CHAPTER V

MAIN RESULTS

Strong convergence theorem

Theorem 3.22. Let H be a Hilbert space, T,S,K : H — H a non-expansive
mapping satisfy the condition (A') with F = F(T) N F(S)N F(K) # 0. Let
f: H— H an n;-strongly monotone and kg-Lipschitzian mapping, g : H — H
an 1g-strongly monotone and ky-Lipschitzian mapping, h : H — H an ny-strongly
monotone and ky-Lipschitzian mapping. For any xo € H, {z,} s defined by

Zn = CnTn + (1 — cn) K" 2n,

Yn = buZn + (1 = b,) St 2, (3.13)

Tptl = QT + (1 — an)Tf’\"“yn, Vn >0,

where

Tz = Tz = dpprf(Tz), Ve H,
Sf" = Sz — BLue9(Sz), Vze€H, (3.14)

K;» = Kz — anuph(Kz), Vze€H,

and {a,} C (0,1), {b,} C (0,1), {cn} C (0,1) and {N,} C [0,1), {B.} C [0,1),
{an} C [0,1) satisfying the following conditions:

(i) & < an, by < B, co <y for some a, 8,7 € (0,1),
(1) 3o An <00, 302 B <00 and Y ey an < 00,

(i) 0 < ps < 2n7/k%, 0 < pg < 2m,y/k2 and 0 < py, < 200/k}.

Then {x,} converges strongly to a common fized point of T, S and K.
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Proof. We shall show that {z,} is bounded.

Take p € F, from Lemma 2.18, we have

1582, — pll = [1SP 2, — SEp+ SPp—p||

< (1= Barg)llzn = pll + Butsgllg (), (3.15)

|Kymzn = pll = [ISp"2a = Sp*p+ Spmp ~ pl|

IA

(1 — an7n){|zn — pll + anpnll(p)l (3.16)

and

An
T3 ym — pll

li

An /\n /\n
177y = T p + T p — p|

IN

An An An
N7y — T pll + | T 0~ 1|

< (=AY — pll + A f (D), (3.17)

where

Ty = 1—\/1 = pg(2mg — pigk3), 75 = 1—\/1 — ps(2ny — psk3), ™= 1—\/1 — pa(27n — pnk}).

Therefore

lyn =2l = [lbn(zn — p) + (1 = ba) (S5 20 — p)l|
< b+ (1= 0n)(1 = Bury)lllzn — pll + (1 = ba) Barsglig(p)]- (3.18)
Now,by (3.16),we have
2o =Pl = llea(@n =) + (1 = ba)(Ky 20 — p)|
< en+ (1= en)(I = anmi)ll|zn — Pl + (1 = ca)anpglh(p)|.(3.19)
Substitute (3.19) into (3.15) to get

1882 = pll < (1= Bu7y)[len + (1= ca)(1 = @]z = Il + (1 = ex)aunsty D)

+ Butgllg(o)|l

IA

(1 = BaTg)||zn = pll + anpgl PRI + Butsgllg(p)I- (3.20)
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By (3.17),(3.18) and (3.19), we have

2ot —pl =

IN A

IA

IA

IN

lan(@n — p) + (1 = @ )(T}"* g — p)|

anl|Tn = pll + (1 = @) | T 4 = p

anllZn = pll + (1 = an)(1 = A1)y — Pl + (1 = @n) Ansrpas] £ (D)
anllzn = pll + (1 = an)(1 = A1 7g)ba + (1 = bn)(1 = BuT)]l|20 — pl|
+ (1= an)(1 = Aas1 ) (1~ ba)Baptg 9| + (1 = an) Ansrpes | f (D)l
an |z = pll + (1 = an)(L = Anga7y) [br + (1 = ba) (1 = Bo7)]

X [en + (1= ca)(1 = anh)]||zn — P||

+ (1= an)(1 = Ansa17p) b + (1= b2) (1 = Bar (1 = cn)ommn)] || R(D)]]
+ (1= an)(1 = Ans177) (1 = b2) Brigllg (p) |

+ (1 = an)dnrrps | F (D)

lZn — pll + (1 = an)anpnlh(p)

+ (1= an)Baptgllg ()l + (1 = an) Anapas | £ (D), (3.21)

which implies that

#ntr =2l < Nzn = pll + cnpnllA(P)] + Bupgllg ()| + Ansries |l £ (P)II.(3.22)

From Lemma 2.19 and the conditions: } > an < 00,D o) Br < 00,3 o) A <

00, it follows that lim, . ||z, — p|| exists for each p € F and {z,} is bounded.

