Chapter 1

Basic concepts

1.1 Definitions and theorems used in the research

Definition 1.1.1. A transformation

t= <p(:v,y),
v=1(z,y), -

where ¢ and ¢ are sufficiently smooth functions is called a point transformation.

(1.1)

If ¢, = 0, a transformation (1.1) is called a fiber preserving transformation.

Definition 1.1.2. Two equations are call equivalent if there is an invertible transformation

which transforms one equation into another.

Definition 1.1.3. The problem of finding all equations, which are equivalent to a given
equation is called an equivalence problem. If the given equation is a linear equation, then

the equivalence problem is called a linearization problem.

Definition 1.1.4. If F(u,v) and G(u,v) are differentiable in a region, the Jacobian deter-
minant, or briefly the Jacobian, of F and G with respect to u and v is the second-order

functional determinant defined by

FG |% ¥ |F F
o(u,v) g_g %—f B G. Gy |
Similarly, the third-order determinant
F, F, F,
O(F,G, H)
O(u,v,w) Gu Gv Gu
H, H, H,

is called the Jacobian of F', G and H with respect to u, v and w.
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Theorem 1.1.5. (Inverse Function Theorem) Let f : R — R™ be continuously differ-
entiable on some open set containing a, and suppose Jacobian of f(a) not equal to zero.
Then there is some -open set V containing a and an open W containing f(a) such that
f:V — W has a continuous inverse f1: W — V which is differentiable for ally € W.

Theorem 1.1.6. (Clairaut’s theorem on equality of mized partials)

o Statement for second-order mixed partial of function of two variables
Suppose f is a real-valued function of two variables x,y and f(z,y) is defined on
an open subset U of R%. Suppose further that both the second-order mized partial

derivatives foy(z,y) and fy(z,y) exist and are continuous on U. Then, we have:

f.'cy 72 fya:
on all of U.

o General statement

The statement can be generalized in two ways:

— We can generalize it to higher-order partial derivatives.

— We can generalize it to functions of more than two variables.

The general version states the following. Suppose f is a function of n variables
defined on an open subset U of R™. Suppose all mized partials with a certain number
of differentiations in each input variable exist and are continuous on U. Then, all

the mized partials are continuous. Some examples are given below:

— Suppose f is a function of two variables © and y, and the three mized partials
foay, foyer fyaw €xist and are continuous on an open subset U of R2. Then,
all three of them are equal on U. (Note that these mized partials all involve

differentiating twice with respect to  and once with respect to y.)

— Suppose f is a function of three variables z,y,z, and the six mized partials

fover fooys Jywes fyzms Foays foye ewist and are continuous on an open subset
U of R3. Then, all siz of them are equal on U.

Theorem 1.1.7. (Laguerre-Forsyth canonical form) Any second-order linear ordinary

differential equations

Y +a1(z)y +ao(z)y =0
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can be transformed to the form

u/l — 0
by point transformation (1.1).

Theorem 1.1.8. (Laguerre-Forsyth canonical form) Any kth-order linear ordinary differ-

ential equations

k-1
y® + Zai(a:)y(i) =0, k>3
=0
can be transformed to the form
k-3
u® 4 Zai(m)u(’) =0 (1.2)
i=0

by point transformation (1.1).

Note that (1.2) is called the Laguerre-Forsyth canonical form of kth-order linear

ordinary differential equations.

1.2 Transformation of derivatives

For simplicity of understanding, let us consider second-order ordinary differential

equation
y” = F(.'IC, yay,)' (13)

An invertible change of the independent and dependent variables (1.1) leads equation
(1.3) into the equation

u' = f(t,u,u). (1.4)
Notice that we require the Jacobian '

A= Oy 0(e9)
Oz,y) O(z,y)

in the neighberhood of a.

= paty — Py # 0.

First of all, we have to change y(z) to u(t). Assume that we know a solution of
equation (1.3), i.e.
y = y(x).

The transformed function u(t) is found from equation

t = p(z,y(z))-
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Since ¢'(z,y(z)) = ¢, + y'tp.; € C (ie. p € C) and A (p(z,y(z))) = v, +¥'p, # 0 then
by the virtue of Inverse Function Theorem one finds

z = oft).

Thus, one obtains
u(t) = P(aft), y(a(t)))- - (19)
The transformation of the first derivatives can be found as follows. Let us differ-
entiate (1.5) with respect to ¢ |

V)= G = et BB (g k) (1.6)
Since t = @(a(t), y(a(t))) then
& _dpda Opdyda
dt Ordt Oydrdt
or
do 1 .7

dt (s + ylﬁoy).
Substituting equation (1.7) into equation (1.6), one obtains

i ¢:c +yl":by _ Daﬂp

u'(t =
Yz + yl‘Py Dy

= g(x, y(x):yl(x))'

where D, = a% + a% + 9" a%f + ... is the total derivative. So that the first prolongation
of transformation (1.1) is v’ = g(z, y,¢).

