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Parallel numerical simulation of turbulent wake

dynamics in linear stratified fluid

Sa-at Muangchan "C, N. P. Moshkin®
'School of Mathematics, Suranaree University of Technology, Thailand
* School of Mathematics, Suranaree University of Technology, Thailand
€ E-mail: msaat@hotmail.com; Tel. 083-7965996

ABSTRACT

The aim of this research is to apply a parallel computation technique of functional and domain
decompositions to a numerical simufation of turbulent wake behind an axisymmetric body in
stratified fluid. The numerical results have been compared with the experimental data for
momentumless and drag turbulent wakes in homogeneous and stratified fluid. We developed a
theoretical estimate of speedup under assumption of ideal computational process. We studied
the dependence of speedup on the latency and bandwidth of parallel computer systems.

Keywords: turbulent wake, parallel computing, functional and domain decomposition,
splitting method.

INTRODUCTION

Research on stratified turbulent wakes has both meteorological (flow over islands, mountains or
sea-mountains) and naval applications (submerged bodies). Turbulent wake behind towed and self-
propelied body in the homogeneous and stratified fluid has been considered in a number of
theoretical, experimental and computational works [1-6]. Based on a three-dimensional parabolized
system of averaged equation for motion, continuity, incompressibility, turbulent energy, and the rate
of dissipation a numerical modeling of turbulent wake dynamics has been conducted in [1, 2, and 4].
To predict the average characteristics of turbulent wake, it can take a long time on a serial computer.
So the objectives of recent research are to develop and analyze parallel algorithms that improve
efficiently the computational time of numerical models considered in [1, 2, and 4]. Both functional
and domain decompositions techniques are used to develop parallel algorithm in the present study.

COMPUTATIONAL DETAILS

There are several numerical models of turbulent wake dynamics in stratified fluid that can
successfully be applied [1-6] to predict decay of turbulence wake behind towed and self-propelled
bodies. However, computer implementation of these models on single CPU computer is still very time
consuming even these models developed on the based of RANS approach. These models constitute of
more than dozen partial differential equations which coupled average characteristics of the turbulent
flow. According to the problem nature and the characteristic of numerical models, both domain and
functional decomposition techniques can be used to develop the parallel algorithm for these class of
the problems.

Parallel functional decomposition

The algorithm for solving the problem of turbulent wake dynamics in stratified fluid reduced to
the successive integration of the transport equations system to find averaged velocity components,
turbulent energy, dissipation rate, components of the Reynolds stress tensor and so on. Suppose we

have M jobs J,, i=1,2,...,M which are executed in sequential order as shown in Figure 1.

120 Annual Symposium on Computational Science and Engineering (ANSCSE 12)



J 1 Jo J 1 J W

Figure 1. A sequential process.

Let ¢, be the run time of job J, for i =1,2,..., M . Hence, the run time of a sequential program T is

M
T, =Zt‘.. To utilize the functional decomposition technique, let us assume that the sequential

i=1

processes can be executed as k groups of disjoint tasks as depicted in Figure 2.
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Jl .'En’l 5'1"‘ ]'3 ti’m RiL] ke i:'l’tk ii““
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Figure 2. A parallel functional decomposition process.

k .

: . A = . I

where E m; =M, t] are the run time of job J/ and ¢ are the time of communications for
=

i:1,2,...,mj and j=1,2,...,k. Let P be a number of processors and PSmax{mj} L The

=1,

k
estimate of parallel run time 7, is T, = Z(T’ +71.’o,,,,,,), where 77 and T — are the time for

comm
J=1

execution and the time of communications for j-th group j =1,2,..., k, respectively. So we have
o im; _ . i .
J o J i 17/
T’ =~ P 11221”): t/ and T, == él (P 1)[, .

MessageSize!
BandWidth
is the message size of job J,.j for j=1,2,..,k; i=12,.., m . Therefore, an estimate speedup is

M
5
i=1
k m; .
> lr%\l max ] + > (P-1)x (t, + MessageSize/ ]
i=1

= ISism, Bandwidth

For example, let us assume that we have k groups where each group has m jobs and each job uses ¢
seconds for the execution time and the message size of the data for all jobs are the same,

MessageSize! = MessageSize . So, the estimate speedup is

Since, 1,/ =1, + where 7, is the latency time of parallel network and MessageSize;

S=

mxtxk

kx| | 2 xt+mx(P—-1)>< L +___‘__*Message'5'lze

P Bandwidth
If the term of communication time is zero, the speedup will be about P times of the sequential
algorithm which corresponds to the ideal speedup.

S~
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Parallel Domain decomposition
Let us consider a grid of size N x M and assume that one node of grid requires [ seconds for

computation. So, for all nodes of grid is required (Nx M)xt seconds. Let P be the number of
processors and each processor works with (N x M )/ P nodes of grid. So, each processor is required
(( N x M)/ P)xt seconds and P x (P — 1) times for updating data blocks. Therefore, speedup is

S (NxM)xt

P Bandwidth
Numerical models to simulate turbulent wake include many transport equations which are solved
by implicit scheme of splitting over spatial variables [1]. We applied the idea of the domain
decomposition to solve the parabolic problem by using the splitting scheme [7]. Let us consider the
following parabolic equation

U, a(ﬁ—”—}%ﬂﬂ F (ny)eQc®R, te[0,T],

(NxM)xt +P><(P—l)x(t‘, +A_4essageSizej.

z:'é;

ox) oy\ oy
u(x, ,0) =t (x,2,0)  (xy) e
u(x, y,t) =0 on 6Q><[O, T].

The splitting scheme is

([ neli2_on n+1/2
LSRR L) A
At ox ox
un+l __un+l/2 - _@_ aun+l
| At oy oy

Thus, each above equation takes into account only one direction. Diffusive terms are approximated
using central differences. For the first step of the splitting scheme, we can rewrite as

n+1/2 n+l/2 n+l/2 ) )
iy teu =bul =i M=l (1)

Therefore, at each fixed j we can use the elimination method for the three-point equations [7]. We

can simply parallelize computation in (1) by assigning M/P equations to each processor. Processor K
will solve equations of system (1) for j=(K-D)xM/P,... Kx M/P. With this parallelization

strategy, the coefficient matrix needs to be distributed row-wise as demonstrated in Figure 3 a).

—a,u

a)  crue-n b)

@
@
@

-V erve ]

CPU(1)

CPU(0)

©oco I

! CPU(®) CPU(1) CPL(2) CPU(-1)

Figure 3. The sketch of domain decomposition process in direction of y -axis and x -axis.
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For the second step of the splitting scheme (1), we have
—fi’j,izl,...,N;j:I,...,M. )
At fixed iwe can use the elimination method. Let us assign N/P equations to each processor.

Processor K will solve equations of system (2) fori=(K-1)xN/P,...,KxN/P . The coefficient

matrix in (2) needs to be distributed column-wise as demonstrated in Figure 3 b). We should compute
in parallel on every strip in the direction of x -axis for the first step and on every strip in the direction
of y-axis for the second step. Consequently, we need to redistribute the data between the row-

~ n
—aiui, +C,I/l1 .J b:ul L+l

splitting and column-splitting or vice versa.

