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Abstract

Let ¢’ denote the space of all triple gai sequences and A’ the space of all triple analytic sequences. This paper is

devoted to the general properties of .
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1. Introduction

Throughout w, y and A denote the classes of all, gai
and analytic scalar valued single sequences, respectively.
We write w’ for the set of all complex sequences (X, ),
where m, n, k € N, the set of positive integers. Then, w’ is a
linear space under the coordinate wise addition and scalar
multiplication.

We can represent triple sequences by matrix. In case
of double sequences we write in the form of a square. In the
case of a triple sequence it will be in the form of a box in three
dimensional case.

Some initial work on double sequence spaces is found
in N. Subramanian et al. (2008, 2009), Hardy (1917) and many
others. Later on investigated by some initial work on triple
sequence spaces is found in Esi ef al. (2015,2014), Sahiner
et al. (2007) and many others. The initial work on modulus
function or Orlicz functions and some other sequence spaces
is found in Y. Altin ez al. (2003,2006,2009).

Let (x,,,) be a triple sequence of real or complex

oo

2 Xk called a triple series.
m,n,k=l1

numbers. Then the series
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o0

2 Xk said to be convergent if and

The triple series
m,n,k=l1

only if the triple sequence (S, ) is convergent, where

m,n,k
Smnk = ) Z | xg,‘q (m, nk=1,2, 3,)
1,].9=

A sequence x = (x,,,, ) is said to be triple analytic if

1
Supm’n’k |xmnk |m+n+k < 0,

The vector space of all triple analytic sequences are

usually denoted by A’. A sequence x = (x,,,; ) is called triple
entire sequence if

1

|% i [ rentk —> 0 as m,n,k — oo,
The vector space of all triple entire sequences are
usually denoted by I'’. The space A* and I'” is a metric space

with the metric

1
d(x,y) = sup,, , \ {|xmnk = Yok | mntk 2m,n, ko, 2,3,..},

M)
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forall x=1x and y =y in I. Let ¢ = {finite sequences’}.
mnk mnk

th [m,n,k m,n,k] _

Consider a double sequence x =(x,,,;). The (m,nk)" section x I of the sequence is defined by ¥t

Z;tl}r,lq’]ioxy’q%q forall m,n,k e N,
[0 0 .0 0 ..]
0 0 .0 O
5mnk=
0 0 ..1 0
10 0 .0 O |

with 1 in the (m,n,k)" position and zero other wise.

1

A sequence x = (x, ) iscalledtriple gai sequence if ((m +n+ k)!|xmnk|)m+n+k — 0 as m,n,k — oo. The triple

mnk

gai sequences will be denoted by y’.

[m,n,k mnk] _

I of the sequence is defined by x'

~ . 1 .
for all m,n,k € N ; where J jjq denotes the triple sequence whose only non zero term is a m in
i+j+k)!

Consider a triple sequence x =(x,,, ). The (mnk)" section x

m,n,k ~
2i.j.4=0%iq Jijq
the (i,j, k)" place for each i, j,k € N.
An FK-space(or a metric space) X is said to have AK property if (J,,,, ) is a Schauder basis for X, Or equivalently

x[m’"’k] —>X.

An FDK-space is a triple sequence space endowed with a complete metrizable; locally convex topology under which
the coordinate mappings are continuous.

Let X be a BK space. Then X is said to have monotone metric if d (xm " ) >d (x” " ) for m > n and

1
d(x,y) =sup,, , x {((m +n+ k)!|xmnk —ymnk|)m+n+k cmyn k1, 2,3,..}.

If X is a sequence space, we give the following definitions:
(i) X is continuous dual of .X;

(i) X% = {a = (W) : Z:Z,n’k:] |amnkxmnk| <o foreach x e X};
i) X =1a=(a 7 g o x is convergent, for each x € X ¢;
mnk m,n,k=1"mnk " mnk

M,N.K

X amnkxmnk
m,n,k=1

(iv) X" = {a =(a,,) sup,, - < oo, for each x € X};

(v) Let X be an FK-space O ¢; then X/ = {f(jmnk);f eX'};

