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Differential Evolution (DE) is an effective continuous real value optimizer. 

In this study, we apply DE to discrete optimization problems by using Lempel-Ziv-

Welch (LZW) and Arithmetic Coding (AC) compression. The resulting algorithms 

are called LZWDE and ACDE. LZWDE applies DE to discrete problems by 

converting a real chromosome to an integer chromosome and then decompressing it 

to a binary chromosome using LZW algorithm. Experimental result shows that this 

approach is better than the previous binary DE scheme and the evolution time is very 

fast. Analysis result shows that the fitness landscape of LZW encoding is less 

complex than the original encoding for each test problem. ACDE applies DE to 

discrete optimization problems by using Arithmetic Coding compression and local 

search algorithm, which are Hill-climbing and Simulated Annealing. The test 

functions include the random-version of widely used benchmark problems. We 

compare the performance of each algorithm based on the quality of solution and the 

running time. Experimental results indicate that ACDE algorithm outperforms 

Bayesian Optimization Algorithm (BOA), which is a sophisticated discrete 

optimizer, in both solution quality and running time. 
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COMPRESSED ENCODING IN DIFFERENTIAL EVOLUTION 

 

INTRODUCTION 

 

Evolutionary algorithms (EAs) are probabilistic optimization methods based 

on the model of natural evolution. A common characteristic of this type of algorithms 

is population based. An individual in a population is evaluated and selected based on 

its fitness value. The fitness value indicates how well an individual is for a specific 

optimization problem. The selected individuals will be likely to survive to the next 

generation or they can generate offspring that will be put into the next generation.  

The offspring can be generated using a nature-inspired mechanism such as 

reproduction or crossover. The process of fitness evaluation, selection, and creating a 

next generation is repeated until the solution is found or another termination criterion 

is met. 

 

EA differs by the representation of an individual. For example, Genetic 

algorithm (GA), proposed by Holland, uses a binary string to represent an individual 

(Holland, 1975; Goldberg, 1989) an individual in Genetic Programming is a program 

tree (Koza, 1990, 1992); an individual in Evolutionary Strategy (ES) is a real value 

vector (Beyer and Schwefel, 2002).   

 

Different representations have direct affects on the genetic operators. For 

example, mutation in GA is simple bit inversion while in GP a new subtree is grown.  

In addition, the representation also affects the foundation of theoretical establishment. 

For instance, a schema theorem that proves the effectiveness of GA cannot be applied 

to GP. Finally, and most importantly, the representation affects the class of the 

problems that the algorithm can solve efficiently. GA and its descendant, Estimation 

of Distribution Algorithm (EDA), are doing well in binary optimization problems. 

Various benchmarks have been developed to show its strength over other approaches.  

For example, Trap problem (Ackley, 1987) and Long Path problem (Horn, 1994), 
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which are designed to resist a hill climbing search algorithm, can be solved by several 

EDAs. 

 

While GA and EDA are normally used for binary optimization, ES and 

Differential Evolution (DE), are popular real value optimizers. ES was proposed by 

Rechenberg in 1960s. DE was introduced by Price and Storn in 1990s. DE is very 

compact. The core of the algorithm can be implemented in less than 20 lines of C 

code, which is available on-line (Price and Storn, 2012). DE is implemented in 

Mathematica as NMinimize (Wolfram MathWorld, 2012) and also in Matlab. DE is 

very fast and efficient. It was ranked the third in the First International Contest on 

Evolutionary Optimization in 1996. However, it is more robust than the first and the 

second place optimizers (Price et al., 2005).      

 

The speed and effectiveness of DE in continuous value optimization appeals 

many researchers (Vesterstrøm and Thomsen, 2004; Storn and Price, 1997; Muelas et 

al., 2009; Qin et al., 2009). However, for discrete optimization, there are a few works 

that investigate DE’s effectiveness (Gong and Tuson, 2007; Lichtblau, 2012). This 

study presents several methods for applying DE to discrete optimization problems. 

The first approach is simple real to binary conversion scheme, which we will refer as 

SDE. This scheme is straightforward but quite wasteful because one variable in DE, 

which is normally 64-bit long, represents only one bit. Thus, the second approach 

combines conversion and decompression to create a binary string. We used Lempel-

Ziv-Welch (LZW) compression algorithm and Arithmetic Coding (AC) compression 

algorithm.  For example, in LZW approach, a real vector is converted to an integer 

array. After that, the array is sent to LZW decompression algorithm. LZW will output 

a binary string which will be used in a discrete problem fitness evaluation.   

 

Compressed encoding is compact and enables evolutionary algorithm to solve 

very large problems. For example, LZW encoding in Genetic Algorithm can solve 

one-million-bit problems (Kunasol et al., 2006; Suwannik and Chongstitvatana, 

2008). Another advantage of this approach is low memory requirement which leads to 

faster running time per generation due to less data transfer. However, the 
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disadvantage of compressed encoding is a bias toward high regularity solution. To 

show the existence of the bias, Chamlamai and Suwannik (2007) created a random 

version of an existing benchmark. The experimental result shows that the performance 

of LZW encoding is decreased in the random version while the performance of 

uncompressed encoding remains the same. To solve the random-version of a 

benchmark problem, we combine Arithmetic Coding, which is another compression 

algorithm, with DE. Moreover, we add two local search algorithms which are simple 

Hill Climbing (HC) and Simulated Annealing (SA) (Kirkpatrick et al., 1983) to our 

search method. The result is compared against the Bayesian Optimization Algorithm 

(BOA) (Pelikan et al., 1999), which is one of the best EDA. 

 

Compressed encoding not only is a bridge between continuous optimization 

and discrete optimization but it also transforms a fitness landscape. Analysis is 

conducted to understand the transformation. For binary problems, we can visualize a 

fitness landscape by enumerating all possible binary chromosomes and calculate its 

fitness and distance to the solution. Enumerating all possible chromosomes is possible 

for a binary optimization problem because there are finite amount of chromosomes 

given a fixed length binary string (e.g., a problem size n bit has 2
n
 possible 

chromosomes). In the contrast, a single real-value in a DE vector, in theory, can have 

infinitely uncountable possible values. Therefore enumeration is not possible in DE. 

Instead, we explore the fitness landscape using random walk (Uludag and Uyar, 

2009). While an analysis procedure performs random walk, a fitness and distance to a 

solution is recorded.  Each step of random walk imitates a trial vector generation 

process in DE. 
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OBJECTIVES 

  

1.  To apply Differential Evolution to discrete optimization problems. DE is a 

fast and efficient real value optimizer. An equivalent discrete optimizer might be 

obtained by adapting DE to discrete optimization problem. 

 

2.  To solve random problems using compressed encoding. Even with an extra 

processing step, the running time per generation of compressed encoding can be 

shorter than that of an original encoding. However, compressed encoding does not 

perform well on the random version of existing benchmark. An ability to solve such 

problem together with faster processing would make compressed encoding more 

interesting. 

 

3.  To analyze compressed encoding in Differential Evolution. The original 

motivation for using compressed encoding is to reduce search space. However, 

compressed encoding is complex. It transforms the problem in some obscure way. 

This work attempts at a better understanding of the compressed encoding. 
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LITERATURE REVIEW 

 

Genetic Algorithm 

 

Genetic Algorithm (GA) is an algorithm inspired by natural evolution 

(Holland, 1975; Mitchell, 1998). The flowchart of GA is shown in Figure 1. In order 

to solve a problem, a candidate solution is encoded as a binary string chromosome. A 

group of chromosomes is called a population. GA creates the first generation of 

population by randomly generating binary chromosomes. Then, it evolves binary 

chromosomes using the process of selection, reproduction, mutation, and 

recombination. The algorithm randomly selects highly fit chromosomes for creating 

the next generation. The selected chromosomes appear in the next generation by the 

process of reproduction. Mutation randomly changes the value of chromosome.  

Recombination or crossover creates new chromosome by combining, at a random 

point, two highly fit chromosomes together. These processes are repeated until the 

optimal solution is found or the maximum generation is reached. Notice that most 

processes in the algorithm contain randomness.  

 

                 

 

Figure 1  GA flowchart 

                            

Termination condition         
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Generate the initial population 

 

Evaluate individuals 
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Estimation of Distribution Algorithm 

 

Estimation of Distribution Algorithm (EDA) is a new approach in the field of 

evolutionary computation (Mühlenbein and Paaß, 1996; Larrañaga and Lozano, 

2002). EDA solves problems using a population of chromosomes similar to GA. 

However, unlike GA, which contains randomness in the most of steps, EDA evolves 

chromosomes in a more principled manner. As a result, EDA can solve more complex 

problems and scales better than GA. 

 

 

 

 

 

 

 

                          

 

 

 

 

        

 

 

             

 

 

 

Figure 2  EDA flowchart 
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The flowchart of EDA is shown in Figure 2. The first step is to randomly 

create a population. After that, EDA randomly selects highly fit individuals from the 

population. Then, it models highly-fit individuals in each generation by assuming a 

particular probability distribution. Next, it generates new individuals from the model 

and puts them to the population. Modeling and generating can avoid the disruption of 

partial solution resulted from genetic operations such as crossover and mutation. The 

last step is to check whether the solution is found. If not, the evolutionary process is 

continued from step 2 to step 7. Figure 3 shows the EDA process. 

 

1 1 0 0 1 0 0 1 

 

 

 

 
 

 

 

               M  
1 1 1 0 1 0 1 1 

 
 

 

 

Figure 3  EDA process 

 

Varieties of EDA can be classified based on an assumption about relationship 

among variables in the modeling step (Paul and Iba, 2002) (see Figure 4). A variable 

is a position in a chromosome. The simplest EDA is Univariate EDA, which assumes 

no relationship among variables. Univariate EDAs include Compact Genetic 

Algorithm (cGA) (Harik et al., 1999), Univariate marginal distribution algorithm 

(UMDA) (Mühlenbein and Paaß, 1996), and Population-based incremental learning 

(PBIL) (Baluja, 1994). A more complex EDA is Bivariate EDA, which assumes 

relationship between two variables. Examples are Mutual Information Maximization 

for Input Clustering (MIMIC) (De Bonet et al., 1997), Bivariate Marginal Distribution 

Algorithm (BMDA) (Pelikan and Mühlenbein, 1999) and Combining Optimizers with 

Mutual Information Trees (COMIT) (Baluja and Davies, 1997). The most complex 
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EDA is Multivariate EDA, which assumes relationship between any numbers of 

variables. For example, Bayesian Optimization Algorithm (BOA) (Pelikan et al., 

1999), Extended Compact Genetic Algorithm (ECGA) (Harik at al., 2006), and 

Factorized Distribution Algorithm (FDA) (Mühlenbein and Mahnig, 1999) are 

multivariate EDA.  

  

                         

 

Figure 4  Relationship graph of EDA 

 

Compact Genetic Algorithm 

 

Harik et al. (1999) introduced a Compact Genetic Algorithm (cGA). The 

advantage of cGA is low memory consumption. cGA consumes less memory than 

traditional GA because the algorithm uses a single probability vector to represent the 

whole GA population. The probability vector requires only l×  n2log  bits to 

represent a population of size n, where l is the length of each bit string. On the other 

hand, a standard GA requires l×n bits to store a population.  

 

Figure 5 shows the cGA algorithm. The first step is to initialize each item in 

the probability vector to 0.5. The value 0.5 means that each bit in the chromosome has 

equal chance to be 1 or 0. Then the algorithm generates two individuals from the 

probability vector. Next, both individuals are evaluated. The individual with higher 

fitness score is called the winner, whereas the one with the lower score is called the 

loser. For each bit, the probability vector is updated by the following rules. 

MIMIC 

COMIT 

BMDA 
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• Increase the probability value of the corresponding index by 1/n, if the 

winner bit is 1 and the loser bit is 0 in that index. 

• Decrease the probability value of the corresponding index by 1/n, if the 

winner bit is 0 and the loser bit is 1 in that index. 

 

The probability update step imitates the uniform crossover in the standard GA. 

