CHAPTER V

CONCLUSIONS

5.1 Conclusions

In this research, we introduce an iterative scheme by the shrinking projec-
tion method for finding the common element of the set of common fixed points for
nonexpansive semigroups, the set of common fixed points for an infinite family of a
§-strict pseudo-contraction, the set of solutions of a systems of mixed equilibrium

problems and the set of solutions of the variational inclusions problem.
The following results are all main theorems of this research:

(1). Let C be a nonempty closed convex subset of a real Hilbert space H, let
{Fr : CxC — R, k=12,...,N} be a finite family of mixed equilibrium
functions satisfying conditions (H1)-(H3). Let S = {S(s) : 0 < s < co} be a
nonexpansive semigroup on C and let {¢,} be a positive real divergent sequence. Let
{Vi: C — C}2, be a countable family of uniformly &-strict pseudo-contractions,
{T; : C — C}, be the countable family of nonexpansive mappings defined by
Tix =tz + (1 -t)Viz,Vz € C,Vi > 1,¢t € [£,1), W, be the W-mapping defined by
(4.38) and W be a mapping defined by (4.39) with F(W) # 0. Let A,B:C — H
be ~, B-inverse-strongly monotone mappings and M;, M, : H —» 2¥ be maximal

monotone mappings such that
O := F(S)NF(W)N (Ni_,SMEP(F)) N I(A, My) 0 I(B, M,) # 0.

Let rp > 0,k = 1,2,..., N, which are constants. Let {z,}, {yn}, {vn}, {zn} and
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{un} be sequences generated by z¢ € C, Cy, = C, z; = Pg, %o, u, € C and

4
zg = 2 € C chosen arbitrary,

= KFv gFn-1 [Fn-2 KPR KR

TN “TN—1,n  *TN_2,n roniir ,Tns
Yn = Iy 6, (Un — On Buy,),
= Iy ra (Y — AnAYn),
< Zp = QpUp + / S(s)W,vnds,

Coit = {z € ot llzn = 2" < = 2112 - (1 - ) o

_% /0 X S(s)anndsH2},

L Tpi1 = PC,,H:L‘O; ne Na

where Kf‘:" :C—C, k=1,2,...,N is the mapping defined by (2.16) and {a,}

be a sequence in (0,1) for all n € N. Assume the following conditions are satisfied:

(C1) mx : C x C — H is Ly-Lipschitz continuous with constant & = 1,2,..., N

such that

(@) me(z,y) +me(y,2) =0, Vz,yeC,

(b) z — ni(z,y) is affine,

(c) for each fixed y € C, y — mi(z,y) is sequentially continuous from the

weak topology to the weak topology;

(C2) Kt : C — R is m-strongly convex with constant o, > 0 and its derivative
K is not only sequentially continuous from the weak topology to the strong
topology but also Lipschitz continuous with a Lipschitz constant v, > 0 such

that o > Ly

(C3) For each k € {1,2,...,N} and for all z € C, there exist a bounded subset
D, C C and 2, € C such that for any y € C\D,,

By, ) + 0(22) = ola) + - (K'(0) = K@), (2, 9) ) < 0
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(C4) {an} C e, d] for some ¢,d € (€,1);
(C5) {A} C [a1,b:] for some ay,b; € (0,27];
(C6) {0} C las,by] for some as, by € (0,20];

(C7) liminf, oo 7rkn >0 foreach k €1,2,3,..., N.

Then, {z,} and {u,} converge strongly to z = Pgx,.

(2). Let C be a nonempty closed convex subset of a real Hilbert space H, let
{Frx : CxC — R, k= 1,2,...,N} be a finite family of mixed equilibrium
functions satisfying conditions (H1)-(H3). Let S = {S(s) : 0 < s < oo} be a
nonexpansive semigroup on C' and let {t,,} be a positive real divergent sequence. Let
{Vi: C = C}2, be a countable family of uniformly é-strict pseudo-contractions,
{T; : C — C}2, be the countable family of nonexpansive mappings defined by
Tx=tr+(1-t)Viz,Vz € C\Vi > 1,t € [¢,1), W, be the W-mapping defined by
(3.38) and W be a mapping defined by (3.39) with F(IW) # 0. Let A,B:C — H

be -, B-inverse-strongly monotone mapping. Such that
©:=FS)NFW)n (N, SMEP(F,))NVI(C,A)NVI(C,B) #0.