1/m+n+k

)
i) X° = {a = (At 2 SUD,, i |amnkxmnk| < oo, foreach x e X};
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X*XP, X7 are called a-(or Kothe -Toeplitz) dual of X, S-(or generalized- Kothe -Toeplitz) dual of X, y- dual of X,

6 - dual of X respectively. X “is defined by Gupta and Kamptan . It is clear that X cx’ and X% < X7, but X% < X7
does not hold.
The notion of difference sequence spaces (for single sequences) was introduced by Kizmaz [1981] as follows

2(8)={x=(x) e w:(ar) e 2}

for Z =c,c, and /_,, where Ax; = x;, —x;,; forall f e N..Here w,c,c, and /_, denote the classes of all, convergent,

null and bounded scalar valued single sequences respectively. The above spaces are Banach spaces normed by

xX= |x1 | +SUpPy s |Axk|

Later on the notion was further investigated by many others. We now introduce the following difference triple
sequence spaces defined by

Z(A)={x=(xmnk)ew3 :(Axmnk)eZ}

3 3 — _ _ _
where Z = A", x* and Axmn - (xmn Xmn+1 xmn+2) (xm+1n T Xmtinl T X2 ) _(xm+2n T X204+ _xm+2,n+2)
forall m,n,k e N.

2. Definitions and Preliminaries

1

A sequence x = (X, ) is said to be triple analytic if sup,,,, |xmnk |m+n+k <. The vector space of all triple analytic
1

sequences is usually denoted by A’. A sequence x = (X% ) 1s called triple entire sequence if |xmnk| mintk 5 () as

m, n,k — o. The vector space of triple entire sequences is usually denoted by I"’. A sequence x = (X, ) 1s called triple gai
sequence if ((m+n+k) !| X k|)]/ mmk 0 as m,n,k — oo, The vector space of triple gai sequences is usually denoted
by y’. The space y is a metric space with the metric

1
d(x,y) = SUD 0k {((m +n +k)!|xmnk = Yok |)m+n+k sm,n k1, 2,3,..} ?)

forall x={x,, }and y={p, .} iny.
3. Main Results
3.1  Proposition

%’ has monotone metric.

Proof: We know that

1
d(xa y) = SUp ok {((m +n+ k)!|xmnk - ymnk|)m+"+k smyn,k 1, 2’3""}
i
d(x",y") = sup, {((3n)!|xmm —ymml)sn}
o
d(x",y™) = sup,, {((3m)!|xmmm - ymmml)sm}

1 1
Letm > n. Then sup,, {((3m)'|xmmm _ymmm|)3m} 2 sup, {((3n)!|xnnn - ynnn|)3"}
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dix",y")y=d(x",y"),m>n ©)
Also {d(xn ") in=1,2,3, } is monotonically increasing bounded by d(x,y).
For such a sequence
! lim
nnn
@)

nnn
R

); =n—ood(x",y")=d(x,y)

sup, ((Sn!)

1
(m+ n)!|xmnk _ymnk|)m+"+k

From (3) and (4) it follows that d(x,y)=sup, {( } is a monotone metric for .

This completes the proof.

3.2 Proposition

The dual space of 5’ is A’. In other words (3°) = A’.

Proof: We recall that
[0, 0, ..0, 0, .|
0, 0, ..0, 0,
/Jmnkz
1
0, 0, .. , 0,
(m+n+k)!
L0, 0, .0, (I

1

(m et k) , in the (m,n,k)th position and zero’s else where. With

with

[ ! 1 To,. 0
03 , . 0m+n+k
_r ' : : !
X =i (|xmnk|)m+n+k - Qmntk - ( 1 mintk o mntk - 0 1 min+k 0
(m+n+k)! T (m4n+k) ’
th
m,n
() (m,n, k)"
1 1
0m+2+k 0m+n+2+k 0, . . 0
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e}
which is a triple gai sequence. Hence 3k € ;53_ Wehave f(x)= X X,V With x € ;(3 and f € (;(3) the

m,n,k=1

dual space of . Take x = (x,,, ) =7, . € z". Then

|ymnk| < fd(jmnk’o) <o Vm,n,k (5)

Thus (y,,) is a bounded sequence and hence an triple analytic sequence. In other words y e A’. Therefore

3)* = A>. This completes the proof.

(x
3.3  Proposition

y’ is separable.
Proof: It is routine verification. Therefore omit the proof.