The update rule of cGA assumes no dependency between any bits. Thus, cGA is 

classified as univariate EDA. The last step of cGA is to check whether the probability 

vector has been converged. If not, the evolutionary process is repeated starting from 

step 2 to step 5. Notice that there is no crossover and mutation in cGA.  

 
 

  Parameters 

             n : population size 

             l : chromosome length 

  1)   Initialize probability vector 

             for i := 1 to l do 

                   p[i] := 0.5; 

  2)   Generate two individuals from the vector 

             a := generate(p); 

             b := generate(p); 

  3)   Let them compete. 

             winner, loser := evaluate(a, b); 

  4)   Update the probability vector towards the better individual 

             for i := 1 to l do 

                  if winner[i] ≠ loser[i] then 

                       if winner[i] = 1 then p[i] := p[i] + 1/n 

                       else p[i] := p[i] − 1/n; 

  5)   Check if the vector has converged 

             for i := 1 to l do 

                  if p[i] > 0 and p[i] < 1 then 

                       go to step 2; 

6)   p represents the final solution 

 

Figure 5  Compact Genetic Algorithm pseudo code 
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cGA is applied to solve large-scale problems. Watchanupaporn et al.(2006) 

used compressed encoding with cGA to solve 128, 256 and 512-bit One-Max problem 

and against 60, 120 and 240-bit Royal Road problem. The algorithm is easy to 

parallelize. Sataporn and Suwannik (2010) implemented the algorithm to run on a 

many-core GPU using CUDA. Sastry et al. (2007) ran cGA on a cluster of computers 

to solve a billion-bit noisy OneMax problem. The problem is more difficult than 

OneMax problem because noise disrupts the evolutionary search. 

 

Mutual-Information-Maximizing Input Clustering Algorithm (MIMIC) 

 

Each iteration in EDA consists of selecting highly fit chromosomes, modeling 

them, and using the model to generate the next generation of chromosomes. Modeling 

highly fit individuals is the core of every EDA. Different algorithms model has 

different ways to model the real joint probability distribution p(X) of highly fit 

chromosomes, which is: 

 

)()|()|()|()( 13221 nnnnn XpXXpXXXpXXXpXp −= KKK  (1) 

 

The performance of EDAs depends on the quality of the estimation of the real 

probability distribution. MIMIC estimates the real joint distribution using a pairwise 

conditional distribution, which is in the following form: 

 

)()|()|()|()('
13221 nnn iiiiiii XpXXpXXpXXpXp
−

= K  (2) 

 

where ),...,,,( 321 niiii  denote the permutation order of chromosome positions. 

MIMIC uses a greedy method to determine the permutation. The time complexity per 

iteration of MIMIC is O(n
2
). 

 

MIMIC uses a greedy method to find the value the permutation starting from 

in down to i1 that makes p'(X) closest match the real distribution p(X). in is the position 

of a chromosome with the lowest entropy. in-1 is the position of a chromosome with 

the lowest conditional entropy )|(
1 nn ii XXh
−

among all positions excluding 
ni

X . in-2 is 
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the position of a chromosome with the lowest conditional entropy )|(
12 −− nn ii XXh  

among all positions excluding 
ni

X and 
1−ni

X . And so on. By finding conditional 

entropy between two variables, MIMIC can be classified as a bivariate EDA. 

 

The next generation is generated from the model. First, the 
th

ni  bit in the 

chromosome is generated based on the probability )(
ni

Xp . Then, the 
th

ni 1− bit in the 

chromosome is generated based on the value of 
th

ni  bit and the conditional 

probability )|(
1 nn ii XXp
−

. The remaining bits are generated in the same manner. Both 

modeling and generating can be done in O(n
2
). MIMIC is applied to solve large-scale 

problems. Watchanupaporn and Suwannik (2011) used compressed encoding with 

MIMIC to solve several large problems (i.e., 100, 400, and 800 bits) problems. 

 

Bayesian Optimization Algorithm (BOA) 

 

A Bayesian network is a directed acyclic graph (DAG) that represents a set of 

random variables and their dependencies. In BOA, a Bayesian network can be used to 

model interdependencies among chromosome positions. A Bayesian network is 

constructed as a model of selected individuals. Any search method and any metric can 

be used to construct the network. In BOA, the construction uses a search algorithm 

which greedily adding edges to the empty graph. Networks are scored using 

Bayesian-Dirichlet Equivalence metric. 

 

BOA can solve difficult problems such 3-deceptive, trap-5, and 6-bipolar. 

However, it is very time consuming. Its time complexity for each iteration is 

O(n
2
N+n

3
), where n is the length of a chromosome and N is the size of selected 

individuals. A pseudo code for BOA is shown in Figure 6. 
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Step 1 :  set t ← 0 

               randomly generate initial population P(0) 

Step 2 :  select a set of promising strings S(t) from P(t) 

Step 3 :  construct the network B using a chosen metric and constraints 

Step 4 :  generate a set of new strings O(t) according to the joint distribution encoded by B 

Step 5 :  create a new population P(t+1) by replacing some strings from P(t) with O(t) 

               set t ← t + 1 

Step 6 : if the termination criteria are not met, go to Step 2 

 

 

 
 

Figure 6  BOA pseudo code 

 

Differential Evolution 

 

Differential Evolution (DE) is an evolutionary optimization method. The first 

generation of real vectors is created randomly. Each vector has D values (D stands for 

dimension). A population consists of NP vectors. There are two schemes (i.e., DE1 

and DE2) presented in Storn and Price (1995). In this study, DE1 is used. 

 

A new generation is created by the following method. Each vector competes 

with its trial vector. The one with less cost is selected to the next generation. A trial 

vector is created by combining the vector with a mutant vector. The combination is 

similar to crossover in Genetic Algorithm. A mutant vector 
'

cX is created by adding a 

random vector  cX  with a weight difference of other two random vectors  

)( ba XXF −  (hence the name Differential Evolution). The mathematical formula for 

creating a mutant vector is as follows: 

 

 

 

)(
'

bacc XXFXX −+=  (3) 

 

DE’s parameters and their suggested settings (by its inventor) (Price and 

Storn, 1995) are listed below. 

NP (or population size) should be 5-10 times the number of parameters D. 
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F (or the weight) should start with 0.5. F and NP should be increased if the 

algorithm converges prematurely.  

CR (or the crossover rate) should be 0.1. However, one might try CR = 0.9, 0.1, or 

0.0. 

 

Compressed Encoding 

 

1.  Lempel-Ziv-Welch Algorithm 

 

   Lempel-Ziv-Welch Algorithm (LZW) is a lossless dictionary-based data 

compression/decompression algorithm (Welch, 1984). The input of the compression 

algorithm is a character string. The output of the compression algorithm (also the 

input of the decompression algorithm) is an array of codes. The output of the 

decompression algorithm is the original character string. 

 

   The compression/decompression algorithms start with a dictionary which 

the number of entries is equal to the number of characters. Initially, each entry 

contains one character. For example, when using LZW to compress/decompress an 

English text, the dictionary is initialized with all English characters and symbols. 

However, when LZW is used to compress/decompress a binary chromosome in GA, 

the dictionary is initialized with the number 0 and 1. During the compression, the 

algorithm dynamically expands the dictionary and outputs codes that refer to strings 

in the dictionary. Normally, the number of bits of the code is less than that of the 

variable length string in the dictionary. Data is compressed when the algorithm 

replaces the whole string with its code.  
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Algorithm LZW_Decompress 

 input : array of integers  

 output : binary strings 

 

 add entries 0,1 to the dictionary 

 read one code from input to c 

 output str(c) 

 p = c 

 while input are still left 

  read one code from input to c 

  if the code c is not in the dictionary 

 add str(p) + fc(str(p)) to the dictionary 

 output str(p) + fc(str(p)) 

 else 

 add str(p)+fc(str(c)) to the dictionary 

 output str(c) 

 end if 

 p = c 

 end while 

The variable c is used to store a code read from input 

The variable p is the previous value of c 

The function str(code) returns a string associated with code 

The function fc(string) returns the first character in string 

 

Figure 7  LZW Decompression pseudo code 

  

A nice property of LZW is that the dictionary does not have to be packed with 

a compressed data. LZW decompression does not require a dictionary because the 

algorithm can reconstruct the dictionary while processing the compressed data. A 

pseudo code for LZW Decompression algorithm can be seen in Figure 7. The reason 

that we show only the decompression algorithm is because LZWGA uses only LZW 

decompression algorithm.  
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Figure 8 shows LZW decompression example. The leftmost column is the 

input, which is an array of integers. The second column is the output, which is a 

binary string. During the decompression, new entries are added to the dictionary. 

 

Decode Dictionary 

  Index (c) Full string 

  Initial table  

Input Output   0   0 

    1   1 

  0   0   -   - 

  2   00   2   00 

  1   1   3   001 

  3   001   4   10 

  1   1   5   0011 

  1   1   6   11 

 

Figure 8  Example for LZW decompression   

 

The LZWGA chromosome is an array of integers which will be decompressed 

to a binary chromosome before the fitness evaluation. LZWGA requires less memory 

than GA. LZWGA spends less time per generation than GA even though there is an 

additional decompression step before fitness evaluation. This is because LZWGA 

chromosome is smaller than GA chromosome. Therefore, genetic operations (e.g., 

crossover, mutation, and reproduction) in LZWGA require less time than GA. For 

example, to solve one-million-bit problem, each chromosome in LZWGA have only 

16,000 genes or 207,631 bits but GA have to used 10
6
 bits for each chromosome 

(Kunasol et al., 2005, 2006). 

    

LZW compressed encoding can be used in evolutionary computation. 

LZWGA combines LZW with GA. The algorithm can solve very large problems that 

original GA cannot solve. Moreover even with an additional decompression step, if a 

shorter chromosome is used, one iteration of LZWGA is much faster. Additionally, 

the algorithm is more compact (i.e., requires less memory) than GA. LZWEDA 

combines LZW with EDA. It is a class of algorithms including LZWCGA, 

LZWMIMIC, LZWBOA (see the results in Appendix).  
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2.  Arithmetic Coding 

 

   Arithmetic coding compression algorithm compresses a binary string into 

two real numbers p and c ranged between [0, 1). The first number is the probability 

that zero will occurs in the binary string. The second number is the compressed 

message. The first number is denoted by p and the second number is denoted by c. 

 

   The coding is best explained by an illustration. The following example 

demonstrates a decompression of (p, c) = (0.4, 0.6) to a 4-bit binary string. As shown 

in Figure 9, p divides the interval [0, 1) into 2 sub-intervals: [0, 0.4) and [0.4, 1). 

Since the compressed message c is in the second sub-interval, the algorithm outputs 1. 

Next, the algorithm partitions the second interval [0.4, 1) into two sub-intervals 

proportional to p. The resulting sub-intervals are [0.4, 0.64) and [0.64, 1). Since the 

compressed message c is in the first sub-interval, the algorithm outputs 0. 

Then, the algorithm partitions the first interval [0.4, 0.64) into two sub-intervals 

proportional to p. The resulting sub-intervals are [0.4, 0.496) and [0.496, 0.64). Since 

the compressed message c is in the second sub-interval, the algorithm outputs 1. 

Finally, the algorithm partitions the second interval [0.496, 0.64) into two sub-

intervals proportional to p. The resulting sub-intervals are [0.496, 0.5536) and 

[0.5536, 0.64). Since the message c is in the second sub-interval, the algorithm 

outputs 1.  
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c     0.6 

center     0.4 

start     0.0 

end     1.0 

 

 

 

 

 

 

 

 

 

Figure 9  Using Arithmetic Coding to decompress (p,c) = (0.4, 0.6) to a 4-bit binary 

string. The output is 1011 
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Lempel-Ziv-Welch Estimation of Distribution Algorithm (LZWEDA) 

 

LZW chromosome encoding was applied to various EDAs, which are cGA, 

MIMIC, and BOA. The resulting algorithms are LZWCGA, LZWMIMIC, and 

LZWBOA, respectively. Adding LZW encoding to an existing EDA is easy. The 

EDA algorithm does not have to be modified. Rather, the fitness evaluation must be 

modified by adding decoding and decompressing at the beginning. A binary string is 

decoded into an array of integers using Gray decoding (see Figure 10). Then, the 

integer array is decompressed into a binary string using the LZW decompression 

algorithm. Finally, the binary string from the previous step is evaluated and its fitness 

is returned to EDA.  

