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Abstract

In this paper, the concept of Q-fuzzy generalized bi-ideals of an
ordered semigroup is introduced. Regular ordered semigroups are
characterized by means of Q-fuzzy left ideals, Q-fuzzy right ideals and
(O-fuzzy (generalized) bi-ideals.

1. Introduction

A fuzzy set theory was conceptualized by Professor L. A. Zadeh at the
University of California in 1965 [14] as a generalization of abstract set
theory. Zadeh’s initiation is virtually a complete paradigm shift that initially
gained popularity in the Far East and its successful applications have gained
further ground almost round the globe. Rosenfeld {11] used the ideal of
fuzzy set to introduce the notions of fuzzy subgroups. The ideal of fuzzy
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subsemigroup was also introduced by Kuroki {7, 9]. In [8], Kuroki
characterized several classes of semigroups in terms of fuzzy left, fuzzy right
and fuzzy bi-ideals. Xie [12] introduced the idea of extensions of fuzzy ideals
in semigroups. The concept of fuzzy generalized bi-ideals of an ordered
semigroup is introduced by Xie and Tang [13] and characterized regular
ordered semigroups by means of fuzzy left ideals, fuzzy right ideals and
fuzzy (generalized) bi-ideals. In [10], Majumder introduced the concept of
Q-fuzzification of ideals of I'-semigroups and some important properties
have been investigated. In this paper, the concept of Q-fuzzy generalized
bi-ideals of an ordered semigroup is introduced. Regular ordered semigroups
are characterized by means of O-fuzzy left ideals, Q-fuzzy right ideals and
Q-fuzzy (generalized) bi-ideals.

2. Preliminaries

Throughout this paper, unless stated otherwise, S stands for an ordered
semigroup. A function f from §x Q to the real closed interval [0, 1] is called

Q-fuzzy subset of S, where Q is a non-empty set. The ordered semigroup S
itself is a O-fuzzy subset of S, its characteristic function, also denoted by S, is
defined as follows:

S:8xQ0->[0,1)|(x, ¢) > S(x, q) =11,
forall x€ S and g € Q.

Let fand g be two Q-fuzzy subsets of S. Then the inclusion relation
f < g means that

S(x q) < g(x, g),
forall xe S and ge @, fNg and fU g are defined by
(/ N g)(x, g) = min{f(x, q), g(x, )},

(S U g)(x, q) = max{f(x, q), g(x, )},
forall x € S and g € Q.
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Let S and Q be an ordered semigroup and a noﬁ-empty set, respectively.
For x € S, we define 4, ={(y, z)e Sx§|x < yz‘}. The product f o g of

fand g is defined by '
V'  min{f(y,9). g(z. q)} if 4, 2O,

(Vxe S, Vg e Q)(fog)(x, q) =)
0 if 4, =0.

Lemma 2.1. Let S and Q be an ordered semigroup and a non-empty set,

respectively. Let fy, f>, g, &> be Q-fuzzy subsets of S such that f; < g
and f < g3 Then fy° [ < 81 ° 82

Proof. Let ae S and g € Q. Then, if 4, =3, we have (fj° /2)(a,q) =
0<(g1°8g2)(a, q). Thus, fiofr < g ° g If 4, # &, then we have

(fiefi)la, q) = (b‘c\/)% min{ /(6. 9). f2(c. q)}

< V i b, q), y
(b,c)eAamm{gn( q), g2(c, q)}

= (g ° g2)(a. 9).
Hence fi° f, € &1 ° & O

We denote by f AxQ the characteristic function of 4 x Q, that is, the

mapping of S x Q into [0, 1] is defined by

1 if xe A,
0 ifxed,

foQ(x’ Q) = {
forall g € Q.
Let S be an ordered semigroup. For A < S, we define

(H]={r € S|t < h, for some he H}.

For H = {a}, we write (a] instead of ({a}).
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A subsemigroup B of an ordered semigroup S is called a bi-ideal of S if

(1) BSB c B.
(2Q)Ifae Band S > b <aq, then b B.

Definition 2.2, Let S and Q be an ordered semigroup and a non-empty

set, respectively. A Q-fuzzy subset fof S is called a Q-fuzzy subsemigroup of
Sif

(1) x < y implies f(x, q)> f(y, q), and
) f(xy, q) 2 min{f(x, ), f(». 9)}.
forall x, ye S, ge Q.

Lemma 2.3, Let S and Q be an ordered semigroup and a non-empty set,
respectively. f'is a Q-fuzzy subset of S such that

x<y= flx, q)2 (., 9), Vx, ye S, Vg € Q.

If [ is a Q-fuzzy subsemigroup of S, then fo f < f. Conversely, if
feofcf, thenfisa Q-fuzzy subsemigroup of S.

Proof. Let xe S and ge Q. If 4, =, then (fo f)(x,q)=0<
f(x, q). If 4, # @, then

(feNxg)= 'V min{f(b, q), f(c, q)}
(b,c)e 4,

<V  flbe, q)
(b,c)e Ay

< V 4
el S(x, q)

= f(x, q).