RESULTS AND DISCUSSION

To describe the far turbulent wake behind a towed body in a linear stratified medium a hierarchy
of semi-empirical turbulent models is used in [1]. The most complex model comprises differential
equations for transport of normal Reynolds stresses. Totally, this model consists of 12 differential
equations. These equations are solved using splitting techniques [7]. In numerical algorithm this
model has 14 jobs, which executed sequentially. For more details due to their bulkiness, it is
referenced to [1]. We chose this model to implement the ideas of functional and domain
decomposition given above. The analysis of numerical model shows that it can be represented in form
of 5 independent groups of tasks. In the notations of Figure I we have m =3, m, =1, m, =2,

m,=7, mg=1. Jobs in each group can be executed independently. First we utilized idea of

functional decomposition. In the second approach we used idea of domain decomposition to each of
14 jobs solved in sequential sequence. It means that each job perform splitting scheme by parallel
algorithm with all available CPU. The numerical results using the parallel codes have been compared
with the model using the sequential code to guarantee the correctness of the parallel algorithm. In
Figure 4 a) and b) the axial values of the turbulent energy and the longitudinal velocity component
defect in drag turbulent wake calculated by sequential algorithm [1], parallel functional
decomposition algorithm, and parallel domain decomposition algorithm are compared with Lin and
Pao’s experimental data and Hassid’s computational results [5,6]. Computational grids in these runs
consist of 200 nodes in vertical direction and 350 nodes in horizontal direction.

- r [

0’ Yo
007 " a) RN Hassid b)
21y o Nonstratifed Un&Peo 025 2 gz‘:’m a:i“’ 4
. Fre3 Lin & Pao @ = ; nd
0.06 \ v Seq g0 presant . 7 Seq: Nonstratified prosent
Iy v Seqget prosent v SeqFr=3t present
>  Domam: g0 prossat 02 > Domaln:200350, g=0 present
00§ A »  Domain:200x350, g=1 present v 4 Domaln:200x350, g=1 prosant
N O Funcinal200x350, =0 o Functionat200x350, g=0 present
B «  Funclional:200x350, g=1 present o «  Functionsk200x350, g=1 pragent
N
004 L SN \9 015 e <
AL "
Sep ™ o T e
00} ‘.’ >y O v v “<~_.a .
e PR | Ly ¢ T~
v vl Taaa [X] .
- ~ N v T sLLl .
002 V."w;_ "*—D_v o o o To--d4va-_.__
T L valne Y LIS
an A Teee ol 8 7 0p
-l v
) w2 % & s e 0 80 0 10 ° 5 100 150
x/D x/D

Figure 4. Comparison of the axial values of the turbulent energy, e,(x), a) and the longitudinal
velocity component defect, U, (x), b) in the wake behind a towed body calculated by sequential
and parallel algorithms with Lin and Pao’s experimental data and Hassid’s computational results.

All the considered algorithms yield a satisfactory agreement with experimental data. The other main
characteristics of the wake (horizontal and vertical size of the wake in homogeneous and stratified
fluid, the intensities of turbulent fluctuations of the longitudinal and vertical velocity and density
components, and etc.) are differed not more than 1-2%.

Since the computational and communication pattern are the same per one time stpp, we only
consider the run time of 999 steps to measure speedup. The run time of the sequential code is used as

12 Annual Symposium on Computational Science and Engineering (ANSCSE 12)
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a measure of the run time on one processor. In this study, the run time starts after generation an initial
state. Wall-clock time is used to record the run time. The wall clock time [8, 9] is used to represent the
total run time since it includes the idle time and communication time [8, 9]. For numerical
experiments, the sequential and parallel digorithms compiled and run using two clusters of Solaris
(Cluster-I) and Linux (SUT-HPCC) operating systems which are located at School of Mathematics
and High Performance Computing Center of Suranaree University of Technology. Cluster-I based on
PC sever with 10 processors of Opteron (2 cores) 1.6 GHz, 8 GB of RAM, Intel (4 cores) 2.0 GHz, 8
GB of RAM, and two machines of AMD (2 cores) 2.4 GHz, 2 GB of RAM. SUT-HPCC based on 7
machines of 2xQuad cores Xeon 2.33 GHz, 8 GB of RAM and 7 machines of 2x Dual cores Xeon
3.0 GHz, 4 GB of RAM. On both of clusters, we used Sun FORTRAN compiler of Sun Studio 11
with  MPI 2.0 library. Latency time and bandwidth was estimated by using
LATENCY BANDWIDTH program [10] and was 5.2E-5 sec, 118MB/sec for Cluster-I, and 5.9E—-5
sec, 260MB/sec for SUT-HPCC. The execution times are shown in Table 1 and Table 3 for Cluster-1
and in Table 2 and Table 4 for SUT-HPCC, respectively.

The performance results for both clusters in terms of speedup characteristics are shown in Figure 4
and 5 and timing for all these performance results are tabulated in Table 1 and 2. These figures give
the detailed statistics of the parallel code on 1, 2, 4, 7 and 8 processors for Cluster-I and SUT-HPCC.

Table 1. Results of parallel functional decomposition running time on Cluster-I (sec.).

NCPUs | size=400x750 | speedup | Size=600x1150 | speedup | size=800x1550 | speedup
1 3006.91 - 6565.46 - 1256532 -
2 2247.96 1.34 4695.33 1.39 8285.68 1.51
4 1578.49 1.90 3407.09 1.93 6138.72 2.05
7 1626.40 1.85 3315.16 1.98 5636.48 2.23

Table 2. Results of parallel functional decomposition running time on SUT-HPCC (sec.).

NCPUs | size=400x750 | speedup | size=600x1150 | speedup | size=800x1550 | speedup
1 2850.92 - 6329.26 - 11659.74 -
2 2043.86 1.39 4437.54 1.42 7581.24 1.53
4 1421.72 2.01 3217.46 1.96 5642.07 2.06
7 1464.28 1.94 3049.15 2.07 4979.82 2.34

Table 3. Results of parallel domain decomposition running time on Cluster-I (sec.).

NCPUs | size=400x750 | speedup | size=600x1150 | speedup | size=800x1550 | speedup
1 3006.91 - 6565.46 - 12565.32 -
2 1646.69 1.82 3533.53 1.85 6578.76 1.91
4 1038.44 2.89 2263.19 2.90 4297.38 2.92
7 861.19 3.49 1863.42 3.52 3491.74 3.59
8 744.74 4.03 1621.35 4.05 3064.02 4.10

Table 4. Results of parallel domain decomposition running time on SUT-HPCC (sec.).

NCPUs | size=400x750 | speedup | size=600x1150 | speedup | size=800x1550 | speedup
1 2850.92 - 6329.26 - 11659.74 -
2 1542.24 1.84 3342.54 1.89 6034.58 1.93
4 978.51 291 2168.43 292 3986.46 2.92
7 764.51 3.72 1685.44 3.75 3098.47 3.76
8 684.37 4.16 1502.58 4.21 .2761.82 4.22

12t Annual Symposium on Computational Science and Engineering (ANSCSE 12)
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Figure 5. Speedup results on Cluster-1, a), and SUT-HPCC b).

