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ABSTRACT

This paper is devoted to the study of the linearization problem of system of three second-order ordinary differ-
ential equations y; = F1(xayn.}’z’.Vss.V{’.V;’J’:ls)sy; =F, (x9.V1’.Vz’.V3’y1’sy;’y;) and

= Fs(x, VisVasV3s VisVas y;) The necessary conditions for linearization by general point transformation

t= ‘P(xsynyuys),”l (t) =y, (x9.V1’.Vz’.V3)’ u, (t) =¥, (xa}’nyz’.)’.z) and u, (t) =Y, (x9.V19stJ’3) are found.
The sufficient conditions for linearization by restricted class of point transformation

t=g(x)u, () =y, (% 3,) 1, ()=, (%,70,5,) and ()=, (x,5,59,,9;) are obtained. Moreover, the

procedure for obtaining the linearizing transformation is provided in explicit forms. Examples demonstrating
the procedure of using the linearization theorems are presented.
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1. Introduction

In general, physical applications of differential equations are in the form of nonlinear equations, which are very
difficult to solve explicitly. Most of the solutions are approximate solutions. In solving nonlinear ordinary diffe-
rential equations, one of the solving methods is reducing nonlinear ordinary differential equations to be linear
ordinary differential equations, which makes the method easier and then we have exact solution of original equ-
ation.

The first linearization problem for single second-order ordinary differential equations was solved by S. Lie [1].
He found the general form of all ordinary differential equations of second-order that can be reduced to a linear
equation by changing the independent and dependent variables. He showed that any linearizable second-order
equation should be at most cubic in the first-order derivative and provided a linearization test in terms of its co-
efficients. The linearization criterion is written through relative invariants of the equivalence group. A. M.
Tresse {2] and R. Liouville [3] treated the equivalence problem for second-order ordinary differential equations
in terms of relative invariants of the equivalence group of point transformations. In [4] an infinitesimal tech-
nique for obtaining relative invariants was applied to the linearization problem. A different approach to tackling
the equivalence problem of second-order ordinary differential equations was developed by E. Cartan [5]. The
idea of his approach was to associate with every differential equation a uniquely defined geometric structure of a
certain form.

The linearization problem for a system of second-order ordinary differential equations was studied in [6,7]. In
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[6], Wafo and Mahomed found the criteria for linearization of a system of two second-order ordinary differential
equations which are related with the existence of an admitted four-dimensional Lie algebra. In [8], Aminova and
Aminov gave the necessary and sufficient conditions for a system of second-order ordinary differential equa-
tions to be equivalent to the free particle equations. Particular class of systems of two (r = 2) second-order ordi-
nary differential equations was considered by Mahomed and Qadir [9] and they also provided the construction
of the linearizing point transformation by using complex variables. Some first-order and second-order relative
invariants with respect to point transformations for a system of two ordinary differential equations were obtained
in [10]. In [11], Sookmee and Meleshko proposed a new method of linearizing a system of equations, where a
given system of equations is reduced to a single equation to which the Lie theorem on linearization is applied. In
[12], necessary and sufficient conditions for a system of two second-order ordinary differential equations to be
equivalent to the simplest equations were obtained by using the implementation of Cartan’s method. Lineariza-
tion criteria for a system of two second-order ordinary under general point transformation were obtained in [13].
In {7], linearization criteria for a system of two second-order ordinary differential equations to be equivalent to
the linear system with constant coefficients matrix via fiber preserving point transformations were achieved.

Nowadays, the linearization problem of a system of three second-order ordinary differential equations to be
equivalent to linear system via point transformations is open. Hence, it’s worth solving this problem as essential
part of a study of differential equations.

The manuscript is organized as follows. In Section 2, the necessary conditions of linearization of a system of
three second-order ordinary differential equations in the general case of point transformations are presented. In
particular, in Section 3, sufficient conditions for linearizing restricted class of point transformations are obtained.
Examples which illustrate the procedure of using the linearization theorems are presented in Section 4.

2. Necessary Conditions for Linearization

We begin with investigating the necessary conditions for linearization. We consider a system of three second-
order ordinary differential equations

W=E (009035 0, V0% ) |
ETACSBININIS SR (1)
n=K (x’yn.)’v.}’ss,";".}’;:y;)’
which can be transformed to a linear system
w(0)=0, () =0, 15(1)=0, @
under the point transformation
t= (%31, 05,0
() =91 (%3032 34)
w (1) =v, (%3102, 04)s
u (1) =y3 (%, 31,52, 1)

©)

So that we arrive at the following theorem.
Theorem 1. Any system of three second-order ordinary differential Equation (1) obtained from a linear sys-
tem (2) by a point transformation (3) has to be the form

W=aw) +(apys+apys+a, )y + (alsy':z2 +(agyi +a,) s+ awyi +apy;+a, 10))’1'
+ay s (@) + ) Y+ A st +as Y+ e

¥ = asyy +{apy + ae ¥y + ay) ¥y "’(‘111)’1'2 +(@y; +ay )7+ agd +agyi + aZIO)y;
+ @ W (Gl + G )W+ 50007 + @5V, + s

" 3 ' ' 12 2 ’ ' 12 ’ 4
Y3 =0y + (013}’1 + ), +a34)y3 +(“11)’1 + (alz.V2 + a37)y1 Tay, tayy, t+ aslo)ys

“

2 ' ’ 12 ’
tayn + (aslzJ’z + am))’l + a3y, ta55), +ay6-
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a, = (hl¢y|y1 Wy T By, + h“wh’;h )/A’

Gy, = (210, + 2y, + 20, + 2001, ) A,

a5 = 2h|¢y;y3 +2h‘2'//1yxya + 2h$q/2yxy3 + 2h4'//3n«"3 )/ A,

a, =20y, + AP, + 20 + B, A 2B F Y, + 2R, ARy, )/A’

G5 = I”Wym + thlyzyz + h3W2yzyz + h4(//3mz )/ A,

a = (th(pyzy, +2my,,y, 4205, +20Ys, )/ 4,

@y =(2hp,, +2h0,,, + 2, +2h,, 4 2R, 20y, + 2Ry 2Ry, )/ A,

= (B, + By, + By, + B, ) A

ay = (200, + 210, + 20, + 20, + 2 R 2k, 2k, 2Ry, ) /A,
o = (2h5(owl +ho, + 2/161//,,W1 thh . + 2y, + Wy, + 2"8‘/’3:% + h4y/m)/A,

ayy =(50,,,, Ty, Wy, ¥Ry, )/ 4,

200, + 2k, + 2 2Ry, ) /A,

(
(
(2h5¢xyz + 2héy/lxyz + 2h71//2x)’2 ¥y 2}13(//313’2 )/A ’
(

a112

a3

all4 h5¢y3y3 + h6W1y3y3 + h7W2y3y3 + }18‘//3}'3)’3 )/A’
(2hs0,, +2hG01, + 200, + 205, ) A,

Q6 = (hs‘pxx At W+ Y )/A,

allS

D = (2hl¢xyz + h9¢)’z)’z + 2/12(//1% +hl°'//1yzyz + 2h3W2"J’z w hllV/Zyzyz * 2h4'//3vz +hle3J’2}’z )/ A,
ayy = (200, + 200, + 20, + 2ha¥,, +2hs o 2y, 2Ry 2Ry, ) /A,
Gy = (2hl¢*’)’3 + 2h9¢)’2}’3 3 2}12(//’*)’3 4 2h)0lezy3 + 2113‘//2% N 2h“(//2yzy3 * 2h4w3’-3’3 + 2h|2'//3}‘2}’3 )/A’

Q10 2h9¢xyz +he. + 21”10‘//13:2 +hy,, + 2”11‘//2:912 +thy,, + 2}'12‘//3;% +hWsy )/A s

azll h9<py|yl +hl()l//lyly| +hlly/2y|y. +h|2‘//3ylyl )/A,
ay, =
210, +2hW1g, + 2 g, + 2ot ) A,

(
(
(2800, + 2y + 2, + 20203, ) A,
@, =
s = (@, + By + Bl + ot ) [

ayys = (200, + 2hoWrg; + 21y, + 2B, ) /A,

%6 = (h9¢n oW W + hlz‘/’sxx)/A,

555

)
©)
)
®)
©

(10)

(1)

(12)

(13)

(14)

@1s).

(16)

(17)

(18)
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= (2hl¢xy3 + h13¢.V3.VJ + 2}’2(//1:% + hl4le3y3 +2h3w2xy3 + hlSWZy,y; +2h4<//31y3 + hlsw3y3y3 /A’ (3 1)

(2hl¢xy| + 2hl§¢y\y3 + 2hzl//lxy1 + 2hldy/ly|y3 + 2h3W21y1 + 2]115‘//2y1y3 + 2h4W3xy| + 2h16V/3y,y3 )/A (32)

a = (2h,¢,y2 + 2030, 2, + 2R, + 2R, + 20y, 2Ry, + 2R, ) /A, (33)

0= (2P, + 10+ 2y + I+ 2+ I+ DM, + h ) [ (34)
= (3@ + Bl + AW oy + Bl ) [B5 (35)

2 = (2130, + 2By, + 2y, + 2B, ) /A, (36)

a3y = (230, + 21y, +2BW 2 + 2IV, /A D
s = (Bsyy, + iy + sy + B ) [ (38)
ays =(2h30s, + 2hahy, + 2hWag, +2beYs, /A (39)
6 = (B30 + Bl + Ao + B )[A, (40)

b = (WU’I Va3 Way, =V WayWay, = Vi3, VanVay t V15, V25, Wap TV, W0y Wy, —¥15,¥25, Y3y )’
h2 ( ¢y1(//2yzvl3y3 ¢y|y/2y3(//3yz +¢yzW2y|'/I3y3 _qyyzWZy;WSy' —(oy3(//2y|q/3yz +¢y3y/2y2v/3yl)9
=

PV, Wags =Py Wiss Vs, = PpuWiWag, + Pt Wy + O Wiy, = B, W, 0 )

h, Py V1, Vg, T O W1y Vay, 00, V10 W2y, — 90, V1,V 2y — P ¥Win ¥y, + @Y1y, Vo )’

&
It

(l//leZyz W3y3 Wlxy/Zys WSyz 5 lez Ulz:‘//:iy; + lez WZy; Ve + WIy; WZx‘//3y1 - le, V/Zyz Vix ) »

q;*

P2y, Yy, T OV 2V, TP V2V, =0y, Y 2y Ve P ¥2:Vsy, + Py ¥y, Vax ) ’

OV Vag, = P Wagy =y Wiy, + Py Ve + P Vs, = PV Vi)

h=(
by = (001, W2y, + O Vs, + 0, V020, = O Vs Ve = ViV, + 0, Vi Ve )
hy = ( Voo Vs ViV Vs H Vg VaWlsy, — Vi Vo W ~ Vi Valisy + Vi Vo ¥se )

