Chapter 2

Linearization of system of three
second-order ordinary differential

equations via point transformations

2.1 Introduction

In general, physical applications of differential equations are in the form of nonlinear
equations, which are very difficult to solve explicitly. Most of the solutions are approxi-
mate solutions. In solving of nonlinear ordinary differential equations, one of the solving
methods is reducing a nonlinear ordinary differential equations to be a linear ordinary
differential equations. Which make the solving easier and then we have exact solution of

original equation.

2.1.1 Single second-order ordinary differential equation

The first linearization problem for ordinary differential equations was solved by
S. Lie [1]. He found the general form of all ordinary differential equations of second order
that can be reduced to a linear equation by changing the independent and dependent
variables. He showed that any linearizable second-order equation should be at most cubic
in the first-order derivative and provided a linearization test in terms of its coefficients.
The linearization criterion is written through relative invariants of the equivalence group.
AM. Tresse [2] and R. Liouville [3] treated the equivalence problem for second-order
ordinary differential equations in terms of relative invariants of the equivalence group of
point transformations. In [4], an infinitesimal technique for obtaining relative invariants

was applied to the linearization problem.
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A different approach for tackling the equivalence problem of second order ordinary
differential equations was developed by E.Cartan [5]. The idea of his approach was to
associate with every differential equation a uniquely defined geometric structure of a

certain form.

2.1.2 System of two second-order ordinary differential equations

In [6], Wafo and Mahomed found the criteria for linearization of a system of two
second-order ordinary differential equations which are related with the existence of an
admitted four-dimensional Lie algebra. In [7], Aminova and Aminov gave the necessary
and sufficient conditions for a system of second-order ordinary differential equations to
be equivalent to the free particle equations. Particular class of systems of two (n = 2)
second-order ordinary differential equations were considered by Mahomed and Qadir 8]
and they also provided the construction of the linearizing point transformation by using
complex variables. Some first-order and second-order relative invariants with respect to
point transformations for a system of two ordinary differential equations were obtained
in [9]. In [10], Sookmee and Meleshko proposed a new method of linearizing a system of
equations, where a given system of equations is reduced to a single equation to which the
Lie theorem on linearization is applied. In [11], necessary and sufficient conditions for a
system of two second-order ordinary differential equations to be equivalent to the simplest
equations were obtained by using the implementation of Cartan’s method. Linearization
criteria for a system of two second-order ordinary under general point transformation were
obtained in [12]. In [13], linearization criteria for a system of two second-order ordinary
differential equations to be equivalent to the linear system with constant coefficients
matrix via fiber preserving point transformations were achieved. '

Nowadays, the linearization problem of a system of three second-order ordinary
differential equations to be equivalent to linear system via point transformations is open.

Hence, it’s worth to solve this problem as essential part of a study of differential equations.

2.2 Necessary conditions for linearization

We begin with investigating the necessary conditions for linearization. We con-

sider a system of three second-order ordinary differential equations

yi = Fi(2,91,92,93, Y1, Y2, ¥3) »
yé' = FZ (%?/1,3!2,313,3/1;%,1/:’;), (21)
yg: F3($7y1,y2>y37yllryé)y§)i
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which can be transformed to a linear system
ug =0, uy =0, ug =0, (2.2)
under the point transformation
t= ¢(z,91,¥,93),
ur = %1(T,%,Y%2,93), (2.3)

Ug = 1/)2 (ZB, Y1, Y2, y3) )
Uz = ¢3 (m,ylayZ)y?:) .

So that we arrive at the following theorem.

Theorem 2.2.1. Any system of three second-order ordinary differential equations (2.1)

obtained from a linear system (2.2) by a point transformation (2.8) has to be the form

Yy = anyy® + (awayh + a13ys + a10)y;
+(awsyhy® + (a16¥} + a17)yh + a1ays” + ar9yh + a110)Y,
+arn¥h” + (@129 + a113)¥h + a114%5” + a115Ys + e,
vy = a1syh’ + (a1oy) + areys + a20)yy
+auy® + (a139% + azr)y; + aasys” + a29Y3 + G210)Y3
+aamyy’ + (2125 + @213)Y, + A214Y5° + Q215Ys + Az,
i = asys’ + (a1sy) + a1e¥h + asa)ys’
+Hanys? + (a120h + agr)yl + arsyy’ + aseyh + a310)Y3

2
a3y, + (asi2ys + asiz)y; + a314y§2 + azi5Yy + asie

where

a11 =(h1yyy, + hathryry, + hathayyy, + Ratsyy )/ A,

a12 =(2h1py, g, + 2hoWiyyy, + 2R3thay,y, + 2hathsy,y, )/ A,

a13 =(2h1Py,ys + 2hot1y,ys + 2h3tay, s + 2hathsy,ys) /A,

a4 =(2h10zy, + hsPyyy; + 2hot1zy, + Retiy,y, + 2h3tagy,
+ hrthoyiy, + 2hatsay, + hetayy, )/ A,

a15 =(R1Pyays + haWiyoy, + hathoyyy, + hatbsy,y,)/A,

a16 =(2h1Qy,ps + 2RaV1y0ys + 2R3Way,0s + 2Rath3y,4,) /A,

a17 =(2h1Pay, + 2hspy,y, + 2hoW1ay, + 2het1y,y, + 2h3tony,
+ 2h7tay gy + 2hat3ey, + 2hethay,y,) /A,

(2.4)

(2.5)
(2.6)
(2.7)

(2.8)
(2.9)

(2.10)

(2.11)
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a18 =(h1Pyays + hoW1yays + Pathoyeys + hathayays) /A, (2.12)
a19 =(2h1Pay, + 2h50y,4s + 2hoP1ays + 2h6W 14,5 + 238y,

+ 2htagiye + 2hatany, + 2hgtay,)/A, | (2.13)
110 =(2h5Qzy, + R1sz + 2heW1ay, + hotras + 2h7osy, .
+ h3Wocs + 2heWsay, + hatse) /A, (2.14)
111 =(PsPyay, + hePryzy, + hrtayays + hsthsysy,)/ A, (2.15)
112 =(2R5yys + 2het1ysys + 2hathaysy, + 2hgtay,y.) /A, (2.16)
113 =(2R5Pay, + 2R6P1ay, + 2h7tony, + 2hsthsny, )/ A, (2.17)
a114 =(hsPysys + PeWiysys + Prtaysys + ReWsyays) /A, - (2.18)
a115 =(2RsPays + 2heW10y; + 2hrasy; + 2hsWsay,)/ A, (2.19)
a116 =(hsPzs + heWizz + hrtoes + hetses) /A, (2.20)
az4 =(2h102g, + hoPyoy, + 2hot1ay, + Pr0Wiysy, + 2hstany,
+ h11%2yay + 2hat3ay, + RaoPay,y,) /A, (2.21)
a7 =(2h1Pzy, + 2hopy g, + 2RotP1gy, + 2h10W1y, g, + 2R3 Vosy,
+ 2h11%2y,y; + 2Ra3ay, + 2ha2tPsy,y,) /A, (2.22).
a9 =(2R1Pzys + 2RoQynys + 2Rot1ay, + 2R10Y1y,ys + 2hs3tory,
+ 2h11%2y,ys + 2haWsay, + 2R12sy,4.) /A, (2.23)
a210 =(2h9Pzy, + MPez + 2R10Y1ay, + hoP1ae + 2h11%20y, + hatoss
+ 2h12¥3ey, + hathsas) /A, (2.24)
ag11 =(ho@yy; + P10Y1y,y; + h11oyyy, + Rio¥syy, ) /A, (2.25)
az12 =(2hgPy,ys + 2h10%14y95 + 2h11%2y,y + 2h12%3y,4,) /A, (2.26)
a13 =(2ho@zy, + 2h10%W1ay, + 2h11%20y, + 2h10V30y, ) /A, (2.27)
az214 =(hoPysys + P10P1ysys + h11¥2ysys + R12Wsysys)/ A, (2.28)
ag15 =(2h9Wys + 2R10Y12ys + 2P11W2ny;, + 2h12Y30y, )/ A, (2.29)
az16 =(ho@oz + hioYize + h11¥ase + hiaWses) /A, (2.30)
34 =(2h1Pays + h13Pysys + 2RoW1zy, + higWiysy, + 2hsthagy,
+ h1sWaysys + 2hatPaey; + R16Wsysys) /A, (2.31)

Qagr :(2hl(Pmy1 + 2h13(Py1y3 + 2h2¢1:cy1 + 2h14"p1y1y3 + 2h3'¢2a:y1
+ 2h15¢2y1y3 + 2h4¢3zy1 + 2h16¢3y1ya)/ A>

(2.32)
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asg =(2h1Qzy, +‘2h1390y2y3 + 2hot10y, + 2R14Y1yys + 2h3t0sy,

