Chapter 3

Group classification of systems of three
second-order ordinary differential

equations

3.1 Introduction

Systems of ordinary differential equations appear in the modeling of natural phenomena
and have generated sufficient interest in theoretical studies of these equations and their
symmetry properties. For instance, one of the popular problems in the analysis of differ-
ential equations in the 19th century was that of group classification of ordinary differential
equations (see the works by S. Lie [1, 2]). Group classification of differential equations
here means to classify given differential equations with respect to arbitrary elements.

In this paper we consider the complete group classification of systems of three
linear second-order ordinary differential equations. Systems of second-order ordinary dif-
ferential equations appear in the study of many applications. The study of their symmetry
structure constitutes an important field of application of the group symmetry analysis
method. Earlier studies in this area initiated by Lie [3] gave a complete group classi-
fication of a scalar ordinary differential equétion of the form y” = f(z,y). Later on
L.V.Ovsiannikov [4] did the group classification using a different approach. In this ap-
proach the classification was obtained by directly solving the determining equations and
exploiting the equivalence transformations. In more recent works the same approach was
used in {5] for the group classification of more general types of equations. We note here
that in the general case of a scalar ordinary differential equation, v = f(z,y,v’), the

application of the method that involves directly solving the determining equations gives
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rise to some difficulties. The group classification of such equations [6] is based on the
enumeration of all possible Lie algebras of operators acting on the plane (z,y). In the
works by Lie (3] is the classification of all non similar Lie algebras (under complex change
of variables) in two complex variables. In 1992, Gonzalez-Lopez et al. ordered the Lie
classification of realizations of complex Lie algebras and extended it to the real case [7].
In the literature and references therein is a large amount of results on the dimension
and structure of symmetry algebras of linearizable ordinary differential equations (see
6, 8, 9, 10, 11, 12]).

It is apparent from these sources that there is a significant number of studies on
symmetry properties of scalar ordinary differential equations but equally not as much on
the group classification of systems of three linear second-order equations. In recent works
(13, 14, 15, 16, 17] the authors focused on the study of systems of second-order ordinary

differential equations with constant coefficients of the form

y'= My, (3.1)

where M is a matrix with constant entries.
In the general case of systems of two linear second-order ordinary differential

equations the more advanced results are obtained in [12], where the canonical form

. { al)  ba)
Y ( c(z) —a(z) )y, (3.2

was used by the authors to obtain several admitted Lie groups. We note that the list of all
distinguished representatives of systems of two linear second-order ordinary differential
equations found in [12] was not exhaustive and hence this formed the basis of the paper
[18] where the complete group classification of two linear second-order ordinary differential
equations using Ovsiannikov’s approach was performed. It is also worth to note here that
the form (3.2) allows one to apply an algebraic approach for group classification. The
algebraic approach takes into account algebraic properties of an admitted Lie group and
the knowledge of the algebraic structure of admitted Lie algebras that can significantly
simplify the group classification. In particular, the group classification of a single second-
order ordinary differential equation, done by the founder of the group analysis method,
S.Lie [1, 3], cannot be performed without using the algebraic structure of admitted Lie
groups. Recently the algebraic properties for group classification was applied in [19, 20,
21, 22, 23, 24, 25, 26]. We also note that the use of the algebraic structure of admitted
Lie groups completely simplified the group classification of equations describing behavior
of fluids with internal inertia in [27, 28]. The study of [29] showed that the problem of
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classification of systems of two linear second-order ordinary differential equations using
the algebraic approach leads to the study of more cases than those found in [18], where
Ovsiannikov’s approach was applied. '

The system considered in the current paper is a generalization; it is a system of
three linear second-order ordinary differential equations. We exclude from our consider-
ation the study of systems of second-order ordinary differential equations with constant
coeflicients and the degenerate case given as follows:

"

¥y = F(xa%z»u)) 7= G(z, y,z,u)7 U = 0,

or
y” = F(-'L',Z/, z,u), 2= G(x,ya Z), u’ = H(m,y, Z) =0.

The results found here are new and have not been reported in the literature as

far as we are aware.

3.2 Preliminary study of systems of nonlinear equations

A system of three second-order nonlinear differential eduations of the form
Y’ = F(z,y,2,u), 2'=G(z,y,2,u), v =H(z,y,zu) (3.3)

is considered in this section. In matrix form equations (3.3) are given by

y' =F(z,y), (3.4)
where
y F(x7 y’ Z’ u)
y=1|z |, F=| G(z,y,2,u)
U H(z,y,2z,u)

We consider a system of nonlinear equations here as it will later allow us to
separate equations given into their respective classes. We exclude from the study the
degenerate systems which are equivalent with respect to change of the dependent and
independent variables to one of the classes: (a) the class where F, = 0, F, = 0; (b) the
class where F, = 0, G, = 0. The class (a) is characterized by the property that one of
the equations has the form y” = F(z,y). For the class (b) two equations are of the form

y” = F(.’B,y, Z), 2= G(xa Y, Z).

Hence for these classes the group classification is reduced to the study of a single equation
or a system of two equations. It is noted that group classifications of linear equations

with the number of equations n < 2 is complete.
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3.2.1 Equivalence transformations

Calculations show that the equivalence Lie group is defined by the generators:

X¢ = yd, + Fop, X§=20,+G0p, X;=ud,+ Hop,
X§=y0,+ FOg, X¢=20,+G0g, X§=ud,+ Hog,
X7 =y0,+ FOy, X§=20,+G0n, X§=ud,+ Hoy,
Xio = ¢1(2)0, + ¢1(2)0r, Xf) = ¢2(2)0. + 83 (z)de,
Xty = ¢3(2)0u + ¢5()0m,
X33 = 26(2)0; + &' (2)(y0, + 20, + ud,
—3F0p — 3G0g — 3HOy) + &"(z)(yOr + 20 + udy),

where £(z) and ¢;(z), (i = 1,2,3) are arbitrary functions.