WZy. !//3y3 wxWZys l//:iyl q)yl WZxWBy, ¢y; V/Zyg Vi +¢y3 W2x‘//3y, _¢y3 WZyl WZ!:)’

Il

( Oy Was + Py Wy + Py WiWny, = Py Wi Vss — P Wiy, + 0, V1, Ve )

=\? ‘//]yl WZyJ ¢ley3W2)q ¢y| Wlxwz;g +¢y, le, Yox +¢y3lr,/leZy| ¢y3u/1y| WZX)’

(Wle/zy,Wsyz WiWay, ¥y — Yy VailWsy, T V1, V05, Wax T W01, VocVay _V’lsz/zyl‘»’/sx)’

H

( ¢xv/2yl WSyz + ¢xl//2y2 W:!yl + ¢y| V/ZIWSyZ - ¢}’l WZyz W3x - q)yz WZxW:}yl + ¢y2 l//2y| WE}X ) s
(¢xq/1y, l//3},-2 ¢xq/]y2 W3yl - (p)’l v/lxv/:s_yz + ¢y| ‘//lyz y/3x + (p)’z !//leJyl - (pyz Wl_“ y/3x )_’
( WIYI V/Zyz + (pxwlyz V/Zn + (pyl (//lx‘/lzyz ¢y| l//lyz V/Zx - ¢yz WIxWZyl + ¢y2 (//lyl V/Zx )

and
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=(¢x‘//lyl‘//2yzw3y3 =PV 13 Y25 ¥sy, ~ PV, Vay Vayy + OV, W2y Vay PV, V 2, Vsy,
=P Vo, Wy ~ P ViV 2y, Vay, T OV 2y ¥y, T 00, VoV — P V13, V20, Ve
=@ Wiy W23y, T OV, Y2, Vs T 0, WiV 2, Vs — Py, ViV 2y, Vs = P, Vi ViV,
+ 0, ViV, Var T 0, V15,V aVay — P, V13 Vo Vax = P ViV 2y, Vsy, T Py Vic¥2y,Vay
0, Vi VoW, = PpVinWasWse = O Wi Walsy + Py Wi Wy ¥ ) 2 0.

Proof. Applying a point transformation (3), one obtains the following transformation of the first-order deriva-
tives '

()= D _ Yo VW VW, VW,
Do 9. +0@, + %0, + V0P,

u, (t) _ Dy, _ Yax +Y;‘/'/2y, +y%l//2y2 +.}’;V/2y,
Do 9.+n@, + 0.0, + 10,

i, (t) _ ,W3 N £ +.V1"/'/3y, +y%(//3y2 +J,’;V/3y3
@, + NP, + W0y, + V0,

=g (% Y0V V3 Vs Voo 14 )

=&, (XYY V5o V50 1)

=8 (x’yl’yz’ya’yll’y;>y;)-

The transformed second-order derivatives are

d’u D.g
u(t)= dtlzD(ﬂl (41)

= (81 + W81y, + V3Biy, + Y81y, + V1B + Vi1 + Y815 ) [(00 + Yoy, + %30, + V0, )

z(t) d au _ xgz

d* D,p (42)
= (8o + H18ay, V380, + Vi8ayy + Wayi + ¥i8ay; + Y3805 ) (02 + V100, + Y30, + V0,
d’ D
()= ==
dt D’(D (43)

! ’ ? ’
= (gsx +J’1'g3y, +y;g3y2 + V38, +)’1"g3y,' +y;g3y; +y;g3y§ )/(977, +3,9, +5,0, +}’3¢,’)

where
81 = ((wx + y{(pn + y;‘pyz + y;(pys )(‘//1“ +y1’w1xy| & y;q/"ﬂ’z +y;w"‘3’3 )
’ ’ ! ! ’ f ’ r 2
_(Wu Ty Wy, TV, )(q’n T NPy, + V2P, T3Py, ))/((p, NGy 220, +y3¢"’) ’
iy = ((QJX 1 yl'(a,,l + y;goyz + y;‘pys )(V/lm + yl"//lmx N yéy/lmz + ygw‘)’l)’: )
! ’ ! ’ ! r ’ ’ ' 2
(Ve + 500, + YW, 30, N0y 4310y, £330, 4 Y0 )) (0. + Y0, + 00, +¥i0,)
&y, = (((Dx 0Py, +V29,, + 139, )(Whyz + VWi VW15 + VW30, )
! ! ! r s ’ ’ r 2
__(‘//lx + YWy, + Ve, T ViV, )((ny3 + NPy + V2Pyy + V3Py, ))/(97, + 0o, +9,, +Y3¢7y,) s
81 = (22 + 310, + 210, + 310, )Vion + VW0, +3W00, + V¥, )
' U r 2
-(l//lx +y1‘//ly| +y2(//ly2 +yf;‘//|y, )(¢xy3 +y1¢y|y3 +y;¢)’z)’3 +y;¢)’3)’3 ))/(Qx +‘y|¢/"l +y2¢y2 +y;<py3 ) ’
r ’ !
glyl' = ((¢x + qu)yl +y2¢y2 +y3¢y3 )Wl,v,

(Ve + YWy, + VW0, + V05, )0, )/ (0. + Yo, + 30, +319,,) .
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gy, = (0. + 3o, + %10, + 310, )0,

(Vi + YWy, + iy, + Vi, )93, / (0. + 20, + %49, + ¥, ) »

gy, =((2. + Yio, + Y0, + 10, v,

(Vi + 30 + 5, + 300, )93, ) (01 430, + 0, Y10, )

82e =((2 410, + 710, +310, J(Vam + YW + VW, + W 0,)

—(Var Wy + YWy + YW, ) (Pon + 31+ Vi + 9500 )} (020, + Y10, 4910, )
8oy, = (0. + Y10y, + 710, + 530, )(Vaus +3Wayp + YW, + VW0, )

(Ve + VW2, *+ VW23, + Y23 P + Y Py, + V3P0, + Vi, ))/ (2. + %10, + 310, + %10, )+
8oy, =((2: 4510, +310,, 4910, ) (Vaus + YWy + Yilrgsyy + V20,

(Vax + YWy, + YWy + Y20 WPy + Y10y, + i0rry, + 9503, ) / (0,430, + 30, +¥0,,) -
Loy, =((02 + 3103, + 350, + 530, JWan, + YWy +YiWrpssy + YW,

~(Wax + YWy, + Vi), + 2, WPy + VP + Va0, + ViPp ))/ (0. + 3o, + 0, +%0,,)
g2 = (22 + i@, + 0y, + 510, ¥y

~(Vae + YWy, + VW, + VW, )0 )/ (0. + 30, + 310, +¥:0,,) »

&y =((2. +yi0, + 30, + Y0, )0y,

~(Var + YWy + ViV, + ViV, )0, )/ (0, + 30, + Y0, + Y0, ) »

8se = (02 + 210y, + 10, + 910, ) (Vam, + AW ssn + IV + ViV303,)

(Ve + YW, + sy, + Y2, (O + Vi3, + ViPrs, + VP ))/ (0. + 310, + %10, +730,, )
8y =((¢x + NP, + 110y, + V30, )(w;,y, + YWy + YWy, + yg%m)

(Vs 9V + YWy + YW (P + 31 + Yi0s + ¥s00 ) (0 + 310 + 310 4730, ) >
23y, =((0: 4310, +10,, + 310, ) Vans + YWy + IiWpy + VW51, )

(Vs + YWy, +ViWsyy + VW3 [Py + Yoy, +VsPrry, +¥isss, ))/ (0. +¥i0, +¥i0,, +¥0,,) »
85y, =((0: 310, +310,, + 510, ) Van, + YWy + Wiy, +YiWsss,)

(s + 3, + V305, + VW3 Py + Ky, + ViPyy, + Vi, ))/ (0. +3i0, +¥50,,+¥0,,) »
&y = (00 + 30, + 10, + 550, )vs,

—(‘//Bx +y;‘//3y\ +y;W3yz +y;«’3y,)¢” )/(¢x +y1'(on +y;¢)’z +y;¢y, )2:
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g5y =((02 + 20, + 40, + 750, )0,
(Ve + Wy + Vi, + V03 ) 5, ) / (0. +¥io, + 10, + V0, ),
gsy; =((0: + 30y, + 310, + 310, )05,
(et YW + Vil + VW5 )93, ) [ (0310, 4 Vi, + Y10, )

and

D -i+y’ﬁ+y’ .._Q_.*.y' .i+y”_é~+y”..a_+y”_a_+
e oy oy, oy oy o, oy
iS a tOtal derivatives‘ ReplaCing glx’glyl ’glyz ’g1y3 ’gly,' ’ glyi ’gly§ ’gZx’gZyl ’g2y1 ’g2y3 ’gZy,’ ’g2yi ’g2y_4, ’g3x5
831583y, 983y, > 83312 83y 18334 into Equations (41)-(43), one gets the system (4). o
3. Sufficient Conditions for Linearization

We have shown in the previous section that every linearizable system of three second-order ordinary differential
equations belongs to the class of systems (4). In this section, we formulate the theorem containing sufficient
conditions for linearization under the restricted class of point transformation

t=p(x),

w (@ =y, (%),

u,(t) =y, (x,yl,yz),
w (1) =3 (%92, 03)

(44)

We arrive at the following theorem.
Theorem 2 System (4) is linearizable by restricted class of point transformation (44) if and only if its coeffi-
cients satisfied the following equations

a,=0,a,=0,a,=0,a,=0,a,=0,0,=0,0,=0,a, =0, (45)
ay, =0,a,, =0,a,;=0,a,, =0,4,; =0,a,y =0,a,, =0,a,,, =0,a,5 =0,

Ay, = 0,0, =0,0, = 0,4, =0,
Gyey, = 0,056, =0,ay,, =0,a,;, =0, (46)

iy, =085y, = 0,a,5,, =0,a,,, = 0,

Ao = (4a“6yI +2a50, — 45, +al, — 80,0y, + 20,405, + 204G — Qoo + 4a316a34’)/2, (CY))
Aoy, = 2ay,,, (48)
Wiepy = D6y Gia + Qare ~ Raciio + Gy, G (49)
Ay, = Ay, /2, (50)

_ _ _ 2 _ 2
B0 = (4‘1216” +2ay,, 4‘1316;»3 2a,,40y; + 281405, + Qg — 40560y, + 2056850 — 30 + 485,68y, )/2’ (51)

A0y, = G155 (52)
Doy, = 205455 (53)
D = (2a2l3y| = 20,108y, + 201,03 + 20,00y, — G130y )/4a (54)
Dy, = (2az7y, +2a,ay +4a,,ay, _‘731 )/4» ) (55)
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560 S. SUKSERN, N. SAKDADECH