+ 2h15Yaysys + 2hataey, + 2h16Yay.ys)/ A, (2.33)

a310 =(2h130eys + P1Pzs + 2R14P 10y, + PoWrzs + 2ha5togy, + h:ﬂ/)zm
+ 2h16Y3ay; + hatses)/ A, (2.34)
a1 =(h13Pyys + P1a¥rysy, + Rastayy, + hi6¥syy, )/ A, (2.35)
az12 =(2h130y,y, + 2h1at1y,g, + 2R15Pay,y, + 2h16Way,4,) /A, (2.36)
a313 =(2h130Pay; + 2R14Y12y; + 2R15Pazy, + 2hiesay, ) /A, (2.37)
as14 =(h13@yays + P1aWiysys + h1sWoysy, + Ri6Wsyeys )/ A, (2.38)
315 =(2h130ay, + 2h14012y, + 2h15W00y, + 2h16W30y,) /A, (2.39)
az16 =(h13¥zz + h1aP1ze + Pasacs + PagWscs)/ A (2.40)

h1=

hy =

he =

hy =

hgz

hg=

th =

(V191 V200 V3ys — V190 V2usPaus — Y190 P20 V3ys + V19295 V34, + VrysWoy, Y3y,

~P1ys P2y Y3y )

(= Py P2y, Vays + Py V2ysV3ys + PunPoy Vays — CyaPoys Wy, — PyaWoy Y3y
+ 0y V2, V301 )

(P V192 V30s — PunP1y5V3y2 — PP V3ys + PyoVrys sy + Py W1y, Py,
— Py V14, V34 )

(_(pyl ¢1y2¢2y3 + (py1¢1y3¢2y2 + ‘py2¢1y1 1ﬁ2ys P <py2¢1y3w2y1 - (Py3¢1y1 ¢2y2
+@ys V19, P24 )

(Y1229, Y3ys — Y12PoysV3ys — Vo P2eP3ys + Y1y V2ys Y3z + YrysYorsy,
~U1ys Y2y, V32,

(= P2y, V3ys + PatPaysPVay, + PraPaatWays — Py W2y, Vse ~ PysPauPsy,
+Pys Yoy, Y3z),

(L2149, V3ys — Polrys¥sy, — PyP10Pays + Py W1y, W3z + Py P12Psy,
—Pys 11)1312"/"%) )

(—P2V1y,V2ys + PeWiysVay, + CuoW1aWays — Py PiysWPor — PysV1zP2y,
+Pys V19, Y22,

(= V1% Vays + V1zPoys Py + V19, V2oPsys ~ Y1y Vo V3z — Y1y VorPsy,
+1y5P24, ¥3z),

(Pzoy V3ys — PaPaysVsyy — Py V2uWP3ys + Py Woys Wz + Pysthorthay,
~Pys P2y, ¥3z),
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and

hi1 = (_(walyl"piiys + ‘Pm¢1y3¢3y1 + (Py1"//lx"/)3y3 - 90y1"/}1y3¢3a: - <Py3"/11$¢3y,

+‘Py3w1y1 ¢3m),

h12 = (‘Pzw1y1¢2y3 - (Pm¢1y3¢2y1 - (Py1'¢1:c¢2y3 + (Py1¢1y3'¢2x + ‘py3¢lz¢2y1
—Pys '¢'1y1 ¢2z) )

h13 = (¢lz'€b2y1¢3y2 - ¢1x¢2y2¢3y1 - 1/J1y1 ¢2x1/}3y2 + ¢ly1¢2y2¢3x + ¢1y2¢2m¢3y1

_¢1y2 ¢2y1 1/)3:3) )

h14 = (-Qoz"/}2y1¢3y2 + (prcw2y2¢3y1 + €0y1 ¢23¢3y2 - 90y1¢2y2¢3a: - 99y2¢2z¢3y1

+oy, Py, V3s),

his = (¢z¢1y1¢3y2 - Wz¢ly2¢3y1 - ‘Py1¢1x¢3yz N 90y1¢1y2'l//3x + 90y2'¢/11z¢3y1
Py ¢1y1 ¢3:c) 3

h16 = (_(Pz¢1y1'(/}2y2 + §0z¢1y2¢2y1 + ‘Pyl'l,bla:'d)%z N ‘Py1¢1y2¢2a; - Wy{‘/ﬂz"l&yl

+<Py2¢1y1 ¢2x)

A= (@otry Yoy V3ys — PoiyyVoysVsus = PoViynWoy, Vays + Coiy,Woys Py,
0195 V20, W3y, — CV1ysV2u, Y3y — Py V1oW2y,Ways + Py Y122y, Vsy,
+‘Py1¢1y2¢2w¢3y3 -~ Py ¢1y2¢2y3¢3x - (Pyl"»blya"/)2a:¢3yz 44 ‘Pyﬂ/’l::;s‘pzyg%[’zx
Py 10P2y: Y3y, — Py P12WoysVsyr — Py Wi V2uV3ys + CyoWiyy Yoys¥se
Py Y1y V2rVsy, — PunPiysVoy Y3z — P12y, sy, + Py P1Woy, sy,

+90y3¢1y1 ¢2w"/)3y2 - ‘Pyﬁ/’lyl ¢2y2w3z - Wy3¢1y2¢2z¢3y1 + (py3t/)lyz¢2y1¢3a:) #0.

Proof. Applying a point transformation (2.3), one obtains the following transformation

of the first-order derivatives

Detty

Dy

Y1z + Vi, + Yoy, + Yahuy,
Oz + Y10y T Yoy, + Y3y,

= 0u(Z, Y1, Y2, Y3, Y1, Y2, U5)s

u (t) =

Daty

D(B(p

P2 + yll ¢2y1 + yéd)?yz + yé'd’Zys
Po + Y18y + YoPy, + Y5y,

= gz(w,yl,yz,yz,yi,yé,yé),

up () =
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D:c'(/)S

Dz

Y3z + y11¢3y1 + yé¢3y2 + y§¢3ys
Po + Y19y + Yoy, + Y3y

= 93(%, Y1, Y2, Y3, Y1, Vs, Ya)-

w(t) =

The transformed second-order derivatives are

d?u
uy (t) = *@l

D.'cgl

Dy
= 91z + yllgl'yl N yéglyz + yt.,’»glys + yi,gly; + ygglyé + ygglyé | (2 41)
Pz + yll Py + yé‘Pyz + y;lg(Py:; ’ '

" d2'u,2
uy (t) = Ty
ngz

D,y
92z + Y1925 + Y2929, + Y3924 + Y1 G2yp + Y592y, + Y5 G2y,

= , 2.42
Pz + Y19y, + YaPy, + Y50y, (242)
d2 Ug
_ Dggs
Dy
_ 93+ Y193y + YaGsy, + YaGays + YiGsy; + Y303y, + Y503y (2.43)

Oz + Y19y, + YoPy, + Y30y,

where

) pa) '
Giz = (Y= + Y10y + Y204, + y§¢y3)§(¢1x + Y1 %1y, + Yoy + YsPigs)

~ (1o + Yot + b + htbie) (02 + Y, + U400
Y3045))/ (Pz + Y104 + YoPu + Yapys)”

= ({2 + Y10 + Y20y + Y30ys) (D1oz + Y11y, + D131 (0) + YoWP1ay,
+915,(0) + Ys¥1ays + P1y5(0)) — (Y12 + Y11y, + Yoy,
+Y5%145) (Paz + Y1 Pays + 043 (0) + YoPay, + @1 (0) + Ysory,
+045(0)))/ (Px + ¥y + Ubipy, + Yaioys)

= (= + Y1904 + Y20 + Y30ys) (V122 + Y1¥1zy, + VoW1oy, + YsPiays)
—(Y12 + Y1¥1y + YoP1ys + YsP1ys) (Prz + YiPay, + Yooy
5 Pays)) /(P + Vi + Vay + YsPy),



2.2. NECESSARY CONDITIONS FOR LINEARIZATION

17

Gy

Giys

' 0
((‘pa: + yll(pw + y§<py2 + yg‘)oya)a_yl('wlw + y;d)lyl + y;"/)lyz + yil’,wlys)

0
_('le:v + y,ﬂplyl + ylz'ﬂblyz + yé")blys)a_y‘l“(ﬁoz + y;‘Pm + y;soyé

+130))/ (Px + YiPus + Yapyn + Yaprs)”

(P + Y1041 + Y2y + Y3Pus) W10y, + YW1y + P14 (0) + Yo¥1y0
145 (0) + Y5¥P1y195 + Y145(0)) — (Y12 + Y1¥1y, + Yoy,
HY3%195)(Povs + Y1900 + 00 (0) + 2045 + 04 (0) + Y30y,

+043 (0)))/ (P2 + 1100 + Yopys + Yapys)”

((Pz + Y105 + Y50y + Y30us) (Y1ay, + Vit + Yoy, + YaPigys)
—($1e + 1%y + Yoy, + Ystiys ) (Pay, + Y1Pyiv + YoPurys
+sPuus))/ (Po + Y10y + Yapun + Yapr)”s

0
(P2 + Y210y, + Y20y, + yéwya)a—m(wm + Y11y + Yoy, + Ysiys)

9
~(Wie Vit + o, + 95%is) 5 (00 + Y100 + Vi,

+9304))/ (P2 + YiPy + Yooy, + Yhpys)°

((pz + 10y, + y;‘Pyz + yé%s)(szzyz + Vi, + Y1y, (0) + Yo1y0y,
'Hl’lyz (0) + ?Jéﬂ’lyays + ¢1y3 (0)) - W/’lm + y§¢1y1 + yé"f’lyz

Hs¥1y5) Py + Y1%Pyiye + 041 (0) + Yo0py, + 04,(0)

Y Pyays + s (O0)) (@ + Y301 + Yopy, + U50ys)?