The transformations related with the generators X¢, (i = 1,2, ...,9) correspond to
the linear change of the dependent variables ¥ = Py with a constant nonsingular matrix
P. The transformations corresponding to the generators X¢, (i = 10,11,12) define the

change
U=y+oi(z), Z=2z+9p(z), U=1u+psz).

The equivalence transformation related with the generator X§; is
T=p(z),y= y¥(z), Z=2Y(z), u= uwp(z),
where the functions ¢(z) and () satisfy the condition

(P” ¢/
— =2—. 3.5
3 (55)
3.2.2 Determining equations

Consider the generator

0 0 0 0
X = f(x,y, Z,'U,)% + 771($7 Y, 2, u)a_y + 772(35,31, Z, u)& + 773(515,% Z,U)%.

According to the Lie algorithm [11], X is admitted by system (3.3) if it satisfies the

associated determining equations. The first part of the determining equation is given by
3F& + G + HE = 3¢y + &5z + &u — £ — 2k,
Fé +3GE + HE = Ly + 3652 + &Gu — &5 — 2h),
Fé + Gé + 3HE = Ely + &2 + 3&u — & — 2hy,
Fé& =&y + hyy, Fés =&y + hig,
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Gér = &z + hiy, Gy = &z + hi,
H& = &u+thy, HE =&u+hy
where
£(z,, z,4) = &1(2)y + &a(2)z + &s(@)u + o ()
and the functions h; = h;(z), and hy; = hy;(z).

From these equations one can conclude that & + £2 + £2 # 0 only for the case

where two of the equations are equivalent to the free particle equation, for instance,
G=0, H=0.
Hence we consider the case where

gl:o) 6220, €3=0
The determining equations in this case are given by

Fy(y(€' + k1) + zka + uks + () + Fo(yks + (€ + ks)z + uks + ()
+Fu(yk7 + Zkg + (fl + kg)u + CS)
+2F,€ — "y + (3¢ — kl)F — koG — k3 H — q’ =0,

Gy(y(€' + k1) + 2k + uks + G1) + Ga(yks + (§' + ks)z + uks + (o)
+Gu(ykr + zks + (€ + ko)u + (3)
+2Go€ — €z — kyF + (3¢ — k)G — ke H — ¢4 =0

)

Hy(y(&' + ki) + zky + uks + (1) + H.(yks + (€ + ks)z + uke + (2)
+Hy(yks + zks + (& + ko)u + (3)
+2H3;£ - §”’u - k7F - kgG + (38 —_ kg)H — Cg =V,

where an admitted generator has the form

X =25 + (€ +R)y+kez+ksu+ )2
H(kgy + (€ + ks)z + ksu + () 2
+(kry + ksz + (& + ko)u + (3) 2

with £ = &(z), ¢ = G(z) and k;, i = 1,2, 3 constant.

For further analysis the study of the determining equations is separated into the
cases:

(a) the case in which there is at least one admitted generator with £ # 0;

(b) the case in which for all admitted generators ¢ = 0.
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3.2.3 Case ¢ #0

We consider the generator X, for which £ # 0. Using the equivalence transformation:
n=y+pi(r), z21=2+4ps, w=u+psz),
the generator X, becomes

Xo =262 +((¢ + ki)y1 + kaza + kus + Zl)a%l
—i—(k4y1 + (é' + k5)21 + keuy + C2)aizl
+(k7y1 + kgzy + (fl + kg)U1 + C3)aiula

where

G = 260, — (€' + k1)1 — kaps — ks + Ci,
G = 26eph — katpr — (€' + ks)epa — Kops + G,
Za = 265 — krpr — ksipa — (€' + ko)ps + (3.
The functions ¢;(z) (¢ = 1,2, 3) can be chosen such that
(=0, G=0, =0
Then without loss of generality one can assume that the generator X, has the form

Xo =262 + (¢ + )y +kaz + ksu) & + (kay + (&' +ks)z + ko) Z
+(kry + ksz + (& + ko)u) 2.

The equivalence transformation

1= o(z), y1=9B(z), z1=206(z), w= up(z),

where
a”zB =i 20/:3,’ (alﬁ 7é O)a
reduces the generator X, to
Xo =206+ ((260'/B+ & + ki)ys + ka1 + kaun) 5

+(kayr + (268'/B + &' + ks)z1 + ko) 52
+(kryy + kgz1 + (266'/B + € + kg)ul)a%l~

Choosing f(z) such that 264’/ + &' = 0 makes the generator X, become

X, = 20/6% + (klyl + kozy + k3ul)6% + (k4y1 + ksz1 + kgul)aizl
+(k7y1 + kgzy + kgul)a%l.