D3z = (4azlsy, + 851083 — 40116001 F G103~ 205160y )/2’ ‘ (56)
D3y, = (20, + @00y — G310y + 203,305, )/2: ’ &7
Dieny, = (aIIGy‘ Ay + 20516y, oy + Qg7 — A3 @ar0 + Ay, A1 + Dagy, e )/2 ) : (58)
D163y, — (zazxsyz Ay + 205 = 2054, 8y10 + 20y, @y + a21y2a116)/ 2, 59
Wy, = D1y, /2’ (60)
34y, = Gy, /25 (61)
A7y, = Dagy 0 (62)
A0y, = x> (63)
Doy, = G955 . (64)
Byoy; = 2ay,,, (65)
Bz = (2‘1313;», ~20,,0G5y + 20148313 + 205,035 — Gy1383y + 285,033y, ~ 31305 )/4 > (66)
Gy, = (zanzyl +2a,,a5, + 40y, 0314 — Ay Gy, + 285,059 ~ 33,0 )/4’ (67)
By, = (2‘131,»\ +2a,,ay; +2ay,,85 + 405,05, — az )/4’ (68)
G312 = (2"315;»l = Gy)0%y2 + Ayy s + 3191, ~ A3150y )/2, (69)
TGypzy, = (4a3l4y| =20y, + 20,054 + By By — 203,05 )/2’ (70)
Byzyy = (2‘139y, + Ay 839 + 203,03 = G330 )/2 5 (1)
A3 = (4‘1316):l + 108315 — 40y6831 + Q38515 — 201601, + G103 ~ 205160 )/2 > (72)
A313y, = (2‘1315;', + Q198315 — AygG31y + 205138514 + Q313859 — G350, )/2, (73)
@3y, = (205, + 11057 + Ay 059 — 510857 +205305 )/2’ (74)
Ayax = (2‘13|5y2 = 20,0034 + 205,855 + 205,405, — O350y )/4a (75)
BGray, = (2‘139;:2 + 200, + 403,05~ G )/4, (76)
Qs = (‘4‘1316_y2 = 20,605, + Qy100315 — A0y + O31085:5 — 203459 )/2, an
Biysy, = (2‘139:: + g9 — Ay0 e + 205 )/2, (78)
Biepy, = (alléyl Ay + Gy, Oyg + 2036, Ay + Ay — Ay, Ty + By, Gy + Aigy, g+ Gagy, B )/2, (79)
D16y, = (0216y2 @y + 205, Oy + Ayory — Qo A3y + gy, Oy + Gagy, A6+ Gagy, T3 )/2, (80)
Bisyyy; = (20‘316y3 gy + 25, =205, 050 + 203, Oy + ‘137,;,30116 + 9y, Ari6 )/2 (81)

Proof. Since @, .0, .0,,¥,,.¥, and y,, are 0, then A=g@,y,, v#0 where v=¢//|yl(//2y2.Consider-
ing equation (y,,, ) =0 one obtains v, =0. From Equations (5)-(7), (9)-(13), (15)-(19), (23), (26) and (28)-

» s
(29) one gets the conditions
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A=, =0 =05 =0 =Gy =y =Gy = ; =0,
U =3 =0y = s = azg“azxz—am a5 =0.

The results from Equations (31)-(34), (8), (21), (22), (25), (27), (38), (36),(37), (14), (20), (24), (37), (39), (30)
and (40) can be rewritten as

@u =@, (2v, +apv+a,v) [(2v),

Vi = (W10 + Vreio? + Wiy — 204, @,67) [(29),

Vigy =¥, (2v, —a,v+ az,ov)/(4v),

Vi = Vi %o .
Wpe = (2% Ve H 0, V80V + Wy, VooV = 201, Wi, @16V — 20y, o ) / (2'/’1y, v) ,
Vg, = (2§"ln W Ve = Vi Vo GiiV+ W, W, GyygV = 21‘1213v2 )/(4(//,y' v),

Vann = =(Vin¥antie + @) iy,

Yag = (2(,(/3var W30y + W3, gV — 205, V=205, 8y V— 2, 3 amv) / (2v),
Wigy = (21//3},l Ve = Wsy, BagV + sy, BV =23, Gy 3V = 2(//3y3a3,3v)/(4v) ,

Vs, = (2;1/”2 Ve s, GV = Vs, GV = 2y/3y3a3[5v)/(4v),

Vs, = (Wsy, (2v, + v+ ayev— 2a3wv)) /(4v),

Wi =~ (Vi @ia + Vs, Gory + W38, );

Vinss == (Vo ar + ¥, 00) 2,

Yapy = Viapdn / 2,

Vi == (V5,020 +¥3,000),

Vapy = Va0 /25

Wipsyy = V353805

v, =—v(2a, +ay,)/2,

v, =—V.

The relation (vyz )}3 = 0’(lem )yz = 0,((,1/,,,”,l )y3 =0, (‘I’Zn yx) = 0,(v )y3 =0,(¢.), =0, (c//h,yl )y3 =0,
(Vi )y, = 0’(‘/’2m )y3 =0,(Von )y, = 0,(%:) =0, (q),, =0 (y/lm ) =0,(V 1 )y2 =0 yield the conditions
Ay, = O,amy2 = O,a,,,y3 = O,amy3 = O,am3 =0,

Giyoy, = ooy, »Daroy, = O,amy3 = O,amy3 = O,Lzmy3 =0,
Aoy, = ~ygy, + 20.'24,,,a“0yl =2a,, —Oy0p s

Doy = 24,4, ~ Qyy0p, + Ay1er gy, = 2a24x’al]6yz =0,

respectively. Comparing the mixed derivatives

Wasn),, =)o), = (), (W), =),
(¥ )y2 = (Vs ),l (¥ b (V3 )yl (7 )y, =W ),
(%8’3 ) » = (W3m3 ), ’(Whn ) ™ = (WSyzys )x
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ong arrives at the following conditions

ax Ay
gy, = 205055 Gy, = 2” 28y, = 7”,037,2 =ay,,

By, = 2 s Doy = Bz Bioy = B By, = Hoxs

respectively. The equations (1,1/2 " )xy| = (‘//Zm )yz ’

(¥, ) = (¥amn ) (Wzm) =(Van ), (Vm )y3 =(Van, )y, g
(¥32),, =(v5s5), ¥om )y = s ) oV ), = (W),

( ym) =(Vas) n (Y )y, = (Vo )y, (Yo, )y2 = (Varmn ),, ’
(2 ) = (¥30s )yz Vo, )yz =¥z, )yl (7 )n = (¥ ),»

( ) ("’bm )y, ’(V’Ixx)n = (V’lm ), R (7. )y,yl A (‘//Zym )n ’
(¥sa),, =(W3m )W)y, =(150,), o (20),, = (v2)),»

(Win), = (‘//3;;»l ), (Vi) = (‘Vsm ),,, (7. Y5 F (‘//Sym )x, ’

14!
Vs
Wi‘ym

(V3 )m3 = ((//3},3 A )n , provide the following conditions:
2ay,5,, =20y, + 0108y — 03100y + 20,30,
4ay,,,, =20y, +2a,a, +4a,,0,v - a§7,
4ay,, = 2ay,3,, — 201,00y, + 201,053 + 20,100, — 853055,
20313, =203, + 0))0y + G305 — 03005, + 20530y,
2ay5,, =205, + Q0859 — Q310059 + 205,50,
2ay,5, = 20y5,, = 0y08y; + Ay g5 + 83005, ~ G350,
4ay,, = 2055, — 205,08y, + 205,055 + 285,005, — 315G,
4ay),,, =2ay,, +20,05 + 20,055 + 4ay,,05, - az,
2051, =205, + 0055 + 205,05, — Ay305,
2a5,,, =445, — 20,03, + 205,05, + 831,03 — 25,0y,
4ay,,, =2ay, +2a,0, + 4ay,a, _‘7329’
2a313yz = 2a:usy, + G081, — Ayol; + 20530y, + O3 839 — B350y,
dayy, =205, — 201,005, +28,,05,5 + 20,055 — Q5303 + 28500y, — G313,
4ay,,, =2ay,,, +20,,ay, + 40,0, —aya;,, + 20,0, — ay,,a;;,
20410, =405y, + 2050, —4"21<',y2 + a1210 —4a,5a,, + 20,40, —aZZIO +4a,4a,,,
Qiepn = H1syy Ga T Qe — Daryo + Ay e
2a,, = 4a316y2 =280, + Qy00515 — 40140514 + 3108y 5 — 2054605,

—_— — — 2 -
20,0, =4ay4,, 2050, =4y, — 201140y +20,405; + Ay — 40y 0y, + 285,405
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2ay;5, =4y, + Q1013 — 401168y, + o3 — 20600,

2055, = 40556, + 01108313 — 40),605, + Ay3835 — 20yy6051 + By10053 — 2a5,405,,

Bisnys = Diep %1 T 026y G + 2054, Qg + Ayp e — Ay By + A3, Gy +Asg ), Ay + gy, Ay,
20506, = Bai6y, B39 + 20316y, Gay + Qg = Ay, Qg + Bagy, Oy + Ay, By + g, By

2a35,,,, = 203165, 34 + 2G4 — 283,050 + 205, Q6 + Ay, Oy + Do, A

Mixing the derivative (z//2 7 )ﬂr = (wm )y2 , one obtains the derivative
= (129} +4v,v(a +a310)
(40110, = Aty + 16y, = 8y = 20300500 =881y, + 30 163441, )) /(8v).
Comparing the mixed derivatives (vn ) (vn) ( ) =(v, ) one gets the conditions

20,1655, = Hr6y, D7 + 2056y Qyg + Ay = Ay Ay + g, Oy + Ay, By

2‘1216;:2 Yy = 24,6, @ + 2054, — 205,059 + 20, v, G a7y, Q116+

All obtained results satisfied the equations ((,//2 m ) =0,
J3

Vs = W) oo W)y, = (Vo) o 30), 0, = W) (V1) = (W),

Wam),, =W ), o Waom)y, = Wonn ) - (V301),.,, =W ), (V1) = (W),

(¥, )M = (¥ ),yz (7 )y3 = (V30 ), (¥, ),,3 (V’;N,) (7 ),,y, = (Vs ),,3
W), =Fonn )y W30 = V) i), =), W), = (),
Vs )y = (Vo) W), = (W), () = (W) (¥ )ym =(Vamn ),
(

‘l//3)’zyz )y]yz (W3.V3y3 )yzyz ’(W:’.szz )y3 = (W3.V3y3 )J’z ’(vxx )y, =

4. Linearizing Transformation

By the prove of Theorem 2, we arrive at the following corollary. _
Corollary 3. Provided that the sufficient conditions in Theorem 2 are satisfied, the transformation (44) map-
ping system (4) to a linear system (2) is obtained by solving the following compatible system of equations for

the functions @(x),y, (x,31).¥, (%.31,3,) and w, (x,3,7,,53):