((pz + yll‘Pyl + yéﬂoyz + yé‘:"ys)(d’lxyz + Y1 P1419, + yéd’lyzﬁ + y§¢1y2ya)
— (Y1 + yizplyl + y;'éblyz + ygd’lya)(‘ﬁwyz + yll‘Py:yz + yg‘Pyzyz

Y3 Puss))/ (P2 + Y10 + YsPys + Y5P)s
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Giys = (@ + Y10y, + Yoy, + yéwys)a—%(wu + Y114 + Yoty + YaPiys)

)
— (%12 + Y101y, + Yatry, + yéiﬁlya)a—%(% + Y10y + Y20y

+9502,))/ (P2 + Y1Pyr + Yaous + YoPys)

= ((‘Pa: + yll‘/’yl + yl2‘Py2 + yé‘Pys)(T»blxya + yi"plylya + 1y, (O) + yélplyzya
F1145(0) + Y3P1ysys + Y145(0)) — (Y12 + 1191y, + Yoy,
+Y3¥145) (Pays + Y1Pyrys + Pur (0) + YaPyays + 94, (0)
Y Pusys + Pus(0))/(Pa + Uiy, + YsiPya + Vspya)

= ((pz+ yiwyl + ylz‘Pyz + yg‘Pya)("/flmys + yi’vblylya + y;"plyzys + y§¢1y393)
~ (V12 + Y1%1 + VoPuye + Ys¥P1ye) (Poys + Y1005 + Y2Pyus
Y3000/ Pz + Y100 + Yopyn + Yooy

. 0
Gy, = (0= + Y105 + Y20y, + yéwya)a—z/(wu + Y1%1y; + Yoty + Ystiys)
1

0
—(wlz + y;¢1y1 g yl2¢1y2 + y§¢1y3)5y—,(% + yi Py + y'2<Py2
1

+9304)) /(o + Y1 0w + Voo + Vaoys)

= (o + %100 + Y204 + Y3y )((0) + 91(0) + Y1y, (1) + 915(0)
+9155(0) + 95(0) + %145(0)) — (Y10 + Y191y, + Vathry,
+Y5%155) ((0) + 41(0) + ¢4, (1) + %5(0) + 04, (0)
+95(0) + @45 (00)) /(22 + Y301 + YotPus + Yspys)”

= (s + %100 + Y2y, T Ys0ye) W131) — W1z + 1191y, + Yothny,
+FUs1ys) (230)) /(P + ViPys + YaPys + U50ya)°,

0
iy, = ((pz + y;‘Pm + yé‘ﬂyz + yg‘aoys)a—y,(iﬁlsc + Y1y, + ygzplyz + y:ls"/)lya)
2

0
— (Y12 + yi¢ly1 + y;¢'1yz + yéwlya)@,;(ﬂow + yi‘/’yx + y/2§0y2

+Y304)) /(0o + Y0, + Yoy, + Vaoys)”
= (0= + 1100 + Y2y, + Y3045)((0) + 41(0) + 14, (0) + 95(0)
F15,(1) + 43(0) + %145 (0)) ~ (15 + Y1919, + YoP1y,
+Y3%145)((0) + 41(0) + 0y, (0) + 35(0) + ¢y, (1)
+95(0) + 04 (0))) /(02 + Y10y + Yos + Yopys)”
((@o + YiPy, + Yoy, + Y30y3) W192) — (Y12 + Y114, + Yorys
+s¥1y) (012))/ (P + Y30y + YsiPys + Ya0ys)s

H
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91y

G2z

(02 + 1190y, + Y2Py, + Y30ys) 7 y" (P12 + Y191y, + Yoy, + Ysthry,)

—(wlz + y1¢1y1 + yéwlyz + y3¢193>6_%(<pw + yiﬂ%‘l + y&pﬁlz

+Y04s)) /(P + Vi + Uspy + Ysipys)’

(0 + Y100 + Y2y, + Y3045 )((0) + 31(0) + 114, (0) + 3(0)
+ 91, (0) + 5(0) + Y1y5 (1)) — (Y10 + Y3 %1y, + Yo¥1y,
+Y3%155) ((0) + ¥1(0) + 04, (0) + 35(0) + 0, (0)

+45(0) + Pye (1)) /(92 + Yi0u + Yoy + Va0us)

(02 + Y19 + Yoy, + Y5Pus) (Y1ys) — (W12 + Y191y, + YUy,
HYi1y5) (04s)) /(P + YiPyn + Y50y + Yapua) s

((90:0 + yl Py + y2(py2 + y390'y3) (¢2z + yl¢2y1 + y2¢2y2 + y3'¢12y3)

~(toe + Yy W2y, + y2¢2y2 + y3'¢2y3) (‘Pm + yl‘Pyx I y290yz
+Y304))/ (P2 + Yipy, + Yooy, + y3(Py3)
(2 + 91041 + Y2y + Y30us) V22w + Ui Doy, + U2y, (0) + Ysthaay,
+924 (0) + Ya¥amys + P2y5(0)) — (W20 + Y192y, + Yoty
+Y5%ys) (Paz + YiPay, + 03 (0) + YoPay, + ©4,(0)
Yoy + Py (0))/ (0o + YiPys + VoPus + Vatys)
(P2 + 1100 + YoPys + Y50ys) W20z + Yy Vasy, + YyWasys + Ytbasys)
— (Y20 + Y1291 + Yoy, + YsP2ys) (o + V1 Py + VsPay,
+Y3Pays))/ (P2 + ViPy + UsPys + Ysors) s
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92y,

92y,

‘ o
(2= + v190u + Yoiope + yésoya)a—m(zbzm + Y1y, + Yytay, + Ysthay,)

0
‘(¢2:c + y1¢2y1 + y;¢2y2 + y§¢2y3) 'az((pz‘ + y; Py + yé(,oy'z

Y504))/ (P2 + Y100 + Yoou + Vaprs)”

(P2 + Y194, + Yoy, + YsPys) oy + Y1y + P24 (0) + Yoy,
22 (0) + Ys¥Payyys + P2y (0)) — P2z + Yi%2y, + YoWays

+Y5%2ys) (Pays + Y1Pyins + 031 (0) + Yoy, + 04,(0)

Y Puys + s (0)) /(0 + Yipy, + Uhioy, + Yoy

((pz + y;‘Pyl + yé‘»oyz + y.{zﬂoya)(lf)myl + yﬁ[’?ylyl + yé#’Zylyz + yzl’,@b%n;a)
—(Y20 + Y1¥ay; + Yoy, + Ystays ) (Pey, + Vi Cyays + Yo Pyrs
+Y3010))/ (92 + Y10y + Yo00 + Y360)”

)
((pz + Y1904, + Y04 + yésoys)a—w(zbzm + 1%y, + Yytoy, + Ystay,)

0
_(¢2$ + y;djzw‘ 2R y;"p?yz + yg¢2y3) 6—3/2(903 + yi Py + yé@yz

+Y304)) [ (P2 + Y1 Pu + YoPus + V3Pys)”

(2 + Y1y + Yoy, + Y3Pys) (Yazys + Y1201 + P2y, (0) + "Jé’l)Zyzyz
+121(0) + Ys¥apaps + Y210(0) — (o + Wiy, + Vo,

+Y3%2y5) (Pays + YiPyia + 041 (0) + YoPuay, + ©4,(0)

s Punys + 0y (0))/ (0o + Yi 0y + YoPun + Y5045)°

(= + Y100 + Y2Pys + Ys0uys) (W20ys + Yithay,y, + YoP2y29s + YsW2yays)
— (V20 + Y120, + Yoy, + Ya205 ) Py + V1Pyr + YoPysuo

U3 Py0s))/ (P + V1P + YsPys + YVatoys)
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Gays

g 2y1

g 2y5

’ 9
(02 + 110y, + Yooy, + yésoya)a—%(wzx + 1102y, + Yooy, + Ystay,)

0
_(¢2m + yl1¢'2y1 + 912¢2y2 + yé¢2y3)5§/;(‘9z + yll Py + yg‘Pyé

+15045)) /(P2 + Y50y, + Yays + Y5Pys)’
(92 + Y1Pys + Y2y, + Y30ys) (WV2ays + YiWayrys + Yoy, (0) + Yothoyays
+¢2y2 (0) + y§¢2y3y3 + was (0)) - (7’02:1: + yi"/’Zyl + y;waz
+y§¢2y3)(90xy3 + yiﬁoylya + oy, (0) + y;‘Pyzya + Oy, (0)

/ ’ / ’ 2
+Y5Pyays + ©y3(0)))/(Pz + Y10y, + Yoy, + YsPys)

((pz + Yy Py + ygﬂoyz + yé‘»oys)("»b%ys + yi Vayyys + ."JQTpZyzys + y§¢2y3y3)

