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Abstract : Horizontal partitioned on the image histogram, the pixels of light intensity 
levels are capable to be fairly distributed on any image. This paper emphasizes on the 
principal light intensity levels including the r th order light intensity levels and especially 
the st1 - rd3 order principal light intensity levels. The fairness of pixel distribution is 
categorized based on the quadrant of the coordinate system and the standard deviation of 
pixels under an environment of the polar coordinate system. The results illustrate higher 
and high fairnesses of pixel distribution by utilizing the suitable principal light intensity 
level accompanied with the other r th order principal light intensity levels. 
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1. Introduction 
1.1 Symbols 
L  the light intensity level set 

lm  the light intensity level member 
set 

rl
m  

the r th order light intensity level 
member set 

Lp

 
the principal light intensity level 
subset whose member(s) is(are)  

 
 
limited by the maximum light 
intensity level 

x  the average of x  variation 
yx  the average of x  variation given 

y  set 
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xε  
the error given the compared x   

variations 
xσ  the standard deviation function of 

x  variation 
yσ  the standard deviation function of 

x  variation given y  set 
)(xE  the expectation of x  variation 
)(xF  the cumulative mass function of 

x  variation 
dℑ  the deviation-based fairness 

netℑ  
the net fairness 

qℑ  
the quadrant-based fairness 

α  the ratio of the required pixel(s) 
to the number of pixel(s) 

φ  the tangent angle of coordinated 
pairs 

rη  
the member order density 
corresponding to the r th order 
principal light intensity level 

rlpn  

L  the maximum light intensity level 
l  the light intensity level 

rl  the r th order light intensity level 
M  an image width 
m  the horizontal coordinate of 

coordinated pairs 
N  an image height 
n  the vertical coordinate of 

coordinated pairs 
ln  the number of pixel(s) 

corresponding to the light 
intensity level 

rl
n  

the number of pixel(s) 
corresponding to the r th order 
light intensity level 

rlpn
 

the number of pixel(s) 
corresponding to the  th order 
principal light intensity level 

pn
 

the number of pixel(s) 

o  the member order of lm  from 
the bottom rank to the top rank, 
the maximum o  at the top rank is 

equal to ln  
rp l  the r th order principal light 

intensity level 
P  the member(s) of the principal 

light intensity subset 
r  the order of the light intensity 

level 
0r  the initial order of light intensity 

level 
s  the distance of coordinated pairs 

1.2  Background 
Actually the image histogram [1], [2], [3] 
has been used to depict an image 
histogram components. In different 
environments the corresponding image 
histograms from a camera are also 
different. Any histogram component called 
the light intensity level l  [1], [2] can 
depict image details i.e., edges with the 
lower l , shades with the maximum l , L . 
An image histogram can also be utilized to 
determine whether an image has enough 
detail to make a good correctioni. The 
image histogram can provide a quick 
picture of the tonal range of any image. 
Some images have details concentrated in 
the shadows of weighted lower l . Some 
images has details concentrated in the 
highlights of weighted higher l . Then an 
average image has details concentrated in 
the midtones of weighted medium l . 
Generally, an image with full tonal range 
of L  has some pixels in all areas. To 
identify the tonal range helps determine 
appropriate tonal corrections. Besides 
image details of any histogram component, 
adaptively clustering pixels geometric 
features of [4] can capture local image 
structure. However, [5] emphasized 
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probability and cumulative density 
functions categorizing image subclusters. 
     As described previously, this paper 
introduces and more precisely 
demonstrates the principal histogram 
components of the image histogram to 
provide important details in an image. 
With the very low pixels of the principal 
histogram components, this paper also 
described the fairness of the pixel 
distribution to provide the best coverage 
area of pixels, the experimental results and 
their analysis with the result parameters for 
principal image histogram components-
based images, and finally conclusions of 
the characteristics and the benefit of the 
principal histogram components as the 
central value of an image. 

2. Principal Histogram Components 
Described in the background the full tonal 
range of L  can be classified by scenes of 
shadows, midtones, and highlights. This 
section presents the principal histogram 
components explained by the light 
intensity level l  called the principal light 
intensity levels. 