Yy = —V(Zau +ay )/2: : (82)
v,, =—val4, (83)
= (129} +4v,v (a0 +ayy, )
2 2 ) (84)
+v (—80“6}1 —8ay4y, Q1o + 2819050 + 88,401, + 40,16y, — Gy + 84y, ))/ (8v).
¢’“ = (2¢’XVX + ¢xv(allo + azlo ))/(ZV), (85)
Viex = (201 41 (@0 + o) = 2010 (29), (86)
Vig, = (2va/1,1 +vWhy, (‘ano + aZlO))/(4v)9 (87) |
'//ly;yl = _lelaua - (88)
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Vay, =V[Viy, 5

Vo = (2‘//szxW1yl Yo Wy, (@30 +ano)— 20,5, Wiy B — 2a,, ) / (2vx//l N ),
Yoy = (2(//2” Ve, Wy Wy, (o + @30 )= 2V 055 ) / (4vg1/1 N ),

Vapn = (_V/Zy: Vi %a — vazn)/‘//m )

Vi = (2W3xvx + W39 (ayy + Gy ) — 2003, Vg — 25, Vo6 — 205, vam) /(ZV),
Wiy = (W + 3, (=G0 + no) ~ 205, Va1 = 203, Va3 ) /(4v),

Vg, = (lefay2 v + W3, V(G = Gy10 ) — 205, V15 )/(4v),

Wy = (23, v + 13,9 (G110 + 810 =230 ))/(4v),

Vapn = Yap%a —Vap, % ~ V3 Gus

Vs =V =382 ) /2,

Vany = (_q/3y3 Ay )/ 2,

Vsym = V35, %20 T V3, %40

Vayery = ("‘/’m %9 )/ 2,

WSy;y; I -WSyg a34 \

5. Examples

Example 1. Consider the system of nonlinear ordinary differential equation.

SN 0
N +'§.V12 +y =0,

” 1 2 ror ’
Y2 +Eyz + 3y, ty, =0,
W+ +yy+ iy +y; =0.
It is a system of the form (4) with the coefficients

a,=0,a,=0,a,=0,q,= "(1/2),“15 =0,a,=0,a, =0,4,=0,a, =0,
a,, =-Lay, =0,q,, =0,a, =0,4,, =0,4,5 =0,0,, =0,
Ay =~(1/2),ay, =-1,8, =0,
Ao =—1,8,,, = 0,ay, = 0,8, = 0,0y, = 0,0, = 0,8, =0,
ay =-Lay,=-la,=-1,

a0 =—La, = 0,05, =0,a,, =0,a,, =0,0;,, =0,0;,, = 0.

(89)
(90)
©1)
©2)
(93)
(94)
(95)
(96)
97 -
(98)
(99)
(100)

(101)
(102)

(103)

(104)

One can check that the coefficients (104) obey the conditions (45)-(81). Thus, the Equation (103) is lineariz-

able. We have
v, =V,
v, =v/2,
v = v, (3v, —2v)/(2v),
Pu =0, (v, —V)/v,
V/lxx = V/lx (vx "V)/V,
OPEN ACCESS
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Vi = (W17 )/(29), (110)
Yipn =¥in [25 - (111)
Yoy, =V Wy (112)
Vare = Vo, (v, =)V, (113)
Vo = (V2 ) f(20), (114)
oy =Van [25 (115)
Vi =¥ (=) (V) | (116)
Voo = (¥3n ) [(29), (117)
Vi = (13, ) [(29), ' (118)
Vam = (¥ )/(29), (119)
Vipn =V /25 (120)
Vi =¥sy, [25 a21)
Vapgs =V [25 (122)
Vays =¥sy, [ 25 (123)
Y =¥an 25 (124)
Vayws = Vay,e (125)

From (105) and (106) we get
y=ehtal=rn)
and

sy (5)
v=¢ s

respectively. Since one can use any particular solution, we can take

2x+yl+3'l
v=e 2 5

and this solution satisfies (107). Now the Equation (108) becomes
P =P
and yields
@, =™ ¢, = const.
Therefore
p=e"% +c,.

Since one can use any particular solution, we set¢; = 0,¢, =0 and take

p=e".
Now the Equations (109)-(111) are written
Wlxx = Wlx’ (126)
Vig, =Wy (127)
4
Vipy == (128)
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To consider (127) and (128), one takes

n-%
‘/jly] =€ ’

then

"
w,=2¢ 2 +c(x).

Since one can use any particular solution, we set ¢, (x)=0 and take

prel

‘//1 = 26 2 b}
this solution satisfies (126). Now the Equations (112)-(115) are written as

2

X+ +T
VIZ 573 = N 3
e 2
‘//Zaor = WZX’
v, o = Y, ne
WZ 3’1
(//2 37371 < 2 N
To consider (129), after integration, one finds
xedl 22

v, =2¢ 2 % +ci(x,)
Since one can use any particular solution, we set ¢, (x, y,) =0 and take

eI

w,=2e 2 2,

this solution satisfies (130)-(132). Now the Equations (116)-(125) are written

‘//Sn 3 W3x3
Yy = Vs>
Vg, =Vsy,»
Vi, =¥sy,5
¥
(//3ylyl = 2)'1 >
VIJy
W3YIY2 = 22 ’
‘//Sy
Vany, = 23 ’
V/Jy
‘//3y2y2 = 22 3
W}y;
(//3)'2)’3 = 2 2

OPEN ACCESS
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Vi =V (142)
To consider (136), (139), (141) and (142), one obtains
‘ e 2
(//3y3 =¢ 22 "
so that
N, »n

X+ 4Tty

y,=e 2?2 +c7(xsy1,)’z)'

Since one can use any particular solution, we setc, (x,,,y,) =0and take

xedip 22,
'//3 =e 2 2 y”
this solution satisfies (133)-(135), (137)-(138) and (140). Then, one obtains the following transformations
prea xely 2 w22,y
t=e"u(t)=2¢ 2,u()=2¢ 2 2 u(t)=¢ 2 2 (143)
Hence, the system (103) is mapped by the transformations (143) to the linear system
u; (1) =0,u; (1) = 0,u3(t) = 0.
The solution of this linear system is
U (t) =ql+c,,
u,(t)=ct+c,,
uy () =yt +c
where ¢, ,(i =12, --,6) are arbitrary constants. By using the transformation (143), one finds
xs2 PYEDe. L PYEe/ i
2¢e 2=ce"+c,2e 2 T =cete,e 22T =g+,
Hence, the solution of the system (103) is
¢ +e,et
W= 2In [1—22—]’
Y, = 21n [ﬁji:;)’
c,+c,e
2(es +ce™
Y, = ln[._(_._-x_)]
¢ +c,e
Example 2. Consider the system of nonlinear ordinary differential equation
” 1 ! ’
N +_2‘.VIZ +y =0,
YotV Y+ ¥, =0, ' (144)
Y3+ 35+, =0.
It is a system of the form (4) with the coefficients
@, =0,a, =0,0; =0,a,, =(-1)/2,a,; =0,a,, =0,
&7 =0,a5=0,a,=0,q,, =-La,, =0,a,, =0,
@3 =0,0, = 0,05 = 0,0, =0,a,, =~1,a,, =1, (145)

a4y =0,0y =—1,0,, =0,a,, =0,a,; =0,a,, = 0,
s = 0,856 = 0,4, =-1,a;; =-1,ay = 0,a;,, =1,

a, = 0,43, =0,a,; =0,ay, =0,a;,5 =0,a5,, = 0.
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One can check that the coefficients (145) obey the conditions (45)-(81). Thus, the Equation (144) is lineariz-

able. We have

v, =V,
vy, =V,

Ve =, (3v, —2v)/(2v),
P =0, (v =)/,
Vi =¥ (= V) /v,
Vi = (Vin¥:)/(29).
Yiom =¥in /25

Yay, =Wy »

WVare = Var (v V) /v,
Yy = (Wan e ) (29),
Yann =¥on /25

Vi =¥ (%= V)/(¥),
Vo = (v 7:) f(29);
Vi, = (W37 ) [(29),
Vs = (Vs 7:)[(29).
Vinn =Van /2

Yan = Vo [2:

Vi =V, [25

W3.Yz}’z = (//3."2 ?

Yy = 0,
LEIT R £TR
From (146) and (147) we get
V= eyl"‘q (‘fyZ)

and
v =ghrtatin)
respectively. Since one can use any particular solution, we can take
v= ezx+ N+¥
and this solution satisfies (148). Now the Equation (149) becomes
O = s
and yields

@, =€ ¢, =const.
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Thus
=€ +¢,.

Since one can use any particular solution, we setc; =0,c, =0 and take

p=e".
Now the Equations (150)-(152) are written
Wlxx = (//lx’ (167)
Yigy =¥y (168)
14
iy = (169)
2
To consider (168) and (169), one gets
prea
y/l $% =e 2 2
Then
xd
=2 % 4c(x).
Since one can use any particular solution, we set ¢ (x) =0 and take
PYE
W] = 26 2 >
this solution satisfies (167). Now the Equations (153)-(156) are written as
ex+y| +y2
Yoy =5 > (170)
e? '
V/Zx: =W2x’ ' (171)
Yoy =¥y, 172)
Yoy =%. (173)
To consider (170), after integration, one finds
x+%+y2
W,=¢€ +c5(x,3)-
Since one can use any particular solution, we set c,(x,y,)=0 and take
prEon
WZ =€ [ 2 ” ’
this solution satisfies (171)-(173). Now the Equations (157)-(166) are written
Vim =¥ (174)
Vi =Viy» (175)
W31:Vz = ‘//3Y2 ’ (176)
Vag; =¥y (177)
w.
Vi ==, (178)
2 .
14
Y355, :%a (179)
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V.

Vips = (180)

Yapm = Vsy,» (18 1)

Yy, =0, (182)

LTl £ (183)

To consider (177), (180) and (183), one takes
%
B4y
y/3y3 =e

so that
42y

3
vi=e 2 +o(x%y,5,)-
Since one can use any particular solution, we setc, (x, y,,y, ) = 0 and take

N
x4+l
3 V3

Y;=¢ s v
this solution satisfies (174)-(176), (178)-(179), (181)-(182). Then, one obtains the following transformations
(184)

N
Xttt
2 V3

t=eu(1)= 27, ()= &) ()=e
Hence, the system (144) is mapped by the transformations (184) to the linear system
/(1) =0,u; ()= 0,u5 (£) = 0.
The solution of this linear system is
u(t)=ct+c,,
u, (1) =cyt+c,,
Uy (t) =cgl + ¢
where c;,(i=1,2,---,6) re arbitrary constants. By using the transformation (184), one finds

prei

2e 2 =¢e" +c,,
A

X+==+yy

e 27 =c¢e’ +ey,
x+-‘%l—+y3 x

& =cse” +cg.

