The effects of magnetic
fields obtained from the DC and MMR methods were plotted and compared to
show the behavior in response to different ground structures at many depths while
some parameters were approximately given. The ground structures of rice paddy
field and marine shrimp aquaculture farm were used to investigate the magnetic
field responses. The magnetic fields obtained from different ground structures and
methods of investigation are very much different, especially for the first 5 metres
of source-receiver spacing. The curves of magnetic fields show some significance
to the depth of overburden layer.

Recurrence relations used to calculate resistivity kernel functions of tran-
sitional ground structures were derived in Chapter 3. Two types of transitional
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zones were considered, including layers having linearly and binomially varying
conductivities. One of these relations was generalized in all cases where the layers
have constant, linearly or binomially varying conductivities. An inverse problem
via the use of the Newton-Raphson optimization technique was introduced for
finding a conductivity parameter of the ground. The method led to very good
results and had high speed of convergence.

In the second part (Chapter 4) of this study, we discussed the problem of
a buried current source and a buried receiver in a transitional medium. Analytical
solutions of the electric potential resulting from a direct current point source
located anywhere within multilayered earth structures were developed for this
problem. The propagator matrix technique was also applied to make upward and
downward recurrences for solving the problems. Our solutions can be used to
interpret hole-to-hole, hole-to-surface and conventional surface array data. The
inversion processes, using the Newton-Raphson and quasi-Newton methods, were
conducted to estimate the conductivity variation parameters.

The last part of the thesis, Chapter 5, presented an inversion scheme
for nonlinear ill-posed problems arising in geoelectrical resistivity sounding. The
proposed method is the regularized conjugate gradient method which is used
to interpret magnetic field data gathered from a horizontally stratified layered
earth. The L-curve criterion was applied to select an optimal value of the regu-
larization parameter. The final inverted model obtained is qualitatively in good
agreement with the real model from synthetic data. A comparison of inversion
results obtained from our scheme, conventional conjugate gradient and Levenberg-
Marquardt methods on a test data set was also presented. This clearly demon-
strates an edge over the other two stated schemes as far as the robustness is
concerned. The scheme has been successfully used for geophysical inversion of
magnetic field data.

6.2 Future Works

Even though the work presented in this thesis provides interesting ideas
about the solutions to the forward and inverse problems in geoelectrical resistivity
sounding, the issues that we dealt with suggest numerous avenues for possible
extensions and future works. In the area of electrical resistivity methods described
in this thesis, the following outline is a list of interesting future directions that
require further investigation:

e On the magnetometric resistivity method, analytical solution of the magnetic
field response from a multilayered earth containing buried electrodes can be
derived by using the boundary conditions described in Chapters 2 and 4.

e The above solution should be developed for a non-uniform layered medium
such as an exponentially varying conductivity structure. The case of a tran-
sitional medium should also be considered.
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e In regularization process, stabilizing operator can be shaped to meet a
smooth solution requirement, and its preferable implementations are the
derivative of the first or second order of the solution.
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