Thus, we have fo f < f.
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Conversely,,:fif fof < f,thenforall x, ye S and forall g € Q,
SOy, q)2(f = £y, q)
min{f(b, g), f(c, 9)}

- (b.c)edy

2 min{f(x, q), f(y. 9)}. U

Definition 2.4. Let S and Q be an ordered semigroup and a non-empty
set, respectively. A Q-fuzzy subset f'of S is called a Q-fuzzy lefi ideal of S if

M xsy=flx g9z f(y 9),
@) f(xy, q) 2 (1, 9),
forall x, y € S and forall ¢ € Q.
A O-fuzzy subset fof S is called a Q-fizzy right ideal of S if
D x<y=flx q)z f(y. 9),
@) f&y, q9) 2 f(x, q),

forall x, y e § and forall g € Q.

A Q-fuzzy subset f of S is called a Q-fuzzy ideal of S if it is both a
QO-fuzzy left ideal and a Q-fuzzy right ideal of S.

Lemma 2.5. Let S and Q be an ordered semigroup and a non-empty set,
respectively. Let A be a non-empty subset of S. Then A is a left ideal of S if
and only if the characteristic function f axQ of AxQ is a Q-fuzzy lefi ideal

of 8.

Proof. Let 4 be a left ideal of an ordered semigroup S and let x, y € S,
g € Q be such that x < y. If y e 4, then since 4 is a left (resp. right) ideal
of §, we have x € 4 and then [1,0(x, ¢) =12 f40(1, q). If y & A4, then
Saxo(s 4) = 0 < f0(x, g). Next, if y e 4, then xy € 4 and we have
Faxo(y, q) =12 f(y, q). If y & 4, then f1.0(xy,9) 20 = f4.0(». q).
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Conversely, let f4xp be a Q-fuzzy left ideal of an ordered semigroup S.
Let x, ye S, g € Q besuchthat x < y. If y € 4, then foQ(x, g)21=
foQ(y, g) and, we have foQ(x, q) =1, it follows that x € 4. Next, let
y € A. Then, since f4p is a Q-fuzzy left ideal of S, we have foQ(xy, q)
2 1= f4ep(¥, 9), and then [y o(xy, g) = 1. Thus, xy € 4. O

Similar to Lemma 2.5, we have the following lemma. The proof is
similar to that of Lemma 2.5.

Lemma 2.6. Let S and Q be an ordered semigroup and a non-empty set,
respectively. Let A be a non-empty subsel of S. Then A4 is a right ideal of S
if and only if the characteristic function f4xo of AxQ is a Q-fuzzy right
ideal of S.

By Lemma 2.5 and Lemma 2.6, we have the following lemma:

Lemma 2.7. Let S and Q be an ordered semigroup and a non-empty set,
respectively. Let A be a non-empty subset of S. Then A is an ideal of S if and
only if the characteristic function f4xp of Ax Q is a Q-fuzzy ideal of S.

Definition 2.8, Let S and Q be an ordered semigroup and a non-empty
set, respectively, A Q-fuzzy subsemigroup f of S is called a Q-fuzzy bi-ideal
of Sif

(Hhx<y= fx q)2 f(y 9),
) f(xyz, q) 2 min{f(x, q), f(z, 9)},
forall x, y,ze S and forall g € Q.

Lemma 2.9. Let S and Q be an ordered semigroup and a non-empty set,
respectively. Let B be a non-empty subset of S. Then B is a bi-ideal of S if
and only if the characteristic function [y of BxQ is a Q-fuzzy bi-ideal

of S.
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Lemma 2.10. Let S and Q be an ordered semigroup and a non-emptyff
set, respectively. Let [ be a Q-fuzzy subset of S. Then [ is a Q-fuzzy left ideal
of S if and only if f satisfies that )

) x<y= f(x,9)2 f(y,q), forall x, ye S, qge Q.
2)Sofcf.

Proof. Let / be a Q-fuzzy left ideal of an ordered semigroup S. Let
x, y€ S and g € Q be such that x < y. Then, since f'is a Q-fuzzy left ideal

of §, we have f(x, q) = f(y, q). Next,let xe S, g e Q. If 4, =, then
(Se f)x,q)=0< f(x, q). If 4, # O, then

(5N a) =, \, minis. 0). fe. 9)

< VYV flbe, q)

T (b.c)ed,
= f(bc, q)
< flx q).

Conversely, assume that (2) holds. Let x, ye€ S and ¢ € Q. Then, we put
a = xy. By (2), we have

Sxy, q) = fla, q) 2 (S f)(a, q)
=V min{S(b, q), f(c, 9)}

(b.c)e 4,
> min{S(x, q), f(». 9)}
=, 9)
By hypothesis (1) and Definition 2.4, fis a Q-fuzzy left ideal of S. 0

Similar to Lemma 2.10, we have the following lemmas:

Lemma 2.11. Let S and Q be an ordered semigroup and a non-empty
set, respectively. Let f be a Q-fuzzy subset of S. Then fis a Q-fuzzy right ideal



280 S. Lekkoksung
of S if and only if f satisfies that

Dxsy= flx,q9)2 f(y,q), forall x,ye S, ge Q.
2y foSc [

Lemma 2.12. Ler S and Q be an ordered semigroup and a non-empty
set, respectively. Let f be a Q-fuzzy subset of S. Then fis a Q-fuzzy ideal of S
if and only if f satisfies that

(Dx<y= flxq)2 f(y,q). forall x, ye S, g€,
@) Sefcfand foSc [

3. Q-fuzzy Bi-ideals and Q-fuzzy Generalized Bi-ideals
of Ordered Semigroups

Definition 3.1 [13]. A non-empty subset B of an ordered semigroup S is
called a generalized bi-ideal of S if

(1) BSB c B,
(2)ifae Band S3b <a, then be B.