Hence, the solution of the system (144) is

¢ +ce™”
yl =2lﬂ(L—"2'2——],

»n=I {———2 (c3 i c@"‘)}

~Xx
¢ +e,e

¢ +c,e
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Abstract

Here we give a complete group classification of the general case of linear systems of three second-
order ordinary differential equations excluding the case of systems which are studied in the lit-
erature. This is given as the initial step in the study of nonlinear systems of three second-order
ordinary differential equations. In addition the complete group classification of a system of three
linear second-order ordinary differential equations is done. Four cases of linear systems of equa-
tions are obtained.

Keywords: Group classification, linear equations, admitted Lie group, equivalence
transformation

PACS: 02.30.Hq

1. Introduction

Systems of ordinary differential equations appear in the modeling of natural phenomena and
have generated sufficient interest in theoretical studies of these equations and their symmetry
properties. For instance, one of the popular problems in the analysis of differential equations
in the 19th century was that of group classification of ordinary differential equations (see the
works by S. Lie [1, 2]). Group classification.of differential equations here means to classify given
differential equations with respect to arbitrary elements.

In this paper we consider the complete group classification of systems of three linear second-
order ordinary differential equations. Systems of second-order ordinary differential equations ap-
pear in the study of many applications. The study of their symmetry structure constitutes an
important field of application of the group symmetry analysis method. Earlier studies in this
area initiated by Lie [3] gave a complete group classification of a scalar ordinary differential equa-
tion of the form y” = f(z,y). Later on L.V.Ovsiannikov [4] did the group classification using a
different approach. In this approach the classification was obtained by directly solving the de-
termining equations and exploiting the equivalence transformations. In more recent works the
same approach was used in [5] for the group classification of more general types of equations. We
note here that in the general case of a scalar ordinary differential equation, y" = f(z,y,y’), the
application of the method that involves directly solving the determining equations gives rise to
some difficulties. The group classification of such equations [6] is based on the enumeration of
all possible Lie algebras of operators acting on the plane (z,y). In the works by Lie [3] is the
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classification of all non similar Lie algebras (under complex change of variables) in two complex
variables. In 1992, Gonzalez-Lopez et al. ordered the Lie classification of realizations of complex
Lie algebras and extended it to the real case [7]. In the literature and references therein is a large
amount of results on the dimension and structure of symmetry algebras of linearizable ordinary
differential equations (see [6, 8, 9, 10, 11, 12]).

It is apparent from these sources that there is a significant number of studies on symmetry
properties of scalar ordinary differential equations but equally not as much on the group classi-
fication of systems of three linear second-order equations. In recent works [13, 14, 15, 16, 17]
the authors focused on the study of systems of second-order ordinary differential equations with
constant coefficients of the form

y' =My, 1)
where M is a matrix with constant entries. '

In the general case of systems of two linear second-order ordinary differential equations the
more advanced results are obtained in [12], where the canonical form

= 2 ) @

was used by the authors to obtain several admitted Lie groups. We note that the list of all distin-
guished representatives of systems of two linear second-order ordinary differential equations found
in [12] was not exhaustive and hence this formed the basis of the paper [18] where the complete
group classification of two linear second-order ordinary differential equations using Ovsiannikov’s
approach was performed. It is also worth to note here that the form (2) allows one to apply an
algebraic approach for group classification. The algebraic approach takes into account algebraic
properties of an admitted Lie group and the knowledge of the algebraic structure of admitted
Lie algebras that can significantly simplify the group classification. In particular, the group
classification of a single second-order ordinary differential equation, done by the founder of the
group analysis method, S.Lie [1, 3], cannot be performed without using the algebraic structure
of admitted Lie groups. Recently the algebraic properties for group classification was applied in
[19, 20, 21, 22, 23, 24, 25, 26]. We also note that the use of the algebraic structure of admitted
Lie groups completely simplified the group classification of equations describing behavior of fluids
with internal inertia in [27, 28]. The study of [29] showed that the problem of classification of sys-
tems of two linear second-order ordinary differential equations using the algebraic approach leads
to the study of more cases than those found in {18}, where Ovsiannikov’s approach was applied.

The system considered in the current paper is a generalization; it is a system of three linear
second-order ordinary differential equations. We exclude from our consideration the study of sys-
tems of second-order ordinary differential equations with constant coefficients and the degenerate
case given as follows:

y” = F((E, Y, z,u), 2= G(xaya z,u), u' = 0,

or
' = F(z,y,2,u), 2" =G(z,y,2), v = H(z,y,2z) = 0.

The results found here are new and have not been reported in the literature as far as we are
aware.

The paper is organized as follows:

The first part of the paper deals with the preliminary study of systems of three second-order
nonlinear equations of the form y" = F(z,y,2,u),2" = G(z,y, 2,u) and v" = H(z,y, z,u) using
Ovsiannikov’s approach [4]. This approach involves simplifying one generator and finding the



~ associated functions. These functions are then used to solve the determining equations. Using
this approach one can classify second-order nonlinear differential equations but this case has been
left for a current project. The second part of the paper gives a complete treatment of systems of
second-order linear equations. This is then followed by the results and conclusion.

2. Preliminary study of systems of nonlinear equations
A system of three second-order nonlinear differential equations of the form
y' = F(z,y,2z,u), 2" =G(z,y,2u), v =H(zy,z2u) (3)

is considered in this section. In matrix form equations (3) are given by

Y =F(.y) | (@
where
Y F(z,y,z,u)
y=| 2z |, F={| G(z,y,2u)
U H(z,y,2z,u)

We consider a system of nonlinear equations here as it will later allow us to separate equations
given into their respective classes. We exclude from the study the degenerate systems which
are equivalent with respect to change of the dependent and independent variables to one of the
classes: (a) the class where F, =0, F, =0; (b) the class where F;, =0, G, = 0. The class (a) is
characterized by the property that one of the equations has the form y” = F(z,y). For the class
(b) two equations are of the form

Y =F(z,y,2), 2" =G(z,y,2)

‘Hence for these classes the group classification is reduced to the study of a single equation or a
system of two equations. It is noted that group classifications of linear equations with the number
of equations n < 2 is complete.

2.1. Equivalence transformations

Calculations show that the equivalence Lie group is defined by the generators:

X = y8y + Fop, X5= Zay + G6F7 X5 = uﬁy + HOp,
X5 = Y0, + Fog, Xe = 20, + GOg, Xg =ud, + HOg,
X¢ =y0, + Foy, X§=20,+G0n, Xg=ud,+ H0g,
Xt = h1(2)5, + HU(e)0p, Xis = (00, + (@),
Xfy = ¢3(2)0u + ¢5(2)0n,
Xe, = 2 (2)d, + £(z)(yd, + 20, + ud,
—3F0p — 3G0g — 3H8H) + f”l(ﬂ?) (y8p + 20g + uag),

where £(z) and ¢;(z), (¢ = 1,2,3) are arbitrary functions.

The transformations related with the generators X§, (i = 1,2,...,9) correspond to the linear
change of the dependent variables ¥ = Py with a constant nonsingular matrix P. The transfor-
mations corresponding to the generators X¢, (i = 10,11, 12) define the change

T=y+@i(z), Z=z+p(z), U=u-+ps(z)



The equivalence transformation related with the generator Xiq is

z= (p(x), y= -yd)(x)a zZ= Z’(/)(:IJ), u= 'U'":b(x)v
where the functions ¢(z) and ¥(z) satisfy the condition
(pll ¢I )
— =2—. 5
o Y (%)
2.2. Determining equations
Consider the generator

0
X =&(=,v, 2, u) +n1(x Y, 2, u) +nz(:c Y, 2, u) +n3(x Y, 2, U)Bu

According to the Lie algorithm [11], X is admitted by system (3) if it satisfies the associated
determining equations. The first part of the determining equation is given by

3F& + Gé + Hé = 36y + &2+ Gu — § — 2k,

Fé +3GE + HEs = &y + 3852+ Eu — & — 2hy,
F& + Gty +3HE = &y + &2+ 3&u — & — 2h;
F& =&y + Ry, Fé=&y+hys,
G¢ = z+h21, Gé3 = &z + hag,
Hé = Elu+ by, HéE =E&u+ hy,
where
&(z,y, 2,u) = & (2)y + & ()2 + &(2)u + &l2)

and the functions h; = hi(z), and hy; = hy(z).

From these equations one can conclude that &2 + & + £¢2 +# 0 only for the case where two of
the equations are equivalent to the free particle equation, for instance,

G=0, H=0

Hence we consider the case where

61:07 52:‘—07 6320

The determining equations in this case are given by

F,(y(& + k1) + zka + uks + (1) + Fa(yka + (€' + ks)z + uks + 2)
+F,(ykr + zkg + (£ + ko)u + (3)
H2F € — "y + (38 — k) F — koG — ksH — (1 =0,

Gy(y(ﬁ' + kl) + Zk2 + 'UJC3 + Cl) + Gz(yk4 + (fl + k‘5)Z 4 ’U,ks + Cz)
+Gu(yks + zks + (§' + ko)u + (3)
+2G,E — €z — kaF + (38 — ks)G — keH — ¢§ = 0,

Hy(y(& + k1) + zka + uks + ¢1) + Ho(yka + (€ + ks)z + ukg + (2)
+Hu(yk7 + zks + (§' + kig)u + Cs)
F2HLE — £ — kyF — ksG + (3¢ — ko)H — ¢4 = 0,
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where an admitted generator has the form

=22 + (¢ +k)y + ka2 + kgu + Cl)
+(k4y + (&I + k5)z + ksu =+ CZ)B
(k7y + ng + (5’ + kg)u + C3)8u

with £ = &(z), ¢ = G(x) and ki, 1 = 1,2,3 constant.
For further analysis the study of the determining equations is separated into the cases:
(a) the case in which there is at least one admitted generator with £ # 0;
(b) the case in which for all admitted generators £ = 0.