3.2. PRELIMINARY STUDY OF SYSTEMS OF NONLINEAR EQUATIONS 18

Note that in this case

d(a’§)
Tam
This means dE)  (ole) Y . ,
« « I AP ¢ B,
d:El = o =§+?€— 2§ﬁ+2ﬂ€—0

Hence without loss of generality we can assume that the generator X, has the form

Xo=kgz + (Fay + ko2 + ksu) & + (ay + ksz + kou) &
+(kry + sz + kyu) 2,

where k = 2a’€ # 0 is constant. We rewrite the generator X, in the form

Xo = Bx + (auy + a0z + algu){% + (a21y + Q992 + a23u)56;
+(an1y + azz + agsu) <.

The determining equations become

(a11y + a1oz + a13u) Fy + (a21y + agez + agsu) F,

+ (aa1y + azoz + assu) By + Fp = apn F + 015G + ay3H,

(a11y + a122 + a13u) Gy + (a21y + anez + agau) G,

+ (as1y + az2z + agsu) Gy + Gz = a F' + apnG + agH,
(@11y + @122 + a13u) Hy + (az1y + a2z + agsu) H,

+ (as1y + az2z + azzu) Hy + Hy = a3 F + a3:G + ags H.

(3.6)

Here ay;, (4,7 = 1,2, 3) are constant. In matrix form these equations are rewritten as

F, + ((Ay) - V)F — AF =0, (3.7)
where
11 Q12 Qi3 3y
A= ay ap a3 |, V= 0,
31 O3z 433 Ou
Here “-” means the scalar product

b-V = b3,

where a vector b = (b1, 2,83), ¥y = (y1,%2,¥3), and it is also used standard agreement:
summation with respect to a repeat index.

Further simplifications are related with simplifications of the matrix A.

We apply the change y = Py where P is a nonsingular matrix with constant

entries
Pi1 P12 Dis

P=1 px D22 P23
P31 P32 P33
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Equations (3.3) become
v =F(z,3)
where
F(z,5) = PF(z, P~'§).
The partial derivatives §,,0, and 9, are changed as follows:

V = P'V.
Hence equations (3.7) become
((4P~15)- PV (P'F) + PR, - AP-'F
= P (((PAPy). 6) F+F, - PAP-lﬁ)
= p-1 (Zy)tx?) F4P,— Z}T‘) =0
where
A=PAP™,

This means that the change ¥y = Py reduces equation (3.7) to the same form with the

matrix A changed. The infinitesimal generator is also changed as
X, = 8, + (Ay) - V.

Using this change matrix A can be presented in the Jordan form. For a real-valued 3 x 3
matrix A, if the matrix P also has real-valued entries, then the Jordan matrix is one of

the following four types:

a 00 a 00 a 10
Ji=|0bO |, 2b=|0 b c}|,B=l00b1|, u=]02al]|,
0 0d —c 0 0 b 0 0 a
- (3.8)

where a, b, ¢c and d > 0 are real numbers.

Case A = J1

We assume that

b

i
o o =8
© o o
Q. o o
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In this case the equations for the functions F, G and H are

ayF, + bzF, + duF, + F; = oF,

ayGy + b2G, + duG, + G, = bG,

ayH, +bzH, +duH, + H, = dH.
The general solution of these equations is

F(z,y,2,u) = e“f(s,0,w), G(z,y,2,u) =g (s,v,w),
H(z,y,2,u) = e®h(s,v,w)
where
az —bz -z

s=ye T, v=2e T, W=1ue

The admitted generator is

0 a 0 0

Case A= J,

We assume that

A=10 b

In this case equations (3.6) become
ayF, + (bz + cu) F, + (—cz + bu) F, + I, = aF,
ayGy + (bz + cu) G, + (—cz + bu) Gy, + G, = bG + cH,
ayH, + (bz + cu) H, + (—cz + bu) H, + H, = cG + bH.
Here again we introduce the variables
s =ye %, v =e (zcos(cz) — usin(cz)),
w = e~* (zsin (cz) + ucos{cz)),
equations (3.10) become
F,—aF =0, G, —bG—cH=0, H, +cG—bH =0.
The genefal solution of these equations is
F(z,y,z,u) = e**f (s,v,w),
G (z,y, 2,u) = " (cos (cz) g (s, v, w) + sin (cz) h (s,v,w)),
H (z,y, z,u) = e (—sin (cz) g (s, v, w) + cos (cz) h (s, v, w))

(3.9)

(3.10)

(3.11)

where f(s,v,w), g(s,v,w) and h(s,v,w) are arbitrary functions. The admitted generator

is

a 0 0 g
Xo—%+ay—8—?;+(bz+cu)$+(—cz+bu)55.
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Case A= J;

‘We assume that

A=

[eclN o B <
o o O
= O

In this case equations (3.6) become

ayF, + (bz + cu) F, + buF, + F, = oF,
ayGy + (bz+cu) G, + buG, + G, = bG + H, (3.12)
ayH, + (bz + cu) H, + buH, + H, = bH.