_(¢2x + y/1¢2y1 A7 y,2¢2y2 + yg?,bzy:s)((pmya + y;‘f’ylya -+ yégoyzya
2
+Y3Pysys )/ (P2 + Y10y; + Yoy + Y304,) 7,

9
(02 + Y19y + Yoy, + yéwys)a—y,(wzm + Y1%2y, + Yooy, + Ystays)
1

0
~(%az + Yi¥ay, + Yooy, + yéil)zys)a—z/(% + 1105 + Y3Py,
1

+9304s)) /(o + Y10y + UbtPys + U0ys)”

(02 + 110y + Y30y, + Y3045) ((0) + ¥1(0) + sy, (1) + /5(0)
+124,(0) + Y5(0) + 925 (0)) — (2 + Y12y, + Yathoy,
+Y5%2y)((0) +31(0) + 0y, (1) + 2(0) + 4, (0)

+15(0) + 045 (00)) /(0 + Y10y + YoPys + Yipys)

(02 + 1100 + Y20y, + Y30us) W2y,) ~ (Y2 + Y10y, + Ysthay,
+Ys%2gs) (001))/ (P + Vipy, + Yoy + Yspys),

)
(02 + Y104, + Y0y + yéwya)gy—,(%z + Y12y, + Yooy, + Ystoys)
2

)
— W2z + Y1%ay, + Yahay, + yng%)a—y,(% + Y105 + Y2y,
2

+9304)) /(00 + Y104, + YoPy, + U5Pys)”

((z + Y10y, + 120ys + Y304 ) ((0) +31(0) + 12y, (0) + 95(0)
+th2ys (1) + 43(0) + 245 (0) — (Y2 + Y12y, + Yooy,
+Y3%2y3) ((0) + 37(0) + 0y, (0) + 5(0) + 0, (1)

+15(0) + ©45(0)))/ (9 + YiPy + YsPus + Yspus)

{0z + Y1001 + Y20y, + Y3Pys) (W2g,) — (Y2 + Y18y, + Yothay,
+s¥2y5) (942))/ (0 + Y10y + YoPy + Y035
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g 2y5

g3z

' 0
(((pz + yi Py, + yg(pyz + ygwys)é@("/’% + y11¢2y1 + y;"tbzyz + ygw?ya)
1

— (20 + Y12y, + Yooy, + yé’/’zys)a%g(% + Y19y + YoPus
+Ys)) ] (Po + Yiws + YVaPu + Yapys)”

(0 + Y100 + YaPys + Y300 ) ((0) + 41(0) + 224, (0) + 5(0)
+1hay, (0) + 95(0) + oy (1)) — (s + Yithay, + Yathay,

 +ysthays ) ((0) + 31 (0) + 4, (0) + ¥5(0) + 4, (0)

F15(0) + 045 (1)) /(00 + Yipus + YoPuz + YsPus)”
((pz + 91 Py, + yé(Pyz + yz’s‘Pys)(’/’?‘ys) — (s + 3//1¢2y1 + yéz/}Zyz
s 025) ()] (P + Y Pur + YOy + YsPys)s

0
((‘p:c + yll Py; + yé‘Pyz + yé‘Pya)%(%x + 3/111)33}1 + yI2¢3y2 + yé¢3y3)

— (35 + Y13y, + Yotsy, + yézbsya)%(% + Y100 + YoPy,
+Yhpu))/ (Px + YiPun + Yooy + YaPrs)”

(9o + Y30y + YpPys + YsPys) (WV3ez + Y1¥sey; 4 Py, (0) + Yo3ey,
+1h3y, 0) + y§¢3xy3 + Y3y, (0)) = (3 + yll"/)3y1 +‘y§¢3y2

+Y5Pys) (Paz + Y1Pay, + Py (0) + Yaay, + 04, (0)

FUPays + P4 (0)))/ (0o + Yy Py + VoD + Yabya)

(0 + Y30y, + YoPy, + YsPys) Wsaz + Y1 ¥seys + YoVsay, + Ys¥seys)
— (Y30 + Yi¥3y; + YoPsys + YsWsys ) (Paz + Y1 Py + YsPoys
+13Pay3)) / (9o + Y19y + Yopy, + ?1:1380113)2,
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93y

93y,

' 0
((‘P:v + yll‘Pyl + yl2(;0y2 + yggpys)a_yl(¢3x + y1¢3y1 + y12¢3y2 + y§¢3y3)

0
—(%s3z + y,ﬂ/’3y1 + ylz'éb?»yz + y§¢3y3)_8_y'1‘((pm + y’190y1 + y;‘Pyé

+016))/ (Po + YiPus + YaPun + YPa)

(02 + Y10y + YoPys + Y3Pye) W3ays + Y1¥syay + ¥spn(0) + YoVsyrye
93, (0) + YsP3yrye + Y345 (0)) — (Yso + V1% + Yoy
5Py ) (Pays + YiPuiyn + P (0) + Y201y, + 04, (0)

s Puse + s () (P2 + Y10y, + Vapys + YsPrs)”

(0= + Y1Pys + YoPus + Y30us) Y30y + Yihaym + YoWsyiya + Ya¥3pps)
— (W32 + Y1 ¥sy, + YoWsy, + YaPays) (Pays + Y1Pum + YPurys

s Puye)) (Po + Yoy + VoPrn + YoPrs)

0
((pz + Y10y, + Yoy, + yéwys)—@(%z + Yy sy, + Yoy, + Yatsys)

0
— (Y3 + yi¢3y1 + yéwiiyz + y.{s"v[’3y3)a_y2(‘:0x + yi‘ﬁw + yé‘Pyz

03s)) /(P + Yo + Yy + UstPys)”

(02 + Y10y + Yooy, + YaPys) Wsays + Y1 %3513z + Y301 (0) + Yotsyay,
+13y,(0) + Y3P3yaps + Yy (0)) — (W30 + Y1 W3y, + Yathsy,
+Y503y3 ) (Pays + Y1 Puws + P (0) + YoPuays + 942 (0)

Y Puzas + Py (O))/ (Pn + Y10y + Yy + YaPys)”

((¢z + yll‘Pyl + yg‘/’yz + Y30ys) (W329s + yi'»b?»ywz + YoWP3ysy, + Y3¥3y2y5)
— (W30 + Y13y, + YoPsy, + Ystays) (Pays + Y1Puise + YoPuaye

Y5 Pyays)) /(P2 + Y10y, + YoPyp + y:’J,‘Pys)Q,
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93ys

93y,

93y,

' 0
((ﬂom + y;‘Pyl + yg‘pyz + yg‘pys)"é;(%x + y;¢3y1 + yé";[)?»yz + y:,’>¢3y3)

0
—(th3z + 3/'1‘/’3y1 + y§¢3y2 + y§7/)3y3) 5y_3(‘Pz + yll‘Pyl + ygﬂoyé

+501a))/ (P + Y100 + Yapya + UsPya)’

(s + yll‘Pm + y;‘Pyz + yg‘Pys)(’/’hys + yi%mya + 13y, (0) + yé"%yzya
+392(0) + Ys¥Psyays + P345(0)) — (Yaz + Y1¢ay, + Yathay,

S L [ (N T S () VAT S (1)

+UsPusus + Pus (0))/ (0o + Yo + Y50y, + U0ys)”

((pz + yi Py, + y’2<py2 + yé‘Pya)(leys + 911/’33;193 + y;"piiyzya + yé¢3y3ys)

_("1[}39: + y/1'¢)3y1 + y;"p3yz + yé¢3y3)(‘pmy3 + yicpylya, + yé‘»ayzys
2
TY3Pysys )/ (P + Y10y + Yo Py, + Usys)

)
(02 + Y109, + Yoy, + yéwya)a—z/(tbsm + 11%sy; + YaPsy, + Ystays)
1

0
_(¢3m + yllt/)3y1 v y;¢3y2 + yé¢3y3)5§,‘(§0m + yi(p‘!n + y;(pyz
1

+Y304)) /(P2 + Y1 Pu + YoPp + Uhors)’

(o + Y0y + 120 + Y30y5)((0) + 31(0) + sy, (1) + 15(0)
+ 935 (0) + Y3(0) + %345 (0)) — (32 + ¥ %3y, + Y5y,
+Y5%3y5) ((0) + 31(0) + 0y, (1) + 92(0) + 0, (0)

+04(0) + 045 (0)) /(05 + Y10y + Yo + Yapys)

(o + Y104 + Y20ys + Yays) Wayy) — (Psz + Yi0sy, + Yathay,
FUstsys) (000))/ (P + Y100 + Yoipus + Yaoye),

o
((pz + 110y, + Y20y, + Y3045) 8—y,(¢3z + Y1¥3y, + Yosy, + YsWays)
i 2

0
—(Y3z + Y13y, + Yothsy, + yé#’:*m)@?(% + 110y + Yoy
2

+30us)) /(0 + Y300 + Yoy + Ya0ys)° ‘
(0 + Y1904 + Y20y + Y30y5) ((0) + 31(0) + 3y, (0) + 9/5(0)
+1h3y5(1) + ¥3(0) + 345 (0)) — (Y3 + ¥y Wy, + Yhsy,
39355 )((0) + 41(0) + ¢, (0) + 45(0) + 0y, (1)