Figure 5 a) and b) show the speedup results of parallel functional and domain decompositions on
the different grid size of Cluster-1 and SUT-HPCC, respectively. The performance results for parallel
runs for both clusters depend on grid size. The speedup of parallel functional decomposition increases
almost linearly up to four processors after that it starts to deviate away from the perfect speedup,

while the speedup of parallel domain decomposition increases linearly up to eight processors.

CONCLUSION

We have developed the parallel algorithms based on the functional and domain
decompositions. Also theoretical estimate of speedup ts represented. Developed parallel
algorithms have been successfully applied to the numerical simulation of turbulent wake
dynamics behind towed body in linear stratified fluid. Experimental speedup is in a good

agreement with the theoretical estimate.
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Abstract

The aim of this research is to proposed a new computational algo-
rithm of numerical integration by using 3-points parabolic regression
technique. In numerical results, we performed the algorithm on Matlab
program and compared the error with Trapezoidal and Simpson’s rules.

Keywords: Numerical Integration, Parabolic Regression

1 Introduction

The definite integrals are arise in many different areas and for evaluating def-
inite integrals, anyone can use the Fundamental Theorem of Calculus ([4], [5],
[6]). However, it can not always be applied: there are some functions which do
not have an antiderivative which can be expressed in terms of familiar func-
tions such as polynomials, exponentials and trigonometric functions. But, we
can approximated these definite integrals by using the techniques of numerical
integral such as Riemann sum, Trapezoidal, Simpson’s rule or other variants
of Simpson([1],[3},[2],[4], [5], [6])-

Let f be defined on [A, B], and let P = {20, 21, ..., 2, } be aregular partition
of [A, B] which subdividing the interval into n subintervals each of length
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h = (B — A)/n. Then we can use the following formulas to approximate the
definite integral:
Riemann sum:

B n
| rwar~ 3 s 1)

where ty(k = 1,2, ...,n) is an arbitrary number in {zx_y, z«].
Trapezoidal Rule:

/ flz B a ——— (f(zo) + 2f(21) + 2f(z2) + ... + 2f (xn-1) + f(20)) -
(2)
Simpson’s Rule:
B
/ flz)dr ~ (3)
A
B;LA[f(mo)+4f(fE1)+2f(x2) +4f(z3) 4.+ 2f(Tazz) FAF(Tast) + f(z2)]

where n is an even number.

From the above formulas, it is obvious that the sum appearing in the Trape-
zoidal Rule is a genuine Riemann sum and yields an approximation that is
usually superior to those obtained with the more ordinary Riemann sums. Al-
though, the formula of Simpson’s Rule is generally produces more accurate
estimates than Riemann sums and Trapezoidal Rule, but the n subinterval
must large enough. In this paper, we constructed a new computational al-
gorithm of numerical integration which produces more accuracy with a small
number of subintervals.

2 Main Results

Let f be defined on [A, B], and let P = {o,21,...,Zn} bé a regular partition
of [4, B] which subdividing the interval into n subintervals each of length
h = (B - A)/n.

For each k(k = 1,2,...,n), we consider a subinterval [rs_;,z;]. Let
f*(z) = az® + bz + ¢ be an approximately function of f(z) on [z4_1, x| where
a,b and c are constants. Set T\ = z_1, Ty = T and z3 = X5E=L then we
have:

flzey) =f; = f(x1) =ax?+bz; +c
f(zx) =f; =["(22) =azi+baatc (4)
[

f(zk-f-;‘k—l) — f; — .’L'3) = CL(L‘% + l)l';} + c.
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By the parabolic regression, we use the data of these three points to fits the
graph of f(z) on [zx-1,z«]. Hence, to find the coefficients a, b and ¢ in equation
(4), we can state as the following:

Firstly, we summarize the above system as the follows:

3 3 3
awa+bZzi+3c :Zfi*
izl i§1 5 i§1
aZz?+bZ:n?+Zmi :Z-Tifi* (5)
i=1 i=1 i=1 i=1

3 3 3 3
4 et SRN 2 rx
aE:LianExiJrgLi —E.’Lifi

i=1 i=1 i=1 i=1

For convenience, we can rewrite the system (5) as below:

1 0 « a €1
5 12102 bl =|¢ (6)
0 & 1 c €3
where
3 3 3 3
3 L L 0= o
B — 'L’;—l L a= ; N\ § e izl , = i?_; S L zzl ,
Z T Z :rf Z z? Z 72 Z 2
1=1 1=1 i=1 i=1 i=1

3 3
2
Zﬂlz‘f@* infi*
] i=1

and g3 =

—¢
2 2
§ 5'51 § Z;
i=1

1=1 1= .
Secondly, we use the row eliminations for the first and second rows. Hence,
we have

l—ad f—af O a E1 — (ER
E—p6 1—-p06€ 0 b | = | e0—0Be3 |. (7)
0 I3 1 c €3

From (7), we can consider the following system of two equations

(I1—ad)a+ (B—a&)b=¢e; — aes

(-0 a+(1-p0E)b=e;— Pes.
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Thus, we have

(): (f—,@(;) ("1 —QE:;) - (1 —OL’(S) (52—[353) (8)
(€ —p08) (6 —ag) - (1 —ad)(l-08)
_ (51 - 0663) — (,6 - (Xf)b
4= 1—ad )

where a(£2 — §) + 8(6 — 26) # —1 and ad # 1. From the third row of system
(7), we have

c=c¢ey—0a—Eb (10)

Finally, we can approximate the definite integral of f(z) on [zx_),x(] as
follows:

ar®  bx? Th

Tk T
/ f(z)dz ~ / (az® +bx +c)dx = (T P ca:)]lk_l. (11)
Ti-1 Tk} “

Then, the numerical approximation of the definite integral are obtained from

the summation value of all subintervals [z, z1], [z1, T2, .-, [Zn-1,Ts]. So, we
have

n . dr ~ Y. CLil'3 [)l‘.'l;'z z;

[ rota ~ 30+ 2 el (12)

where a;, b; and ¢; are the constants in the subinterval [z;_y, 1]
Therefore, we can state the algorithm for finding the numerical integration
as follows:

Three-Points Parabolic Algorithm (TPA):

Step 1: Set z; = zo + ih; (1 = 1,2,...,n) where g = A,z, = B and
h=(B—-A)/n.
Step 2: Fori1=1,2,... ,n

T;+Ti—y

Step 2.1: Set 2, = z;_1,%y = 7; and 13 = =,

T+ T

fi = fgimn) fo = f@a) fs = f(——5—).

Step 2.2: Compute the value of 3, a, &, §, €1, €2 and €3 as in Equation (6).

Step 2.3: Compute the value of b, a and ¢ from Equation (8), (9) and
(10), respectively.
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Step 2.4: Compute the numerical approximation of the definite integral
in subinterval [z;_, z;]:
3 2
ax bz z
Aiz ('—'3—-+'_2“+C'E) ziy (13)
Step 3: Compute the numerical approximation of the definite integral in the
interval [zo, z,) from:

/ " Ha)de o Z A,
Sy i=1

From Equation (12), if the values of a@; = a, b; = b and ¢; = c for all 7 where
a,b and ¢ are constants. Then we have the following theorem.