Furthermore, we now introduce the analogous definition by means of
Q-fuzzy subsets as follows:

Definition 3.2, Let S and Q be an ordered semigroup and a non-empty

set, respectively. A O-fuzzy subset f of S is called a Q-fuzzy generalized
bi-ideal of S if

(M x<y= flxq)2 f(y 9),
@) f(xyz, q) 2 min{f(x, 9), f(z, 9)},
forall x, y,z e S andforall g € Q.

By Definition 3.2, we have that every Q-fuzzy bi-ideal is a generalized
bi-ideal.
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Proposition 3.3. Let S and Q) be an ordered semigroup and a non-empty
set, respectively. If a Q-fuzzy subset fof S is a Q-fuzzy generalized bi-ideal of
S,then foSo fc f.

Proof. Let f be a Q-fuzzy generalized bi-ideal of S. Then, since [ is
a Q-fuzzy subset of S, we have f(a,¢)20, forall ae S, ge Q. If

A, =D, then (foSo f)(a,q)=0< fla, q). If 4, # D, then there exist
x, ¥, S, t € S such that (x, y)e 4,, (s, 1) € 4,, thatis, a < xy, x < st
Since f is a Q-fuzzy generalized bi-ideal of S, we have f(sty, q) >
min{f (s, g), f(», q)}, forall ¢ € Q. Thus,

(foSeaq)= Y., minllf*8)x a) S 9)

= 'V min{ V min{f(s, q), S, g)}, f(». 9)}
(x,y)e4, (s.0)e Ay

- (x,>)/eAa (s,t\)é/;x min{/(s, ¢), S, 9), /(3. 9}

= (x’\/ V  min{f(s, 9), f(», 9)}

y)eA, (s,1)e Ay

< (X,y\/)e 3 (“\)é = f(sty, q)

< (“\)QAQ Sxy, q) < fla, 9),

which means that f o Seo f c f. a

In a similar way as in the previous proposition, we can show the
following result:

Proposition 3.4. Let S and Q be an ordered semigroup and a non-empty
set, respectively. If a Q-fuzzy subset f of S is a Q-fuzzy bi-ideal of S, then
Seofcfand foSefcf

Lemma 3.5. Let S and Q be an ordered semigroup and a non-empty set,
respectively. If a Q-fuzzy subset fof Sand [ oSo f C f, then
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(Vx, y, 2 € 5, Vg € Q), [(xz, ) > min{/(x, 9), f(z, q)}

Proof. Forany x, y,ze€ S and-q e Q, put a = xyz. Since foSo [

c f, wehave
Sz, q) = fla,q)2(f S f)a, q)
= VY min{(f°S)(s, q), £(1, q)}

(s.0)e 4,
2 min{(f o S)(xy, q), f(z, 9)}
= min{( \)/A min{f(x, q), S(v, q)}, f(z, q)}

u,vjye Xy
2 min{min{f(x, q), S(», 9)}, f(z, )}
=min{f(x, 9), S(», q), f(z, 9)}
> min{f(xs q)’ f(Z, q)} U

Proposition 3.6. Let S and Q be an ordered semigroup and a non-empty
set, respectively. Then the product of two Q-fuzzy generalized bi-ideals of S
is a Q-fuzzy bi-ideal of S.

Proof. Let f, g be O-fuzzy generalized bi-ideals of an ordered semigroup
S.Then foSofc fand goSogc g. Thus,

(feg)o(fogle fo(geSeog)c fog.

Therefore, by Lemma 2.3, fog is a QO-fuzzy subsemigroup of S.

Furthermore, by Lemma 2.1, we have
(fog)oSe(fog)=rfogol(Seflogc folgeSeg)c fog.
By Lemma 3.5,
(Vx, y, z€ 8, Vg € Q), (f  g)(wz, q)

2 min{(f © g)(x, g), (/ ° g)(z, g)}.
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Furthermore, if x s v, then, if 4, =&, then (f°g)(y, q)=0. Since

S o g is a Q-fuzzy subset of S, we have (f o g)(x, ¢) = 0=(f°g)(y, q).
If 4, # O, then, since x < y, we have Ay, < Ay. Thus, we have

(feog)y q)= (u‘v\/eA min{f(u, ), g(v, ¢)}

Yedy

< (u))/eAx min{f(u, q), g(v. )}

=(/=8)xq). O

An ordered semigroup S is called regular if, for each element a of S,
there exists an element x in S such that a < axa. Equivalent definition:

(1) 4 < (4S4], V4 c A
(2) a € (aSa), Va e S.

Theorem 3.7. Let S and Q be a regular ordered semigroup and a non-
emply set, respectively. Then every Q-fuzzy generalized bi-ideal of S is a
Q-fuzzy bi-ideal of S.

Proof. Let fbe aﬁy Q-fuzzy generalized bi-ideal of an ordered semigroup
Sand a, b e S, g € Q. Then, since S is regular, there exists x € S such that

b < bxb. Then

flab, q) > f(a(bxb), q)
= f(a(ex)b, q)
2 min{f(a, ), f(b, 9)}.
Thus, fis a Q-fuzzy subsemigroup of S, and so it is a Q-fuzzy bi-ideal
of S. g

4. Characterizations of Regular Ordered Semigroups

In this section, we give characterizations of regular ordered semigroups
in terms of O-fuzzy subsets.
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Lemma 4.1 [13]). An ordered semigroup S is regular if and only if
B = (BSB] for any bi-ideal of S.