 

gray  1 1 1 1 0 1 1 0 

 

LZW 1 2 3 4 

 

binary string 1 1 1 1 1 1 1 1 1 1 

 

Figure 10  Gray code to binary string conversion in LZWEDA 

 

All experimental results are the average performance obtained from 30 runs. 

For an experiment that involves benchmark with randomness, we use the same set of 

seeds. The sizes of the compressed chromosome are set to one-half of, equal to, and 

double that of the decompressed chromosome for these problems. We call this ratio 

the chromosome compression ratio. We compare the performance of cGA and 

LZWCGA, MIMIC and LZWMIMIC, BOA and LZWBOA for various compression 

ratios. These algorithms were tested against 100, 400, and 800-bit problems. The 

results are in Appendix. 

 

 

 

 

decompress 

decode 
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Table 1 shows how to calculate the number of bits per chromosome. For 

example, in order to store an integer 0 or 1 ( 2 possible values), 1 bit is required. To 

store an integer 0, 1, or 2 (3 possible values), 2 bits are required. In general, to store n 

possible value,  n2log  bits are required. The i
th

 index in an LZW chromosome has i 

+ 2 possible values. 

 

Table 1  The number of bits per LZW chromosome is calculated by summing bits 

needs the store every possible value in each gene                                                                                                     

                      

Number of Gene Possible Values for each Gene Total Bit 

1 (0-1) 1  

2 (0-1), (0-2) 1 + 2 

3 (0-1), (0-2), (0-3) 1 + 2 + 2 

4 (0-1), (0-2), (0-3), (0-4) 1 + 2 + 2 + 3 

5 (0-1), (0-2), (0-3), (0-4), (0-5) 1 + 2 + 2 + 3 + 3 

        
 

1. Lempel-Ziv-Welch Compact Genetic Algorithm (LZWCGA) 

 

There are two types of LZWCGA. The first one uses probability vector as 

in the original cGA with Gray decoding. The second one uses probability matrix to 

model a population of integer array. 

 

 Watchanupaporn et al. (2012) proposed LZWCGA by using Gray 

decoding. To use LZW compressed encoding with cGA, we add a decoding and 

decompressing after step 2 of cGA pseudo listed in Figure 5. The binary chromosome 

is decoded to an array of integers.  After that, the array is decompressed to a binary 

string, which might be longer than the original binary chromosome.  Figure 11 shows 

where the new step D) is inserted. Please note that LZWCGA evolves a direct 

representation of an individual as a compressed string.  There is no compression step 

involved in LZWCGA.  In cGA, an invidual is created as a binary string.  In 

LZWCGA, an individual is a binary string in a compressed form.   
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... 

2)  Generate two individuals from the vector 

          a := generate(p) 

          b := generate(p) 

D) Decode and decompress both individuals 

          a := decompress(decode(a))   

          b := decompress(decode(b))   

3)  Let them compete. 

          winner, loser := evaluate(a, b); 

... 

 

Figure 11  LZWCGA pseudo code 

 

Watchanupaporn and Suwannik (2010) proposed LZWCGA with a 

probability matrix. The original cGA uses a probability vector to represent the whole 

GA population. However, LZWCGA uses a probability matrix instead of a single 

probability vector because LZWGA's chromosome is an array of integer. Each 

column of the probability matrix is a probability that a particular integer value will 

occurs for each gene. We found the LZWCGA's performance is comparable to 

LZWGA on OneMax and Trap problem. 

 

2. Lempel-Ziv-Welch Mutual-Information-Maximizing Input Clustering 

Algorithm (LZWMIMIC) 

 

Watchanupaporn and Suwannik (2011) proposed LZWMIMIC. The 

proposed algorithm combines the LZW compressed chromosome encoding and 

Mutual-Information-Maximizing Input Clustering (MIMIC) algorithm. The 

performance of the original MIMIC and LZWMIMIC are compared on standard 

benchmark problems. Further, compressed chromosome length and problem size are 

varied to see their effect in the performance. The experimental results show that 

LZWMIMIC outperforms the original MIMIC. LZWMIMIC performs well when the 

problem is large. We investigated two parameters related to the compressed encoding 
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in LZWMIMIC and found that the length of a decompressed binary chromosome 

affects the performance of LZWMIMIC.  

 

3. Lempel-Ziv-Welch Bayesian Optimization Algorithm (LZWBOA) 

 

Watchanupaporn and Suwannik proposed the algorithm LZWBOA which 

combines the compress encoding and probabilistic model building. BOA is a 

multivariate EDA. It can model a problem with multiple dependencies between 

chromosome positions. We used a C++ implementation of BOA written by Martin 

Pelikan (1999). We conducted experiments to compare the performance of BOA and 

LZWBOA. 

 

 LZW encoding improves the performance of every type of EDA. For cGA, 

the LZW version outperforms the original version on all test problems except 

OneMax, for which the performance of both versions is similar. For MIMIC, LZW 

encoding also outperforms the binary encoding in almost every cases. Moreover, 

LZW encoding scales much better than the original encoding. Finally, among the 

tested EDAs, LZWBOA gains the most performance when LZW encoding is used. 

 

 Adding LZW decompression to each fitness evaluation would seem to 

increase the overall evolution time. However, this is not true if LZWEDA can 

determine a solution in fewer generations. From our experimental results, for the same 

problem size (i.e., the original encoding and LZW encoding with a 1x compression 

ratio), LZWEDA can determine the optimal solution faster than the original EDA 

(with only 2 exceptions: cGA's 800-bit OneMax and MIMIC's 100-bit Four-Peak). 

LZWBOA is superior to LZWCGA and LZWMIMIC in the sense that it can reliably 

find optima most often for every compression ratio. However, for the 1x compression 

ratio, LZWCGA can determine a solution faster than the other algorithms. 

 

 EDA with LZW scales better than the original EDA. As the problem size 

becomes larger, the performance gap between LZW encoding and the original 

encoding are also wider. The performance gaps of cGA and LZWCGA in 100, 400, 
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800-bit problems are 3.64%, 10.15%, and 18.00% respectively. The gaps of MIMIC 

are −0.38%, 0.47%, and 11.23%. The gaps of BOA are 0.67%, 10.94%, and 19.37%. 

 

Adding LZW decompression to each fitness evaluation seem to increases 

the time per generation. However, this is not true when the length of the LZW-

encoded chromosome is less than the original problem size. For example, in LZW 

encoding, we can use a 50-bit chromosome to solve a 100-bit problem. The 

decompression time is O(n), whereas the time to probabilistically model the 

population is typically larger than that required by the sophisticated EDA (e.g., O(n
2
) 

for MIMIC and O(n
2
N+n

3
) for BOA). The experiment shows that, with the 

compression ratio 0.5x, LZWMIMIC and LZWBOA are faster than the original 

versions.  

 

 Among various EDA, BOA exhibits the best performance in term of the 

number of fitness evaluations. However, cGA can provide competitive result faster. 

Additionally, the compactness of LZW encoding makes it attractive for many EDA 

that have large time complexity. Finally, LZW encoding can alleviate the memory 

shortage problem. For instance, if the program runs out of memory when solving a 

1600-bit problem, then we might try using a 1000-bit LZW chromosome to solve the 

same problem. 
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4. Analysis of Fitness Landscape for LZWEDA 

 

 The difficulty of a problem depends on two factors: the size of search 

space and the shape of fitness landscape. A problem with a larger search space is 

usually more difficult to solve. LZW encoding mitigates the problem of a large search 

space. Moreover, a problem with a more complex fitness landscape is more difficult. 

For example, OneMax is an easy problem because the fitness value can be used to 

guide the search in the correct direction.  

 

 In OneMax problem, for an 8-bit compressed chromosome, the landscape 

is more complex than the landscape for a 10-bit uncompressed chromosome. 

However, as the number of bits of the uncompressed chromosome increases, the 

landscape can guide the search better. One reason is because there are more solutions 

in the search space.  

 

 The Trap problem is very difficult to solve because the fitness landscape 

deceives the search into moving away from the global optima. However, when the 

search space is transformed using LZW encoding, the landscape can obviously better 

guide the search to the global optima. 

 

 The Four-Peak problem has local optima. Moreover, many individuals 

have low fitness values. However, when the search space is transformed by LZW 

encoding, many individuals have higher fitness values (the darker areas move up). 

Moreover, as the size of the compressed chromosome increases, separate part of the 

landscape becomes wider. Therefore, it is easier to move to a separate part of the 

landscape with higher fitness values. 

 

 We analyzed how LZW encoding changes the fitness landscape. LZW 

completely transforms the fitness landscape.  Moreover, different compression ratios 

have different fitness landscapes. Furthermore, the number of the optimal solutions in 

the transformed landscape is not equal to those in the original landscape. 
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 In this analysis, there are some cases where the compressed chromosome 

is larger than the decompressed one. However, in the actual use, which the problem 

size is larger, the size of the compressed chromosome is usually less than that of the 

uncompressed chromosome. The reason why our analysis uses only small problems is 

because we have measured the fitness of every chromosome and each chromosome’s 

distance to the solution. It would take a significant amount of time to analyze longer 

chromosomes. 

 

5. Generality of LZW Encoding 

 

Compressed encoding tends to perform well in a class of problems with 

high regularity solution. Moreover as reported in (Chamlamai and Suwannik, 2007), 

compress encoding cannot compete with original encoding when a solution is 

constructed by randomness. However, due to previously mentioned benefits, there 

should be attempt for the further study of the compress encoding. The problem 

presented in this subsection is different from the benchmark problem because its 

structure is unknown and its solution is not regular.  

 

 To demonstrate the effectiveness of LZWEDA, we investigate the 

LZWCGA on Robot arm control programs (Suwannik et al., 2005). This problem 

simulates a robot arm in a working environment. Figure 12(a) shows the initial robot 

arm configuration. The three lines are the obstacles. The target is located near the 

bottom of the figure. The objective is to moves the tip of robot arm to the target (see 

Figure 12(b)). The rotation step for each joint is 15 degrees clockwise and counter 

clockwise. The arm can sense if it hits an obstacle and knows the distance between the 

tip and the target. The arm cannot move any of its parts out of the boundary. A 

chromosome contains robot moving instructions (see Figure 13). After a robot 

executes all instructions in the chromosome or after it reaches the target, its fitness 

value will be calculated as follows. 
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(a)  Initial robot arm configuration 

 

(b) The robot arm reaches the target 

 

Figure 12  A simulated robot arm and its working environment 

 

Instruction1 Instruction2 Instruction3 … Instruction600 

 

Joint number Rotation direction 

 

Figure 13  Robot arm control program is an array of instructions. Each instruction 

consists of joint number and rotation direction 

 

 We used cGA and LZWCGA to solve the robot arm problem. We varied 

the length of LZW chromosome by one half of, equal to, and double of the problem 

size. On average, the best performance is obtained when LZWCGA uses the same 

chromosome length as cGA.  LZWCGA can find solution using about 4 times less 

number of fitness calculations than cGA. In summary, LZWCGA is more robust and 

can solve the real world problem. 
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Local Search Techniques 

 

1.  Hill Climbing (HC) 

 

 HC is a local search technique. It finds a better neighbor. If no such 

neighbor exists, HC returns the current chromosome. The neighbor of a binary 

individual is an individual that has one bit difference from the current individual. The 

search is illustrated in Figure 14 and Figure 15. The point c is a current point and n1, 

n2 are its neighbors. In Figure 14, the search will move to n2, which will eventually 

move to the global optimum. However, in Figure 15, the search will select n1 as a new 

current point and will be stuck in the local optimum. The major problem of HC is the 

search is likely to be stuck in local optima. 

 

 

 

Figure 14  Hill climbing can find the global optimum 

 

 

 

Figure 15  Hill climbing will be stuck in a local optimum 
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 2.  Simulated Annealing (SA) 

 

  SA is a probabilistic optimization method proposed in Kirkpatrick et al. 