Theorem 2.1. Let [ be defined on [A, B], and P = {x¢, %1, ..., Zn} be an even
regular partition of [A, B] which a step length h = (B— A)/n and z; = 7o +ih.
Ifa;=a;, b;="b; and ¢; =¢; foralli,j =0,1,2,... ,n then

n 2

a;x® bz P
2+t =

=1

3n

(Yo + 4y + 2y +4ys + ... + 2Un_2 + dYn-1 + Ul
(14)

Proof: By the parabolic regression and let a; = a, by = b and ¢; = ¢ for all
and j. So the curve passes through the points. Then we have:

y; = a(xo + ih)? 4 b(zg + 1h) + .

Since 1 is even, we have

n 3 2
(,Li.'L' bix I
D (Gt el =

) ] b
ren)fft, =50 = 5) + 5@ — 8) + c(za — 20).

We can now evaluate the coeflicients a; = a, b; = b, ¢; = ¢ and z,, = g + nh
and the above equation in terms of y;. Then, we have

a b
5(33% —z3) + g(ﬂfi —z3) + c(zn — z0) =

3n

[yo +4yr +2ya +4ys + ...+ 2Yn—2 + 4Yn_1 + Yn]-



770 S. Muangchan, P. Prasertsang, P. Mukwachi and S. Sompong

Theorem 2.2. Let f be defined on [A, B], and P = {wo, x1, ..., Tn} be a
regular partition of [A, B] which a step length h = (B — A)/n aﬂ(]
2 = 2o +ih. If|fO ()| < M for p € (24, 2c,,,] and T, =2 + 5. Then

M(B — A)®
2880n°
Proof: We firstly determine the error term from the remainder of Lagrange

polynomial P(x) with n = 3 over the interval [z, 21 as in the following
equation

|En| <

FO ()

En ="

(IE — ’Ez)('E N -'L'c.,)(m - $i+1)(m X Ici+1)

where j € [T, Zey, ), Te =21+ 3 b and z,,, =T+ §—h
By intergrating the above equatlon and let 7 = z; + ht, t € (0, 1), then
dx = hdt. So, the absolute error can rewrite as:

IEn! =

/‘”“ f(44)1|(m (z = 2:)(z = 2)(@ = Zi1)(2 — Tean)dx

4

/1 hth(t - %)h(t ~ 1)h(t - g)hdt\

0
MHR?
24
MHR?
2880°

Ah—%w—na—ém\

3 Numerical Results

In this section, we tested the algorithm with the specific examples ([1], [2],
3], [4]) on Matlab program and compared the results with Trapezoidal and
Simpson’s rule. The tested nonlinear functions of the definite integration are
below:

1 sin{z
R = om0 ) = 22 on 0,08
fs(z) =€ ;0m [0,1], falz) =3e7* Sin(IQ) + 1;0n (0,3},
fs(z) = 2+sm(2\/— on [1, 6]

where the correct values, to eight decimals, are 0.78539816, 0.77209579,
0.74682413, 3.83086839 and 8.18347292, respectively.

The results of the algorithms are shown in the following tables with
n=4and n=_8.



A new algorithm of numerical integration 771

Table 1: Numerical Results with n = 4.

Trapezoidal rule Simpson’s rule TPA

n=4 Results Error Results Error Results Error

fi(z) | 0.78279412 | 2.6 % 10-% | 0.78539216 | 6.0 x 107° | 0.78539813 3.3 x107°

fa(z) 1 0.77126207 | 8.3 x 10-% | 0.77209701 | 1.2 x 107%} 0.77209577 | 1.5 X 1078
f3(z) | 0.74298410 | 3.8 x 103 | 0.74685538 | 3.1 x 107" | 0.74682612 | 1.9 x 107
fa(z) | 3.75775474 | 7.3 X 10-2 1373453363 | 9.6 x 10 2 | 3.83953267 | 8.7 x 107°
fs(z) | 8.25197667 | 6.8 X 10-2 [ 8.17044256 | 1.3 x 1072 | 8.18240542 | 1.1 x 1073
Table 2: Numerical Results with n = 8.
Trapezoidal rule Simpson’s rule TPA

n=~8 Results Error Results Error Results Error

fi(z) | 0.78474712 | 6.5 X 10-%10.78539813 | 3.3 x 1072 | 0.78539816 | 3.3 X 1077
fa(z) | 0.77188734 | 2.0 x 1021 0.77209577 | 1.5 x 10731 0.77209579 | 9.5 x 107°
Fo(z) | 074586561 [ 9.5 x 10~* | 0.74682612 | 1.9 x 1076 | 0.74682426 | 1.2 x 1077
fa(z) | 3.81908819 | 1.1 10-2 | 3.83953267 | 8.7 x 1077 | 3.83124826 | 3.7 X 101
fs(z) | 8.19979823 | 1.6 x 10°2 1 818240542 [ 1.1 x 107* | 8.18340328 | 6.9 x 107°

4 Conclusion and Remarks

From the numerical results, our algorithm have more accuracy than both of
Trapezoidal and Simpson’s rule with the small value of number of subinterval.
However, our computational algorithm have to solve the equations system of
three variables which more complicate in computation than others.
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Abstract

The aim of this research is to proposed a new computational algo-
rithm of modified bisection method for nonlinear equation. In numerical
results, we performed the algorithm on GNU Octavce(version 3.6.1) and
compared the error and number of iterations with bisection and Newton
methods.

Keywords: Nonlinear equation, Bisection method, Newton method

1 Introduction

The problem of finding an approximation to the root of an nonlinear equation
can be found in many fields of sciences and engineering ([2], [3], {4]). A root-
finding algorithm is a numerical method, or algorithm, for finding a value x
such that f(z) = 0, for a given function f. Such an z is called a root of the
function f.

The simplest root-finding algorithm is the bisection method. It works when
f is a continuous function and it requires previous knowledge of two initial
guesses, a and b, such that f(a) and f(b) have opposite signs, then find the
midpoint of [a,b], and then decide whether the root lies on [a, (a + b)/2] or
[(a+b)/2,b]. Repeat until the interval is sufficiently small. By the intermediate
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value theorem ([2], [3], [4],[6]) implies that a number 2* exists in (a,b) with
f(z*) = 0. Although the bisection method is reliable, but it converges slowly,
gaining one bit of accuracy with each iteration.

Theorem 1.1. (Intermediate Value Theorem): Given a continuous real-
valued function f(x) defined on an interval {a,b], then 1f y 15 a point between
the values of f(a) and f(b), then there exists a point r such thaty = f(r).

The Newton method is much more efficient than the bisection method.
However, the Newton method requires the calculation of the derivative of a
function at the reference point, which is not always easy. Furthermore, the
tangent line often shoots wildly and might occasionally be trapped in a loop
(12], 13], [4],{8]). Newton’s method may not converge if started too far away
from a root. However, when it does converge, it is faster than the bisection
method, and is usually quadratic.