Now we give characterizations of regular semigroups by Q-fuzzy
(generalized) bi-ideals.

Theorem 4.2. Let S and Q be an ordered semigroup and a non-empty
set, respectively. Then the following statements are equivalent:

(1) S is regular,
(2) f = fo8o [ forany Q-fuzzy bi-ideal f of S.
Proof. (1) = (2) Let f'be any Q-fuzzy bi-ideal of Sand a € S, g Q.

Then, since S is regular, there exists x € S such that a < axa, and (ax, a)
€ A,. Thus,

(foSef)a, q)=( Y min{(f ° S)(», 9), f(z. q)}
.Va-'-)eAa

2 min{(f ° S)(ax, ¢), f(a, q)}
= min{( V' min{f(s, q), S(, )}, f(a, q)}

S, 0)€ Agy

v

min{min{/(a, ¢), S(x, ¢)}, f(a, q)}
min{min{f(a, ¢), 1}, f(a, q)!
fa, 9),

and so we have foSo f o f. Since fis a Q fuzzy bi-ideal of S, we have
foSeofc f.Thus, foSo f=f.

(2) = (1) Let B be any bi-ideal of S and g € Q. Then fB is a Q-fuzzy

bi-ideal of S, and for each a € B,

(y,z\)/eA min{(/g ° $)(». 9). f3(z, 9)} = (S5 > S) = f3)(a. 9)

= fB(a’ Q) =1,
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which implies that 4, # @, and there exist b, ¢ € S such that a < bc,
(fg o 8)(b,q)=1and fg(c, q)=1. Then c € B, and

v min{fB(s, q)! S(” Q)} = (fB ° S)(ba CI) =,

(s,0)e 4
which implies that 4, # &, and there exist u, ve S such that b < uv,
f5(u, g) =1, and S(v, ) =1. Then u € B, and
a < be < uve € BSB,

and so B < (BSB]. On the other hand, since B is a bi-ideal of S, we have
(BSB] c (B] = B. Therefore, B = (BSB], and then S is regular. QO

In a similar way, the following theorem can be proved.

Theorem 4.3. Let S and Q be an ordered semigroup and a non-empty
set, respectively. Then the following statements are equivalent:

(1) S is regular.
(2) f = f oS o f forany Q-fuzzy generalized bi-ideal f of S.

Theorem 4.4. Let S and Q be an ordered semigroup and a non-empty
set, respectively. Then the following statements are equivalent:

(1) S is regular.

() fogeo f=fNg for any Q-fuzzy bi-ideal f and any Q-fuzzy ideal
gofS.

Proof. (1) = (2) Let £, g be a Q-fuzzy bi-ideal and a Q-fuzzy ideal of S,
respectively. Then, we have fogo f < foSe fc f. Since g is a Q-fuzzy

ideal of S, we have
fogofcSegeScSegcyg.
Thus, fogof < fN g Onthe other hand, let ae S and g € Q. Then,

since S is regular, there exists x € S such that a < axa < axaxa, so

(a, xaxa) € 4,. Since g is a Q-fuzzy ideal of S, we have g(xax, q) 2
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g(ax, q) = g(a, q). Thus,

(fogef)a, q)=( Y min{f(», 9), (g° /)(z. q)}
%«)GAa

2 min{/f(a, q), (g ° f)(xaxa, )}

=min{f(a, q), V  minfg(s, q), g(t, 9)}}

(s.)€ Axaxa
> min{f(a, ¢), min{g(xax, q), f(a, q)}}
2 min{/(a. q), min{g(a, q), f(a, 9)}}
= min{f(a, 9), g(a, 9)}
=(/Ng)a. 9),
which implies that fog o f o f (1 g. Therefore, fogo f = fNg.
(2) = (1) Since Sitself is a Q-fuzzy ideal of S, by hypothesis, we have
S=/Ng=fegof.
By Theorem 4.2, S'is regular. a

In a similar way, we can show the following theorem:

Theorem 4.5. Let S and Q be an ordered semigroup and a non-empty
set, respectively. Then the following statements are equivalent:

(1) S is regular.

(2) fegef=/Ng for any Q-fuzzy generalized bi-ideal f and any
O-fuzzy ideal g of S.

Lemma 4.6 [13]. Let S be an ordered semigroup. Then the following
statements are equivalent:

(1) S is regular.

(2) BN\ L < (BL], for every bi-ideal B and every left ideal L of S.
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(3) RN BN L < (RBL], for every bi-ideal B, evfery right ideal R and
every left ideal L of S.

Now we give characterizations of regular ordered semigroups by Q-
fuzzy left ideals, Q-fuzzy right ideals and Q-fuzzy (generalized) bi-ideals.

Theorem 4.7. Let S and Q be an ordered semigroup and a non-emplty

set, respectively. Then the following statements are equivalent:
(1) Sis regular.

(2) fNgc feog, for every Q-fuzzy generalized bi-ideal f and every
Q-fuzzy left ideal g of S.

(B) fNgc fog, for every Q-fuzzy bi-ideal and every Q-fuzzy left
ideal g of S.

@ hNfNgghofog, for every Q-fuzzy generalized bi-ideal f,
every Q-fuzzy left ideal g and every Q-fuzzy right ideal h of S.