As in the previous case we introduce the variables

—ax

bz

s=ye %, v=e""(z—uz), w=e"u

so that equations (3.12) become
Fp—aF =0, G, —bG— H=0, H, — bH = 0.
The general solution of these equations is

F(z,y,z,u) = e*f (s,v,w),
G (z,y, z,u) =€ (h(s,v,w)z + g (s,v,w)), (3.13)
H (z,y,2,u) = e®h(s,v,w),

where f(s,v,w), g(s,v,w) and h(s,v,w) are arbitrary functions. The admitted generator

is

0 0 0 0
Xo = — — — —_
0= 5. +ay8y + (bz + cu) % +bu8u
Case A = J4
We assume that
0
A= 1
a

In this case equations (3.6) become

(ay + 2) Fy + (az +u) F, + auF, + F, = oF, _
(ay+ 2) Gy + (az +u) G, + auG, + G, = aG + H, (3.14)
(ay+ 2z) Hy + (az + u) H, + auH, + H, = aH.
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Introducing the variables

1
s=e % (y —zz+ §m2u> ,v=€e"(z—zu), w=e"u

so that equations (3.14) become
Fp—aF-G=0,G,—aG—-H=0, H, —aH = 0.
The general solution of these equations is

F(z,y,z,u) = e*® (h(s,v,w) %2— +g(s,v,w) + f(s,v,'w)) ,
G (z,y,2,u) = e*® (h(s,v,w) T+ g (s,v,w)), (3.15)
H(z,y,2,u) = e”h(s,v,w) \

where f(s,v,w), g(s,v,w) and h(s, v, w) are arbitrary functions. The admitted generator
: 0 2] 3] 0
pomi =l ( =l @A
0= 5= +(ay+z)6y + (az +u) i +aua‘u

3.24 Casel =0

Substituting £ = 0 into the determining equations we find that

(a11y + @122 + as3u + (1) Fy + (aa1y + az0z + agsu + () F,
+(as1y + az2z + assu + G3)Fy = a1 F + 012G + a3 H + (f,
(011y + @122 + a13u + (1)Gy + (a21y + 6222 + agsu + (2)G,

3.16
+(az1y + az22 + azsu + G3)Gy = an F + 022G + ags H + (7, (316)
(a11y + a12z + arzu + () Hy + (0219 + age2z + assu + () H,
+(as1y + az2z + aszu + ) Hy, = asi F + ag.G + ags H + (F,
or in matrix form
((Ay + h)- V)F = AF + 1" (3.17)
where
ki ko ks Ci(z)
A= | ky ks ks |, h(z)=] ((z)
kr ks kg C3($)

Similarly to the case where £ # 0 we use the Jordan forms (3.8) of the matrix A.
The admitted generator has the form

Xo = (kvy + koz + ksu + (1())0y + (kay + ksz + keu + (2(x))0,
+(kry + ksz + kou + (3(z))0,-
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Case A = J;
Assuming that A = Ji, equations (3.16) for the functions F' and G are

(ay + h)Fy + (bz + hy)F, + (du + h3)F,, = oF + hf,
(ay + h)Gy + (bz + hy)G, + (du + h3)G,, = bG + R,
(ay -+ hl)Hy + (bZ + hz)Hz + (du + hg)Hu =dH + hg

The general solution of these equations depends on a value of a,b and d:

e Case: a#0,6#0,d#0

aF + h{ = (ay + hy) f(z, s,v), bG+ hy = (bz + ha)g(z, 5,v),
dH + hf = (du + h3)h(z, s,v), s= (bz + h2)*(ay + h1)7®,
U= (du + h3)b(bz + hz)—d.

e Case: a#0,0#0,d=0

aF +bf = (ay + h) f(z,5,v), bG + hy = (bz + ha)g(z, s,v),
H= %i In(ay + ha) + h(z, s,v), s=(bz+ ha)*(ay+hy)7?,
v=u—51n(bz + hy).

e Case: a#£0,0=0,d=0

aF + R = (ay + h1) f(z,8,0), G="21In(ay+hy) + g(z, 5,v),
H= h_f' In(ay + h1) + h(z,s,v), s=2z— %ln(ay + hy),

v=u—%In(ay + k).
e Case: a=0,b=0,d=0,h; #0
F= %/fy+f(x,s,v), G =y + g(z,s,v),
hl
H = 2y + h(z, s,v), s=z—%y, v=u—%§y.

o Case: a=0,b=0,d=0,h; =0,hy #0

hl/ " .
F=fzs), G=3z+g(zs), H_z%”h(x,s), s=u— 12z

Here f(z,s,v),9(z,s,v) and h(z, s,v) are arbitrary functions.
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3.2.5 Case A= J,

In this case equations (3.16) become

(ay + h1)Fy + (bz + cu + ho) F, 4+ (—cz + bu + h3)F, = aF + hj,
(ay + h1)Gy + (bz + cu + hy)G, + (—cz + bu + h3)G, = bG + cH + hj,

(3.18)
(ay + h1)Hy + (bz + cu + hy)H, + (—cz + bu+ h3)H, = —cG + bH + h3.
e Case: a #0

Introducing the variables

y=7-

[l e

, z2=Z— (b + A2)~Y(bhy — chs),
u — (b? + )~ (chy + bhs),

F=F-% G=G~ (8 +c) ' (bhy - cht),

H=TH— (¥ + ) (chy + bhf)

U

equations (3.4) become

ayFg + (bZ + cu)F5 + (—cz + bu) Fy = aF,
ayGy + (bZ + cu)Gz + (—cz + bu)Gy = bG + cH,

agHy + (b + ct)Hz + (~cz + bu)Hy = ~cG + bH.
In the variables

, Z=we"sin(cs), T = we" cos(cs)
these equations are

Fy=aF, Gs=0bG+cH, H,=—-cG+bH.