+94(0) + 05 (0)) /(2 + Y10y + Yspu + Yspys)”

(02 + Y1900 + Yoy + Y3Pus) Ways) — (Ysz + Y13y, + YoWsy,
+ Y5134 ) (04))/ (P2 + V1P + UsPys + YoP1s)
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‘ 9
gsy, = (P + Y10y + Yooy, + yésoya)T(dJsm + Y13y, + Yasy, + Ystay,)
31

G} | .
_(¢3z + yi "1[)33/1 + y:12¢3y2 + yg¢3y3)'a_y§(90m + y; Py + y;*/"yz

+93043)) /(P2 + V10w + Vspy + Usipys)”

= (2 + Y1905 + Ysy, + Y30ys ) ((0) + y71(0) + 134, (0) + y5(0)
+13y,(0) + 95(0) + Y345 (1)) — (W32 + Y193y + Yohsy,
+Y3%P345) ((0) + 31(0) + 4, (0) + 5(0) + 2, (0)
+95(0) + 0ys (1))/(5 + Yipys + YsPun + Ytpys)

= (9o + Y105 + Py + Y3us) Ways) — (V30 + Yisy, + Y5thsy,
U3y ) (94))/ (P2 + Vi + YoPys + Ys0ys)s

and

D, = 5‘95 + Y5 ay1 +Ypa— 6y2 + - 35+ Yz ay' + vy, 82, +y5 ay' + ... is a total derivatives.

Repla’Clng 91z G1y15 Jiyz > 1yss gly'la glyé; glyg) 9225 92y15 92y2, 92y3» g2y; y g2yé> 923,{,)
93> 93y1» 93y G3us» I3y} > I3y} 93y, into equations (2.41) - (2.43), one gets
the system (2.4). O

2.3 Sufficient conditions for linearization

We have shown in the previous section that every linearizable system of three
second-order ordinary differential equations belongs to the class of systems (2.4). In this
section, we formulate the theorem containing sufficient conditions for linearization under

the restrict class of point transformation

t= (),

= P (z,9),
up = Pa(T,y1,%2),
us = Y3(,Y1,Y2,3) -

(2.44)

We arrive at the following theorem.

Theorem 2.3.1. System (2.4) is linearizable by restrict class of point transformation

(2.44) if and only if its coefficients satisfied the following equations
a3 = 0,a12=0,0a13=0,0a15=0, a36 =0, a17 =0, a;g =0,

ajg= 0,a111=0,a112=0, a113 =0, @114 =0, @135 =0, ag = 0, (2.45)

aziz = 0, ag14 =0, ag15 =0,
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A1ay, = 0, G14y; = O, ay10y, = 0, @11043 = 0, a116y, = 0, G116y; = 0, (2.46)
Q24ys = 0, aary, = 0, a210y5 = 0, a211y; = 0, a213y; = 0, A216y45 = 0, .

110 =(4@116y, + 20310; — 4316y + Q11 — 40116014 + 20116037
+ 20216039 — 319 + 40316034) /2, (2.47)
@110y, =2014z, (2.48)
Q11641 —0116y; 014 T Cl4zz — Q1420110 + G144, C116, (2.49)
Qoay, =027y,/2, (2.50)
2100 =(40216y, + 203105 — 403165 — 20116027 + 20116037 + G510 — 40916024
+ 20216030 — 319 + 4a316034) /2, (2.51)
A210y; =027z, (2.52)
210y, =2024z, (2.53)
211z =(20213y; — 201100211 + 20140213 + 202100211 — A213a27)/4, (2.54)
Q211y, =(2a27y, + 2014097 + 4as11024 — a§7) /4, (2.55)
213 =(40216y, + 1100213 — 481160211 + 02108213 — 20216027) /2, (2.56)
213y, =(2027z + Q110027 — G210027 + 2a213024) /2, (2.57)
Q216192 =(Q116y; Q27 + 2216y, 024 + Q2755 — 0275210 + 27y, G116
+ G27y,0216) /2, (2.58)
Q216y2y0 =(20216y, 024 + 202402 — 202400210 + 20244, G216 + A27y,0116) /2, (2.59)
A34y; =037y5/2, (2.60)
34y, =A30y5/2, (2.61)
37y, =039y, , (2.62)
0310y, =A37z, (2.63)
310y, =039z, (2.64)
a310y; =2034z, (2.65)
asnz =(20313y, — 201100311 + 20140313 + 202110315 — A2130312
+ 2a3100311 — G313037)/4, (2.66)
311y, =(20312y, + 20140312 + 402110314 — A270312 + 20311039 — G312037)/4, (2.67)
ag11ys =(2a37y, + 2014037 + 20211030 + 44311034 — 037) /4, (2.68)
as12z =(20315y;, — A210a312 + Q270315 + A3100312 — A315037)/2, (2.69)
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312y, =(403149, — 20240315 + 20270514 + Q312039 — 2a314037)/2, (2.70)
as12ys =(2039y, + Q27039 + 2312034 — a37039) /2, (2.71)

313z =(4a316y; + 01108313 — 401160311 + 2130315 — 209160310 + 03i00313
— 2a316037)/2, (2.72)
313y, =(2a3159, + 1100312 — A2100312 + 202130314 + A313a39 — a315037)/2, (2.73)
a313y; =(2037z + 0110057 + 4213039 — G310037 + 20313034) /2, (2.74)
314z =(20315y, ~ 202100314 + 20240315 + 203100314 — a315039)/4, (2.75)
a314y; =(2a30y, + 2024039 + 40314034 — aZ4) /4, (2.76)
as15c =(4asi6y, — 203160312 + 2100315 — 402160314 + 3100315
— 2a316039) /2, (2.77)
a315ys =(20395 + 210039 — A310039 + 20315034) /2, (2.78)
a316y,ys =(Q116y,a37 + G2164,030 + 20316y, @34 + 03755 — A37,0310 + Q37y, Q116
+ a37y;a316 + 394, 0216)/2, (2.79)
A316y,ys =(A216y,039 + 2031645034 + Q3005 — G3950310 + Q39y; @116 + Q39,0216
+ G3945a316) /2, (2.80)
A316y3ys =(20316y5034 + 20345 — 203450310 + 2034450316 + a37,,0116
+ Q394,0216) /2. (2.81)

Proof. Since ¢y, vy, , Pys; Yiy,, Y1y, and 1y, are 0, then A = Prhay,v # 0
where v = 1y, 1y, .

Considering equation (1/gy,) 4s = 0 one obtains

'Uy3 0

d)l?h

Uy; = 0.
From equations (2.5) - (2.7), (2.9) - (2.13), (2.15) - (2.19), (2.23), (2.26)
and (2.28) - (2.29) one gets the conditions
Q11 = Q12 = Q13 = Q15 = Q16 = Q37 = Q18 = Q19 = A1y = 0,

G112 = Q113 = G114 = Q115 = Qg9 = U212 = G214 = Q15 = 0.

From equations (2.31) - (2.34), (2.8), (2.21), (2.22), (2.25), (2.27), (2.38), (2.36), (2.37),
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(2.14), (2.20), (2.24), (2.37), (2.39), (2.30) and (2.40) we have

¢2zy1

"/)Syzyz V

¢3y1y2
7703.'!13/1

Vioy,
Vicx
V3zys
Vaey,
V3zy,

1»[)2:1::1:
'(!}3.1::1:

Vaysys = —VP3ys0aa,
. ’¢3y3037
'¢’3y1y3 = - T,
" _ b3ysa30
3y2ys — T _2—a
- 0z (2935, + P3y,a310)
TT ——
¢3y3 ,
d’lywl = —¢1y1a14,
Uy, = 0247,
-~ v(—agr — 2a14)
Uy = T =35 N\
N (e a14 + a2110)
iy
"/)lyl ’
2¢2y1¢1xy1 — G213V
21/)191 ’
— (V34,024 + VP3y50314),
— (V34,027 + P3y,a312)
2 )

—(Y3y, 014 + P3y,0011 + P3y,a311),
Y1y, (23245 — V3ys@110 + Yy 310)

2'903113 ’
2Y15Y30ys + V1cP3ys0310 — Y1y, Y3ys Q116
¢3y3 ’
Py (205 + @110V + A210V — 2a310v)
4v ’
2’9/)33,1’% - ¢3y1 a110v + ¢3y1 a210V — 2¢3y20213’0 - 2¢3y3a3131)
4u ?
2934,V + Y3y, 0110V — Y3y, Q2100 — 2%3y,A315V
4v ’
2h14, V20Ve + Y1y, 2001100 + Y1y, Vae0210V — 291y, Yoy, 116V — 202160°
21/)1y11) ’

29350z + V320110V + P3502100 — 293y, 0116V — 213y,8216V — 234503160/ 2V
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respectively. After all calculations, one can rewrite some results as

Ooe = (9z(205 + @110V + a210v))/(20),
Y1zz = (21505 + P1201100 + Y1202100 — 20014, a116V) /(20),
Vigy, = (Y14, (2vz — @110V + ag1v))/(4v),