However, Newton’s Method fails to produce a solution, if there is no solu-
tion to be found or the initial solution is not good enough for the method. In
the practice, the initial solution is really important for the Newton method.
Some initial solutions will lead to the exact numerical solution. But some
initial solutions can make the method diverges ([2], [4], [7], (8]).

Hence, in this paper, we construct and propose a new algorithm of mod-
ified bisection algorithm for solve nonlinear equation. In numerical results,
we tested the algorithm and compared the number of iterative and numerical
error with the bisection and Newton methods.

2 Main Results

Let f be a continuous function and defined on [a,b] which f(a) - f(b) < 0.
Firstly, we set a; = a and 0, = b. For an integer k& > 1, By the bisection
method, we have ¢; = (ax +bi)/2. Next, we consider a new subinterval (aj, b;)
by

o amc)  if f@x)fled <0
@t ={ Gn it e f o) <0 M

Then, we can find the equation of straight line from the points (ay, f(a;))
and (b5, f(b;)) as follows:

y=mz+c (2)

where

f(by) — flak)

m =
* *
by — ai



A new algorithm of modified bisection method

and

c=fb;)—m-b, or c= fla)—m-ay.
Hence, the z-intercept of the straight line is at a point z =
by — ai
wp = b~ fL)
g g f0r) = flag)

or

* *
b — ai

fQ0r) = flag)

Tk :a;; —f(G‘Z)
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—%. That is

Finally, we choose the new subinterval for the next iteration as follows:

o (ag,me) , if f(ag)f(ze) <0
i) = { G0 Fin) <o,

3)

The process is continued until the interval is sufficiently small or the approxi-

mate solution is sufficiently close to the exact solution.

Therefore, we can state the algorithm for finding a solution of nonlinear

equation f(z) = 0 on an interval (a, b] as follows:
Modified Bisection Algorithm (MBA):

Step 1: Set k = 1, tolerance(TOL)=2 0.1 x 1077
and ax = a, by = b; where f(a)f(b) <O0.

Step 2: Compute ¢ = (ax + by)/2.

Step 3: Compute for a subinterval (ay, by) by

o f (e s i Fa) fle) <O
@t ={ (o) | it flon f(be) <0

Step 4: Compute for 7 = —%, where m = —J——fia—k— and ¢ = f(by) —m-b

bk
orc= f(ap) —m- ak.
Step 5: IF | f(zx)| < TOL, then STOP program
ELSE

_ (af,zr) , if flap)f(ze) <O
(e be) = { G048 it Fan i) <o,

and set k = k + 1, GOTO step 2.
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From the algorithm of modified bisection method, we have the following
theorerns.

Theorem 2.1. Let f be a continuous function and defined on [a,b] which
fla) - f(b) < 0. The modified bisection method generates a sequence {x,}°2;
with

A < T < bk, fOT k>1. (4)

Proof: Since f(a)- f(b) < 0. hence we separate to two cases:

Case 1: f(ax) <0 and f(bg) > 0.
Consider a subinterval (o}, b;) in equation (1):
(i.) If f(ax)f(ce) <O then we have af = a, by = ¢ and f(b;) > 0. So,

we have
by — a;
fb;) - _%_ >0
) Ty = 7@
then
¥ * b}:‘. _G/Z *
Since,

then, we have that

e S (At

Hence,

ar < T < br..
(ii.) If f(ck)f(bx) <0, then we have aj = cx, by = bx and f(a;) < 0.
The proof is similarly.

Case 2: f(ax) <0 and f(bc) > 0.
This proof is rather similar to the above.
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Theorem 2.2. [f a, and b, are satistfy equation (3) then
b—a
bn—a,1~7. for n>1

where by = b, a, = a.

Proof: [t’s easy to prove by using a mathematical induction..
a

Theorem 2.3. Let f be a continuous function and defined on [a,b] which
f(a) - f(b) < 0. The modified bisection method generates a sequence {x,}>>,
approrimating a zero x* of f with

h—
|z, — 2% < 2n—+?, where n > 1. (5)

Proof: Irom the algorithm, for any n > 1 we have two cases as follows:

Case 1: If f(a,)f(cn) <0, then a, <z, < ¢, < b, and
Uy < ¥ < ¢y < by So, we have

Ty — by < Ty —Cp < Ty — 2% < ), — Q. (6)

Since z,, < ¢, then z,, —a, < ¢, — a, = b—%‘z—’l Since a,, < z,. So, we
have that a, — ¢, < z, — ¢,. That is

b, —a b, —a
_.ﬁ_ll.z—n)<$n__cn<xn_x*<_n—2_ﬁ._

Therfore, from theorem 2.2, we have

b, —an b—a
* —_—
|zn — 27| < 5T = S

Case 2: If f(c,)f(bn) <0, then a, < ¢, < 7, < b, and
an, < ¢p < z* < b,. Hence, we have

Ty —bp < Tp —T" < Tp — Cp < Ty — Qp. (7)
Since ¢, < z, and equation (7), then
Cn = by < 2y — by,

or

bn— n
—£—2—a)<xn~bn<xn—m*. (8)
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Since z, < b, and ¢, < z*, then we have x, — 2" < b, — 2% and
b, — ©* < b, — ¢,. Hence, we have

bn — Ay

Tn—2T < bn —Cp = 9 . (9)
Therefore. from equations (7), (8) and (9) we have that
(bn - an) * bn - Qn

——— < Ip— T
2 n

Hence, from theorem 2.2

2

z bp —an b—a
|zn — 27| < = 5 (10)

The proof is completed.

O
3 Numerical Results
In this section, we tested the algorithms with the specific examples ( [1], [5],
[7], [8]) on GNU Octavce(version 3.6.1) program. For the accuracy, we use
tolerance error(TOL) less than 0.1 x 1077, The tested nonlinear equations
are below:
fi(z) = e ™ +cos(z) on [~2,2], falz) =2% —e* =32 +2 on [-2,2],
fo(z) = 10z ~1 on [~1,1], f5(x) = sin(z) ~ g on [-3,5],
f3(z) =2° - 22 +2 on [-3,3], fo(z) =sin(z) —2° + z* — 1 on [-5,2].

The results of the algorithms are shown in the following tables:
In experimental results, we set the initial solutions for Newton method by
zo = (a + b)/2 and choose one point in the interval.

4 Conclusion and Remarks

From the numerical results, a modified bisection algorithms can reduced the
number of iterations which less than the iteration number of the bisection
method and nearby to the iteration number of Newton method while the
error are less than the tolerance. However, if we choose the initial solution
zo = 0 for f3(z) and 2o = 1 for fs(z), then the Newton’s method fails to
produce a solution.

In the future work, we may apply these algorithms to find another
solutions on the interval or one may extend the algorithm for the system of
nonlinear equation.
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Table 1: Numerical results of bisection, MBA and Newton methods.