(1983). SA is one of local search techniques. Contrary to HC, SA may accept 

neighbor with less fitness in order escape from local optima (see Figure 15). The plot 

of probability of accepting inferior solution (Equation (4)) is shown in Figure 16. This 

technique mimics metal cooling. At the beginning of the search, the variable T or 

temperature has high value. As the search progress, the temperature is decreased. 

According to the Equation (4), during the beginning of the search, SA is more likely 

to accept an inferior solution than during the end of the search.  

 

T

f

e

P ∆=
1

 (5) 

 

   where P is a probability. 

                              f∆ is fitness difference. 

                               T is temperature. 

 

 

 

Figure 16  Probability of accepting inferior solution in Simulated Annealing 
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MATERIALS AND METHODS 

 

Materials 

 

1.  Hardware : Intel(R) Core(TM) i5 CPU 650 @ 3.20 GHz, 4.00 GB of RAM           

(3.87 GB usable) 

 

2.  Operating System :  Microsoft Windows 7 Ultimate, 64-bit  

 

3.  Software : 

 

     2.1  Java Development Kit:  JDK 6.0  

 

     2.2  NetBeans IDE 7.2.1 

 

Methods 

 

1.  Algorithms 

 

1.1 LZW Differential Evolution 

 

  DE evolves vectors of real numbers. In this work, DE applied to solve a 

problem with binary solution. The idea is to convert a real vector into a binary string. 

After that, the binary string is evaluated according to a fitness function. The fitness 

will be returned to DE, which will proceed as usual. There are many ways to convert a 

real vector to a binary string. For example, simple real-to-binary DE (SDE) converts 

using the rule Xi < 0.5 ? 0 : 1, which is quite wasteful because one 64-bit double 

variable which represent Xi  will be convert to just 1 bit. This work proposes the use 

of compression algorithm as more efficient real vector to binary conversion.   
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 To use LZW compressed encoding with DE, we add a conversion and 

decompressing step before a fitness evaluation. As shown in Figure 17, the real value 

DE vector is converted to an LZW chromosome, which is an array of integers. To 

convert a real number to an integer, a fraction part is truncated. After that, the integer 

array is decompressed to a binary string. LZW decompression algorithm cannot 

decompress arbitrary input. Each code in an integer array must satisfy the constraint 

given in Equation (6) (Kunasol et al., 2005). Any positive integer can be changed to 

satisfy the constraint by modulo with i+2. 

 

10 +≤≤ iai  (6) 

 

where i is a zero-based array index. 

 

Implementing an LZW chromosome encoding in an object-oriented language 

is easy. The core algorithm does not have to be modified to support LZW encoding. 

Rather, as shown in Figure 18, our implementation of the core DE algorithm (see  

Figure 19) evaluates a real vector using a method double evaluate (double[ ] vector) in 

an interface Evaluator. An abstract class LzwEvaluator implements the interface by 

converting the variable vector to a variable binaryString, calling an abstract method 

double evaluate (byte[ ] binaryString), and returning the value obtained from the 

method. For each benchmark problem, we extend the class LzwEvaluator and 

implement the abstract method which evaluates the variable binaryString.  

 

Note that even though the original DE can be instantly used with LZW 

encoding, we modified the vector initialization and offspring generation to satisfy the 

constraint given in Equation (6). LZWDE is created by modifying two steps in DE as 

shown in Figure 20. We also would like to point out that there is no compression step 

involved in LZWDE. 
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Figure 17  Real vector to binary string conversion in LZWDE 

 

 

 

 

 

 

 

 

Figure 18  Implementing an LZW encoding in DE 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

DE vector 1.82 0.45 2.19 3.70 

     

 Truncate 

                                                  

LZW chromosome 1 0 2 3 

                                                  

 Decompress 

       

Binary string 1 0 1 0 0 1 

 

<<Evaluator>> 

LzwEvaluator 

OneMaxLzwEvaluator RoyalRoadLzwEvaluator 
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Algorithm DE 

   output : real vector 

    

        initPopulation()       

        evaluateAllVectors() 

        while notTerminate()  

             for each vector X in population 

                   (A, B, C) ← random 3 different vectors 

                   for each real value Xi in the vector X        

                          Triali = isCrossover() ? Ai + F(Bi − Ci) : Xi  

                   if cost(Trial) < cost(X) 

                          add Trial to nextPopulation 

                   else  

                          add X to nextPopulation 

             population = nextPopulation 

        return bestVector             
 

 

Figure 19  Differential Evolution algorithm 

 
        

  initPopulation()     

 

        for each vector X in population 

for each real value Xi in the vector X       

      Xi ← Math.random() × (j + 2) 

 

  cost(X : real vector) 
         

        L ← convertRealToInteger(X) 

        B ← decompress(L)        

        return evaluate(B) 

 

The variable L is LZW chromosome. 

The variable B is binary string. 

 

Figure 20  LZWDE is created by modifying 2 steps in DE: initPopulation() and 

cost(X)  
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1.2 Arithmetic Coding Differential Evolution 

 

  ACDE (Arithmetic Coding Differential Evolution) combines Arithmetic 

Coding compression algorithm (AC) with Differential Evolution (DE).  DE evolves 

vectors of real numbers.  During the evolution, AC decompresses each vector of real 

numbers to a binary string.  After that, the binary string is evaluated and its fitness is 

returned to DE.  Therefore, ACDE is an algorithm that evolves a population of binary 

strings. A pseudo code for Arithmetic Coding decompression used in ACDE is shown 

in Figure 21. The algorithm runs in O(l) time, where l is the number of bits to be 

produced. 

 
 

Algorithm  Arithmetic Coding Decompression 

    input:         p, c : double 

    output:      data : binary string 

start ← 0 

center ← p 

end ← 1.0 

for (i ← 0; i < data.length; i++)  

    if (c < center)  

        data[i] ← 0 

        end ← center 

        center ← start + (center − start) × p 

     else  

        data[i] ← 1 

        start ← center 

        center ← start + (end − center) × p 

 end for  

 

start is the starting point of the first interval 

center is the starting point of the second interval and the 

ending point of the first interval 

end is the ending point of the second interval 

 

Figure 21  Arithmetic Coding Decompression pseudo code 
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DE vector 0.4 0.6 0.3 0.1 

  

0 1 1 0 1 

 

Figure 22  Decompressing a real vector to a binary string in ACDE (compression 

ratio = 5) 

 

 

 

Figure 23  One real value in an ACDE vector can be decompressed to several bits 

(compression ratio = 2) 

 

  By applying AC to DE, we made some modifications to DE algorithm. The 

inputs of AC decompression algorithm are two numbers p and c (probability and 

code) and the output is a binary string (see Figure 22 and Figure 23). For example, the 

input (0.4, 0.6) will produce the output 1011 (see Figure 9). In this study, instead of 

evolving both p and c, we fixed the value of the probability p to 0.5. Each variable in 

the optimized vector is the code c. The range of the code is [0, 1). Therefore, every 

variable in the vector is initialized to be in the range. Moreover, the result of trial 

vector calculation has to be constraint to the range, there is no such constraint in the 

original DE. 

 

  Before the fitness evaluation, a vector of real variables X is decompressed to a 

binary string B. Each code X[i] is decompressed to the binary string in the (i × r)
th

 to 

((i+1) × r − 1)
th

 positions, where r is a compression ratio or the number of bits that 

each code produces. After the decompression, the binary string is evaluated. The 

pseudo code for decompressing a DE vector X to a binary string B is as Figure 24. 

 
 

 

DE vector 0.4 0.6 0.3 0.1 

 

 Decompress 

         

Binary string 0 1 1 0 0 1 0 0 
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Algorithm Decompress (X) 

         B = allocate a binary string with the length r×X.length 

         for i = 0 to X.length−1 

                start = i×r 

                end = (i+1)×r−1 

                 B[start..end] = AC_decompress(X[i]) 

        end for 

        return B 

 

X  is a real value vector. 

B  is a binary string. 

r   is a number of bits that each code will be decompressed. 
 

 

Figure 24  ACDE with local search decompression pseudo code 

 

1.3 Arithmetic Coding Differential Evolution with Local Search 

 

  To further improve the performance, we add a local search algorithm to 

ACDE. As shown in Figure 25, for each generation, after all trial vectors are created, 

the best real vector is decompressed to a binary string. Then, the local search is 

applied on the binary string to find a better neighbor. In this study, we use two local 

search techniques: hill climbing (HC) and simulated annealing (SA). After that, the 

output from the local search is compressed into a real value vector. Finally, the best 

vector in that generation is replaced by the output of compression algorithm. 
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Figure 25  Local search in ACDE 

 

 

1.4 LZWGA 

 

       The main difference between LZWGA and GA is that an LZWGA 

chromosome is in a compressed format. An LZWGA chromosome is an array of 

integers. It has to be decompressed to a binary string before its fitness can be 

evaluated. After fitness evaluation, the new population is created to replace the old 

population. The algorithm repeats the process of decompression, fitness evaluation, 

and creating a new population until a solution is found or a maximum generation is 

reached. The pseudo code of LZWGA is shown in Figure 26. 

 

       The algorithm begins by randomly creating the first generation of 

compressed chromosomes. A chromosome in the first generation are created as a 

random integer array with the constraint that the integer in the i
th

 index of a 

chromosome must not have value greater than i+1. Otherwise, the chromosome 

cannot be decompressed. In order to generate a valid value of the i
th

 integer, a random 

non-negative integer is modulo with i+2. 

 

0.8 0.1 0.5 

   

0.2 0.4 0.3 

   

0.5 0.2 0.9 

   

0.4 0.6 0.3 

 M  

 

0.1 0.6 0.4 
 

 

Find best 

Decompress 

0 1 1 0 0 1 

 

Local search 

0 1 0 0 0 1 

 

Compress 

0.325 0.125 0.325 

 

0.4 0.6 0.3 
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 For example, an LZWGA chromosome that can be successfully 

decompressed is {1,2,3}. The decompression algorithm will output a binary string 

111111. After decompression, a dictionary has the entries (0,0), (1,1), (2,11), and 

(3,111). Another valid chromosome is {0,1,2}. The decompression algorithm will 

output a binary string 0101.  

 

 If the i
th

 integer in an LZWGA chromosome is invalid, the dictionary look 

up will fail after the (i+1)
th

 integer is read. An example of an invalid chromosome is 

{1,3,1}. Before entering the loop in Figure 26, the input ''1'' (the 0
th

 integer in the 

chromosome) is read and the algorithm output 1. In the first iteration, the algorithm 

reads ''3'' (the 1
st
 integer), adds to dictionary the string 11 at the entry 2, and outputs 

11. In the second iteration, the algorithm reads ''1'' (the 2
nd

 integer), and fail when 

trying to execute str(''3'').  

 

 Before evaluating the fitness of the chromosome, the fixed length 

compressed chromosome is decompressed using LZW Decompression algorithm. 

Because the chromosome in LZWGA is compressed, it has to be decompressed before 

its fitness evaluation. A compressed chromosome is decompressed using LZW 

decompression algorithm. The result is a binary chromosome. The length of the 

decompressed chromosome is varied.  

 

 If the length is more than the size of the problem size, the excess bits are 

discarded. After that, the decompressed binary string is evaluated. The result becomes 

the fitness value for both compressed and decompressed chromosomes. If the length 

is less than the problem size, LZWGA will evaluate the fitness of available bits. For 

example, in 12-bit OneMax problem, if the length of a decompressed chromosome is 

10, then we count the number of 1's in those 10 bits. As another example, in 12-bit 

Trap problem with 4-bit block size, if the length of a decompressed chromosome is 

10, then we calculate the fitness for only available first two blocks, which is 8 bits. 

Finally, in 12-bit Long Path problem, if the length of a decompressed chromosome is 

10, then we will fill another remaining 2 bits with 0's.  Otherwise, we cannot calculate 

its fitness.  
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 LZWGA creates the population of the next generation by selecting, 

recombining, and mutating compressed chromosomes. A highly fit chromosome is 

likely to be selected using any selection method such as tournament or roulette-wheel 

selection. Compressed chromosomes can be recombined using single-point, two-

point, or uniform crossover. Because each of these crossover methods does not 

change the position of each integer, it automatically creates valid chromosomes that 

each integer satisfies the constraint. Therefore, the offspring is valid and can be 

decompressed. Mutation changes an integer in uncompressed chromosome to a 

random value that satisfies the constraint.  