Next, to find the transformation of second-order derivative. Consider

0gda Ogdyda 0Og dy do
"

) = 2= =2, 29T T
w(t) 8mdt+8ydxdt+8y'dxdt

da
= (9= +v'o+y'9y)—

dt
9z + y’gy + y”gy’

Y+ Yoy
D.g

Dy
= h(z,y(z), v (z),y"(2)).

So that the second prolongation of transformation (1.1) is u” = h(z,y, v, v").

Moreover, we can rewrite equation (1.4) as

Mz, y, ¥, y") = fle(z,v),¥(z, ), 9(z,v,7)). (1.8)

We see that if we find u from equation (1.4), then we can find y from equation (1.8).

Hence u” = f(t,u,«') and y" = F(z,y,y’) are equivalent.
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1.3 Completely integrable systems

One class of overdetermined systems, for which the problem of compatibility is
solved, is the class of completely integrable systems. The theory of completely integrable
systems is developed in the general case.

Definition 1.3.1. A system

dz* , . :
Bl = fia,2), (i=1,2,..,N; j=1,2,..,r) (1.9)

is called completely integrable if it has a solution for any initial values ag, 29 in some open

domain D.

Theorem 1.3.2. A system of the type (1.9) is completely integrable if and only if all of
the mized derivatives equalities

8f’ P of .0
Zfﬂay 3(5 ij

are identically satisfied with respect to the variable (a,z) € D.

2., N; B,5=1,2,..,7) (1.10)

In practice, sometimes it is enough to use a particular case of the compatibility

theorem:

Corollary 1.3.3. If in an overdetermined system of partial differential equations all deriv- .
atives of order n are defined and comparison of all mized derivatives of order n + 1 does

not produre new equations of order less or equal to n, then this system is compatible.

1.4 The Lie linearization test

Theorem 1.4.1. ([1], S. Lie) Any second-order ordinary differential equations (1.3) ob-
tained from a linear equation 4

u' =0 (1.11)
by a point transformation (1.1) has to be either to the form

Y +a(z,9)y° +b(z,9)y” +c(z,9) v +d(z,y) =0, (1.12)
where
a= AT (py¥y — ey,
b= A7 (pathyy — @yythz + 2 (Pyay — Py¥hy))
c= AT @yWor — Prathy + 2 (Pathey — Pry¥a))
d= A (Prthor — Praths)
and A = o0y — oy, # 0.

(1.13)
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Proof.
Since u = ¥(z,y), thus
/ Dy
v = P
_ Yty
R
= g(z,9,9),
u’ (t) = g—:g
= P(z,y, y’)
where
0 = (oz+y ‘Py) 7 (% + y"‘ﬁy) (d’z + yl'ﬁl’y) 585 (‘Pz + ylﬁay)
: (0s +y'py)°
_ (et 1)) (Yue + (W 2%y + 0BY)) — (o + %) (0ow + (W 20y + 00 2Y))
(ps+10y)° |
_ (‘Pm + y"Py) ("pzz + y/d’xy + "/’y (0)) - (¢z + yl¢y) (‘sz + y,<sz + ©y (O))
(pz +Y'0y)?
_ (pty wy) (Yoe +9"¥e0) = (W +Y4) (Pon +3/'0)
(0= +Y'py)°

(¢z +Y'py) a% Yz + y'y) — (P + Y'y) 5% (¢ + Y'oy)

(0s +¥'9y)°
_ (s + y/(Py) (d’xy (y aywy + "/’y Y )) (Y +y '@[’y) (‘Pmy (y 3y Py + (Pyayy ))
(e + ¥'py)°
_ (02 + ¥ 0y) Wy + Y'Yy + 1, (0)) — (P + Y'y) (Poy + ¥y + ¢y (0)
(0s +¥'0y)°
_ (pz+y ‘Py) ("/’wy + y'thyy) — (s + ?/d’y) (‘ny +Y ‘Pyy)
(e +y ‘Py)
g = (‘Pz +Yy (Py) (¢m + y’¢y) ("/’m +y ¢y) (‘pm +y (Py)
y =

(02 + V')
(0= +Y'py) (0 + (y ay + Oy )) — (%z + y'ty) (0 + (y’a%cpy + soya%y’))
(05 + ¥'ipy)°
_ (s +¥0) 0+ 9 (0) + ¢y (1) — (v +y'4y) (0+ 4/ (0) + 9, (1))
(s + y'py)°
_ (s + ?J'Soy) ("/’y) — (Y + y,"py) (‘Py)
(s + y'oy)?
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and D, = 2 + y’% +y” a%, + ... is total derivatives.