The general solution of the last set of equations is

F(m, v, z,u) = e¥ f(z,v,w),

G(z,y,z,u) = * (cos(cs)g(z, v, w) + sin(cs)h(z,v,w)),

H(z,y, z,u) = € (—sin(cs)g(z, v, w) + cos(cs)h(z, v, w))
where f(z,v,w), g(z,v,w) and h(z,v,w) are arbitrary functions.

e Case: a=0
In this case equations (3.4) become

hiFy + (bz + cu + he)F, 4 (—cz + bu + hg) F,, = hY,
hGy + (bz + cu+ he)G, + (—cz + bu + h3)G,, = bG + cH + hj,

(3.19)
hyHy + (bz 4+ cu + ho)H, + (—cz + bu + hg)H, = —cG + bH + h5.
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- If hy #0, introdlicing the variables

y=7h, z=%— "+ ) (bhy — chs),
w=1— (8 + &) ~Y(chy + bha),

F=F, G=G— (b*+c*)(bh — chl),
H=H— (8®+ &)~ (chl + bh})
equations (3.19) become
Fg+ (b2 + cW)F; + (—cz + bu)Fg = R,
Gy + (b2 + )Gz + (—cz + bu)Gy = bG + cH,
Hy+ (b2 + ci)Hz + (—cZ + ba)Hy = —cG + bH.

In the variables

s=7%, v=-e % (Zcos(cy)— usin(cy)),

w = e~% (Zsin (cg) + U cos (7))
these equations become
Fo=1!, G, =tG+cH, H,——cG+bH.
The general solution of the last set of equations is

F(z,y,z,u) = his + f(z,v,w),

G(z,y, 2,u) = € (cos(cs)g(x, v, w) + sin(cs)h(z, v, w)),

H(z,y,z,u) = € (—sin(cs)g(z, v, w) + cos(cs)h(z, v, w)).

— If h; =0, in this case equations (3.19) become

(bz+ cu+ ho)F, + (—cz + bu + h3)F, = 0,
(bz + cu+ he)G, + (—cz+ bu+ h3)G, = bG + cH + R,
(bz4cu+ ho)H, + (—cz + bu+ h3)H, = —cG + bH + hj.

Introducing the variables

z=2— (1% + ) (bhy — chs), u=7T— (b®+ c)7(chy + bhs),

F, G=G— (V" +c?) 7" (bhy — chy),
H=TH — (0 + &)~ (chfj + bhf)

(3.20)
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equations (3.20) become

(bZ + @) Fz + (—cz + o) Fg = 0,
(bZ + )Gz + (—cz + bu)Gy = bG + cH,
(bZ + u)Hz + (—cz + ba)Hy = —cG + bH.

In the variablés

¥=w, Z=ve”sin(cs), T=ve" cos(cs)

these equations become

and their general solution is

F(.’B, Y, Z,’LL) =< f(xa v, w)a

G(z,y, z,u) = €* (cos(cs)g(z, v, w) + sin(cs)h(z, v, w)),

H(z,y, z,u) = € (—sin(es)g(z, v, w) + cos(cs)h(z, v, w)) .

Case A= J;

In this case equations (3.16) become

(ay + h1)Fy 4 (bz + u+ ho) F, + (bu+ h3)F,, = aF + R,
(ay + h1)Gy + (bz + u+ h2)G, + (bu+ h3)G, = bG + H + R,
(ay + hi)Hy + (bz +u + ho) H, + (bu + h3)H,, = bH + h.

e Case: a #0,b#0

Introducing the variables

_h _h h _ h
yzy_;l) Z:z_?2+'b_§1 =U _53_’
" " " n
F:‘F‘_%, G:m%—%, H=T-"

equations (3.21) become

ayFy + (bZ + @) Fz 4 buFg = oF,
ayGy + (bZ + ©)G + buGg = bG + H,
ayHy + (bZ + u)Hz 4 buHz = bH.

(3.21)
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In the variables

T=¢e%, zZ=¢e"(sw+v), bs

|
|
®
g

these equations are

F,=aF, G,=0bG+cH,

i
Il
=

with general solution
F(z,y,z,u) = e f(z,v,w),
G(z,y, z,u) = e*(h(z,v,w)s + g(z,v,w)),
H(z,y,2,u) = e”h(z,v,w)
where f(z,v,w), g(z,v,w) and h(z,v,w) are arbitrary functions.
e Case: a #0,b0=0
In this case equations (3.21) become
(ay + h1)Fy + (u+ he)F, + hgFy, = aF + h{,
(ay + )Gy + (u+ h2)G: + k3G, = H + h,
(ay + h1)H, + (u+ ho)H, + hsH,, = hj.

Introducing the variables
hy

y:y_;a Z=—Z, 'U':E_'hZ)

— h" o —
F=F--' G=G, H=H-h,
a
equations (3.22) become
ayFy +F5 + hsFz = aF,
a@@; + ﬂ@; S hS—G-’ﬂ = _ﬁ,
ajHy + UHz + haHg = hj.
— If hs # 0, then in the variables

with general solution

F(z,y, z,u) = e* f(z,v,w),
h382
_ 2

H(z,y,z,u) = hys + h(z,v,w).

G(z,y,2,u) = + h(z,v,w)s + g(z, v, w),

(3.22)

(3.23)
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— If hy = 0 then in the variables

y=e% Z=ws+v, TU=w

equations (3.23) become

and' their general solution is
F(z,y, 2,u) = e* f(z,v,w),
G(z,y,2,u) = h(z,v,w)s + g(z, v, w),
H(z,y, 2,u) = h(z,v,w).

e Case: a=0,b#£0
In this case equations (3.21) become

haFy + (bz +u+ ho) F; + (bu + h3) F, = hf,
hiGy + (bz + u+ he)G, + (bu + h3)Gy = bG + H + hg,
hiHy + (bz +u + ho)H, + (bu + hs)H, = bH + hj.