2.1 The principal light intensity levels  
Consideration of an image of the resolution 
of NM ×  equal to all the number of 
pixel(s) of pn  pixels the image histogram 

can depict the number of pixel(s) 
corresponding to the l , ln . The r th order 

light intensity level rl  conformed to the 
number of pixel(s) corresponding to rl , 

rl
n , can be expressed as  

) ,|(= 1

p

rl

p

rlr

n

n

n

n
lll +

≥∈∃ L                  (1)  

where parameters can be denoted below: 
L  the principal light intensity level 

set whose member(s) is(are) l s of 
L1,2,3,..., , and 

r  the order of light intensity level, 
Lr 1,2,3,...,= . 

Each of the r th order principal light 
intensity level rp l s can be expressed as  

)> ,|(= 1 α
p

rl

p

rlrp

n

n

n

n
lll +

≥∈∃ L
        

(2) 

where parameter can be denoted below: 
α  the ratio of the required pixel(s) 

to the number of pixel(s), 
10 ≤≤α . 

 (2) can be rewritten as 

)> ,|(= 1 α
p

rl

p

rlrrrp

n

n

n

n
lll +

≥∈∃ Lp

 
  (3) 

where parameter can be denoted below: 
Lp  the principal light intensity level 

subset whose member(s) is(are) 
limited by the maximum light 
intensity level L , Lp =  
{ 1lp , 2lp  , 3lp ,..., Pp l   } the 
member(s) of the light intensity 
subset Lp ,  LP ≤ . 

2.2 Statistics indicators 
According to (3), the cumulative mass 
function of the r th order principal light 
intensity level )( rplF of any pixel of the 
principal light intensity level subset which 
has the member(s) of P  can be expressed as 



บทความวิจยั                                       SAU JOURNAL OF SCIENCE & TECHNOLOGY, Vol. 1, No. 1, Jan. - June. 2015 

 

 4 

PnlllFlF
P

r
r

Ppprp α>=≤≤ ∑
=1

1 )(=)(
 
(4) 

where parameter can be denoted below: 

rη  the member order density 
corresponding to the r th order 
principal light intensity level, 

p

rlp
r n

n
=η . 

 

(1) and (2) infer the following relations 
rrp ll ∈  as well as the principal light 

intensity level subset limited by L , 
LLp ⊂ . In the definition, l , rl  and rp l  

of the light intensity level member sets of 
lm , rl

m , and rlpm  respectively can be 

placed in similar position in the similar 
formatted set expressed as 
 

  {l,o,n,m},                (5) 

 {lr ,o,n,m},              (6) 

and, 

 {plr ,o,n,m}           (7) 

where parameters can be denoted below: 
o  the member order of lm  from the 

bottom rank to the top rank, the 
maximum o  at the top rank is 
equal to ln , 

n  the vertical coordinate of 
coordinated pairs, 

Nn 1,2,3,...,= , and 
m  the horizontal coordinate of 

coordinate pairs, 
Mm 1,2,3,...,= . 

(5) informs the first pixel and the last pixel 
of the black background image of 1=l  as 
{ }1,1,1,1  and { }MNn ,,1, 1 , respectively. 
In addition, (4) informs the first pixel and 

the last pixel of the white background 
image of (256)= Ll  as { },1,1,1L  
and{ }MNnL L ,,, . Analytically, the 

average of the member order density rη  in 

the principal light intensity subset Lp , 

rη , and the standard deviationiiof the 

member order density rη  in the principal 

light intensity subset Lp , 
rη

σ , can be 

expressed as 

,>
1

1=
10

0=0

αη
p

rlp
rP

rr
r n

n

rP ∑
+−

+−
         

(8) 

and 

2

210

0=0

)(
1

1= r
p

rlp
rP

rr
r n

n

rP
ηση −











+− ∑
+−

(9) 

where parameter can be denoted below: 

0r  the initial order of light intensity 
level. 

 

(9) shows the dispersion of the member 
order densities from rη  of (7). A low 

rη
σ  

indicates that any member order density 
tends to be very close to rη  conversely a 

high 
rη

σ  indicates that any member order 

density rη  is spread out over a large 
member order density range. In addition, 
the expectation of the r th order principal 
light intensity level rp l  of the principal 
light intensity subset Lp , rp l , and the 
standard deviation [6] of the pixel density 
of the principal light intensity subset Lp , 

rlpσ , can be expressed as  
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,=)(
110

0=

10

0=

−
+−+−
























∑∑

p

rlp
rP

rrp

rlpr

prP

rr

rp

n

n

n

n
llE (10) 

))()(= 2

110

0=

2
10

0=

rp

p

rlp
rP

rrp

rlprp
rP

rr
rlp lE

n

n

n

n
l −




















−

+−+−

∑∑σ
(11) 

(11) shows the weighted dispersion of all 
the r th order principal light intensity 
level(s) rp l (s) from )( rp lE  of (10). 