Let x> 0,k = 1,2,..., N, which are constants. Let {z,}, {y.}, {v.}, {2.} and
{un} be sequences generated by zq € C, C, = C, 2, = P¢,zg, u, € C and
4
zo = = € C chosen arbitrary,
Fy 1-F F Fy poF
K N ]:{’“l\llV l_1 Kr)\IJV 22 KTZZnKrllnxn’
Yn = PC(un - 6nBun)a
Un = PC(yn - )\nAyn)
1 [t
Zn = uUp + (1 — a")t_ / S(s)W,vnds,
n Jo

Crp1 = {z € Cn zn — 212 < 2 — 2| — an(1 = ap)|u

——/ S(s ands“}

$n+l PCn.H n e ’

o
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where Kfx : C' — C, k=1,2,...,N is the mapping defined by (2.16) and {a,}

be a sequence in (0, 1) for all n € N. Assume the following conditions are satisfied:

(C1) m : C x C — H is Li-Lipschitz continuous with constant k& = 1,2,..., N

such that

(a) m(z,y) + My, 2) =0, Va,yeC,
(b) z — n(z,vy) is affine,

(c) for each fixed y € C, y — ni(z,y) is sequentially continuous from the

weak topology to the weak topology:;

(C2) Ky : C — R is m-strongly convex with constant o, > 0 and its derivative
K is not only sequentially continuous from the weak topology to the strong
topology but also Lipschitz continuous with a Lipschitz constant v, > 0 such

that T > Lkl/k‘,

(C3) For each k € {1,2,...,N} and for all z € C, there exist a bounded subset
D, C C and 2, € C such that for any y € C\D,,

Fu(y, ) + 9(2) = () + () — K'(2), 120, ) )< 0

(C4) {an} C [c,d] for some ¢,d € (€,1);
(C5) {An} C a1, by] for some ay,b; € (0,27];
(C6) {0} C [ag,bs] for some az, by € (0,20;

(C7) liminf, o rk, > 0 for each k €1,2,3,..., N.

Then, {z,} and {u,} converge strongly to z = Pgz,.

(3). Let C be a nonempty closed convex subset of a real Hilbert space H, let
{F, :CxC — R, k=12,...,N} be a finite fan'lily“of mixed equilibrium
functions satisfying conditions (H1)-(H3). Let S = {S(s) : 0 < s < o0} be a
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nonexpansive semigroup on C' and let {¢,} be a positive real divergent sequence. Let
{Vi: C — C}, be a countable family of uniformly £-strict pseudo-contractions,
{T; : C — C}2, be the countable family of nonexpansive mappings defined by
Tix =tz + (1 —-t)Viz,Vz € C,Vi > 1,t € [£,1), W, be the W-mapping defined by
(3.38) and W be a mapping defined by (3.39) with F(W) # 0. Let A, B:C — H
be v, B-inverse-strongly monotone mapping and S4, Sg be k., kg-strictly pseudo-

contraction mapping of C into C for some 0 < k, < 1, 0 < kg < 1 such that
O = F(S)NF(W) N (M SMEP(F,)) 0 F(S4) N F(Sg) # 0.

Let 7 > 0,k = 1,2,..., N, which are constants. Let {z,}, {y.}, {vn}, {2} and

{u.} be sequences generated by z € C, C, = C, z; = P¢, 1y, u, € C and

( zo =z € C chosen arbitrary,
F F F Py F
= K.Y KTA’," i & 2 X K Krl‘nmn,
Yn = (]- S 671)un + 5nSBuna
= (1 - ’\n)yn H )‘nSAyn,

Zn = apUp + (1 — an)z—/ S(s)W,vnds,
n Jo

Cn+1 B {Z € C : Ilz" N 2”2 < ”xn . 2“2 - an(l - an) Un

- —/ S(s)W, 'UndS“ }

n € N,

xn+l PCn+1

where K% : C — C, k=1,2,...,N is the mapping defined by (2.16) and {a}

be a sequence in (0, 1) for all n € N. Assume the following conditions are satisfied:

(C1) m : C x C — H is Ly-Lipschitz continuous with constant k = 1,2,..., N

such that

(a‘) 7?39(-'13’ y) + nk(yix) = 07 Vl',y € g,

(b) @+ mi(x,y) is affine,
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(c) for each fixed y € C, y — mi(z,y) is sequentially continuous from the
weak topology to the weak topology;

(C2) Ki : C — R is pi-strongly convex with constant o > 0 and its derivative
K is not only sequentially continuous from the weak topology to the strong
topology but also Lipschitz continuous with a Lipschitz constant v, > 0 such

that T > Lkl/k;

(C3) For each k € {1,2,...,N} and for all z € C, there exist a bounded subset
D, C C and z, € C such that for any y € C\D,,

By ) + () = 0l0) + (I 0) = K'(0), 22,1 )< O

(C4) {an} Cc,d] for some ¢, d € (€,1);
(C5) {An} C [ay,by] for some a;,b; € (0,27];
(CG) {571} C [(Lg,bg] for some asz,by € (0,25],

(C7) liminf, o7, > 0 for each k €1,2,3,..., N

Then, {z,} and {u,} converge strongly to z = Pgz,.
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