_ Introducing the variables

he . hs
b T
N L h” h// . hf/
F-F G=G-1.% p_g_
 G=G-2id, H=T -5

hs

uUu=u

It
N|

Yy=9, 2

equations (3.24) become
hGy + (b2 +T)G5 + buGy = bG + H,
hiHy + (bz + u)H5 + buHy = bH.
— If hy # 0, then in the variables

T=hs, z=e"(ws+v), T=e"w

equations (3.25) become
F,=hj, G;=bG+H, H,=bH.
The general solution of the last set of equations is
F(z,y,z,u) = h{s + f(z,v,w),
G(z,y, z,u) = e (h(z,v,w)s + g(z, v, w)),

H(z,y,z,u) = e*h(z,v, w).

(3.24)

(3.25)
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— If hy =0, then in the variables
T=w, zZ=€"(w+v), T=e"w
equations (3.25) become
F,=0, G,=bG+H, H,=b
and their general solution is

F(z,y, z,u) = f(z,v,w),

G(z,y, 2,u) = e*(h(z,v,w)s + g(z,v,w)),
H(z,y,z,u) = h(z,v,w).

e Case: a=0,b=0
In this case equations (3.21) become
thy + (u + hz)Fz -+ thu = h’ll,
PGy + (u+ h)G, + haGy = H + hs,
hiHy + (u+ ho)H, + hgH, = h3.

Introducing the variables
y=71, z2=2, u=71u—hs,
F=F, G=G, H=H—h;
equations (3.26) become
hl—Fg + EF—E + hgﬁﬁ = h{l/,
hlag -+ ﬂ@; + hgég = F,
hl—ﬁy + EFE + h;{ﬁg = hg

— If hy # 0, hg 5 0, then in the variables

2

hss
Y= hys, E=——32—+ws+'v, u=hgs+w

equations (3.27) become
F,=h], Go=H, H,=hj.
The general solution of the last set of equations is

F(z,y, 2,u) = h{s + f(z,v,w),
__ h/rs2
G(SL‘, Y, Z,’LL) = _%— + h(x,v,w)s + g(:(:, v, T.U),

H(z,y,2,u) = hys + h(z,v, w).

(3.26)

(3.27)
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— If hy # 0, hs = 0, then in the variables

equations (3.27) become
F.=W, G,=H, H, =0
The general solution of the last set of equations is

F(z,y,2,u) = ks + f(z,v,w),

G(z,y,2,u) = h(z,v,w)s + g(z, v, w),

H(z,y,2,u) = h(z,v,w).

— If hy =0, hs # 0, then in the variables

= — h382 il
U =w, z=—2 +ws+v, U=hgs+w

equations (3.27) become

F,=0, G,=H, H =

with general solution

F(x) y7 z’ u) = f(x1 v’ w)7
_ hr/s2
G(z,y, z,u) = —32— + h(z,v,w)s + g(z, v, w),

H(z,y, z,u) = hys + h(z, v, w).
- If hy =0,hs =0, then_ in the variables
y=v, Z=ws+v, u=w
equations (3.27) become

FSZO’

Ql
Il
B
=
I
[aw)

and their general solution is

f(w,y, Z, U) = f(x,v,w),

G(z,y, 2, u) = h(z,v,w)s + g(z,v, w),

H(z,y,2,u) = h(z,v,w).
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Case A= J;

In this case equations (3.16) become
(ay + z+ h)Fy + (az + u+ h) F, + (au + h3) F,, = aF + G + k],
(ay + 2z + h1)Gy + (az +u + he)G, + (au + h3)G, = aG + H + hj,
(ay + z+ h)Hy + (az+u+ ho)H, + (au + hg) H, = aH + hj.

(3.28)

o Case: a #0
Introducing the variables
hs hy  h3 hs
U

Ml h
y=F- Tk, a=T- 24—, =
a a a

F= F—h—”+§;—2—§, e - h”+h_” H-F_N
equations (3.28) become
(a¥ +2)Fy + (aZ + U)F5 + auFg = oF + G,
(a7 + 2)Gy + (aZ +©)G5 + auGy = aG + H,
(ay +Z)Hy + (aZ + u)Hz + auHy = oH.

In the variables

these equations are
F,=aF+G, G,=aG+H, H,=aH.

The general solution of the last set of equations is

2

F(z,y,2,u) = e*(h(z, v, w)% + g9(z, v, w)s + f(z,v,w)),

5(:1:, Y, z,u) = e**(h(z,v,w)s + g(z,v,w)),
H(z,y,z,u) = e*h(z,v,w)

where f(z,v,w), g(z,v,w) and h(z, v, w) are arbitrary functions.

e Case: a =10
In this case (3.28) become
(24 h1)Fy + (u+ ho)F, + hsFyy = G + hY,
(2 + h1)Gy + (u+ h2)G, + hsG,, = H + hi,
(z+ h)Hy + (u+ ho)H, + hsH,, = hj.