 
 

 

Algorithm LZWGA 

    

   output : binary string  

       Z  ←  create_first_generation() 

       repeat 

                 P  ←  decompress(Z) 

                 evaluate(P) 

                 Z  ←  create_next_generation(Z) 

       until is_terminate()   

       return best_chromosome 

 

The variable Z is the population of compressed chromosomes 

The variable P is the population of uncompressed binary chromosomes 
 

 

Figure 26  LZWGA pseudo code 
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2.  Benchmark Problems 

 

This section describes the benchmark problems used in this work. The 

problems include OneMax, RandomMax, Royal Road, Trap, Random Trap, Deceptive 

order-3, Four-Peak, Six-Peak, Long Path, NK Landscape, and Ising Spin Glass. 

RandomMax and Random Trap is a random-version of OneMax and Trap 

respectively. 

 

      We use the synthetic problems to assess the strengths and weaknesses of 

compressed encoding. The advantage of using a synthetic problem is that its 

structures (i.e., relationship between variables) are known. Thus, we can assume that 

if an algorithm can solve the problem, it can also solve a class of problems that have 

the same structure. Moreover, an algorithm that can solve problems with more 

complex structures is more sophisticated and is likely to solve a problem with a 

simpler structure. 

 

2.1  OneMax Problem 

 

       The OneMax problem is a widely used problem for testing the 

performance of various genetic algorithms. The problem can easily be solved even by 

univariate EDA. The problem can be called bit counting. Formally, this problem can 

be described as finding a string kxxxx ,,, 21 K
r
= , where , { }1,0∈ix , that maximizes 

the following equation: 

 

∑
=

=
k

i

ixxF
1

)(
r

 (7) 

 

2.2  RandomMax Problem 

 

   A random version of OneMax is called RandomMax. This problem was 

designed to be unfavorable against an optimizer that has a bias toward high regularity 

solution such as LZWGA (Chamlamai and Suwannik, 2007).  
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 The optimum of OneMax is in the string of all ones. RandomMax problem 

is based on OneMax problem but an optimal solution is a random binary string. The 

objective is to maximize the number of bits that match that random string. Thus, 

instead of counting the number of 1’s in the binary string, this function counts the 

number of matches between a binary string and a prespecified random binary string. 

An example of this is shown in Figure 27. The fitness of an example individual is 3 

because there are 3 bits that match the solution. Although this problem is difficult for 

LZWGA, it can still easily be solved even by univariate EDA. 

 

1 0 1 1 0 
 

 

1 1 0 1 0 

 

                                   
 

 

Figure 27  RandomMax fitness evaluation 

 

2.3  Royal Road Problem 

 

  A Royal Road function has dependency among variables in the same 

block. The Royal Road function, denoted by R, is defined as: 

 

( ) ( )




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otherwise;
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ii
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 where  ci  is a coefficient of each schema si .  ci is normally equal to k. 

    

             si is a schema (i.e., a chromosome template) that have 1 defined in 

the range i×k to ((i+l)×k)−l, where k equals to a block size. All other positions contain 

a wild card '*'.  Figure 28 shows a set of schemata, when k = 5. 

  

 

   

Solution 

Individual 

     Fitness        1  +  0  +  0  +  1  +  1  =  3 
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  s0 = 11111********** 

  s1 = *****11111***** 

  s2 = **********11111 

 

Figure 28  Schemata of Royal Road problem 

 

2.4  Trap Problem 

 

  The Trap function can fool the gradient-based optimizers to favor zeros, 

but the optimal solution is composed of all ones. The Trap function is a fundamental 

unit for designing test functions that resist hill-climbing algorithms (see Figure 29). 

A k-bit trap function is defined as: 
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where ∑
=

==
k

i

ixux
1

},1,0{
r

 

          lowhigh ff > . Usually, highf  is set at k and lowf  is set at k−1. 

 

  The Trap problem can be decomposed into several Trap functions. The 

problem, denoted by kmF × , is defined as 

 
k

iikmkm KKFKKF }1,0{),()( 1 ∈=× K  (10) 

 

The m and k are varied to produce a number of test functions. 
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Figure 29  Trap function 

 

2.5  Random Trap Problem 

 

  Random Trap problem (Watchanupaporn and Suwannik, 2010) is similar 

to Trap problem. The Random Trap problem of order k is defined using the same 

partitions as trap of order k, but each part is compared against a random binary string 

defined as a solution. The function counts the bits that are equal to the randomly 

preset solution. This problem is designed to reduce the effectiveness of LZW 

compressed encoding evolutionary algorithm in solving a problem with high 

regularity solutions. Figure 30 shows how to evaluate Random Trap 10-bit. The 

fitness value for this example is 8. 

 

            Scores   4 3 2 1 0 5 
 

Random block 1 0 1 1 0 
 

      Individual 0 1 1 0 1 1 0 1 1 0 

                                     

 

Figure 30  Random Trap fitness evaluation 

 

 

 

 

0              1               2               3              4               5 

      Fitness                 3                    +                     5       =      8                                 
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2.6  Deceptive Order-3 Problem 

 

  In Deceptive problem (Goldberg, D.E., 1989), an individual composes of 

several blocks.  Each of the blocks is evaluated by a deceptive function. The deceptive 

function can fool the gradient-based optimizers to favor zeros, but the optimal 

solution is composed of all ones. It is a fundamental unit for designing test functions 

that resist hill-climbing algorithms. The order-3 deceptive function is defined as: 

 

f(000) =     28 

f(001) =     26 

f(010) =     22 

f(100) =     14 

f(011) =      0 

f(101) =      0 

f(110) =      0 

f(111) =     30 

 
 

  The deceptive problem can be decomposed to several deceptive functions. 

The problem, denoted by fm , is defined as: 

 

3}1,0{

1

),()...1( ∑
=

∈=
m

i
KiKifK mKf m  (11) 

 

2.7  Four-Peak Problem 

 

        The Four-Peak problem (De Bonet et al., 1997; Baluja and Caruana, 

1995) has two global optima and two suboptimal local optima, which make a total of 

4. The problem is defined as follows. 

 

),()),0(),,1(max(),( TxrxtxhTxf
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where  
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xinsbtrailingofnumberxbt
rr

'),( =  (14) 
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 x
r

is an input vector. 

  N is the length of a chromosome.  

  T is a threshold. In this work, T is 10% of N. 

  b is a value of bit. 

 

        For a 10-bit Four-Peak problem, the global optima are 1100000000 and 

111111100. The local optimums are chromosomes with all 1's and all 0's. The fitness 

of the 10-bit optima is 18. The fitness of the 10-bit local optima is 10. 

 

2.8  Six-Peak Problem 

 

       The Six-Peak problem (De Bonet et al., 1997) is harder than the Four-

Peak problem even it has two more global maxima than the Four-Peak problem. The 

definition of the problem is similar to that of the Four-Peak problem but the definition 

of ),( Txr
r

is changed as follows. 
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       The optimal solutions of this problem are the same Four-Peak problem 

and there are two additional global maxima. For a 10-bit problem. The two additional 

global optimums are chromosome 0000000011 and 0011111111. The fitness of the 

optima is equal to that of the Four-Peak problem with the same problem size. 

 

 

 

 



 

44 

2.9  Long Path Problem 

 

  Long Path problem (Horn, J. et al., 1994) is a problem that can be solved 

by a hill-climbing algorithm. However, it is not practical to solve this problem using a 

hill climbing algorithm. This is because climbing the hill (or the path) takes 

exponential time. Each point in the path is differed by one bit. The path is constructed 

such that is exponentially long. The height from the bottommost of the hill to the top 

is equal to: 

 

  223)(
2/)1( −+×= −

llHillHeight
l

 (17) 

  

 where  l  is a chromosome length. 

 

 Figure 31 shows chromosomes in a path and its fitness value. The 

chromosome that is on a path will have fitness equal to its position number plus the 

chromosome length. For example, the fitness of the chromosome 00111 is equal to 8. 

The chromosome that is not on a path will have fitness equals to the number of 0’s in 

the chromosome.  

 

  position 

0  0 

1  1 

 

(a) 1-bit 
 

    position 

0 0 0  0 

0 0 1  1 

0 1 1  2 

1 1 1  3 

1 1 0  4 
 

                                                     (b)  3-bit 
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      position 

0 0 0 0 0  0 

0 0 0 0 1  1 

0 0 0 1 1  2 

0 0 1 1 1  3 

0 0 1 1 0  4 

0 1 1 1 0  5 

1 1 1 1 0  6 

1 1 1 1 1  7 

1 1 0 1 1  8 

1 1 0 0 1  9 

1 1 0 0 0  10 

 

                                                          (c)  5-bit 

 

Figure 31  Chromosomes in a path of a Long Path problem 

 

2.10 NK Landscape Problem 

 

    The problem (Pelikan, M., 2010) is defined as follows: 

 

∑
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1
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 (18) 

 
    where x

r
 is a binary string, i is a position in a binary string, and N is the 

length of the binary string. 

 

    The value of ),( ixk
r

 is obtained from a table of size 2
k
 using the values 

from the ix
r

to 1−+Kix
r

 bits as indices (see Figure 32). Each entry in the table is 

randomly initialized. The fitness of this function depends on the value of the gene and 

its neighbors. The goal is to maximize the function. Unlike the previous problems, the 

optimal solution is unknown and depends on the seed of the random number 
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generator. Therefore, the performance of each algorithm is compared using the same 

set of seeds. 

 

  For example: K = 2,  multiplier = 100 

  Binary: 1101101001,  Fitness = 358 

  Table   0.730878   0.410081   0.207715   0.332717 

                          [0]              [1]              [2]             [3] 

  Fitness = (0.332717 + 0.2007715 + 0.410081 + … + 0.332717) × 100 

 

 For example, suppose that K = 2 and the table is randomly initialized 

with {0.730878, 0.410081, 0.207715, 0.332717}. A binary string 1101101001 would 

have a fitness value of 358. The values from the binary string 11, 10, 01, …, 01, 11 

are used as indices for table look up. Then, the look up results 0.332717, 0.2007715, 

0.410081, …, 0.332717 are summed and multiplied by 100. The reason that we 

multiply the result by 100 is because we will use only the integer part of the result. 

Such multiplying would move some significant digits in the decimal part to the 

integer part. 

 

 

... 
0 1 0 ... 

                                       

 

 

 

 

 

 

Figure 32  Addend is obtained by table look up in NK Landscape 
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 1  -1  1

 1

 1  1

 1 -1

 -1

-1 1

-1 -1

1 -1

-1 -1 1

1 -1 1

Table 2 

Table 1 

2.11   Ising Spin Glass Problem 

 

     A 2D spin glass model is a grid of atoms (Kindermann and Snell, 1980). 

Each atom has an atomic spin Si which is either +1 or −1. A coupling Ji,j between a 

pair of atoms i and j is randomly initialized. The problem is to find a configuration of 

spins which has the lowest energy. The table of configuration is generated for each 

run. The fitness is calculated by adding multiplication results of all edges. An 

example is shown in Figure 33. The energy is obtained by the following formula: 

 
 

∑
><

=
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jjii sJsenergy
,

,  (19) 

 

 

-1 1 -1 

-1 -1 1 

1 -1 -1 

 

 

 

Figure 33  Example of Ising Spin Glass fitness evaluation. A chromosome 

101101101 has a fitness value of 2 

 

-1 -1 1 

1 -1 1 

-1 -1 1 
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3.  Experiments 

 

3.1  LZWDE 

 

  In (Gong and Tuson, 2007), the authors applied DE to solve the following 

discrete optimization problems: OneMax, Royal Road, Order-3 Deceptive, and Long 

Path problems. We test the performance of our algorithm on the same benchmark. 

Every benchmark problem is a maximization problem.  However, since DE is a global 

minimizer, the fitness is transformed by multiplying the cost function with −1. 