) hNfNggho fog, for every Q-fuzzy bi-ideal f, every Q-fuzzy
left ideal g and every Q-fuzzy right ideal h of S.

~ Proof. (1) = (2) Let fand g be a Q-fuzzy generalized bi-ideal and a
Q-fuzzy left ideal of S, respectively, let a € § and g € Q. Then, since S is

regular, there exists x € S‘ such that @ < axa. Since (a, xa) € 4,, we have

(fegia, )= Y {f(» 9), gz, o)}

.2)ed,
2 min{f(a, q), g(xa, q)}
2 min{/f(a, 9), &g(a, 9)}
=(/Ng)a, q),
which means that f Ng < /- g.

(2) = (3) Clear.
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(3) = (1) Let B and L be a bi-ideal and a left ideal of S, respectively. Let
ae BNL and g € Q. Then fp is a Q-fuzzy bi-ideal of S and f; is a
Q-fuzzy left ideal of S. Thus, by hypothesis, fg  f;, < fg° f;, and

(f8° fi)a, q) 2 (fz N f)a, q) = min{fp(a, q), f(a, q)} =1,
forall ae BN L, ge Q, and 4, # D, Since fgo f; is a Q-fuzzy subset
of S, we have (fg o f1)(a, gq) <1, forallae S, g € Q. Then

Y min{fB(y9 q)’ fL(zs ‘I)}=(f8°fL)(aa Q)=|,

(r.2)e4,

which implies that there exist b, ¢ € S such that a < bc, fz(b, g) =1 and
file, g)=1. Then a < bc e BL, and so BN L < (BL]. By Lemma 4.6, S

is regular.

(1) = (4) Let £, g and 4 be a Q-fuzzy generalized bi-ideal, a O-fuzzy left
ideal and a Q-fuzzy right ideal of S, respectively. Let ae S and g € Q.
Then, since S is regular, there exists x € § such that a < axa. Thus,

(a, xa) e 4,, and

(ho fog)a, q)=( Y min{h(y, 9), (f > 2)(z, )}
V. z2)e4,

> min{h(ax, ¢), (/ = g)(a. )}

2 min{h(a, q), ¢ BQA min{/(s, ¢), g(t, ¢)}}

> min{h(a, q), min{/(a, 9), g(xa, g)}}
> min{k(a, 9), min{f(a, q), g(a, 9)}}
= min{h(a, q)’ f(as Q), g(av q)}

=N/ Nela, 9)
Therefore, AN fNgc he fog.
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(4) = (5) Clear.

(5) = (1) Let B, L and R be a bi-ideal, a left ideal and a right ideal of S,
respectively. Let ae RN BN L and g € Q. Then, we have fg, f; and
fr be a O-fuzzy bi-ideal, a Q-fuzzy left ideal and a O-fuzzy right ideal of S,
respectively. Thus, by hypothesis, /g N fg N /L < fr° fg° f and then

(fre fee fi)a, @) 2(frN fN f1)(a, q)

= min{fR(a9 CI), fB(a’ q)a fL(a’ Q)} =1
Thus, A4, # <. Furthermore, since fz o fg o f; is a Q-fuzzy subset of S,
we have (fro fpo fi)(a, g) <, forall ae S, g € Q. Thus,

Vo min{(fze f2)(¥ ). [z, )} = (fge fgeo fi)la. q) =1,

(r.2)e4,

which implies that there exist b, ¢ € S such that a < be, and (fz © f3)(b, )
=1and f;(c, q)=1. Then 4, = O,

V' min{fz(s, q), fa(t, )t = (fr o f3)(b. q) =1,

(s.0)e4p
which implies that there exist d, e € S such that b < de, and fg(d, q) =
fgle, q) =1. Then a < bec < dec € RBL, thatis, a € (RBL]. Thus, R(\ B
N L < (RBL]. By Lemma 4.6, S is regular. O0
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Abstract: In this paper we shows that in ordered groupoids the @Q-fuzzy right
(resp. @-fuzzy left) ideals are @-fuzzy quasi-ideals, in ordered semigroups the
Q-fuzzy quasi-ideals are @Q-fuzzy bi-ideals, and in regular ordered semigroups
the Q-fuzzy quasi-ideals and the @Q-fuzzy bi-ideals coincide and show that if S
is an ordered semigroup, then a Q-fuzzy subset f is a Q-fuzzy quasi-ideal of S
if and only if there exist a Q-fuzzy right ideal g and a Q-fuzzy left ideal h of S
such that f =gnNh.
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1. Introduction

A fuzzy set theory was conceptualized by Professor L. A. Zadeh at the Univer-
sity of California in 1965, [14] as a generalization of abstract set theory. Zadehs
initiation is virtually a complete paradigm shift that initially gained popularity
in the Far East and its successful applications has gained further ground almost
round the globe. Rosenfeld [11] used the ideal of fuzzy set to introduce the no-
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tions of fuzzy subgroups. The ideal of fuzzy subsemigroup was also introduced
by Kuroki [7], [9]. In [8], Kuroki characterized several classes of semigroups in
terms of fuzzy left, fuzzy right and fuzzy bi-ideals. Xie [12] introduced the idea
of extensions of fuzzy ideals in semigroups. The concept of fuzzy generalized
bi-ideals of an ordered semigroup is introduced by Xie and Tang [13] and char-
acteried regular ordered semigroups by means of fuzzy left ideals, fuzzy right
ideals and fuzzy (generalized) bi-ideals. In [10], Majumnder introduced the con-
cept of Q-fuzzification of ideals of I'-semigroups and some important properties
have been investigated. In this paper we shows that in ordered groupoids the
Q-fuzzy right (resp. Q-fuzzy left) ideals are Q-fuzzy quasi-ideals. in ordered
semigroups the Q-fuzzy quasi-ideals are @Q-fuzzy bi-ideals, and in regular or-
dered semigroups the Q-fuzzy quasi-ideals and the Q-fuzzy bi-ideals coincide
and show that if S is an ordered semigroup, then a @Q-fuzzy subset f is a Q-
fuzzy quasi-ideal of S if and only if there exist a @-fuzzy right ideal g and a
Q-fuzzy left ideal h of S such that f =gnh.