Suppose that

lim |z, —p||=c forsome c¢>0. (3.23)

By (3.19), we have

llyn — pll

= |lbu(zn = p) + (1 = ba) (S5 20 — D)

< [bn + (1= b)(1 = Barg)]llzn — Pl + (1 = bn) Bapigllg ()

< fon 4+ (1= ba)(1 = Bag)llen + (1 — cn)(1 — anmn)] [z — pl]
+ (1= en)anpnl(P)]| + (1 = ba) Buptgll9(p)

2 =PIl + anpinl AP + Brisgllg(p)- (3.24)

A

IN



Taking lim sup on both the sides in above inequality, we have
limsup (lyn — p|| < c.
n—00
Furthermore, by (3.17), we have
limsup || 77"y, — pl| < c.

N—=00

Since limy, .o ||Zn+1 — pJ| = ¢, it follows that
|Zn+1 = pll = llan(zn — p) + (1 = @) (T} yn - P)| — ¢
as n — oo. Thus by Lemma 2.20, we have
lim {2 = Ty = 0.

Next, from (3.17), we consider

An An
[2n =PIl < N2n = T7" yall + [T yn — pll

IA

”xn .y Tf'\"“ynH + ”yn - p” + ’\n+1p'f”f(p)”7

which implies that

¢ < liminf ||y, — p|| < limsup ||y, — p|| < ¢,
n—omx

n—od

that is,

Jim o —pll = lim_[lba(zn = p) + (1~ b)(Sf20 — p)] = c.

From (3.16), we know that
155720 = pll < Nz = pll + anpnllR(P)]| + Bassgllg ()l
which means
lim sup HSf"zn -pl<e

By Lemma 2.20, (3.29) and (3.30), we obtain

lim ||Sf"zn —Z,]| =0.
n—oo

16

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)



17

We know that {z,} is bounded and {g(S(z,))} is bounded, thus form (3.31) it

follows that

A

lzn — Szal| lzn — Sgﬁnzn“ + ”Sgnzn = Sz,

“33n - Sf"zn“ + ﬂnllgug(s(xn))“ — 0.

IA

Now, by (3.19), we have

iz =l = llen(zn — p) + (1 - ) (KR 2 ~ D)l

IA

2 = pll + (1 = ex)np AP,
Taking lim sup on both the sides in above inequality, we have
limsup ||z, — p|]| < ¢

n—00

Next, from (3.31), we consider

IA

lzn =Pl < llzn — Sg2all + |85 20 — 2]

IA

|z = 5" 2all + lfzn = Pl + Bansgllg®)],

which implies that

¢ < liminf ||z, — p|| < limsup ||z, — p| < ¢,
n—-—aoC

n—oo

ie.

Jim [z, —pl = Lm lea(zn = p) + (1 - ca) (Kg"zn = p)l| = c.

From (3.16), we know that
KR zn — pll < l|#n — Pl + cnpinllR(p)l
which means
limsup || K"z, — pf| < c.
n—0

By Lemma 2.20, (3.36) and (3.37), we obtain

lim [[Kp "z, — z,| = 0.
n-—>ox

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)
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We know that {z,} is bounded and {h(K(z,))} is bounded, thus form (3.38) it

follows that

[2n — Kzl < flan = K 2a|l + | KZ"2n — Kan|

IN

|2 = K" @n| + ompnl|A(K ()| — O. (3.39)
Moreover, from (3.27) and (3.31), it follows that

[zn = Tzall < [Tz — TfAnHyn” + HT;‘\nHyn — Zn|
= T2n = [Tyn = Mnrrpig F T )l + 177" 9 = o
Arr. 1
2 = Unll + Anrpg I (T (@) + I T5™ yn —

(1 =bn)lzn — Sf"ZnH + A | F(T ()l + ”Tf)\nﬂyn — || {340)

IA

IA

From (3.23) if ¢ = 0, there is nothing to prove. Suppose ¢ > 0. By (3.40), we know
that limp, e |[2n —T2n|| = limy oo ||Tn — K2y || = limy—— o0 |2, — Sz,|| = 0. Since
T, S, K satisfy the condition (A’), then f(d(z,, F)) < (1/3)(|lzn — TZull + ||z —
Sy ||+||zn—Kzn|). By (3.32), (3.39) and (3.40), we have lim, o, f(d(zn, F)) = 0.