 

  We conducted the experiment to compare the performance of LZWDE 

with Gong and Tuson’s binary adapted DE operators and with simple real to binary 

conversion DE (SDE). SDE, converts a real value to a binary using the rule (Xi < 0.5 ? 

0 : 1) 

 

  Table 2 shows the experimental parameters. The length of an LZWDE 

chromosome is less than an SDE chromosome. For example, in OneMax problem, the 

length of LZWDE is 1/5 of SDE. Before a fitness evaluation, the compressed 

chromosome is decoded and decompressed with LZW decompression algorithm. The 

length of the decompressed binary chromosome is varied depending on the code in 

the integer array. If the length is more than the size of the problem size, the excess 

bits are discarded. However, if the length is less than the problem size, LZWDE will 

evaluate the fitness of available bits. All experimental results are the average 

performance obtained from 30 runs. 

 

Table 2  Experimental parameters for LZWDE 

 

Parameter OneMax Royal Road 
Deceptive 

order-3 
Long Path 

Population size 50 30 100 30 

Problem size 500 80 300 29 

LZW chromosome length 100 20 25 10 

Maximum generation 500 500 2000 300 
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 3.2  ACDE 

 

3.2.1  ACDE for Binary Encoding 

 

   We conducted an experiment to compare the performance of 

ACDE with SDE. Table 3 shows the experimental parameters.  The compression ratio 

(i.e., the number of decompressed bits per code) is set to 5 because the problem size is 

divisible by this number.  Any numbers that can divide the problem size can be used 

but the result may not be the same. The population size for SDE and ACDE is set to 

10 times the number of variables in a vector.  However, since the compression ratio of 

ACDE is set to 5, the population is ACDE is 5 times smaller than that of SDE.  All 

experimental results are the average performance obtained from 30 runs. 

 

Table 3  Experimental parameters for ACDE 

 

Value 

Parameter 
Random 

Trap 

(Trap size: 5) 

NK 

Landscape 
Ising Spin Glass 

Problem size (bits)   50   100 25, 100, 225, 400 

Pop. size (SDE) 500 1000 250, 1000, 2250, 4000 

Pop. size (ACDE, ACDE-local) 100   200 50, 200, 450, 800 

ACDE’s compression ratio           5 5 5 

Maximum generations                  200   200 200 

 

3.2.2  ACDE with Local Search 

 

   We conducted an experiment to compare the performance of 

ACDE, ACDE with local search, and SDE. Table 4 shows the experimental 

parameters. We varied the problem size from 100 to 800 to see the scalability of each 

algorithm. The population sizes for each algorithm are varied. SDE is given largest 

population while ACDE and ACDE with local search are given the smallest 

population size. Generally, for evolutionary algorithm, larger population is likely to 

give higher quality solution but requires more computation time per generation. Note 
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that ACDE required only a decompression algorithm. However, ACDE with local 

search uses both decompression and compression. All experimental results are the 

averaged performance obtained from 30 runs. 

 

  For Ising Spin Glass, we varied the width from 10 to 30. For NK 

Landscape, we consider table of the size K = 4.  When K=1, there is no dependency 

among variable. The larger K means more dependencies. 

 

Table 4  Experimental parameters for ACDE with local search 

 

Parameter Value 

Problem size (bits) 100, 400, 800/900 (for Ising Spin Glass) 

Population size (SDE) Problem size × 10 

Population size (LZWDE) (Problem size ÷ 2) × 10 

Population size (ACDE, ACDE-local) (Problem size ÷ 5) × 10 

Maximum generation 200 
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RESULTS AND DISCUSSION 

 

Results 

 

1. LZW Differential Evolution (LZWDE) 

 

Gong and Tuson (2007) used different sets of parameters for OneMax, Royal 

Road, Deceptive Order-3, and Long Path problems. For each problem, they reported 

the result of 4 DE strategies which are: 1) any-change mutation and exponential 

crossover-DE/any/exp, 2) any-change mutation and binomial crossover-DE/any/bin, 

3) restricted-change mutation and exponential crossover-DE/res/exp, and 4) 

restricted-change mutation and binomial crossover-DE/res/bin. We compare their best 

experimental results with our best parameters for each problem. 

For each benchmark problem, we compare the performance of binary-adapted DE, 

SDE (simple real to binary conversion), and LZWDE. The result is shown in Figure 

34. The X-axis shows the number of generations and the Y-axis shows the average-

best fitness. In this Figure 34, the higher fitness indicates better result. LZWDE 

outperforms both DE and binary-adapted DE. Moreover, it is interesting to see that 

the performance of simple conversion is comparable to binary-adapted DE in Royal 

Road problem and better than binary-adapted DE in Long Path problem. 

 

Table 5 shows the average evolution time.  We ran the experiment on Intel 

Core i5 with 4GB of RAM.  In this table, we report only the time that DE successfully 

finds the solution. The number in the parenthesis is the success rate.  LZWDE can 

find the solution for every run.  We do not have the data for binary-adapted DE. 

Therefore, we only compare the time of  SDE  and  LZWDE.  In LZWDE, there is an 

LZW decompression step. Even with an additional step, the algorithm can still find a 

solution faster than SDE. SDE cannot find a solution for Deceptive Order-3 problem.   
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(a) OneMax 

 

(b) Royal Road 

 

(c) Deceptive order-3 

 

(d) Long Path 

 

Figure 34  Performance of DE, LZWDE, and Binary adapted DE on OneMax, Royal 

Road, Deceptive order-3, and Long Path problems 

 

Table 5  Average evolution time (in milliseconds) of DE and LZWDE to solve 

OneMax, Royal Road, Deceptive order-3, and Long Path problems 

 

                                                 Algorithm 

Problem 

                           SDE                               LZWDE 

OneMax 388.43 (100) 6.50 (100) 

Royal Road 36.42 (87) 29.10 (100) 

Deceptive order-3 - (0) 113.97 (100) 

Long Path 13.53 (100) 45.69 (98.84) 
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2. Arithmetic Coding Differential Evolution (ACDE) 

 

2.1  ACDE 

 

  We compare the performance of each optimization algorithm based on the 

quality of the solution. Optimization will stop when the optimum is found.  However, 

for the case that the optimal is unknown, we are interested in the best fitness value 

obtained when the evolution reaches a specific number of generations. The results are 

presented in Table 6 to Table 8.  The performance of ACDE is better than the simple 

real to binary conversion DE (SDE) in terms of solution quality and time.  For Trap 

and NK Landscape problem, the higher the fitness value means the better solution. 

However, in these tables, the lower value is the better because we multiply the fitness 

function with −1. For Ising Spin Glass, the lower fitness value already means the 

better solution. ACDE can solve Random Trap, the solution of which as no pattern. 

Moreover, ACDE is better than SDE in Random Trap and NK Landscape. 

 

 Visualizations of Table 7 and Table 8 are in Figure 35. ACDE with local 

search gives the best result in both NK Landscape and Ising Spin Glass problems. In 

subfigure (a), the X-axis shows the number of K in NK Landscape problem.  The 

larger K makes the problem more difficult.  In subfigure (b), the X-axis shows the 

width of Ising Spin Glass model.  The problem size is equal to width
2
.  ACDE with 

local search scales better than DE and ACDE. 

 

Table 6  Performance of SDE, ACDE, and ACDE with local search on 50-bit 

Random Trap problem 

 

Algorithm F CR Fitness Eval. Time (ms) 
Found 

(%) 

SDE 0.9 0.9 -48.40 99,450.00 171.50  27 

ACDE 1.0 0.1 -50.00 12,107.27 30.17  100 

ACDE-local 1.0 0.1 -50.00 17,912.57 31.20  100 
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Table 7  Performance of DE, ACDE, and ACDE with local search on 100-bit NK 

Landscape problem 

 

Average run seed 0-29, F = 0.5, CR = 0.1 

DE ACDE ACDE-local 

 

Algorithm

 

K 
Fitness 

Time 

(ms) 
Fitness 

Time 

(ms) 
Fitness 

 Time 

(ms) 

4 -7,248.08 835.67 -7,730.33 312.53 -7,780.43 325.20 

6 -7,072.41 957.83 -7,602.02 340.60 -7,715.08 370.00 

8 -6,974.24 1,113.83 -7,408.89 380.67 -7,504.06 428.37 

10 -6,830.64 1,253.73 -7,160.05 422.23 -7,324.18 476.83 

 

Table 8  Performance of DE, ACDE, and ACDE with local search on Ising Spin 

Glass problem 

 

Average run seed 0-29 

DE ACDE ACDE-local 

 

Algorithm 

 

   Width Fitness Time (ms) Fitness Time (ms) Fitness 
 Time 

(ms) 

5 -29.73 53.57 -29.67 10.60 -26.33 2.70   

10 -125.87 787.30 -73.73 286.40 -100.52 28.83 

15 -147.40 4,299.20 -116.67 2,439.27 -227.00 547.05 

25 -195.2 13,503.43 -161.00 12,021.83 -401.11 4,793.59 
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                                 (a)                                                                 (b) 
 

 
 

 

 

Figure 35  Performance of DE, ACDE, and ACDE-local on 100-bit NK Landscape 

and Ising Spin Glass problems 

 

2.2  ACDE with Local Search 

 

To improve the performance of ACDE even further, we add local search at 

the end of each iteration. The performance of ACDE with local search is compared 

with other DE adaptations and with BOA. Experimental results are shown in Table 9 

LZWDE performs poorly but outperforms SDE only in 400- and 800-bit NK 

Landscape problem.  Since we are interested in solving large problem, the focus 

would be at the result from 800-bit problems. At this problem size, adding 

compression can improve the effectiveness. ACDE can give solution with 7.45% 

better fitness value than SDE. Adding local search can improve the optimization even 

further.  ACDE with hill climbing and ACDE with SA is 29.87% and 37.81% better 

than ACDE.  When compared to sophisticated discrete optimization BOA, ACDE 

with SA can give 10.14% better quality and 28.61 times much faster than BOA. 
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5
6
 

 

Table 9  Comparison among ACDE with local search, other DE adaptations, and BOA. The bold numbers mean the optimal is found and 

the numbers in parentheses are the percentage of times that the optimal is found 

 

BOA DE LZWDE ACDE ACDE-HC ACDE-SA 

Problem Size 

Fitness 
Time 

(ms) 
Fitness 

Time 

(ms) 
Fitness 

Time 

(ms) 
Fitness 

Time 

(ms) 
Fitness 

Time 

(ms) 
Fitness 

Time 

(ms) 

100 
-100 

(100%) 
3,049 

-100 

(100%) 
788 -83 300 -96 239 

-100 

(100%) 
39 

-100 

(100%) 
137 

400 -386 266,603 
-400 

(100%) 
12,472 -249 5,648 -304 10,790 

-400 

(100%) 
7,667 -331 10,989 RandomMax 

800 -745 762,947 -795 40,026 -471 26,631 -535 74,905 -700 75,016 -586 78,151 

100 -83 4,750 
-100.00 

 (13%) 
601 -62 279 

-100 

(100%) 
261 

-100 

(100%) 
129 -96 260 

400 -306 262,649 -300 11,331 -192 5,089 -292 10,733 -345 10,648 -252 11,039 RandomTrap 

800 -585 1,261,021 -563 40,719 -355 16,991 -479 76,910 -605 76,316 -601 80,022 
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Table 9 (Continued) 

 

BOA DE LZWDE ACDE ACDE-HC ACDE-SA 

Problem Size 

Fitness 
Time 

(ms) 
Fitness 

Time 

(ms) 
Fitness 

Time 

(ms) 
Fitness 

Time 

(ms) 
Fitness 

Time 

(ms) 
Fitness 

Time 

(ms) 

100 -129 4,897 -123 677 -66 510 -128 226 -128 232 -122 189 

400 -436 564,240 -361 13,692 -214 10,643 -393 10,777 -421 10,831 -506 9,965 
Ising Spin 

Glass 

900 -828 5,466,827 -354 57,572 -306 41,632 -603 110,970 -943 112,142 -1,104 107,265 

100 -7,681 5,141 -7,692 831 -7,402 348 -7,818 265 -7,850 257 -7,798 309 

400 -29,738 616,745 -27,343 14,928 -29,176 5,627 -29,515 11,147 -30,900 11,132 -28,371 11,353 
NK 

Landscape 

800 -57,021 3,119,407 -52,782 53,119 -58,227 19,562 -56,452 78,114 -59,833 81,644 -55,425 82,170 
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Discussion 

 

In this section, we tried to explain why LZW encoding and Arithmetic Coding 

help improve the performance of DE.  