Replacing gz, gy, gy into equation (1.14) one gets

u’ = (yﬁ(@w@/)y - ‘Py'lpx) + y/3(¢y¢yy - ‘Pyywy) + y/2 (‘Pa:wyy — PyyPs
+2(§0y¢:cy - ‘szd’y)) + y’(¢y¢mm - (p:m:";by (115)
+2(zVzy — Pay¥s)) + PaVze — Poa¥a)/ (Yo + yl‘Py)S'

Since the jacobian A # 0, then after replacing u” into equation (1.11) one gets equation
(1.12). O

Theorem 1.4.2. ([1], S. Lie) Equation (1.12) is linearizable by point transformation (1.1)
if and only if its coefficients satisfied the follows.

(a) If ¢, = 0 then the conditions are
a=0,¢y =2b;,dyy — byy — byc+ byd +dyb=0. (1.16)
(b) If ¢, # 0 then the conditions are

3azz — 205y + Cyy — 3azc + 3ayd + 2byb — 3ca — ¢yb + 6dya = 0,

1.17
byz — 2Czy + 3dyy — 6azd + byc + 3byd — 2cyc — 3dga + 3d,b = 0. (117
Proof. We will find conditions from system of equation (1.13).
Case 1 : ¢, = 0. That is ¢ does not depend on y. From (1.13) one gets that
a = 0,
- Duyy
b o= (0othy) " (Pathyy) = —2,
()™ (patin) = 2201
c = (Som'(/)y)—l (_Qoxz’lﬁy + Q(Pa:d]:cy) = (—QO:,,_IQD:C:C -+ 2¢y_1"/):z;y) ,
d = (‘Pm¢ ) ! ((pz:'(wb:ca: - Qomm¢z = =
Y ) '¢'y ‘Pa:@by
thus
1 _ -
a= 0) "/)yy = "pyba wmy = 5 (‘Pz l%%z + ¢yc) 7¢zx = Pz l%%z + 'Qbyd- (1-18)

Mixing the derivatives:

i ("ﬁzy),, = (yy),
%M + ety + ety | = Yuyb+ Byb,

z

N
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wz;¢yy' + Wy + iy = 2 (Yay + Py bz)

T

replacing (1.18), one gets

b T
——(’Dzjﬁy +epb+erp, = 2 (% (__1%90 + d)yc) b+ %bz)
¥y = 2¢ybs
cy = 2b,
L (¢zy)m = ('Qba::c)y
0o (200 Puza — 392%,) = 4(dy +bd) — (2¢, + 7). (1.19)

Since ¢, = 0, then differentiating (1.19) respect to y one arrives at

dyy - bq;z T b:cc + byd + dyb = 0-

Hence a second-order ordinary differential equations in the form (1.12) can be linearizable

by function ¢ = ¢(z) if and only if it’s coefficients satisfied (1.16).

Case 2 : ¢, # 0.
Consider (1.13).

From a = A™! (@ythyy — ¢yy¥y), one gets

_ (‘Pyy"py +ad)
Py

From b = A~ (Potyy — Pyyz + 2 (Py¥hay — Pzyty)), One gets

Vyy

_ 20aypythy — pyyA — (apy — bpy) A
wxy = 202
Py

From ¢ = A~} ((py'djmz - %m% + 2 (‘P:c'wwy - ‘Pwy"pw))" one gets

— 2‘sz(py1/)z - ¢z¢yy¢z - ‘Pi"/)za + ‘Pz‘py"/)xb =+ 9032; ('@byd - Qp:r.c)

Vs
o5

From d = A7 (%20 — Pzats), ONE gets

ons = (2sozy<pz<py — PPy — P30+ Prpyb — prplc + @3 >
T (pi .
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Therefore, by the relation (1.13) we have

Wy = lewbutad)
vy — ©y ?
\ d) — 2050y Py —oyyA—(aps~bipy)A
Ty — 2(p§ !
w _ 202y Py Wz —PzPyyPs —<Pg¢x at+PzpyPs b+<P§ (‘i/Jyd—"l’z C) (1 . 20)
Tx — ¢§ )
_ [ 2Paypapy— iy —pRatpioyb—prpictodd
Prr = ) .

Mixing the derivatives :
hd ("l’wy)y = (Yyy),

20y Pyyy = 3 (SDf/y — 2paypya + 2020040 + 902‘12) — 2p50y (ay + ab)
+<,0§ (Zby — 4a, +4ac — b2)
Cyy = (3 (‘Pzzzy = 2P0y Py + 202040 + 30°) ~ 2020 (ay + ab)
+<p§ (2b, — 4a, + 4ac — bz)) /(2¢y)

. (wxy)m = ("w/}:cz)y

6050y = 3 (4Pay PPy — Pai0ly, + 2000y Py — 204y 02b)
+3030” + 3pal (—2a, + 2ac — b%) + 203 (—b, + 2¢, + 3ad)
Pryy = (3 (40nyPyyPy — PatPly + 20204y Pyb — 202y 03b) + 3p3a’
+30sy (—2a5 + 2ac = b) + 2% (—b, + 2¢, + 3ad))/(642).

Mixing the derivative again :

. (‘Pmyy)y = (Pyyy), and (‘Pm)yy = (@ayy), One obtains (1.17). m]