Problem | Algorithms | Interval No. iterations | Solution
Bisection [—‘2,2] 18 1.74613953
filz) MBA [2,2] 5 1.74613954
Newton T =10 4 1.74613953
1o = —1 5 1.74613953
Bisection | [-1,1] 26 0.10102585
fa(x) MBA [-1,1] 5 0.10102585
Newton Ty =0 3 0.10102585
0 =1 4 0.10102585
Bisection [-3,3] 22 -1.76929235
f3(z) MBA [-3.,3] 9 -1.76929235
Newton o =10 - -
2o = —1 7 -1.76929235
Bisection | [-2,2] 28 0.25753029
fa(z) MBA [-2,2] 4 0.25753029
Newton zo =0 3 0.25753029
zg= —1 4 0.25753029
Bisection | [-3,5] 29 1.89549427
f5(z) MBA [-3,5] 8 1.89549427
Newton Tp =1 13 1.89549427
To =3 5 1.89549427
Bisection [-5.2] 32 -1.34557313
folx) MBA [5,2] 5 ~1.34557313
Newton To = —1.5 4 -1.34557313
Ty = 1 - -
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tmp{i,j) = af{i,])

ENDDO
ELSE
DO i =1, n
tmp(i,j) = 0.0
ENDDO
ENDIF
ENDDO
CALL MPI_ALLREDUCE (tmp, a, n*n, MPI_REAL, MPI_SUM,
& MPI_COMM_WORLD, ierr)

This code uses the technique of superposition (Chapter 3.5.5, “Superposition” on
page 78).

4.4 SOR Method

The following program solves a two-dimensional Laplace equation using the
successive over-relaxation (SOR) method. The outermost loop is for the
convergence of x(), and the inner loops regarding i and j are for updating the
value of x(). The convergence is accelerated with the over-relaxation parameter
omega.

PROGRAM sor

PARAMETER (mmax = 6, nmax = 9)
PARAMETER (m = mmax - 1, n = nmax - 1)
REAL x(0:mmax, 0:nmax)

DO k = 1, 300
errl = 0.0
DO j = 1, n
DO i =1, m
temp = 0.25 * (x{i,j-1) + x(i-1,73)
& + x(i+1,3) + x(i,3+1)) - x(i,3)
x{(i,3) = x{(i,j) + omega * temp
IF (abs{temp) > errl) errl = abs(temp)
ENDDO
ENDDO
IF (errl <= eps) exit
ENDDO

END

x(. ) [ e n nmax

1 1.11./'. O000O0
i {ouo/ 00000

l I{ :1 O«0O 0000 @ : Updated in the current iteration
}’ :J. OO0O0O00O0 © : About to be updated
" le®O00000O0 O : Not updated yet in the current iteration
mmax Fixed boundary

Figure 104. SOR Method: Serial Run
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Figure 104 on page 120 shows data dependence of the SOR program. In
updating x(i, j), its four neighbors are referenced. However, due to the loop
structure, when x(i,j) is updated, x(i,j-1) and x(i-1,7) are already updated in
that iteration, whereas x(i+1,7) and x(i, j+1) are not. Therefore, there is a strict
restriction in the order of update, which is shown in dashed arrows in the figure.

You could use the pipeline method (Chapter 3.5.6, “The Pipeline Method” on
page 79) to parallelize this program, but, usually, an alternative method called
red-black SOR is used.

4.4.1 Red-Black SOR Method

In the red-black SOR, the order of computation is modified from the original SOR
method, which means the steps required for convergence may change and the
resuilt may be different within the precision that is imposed by the variable eps.
First, each matrix element is conceptually colored with red or black as follows.

If i+ is even, x(i,3j) is red. (Shown as circles in Figure 105)

If i+j is odd, x(1,3j) is black. (Shown as boxes in Figure 105)
The red-black SOR updates red elements and black elements alternately. Note
that the four neighbors of a red element are all black, and vice versa. So, red

(black) elements can be updated independently of other red (black) elements,
and, thereby, the red-black SOR can be efficiently parallelized.

(i, j) j—

8] 1 8 nmax

]

1

@ M : Updated in the current iteration
O O: Not updated yet in the current iteration

Figure 105. Red-Black SOR Method
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The program of the red-black SOR method is as follows.

PROGRAM red_black

PARAMETER {(mmax = 6, nmax = 9)
PARAMETER (m = mmaXx - 1, n = nmax - 1)
REAL x(0:mmax, O:nmax)

DO k = 1, 300
errl = 0.0
DO j 1, n
DO i = MOD(j+1,2) + 1, m,
temp = 0.25 * (x{i,j-1
& + x(i+1,9) x(i,3+1)) - x(i,3)
x(1i,3) = x(i,3) + omega temp
IF (abs(temp) > errl) errl = abs(temp)
ENDDO
ENDDO
DO j =1, n

x(1-1,3)

* + + N

DO i = MOD(j,2) + 1, m, 2
temp = 0.25 * (x(i,j-1) + x(i-1,3)
& + X(i+1,3) + x(i,3+1)) - x{(i,3)
x(i,3) = x(i,3j) + omega * temp
IF (abs(temp) > errl) errl = abs(temp)
ENDDO
ENDDO
IF {(errl <= eps) exit
ENDDO
END

Figure 106 on page 123 illustrates how the red-black SOR works with three
processes. Matrix x() is block-distributed by columns. First, each process packs
black (shown as boxes in the figure) boundary elements to buffers, sends them to
adjacent processes, and red elements (circles) are updated using biack elements
(boxes). Next, each process sends updated red boundary elements to adjacent
processes, and black elements are updated using red elements. These steps
repeat until the matrix converges.

For convenience, a module is used in the parallet program.

MODULE para

INCLUDE ‘mpif.h’

PARAMETER (mmax = 6, nmax = 9)

PARAMETER (m = mmax - 1, n = nmax - 1)

REAL x(0:mmax, 0:nmax)

REAL bufsl (mmax), bufrl (mmax)

REAL bufs2(mmax), bufr2(mmax)

INTEGER istatus(MPI_STATUS_SIZE)

INTEGER nprocs, myrank, jsta, jend, inext, iprev
END

Arrays bufsi() and bufri() are the send and receive buffers for the left neighbor
process (rank=iprev), and arrays bufs2 () and bufr2 () are for the right neighbor
process (rank=inext).
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Rank 0 Rank 1 Rank 2
x(i, ) jsta jend jsta jend jsta jend
10[]0 |S1DOD152 OD%SZ

st O Ojise oao is1 [] O
| looo ood oQ
aogoad oQo oo
« 00O gon o Od

O] buts2 bufs1 | 0| bufs2 bufs1 {[]

O 0o 0 O

al |0
irl 4 ) :

@ | bufr2

@ | bufs2

bufrl

3 4

]
e
L
{4
@
@

T T

@ W : Updated in the current iteration
O O : Not updated yet in the current iteration

Figure 106. Red-Black SOR Method: Paralle! Run

The following is the main program.