 

1.  Analysis of LZWDE 

 

1.1 Fitness Landscape Analysis 

 

1.1.1 Binary Fitness Landscape 

 

 The difficulty of a problem depends on two factors: the size of 

search space and the shape of fitness landscape. A problem with a larger search space 

is usually more difficult to solve.  In addition, a problem with a more complex fitness 

landscape is more difficult.  Example of complex fitness landscape is the one with 

many local optima or the one that leads evolutionary search away from the global 

optima. 

 

 To visualize the fitness landscape for a binary optimization 

problem, we enumerate all possible chromosomes, evaluate their fitness and measure 

distance from the solution, then plot the graph using the fitness and the distance. 

Figure 36(a) shows the fitness landscape of a 9-bit OneMax problem. The X-axis is 

the number of bits by which a chromosome differs from the solution. The Y-axis is 

the chromosome's fitness value. The darker area indicates a higher chromosome 

density. As shown in Figure 36(a), as the fitness increases, the chromosome is closer 

to the OneMax solution. Since evolutionary algorithm use fitness value to guide a 

search process, OneMax is an easy problem because the fitness value can guide the 

search to the correct direction.   

 

 On the contrary, Figure 36(c) shows the fitness landscape of a 9-bit 

Trap problem. The problem is more difficult to solve than OneMax because the 

fitness function deceives the search into moving away from the global optima. As the 
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fitness increase, the chromosome is more different from the solution. If we try to 

solve the Trap problem using a local search algorithm which produces a neighbor 

with 1 bit difference from the current position, the search will not be able to find the 

optimal solution. 

   

Figure 36(a) and (c) visualize the fitness landscape of two extremes. 

We can easily tell from the graph which problem is easier.  However, for a problem 

with difficulty in between, a subjective judgment should not be used to judge the 

complexity of fitness landscape. Therefore, we quantify the shape of a fitness 

landscape to one single number called fitness-distance correlation (fdc). We compute 

fdc or a correlation between fitness and distance using the formula given below. 

 

)()(

),cov(

DF

DF
fdc

σσ
=  (20) 

   

 where cov(F,D) is a covariance of fitness F and distance D. 

          )(),( DF σσ  is a standard deviation of F and D respectively. 

  

 From Equation (20), fdc value is in range [−1, 1]. 

 

• If fdc is 1 or a perfect positive correlation, it means that F 

and D always increase or decrease in the same direction. When F increases, D would 

also increase. 

• If fdc is equal to 0 or no correlation, then there is no linear 

relationship between F and D. 

• If fdc is −1 or a perfect negative correlation, it means that 

F and D increase or decrease in the opposite direction. For example, as the distance to 

a solution decreases, the fitness increases. 

  

 In this study, we prefer fdc value that is near −1 because as the 

chromosome is getting close to a solution (D is low), the fitness increases (F is high). 
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 The fdc of the test problems is shown in Table 10. For the GA 

column, we enumerate all possible chromosomes, evaluate their fitness and measure 

distance from the solution. Note that, we do not use the GA for calculation but we 

represent GA for representing binary fitness landscape. OneMax's fdc is –1, which 

means that easy problem. The fitness guides to the solution. In the contrast, Deceptive 

problem has positive fdc which means that as the fitness increases, the chromosome is 

getting further from a solution. In this test, LZWDE is mostly better than the others. 

 

 

 

 

 

 

 

 

 

 

               (a) OneMax 

 

 

            (b) Royal Road 

 

 

                  (c) Trap 

 

        (d) Deceptive order-3 

 

 

 

 

 

 

 

 

 

             (e) Long path 

 

Figure 36  The fitness landscape for binary optimization problems which are (a) 

OneMax, (b) Royal Road, (c) Trap, (d) Deceptive-3, and (e) Long Path. 

The size of all problems is 9-bit 
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Table 10  The FDC of the test problem 

 

Algorithm 

Problem 

GA SDE LZWDE 

OneMax -1.00 -0.63132 -0.78203 

Royal Road -0.65 -0.44755 -0.65961 

Deceptive order-3   0.32   0.16866 -0.08296 

Long Path   0.02 -0.00091 -0.07498 

 

1.1.2 Real-value Fitness Landscape 

 

 Our study use DE to solve binary problem. DE use real value 

vectors. The fdc cannot be calculated using the same method as in the previous 

subsection because of we cannot enumerate all possible real-value vectors as we 

enumerate all possible binary chromosome. For a binary optimization problem, there 

are finite amount of chromosomes given a fixed length binary string. A problem size 

n bit has 2
n
 possible chromosome. However, a single real-value in a DE vector, in 

theory, can have infinitely uncountable possible values. 

 

 Since we cannot enumerate all possible chromosomes, we instead 

explore the fitness landscape using random walk.  While an analysis procedure 

performs random walk, it records a fitness and distance to a solution. Each step of 

random walk imitates a trial vector generation process in DE. 

 

)__(1 vectorunitrandomFvectorvector tt +=+  (21) 

  

 In this study, we set the value of F equals to 0.1 in order to make the 

step not too long. For each problem, an analysis procedure explores 100 random 

starting points. For each starting point, the procedure random walks for one million 

steps. A real value in the vector is constrained within the range [0, 1]. 
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 Another difference between binary and real value analysis is as 

follows. For a binary problem, we calculate a Hamming distance from a chromosome 

to an optimal solution. In DE, Euclidean distance is calculated. The distance 

calculation depends on how real-to-binary conversion is done. In SDE, the rule for 

converting is Xi < 0.5 ? 0 : 1. Therefore, if a one bit of binary solution is 1, and the 

corresponding real value is in the range [0.5, 1), the distance would be zero. 

Otherwise, the distance would be 0.5 – Xi.  If a binary solution is 0, the distance 

would be zero when the corresponding real value is in the range [0, 0.5). Otherwise, 

the distance would be Xi – 0.5. 

 

 Table 10 shows fdc for each problem. Real value fdc and binary fdc 

are different due to the way we measure the distance and perform the random walk 

(see Figure 37 and Figure 38). 

 

                             

 

Figure 37  Visualization of random walking a fitness landscape. For each step, the  

fitness and distance to the solution are recorded for fdc calculation 
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Figure 38  A random unit vector is obtained by random a vector, calculate the length, 

and divide every random number with the length 

 

1.1.3  LZW Real-value Fitness Landscape 

 

  Although both SDE and LZWDE use real value vectors, the 

procedure to calculate the distance is different. In LZWDE, a real-value vector has to 

be converted to an array of integers before decompression and fitness evaluation. 

Thus, the distance calculation depends on how real to integer conversion is done. In 

this study, conversion is done simply by truncating a fraction part of a real number. 

An example of measuring the distance is as follows. Suppose that one integer in a 

solution array is 3. If the corresponding real value Xi is in the range [3, 4), the 

distance would be zero. If Xi is less than 3, then the distance would be 3 – Xi. 

Otherwise, the distance would be Xi – 4. To calculate a distance of a vector to a 

solution vector, the Euclidean distance formula is used. 

 

  The random walk process is similar to the previous subsection. The 

difference is that each real value Xi is constrained to the range [0, i+2). The value 

within this range can be converted to a valid input for LZW decompression algorithm 

because it satisfies the constraint given in Equation (21).   

 

  For some problem such as OneMax, the original binary encoding 

has only one solution. However, when the problem is encoded with LZW, there might 

5.04.03.0 22 =+  

0.0   0.1    0.2  0.3   

0.4 

0.3 

0.2 

0.1 

1
5.0

4.0
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3.0
22
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be more than one solution.  For example, an LZW chromosome of length 4 has 2 

solutions for 9-bit OneMax problem. In that case, the minimum distance from a 

vector to both solutions is used to compute fdc. 

 

  Table 10 shows fdc for each problem. For each test problems, LZW 

encoding has lower fdc than the original encoding. This explains why LZWDE 

performs better than SDE. 

 

2.  Analysis of ACDE 

 

 An analysis procedure of ACDE is similar to LZWDE but the distance matrix 

is different. In both algorithms, Euclidean distance is calculated. The distance 

calculation depends on how real-to-binary conversion is done. A binary solution is 

compressed to a real vector S. In ACDE, a distance from a real vector X to S is 

measured by the following rules.   

 

• If Xi is in the range [Si – half_range, Si+half_range), then the distance 

would be zero.  The value of half_range is 2
compression_ratio+1

.  This is because any value 

in the range would be decompressed to the same binary value.  

• Otherwise, if Xi is less than Si – half_range, the distance would be              

Si – half_range – Xi.   

• Otherwise, the distance would be Xi – Si+half_range. 

 

 In the case that there are many solutions, the minimum distance from Xi is 

used. 

 

 As shown in Table 11, for each problem, real value fdc and binary fdc are 

different due to the way we measure the distance and perform the random walk.  The 

fdc of ACDC is lower than that of GA only in some cases.  However, comparing fdc 

of different types of algorithm might not give much information about the 

effectiveness of each algorithm in solving a particular problem.  For the same 

algorithm ACDE, when varying the compression ratio, higher ratio tends to have less 
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fdc. Moreover, higher ratio makes the vector smaller which helps the search process 

in two ways: the search space is smaller and the less running time per iteration. 

 

Table 11  Fitness-distance correlation for binary landscape and compressed real 

vector landscapes (varied by compression ratios) 

 

Problems 
   GA 

(16 bits) 

   AC1 

(16 doubles) 

   AC2 

(8 doubles) 

  AC4 

(4 doubles) 

         AC8 

(2 doubles) 

AC16 

(1 double) 

RandomMax -1.0000 -0.6248 -0.5756 -0.4359 -0.3131 -0.2805 

Ising -0.4488 -0.2069 -0.1811 -0.2094 -0.1322 -0.3048 

NK -0.2245 -0.1393 -0.1602 -0.1662 -0.1814 -0.2952 

RandomTrap 0.3402 0.1940 0.1972 0.1200 0.0579 0.0821 
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CONCLUSION AND RECOMMENDATION 

 

Conclusion 

 

This study aimed to investigate compressed encoding in Evolutionary 

Algorithm. We applied two compression algorithms, Lempel-Ziv-Welch compression 

(LZW) and Arithmetic Coding (AC), to an efficient real value optimizer, Differential 

Evolution (DE). The results are binary optimizers called LZWDE and ACDE 

respectively. Therefore this work can be considered as an adaptation of DE to binary 

optimization. In addition to compressed encoding, we proposed simple conversion 

using the rule Xi < 0.5 ? 0 : 1 and called the scheme SDE. 

 

LZWDE combines LZW and DE, which are two completely different types of 

algorithm together. LZW is a compression algorithm. DE is a real value optimizer. 

This combination allows DE to solve binary optimization problems. When compared 

to previously DE adaptation, LZWDE can solve a problem in a very short amount of 

time. Moreover, it scales better than SDE and binary adapted DE. This study analyzes 

LZWDE by exploring the fitness landscape using random walk. The random walk 

imitates the trial vector generation in DE. We also proposed two distance metrics, one 

for SDE and another for LZWDE, to analyze simple real-to-binary conversion and 

LZW encoding. These metrics is used with a neighborhood function to compute 

fitness distance correlation (fdc). The result shows that, for the benchmark problems, 

LZW encoding not only reduce the search space, but it also simplifies the fitness 

landscape. However, LZW encoding has a major disadvantage. Its performance of 

LZW encoding is decreased in the random version of a benchmark problem while the 

performance of uncompressed encoding remains the same. 

 

 AC compression was applied to DE to solve discrete optimization problems. 