3. Fairness of Pixel Distribution 
Given the member order densities 
corresponding to the r th order principal 
light intensity level rη (s) the summation 
of the number of pixel(s) of that(those) 

effectively high percentile l , r
P

rp nn ∑ 1=
, 

is(are) sufficient to depict the pixel 
distribution. 

3.1 Quadrant-based fairness 
To statistically indicate the norm pixel 
positions, the norm vertical pair n  and 
the norm horizontal pair m  of an 
image are introduced. In addition, the 
norm of the distance of coordinated 
pairs s  and the norm of the tangent 
angle of coordinate pairs φ  of all 
paired pixel positions are introduced. 
Given the light intensity level member 
set lm  in (4) the s given lm , 

lms , and 

the φ  given lm , 
lmφ  can be 

respectively rewritten [6] as 

,11=
2

1=1=

2

1=1=









 −
+









 − ∑∑∑∑ MN
m

MN
ns

ln

o

L

l

ln

o

L

l
lm

  (12) 

1

1
arctan=

1=1=

1=1=

−

−

∑∑

∑∑

m

n

ln

o

L

l

ln

o

L

l
lmφ

             
(13) 

where parameters can be denoted below: 
m  the horizontal coordinate of 

coordinated pairs of in the 
given lm , and 

 the vertical coordinate of 
coordinated pairs of in the 
given lm . 

 

Conformed to (5), the relation of ),( ol  
and ),( nm  in (12) or in (13) is the one-
to-one function. And given the r th 
order principal light intensity level 
member set rlpm  in (7) the s  given 

rlpm , 
rlpms , and the φ  given rlpm , 

rlpmφ  can be respectively expressed as
 

,11=

2

1=

10

0=

2

1=

10

0= 











 −
+













 − ∑∑∑∑
+−+−

p

rlpn

o

rP

rrp

rlpn

o

rP

rr n
m

n
ns

rlpm
(14)

 

1

1
arctan=

1=

10

1=

1=

10

0=

−

−

∑∑

∑∑
+−

+

m

n

rlpn

o

rP

r

rlpn

o

rP

rr

rlpmφ

      

(15) 

where parameters can be denoted below: 
m  the horizontal coordinate of 

coordinated pairs of in the 
given rlpm , and 

n  the vertical coordinate of 
coordinated pairs of in the 
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given rlpm . 

Conformed to (7), the relation of 
),( ol rp  and ),( nm  in (14) or in (15) is 

the one-to-one function. (14) and (12) 
give the error given the compared 
distances of coordinated pairs, sε , equal 

to 
lmrlpm ss −  and (15) and (13) give the 

error given the compared tangent angles 
of coordinated pairs, φε , equal to 

lmrlpm φφ − . In an image, the quadrant-

based fairness qℑ  with respect to the 

original coordinated pairs can be 
expressed [7] as 

φε

φ

ε
rlpmrlpm

s
q

s
=ℑ

                 
(16) 

3.2 Deviation-based fairness 
Given the light intensity level member set 

lm  in (5) the standard deviation of the 

distance of coordinated pairs sσ  given 

lm , 
lmsσ , and the standard deviation of 

the tangent angle of coordinated pairs φσ  

given lm , 
lmφ

σ  can be respectively 

expressed [7] as 

,1)(1)(= 2
22

1=1=
lm

lm
s

MN
nmln

o

L

l
s −

−+−∑∑σ
  
(17) 

2

2

1=1=

1
1arctan

=
lm

lm
φσφ −









−
−

∑∑ MN
m
n

ln

o

L

l     
(18) 

And given the r th order principal light 
intensity level member set rlpm  in (6) 

the standard deviation of the distance 
of coordinated pairs sσ  given 

lrpm , 

rlpmsσ , and the standard deviation of 

the tangent angle of coordinated pairs 

φσ  given rlpm , 
rlpmφ

σ  can be 

respectively expressed as 

,1)(1)(= 2
22

1=

10

0=
rlpm

rlpm
s

MN
nmrlpn

o

rP

rr
s −

−+−∑∑
+−

σ  (19) 

2

2

1=1=

1
1arctan

=
rlpm

rlpm
φσφ −









−
−

∑∑ MN
m
n

rlpn

o

P

r

 (20) 