(3.29)
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Introducing the variables
y=§7 Z=E—h1, u=ﬂ_h2>
F=F, G=G-h), H=H-h!
equations (3.29) become
ZFy +UF; + hyFy = G,
2G5+ UG5 + hsGy = H, (3.30)
— If hg # 0, then in the variables

h383 h382

y=—g tvstw, Z=——+v, U=hgs

equations (3.30) become

F,=G, G,=H, H,=h!

with general solution

— hss® 52 '
F(z,y,z,u) = e + h(x,v,w); + g(z,v,w)s + f(z,v,w),

_ has?
G(z,y,2z,u) = —323— + h(z,v,w)s + g(z, v, w),

H(z,y,2,u) = hgs + h(z, v, w).
—~ If hy = 0, then in the variables

2
— S = —
Yy=——++vs, Z=ws+v, uU=w

2
equations (3.30) become
F,=G, G,=H, H,=0
with general solution

2
F(z,y,2,u) = h(z,v, w)—82— + g9(z,v,w)s + f(z,v, w),

G(z,y, z,u) = h(z,v,w)s + g(z, v, w),

H(z,y,2,u) = h(z,v, w).
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3.3 Systems of linear equations

Linear second-order ordinary differential equations have the following form,

y"' = A(z)y' + B(z)y + f(z), (3.31)

where A(z) and B(z) are matrices, and f(z) is a vector. Using a particular solution Vo(z)

and the change
Yy=Y+Yp

we can, without loss of generality assume that f(z) = 0. The matrix A(z) or B(z) can _
also be assumed to be zero if we use the change, y = C(z)y, where C = C(z) is a
nonsingular matrix. In the present paper the matrix A(x) is reduced to zero. In this case

the linear equations (3.3) are linear functions of ¥,z and u:

F(.’E, Y, 2, U) = Cn(m)y + ch(x)z + 013(.'1;)’&,
G(:IZ, Y, 2, ’U,) = Ca1 (SE)y + c22($)z = 023(-'17)u, ' (332)
H(z,y, z,u) = cs1(z)y + cs2(z)z + caz(z)u.

In matrix form one can write as
F(z,y) = C(2)y (3.33)
Any linear system of equations admits the following generators
YOy + 20, + u0,, (3.34)

Ci(2)8y + (2(2)0; + (3(2) 0, | (3.35)

where (1(z), (2(z) and (3(z) are solutions of the equations:

¢ = c11ly + €12 + 13,

G = ¢y + 220G + €30,
¢ = ca1(1 + 3282 + c33(3.

For the classification problem one needs to study equations which admit generators dif-
ferent from (3.34) and (3.35).
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3.3.1 Equivalence transformations

Similar to systems of two second-order ordinary differential equations calculations show
that the equivalence transformations are defined by the following two types of transforma-
tions. The first type corresponds to the linear change of the dependent variables y = Py

with a constant nonsingular matrix P. The second type is

Z = ¢(z), §=y¥(z), 7= 2¥(z), u=u(z),
where the functions ¢(z) and ¥(z) satisfy the condition

)

Remark. In [29] it is shown that using the equivalence transformations of the

" /
7Y

presented above form, one can reduce any system of homogeneous linear second-order
ordinary differential equations to a system with a matrix C such that! trac C = 0. In
this case one can obtain that the coefficient £(z) of the admitted generator related with

the independent variable  has the form
& = kot + kyz + ko,

where k;, (i =0,1,2) are constant. This means that the admitted generators are defined
up to constants. This property allows one to apply an algebraic approach for group classi-
fication. In algebraic approach the constants are defined from the algebraic properties of
admitted Lie algebras. Substituting the constants into determining equations one obtains
systems of ordinary differential equations for the entries of the matrix C(z). Solving this
system of equations one finds forms of the entries. For systems of two linear second-order
ordinary differential equations it shown in [29] that these systems of ordinary differential
equations for the entties can be solved. However, the complete study of the problem of
group classification using the algebraic approach led to the study of more cases than those

found in {18], where Ovsiannikov’s approach was applied.

3.3.2 Case & #0

Using the obtained general forms of equations admitting an infinitesimal generator with
¢ # 0 linear systems of equations (3.9), (3.11), (3.13) and (3.15) have the following form:

f(s,v,w) = ans + apv + azw,
9(s,v,w) = a5 + v + 3w, (3.36)

h(s,v,w) = az15 + a3 + azzw.

IFor a system with two equations this property was obtained in [12].
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Case A = J;

Substituting (3.36) into (3.32), the equations involving F, G and H become

F = o1y + e*®ay02 + a3,
G = e *agy + agz + e @ PArayy,
H = e Pagy + e Pag2 + azsu
whereao=a—band f=a—d.
Without loss of generality one can assume that oo = 1. We can assume that
a2 # 0 because for o2 = 0 we have a3 # 0 otherwise the system is degenerate. Applying

the scaling of y we conclude that ajs = 1. Thus the studied linear system of equations

becomes
F = a1y + e*®2 + ef2ay3u,
G = e ®any + anz+ e @ Frayy, (3.37)
H = e"ﬁxagly + e("“ﬁ)’”a;;zz + aiz3u.

Case A = J2

Substituting (3.36) into the functions F, G and H one finds

F = any+e@ ™% (a5c08 (cx) + azzsin (cz)) z + €797 (ay5 cos (cz)
—a sin (cz))u,

G = e %(qy; cos(cx) + agy sin (ez))y + (o2 cos? (cz)
+(a23 + @32) cos (cz) sin (cx) + asz sin? (cz))z

+(ai3 cos® (cx) + (ag — ugg) cos (cz) sin (cz) — asy sin? (ex))u,
H = e @ 9%(qy cos (cx) — gy sin (cx))y + (a2 cos® (cz)

+(au33 — @u9) cos (cx) sin (cz) — azsin® (cx))z

+(ci33 cos® (cx) — (arsz + ra3) cos (cx) sin (cx) + agy sin? (cz))u.