The resulting algorithm is called ACDE. We applied local search to ACDE and tested 

them with random version of existing benchmarks. Experimental results indicate that 

the algorithm outperforms BOA, which is one of the best multivariate EDAs, in term 

of solution quality and running time. This study also analyzed ACDE by random 
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walking the fitness landscape.  We proposed another distance metrics to measure the 

distance from a real vector to a solution vector. The random walk and the metric were 

used to compute fdc. The result suggested that higher compression ratio should be 

used in ACDE. 

 

Recommendation 

 

1. Generally, AC encoding should be used rather than LZW encoding. 

 

2. The higher compression ratio is recommended in ACDE. 

 

3.  Another real value optimizer, such as ES, can be transformed to a binary 

optimizer using our approach. 
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Appendix Table A1  Experimental parameters of LZWEDA 

 

Parameter Value 

Population size 1000 

Problem size (bits) 100, 400, 800  

Chromosome compression ratio (for LZWEDA) 1/2,  ×1, ×2 of problem size 

Tournament size (for LZWCGA) 2 

Tournament size (for LZWMIMIC) 16 

Tournament size (for LZWBOA) 4 

Mutation rate (for LZWMIMIC) 0.5% 

Maximum fitness evaluations (for LZWCGA) 100000 

Max generation (for LZWMIMIC, LZWBOA) 200 

 

Appendix Table A2  Performance of CGA and LZWCGA 

 

Time (ms) 

LZWCGA Problem 
Problem 

Size cGA 

0.5x 1x 2x 

100 119.60 1,826.77 50.97 7.73 

400 988.83 7,002.00 893.07 124.73 OneMax 

800 2,959.50 13,859.10 3,006.20 364.00 

100 516.97 1,917.73 63.96 9.73 

400 2,012.07 7,051.00 13,899.67 235.20 Trap 

800 4,078.17 13,966.27 1,725.00 493.82 

100 539.67 1,900.93 37.50 7,110.03 

400 2,200.67 6,984.93 13,854.60 27,370.43 FourPeak 

800 4,364.13 13,764.37 27,275.03 53,891.90 

100 315.00 832.13 70.37 2,962.87 

400 1,238.30 2,967.77 1,470.91 11,252.67 SixPeak 

800 2,480.73 5,806.53 11,301.77 22,429.20 

100 304.23 564.57 1,009.87 1,808.07 

400 1,195.37 2,088.83 3,810.67 7,096.60 
NK Landscape 

(K=2) 
800 2,482.87 3,997.10 7,195.47 13,287.70 

100 346.33 610.50 1,046.23 1,831.97 

400 1,430.00 2,220.40 3,856.33 6,882.73 
NK Landscape 

(K=4) 
800 2,884.93 4,496.47 7,509.83 7,509.83 

100 408.70 665.60 1,108.13 1,904.77 

400 1,673.37 2,394.07 4,087.23 7,228.53 
NK Landscape 

(K=6) 
800 3,404.43 4,686.27 7,997.60 14,143.50 
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Appendix Table A3  Performance of CGA and LZWCGA (averaged only runs that 

found the optimal). The numbers in parenthesis are the 

percentage of runs that optima are found. In its absence, the 

algorithm can always find the optima 

 

Time (ms) 

LZWCGA Problem 
Problem 

Size cGA 

0.5x 1x 2x 

100 119.60 - 50.97 7.73 

400 988.83 - 893.07 124.73 OneMax 

800 2,959.50 - 3,006.20 364.00 

100 - - (80)  63.96 9.73 

400 - - - 235.20 Trap 

800 - - (3.33)  1,725.00 (93.33)  493.82 

100 (20.00)  539.67 - (6.67)  37.50 - 

400 - - - - FourPeak 

800 - - - - 

100 (3.33)  315.00 - 70.37 - 

400 - - (36.67)  1,470.91 - SixPeak 

800 - - - - 
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Appendix Table A4  Performance of MIMIC and LZWMIMIC averaged over 30 

runs 

 

Time (ms) 

LZWMIMIC Problem 
Problem 

Size MIMIC 

0.5x 1x 2x 

100 599.90 4,759.00 195.57 446.87 

400 35,147.50 93,769.43 6,854.33 11,609.90 OneMax 

800 495,394.40 260,757.00 45,789.73 92,526.97 

100 14,877.87 5,558.73 180.10 444.47 

400 382,682.83 94,977.30 6,755.83 11,617.30 Trap 

800 2,108,066.57 312,075.00 74,822.30 99,271.63 

100 3,526.30 426.33 3,994.00 36,011.20 

400 391,920.83 10,054.00 202,994.10 2,601,477.40 FourPeak 

800 2,225,756.97 110,180.00 1,729,770 12,079,990.5 

100 2,916.40 2,260.50 379.60 91,255.40 

400 390,226.80 88,313.30 27,537.50 2,203,625.70 SixPeak 

800 2,086,227.50 424,466.10 272,565.17 15,143,376.20 

100 7,452.97 2,752.23 9,187.93 34,948.83 

400 171,793.63 34,922.20 194,139.73 2,912,653.10 
NK Landscape 

(K=2) 
800 2,664,056.00 200,407.83 2,899,188.67 11,423,891.00 

100 7,348.37 2,746.67 9,062.57 34,195.77 

400 186,196.53 35,030.37 212,201.47 2,933,411.33 
NK Landscape 

(K=4) 
800 2,764,056.79 204,721.57 2,883,761.71 11,249,154.33 

100 7,822.70 2,956.57 9,436.30 35,043.47 

400 174,365.80 35,709.50 212,045.97 2,877,802.70 
NK Landscape 

(K=6) 
800 2,757,302.67 196,402.77 2,850,004.36 11,029,222.00 
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Appendix Table A5  Performance of MIMIC and LZWMIMIC (averaged only runs 

that found the optimal). The numbers in parenthesis are the 

percentage of runs that optima are found. In its absence, the 

algorithm can always find the optima 

 

Time (ms) 

LZWMIMIC Problem 
Problem 

Size 
MIMIC 

0.5x 1x 2x 

100 599.90 (3.33)  4,759.00 195.57 446.87 

400 35,147.50 - 6,854.33 11,609.90 
OneMax 

800 495,394.40 (6.67)  260,757.00 45,789.73 92,526.97 

100 - - 180.10 444.47 

400 - - 6,755.83 11,617.30 
Trap 

800 - (13.33)  312,075.00 74,822.30 99,271.63 

100 3,526.30 (30.00)  426.33 (20.00)  3,994.00 - 

400 - (10.00)  10,054.00 - - 
FourPeak 

800 - (20.00)  110,180.00 - - 

100 2,916.40 (20.00)  2,260.50 379.60 - 

400 - - (80.00)  27,537.50 - SixPeak 

800 - - (60.00)  272,565.17 - 

 



 

82 

Appendix Table A6  Performance of BOA and LZWBOA averaged over 30 runs. 

The letter X signifies the program cannot run on our machine 

because of memory constraints 

 

Time (ms) 

LZWBOA Problem 
Problem 

Size BOA 

0.5x 1x 2x 

100 2,229.76 545.07 4.67 0.53 

400 82,919.20 20,328.97 24,823.40 33.27 OneMax 

800 476,755.03 119,434.7 173,962.00 63.50 

100 3,081.57 560.50 168.47 9.90 

400 99,951.93 21,560.23 28225.67 3,565.30 Trap 

800 580,244.77 121,534.73 190,229.80 63.93 

100 9,146.40 1,486.60 35,422.07 106,733.77 

400 382,268.97 99,648.87 869,077.93 3,188,924.00 FourPeak 

800 2,031,587.00 599,292.93 4,193,013.03 X 

100 5,538.00 1,421.67 36,004.63 76,354.50 

400 375,679.00 102,109.23 915,661.90 3,180,857.73 SixPeak 

800 2,056,924.67 601,390.47 4,124,909.96 X 

100 2,905.27 1,390.87 19,206.83 119,137.93 

400 108,427.33 63,882.93 509,877.93 3,266,010.33 
NK Landscape 

(K=2) 

800 715,760.67 384,001.33 2,882,068.03 X 

100 4,830.23 1,518.93 20,246.90 119,857.13 

400 308,453.90 69,092.83 542,416.47 3,177,564.00 
NK Landscape 

(K=4) 

800 2,145,275.33 403,911.73 2,984,521.23 X 

100 7,430.80 1,583.37 21,089.80 121,737.47 

400 483,877.13 69,131.30 537,769.60 3,169,506.17 
NK Landscape 

(K=6) 

800 2,880,123.20 407,599.47 3,008,901.03 X 

 



 

83 

Appendix Table A7  Performance of BOA and LZWBOA (averaged only runs that 

found the optimal). The numbers in parenthesis are the 

percentage of runs that optima are found. In its absence, the 

algorithm can always find the optima 

 

Time (ms) 

LZWBOA 
Problem 

Problem 

Size 
BOA 

0.5x 1x 2x 

100 
(56.67)  

2,229.76 
545.07 4.67 0.53 

400 - 20,328.97 24,823.40 33.27 
OneMax 

800 - 119,434.7 173,962.00 63.50 

100 - 560.50 168.47 9.90 

400 - 21,560.23 28225.67 3,565.30 
Trap 

800 - 121,534.73 190,229.80 63.93 

100 - - - - 

400 - - - - FourPeak 

800 - - - X 

100 - - - 
(3.33)  

76,354.50 

400 - - - - 
SixPeak 

800 - - - X 

 

Appendix Table A8  Average fitness evaluations of cGA and LZWCGA on robot 

arm control programs 

 

Algorithm Chromosome Length Success Fitness Calculations 

cGA 2400 90% 28,658.81 

LZWCGA × 1/2 1200 80% 36,392.75 

LZWCGA × 1 2400 100%   6,183.07 

LZWCGA × 2 4800 100%   8,290.67 

 

 

 

 



 

84 

 

(a) Population size is 128. The compression ratio is 1/4 

 

 

(b) Population size is 512. The compression ratio is 1/5 

 

 

(c)  Population size is 1024. The compression ratio is 1/6 

 

Appendix Figure A1  The number of fitness evaluations of LZWCGA and LZWGA 

when solving various sizes of OneMax problem 
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Appendix Figure A2  The number of fitness evaluations when using LZWCGA and 

LZWGA to solve Trap problem. The compression ratio is 1/4 

 

  

  

  
 

 

Appendix Figure A3  A visual representation for a probability matrix at 0, 10000, 

20000, 30000, 40000, and 50000 fitness evaluations 
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Appendix Figure A4  Average best fitness value of cGA and LZWCGA for the  

OneMax (a), Trap (b), Four-Peak (c), Six-Peak (d) and NK 

landscape (e)(f) problems 
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Appendix Figure A5  Average best fitness value of MIMIC and LZWMIMIC for the 

OneMax (a), Trap (b), Four-Peak (c), Six-Peak (d) and NK 

Landscape (e)(f) problems 
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Appendix Figure A6  Average best fitness value of BOA and LZWBOA for the 

OneMax (a), Trap (b), Four-Peak (c), Six-Peak (d) and NK 

landscape (e) (f)   
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Appendix Figure A7  Average best fitness value of LZWEDA for the NK landscape 

vary by K value 
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(a) 10-bit uncompressed 

chromosome 

  

 

(b) 8-bit LZW chromosome 

 

(c) 11-bit LZW chromosome 

 

(d) 14-bit LZW chromosome 

 

Appendix Figure A8  Fitness landscape of the OneMax problem for ordinary and 

LZW chromosomes. The X-axis is the number of bits by 

which a chromosome differs from the solution. The Y-axis is 

the chromosome's fitness value. The darker area indicates a 

higher chromosome density 
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(a) 10-bit uncompressed 

chromosome 

  

 

(b) 8-bit LZW chromosome 

 

(c) 11-bit LZW chromosome 

 

(d) 14-bit LZW chromosome 

 

Appendix Figure A9  Fitness landscape of the Trap problem for ordinary and LZW 

chromosomes 

 

 

(a) 10-bit uncompressed 

chromosome 

  

 

(b) 8-bit LZW chromosome 

 

(c) 11-bit LZW chromosome 

 

(d) 14-bit LZW chromosome 

 

Appendix Figure A10  Fitness landscape of the Four-Peak problem for ordinary and  

LZW chromosomes 
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