2.8. Case £ #0
We consider the generator X, for which £ # 0. Using the equivalence transformation:
n=y+teis) a=zte, u=ut ),
the generator X, becomes
=262 + (£ + k)yr + kozy + ksuy + Cl)ayl

+(kays + (& + ks)21 + ksur + C2)6z1
+(kryn + ksz1 + (& + ko)us + C3)3’u,1

where J
G = 2801 = (€ + k1)or — ka2 — ksps + G,
G2 = 265 — katpr — (€' + ks)pa — ko3 + (o,
(3 = 260 — kripr = kspa — (€ + ko)pa + (3.
The functions ¢;(z) (i = 1,2, 3) can be chosen such that
G=0, =0, {s=0.
Then without loss of generality one can assume that the generator X, has the form

= 253 + (€' + K1)y + kaz + k3u)3 (k4y + (cf' +ks)z + keu)%
+(key + kgz + (€ + ko)u) 2

The equivalence transformation
z1 = a(z), 11 =y0(z), z1=20(z), ui=ub(z),

where
o'B=2d'F, (B #0),

reduces the generator X, to

Xo= 20’533 +((266'/B + & + k)yr + kaza + k3u1)
+(kayr + (288'/B + & + ks)z1 + keu1)3zl
+(kryn + ksz1 + (268'/B + & + ko)ur) 3=

Choosing B(z) such that 264’/ + ¢ = 0 makes the generator X, become

Xo = 20/53,; + (ki + kozy + k3ul)ay + (kayy + ksz1 + k6u1)
+(krys + kez1 + kgul)aul

5



Note that in this case

d(a'f)
e
This means o ’§) (og) " 5
o o o
dz, o =¢+ 6__2£ﬁ+2ﬂ§ 0

Hence without loss of generality we can assume that the generator X, has the form

Xo= k5 3 =+ (k1y + koz + kgu)a + (k4y + ksz + kﬁu)az
+{kry + ksz + kgu) 2

where k = 2o/¢ # 0 is constant. We rewrite the generator X, in the form

= 8, + (a11y + a122 + a13u) & 5 T+ (a21y + a7 + agau) 2 %
+(aa1y + aszz + assu) & Fa-

The determining equations become

(a11y + a2z + a13u) Fy + (a01y + g2 + agsu) F,

+ (az1y + azez + 033U) Fu+F,=anF +a;,G + alaH

(@119 + @122 + a13u) Gy + (a01y + G922 + ansu) G, (6)
+ (a31y + agaz + (1,33’1.L) G + G = (Ile 2t a22G = (123H,

(@11Y + a122 + ay3u) Hy + (as1y + a0z + agsu) H,

+ (az1y + as2z + assu) Hy + Hy = a1 F + a3aG + assH.

Here a;j, (4,7 = 1,2, 3) are constant. In matrix form these equations are rewritten as
F, + ((Ay) - V) F — AF = 0, ()
where
ain Q12 Qi3

A=| axn axn a3 |, V=
az1 a3z G33

XL

Here “” means the scalar product
bV = b0,

where a vector b = (by, by, b3), ¥ = (¥1,¥2,¥3), and it is also used standard agreement: summation
with respect to a repeat index.

Further simplifications are related with simplifications of the matrix A.

We apply the change ¥ = Py where P is a nonsingular matrix with constant entries

P11 P12 D13
P=| pn pn P23
P31 P32 P33

Equations (3) become N
¥'=F(z.,3)

where _
F(z,§) = PF(z, P7'3).



The partial derivatives 8y, 9, and J, are changed as follows:
V = P'V.
Hence equations (7) become

((aP71y) - PV) (P7'F) + PR - AP-'F
= P (((PAP'y)-V)F+F, - PAP‘lﬁ‘)
= P (((AH)W) - F + F, — AF) =0

where

A=PAP.

This means that the change ¥ = Py reduces equation (7) to the same form with the matrix A
changed. The infinitesimal generator is also changed as '

X, =08, + (Ay)- V.

Using this change matrix A can be presented in the Jordan form. For a real-valued 3 x 3 matrix
A, if the matrix P also has real-valued entries, then the Jordan matrix is one of the following four

types:
a 00 a 0 0 a 00 al 0
Ji=10b 0|, 2=]0 b c|, J3= 0b1y}, s=10al], (8)
0 0 d 0 —c b 0 0 b 0 0 a

where a, b, c and d > 0 are real numbers.

a 0 0
A=10b 0 |.
0 0 d

In this case the equations for the functions F, G and H are

2.8.1. Case A= J;
We assume that

ayF, + bzF, + duF, + F, = aF,
ayGy + bz2G, + duG, + Gz = bG,
ayH, +bzH, + duH, + H, = dH.

The general solution of these equations is

F (x, y7 z, u) = eamf (87 v3 w) b G (x, y, z, u) = ebzg (S’ v’ w) b] (9)
H(z,y,2,u) = e“h(s,v,w) :

where

s=ye ®, v=12e", w= ue %,

The admitted generator is

0 0 0 0
X() = '3_11,‘ +ay3—y +b25g +dué-t;



2.3.2. Case A= Js
We assume that

a 0 O
A=10 b c|.
0 —c b
In this case equations (6) become

ayF, + (bz + cu) F, + (—cz + bu) Fyy + Fy = oF,
ayGy + (bz + cu) G, + (—cz + bu) Gy + Gz = bG + cH, (10)
ayH, + (bz + cu) H, + (—cz + bu) H, + H; = ¢G + bH. »

Here again we introduce the variables

s =ye %, v =e " (zcos(cx) — usin{cz)),
w = e~ (zsin (cz) + ucos (cz)),

equations (10) become
F,—aF =0, G, —bG—cH=0, H; +cG — bH =0.
The general solution of these equations is

F (z,y,2,u) = e f (s,v,w),
G (z,y, z,u) = € (cos (cz) g (s,v, w) + sin (cz) b (s,v,w)), (11)
H (z,y, z,u) = & (—sin(cz) g (s, v, w) + cos (cz) h (s,v,w))

where f(s,v,w), g(s,v,w) and h(s,v,w) are arbitrary functions. The admitted generator is

o) 0 s, 0
Xo—%—%ayg@;+(bz+cu)a—z'+(—cz+bu)5-zz.

a 00
A=} 0 b 1}.
0 0 b
In this case equations (6) become

ayFy + (bz + cu) F, + buFy, + F;, = aF,
ayGy + (bz + cu) G, + buG, + G, = bG + H, (12)
ayH, + (bz + cu) H, + buH, + H, = bH.

As in the previous case we introduce the variables

2.3.3. Case A= J3
We assume that

s=ye ™ v=e(z—uz), w=e Ty

so that equations (12) become
F,—aF=0,G,—bG—-H=0, H, —bH =0.
The general solution of these equations is

F(z,y,z,u) = e f (s,v,w),
G (2,9, 2z,u) = € (h(s,v,w) T+ g (s,0,w)), (13)
H (z,y,z,u) = e®h(s,v,w), '

where f(s,v,w),g(s,v,w) and h(s, v, w) are arbitrary functions. The admitted generator is

0 0 0 0
X0~5;+aya—y+(bz+cu)b—z+bua
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We assume that (

OO R
o8 -
Q= O

In this case equations (6) become
(ay + 2) Fy + (az +u) F, + auFy, + F; = oF,
(ay + 2) Gy + (az +u) G, + auGy + G, = aG + H, , (14)
(ay + 2) Hy + (az +u) H; + auH, + H, = aH. '

Introducing the variables

1
s=e** (y —zz+ §x2u> ,v=e%(z2—zu), w=e*u

so that equations (14) become
F,—aF-G=0,G,—aG—H=0, H, —aH =0.

The general solution of these equations is
F(z,y,z,u) =e** (h(s,v,w) % +g(s,v,w) + f(s,v,w)) )
G (z,9,2,u) = e (h(s,v,w) x + g (s,v,w)), (15)
H (z,9,2,u) = e"h(s,v,w)

where f(s,v,w), g(s,v,w) and h(s,v,w) are arbitrary functions. The admitted generator is

0
X0=5£+(ay+z)§ +(az+u) +au5%

2.4. Case{ =0
Substituting £ = 0 into the determining equations we find that

(any + a12z + agzu + G) Fy + (a21y + a0z + ag3u + () F,
+(as1y + Az + azzu + ) F, = a1 F + 015G + asH + (7,
(a11y + @122 + arzu + G)Gy + (0219 + G922 + ag3u + ()G, (16)
+(a31y + azo2 + azzu + (3)G = a21F + aggG + (L23H + 42,
(an1y + a12z + a1su + Q) Hy + (any + agez + agsu + ()H,
+(ag1y + azez + azau + () Hy = a3 F + a32G + agsH + C3:

or in matrix form _
((Ay +h) - V)F = AF + h" (17)
where
ki k2 ks G(x)
A=(k4 ks ks), h(x)z((z(z)).
kv ks ko Gs(z)

Similarly to the case where £ # 0 we use the Jordan forms (8) of the matrix A. The admitted

generator has the form
Xy = (kyy + koz 4 kau + (1(2))0y + (kay + ksz + ksu + (2(2))0;
+(koy + ksz + kou + (3(2)) -



2.4.1. Case A= J,
Assuming that A = J;, equations (16) for the functions F' and G are

(ay + h1)F, + (b2 + ho) F + (du + hg) Fu = aF + b,
(ay + h1)Gy + (bz + h2)G; + (du + h3)Gy = bG + hy
(ay + hy)Hy + (bz + ho)H, + {du + h3)H, = dH + h3.

The general solution of these equations depends on a value of a,b and d:
e Case: a#0,b#0,d#0

aF + 1! = (ay + h1) f(z,8,v), bG + hy = (bz + hy)g(x, s, ),
dH + h” (du + h3)h(z,s,v), s= (bz + hy)*(ay + h1) 78,
v = (du + hg)®(bz + he) .

e Case: a#0,b#0,d=0

aF + h” (ay + h) f(z,5,v), bG + kY = (bz+ hy)g(z,s,v),
H= —1 In(ay + h1) + h(z, 5, ), 8= (bz+ he)*ay + k)b,
v=1u— 2In(bz + hy).

e Case: a#£0,b=0,d=0
aF + k) = (ay + h) f(z,s,v), G= E;?:ln(ay—f-hl) + g(z, s,v),
H=4% ln(ay+h1)+h(x $,v), §=2z— 2In(ay+ hy),
v=u— 2In(ay + hy).
e Case: a=0,b=0,d=0,h; #0

F = —ly—l—f(msv) G = -ly+g(xsv)
H= iy—i—h(:csv) s=z— —fy, v—u——ay

e Case: a=0,b=0,d=0,hy =0,hy #0

F = f(z,s), G-—-ﬁz—kg(m,s), H=%§z+h(x,s), s=u— 2y

ha
Here f(z,s,v),g(z,s,v) and h(z, s,v) are arbitrary functions.