Since f is a non-decreasing function and f(0) = 0, therefore

lim inf d(z,, F) = 0. (3.41)
For any p € F, we have
1F®I < [1f(p) = F@a)ll + 1 (@)l < Epllzn = pll + [1f (z0)I, (3.42)
lg@I < llg(®) — g(@)ll + llg(za)ll < Kgllzn — pll + llg(za)ll, (3.43)
AP < I[~(p) = h(za)ll + 1h(zn)l| < Enllzn — pll + || R(za)]- (3.44)

Note the fact that there exist two positive constants M, My, such that ||h(z,)|| <
My, |lg(zn)|| £ Mz and || f(z,)|| < Ms. From (3.22) and the above relations, it
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follows that

|Zne1 =2l < lzn = 2l + cmpsnl|M(D) || + Brttgll g + Ansrpsll £ (I
S (1 + an#hkh + ﬂnugkg + /\n+lufkf)“l‘n - p“

+anpnl| (D) + Baptg 9P + Ansrpes 1 F (P

IN

(14 anpnkn + Brirghy + >\n+1ﬂfkf)“xn - |

+ anpnMy + BuprgMa + Apyipig Ms. (3.45)

Thus
d($n+1, F) < (1+anﬂhkh+ﬁnﬂgk9+)‘n+1/4‘fkf)d(xna F)+an,uhM1+ﬁn/-LgM2+/\n+lﬂfM3-

Since > 20 jan, < 00, >0 B, < oo and Yoo A, < 00, by (3.41), we know that

lim, . d(z,, F) = 0. We now prove that {z,} is a Cauchy sequence.

Taking M = eXZolirnkntBitgkstintinsks) for any e > 0, there exists positive
integer N such that d(z,, F) < e/(2M) and "2 y(aupn M1+ Bippg Mo+ Xy s Ms) <
e/(2M). Let p € F, for any n,m > N, it follows from (3.45) that

znt1 = Tmarll < 241 — Pl + [ Zmss — 2|
< (1 + an“hkh + /Bn»u'gkg + An-&—l/"'fkf)“xn - p” + anﬂhMl + ﬁn/igMZ
+ /\n+1ﬂfM3 B (1 + amﬂhkh + /Bmﬂgkg + )\m+1ﬂfkf)||xm - p”

+ ampn My + Bruprg M2 + Amyapis M3



||93n+1 - $m+1“

Thus

IA

IN

20

N
H(l + aspinkn + Biprgky + Niv1prkp)l|Tn — pll + anpnMy + Bopig Mo
i=1
n-—-1
+ Ant1piy Mz + Z(aiﬂhMl + BiptgMa + Niy1pp Ms) x

=N
n

H (1 + C‘Cj/—th,kh (e leigkg + /\j+1,ufkf)
F=i+1

m
+ H(l + aipinkn + ﬁi/‘gkg + /\i+1/‘fkf)“$N — pll + ampn My
=N
m-—1
+ BmpgMa + Ami1pts M3 + Z(ai#hMl + BippgMa + Aigapip M3) %

=N
m

H (1 + ajpnkn + Bittghg + Njy1prks)
j=i+1
QerZN(amhkh+ﬂ¢/zgkg+/\,-+1ufkf))”xN N p||

+ 26219:1\{(aiﬂhkh+ﬂi#ykg+/\j+lI‘fkf))”xN _ pll

X ) (cspn M+ BiptgMy + Nigapig Ms) (3.46)
=N

[Zn+1 = Tmsall < 2M||zn — p|| + 2MZ(aiMhM1 + BittgMa + Aiy1p15 M3),

which gives

=N

”.’L’n.;rl — $m+1|| < 2Md(.'EN b p) +2M Z(ai,uhMl +/3.,‘[.th2 + /\H_I,U,fMg) <E.

i=N

This implies that {z,} is a Cauchy sequence. Therefore, there exists p € H such

that {z,} converges strongly to p. It follows from ||z, — Tx,|| — 0 and (I — T)

being continuous that

(I = T)(za—p)| — 0

as n — oo which implies p = T'p. Hence p € F. By the same reasoning, we have

p € F'. The proof is completed 0