3.4 Proposition:

A’ is not separable.

1
Proof: Since | Xk |m+n+k — 0 as m,n,k — oo, so it may so happen that first row or column may not be convergent, even

may not be bounded. Let S be the set that has triple sequences such that the first row is built up of sequences of zeros and
ones. Then S will be uncountable. Consider open balls of radius 3" units. Then these open balls will not cover A’. Hence A’
is not separable. This completes the proof.
3.5 Proposition

x’ is not reflexive.
Proof: y’ is separable by Proposition 3.3. But ( ){3 )* = A3, by Proposition 3.2. Since A’ is not separable, by Proposition 3.4.
Therefore y’ is not reflexive. This completes the proof.
3.6  Proposition

x’ is not an inner product space as such not a Hilbert space.

Proof: Let us take

[1/31, 1/5., 0, 0, .. (1731, —1/51, 0, o,
0, 0, 0, 0, .. 0, 0, 0, O,

x=x,,=| and y=,, =
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—(3!|x111 _0|)]/3 ) (5!|x122 _ODI/S ’

(4!|x2” _ODM > (6!|x222 _0|)]/6 > e
d(x,0)=sup|"”
[Guseo)?, Gilso)™, ] [, @)%, o, L]
0, 0, 0, 0, 0,
=sup| sup|
d(x,0)=1.

Similarly d(x,0) =1. Hence d(x,0)=d(y,0)=1

(1731, 1/5, 0 ,0 .| [1/34, -1/5, o, 0o ..| [1/3, 0, O,

0, 0, 0, 0, .| |0, 0, 0, 0, ..| |0, 0, 0,
x+y=|. +|. =1.

0, 0, 0, 0, 0, 0, 0, 0, .| |0, 0, o,
d(x+y,x+y)=

1
sup {((m +tn+ k)!(|xmnk + ymnk| _|xmnk _ymnk|))m+"+k cm,nk =1,2, 3’}

1/3 1/5

(3!|x111+y111|) > (5!|x122+y]22|) s

d(xmnk + ymnk ’0) =sup| .




sup| .
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. (5Ut/51-1751))"

N oo

=sup|’

Therefore d(x + y,0) =1.2599. Similarly d(x — y,0) =1.1487
By parellogram law,

[dG+y.0F +[d - ».0F =2[ (@(x.0)" +(d(0.) ]

= (12599)" +1.1487° =2[ " +1* | = 2,006 =4,

[1.2599,

=sup '

587

=1.2559

Hence it is not satisfied by the law. Therefore y’ is not an inner product space. Assume that y’ is a Hilbert space.

But then y’ would satisfy reflexivity condition. [Theorem 4.6.6 [Wilansky]] . Proposition 3.5, y’ is not reflexive. Thus y’ is not
a Hilbert space. This completes the proof.

3.7 Proposition

y’ is rotund.

Proof: Let us take

X = Xk

and y=y, . =

The x =(x,,, )and y =(y,,.;) areinx‘;.

Alsod(x,y)

= sup '

(3!|x111 _)’111|)]/3

0,

b

1

[1/31, o0,

1

((1 +n +k)!|xlnk _ylnk|)m ’

1

((m+1+k)!|xmlk _ymlk|)m+”+k > "'((m+n+k)!|xmnk _ymnk|)m+"+k >

L

=
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[, 0, 0, 0 ..

0, 0, 0, 0,
Therefore d(x,0) = sup| .

0, 0, 0, 0,

d(0,y)=1.0bviously x=(x,,,)# ¥ =(V,m)

(1/3, 0, 0 ,0 ..] [1/3, o, 0o, 0 ..] [1/3, 0, 0, 0
0, 0, 0, 0, .. 0, 0, 0, 0, .. 0, 0, 0, O,
but (xmnk)+(ymnk)= . + . =
[ 13 !
(3! + 2101) (A+n+ k) x + Vi) ek 0
2 b b 2 )
d(w’o)zsup .
2
! 1
((m+ 1+ k)00 + Vx| ) etk ((m+n)|x,,, + | Joensk .
2 ERAR] 2 s 5 eee

+ .
(S T Ywk oy — 0.63.