¢1y1y1 = _¢1y1a14>
Yoz = (21014, VoxVs + Y1y ¥220110V + Y1y, W250210V — 201y, Y2y, G116V
—20/2161)2)/(2'(!)11111))7

Yooy = (2019, P2y, Vz — Y1y, Yoy, G110V + Y1y, Y2y, 210V — 2a21302) / (49h14,V),
Yoy =  (— (Y190 ¥201 014 + a211v)) /1y, 5
Vage = (2¢3z% + P320110V + P3,02100 — 2¢3y1 116V — 21/133120216’0
—2t3y;,0316v)/(2v),
Vaoy =  (203y, Vs — Y3y, @110 + V3, Q2100 — 29034, 02130 — 20345a513v)/(4v),
Vaoys = (23, Vs + Y3y, @110V — Y3y, @210V — 20h3y,a315v) / (4v),
Vaoys =  (V3y5 (205 + @110V + az10v — 2a310v))/(4v),
Yayiyy = —(P3y,014 + V350011 + P3y5a311),
Yayrye =  (—(P3y,007 + P3y50312)) /2,
Yayrys = (_¢8yaa37)/ 2,
V3yays — (34,024 + Y3y 0314),

¢3y2y3 3 (_¢3y3a39)/2,

¢3y3y3 = *¢3y3a34,
vy, = (v(—2a14 — a27))/2,
Uy, = —QqV.

Mixing the derivatives :
b (vyz)ya =0

—a24(0) — A4y V = 0

Q24ys = 0

b (¢1y1y1)y2 =0

—0149, Y1y, + 014(0) =0

a14y2 =0
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i (¢1y1y1)y3 =0

e ("vb?ywl)ys =0

(Uy1)y3 =0
(‘sz)yg =0
(d’lzzn)ys =0

(wlm)ya =0

—Q14ysP1y, + 214(0) =0

a14y3 = 0

_ Vagniys 0
"/)1!}1

G211y, = 0

’00,27313 Va

A7y = 0

‘Px(0110y3 + Q210y,)
2

A110y; = —0210y3

=0

¢'1y1(—a110g3 Sy a210y3) .
- =

A210y; + G210y, = 0

0

A210y3 = 0

0110y Y1z — 20116y, P1y; + G105 Y12

2 =0
—0116y3¢1g1 =0

Q116y3 = 0
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b (¢2zy1)y3 = 0.

—0110y; V1yy Y2y, + 021095 V1y, Y2y — 2021345V
4¢13!1
—A213y3V 0

21/)1&‘1
a213y; = 0

(¢2m)ya =0

an()yalblyl Yoz — 2a116y3¢1y1¢2y1 + a210y3"/)1y1'¢'2z - 2a216y3'u =0

2¢1y1
_ G216y3Y

'lplyl

a216y; = 0

=0

(¢3zy3)ya i (¢3y3y3)w

Y3y @110y + Q21045 + 4034)

V3y5a310y5 = :
a310y3 = 20342
¢ (Uyl)yz = (vyz)yl
—Vaogy, = ”(_2a14y; — ao7y,)
A24yy, = a"_;yz
° ('9[)31/23/3 )ya = (¢3y3y3)y2
P3ys O34y, = w
Q34y, = %2%3—

(¢3y1y3)y2 = (¢3y2y3)y1

Y3y5 0374, _ P3ys A9y,
2 2

A37y, = A39y,;

( 3111(93)3}3 ( 3y3y3)y1
2

(1.37y3 .
Wi ="
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d (‘Pzz)yz =0
Paliioy, _ Pz(—a210y, + 2024)
2 2
@110y, = —0Q210y, + 2024,
b (‘Pm)yl =0

Prl110y;, 0z (20145 — 210y, + G272)

2 2

0110y, = 2Q142 — G210y, + Q272

d (¢1zy1)y2 =0

¢1y1 210y, ¢1y1 024z

4 : 2

a210y, = 20945

. (wlm)yz =0

0110y, V12 + 02104, V12 — 2024512
¢1y1a116y2 7 9

G116y, = 0

('¢1a:y1 )yl i (¢1y1y1 )z

Vi 210y, Y1y, (Q110y; — 20145 + a275)
4 4

A210y; = —Q210y; + 2027,

4210y, = Q27z

(¢3xy3)y1 T ('9[)3111:!/3)3

Y3y3 0310y, _ V35 (A110y; — 20145 + G104, — G275 + 2037,)

2 4

asioy; = 37z

('észys)yz = (¢3y2y3)z

Y3y 0310y, Ways (1104, + G210y, — 20245 + 2a30,)
2 4

a310y, = 39z
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® (¢2y2)my1 = (¢2$y1)y2

213y, V
Tt = (—2a27; — a110027 + a210027 — 2a913044)/ 41y,
¢1y1
213y, = (2a27m' + Q110027 — Qg10a27 + 2a213a24)/ 2

* (Yays )y, = (¢2y1y1)y2

2
_Ganigp¥ _ v(—2a97y, — 2014027 — 4011094 + a3;)

Y1y Ay,
2
_ 2097y, + 2014007 + 4an10040 — a2,
A211y, = 2

e (¢2$y1 )y1 T (¢2y1y1)-’5

Aonz¥ _ V(202135 — 201100211 + 20140013 + 22100211 — 213027)

"fblyl 4¢1y1
_ 20913y, ~ 201100011 + 20140213 + 202100011 — A213097
211z = 4

i (¢3zy1)y3 T (¢3xy3)y1

Y343 A313y, _ Y3y (20372 + a110G37 + G213039 — ag10a37 + 20313a34)
2 4

_ 2037z + Q110037 + 0213030 — G310a37 + 20313034
A313ys = 5

s ("/’3:5?;2 ) y3 = ('Qb3zy3 ) Y2

¢3y3f1315y3 _ ¢3g3 (2039z + Q210039 — A310a39 + 2a315G34)
2 4

__ 2a39; + A10039 — G310039 + 20315034
a315y; = 2
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® (V3oys)yn = (¢3y1yz)z

¢3y3<1312x _ ¢3y3 (2a315y1 ~— 02102312 t Q270315 + A3100312 —-0315637)
2 4
2a315y;, — Q2100312 + 0274315 + A3100312.— Q315037

2

a312z =

b (¢3zy2>y2 = (¢3y2y2):c

V3ys (203155, — 202100314 + 20240315 + 203100314 — A315030)

’%baya Q3147 = 1

20315y, — 202100314 + 20240315 + 203100314 — A315a39
4

A314z =

® (¢3y1w)ya = (¢3y1y3)y1

2
3y, (2a37y, 4 2014037 + 20211039 + 4a311034 — aZ;)
¢3y3a311y3 7 A

2
2a37y, + 2014037 + 20211039 + 4a311034 — a3,
4

a311y; =

i (¢3y1y2)y3 = (¢3y1y3)y2

31295 ¥3ys  V3ys (20394, + G27039 + 2a312a34 — az7a39)
2 4
2a39y, + ag7a39 + 20312034 — a37a39
2

a312y; =

i (¢3y1y2)y2 = (¢3y2‘y2)y1

P3ys031290  VY3ys (4a314y; — 20240312 + 20270314 + 312039 — 2a314037)
2 4
40314y, — 20240312 + 20270314 + 0312039 — 20314037
2

a312y, =
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i (7/"3yzy2)y3 = (¢3y2y3)yz |

¢3143 (2a39y2 + 2&240,39 -+ 4a31 4034 — agg)
4

2
_ 2a39y2 + 2&240,39 + 4a314a34 — Q3g
A314y3 = 4

a314y3 ¢3y3 =

d (¢3:cy1 )‘yz = (¢3zy2)y1

¢3y3 313y, '¢3y3 (2a315y1 + 1100312 — A2108312 + 202130314 + A313A39 — a315a37)

2

4
2a315y, + 01100312 — 2100312 + 202130314 + A313039 — A315Q37

4313y, = 5

hd ("/]31:3/1 )y1 = (¢3y1y1):z:

V3ya03112 = Y3y (203135, — 201100311 + 20140313 + 202110315 — A130312

+2a3100311 — a313037)/4

as11e = (203135, — 201100311 + 20140313 + 202110315 — A2130312

+2a3100311 — az13as7)/4

* (Yayy1)ie = (Vsyaae )

¢3y3 a3y 1yo

A311y, =

Vays (203124, + 20140312 + 402110314 — 270312 + 20311039 — A312037)

4
_ 2a312y, + 20140312 + 402110314 — 270312 + 20311039 — 312037
4

o (Yay,)ez = (Y202)y

v.’l)(l)

2¢1y1

VUzx

= (1202 + 4v;v(a110 + az10) — v*(4a1105 — 402105 + 160516,
—aflo — 2a110a210 — 8116027 + 30%10 — 16&216024)) / (16'07/111“)
= (1202 + 4v,v(a110 + az10) — v* (40110, — 4a210z + 16a316y,

—a%m — 263100210 — 8a116007 + 3&%10 - 16a216a24))/(8v)
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d (d’lmm)yl = ("/12::y1):c