2. Preliminaries

Throughout this paper, unless stated otherwise, S stands for an ordered semi-
group. A function f from S x @ to the real closed interval [0, 1] is called @Q-fuzzy
subset of S, where @ is a non-empty set. The ordered semigroup S itself is a
Q-fuzzy subset of S, its characteristic function, also denoted by 5. is defined as
follows:

S:5xQ —[0,1] | (z,¢q) = S(x,q) =1,

forall z € S and g € Q.
Let f and g be two Q-fuzzy subsets of S. Then the inclusion relation f C g
means that

f(z.q) < g(®q),

forallz € Sand g€ @, fNg and fUg are defined by
(fng)(z,q) = min{f(z,q), 9(x.q)},

(fUg)(z,q) := max{f(x,q).g(x.q)},

for all x € S and g € Q.
Let S and Q be an ordered semigroup and a non-empty set. respectively.
For z € S. we define A; := {(y,2) € S x S| 2 <yz}. The product fog of f
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and g is defined by

V.  min{f(y.q),9(z.q)} if A; #0.
(Vr € S,Vqg e Q)(fog)(z,q) = { W2EA.
0 if A, =0,

We denote by faxq the characteristic function of A x @, that is, the mapping

of § x @ into [0,1] defined by

1 ifre AxQ,
faxqlz,q) = { 0 ifz¢g AxQ,

for all (r,q) € A x Q.

3. Main Results

In this section, we introduced the notion of Q-fuzzy right (resp. Q-fuzzy left)
ideals, Q-fuzzy quasi-ideals, Q-fuzzy bi-ideals of ordered semigroups, and inves-
tigate related properties.

Definition 3.1. Let S and @ be an ordered groupoid and a non-empty
set, respectively. A Q-fuzzy subset [ of S is called a Q-fuzzy right ideal (vesp.
Q-fuzzy left) ideal of S if:

(1) z <y implies f(z,q) > f(y.q). and
(2) f(zy,q) 2 f(z.q)(resp. fzy,q) 2 f(y,9)),
for all z,y € S and for all ¢ € Q.

Definition 3.2. Let S and @ be an ordered groupoid and a non-empty
set, respectively. A Q-fuzzy subset f of S is called a Q-fuzzy quasi-ideal of S
if:
(D z<y= f(z.9) > fy.9),
(2) (feS)N(Sof)C [,
for all z,y € S and for all g € Q.

Definition 3.3. Let S and @) be an ordered semigroup and a non-empty
set, respectively. A Q-fuzzy subsemigroup f of S is called a Q-fuzzy bi-ideal of
S if:

Hz<y= flz.q) 2 fy.9),
(2) f(zyz,q) 2 min{f(z,q), f(z.9)},
for all z,y,z € S and for all g € Q.
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Theorem 3.4. IfS is an ordered groupoid and Q is a non-empty set, then
the Q-fuzzy right (resp. left) ideals of S are Q-fuzzy quasi-ideals of S.

Proof. Let f be a Q-fuzzy right ideal of S and x € S,q € Q. First of all,

((f 0 S)N (S0 N))(x,q) = min{(f o S)(z.9),(S o f)(r.q)}.

If Ay = 0, then we have (foS)(z,q) = 0 = (Sof)(z,q) and, since f is a Q-fuzzy
right ideal of S, we have min{(f o S)(z,q),(So f)(z,9)} =0 < f(z.q).
If A, # 0, then

(foS)z.q) = \/ {min{f(u,q),S(v,q)}}.
(w,0)EA,

On the other hand, if (u,v) € A, then z < wv and f(z.q) > fluv,q) >
f(u,q) = min{f(u,q), S(v,q)}. Hence, we have

fa)> \/ {min{f(u,q)}}

(u,v)€AS
2min{(f o S)(z,9),(S o f)(x,q)}
=((fo5)N(So f))(z,q)

Therefore f is a Q-fuzzy quasi-ideal of S. a

Theorem 3.5. If S is an ordered semigroup and Q is a non-empty set,
then the Q-fuzzy quasi-ideals are Q-fuzzy bi-ideals of S.

Proof. Let f be a Q-fuzzy quasi-ideal of S and z,y,z € S,q € Q. Then we
have

f(2y2,0) > ((f 0 S) N (S0 )(wyz.q) = min{(f 0 S)(zyz.0).(S 0 f)(zyz.0)}.
Since (z,yz) € Azy,. we have

(foS)ayz.)= \/ {min{f(u.q),S(v.q)}}

(uv)EALy.
>min{f(z,q), S(yz,q)}
=f(1'1Q)

Since (zy, 2) € Azy;, we have

(Sof)(zyz.q) = \/ {min{S(u.q).f(v.q)}}

(“a'l")eAn:y:
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>min{S(zy.q), f(z,q)}
=f(z.q).