Using trigonometry formulae and introducing the constants 3, v, ¢; and ¢;:

Qa2 Q3 \ B+c v—a
Q32 Qa3 Yy+a —B+c ’
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one can rewrite functions F , G and H in the form

F = any+ e*(cos(cz) a1z + sin (cx) ous) z + e**(cos (cx) au3 |
—sin (¢cz) q2)u,

G = e *(cos(cz)ag +sin(cx) asi)y + (cos (2cz) B
+sin (2cz) v + c2)z + (cos (2cz) v — sin (2cx) B — c1) u,

H = e * (cos(cx)as —sin(cr)as )y + (cos (2cz)y

—sin (2cz) B+ ¢1)z — (cos (2¢cz) B + sin (2cx) v — ¢2) u,

where a =a —b.
Applying rotation of the dependent variables z and u, and their dilation, we can

assume that oo = 1 and a3 = 0. Hence the studied linear system of equations becomes

F = any + e** cos (cz) z — e**sin (cz) v,
G = e~°% (cos (cx) a1 + sin (cz) o31) y + (cos (2cx) B

+sin (2cz) v + ¢2)z + (cos (2¢cz) v — sin (2cz) B — c1) w, (3.38)
H = e~ (cos (cx) a31 — sin (cz) o) y + (cos (2cz) v

—sin (2cz) B + ¢1)z — (cos (2¢cx) B + sin (2cz) v — ¢3) u.

Case A=Js
Substituting (3.36) into the functions F, G and H one finds

F = apy + e*®aq9z + €*® (—aq2z + ai3) U,

G=e"{ay + + + «
€ ( 21 013133)1/ (0122 3250)2 (3'39)

-+ (0523 45 (0533 - 0122) T — 0132232) u,

H=e"* a3y + azz+ (0[33 — a32x) U

where @ = a — b.

Case A=J;
Substituting (3;36) into the functions F,G and H one finds

F= (A Bz +1y2?) (y — vz + 32%u),
G=e"(B+7z) (y — 2z + 32°u) , (3.40)
H = ey (y — zz + 37°u)

where A = aq; + o0 + @3, [ = Qg1 + Qgg + o3, ¥ = Qg1 + Q32 + Q3.
Since for v = 0 the linear system of equations is reduced to the degenerate case

H =0, one has to consider 7y # 0.
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3.33 Caseé=0

Substituting (3.33) into (3.17) and splitting it with respect to y, z and  one has
CA-AC =0. (3.41)
A nontrivial admitted generator is of the form
X, = (Ay)- V. | (3.42)

Equations (3.41) can be simplified by using the Jordan form of the matrix A.
In particular, if A = Jj, then equations (3.41) become

ci2(b—a) =0, ci3(d—a)=0, cp(a—1b)=0,

(3.43)
023(b—d)=0, C31 (a—d)=0, C32(b—d)=0.

If (@ — b)*> 4 (a — d)* + (b — d)® = 0, then we find that a = b = d and the generator (3.42)
is also trivial. Hence we can assume that a # b. Using this assumption we see from
equations (3.43) that

Ci12 = 0, Co1 = 0.

For a non-degenerate linear system one has to assume that ¢;3 # 0, which leads to a = d

and

Cog = 0, C3g = 0.

The linear system of equations with cy; = 0 and cp3 = 0 is degenerate. _
Similar results are obtained for the for other cases of the matrix A. This means
that in contrast to a linear system with two equations there is no linear systems with three

dependent variables such that all nontrivial admitted generators have the form (3.42).

3.4 Solutions of the determining equations

Solving the determining equations leads to the following solutions:

e For system (3.37) there is the only nontrivial admitted generator
0 — @20, — Bud,. (3.44)

e In the case of system (3.38) there is the only nontrivial admitted generator

Oz + ayOy + c(ud, — 28,) . (3.45)
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e Similarly for system (3.39) there is the only nontrivial admitted generator

Oz + aydy + u0d,. , (3.46)

¢ Finally for system (3.40) there is the only nontrivial admitted generator

Oy + 20y + u0,. (3.47)

Theorem. All non-degenerate linear systems of three second-order ordinary dif-
ferential equations admitting a non-trivial generator are equivalent to one of the cases:
(a) system (3.37) with the generator (3.44),

(b) system (3.38) with the generator (3.45),
(c) system (3.39) with the generator (3.46),
(d) system (3.40) with the generator (3.47).

3.5 Conclusion

The results of the current paper are obtained using Ovsiannikov’s approach [4], which
involves simplifying one generator and finding the associated functions. These functions
are then used to solve the determining equations. We found all forms of nonlinear systems
y" = F(z,y) admitting at least one generator. Finding their forms is reduced to solving
a linear system of first-order ordinary differential equations with constant coefficients.
Methods for solving these systems are well-known in the theory of ordinary differential
equations; their solution is given by studying purely algebraic properties of some constant
~ matrix A. Since the matrix A is considered in the Jordan form, these properties are simple
in each particular case.

* Any normal linear system of second-order ordinary differential equations can be

reduced to the form
y" = Cy,

where C(z) is a square matrix. These systems admit the set of trivial generators y - V,
h(z) - V, where h” = Ch. Complete group classification of linear systems containing
three equations and admitting a nontrivial generator is given; it is shown that all such
systems have one of the four forms . We have also listed an explicit form of the non-trivial
admitted generators for each of the respective cases. The obtained results are summarized

in the theorem.