(19) and (17) give the error given the 
compared standard deviations of the 
distances of coordinated pairs, 

sσε , 

equal to 
lmrlpm ss σσ −  and (20) and (18) 

give the error given the compared 
standard deviations of the tangent 
angles of coordinated pairs, 

sφ
ε , equal 

to 
lmrlpm φφ σσ − . In an image, the 

deviation-based fairnessiii
dℑ  of the r th 

order principal light intensity level 
member set rlpm  can be expressed as 

φσ

φ

σ ε

σ

ε

σ
rlpmrlpm

s

s

d =ℑ

            

(21) 
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Thus the net fairness netℑ  of the r th 

order principal light intensity level 
member set rlpm  can be expressed as 

φσ

φ

σφ ε

σ

ε

σ

ε

φ

ε
rlpmrlpmrlpmrlpm

s

s

s
net

s
=ℑ

     

 (22) 

4. Experimental Results and Analysis 
The results presented in this section 
include experimental environment and 
experimental results subsections. The 
involved parameters: the light intensity 
level l , the r th order principal light 
intensity levels rp l , the quadrant-based 
fairness qℑ , the deviation-based fairness 

dℑ , and the net fairness netℑ  are 
discussed in both subsections. 

4.1 Experimental environment 
To evaluate the performance of the 
experimental results, first the experiments 
were prepared. From Figure 1 the 128 128 
gray scale image of the brain Magnetic 
Resonance Imaging (MRI) is illustrated. 
The calculation of the norm of the distance 
of coordinated pairs s , the norm of the 
tangent angle of coordinate pairs φ , the 
standard deviation of the distance of 
coordinated pairs sσ  given lm , 

lmsσ , and 

the standard deviation of the tangent angle 
of coordinated pairs φσ  given lm , 

lmφ
σ  

are illustrated in Table 1. In order to give 
the accuracy on the performance of static 
indicators for Figure 1, comparisons of two 
initial order of light intensity levels of 

1=0r , 1=0r  with black holes in the brain, 

and 2=0r  are depicted in Table 1. 

 

Table 1 Initial Parameters for the original 
gray scale image. 

Parameters   Values   Descriptions   Analyzed 
indicators  

lmφ  45  1=0r , 256=P  0=α  

 48.6002  1=0r  (holes), 

256=P  

0=α  

 48.6665  2=0r , 

256=P  

0=α  

lmφ
σ  24.0580  1=0r , 256=P  0=α  

 11.3244  1=0r  (holes), 

256=P  

0=α  

 11.3850  2=0r , 

256=P  

0=α  

lmsσ  52.2542  1=0r , 256=P  0=α  

 31.2275  1=0r  (holes), 

256=P  

0=α  

 31.2897  2=0r , 

256=P  

0=α  

lms  89.8026  1=0r , 256=P  0=α  

 95.6648  1=0r  (holes), 0=α  
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Parameters   Values   Descriptions   Analyzed 
indicators  

256=P  

 95.8118  2=0r , 

256=P  

0=α  

M  128   left to right 
direction  

 width 

N  128   top to bottom 
direction  

 height  

pn  16384  1=0r , 256=P  0=α  

  5920)(10464+   

pn  5976  1=0r  (holes), 

256=P  

0=α  

  5920)(56+   

pn  5976  1=0r  (holes), 

256=P  

0=α  

 

 

Fig. 1 The original gray scale image of a 
brain MRI. 

In the experimental environment, black 
pixels of 1=l  around the brain are 
discarded. As a result, the reference image 
of 1=0r  with black holes of 1=l  in the 
brain is similar to Figure 1. s is the 
hypotenuse line of 95.6648  units in the 
direction from the top left corner to the 
bottom right corner and φ  is 48.6002  
between s  and the adjacent line of 1=n . 

lmsσ of31.2275  illustrated that 

coordinated pairs deviated from s  and 

lmφ
σ  of 11.3244  illustrated that any 

tangent angle of coordinated pairs, deviated 
from φ . 

4.2 Experimental results 
The effects of varying the r th order 
principal light intensity levels rp l s and the 
effects of the member(s) of the principal 
light intensity subset P  can be illustrated 
in Table 2.  

 

Table 2 Result Parameters for Principal       
Image Histogram Components-Based 
Images. 