Thus we have
flzyz,q) 2 min{(f o S)(zyz, ¢) (S0 f){zyz.q)} > min{f(x.q). f(z.9)}.
Hence f is a Q-fuzzy bi-ideal of .S. O

An ordered semigroup S is called regular if for any a € S there exists r € S
such that a < aza.

Theorem 3.6. If S is a regular ordered semigroup and () is a non-empty
set, then the Q-fuzzy quasi-ideals and the Q-fuzzy bi-ideals coincide.

Proof. Let f be a Q-fuzzy bi-ideal of S and z € S, ¢ € Q. We will prove
that
((feS)N(Sof))(z.q) < f(z.q) (1)

First of all, we have

((fo85) N (S f))z,q)=min{(fo5)(x.9),(S o f)(r.q)}.

[f Az = 0, then as we have already seen in Theorem 3.4, condition (1) is satisfied.

If A, # 0] then

(feS){zq) = \/ {min{f(z,9),S(w.,q)}}, (2)
(ziw)€E A,

(So Nw.q) = \/ {min{S(u.q), fv;9)}}. (3)
(u,v)EAF

Let (foS)(z,q) < f(x,q). Then, we have

f(z.q) 2(f o S)(z.q)
>min{(f o 5)(z,9).(S o f)(z,9)}
=((fo5)N (S0 f))(z.q),

and condition (1) is satisfied.
Let (f o S)(z,q) > f(z,q). Then, by (2), there exists (z,w) € A, such that

min{ f(z.q).S(w,q)} > f(z,q) (4)
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(otherwise f(z,q) < (f o S)(z,q), which is impossible). Smce (z,u ) E 4, we
have z,w € § and ¢ < zw. Similarly, from min{f(z,q),S(w,q)} = ), by
(4), we obtain

flz.q)> f(z,9). (5)
We will prove that (So f)(z,q) < f(z,q), then

min{(f o 5)(z,q), (S0 [)(z.q)} < (So Hlz.q) < flz.q).

so that ((foS)N (S o fiNz,q) < f(z,q). and condition (1) is satisfied.
By (3), it is enough to prove that

min{S(u, q), f(v, )} < £z, ), ¥t v) € A

Let (u,v) € A;. Then z < wv for some u,v € S. Since S is regular, there exists
s € § such that z < zsz. It follows that < zwsuv. Since f is a Q-fuzzy
bi-ideal of S, we have

min{S(u,q), f(v,q)} < flz,q).¥(u,v) € As,

and, we have

f(2.9) 2 f(zusuv,q) 2 min{f(z.q). f(v.q)}.

If min{f(z,q), f(v,q)} = f(z.q), then f(z,q) < f(z g) which is impossible by
(5). Thus we have min{f(z,q), f(v,q)} = f(v,q), then f(z,q) > f(v,q) =
min{S(u, q), f(v,q)}. a

In the following. using the usual definitions of ideals mentioned above. we
show that the Q-fuzzy quasi-ideals of an ordered semigroup are just intersections
of Q-fuzzy right and Q-fuzzy left ideals.

Lemma 3.7. Let S and Q) be an ordered semigroup and a non-empty set
respectively. Let f be a QQ-fuzzy subset of S. Then we have the following:
(1) (So f)(zy,q) > fly,q) forall .y € S,q € Q,
(2) (Sof)(zy,q) 2 (So f)(y,q) forallz,y € S.q€ Q.

Proof. (1) Let z,y € S and g € Q. Since (z,y) € Azy, we have

(Sof)(zy.q) = \/ {min{S(w.q).f(2.¢)}} = min{S(z.q). f(y.q)} = fly.q).

(w.2)EALy
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(2) Let z,y € Sand g € Q. If Ay =0, then (So f)(y,q) =0. Since (So f) isa
Q-fuzzy subset of S, we have (So f)(zy,q) > 0= (So f)(y.q). If A, # 0. then

(Sofiyqy ="\ {min{S(w,q), f(z;q)}}

(w,z)EAy

On the other hand,

(So f)(@y.q) = min{S(w.q), f(z,9)}, V(w.2) € A, (6)

Indeed, let (w, z) € A,. Since (2.y) € Az, we have

(Sof)ay,q)= \/ Amin{S(s,q). f(t.q)}}.

(S‘L)E./\ry

Since (w, z) € Ay, we have y < wz, then ry < rwz, and (2w, z) € Ay, Hence
we have

(So f)(zy,q) > min{S(zw,q). f(z.9)} = f(z.q) = min{S(w.q). f(z.q)}.

By (6), we have

(Sof)lay.q) > \/ {min{S(w,q),f(z,9)}} =(Sof)ly,q). O

(w,z)EAy

In a similar way we can prove the following lemmas:

Lemma 3.8. Let S and @) be an ordered semigroup and a non-empty set,
respectively. Let f be a Q-fuzzy subset of S. Then we have the following:
(1) (So fky,q) > fFQR fdr allc, B S € (N
(2) (So f)(zy,q) > (So fix, q) forall x,y € S,q € Q.

Lemma 3.9. Let S and @ be an ordered semigroup and a non-empty
set, respectively. Let f be a Q-fuzzy subset of S and x < y. Then we have

(Sof)(z.q) 2 (Sof)(y.q), forall g € Q.