Y1y, 01102 _ 2
—a = Y1y, (401164, + 202100 — 4a216y, + a19 — 40116014
2
+2&116Cl,27 — Q919 + 4(1216(124)/4
_ 2 '
a110c = (40116, + 20210, — 4a216y, + @31 — 40116014

+2a116a27 — a§m + 40216024) /2

® (Vizz)ymn = (¢2y1y1)m‘

Vig, M16y1y1 = P1y1 (G116, 014 + Qraze — Q1450110 + 014y, 0116)
A116y1y1 = A116y; 314 + Ql4zz — 81420110 + G14y, Q116

b (¢3z:z;)y2 ol (w3zyz)m

¢3y3a315z
—2- = 1/’33;3 (40'3163;2 — 2a116a312 + 2104315 — 402160314
+a3100315 — 20316039) /4
a3isz = (40316, — 201160312 + 2100315 — 402160314

+03100315 — 20316039) /2

d (¢3zz)y3 P (¢3xy3)x

1[’3;,302102 .
—5 = V3ys (4a216y, + 203102 — 40316y, — 20116027 + 20116037
2 2
+0,210 - 40'2160'24 + 20'2160'39 —_ CL310 + 4&3160,34)/4
a210:. = (482169, + 203105 — 4031695 — 20116027 + 20116037

2 2
+a3510 — 40216024 + 20216039 — 0319 + 40316a34)/2

. ("/)2210)3/1 = (¢2z‘y1)x

Van13e _ V(4a216y, + Q1100213 — 401160211 + 2100213 — 2a216a27)

2¢1y1 B 4¢1y1

4asiey, + 01100213 — 401160211 + 02108213 — 2a216027
2

213z =
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o ('¢3a::v)y1 = (¢3xy1):c

1/’3y3(1313z .
—a = VP3ys(4a316y, + Q1100313 — 401160311 + A2130315
—202160312 + 03108313 — 20316037)/4
az13c. = (4as16y + 01100313 — 441160311 + A213a315

—2a916a312 + Q3100313 — 2<1316(137)/ 2

d ("ﬁ&w)ywa = (Y3y1ys) 2z

T/fsya a316y1ys = ¢3y3 (a116y1 ag7 + Q216y,a39 + 2a316y1 a34 + A3722
—037:0310 + 037y, G116 + A37y; 316 + A39y, A216)/2
A316y19s = (116y; 437 + A216y, 039 + 20316y, 034 + Q3722

—~03720310 1+ 037y, Q116 + A37y3A316 + A39y; G216

d (¢3xz)'y2y3 = (¢3y2y3)m

V3ys316yas =  V3ys (021642039 + 203164534 + G395 — G39:0310 + A30y, 0116
+0a39y,0216 + A39y50316)/2
A316yys = (G216y,039 + 20316,034 + G309z — 3950310 + Q39,2116

394,216 + A39y30316)/2

* (V32z)ysys = (Y3usus)ze

Vays316y3us =  Vays (203165034 + 203400 — 203420310 + 2a344,0316
+037y5 0116 + Q39y,0216) /2
A316ysys = (2031643034 + 203455 — 203450310 + 2034950316

+0a37y5 0116 + A30y50216) /2.

Mixing the derivatives again :
i (vyl)iw = ('Umf)yl

. v(@116y, @27 + 20216y, @24 + Q2752 — Q2720210 + A7y, G116 + Q27y,0216)

”a216yw2 - 2
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Q116y, 027 + 20216y, 024 + Q2722 — Q2720210 T Q27y, G116 + Q27,0216
2

A216y1y2 =
. ('Uyz)m = (Vaz)y

_ v(2a916y,024 + 209400 — 202450210 + 2004y, 216 + A274,0116)
V@2i6ysy2 = 9

_ 20916y,024 t+ 202450 — 202450210 + 20244, Q216 + A274,0116
a'216y2y2 - 2 .

After all calculations, we can rewrite some results as (2.46) - (2.81) and satisfied the equa-

tions ‘("/}2y2)y3 =0, (¢3xz)y1y1 = (¢3y1y1)z$7 (wsmz)yxyz ~ (¢3y1y2)zz, (¢3mm)y2y2 = (¢3y2yz)mz,
(Y3oy1)ye = (V3192) 2 (V32ys Jus = (Vsy19)er (Wszyn)yaye = (Yayaye)awss (Y3zy1)uays = (V3yays Jaws
(Yszy1 Jysys = (V3yays)oyrr (Vsewduays = (Ysyipa)opes (Ysops)ys = (Y3yaus)zs (Y3292 )ysys =
(W3ysys)ayzr (Y3zwa)uims = Vapays)over (Yszye)vwe = (Vayaya)owsr (V3oys)yaye = (Y3y2y2)ays
(V3y1u1 )yaye = (Vayaya Jurvss W3rvn)vave = (V3pays)vayns (Vayiv Jyaws = (¢3y3y3)y1y1’ (Y3ysy)ys =
(V3y2us Jus T (Yaysy)urver (Bspiue)uove = (Vspava)uivsr (Vsyare)usws = (V3ysvs)yaues
(V3295 )us = (P3ysys )y @0 (Vza)ys = 0. g

2.4 Linearizing transformation

By the prove of Theorem 2.3.1, we arrive at the following corollary.

Corollary 2.4.1. Provided that the sufficient conditions in Theorem 2.3.1 are satisfied, the
transformation (2.44) mapping system (2.4) to a linear system (2.2) is obtained by solving
the following compatible system of equations for the functions p(x), Y1 (x, 1), Y2(z, Y1, Y2)
and P3(x, Y1, Y2, Y3): .

vy = (v(—2a14 — a21))/2, | (2.82)
vy, = —va24, _ (2.83)
Ver = (1202 + 4vzv(as1o + az10) + v*(—8a116y, — 8a216y, — G110

+2a1100210 + 8116014 + 4116027 — a3 + 8a216a24))/(8V), (2.84)

Poe = (20505 + pzv(an0 + az0))/(2v), (2.85)
Viee = (2¥10Vz + Y129(@110 + G210) — 20%14, 0116)/(20), (2.86)
Yoy, = (20501 + V914, (—a110 + a210))/ (40), , (2.87)
Vi = —Yiy0ua, (2.88)

¢2y2 = U/wlyl, (2'89)
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(. (220Vstry, + Pasiry, (G110 + (1210) — 22y, V14,0116
~2va16)/ (20414, ), (2.90)
Yooy, = (2W2y,Uaryy + Yoy W1y, (—a110 + G210) — 20%ag13)/(4vedyy,),  (2.91)
Yoyrun (—%2y1 1y, 014 — VO211) /P14, (2.92)
V3zz (293505 + P35v(a110 + A210) — 2¢3y, V116 — 2034, VA216
—2¢3y,vas16)/ (2v), (2.93)
VY3ay, (243, vz + 3y, v(—aa10 + a210) — 29034,00213
—2t3yvaziz)/(4v), (2.94)
V3zy, (234, Vz + P3y,v(@110 — @210) — 293y5v0315)/(4v), (2.95)
Y3ays (293455 + Y3y, v(ar10 + 210 — 20310))/(4v), (2.96)
VY3y1u — Y3y, 014 — Y3y, Q011 — Y3y, G311, (2.97)
Vsyryo (—3y,007 — P3y,a312) /2, (2.98)
Ve = (—¥3ys0s7)/2, (2.99)
V3yapn —U3y,024 — Pay3a314, (2.100)
Vayays = (—VPays030)/2, (2.101)
V3ysys ~3y5 034 (2.102)
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2.5 Flowchart of testing program

This flowchart shows demonstration of how to use the obtained theorems.

Satisfy ™.
- sufficient
“&\ . condition
‘\\}:& {Theorem 2) ,«//
x&\\:\ / o
x"\ff
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2.6 Examples

Example 2.6.1. Consider the system of nonlinear ordinary differential equation

Y+ 3yE+y =0,
Yy + SR +vivs +v5 =0, (2.103)
Ys + g +yiys + vhys +y5 = 0.

It is a system of the form (2.4) with the coefficients

ai; = 0,a12=0,a13=0, a1a = (-1)/2, a15 =0, a36 = 0, a17 =0,

a1 = 0,019 =0, a110 = ~1, 111 =0, a2 = 0, 113 = 0, 6114 =0,

ai1s = O, aile = O,‘ Q24 = (_1)/2) Q7 = —1’ Q29 = O’ d210 = —-1’ (2 104)
ao11 = 0,a012 =0, ag13 =0, ag1s =0, a215 =0, a6 =0, azs = —1, .

agr = —1, a39 = —1, agio = —1, ag11 =0, az12 =0, agi3 = 0, az1a =0,

azis = 0, azig = 0.