PROGRAM main

USE para

CALL MPI_INIT(ierr)

CALL MPI_COMM—SIZE(MPI_COMM_WORLD, nprocs, ierr)
CALL MPI_COMM_RANK (MPI_COMM_WORLD, myrank, ierr)
CALL para_range{l, n, nprocs, myrank, jsta, jend)

bufs1
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inext = myrank + 1

iprev = myrank - 1
IF (inext == nprocs) inext = MPI_PROC_NULL
IF (iprev == -1) iprev = MPI_PROC_NULL

DO k = 1, 300
errl = 0.0
CALL shift(0)
DO j = jsta, jend
DO i = MOD{j+1,2) + 1, m, 2
temp = 0.25 * (x(i,j-1) + x(i-1,3}
+
*

& + x{i+1,73} x(i,3+1)) - x(i,3)
x{i,3j) = x(i,j) + omega temp
IF (abs(temp) > errl} errl = abs(temp)
ENDDOC
ENDDO

CALL shift({1l)
DO j = jsta, jend
DO i = MOD(j,2) + 1, m, 2
temp = 0.25 * {x{i,j-1) + x(i-1,3)
& + x{i+1,3) + x(i,j+1)) - =x(i,3)
x(i,3) = x(i,j) + omega * temp
IF {abs{temp} > errl) errl = abs(temp}
ENDDO
ENDDO
CALL MPI_ALLREDUCE(errl, err2, 1, MPI_REAL, MPI_MAX,
& MPI_COMM_WORLD, ierr)
errl = err2
IF {(errl <= eps) exit
ENDDO

CALL MPI_FINALIZE({ierr)
END

Subroutine shift (iflg) takes care of all the data transmissions: ifig=0is for black
elements (boxes) and iflg=1is for red elements (circles).

SUBROUTINE shift (iflg)
USE para
isl = MOD({jsta + iflg, 2) + 1
is2 = MOD{jend + iflg, 2) + 1
irl = 3 - isl
ir2 = 3 - is2
IF (myrank /= 0) THEN
icntl = ©
DO i = isi, m, 2
icntl = icntl + 1
bufsl{icntl) = x{i,jsta)
ENDDO
ENDIF
IF (myrank /= nprocs - 1) THEN
icnt2 = 0
DO i = 182, m, 2
icnt2 = icnt2 + 1
bufs2(icnt2) = x(i,jend)
ENDDO
ENDIF
CALL MPI_ISEND(bufSl,icntl,MPI_REAL,iprev,l,MPI_COMM_WORLD,ireqsl,ierr)
CALL MPI_ISEND(bufs2,icnt2,MPI_REAL, inext,1,MPI_COMM_WORLD, ireqs2,ierr)
CALL MPI_IRECV(bufri, mmax, MPI_REAL,iprev,1,MPI_COMM_WORLD,irequ,ierr)
CALL MPI_TIRECV(bufr2,mmax, MPI_REAL, inext,l,MPI_COMM_WORLD, ireqr2,ierr)
CALL MPI_WAIT(iregsl, istatus, ierr}
CALL MPI_WAIT(ireqs2, istatus, ierr)
CALL MPI_WAIT{iregrl, istatus, ierr)
CALL MPI_WAIT{ireqr2, istatus, ierr)
IF (myrank /= 0) THEN

icnt = 0
DO i = irxl, m, 2
icnt = icnt + 1
x{i,jsta-1) = bufrlicnt)
ENDDO
ENDIF
IF {(myrank /= nprocs - 1} THEN
icnt = 0
DO i1 = ir2, m, 2
icnt = icnt + 1
x{i, jend+1) = bufr2{icnt)
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ENDDO
ENDIF
END

4.4.2 Zebra SOR Method

If you don’t plan to distribute the matrix in both dimensions, besides red-black
SOR, consider the option of coloring columns alternately using two colors, for
example, black and white. First, update all the white elements, and then update
the black elements, which is called zebra SOR method in this publication.

mmax

1 n nmax

oM. Updated in the current iteration
O [J: Not updated yet in the current iteration

l : The order of update within a column

.
-
-
-+

Figure 107. Zebra SOR Method

Figure 107 shows how the computation proceeds in the zebra SOR method. The
following is the serial program of zebra SOR.

PROGRAM zebra

PARAMETER (mmax = ..., nmax = ...)
PARAMETER {(m = mmax - 1, n = nmax - 1)
DIMENSION x(0:mmax, O:nmax)
DO k = 1, 300
errl = 0.0
DO j = 1, n, 2
DO i = 1, m
Update x(i,j) and errl
ENDDO
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ENDDO
DO j = 2, n, 2
DO i =1, m
Update x(i,j) and errl
ENDDO
ENDDO
IF (errl <= eps) EXIT
ENDDO

END
When updating elements in a column, you have to maintain the order of the
elements. That is, you have to update elements from top to bottom in the figure.
In other words, there is a flow dependence within a column. Remember that in
red-black SOR, elements of the same color can be updated in any order. In that
sense, the minimum block for parallelization is a matrix element in red-black
SOR. In zebra SOR, the minimum block for parallelization is a column of

elements: as long as the order of update within a column is kept unchanged, you
can update the columns in any order. This property enables parallelization.
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Figure 108. Zebra SOR Method: Parallel Run

The Figure 108 shows how the matrix elements are updated in the parallelized
zebra SOR method. The matrix elements are assigned to processes in
column-wise block distribution. To make the data transmission uniform among
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processes, distribute columns so that the same pattern appears on the boundary
between processes. Stated in another way, jend-jsta+1 should be even in all
the processes, except possibly for the last process.

PROGRAM zebrap

INCLUDE ‘mpif.h’

PARAMETER (mmax = ..., nmax = ...)

PARAMETER (m = mmax - 1, n = nmax - 1)

DIMENSION x(0:mmax, 0:nmax)

INTEGER istatus(MPI_STATUS_SIZE)

CALL MPI_INIT{ierr)

CALL MPI_COMM_SIZE(MPI_COMM_WORLD, nprocs, lerr)
CALL MPIyCOMM_RANK(MPIﬁCOMM_wORLD, myrank, ierr)
CALL para_range (1, (n + 1}/2, nprocs, myrank, jsta, jend)
jsta = jsta * 2 - 1

jend MIN{n, jend * 2)

inext = myrank + 1

iprev = myrank - 1

IF {inext == nprocs) inext = MPI_PROC_NULL
IF (iprev == -1) iprev = MPI_PROC_NULL

DO k = 1, 300
errl = 0.0
CALL MPI_ISEND(X(I,jend), m, MPI_REAL,
& inext, 1, MPI_COMM_WORLD, iregs, ierr)
CALL MPI_IRECV(X(l,jSta—l), m, MPI_REAL,
& iprev, 1, MPI_COMM_WORLD, ireqr, ierr)
CALL MPI_WAIT(iregs, istatus, lerr)
CALL MPI_WAIT(ireqgr, istatus, ierr)
DO j = jsta, jend, 2
DO i =1, m
Update x(i,j) and erri
ENDDO
ENDDO
CALL MPI_ISEND(X(l.jSta), m, MPI_REAL,
& iprev, 1, MPI_COMM_WORLD, ireqs, ierr}
CALL MPI_IRECV(X(l,jend&l), m, MPI_REAL,
& inext, 1, MPI_COMM_WORLD, iregr, ierr)
CALL MPI_WAIT(ireqs, istatus, ierr)
CALL MPI_WAIT (ireqr, istatus, ierr)
DO j = jsta + 1, jend, 2
DO i =1, m
Update x(i,3j) and errl

ENDDO
ENDDO
CALL MPI_ALLREDUCE(errl, err2, 1, MPI_REAL,
& MPI_MAX, MPI_COMM_WORLD, ierr)
IF (err2 <= eps) EXIT
ENDDO

CALL MPI_FINALIZE(ierﬂ
END

Note that the data transmission is simple compared with red-black SOR. Since
red-black SOR and zebra SOR use different orders in updating matrix elements,
the number of time steps needed for convergence may be different. Choose the
best algorithm in terms of the running time: there can be other variations of
coloring, or ordering, of elements.