Proof. Let z,y € S and ¢ € Q. Then. if A, = 0, then (So f)(y.q) = 0.
Since So f is a Q-fuzzy subset of S, we have (So f)(x,q) > 0, then (So f)(x.q) >
(So f)(y,q). If Ay # 0, then

(SoHwq)=\/ {min{Stw.q).f(za}} =\ {/za}

(w.z)EAy (w.z)EA,
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On the other hand,

(So f)(z,q) 2 f(2.q).Y(w.2) € 4,. %

Indeed, let (w,2) € A,. Since z < y < wz, we have (w,z) € A;. Then

(Sof)ay.q)= \/ {min{S(s.0).£(1.0)}} 2 min{S(w.q). f(z.0)} = f(z.q).

(s,t)EAy

Thus, by (7), we have

(Sofiza) =\ {20} = (S0 [)(y.a).

(w.z)eAy

The proof is completed. 0

Lemma 3.10. Let S and @ be an ordered cemigroup and a non-empty
set, respectively. Let f be a QQ-fuzzy subset of S and x < y. Then we have

(foS)(x,q) = (f 0 5)(y.q), forall g € Q.

Lemma 3.11. Let S and @ be an ordered semigroup and a non-empty
set, respectively. Let f be a Q-fuzzy subset of S such that z < y, we have
f(z,q) > f(y,q) for all z,y € S,q € Q. Then the Q-fuzzy subset fU(So f) is
a Q-fuzzy left ideal of S.

Proof. Let rz,y € S and ¢ € Q. By, Theorem 3.9, we have (f U (S o

(xy.q) 2 (fU(So f))y,q). Let now 2 < y. Then (fU(So f))(z.q) 2
(fU(S of))(z/ q). Indeed: Since f is a @Q-fuzzy subset of S and x < y. by Lemma

3.7, we get (So f)(x,q) > (So f)(y,q) and, by hypothesis, f(r,q) > f(y.q).
Then

(fU(So f))(z.q) =max{f(z,q),(So f)(z.q)}
>max{f(y,q),(So f)(y.q)}
=(fU(So f))y.q) a

In a similar way we can prove the following:

Lemma 3.12. Let S and @) be an ordered semigroup and a non-empty
set, respectively. Let [ be a @Q-fuzzy subset of S such that x < y, we have
f(z,q) > f(y.q) for all z,y € S,q € Q. Then the Q-fuzzy subset fU (foS) is
a Q-fuzzy right ideal of S.
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Lemma 3.13. Let S and f,g,h be an ordered semigroup and Q-fuzzyv
subsets of S, respectively. Then

folguh)=(fngu(fnhn).

Proof. Let z € S and ¢ € . Then we have

(f N (g U h))(x,q) =min{f(z,q),(g Uh)(z,q)}
=min{f (e, q). max{g(z, 4). h(.9)}}
=max{min{f(z, ¢),g(z,¢)}, min{f(z, ), h(z, q)}
=max{(f N g)(z,q). (f Nh)(z, q)}
=((f ng) U (fnh))(z,q)- O

Corollary 3.14. . Let S and ) be an ordered semigroup. Then the set
of all Q-fuzzy subsets of S is a distributive lattice.

Theorem 3.15. Let S and Q be an ordered semigroup and a non-empty
set, respectively. Then a Q)-fuzzy subset f of S is a Q-fuzzy quasi-ideal of S if
and only if there exist a Q-fuzzy right ideal g and a Q-fuzzy left ideal h of S
such that f = gnh.

Proof. (=). By Lemma 3.11 and Lemma 3.12, f U (So f)isa Q-fuzzy left
ideal and fU (f 0 S) is a Q-fuzzy right ideal of S. Moreover. we have

f=FUu(Sof)N(fu(fos)).
In fact, by Corolary 3.14, we have
fUEMNNUFUoS)) =((fUSoNNAHUNSUSf)N(foS))
=(fONUSe AU N(foS)USo f)
N(fos))
=fUSo NIV N(foS)U((So f)
N(foS)).

Since f is a Q-fuzzy quasi-ideal of S, we have (foS)N(So f)C f. Besides.
(Sof)NfC fand fN(foS)C f. Hence

(fU(SofNN(fU(foS) =7
(¢<). Let z € S and g € Q. Then

((foS)Nn(So f)z,q) < fx,q) (8)
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In fact, ((foS)N(Sof))(z,q) = min{(foS)(z,q),(So f)(x.q)}. If A, = 0, then
(foS)(z,q) =0=(So f)(z,q). Thus, in this case condition (8) is satisfied. If
Az # 0, then

(FeSea =\ (min{fm.a.SCal = \/ {fu.q) ©
(y,2)€A; (y.2)EA,
We have
fy,9) < h(z,9),Y(y, 2) € A,. (10)

Indeed, for (y, z) € A;, we have z < yz and b(z,q) > h(yz,q) > h(y.q) because
his a Q-fuzzy left ideal of S. Thus. applying (10) to (9), we obtain

(foS)a.)=\/ {fw.0)} < h(x.q).

(y.2)eAL
In a similar way, we get (S o f)(z.q) < 9(x,q). Hence

(foS)n(Sof))(xq) = min{(foS)(z,q),(So ) q)
< min{h(z,q), g(2q)}

= (hNg)(z.q)

Jz.9),

which completes the proof of (8). O
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