One can check that the coefficients (2.104) obey the conditions (2.45) - (2.81). Thus, the

equation (2.103) is linearizable. We have

v/2,
(v2(3vg — 20))/(2v),

2.105)
2.106)
2.107)

m~ o~ o~~~

Pz (po(ve — v)) /v, 2.108)
Vizz (Y12(vz — ) /v, (2.109)
Y1y, = (Y130)/ (20), (2.110)
Vi = Y /2, (2.111)
Yoy = V/VY1y, (2.112)
Voww (Y2 (v, — v)) /v, (2.113)
Yozy, (29, v2)/ (20), (2.114)
Vo = Yo /2, (2.115)
Y3z (P32(vz — v))/(v), (2.116)
Yoy (Y3y,v2)/ (20), (2.117)
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Vioge = (P3y,02)/(20), (2.118)
Vsays = (Pays0)/(2v), | (2.119)
Vs = Y3 /2, (2.120)
Yoy = V3ye/2, | (2.121)
Vspiys = W3ya/2, (2.122)
sy = Vsn/2, (2.123)
Vayoys = Y3ys/2, (2.124)
Vsysys = Usys- (2.125)

From (2.105) and (2.106) we get
v = enrtea(@y)

and

v
v = 6_22+C2(wayl),

respectively. Since one can use any particular solution, we can take

y2
v = e2z+y1+ 2

and this solution satisfies (2.107). Now the equation (2.108) becomes

Pz = Pz

and yields
Pz =€ , cg = const.
Therefore

Q= "B 4 ¢4
Since one can use any particular solution, we set c3 = 0, ¢4 = 0 and take
p = e".

Now the equations (2.109) - (2.111) are written

¢1a::c = ¢1:c: (2 126)
2/)195161 = "/J1y1 ) (2' 127)
Y1y f;ﬂ (2. 128)

To consider (2.127) and (2.128), one takes

- oY
'l,blyl =€ 2,
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then

Py = 267 4 c5(a).

Since one can use any particular solution, we set ¢;(z) = 0 and take .
—_ 9 z+%
Tpl =2e 2,

this solution satisfies (2.126). Now the equations (2.112) - (2.115) are written as

estu+
Yoy = —F (2.129)
Yooz = Yo, (2.130)
Yooy = Yoy, (2.131)
Yoy = % (2.132)

To consider (2.129), after integration, one finds
thy = 26" 34+ co(z, 1)
Since one can use any particular solution, we set cg(z,%:1) = 0 and take

v
¢2=26m+2+2,

this solution satisfies (2.130) - (2.132). Now the equations (2.116) - (2.125) are written

d)?:mm = ¢3ma (2133)
¢3zy1 b 1/)33(1 ) (2. 134)
")wayz = 1/133;2) (2.135)
¢3my3 = ¢3y3 3 (2- 136)
Ysyiys = % (2.137)
Vspnye = w;y’, (2.138)
7/)3?/1?43 = ¢;y3 ’ (2.139)
¢3y2y2 = ¢;y2 ’ (2.140)
Psyoys = ¢;y3, (214
VYayays = Yays- (2.142)

To consider (2.136), (2.139), (2.141) and (2.142), one obtains

_ ot 8+ L2y,
¢3y3 =€ 22y
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so that

n, v
Y3 = €T IETB 4 ooz, 1, 10).
Since one can use any particular solution, we set c7(x,y1,y2) = 0 and take

A+ 24y
"nb3 =€ 2 2 ’

this solution satisfies (2.133) - (2.135), (2.137) - (2.138), (2.140).

Then, one obtains the following transformations
t=e uy =267, uy = 27T HT gy = T HFHu, (2.143)
Hence, the system (2.103) is mapped by the transformations (2.143) to the linear system
uy =0, uy =0, ug =0.
The solution of this linear system is

Uy (t) = clt + C2,
'U,2(t) = C3t X C4,
us(t) = cst+co

where ¢;, (i = 1,2, ..., 6) are arbitrary constants. By using the transformation (2.143), one
finds

vl
2e"t7 = e + oy,
v,w

26" 2T = 3% + ¢y,

uyw

ex+2+2+y3 — Csez‘l‘cs.

Hence, the solution of the system (2.103) is

g =2In [oges]

=2 [maeet]

cy1+cge™ 7T

y3 =In [2 c5+c“e_z)] )

c3+cqe™ %



2.6. EXAMPLES 45

Example 2.6.2. Consider the system of nonlinear ordinary differential equation

Y+ 3y + 9 =0, |
Yy +y5 +yivh +v5 =0, (2.144)
ys + U5 +yivs+ys = 0.

It is a system of the form (2.4) with the coefficients

ann = 0,a12=0, a33 =0, ay4 = (—1)/2, a15 =0, a16 =0, a;7 =0,

ais = 0, a19 =0, ano = —1, @111 =0, a112 = 0, a113 =0, a114 =0,

a5 = 0, a116 =0, aq = —1, agr = —1, a9 = 0, ag0 = —1, (2.145)
az11 = 0,a212 =0, @213 = 0, a214 = 0, a215 =0, a16 = 0, agy = —1, o
agr = —1,a39 =0, az1o = —1, agi1 = 0, az12 =0, az;3 =0, azy =0,

azis = 0, azie = 0.

One can check that the coefficients (2.145) obey the conditions (2.45) - (2.81). Thus, the

equation (2.144) is linearizable. We have

Uy, v, (2.146)
Uy, v, (2.147)
Vg (v:(3u; — 20))/(2v), (2.148)
Puz (pz(vz — v))/v, (2.149)
Vizs (Y12(vz = v)) /v, (2.150)
Vizy, (Y14992)/ (20), (2.151)
Vipn = V12 (2.152)
Y2y, v/ Y1y (2.153)
(L ($20(vs — v)) /v, (2.154)
Pazy, (Y24sv)/ (20), (2.155)
Yoyim Vo /2, (2.156)
Y3z (Y3z(vz — v))/(v), (2.157)
V3ay, (34, vz)/ (2v), (2.158)



2.6. EXAMPLES ' 46

Vsoye = (P3y,02)/(20), (2.159)
Yszys = (P3y503)/(20), (2.160)
Vg = Vay/2, | (2.161)
Vs = Va/2, {2.162)
Vs = P3ys/2, (2.163)
Vagoys = Yayss (2.164)
Ysyoys = O, (2.165)
Vsysys = Vays- (2.166)

From (2.146) and (2.147) we get
v = eYrte(zy2)

and
v = ey2 +c2 (z)yl) ,

respectively. Since one can use any particular solution, we can take

v = e2z+y1 +y2

and this solution satisfies (2.148). Now the equation (2.149) becomes

Prz = Pz

and yields

T+C3
)

Py = € c3 = const.

Thus

0 =e"t3 ¢4,
Since one can use any particular solution, we set c; = 0, ¢, = 0 and take
p=e"

Now the equations (2.150) - (2.152) are written

Yoz = VPia, (2.167)
¢1zy1 = wlyla (2'168)
Vi, = % (2.169)

To consider (2.168) and (2.169), one gets

— ztZ
¢1y1 =e 2,
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then

'Qb] = 2e”’+£2l + C5(£l7).

- Since one can use any particular solution, we set ¢s(z) = 0 and take
¥
¢1 = 2ea:+ z,

this solution satisfies (2.167). Now the equations (2.153) - (2.156) are written as

e:z:+y1+y2
¢2y2 = T (2170)
ez
¢2m; = '¢'21:; (2171)
11)2121/1 = 1/)2241’ (2'172)
Vo = %ﬂ (2.173)

To consider (2.170), after integration, one finds
hy = " 4 o(z,p1).
Since one can use any particular solution, we set cs(z,y;) = 0 and take

— ot E+
¢2 =€ 2 yzy

this solution satisfies (2.171) - (2.173). Now the equations (2.157) - (2.166) are written

Y3z = Yag, (2.174)
Vszy = Y3y, (2.175)
Vszg, = Vap, (2.176)
Vsays = Pays, (2.177)
Vsyn = 1/’;;,1’ (2.178)
Vayy, = ¢;y2, (2.179)
Yo = w;y“, (2.180)
Ve = Vo (2.181)
Vayys = 0, (2.182)
Vsyays = Vage- (2.183)

To consider (2.177), (2.180) and (2.183), one takes

— oo+ % +us
¢3y3 =e 2
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so that

¥
Py =St Hm 4 cr(z, Y1, y2)-

Since one can use any particular solution, we set c;(z, y1, y2) = 0 and take

— o+ %+ys
1/13 =€ 2 ’

this solution satisfies (2.174) - (2.176), (2.178) - (2.179), (2.181) - (2.182).

Then, one obtains the following transformations
t=¢€" u = 26”%1, Uy = ez+221+y2, uz = €S+ +us, (2.184)
Hence, the system (2.144) is mapped by the transformations (2.184) to the linear system
uf =0, uy =0, uy =0.
The solution of this linear system is

wu(t) = at+e,
u2(t) = Cgt + C4,
’U,3(t) = cst+cq

where ¢;, (i = 1,2, ..., 6) are arbitrary constants. By using the transformation (2.184), one
finds

gl. -
2e°T2 = ¢e® 4oy,
un
T2t — e 4y,
n
e:z+ 3 tYs csez + cs.

Hence, the solution of the system (2.144) is

y1=2In [——“J“C;e_x] )

_ 2(c3+cae™7)
Y2 =1In [ c1+cze=® |

— 2(cs+cse™?)
yo = In |2t D]
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