Parameters   Values   Descriptions   Analyzed 
indicators  

dℑ  526.9517  2=0r , 

2=P  

0.1000=α
 

 638.2551  2=0r , 

3=P  

0.0050=α
 

 91.4615  3=0r , 0.0050=α
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Parameters   Values   Descriptions   Analyzed 
indicators  

3=P   

netℑ  5103.2684×
 

2=0r , 

2=P  

0.1000=α
 

 5105.4893×
 

2=0r , 

3=P  

0.0050=α
 

 4102.3019×
 

3=0r , 

3=P  

0.0050=α
 

qℑ  620.2439  2=0r , 

2=P  

0.1000=α
 

 860.0538  2=0r , 

3=P  

0.0050=α
 

 251.6814  3=0r , 

3=P  

0.0050=α
 

rη
 0.1118  2=0r , 

2=P  

0.1000=α
 

 0.0590  2=0r , 

3=P  

0.0050=α
 

 0.0062  3=0r , 

3=P  

0.0050=α
 

rlpmφ  46.3437  2=0r , 

2=P  

0.1000=α
 

 46.7320  2=0r , 

3=P  

0.0050=α
 

 53.2535  3=0r , 0.0050=α

Parameters   Values   Descriptions   Analyzed 
indicators  

3=P   

rη
σ  0.0000  2=0r , 

2=P  

0.1000=α
 

 0.0671  2=0r , 

3=P  

0.0050=α
 

 0.0000  3=0r , 

3=P  

0.0050=α
 

rlpmφ
σ  12.2601  2=0r , 

2=P  

0.1000=α
 

 12.1665  2=0r , 

3=P  

0.0050=α
 

 10.4922  3=0r , 

3=P  

0.0050=α
 

rlpσ  0.0000  2=0r , 

2=P  

0.1000=α
 

 7.7890  2=0r , 

3=P  

0.0050=α
 

 0.000  3=0r , 

3=P  

0.0050=α
 

rlpmsσ  32.0238  2=0r , 

2=P  

0.1000=α
 

 31.9507  2=0r , 

3=P  

0.0050=α
 

 27.4445  3=0r , 0.0050=α
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Parameters   Values   Descriptions   Analyzed 
indicators  

3=P   

rlpms  92.5986  2=0r , 

2=P  

0.1000=α
 

 92.9610  2=0r , 

3=P  

0.0050=α
 

 100.2220  3=0r , 

3=P  

0.0050=α
 

)( rp lE
 

89  2=0r , 

2=P  

0.1000=α
 

 87.1712  2=0r , 

3=P  

0.0050=α
 

 54  3=0r , 

3=P  

0.0050=α
 

pn  1832  2=0r , 

2=P  

0.1000=α
 

pn  1933  2=0r , 

3=P  

0.0050=α
 

pn  101 3=0r , 

3=P  

0.0050=α
 

1lp  1 10464  63.8672%  

2lp  89  1832  11.1816%  

3lp  54  101 0.6165%  

4lp  51 97  0.5920%  

Parameters   Values   Descriptions   Analyzed 
indicators  

5lp  64  92  0.5615%  

 

The nd2  order principal light intensity 
level 89=2lp  of 2=0r , 2=P , and 

0.1000=α  can give high qℑ  of 

620.2439 , high dℑ  of 526.9517 , and 

very high netℑ  of 5103.2684×  and the 
result image can be illustrated in Figure 2. 

 

Fig. 2 The 89=2lp image. 

 

 

Fig. 3 The 54,89=3,2lp image. 



บทความวิจยั                                       SAU JOURNAL OF SCIENCE & TECHNOLOGY, Vol. 1, No. 1, Jan. - June. 2015 

 

 11 

5. Conclusions and Future Works 
Any image has its own characteristics. 
This work provides one of the image 
characteristics by the utilization of the 
image giving the main principal light 
intensity level. The r th order principal 
intensity levels rp l s are introduced to 
describe the scattering of image pixels. 
The main principal light intensity level 
obtained from rp l s can describe the 
averaged distance and the averaged tangent 
angle of image pixels by the quadrant-
based fairness. In addition, the main 
principal light intensity level can also 
describe the deviation of all distances and 
the deviation of all tangent angles of all 
image pixels by the deviation-based 
fairness. With very low number of pixels 
of the rp l  image the structure of image 
pixels can be revealed. 
In future works, the vertical partitioning-
based characteristics of pixels on the image 
histogram will be researched to reduce the 
image pixels. Also the sensitivity of the 
r th order principal intensity levels will be 
considered to select the best central value 
of an image. 
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