Therefore y is rotund. This completes the proof.
3.8 Proposition

. .
Weak convergence and strong convergence are equivalent in .
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Proof:
Step 1: Always strong convergence implies weak convergence.

Step 2: Soit isenough to show that weakly convergenceimplies strongly convergencein 29" tends to weakly in i,

where () )=

1

and y =(y,,,)- Takeany x=(x, . )e ;53 and

f(@)= % (m +n +k)!|zmnkxmnk|)m+”+k for each z= (Zmnk) € Z3 ©)

m,n k=1

Then f < (,°) by Proposition 3.2. By hypothesis f(3") — f(y) as 1 —>%®.

f(y(”)—y)—)O as 11 > ®©

1

()
Yk = Vinnk

o0
= Z
m,n,k=l1

1

[e¢]

- 1
mntk ((m +tn+ k) !)m+n+k |xmnk|

0

1/m+n+k

— 0 as 7 > %, By using (6) and (7) we get since

x=(x,.) € AY wehave 2 |ank|m+n+k <0 forall ¢ A3

m,n,k=

1

(m Tt k)!‘y%k =~ Vinnk
m,n,k=1

sup 1

= k(O 1 )Y, = 9,00

mnk

1
sup

= mnk((m +n+k)!‘y,(nnn)k = Vo

:>d((y('7)—y),0)—>0 as 1 —> o,

)m+n+k —>0asn—o o,
)m+n+k (0 asn—>x,

)m+n+k —>(0asn—>wo,

=d (y(n) —y) — 0 as 1 — . This completes the proof.

Acknowledgements

The authors are extremely grateful to the anonymous
learned referee(s) for their keen reading, valuable suggestion
and constructive comments for the improvement of the
manuscript. The authors are thankful to the editor(s) and
reviewers of Songklanakarin Journal of Science and Techno-
logy and also First author wish to thank the Department of
Science and Technology, Government of India for the
financial sanction towards this work under FIST program
SR/FST/MSI-107/2015.

References

Apostol, T. 1978. Mathematical Analysis, Addison-Wesley,
London, U.K.

Altin, Y. 2009. Properties of some sets of sequences defined
by a modulus function, Acta Mathematica Scientia,
Series B (English Edition). 2, 427—-434.

Bektas, C. A. and Altin, Y. 2003. The Sequence Spaces on
Seminormed Spaces, Indian Journal of Pure and
Applied Mathematics. 34 (4), 529-534.

Esi, A. and Savas, E. 2015. On lacunary statistically conver-
gent triple sequences in probabilistic normed space.
Applied Mathematics and Information Sciences. 9(5),
2529-2534.

Esi, A. 2014. On some triple almost lacunary sequence spaces
defined by Orlicz functions. Research and Reviews:
Discrete Mathematical Structures. 1(2), 16-25.

Esi, A and Necdet Catalbas, M. 2014. Almost convergence
of triple sequences. Global Journal of Mathematical
Analysis. 2(1), 6-10.



590

Et, M, Altin, Y., Choudhary, Y., and Tripathy, B.C. 2006. On
some classes of sequences defined by sequences of
Orlicz functions. Mathematical Inequalities and Appli-
cations. 9(2), 335-342.

Hardy, GH. 1917. On the convergence of certain multiple
series, Proceedings of the Cambridge Philosophical
Society. 19, 86-95.

Kizmaz, H. 1981. On certain sequence spaces. Canadian
Mathematical Bulletin. 24(2), 169-176.

Sahiner, A., Giirdal, M., and Diiden, F.K. 2007. Triple
sequences and their statistical convergence. Selguk
Journal of Applied Mathematics. 8(2), 49-55.

S. Nagarajan & A. Esi/ Songklanakarin J. Sci. Technol. 38 (5), 581-590, 2016

Subramanian, N. and Misra, U.K. Characterization of gai
sequences via double Orlicz space. Southeast Asian
Bulletin of Mathematics (revised).

Subramanian, N., Tripathy, B.C., and Murugesan, C. 2008. The
double sequence space of I'*. Fasciculi mathematici.
40, 91-103.

Subramanian, N., Tripathy, B.C., and Murugesan, C. 2009.
The Cesa’ro of double entire sequences. International
Mathematical Forum. 4(2), 49-59.