The zebra SOR can be regarded as having the same dependence of
one-dimensional red-black SOR. The red-black coloring in a lower dimension can
be applied to higher dimensions at the cost of the restriction as to how the arrays
may be distributed. In the zebra SOR method presented in this section, it is not
allowed to divide the matrix in row-wise distribution.

In solving three-dimensional SOR, there also can be various ways of coloring
elements. Suppose that a matrix element x(i, j, k) is updated using its six
neighbors, x(it1,j k), x(i,j+1, k), and x(i, j k+ 1) and that you use two colors.
The following shows three examples of coloring.
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If i+j+k=1 (mod 2), color x(i,j, k) red; otherwise color it black
If i4k=1 (mod 2), color x(i,j, k) red; otherwise color it black

f k=1 (mod 2), colorx(i,j,k) red; otherwise color it black

Again, you should decide how to color elements based on the performance of the
parallel program and sometimes the amount of work for parallelization. ’

4.4.3 Four-Color SOR Method

In the following program, eight neighbors are involved in updating the value of
x(i,j). Red-black SOR does not work for this case.

PROGRAM main

PARAMETER (mmax = ..., nmax = ...)
PARAMETER {(m = mmax - 1, n = nmax - 1)
DIMENSION x {0:mmax, 0:nmax)

DO k =1, 300
errl = 0.0
DO j =1, n
DO i =1, m
temp = 0.125 * (x(i, 3j-1)

+ x(1-1,3)

& + x(1i+1,7F) + x(i, F+1)
& + x(i-1,37-1) + x(i+1,3-1)
& + x(i-1,7+1) + x(i+1,3+1))
& - x(1i,7)

x(i,j) = x(i,j) + omega * temp

IF (abs(temp) > errl) errl = abs(temp)

ENDDO
ENDDO

IF (errl <= eps) EXIT
ENDDO
END

You can parallelize the above program using zebra SOR method, but another
method, four-color SOR, is presented in this section.

Four-color SOR is a generalization of red-black SOR, which colors x(i,3) with
one of the four colors depending on whether i is even/odd and j is even/odd, and
updates x(i,3j) one color at a time. In the following program, “Update x(i,3)
and erri” represents the italic statements in the original program.

PROGRAM fourcolor

PARAMETER (mmax = ..., nmax = ...)
PARAMETER (m = mmax - 1, n = nmax - 1)
DIMENSION x({(0:mmax, 0:nmax}

DO k = 1, 300
errl = 0.0
DO j =1, n, 2
DO i =1, m, 2
Update x(i,j) and errl
ENDDO
ENDDO
DO j =1, n, 2
DO i = 2, m, 2
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Update x(i,j) and errl

ENDDO

ENDDO

DO j = 2, n, 2
DO i =1, m, 2

Update x(1i,j) and errl

ENDDO

ENDDO

DO 3 =2, n, 2
DO i = 2, m, 2

Update x(i,j) and errl

ENDDO
ENDDO
IF {errl <= eps) EXIT
ENDDO

END

Figure 109 shows one iteration of the four-color SOR method.
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Figure 109. Four-Color SOR Method
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Suppose you parallelize the four-color SOR program using column-wise block
distribution. For the ease of programming, the number of columns (excluding the
fixed boundary elements) assigned to processes should be an even integer
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except for process nprocs-1. The behavior of the parallelized program is shown in
Figure 110 on page 130.
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Figure 110. Four-Color SOR Method: Parallel Run

The difference from the red-black SOR method is that data transmissions take
place in one direction at a time and that the whole column is transmitted instead
of every other element packed into a working array. The following is the
parallelized code.

PROGRAM fourcolorp
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INCLUDE ‘mpif.h’

PARAMETER {mmax = ..., nmax = ...}

PARAMETER (m = mmax - 1, n = nmax - 1)

DIMENSION x(0:mmax, 0:nmax)

INTEGER istatus (MPI_STATUS_SIZE)

CALL MPI‘INIT(ierr)

CALL MPI_COMM_SIZE(MPI_COMM_WORLD, nprocs, ierr)
CALL MPI_COMM_RANK(MPI_COMM_WORLD, myrank, ierr)
CALL para_range(l, (n + 1) /2, nprocs, myrank, jsta, jend)
jsta = jsta * 2 -1 :
jend = MIN(n, jend * 2)

inext = myrank + 1
iprev = myrank - 1
IF (inext == nprocs) inext = MPI_PROC_NULL
IF (iprev == -1} iprev = MPI_PROC_NULL

DO k = 1, 300
errl = 0.0
CALL MPI_ISEND(x(1l,jend), m, MPI_REAL,

& inext, 1, MPI_COMM_WORLD, ireqgs, ierr)
CALL MPI_IRECV({x(1,jsta-1}), m, MPI_REAL,
& iprev, 1, MPI_COMM_WORLD, ireqr, ierrx)

CALL MPI_WAIT(ireqs, istatus, ierr)
CALL MPI_WAIT (ireqr, istatus, ilerr)
DO j = jsta, jend, 2
DO i =1, m, 2
Update x(i,j} and errl
ENDDO
ENDDO
DO j = jsta, jend, 2
poi=2,m 2
Update x(i,j) and errl

ENDDO
ENDDO
CALL MPI_ISEND(x(1,jstal., m, MPI_REAL,
& iprev, 1, MPI_COMM_WORLD, ireqs, ierr)
CALL MPI_IRECV(x(1,jend+1), m, MPI_REAL,
& inext, 1, MPI_COMM_WORLD, ireqr, ierr)

CALL MPI_WAIT (iregs, istatus, ierr)
CALL MPI_WAIT(ireqr, istatus, ierr)
DO j = jsta + 1, jend, 2
DO i1 =1, m, 2
Update x(i,j) and errl
ENDDO
ENDDO
DO j = jsta + 1, jend, 2
DO 1 =2, m, 2
Update x(i,j) and errl

ENDDO
ENDDO
CALL MPI_ALLREDUCE(errl, err2, 1, MPI_REAL,
& MPI_MAX, MPI_COMM_WORLD, ierr)
IF {(err2 <= eps} EXIT
ENDDO

CALL MPI_FINALIZE(ierr)
END

in spite of the more complex dependence compared to the original program, the
parallelized four-color SOR is simpler than the paralletized red-black SOR.

4.5 Monte Carlo Method

As an example of the Monte Carlo method, a random walk in two-dimensions is
considered. 1ssues about random number generation is the subject of this
section. The following program simulates a random walk of 100,000 particles in
10 steps, and outputs the distribution of the distances that particles have
traveled.

PROGRAM main
PARAMETER (n = 100000)
INTEGER itotal(0:9)
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