2.5. Case A= Jy
In this case equations (16) become

(ay + ha)F, + (b2 + cu+ hy)F, + (—cz + bu + hg) F, = aF + Y,
(ay + h1)Gy + (b2 + cu + hg)G, + (—cz + bu + h3)Gy = bG + cH + hy,

(ay + h1)Hy + (bz + cu + ha) H, + (—cz + bu + hg) H, = —cG + bH + hg.

e Case: a #0

Introducing the variables

y=7— %l, z =7 — (b® + c2)"}(bhy — chs),
=7 — (b% + ) "(chs + bhs),

10
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F=F-% @=0C— @0+ '(bh} —chy),

a’

H =H — (b* + )~ (chy + bhy)
equations {4) become '
aFy+ (0Z+ W) Fz + (~z +b@)Fg =aF,
ayGy + (bZ + ct)Gz + (—cz + bu)Gg = bG + cH, _
ayHz + (bZ + cu)Hz + (—cZ + b)) Hg = —cG + bH.
In the variables
7=ve®, Z=wePsin(cs), T= we" cos(cs)
these equations are
F,=aF, G,=bG+cH, H,=—cG+bH.
The general solution of the last set of equations is
F(z,y, z,u) = e f(z,v,w),
G(z,y, z,u) = € (cos(cs)g(z, v, w) + sin(cs)h(z, v,w)) ,
H(z,y,z,u) = " (—sin(cs)g(z, v, w) + cos(cs)h(z, v, w))
where f(z,v,w), g(z,v,w) and h(z,v,w) are arbitrary functions.
e Case: a=0
In this case equations (4) become

hiFy + (bz + cu + ho) F, + (—cz + bu+ h3) F,, = hy,
hGy + (bz + cu+ ho)G, + (—cz + bu + hg)Gy, = bG + cH + hj,

hiH, + (bz + cu+ ho)H, + (—cz + bu + h3)H, = —cG + bH + hy.

— If hy # 0, introducing the variables
Y= yhl, Z2=Z— (bz + 02)_1(6}12 - Ch3),
u =17 — (b* + c®)7(chy + bhs),
F=F, G= G — (b + *)~Y(bhy — chy),
H = H — (b + 2)~Y(chj + bhj)
equations (19) become
Fy+ (bz + ca)Fz + (—cz + bu)Fy = hy,
Gy + (b2 + cu)Gz + (—cZ + bu)Gg = bG + cH, _
Hy + (bZ + cu)Hz + (—cz + tu)Hg = —cG + bH.
In the variables _
s=7, v=e % (zcos(cy)— usin(cy)),
w = "% (Zsin (cy) + Tcos (cy))
these equations become
F,=h], Gs=bG+cH, H,=-cG+bH.
The general solution of the last set of equations is
F(x,y, z,u) = his + f(z,v,w),
@(.’E, Y, 2, U) = ebs (COS(CS)Q(.’E, v, ’l.U) + sin(cs)h(:z:, v, ’I.U)) )
H(z,y,z,u) = " (—sin(cs)g(z, v, w) + cos(cs)h(z, v, w)) .

11
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— If hy = 0, in this case equations (19) become

(bz + cu+ ho)F, + (—cz + bu + h3) F,, = 0,
(bz + cu + hy)G, + (—cz + bu + h3)Gy = bG + cH + hy,
(bz + cu+ ho)H, + (—cz + bu+ h3)H, = —cG + bH + hg.

Introducing the variables
Z2=Z— (b2 + 02)_1(bh2 - Ch3), U=u— (b2 + C2)—1(Ch2 + bh3),
F=TF, G=0C—(0*+&) (b — chg),
H = H — (b + ) ~Y(chy + bh3)
equations (20) become

(0 + @) Fz + (—cz + bu) Fg = 0,
(bZ + cu)Gz + (—cz + bu) Gy = bG + cH,
(bz + ci)Hz + (—cz + bu)Hy = —cG + bH.

In the variables

these equations become

F,=0, Gs=bG+cH, H,=-cG+bH

and their general solution is

F(z,y,2,u) = f(z,v,w),
G(z,y, z,u) = * (cos(cs)g(z, v,w) + sin(cs)h(z, v, w)),
H(z,y,z,u) = € (- sin(cs)g(z, v, w) + cos(cs)h(z, v, w)) .
2.5.1. Case A= Js

In this case equations (16) become

(ay + h1)Fy + (bz +u+ ho) F, + (bu + h3) Fy, = aF + Ry,
(ay + h1)Gy + (bz + u + h)G, + (bu + h3)Gy = bG + H + hg,
(ay + h1)Hy + (bz +u+ ho)H, + (bu + h3)H, = bH + h3.

e Case: a #0,b#0

Introducing the variables

h h h
y:y-—zl-, Z=—Z-—?2+—i)§, u:ﬂ_%a
. hII _ hII hll _ hll
F=F-2 G=G+2--2 =H - =2
a +b2 b’ H b

equations (21) become
agFy + (0Z + W) F; + buFy = aF,
ayGy + (b7 + )Gz + buGy = bG + H,
afHy + (bZ +)Hz + buHz = bH.

12



In the variables
these equations are

with general solution _
F(z,y,z,u) = e f(z,v,w),

G(z,y, z,u) = e*(h(z,v,w)s + g(z,v,w)),
H(z,y,2,u) = e*h(z,v,w)
where f(z,v,w), g(z,v, w) and h(z,v,w) are arbitrary functions.

Case: a #0,b=0

In this case equations (21) become

(ay + h)F, + (u+ he)F, + hsF, = aF + hy,
(ay + h1)Gy + (u+ he)G, + hsGy = H + hy,
(ay + hy)Hy + (u+ ho)H, + hsH,, = h3.

Introducing the variables

h
yzy_'i', z =2, U=ﬂ—h27
— R N
F=F--2 G=G, H=H—-hy
a

equations (22) become

equations (23) become

with general solution
F(a;? y’ Z) u) = easf(x, v, w)’

— has?
G(z,y,2,u) = a8 + h(z, v, w)s + g(z, v, w),

2
H(z,y,z,u) = hys + h(z, v, w).

13
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— If hg = 0 then in the variables

y=¢€%, Z=ws+v, U=W

equations (23) become

@
1l
B
o
Il
(@)

F,=aF,
and their general solution is
F(z,y,z,u) = e f(z,v,w),
G(z,y,z,u) = h(z,v,w)s + g(z,v,w),
H(z,y,2,u) = h(z,v,w).
e Case: a=0,b#0
In this case equations (21) become

haFy + (bz +u+ ho) F; + (bu + ha) Fy = Ry,
hiGy + (bz +u+ho)G, + (bu + h3)Gy = bG + H + k4, (24)
h1Hy + (bz +u+ hz)Hz -+ (bu + h,3)Hu =bH + hg‘

Introducing the variables

. T C TRV
y”‘ya - b b2: U u b;
N Y h// h// o h/l
F=F ~diyay | wgifh-oc —H-=3
, G=G-2+3, H=H-~

equations (24) become
hiFy+ (bZ + W) F5 + buFg = Ay, |
hGy + (bZ + )G + buGy = bG + 1, (25)

— If hy # 0, then in the variables
7=hs, Z=¢e"(ws+v), u= e w
equations (25) become
F,=h", G,=bG+H, H,=>bH.
The general solution of the last set of equations is

F(z,y,2,u) = his + f(z,v,w),

G(z,y, z,u) = e*(h(z,v,w)s + g(z,v,w)),

H(z,y, z,u) = e*h(z,v,w).
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— If h; = 0, then in the variables
g=w, z=e®(w+v), U= w

equations (25) become

F,=0, G,=bG+H, H,=bH
and their general solution is
F(z,y,z,u) = f(z,v,w),

G(z,y, 2,u) = e*(h(z,v,w)s + g(z, v, w)),
H(z,y,z,u) = e”h(z,v,w).

e Case: a=0,0=0

In this case equations (21) become

thy + (’LL + hg)Fz + h3Fu = hlll,
Gy + (u+ hy)G, + hsGy = H + hy, (26)

hiHy + (u+ ho)H, + hgH, = h3.
Introducing the variables
Y=y, %
F=F, G=G, H=H— 1

——"E, u=“ﬁ—h2,

equations (26) become
hlﬁg + .'E-Fg + h3Fﬂ = hal, )
hlgﬂ + E—G_—_z + hgaﬂ = F, (27)
thy + ﬁH‘z‘ + h3Ha = hg

— If hy # 0, hg # 0, then in the variables

2
|
=
AL
.t
Il
4
g
V2]
+
<
gl

=h3s+w
equations (27) become

F,=h!, G,=H, H, =k
The general solution of the last set of equations is

F(z,y,2,u) = his+ f(z,v,w),

- g2
G(z,y,2,u) = 5

H(z,y,z,u) = hys + h(z,v,w).

+ h(z,v,w)s + g(z, v, w),
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— If hy # 0, hy = 0, then in the variables
g=his, Z=ws+v, U=w

equations (27) become _ o
Fs=h], Go=H, H,=0.
The general solution of the last set of equations is

F(z,y,z,u) = his+ f(z,v,w),

G(z,y,z,u) = h(z,v,w)s + g(z,v,w),
H(z,y,z,u) = h(z,v,w).

— If hy =0, hs # 0, then in the variables

/4 _ hgs? I\
7=w, z:——2 + ws + v, u=h38+w_

equations (27) become

F,=0, Go=H, H,=h
with general solution _
F(:I?, y,Z,’U/) = f(x,v,w),
\ husZ
Gla,y, %) = =S + bz, v,w)s + 9(z,0, ),
H(z,y, z,u) = hys + h(z,v,w).
— If hy =0, hs = 0, then in the variables

Yy=v, zZ=ws+v, U=w

equations (27) become

!

Fsz()a

and their general solution is

s=H, H;,=0

—F(IB, y,Z,’U,) — f(x,v,w),

G(z,y,2z,u) = h(z,v,w)s + g(z,v,w),
H(z,y,z,u) = h(z,v,w).

2.5.2. Case A= J,
In this case equations (16) become

(ay + z + k1) Fy + (az + u+ hy)F, + (au + h3) F,, = aF + G + hy,

(ay + 2z + h1)Gy + (az + v + hy)G, + (au + hg)Gy = aG + H + hj,

(ay + z + hi)Hy, + (az + v+ hp)H, + (au + h3) H, = aH + h3.

16
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Case: a #0

Introducing the variables’

h1 h2 h3 h2 hS

_ . _ hs
V=Yt e T TR T T T
a a® a3’ a a?’ a
equations (28) become
(a7 +2)Fy+ (a2 + W) F5 + aiFg = oF + G,
(a7 +2)Gy + (aZ + W) G5 + auGy = aG + H,
(a7 +Z)Hy + (aZ + U)Hz + auHz = aH.
In the variables
- as w82 L~} as 37 as
y==e (T+v)’ z=e*(ws+v), u=e"w

these equations are 9 " . |
F,=aF+G, Gy=aG+H, H,=aH.

The general solution of the last set of equations is
— g2
F(x’ y) ‘Z, u) = eas(h(x’ U, w)? + g(xi IU’ w)s + f(m, v’ w))7

G(z,y, z,u) = e**(h(z,v,w)s + g(z,v, w)),
H(z,y,2,u) = e®h(z,v,w)
where f(z,v,w), g(z,v, w) and h(z,v,w) are arbitrary functions.
Case: a =0
In this case (28) become
(z 4+ h)Fy + (u+ ho)F, + hsFy = G + by,

(Z + hl)Gy + (u + hz)Gz + h3G, = H + h’zl, (29)
(Z -+ hl)Hy + (U + hz)Hz + h3Hu = hg

Introducing the variables

equations (29) become
Eﬁg + EFE + h3—F_ﬁ' = @,
Eég + ﬂ@; + hg_ég = F, (30)
ZHy + ©Hz + hsHyz = hj.
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— If h3 # 0, then in the variables

hss® hss®
§J=3Ts+vs+w, 7=—3§—-+v, T = hgs

equations (30) become

F.=C, G,=H, H =H

with general solution

2

— has® '

F(z,y,z,u) = 3Ts + h(a:,v,w)%— + g(z,v,w)s + f(z,v,w),
— h=52
G(z,y,z,u) = 285 + h(z,v,w)s + g(z,v,w),

2
H(z,y,z,u) = hss + h(z,v, w).

— If hg = 0, then in the variables
52

y=-§~—+vs, Z=ws+v, U=w

equations (30) become
F,=G, G,=H, H,=0

with general solution

s*

F(z,y,2,u) = hz,v,w) 5

+ g(z,v,w)s + f(z,v,w),

G(z,y, z,u) = h(z,v,w)s + g(z,v,w),
H(z,y,z,u) = h(z,v,w).

3. Systems of linear equations

Linear second-order ordinary differential equations have the following form,
y" = A(z)y' + B(x)y + f(z), (31)

where A(z) and B(z) are matrices, and f(z) is a vector. Using a particular solution y,(z) and
the change

y=5+Yp
we can, without loss of generality assume that f(z) = 0. The matrix A(z) or B(z) can also be
assumed to be zero if we use the change, y = C(z)¥y, where C = C(z) is a nonsingular matrix.

In the present paper the matrix A(z) is reduced to zero. In this case the linear equations (3) are
linear functions of y, z and u:

F(z,y,2,u) = c11(2)y + c12(z)z + c13(z)u,
G(z,y, z,u) = ca(x)y + c2(x) 2 + co3(T), (32)
H(z,y,2,u) = ca1(x)y + cza(x)2 + ca3(z)u.

In matrix form one can write as

F(z,y) = C(z)y (33)
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Any linear system of equations admits the following generators
YOy + 20, + u0,, (34)

G(@)0, + (). + () (3)
where (;(z), (2(z) and (3(z) are solutions of the equations:

¢ = a1l + 2o + 13Gs,

C5 = 11 + ca2lo + C23(a,
(3 = 311 + c32la + c33¢s.

For the classification problem one needs to study equations which admit generators different from
(34) and (35).

3.1. Equivalence transformations

Similar to systems of two second-order ordinary differential equations calculations show that
the equivalence transformations are defined by the following two types of transformations. The
first type corresponds to the linear change of the dependent variables ¥ = Py with a constant
nonsingular matrix P. The second type is

Z=p(2), ¥=1yd(z), Z=2¢(z), &= wp(z),
where the functions ¢(z) and ¢(z) satisfy the condition
v Y
Remark. In [29] it is shown that using the equivalence transformations of the presented
above form, one can reduce any system of homogeneous linear second-order ordinary differential

equations to a system with a matrix C such that! trac C = 0. In this case one can obtain that the
coefficient £(z) of the admitted generator related with the independent variable z has the form

17 /
LA

& = kyz® + by + ko,

where k;, (i = 0,1,2) are constant. This means that the admitted generators are defined up
to constants. This property allows one to apply an algebraic approach for group classification.
In algebraic approach the constants are defined from the algebraic properties of admitted Lie
algebras. Substituting the constants into determining equations one obtains systems of ordinary
differential equations for the entries of the matrix C(z). Solving this system of equations one
finds forms of the entries. For systems of two linear second-order ordinary differential equations
it shown in [29] that these systems of ordinary differential equations for the entries can be solved.
However, the complete study of the problem of group classification using the -algebraic approach
led to the study of more cases than those found in [18], where Ovsiannikov’s approach was applied.

3.2. Case £ #0

Using the obtained general forms of equations admitting an infinitesimal generator with £ # 0
linear systems of equations (9), (11), (13) and (15) have the following form:

f(s,v,w) = 0118 + a12v + ay3w,
9(s,v,w) = 218 + Qo + agzw, (36)
h(s,v,w) = o315 + a3 + o33W.

1For a system with two equations this property was obtained in [12].
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3.2.1. Case A= J;
Substituting (36) into (32), the equations involving F, G and H become

F = any + oz + e oy,
G = e ayy + anz + e” @ PTayu,
H= e‘ﬂ”oz;ny + C(Q_ﬂ)zagzz + Q33U

wherea =a—-band S=a—d.

Without loss of generality one can assume that a2 = 1. We can assume that a;o # 0 because
for ays = 0 we have a3 # 0 otherwise the system is degenerate. Applying the scaling of y we
conclude that a2 = 1. Thus the studied linear system of equations becomes -

F = o1y 4 €2 + €*%ay3u,
G = e‘“’”agly + Qo2 + e—(a—ﬁ)za%u, h (37)
H = e Pagy + el PPasyz + os3u.

- 8.2.9. Case A= J,
Substituting (36) into the functions F,G and H one finds

F = ouy+ e 9% (ag;cos (cz) + augsin(cx)) z + e D% (a3 cos (cz)
—ayg sin {cz))u,
G = e 9%(qy cos(cx) + az sin (ez))y + (g cos® (cz)

+(0ug3 + arsz) cos (cx) sin (cx) + ass sin® (cz))2
+(au3 cos? (cx) + (a3 — aap) cos (ez) sin (cx) — aga sin® (cz))u,

H = e @ 92(qy cos(cx) — agsin (cx))y + (32 cos® (cx)
+(0rs3 — ) cos (cz) sin (ex) — agg sin® (cz))z

+(ars3 cos? (cx) — (azg + Qg3) cos (cz) sin (cz) + agg sin’ (cz))u.

Using trigonometry formulae and introducing the constants 3, v, ¢; and cq:

o a3 )\ _ (Bt v-a
032 Q33 y+ea —B+ec )’
one can rewrite functions F'; G and H in the form
F = any+e* (cos(cr) arp + sin(cx) ays) 2 + e**(cos (cx) ans
—sin (cz) 2)u,
G = e *(cos(cz) g + sin(cz) as;) y + {cos (2¢cx) B
+sin (2cz) v + ¢a)z + (cos (2cz) vy — sin (2¢z) B — ¢1) u,
H = e (cos(cz) s —sin(cz) az)y + (cos(2cx)y
—sin (2¢x) B + 1)z — (cos (2¢cz) B + sin (2cx) v — ¢2) u,

where @« = a — .
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Applying rotation of the dependent variables 2z and u, and their dilation, we can assume that
a2 = 1 and a3 = 0. Hence the studied linear system of equations becomes

F = ayny + e*® cos (cx) z — e*® sin (cz) u,
G = e (cos(cx) g + sin (cz) as1) y + (cos (2¢z) B
+sin (2¢z) v + ¢2)z + (cos (2¢cz) v — sin (2¢x) B — ¢1) U, (38)
H = e™** (cos (cz) az; — sin (cx) ao1) y + (cos (2¢x) v
—sin (2¢cz) B+ ¢1)z — (cos (2¢z) B + sin (2¢z) ¥ — ¢2) u.
3.2.8. Case A= J3
Substituting (36) into the functions F, G and H one finds

F = a1y + e*®0q22 + e*® (—a2z + ai3) U,

G=¢e* (6\421 + aglx) Y+ (0522 + 0432117) A
+ (0123 + (0433 — agz) zr — 0132$2) U,

H = e ¥ag1y+ azz + (0533 = a32$L‘) U

(39)

where a« = a — b.

3.2.4. Case A= J,
Substituting (36) into the functions F,G and H one finds

F= (/\ +pz + éfyx?) (y —zz+ 1x2u) ,
G=e*(B+z) (y zz+ iz u) (40)
H = e *y (y —zz+ 5:}3 u)

where A = g + a1p + i3, = o1 + oo+ o3, ¥ = a3 + asy + ass.

Since for v = 0 the linear system of equations is reduced to the degenerate case H = 0, one
has to consider v # 0.

3.8 Case £ =0
Substituting (33) into (17) and splitting it with respect to y, 2 and u one has
CA—-AC =0. (41)
A nontrivial admitted generator is of the form
X, = (Ay) - V. (42)

Equations (41) can be simplified by using the Jordan form of the matrix A.
In particular, if A = Jj, then equations (41) become
c12(b—a)=0, 613(d—a)=0, C21 (a—b)=
Cz3(b—d)=0, 031(a——d)=0, C32(b—d)=
If (a — b)® + (a — d)* + (b—d)® = 0, then we find that a = b = d and the generator (42) is also
trivial. Hence we can assume that a # b. Using this assumption we see from equations (43) that

(43)

c12=0, ¢ =0.
For a non-degenerate linear system one has to assume that ¢;3 # 0, which leads to a = d and
Co3 = 0, C3g = 0.

The linear system of equations with co; = 0 and co3 = 0 is degenerate.

Similar results are obtained for the for other cases of the matrix A. This means that in contrast
to a linear system with two equations there is no linear systems with three dependent Varlables
such that all nontrivial admitted generators have the form (42).
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4. Solutions of the determining equations
Solving the determining equations leads to the following solutions:

o For system (37) there is the only nontrivial admitted generator

8, — 020, — Pud,. - (44)

o In the case of system (38) there is the only nontrivial admitted generator

0z + aydy + c(ud; — 20,) . | (45)

o Similarly for system (39) there is the only nontrivial admitted generator

8, + ayd, + ub,. (46)

o Finally for system (40) there is the only nontrivial admitted generator

Oy + 20y + u0,. (47)

Theorem. All non-degenerate linear systems of three second-order ordinary differential equa-
tions admitting a non-trivial generator are equivalent to one of the cases: '
(a) system (37) with the generator (44),

(b) system (38) with the generator (45),
(c) system (39) with the generator (46),
(d) system (40) with the generator (47).

5. Conclusion

The results of the current paper are obtained using Ovsiannikov’s approach [4], which involves
simplifying one generator and finding the associated functions. These functions are then used to
solve the determining equations. We found all forms of nonlinear systems y” = F(z,y) admitting
at least one generator. Finding their forms is reduced to solving a linear system of first-order
ordinary differential equations with constant coefficients. Methods for solving these systems are
well-known in the theory of ordinary differential equations; their solution is given by studying
purely algebraic properties of some constant matrix A. Since the matrix A is considered in the
Jordan form, these properties are simple in each particular case.

Any normal linear system of second-order ordinary differential equations can be reduced to
the form :
y" =Cy,
where C(z) is a square matrix. These systems admit the set of trivial generators y - V, h(z) - V,
where h” = Ch. Complete group classification of linear systems containing three equations and
admitting a nontrivial generator is given; it is shown that all such systems have one of the four
forms . We have also listed an explicit form of the non-trivial admitted generators for each of the
respective cases. The obtained results are summarized in the theorem.
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