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บทคดัย่อ 

จุดประสงค์ของงานวิจยัช้ินน้ีคือ สร้างทฤษฎีบทของกระบวนการท าซ ้ าแบบใหม่โดยใช้วิธีการฉาย

วางนยัทัว่ไป และวธีิการฉายวางนยัทัว่ไปแบบ f โดยกระบวนการท าซ ้ าท่ีสร้างข้ึนน้ีจะตอบปัญหาจุด

ตรึง ปัญหาตวัด าเนินการทางเดียวใหญ่สุด และปัญหาดุลยภาพในปริภูมิบานาค นอกจากนั้นจะพิสูจน์

การลู่เขา้อยา่งเขม้ของกระบวนการท าซ ้ าท่ีสร้างข้ึนภายใตเ้ง่ือนไขท่ีเหมาะสมในปริภูมิบานาค ทฤษฎี

บทใหม่ในงานวจิยัช้ินน้ีไดข้ยายและปรับปรุงจากงานวจิยัท่ีเก่ียวขอ้งท่ีมาก่อน 
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Abstract 

The purpose of this research is to present some new modified hybrid iterative schemes by using the 

generalized projection operators and the generalized f-projection operators for finding a common 

element in the set of fixed points of mappings,  zeroes of  maximal monotone operators and solutions of 

equilibrium problems in Banach spaces. Under suitable conditions, we prove some strong convergence 

theorems for the proposed schemes in Banach spaces. The results presented in this research are 

improvement and generalization of the previously known results. 
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1 Introduction

It is well known that the metric projection operator plays an important role in various fields such as nonlinear
functional analysis, optimization theory, fixed point theory, nonlinear programming, game theory, variational
inequality and complementarity problems. (see [3]). In 1994, Alber [2] introduced and studied the generalized
projections from Hilbert spaces to uniformly convex and uniformly smooth Banach spaces. Moreover Alber
[3] presented some applications of the generalized projections to approximately solving variational inequalities
and von Neumann intersection problem in Banach spaces. In 2005, Li [50] extended the generalized projection
operator from uniformly convex and uniformly smooth Banach spaces to reflexive Banach spaces and studied
some properties of the generalized projection operator with applications to solve the variational inequality
in Banach spaces. Later, Wu and Huang [85] introduced a new generalized f -projection operator in Banach
spaces. They extended the definition of the generalized projection operators introduced by Abler [2] and
proved some properties of the generalized f -projection operator. In 2009, Fan et al. [30] presented some basic
results for the generalized f -projection operator, and discussed the existence of solutions and approximation
of the solutions for generalized variational inequalities in noncompact subsets of Banach spaces.

The study of Ky Fan inequality [31], fixed points of nonlinear mappings, and their approximation
algorithms constitutes a topic of intensive research efforts. Many well known problems arising in various
branches of science can be studied by using algorithms, which are iterative in their nature. As an example,
in computer tomography with limited data, each piece of information implies the existence of a convex set
in which the required solution lies.

The problem of finding a point in the intersection of the convex sets is then of crucial interest, and
it cannot be usually solved directly. Therefore, an iterative algorithm must be used to approximate such
point. The well known convex feasibility problem which captures applications in various disciplines such as
image restoration, computer tomography, and radiation therapy treatment planning is to find a point in the
intersection of common fixed point sets of a family of nonexpansive mappings. A simple algorithmic solution
to the problem of minimizing a quadratic function over the intersection of the convex sets is of extreme value
in many applications including set theoretic signal estimation.

For solving convex feasibility problem of a system of generalized Ky Fan inequalities is very general in
the sense that it includes, as special cases optimization problems, equilibrium problems, variational inequal-
ity problems, Min-Max problems. Moreover, the the generalized Ky Fan inequality was shown in [8] to cover
monotone inclusion problems, saddle point problems, variational inequality problems, minimization prob-
lems, optimization problems, variational inequality problems, vector equilibrium problems, Nash equilibria
in noncooperative games. In addition, there are several other problems, for example, the complementarity
problem, fixed point problem and optimization problem, which can also be written in the form of a general-
ized Ky Fan inequality. In other words, the generalized Ky Fan inequality and equilibrium problem are an
unifying model for several problems arising in physics, engineering, science, optimization, economics, etc. In
the last two decades, many papers have appeared in the literature on the existence of solutions of a gener-
alized Ky Fan inequality (or equilibrium problem; see, for example [8, 22, 96] and references therein). Some
solution methods have been proposed to solve the generalized Ky Fan inequality and equilibrium problems;
see, for example, [8, 39, 41, 43, 55, 58, 63, 61] and references therein.
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2 Siwaporn Saewan et al.

1 Introduction

In 1972, Ky Fan’s inequalities were first introduced by Fan [1]. The study concern-
ing Ky Fan’s inequalities, fixed points of nonlinear mappings and their approxima-
tion algorithms constitutes a topic of intensive research efforts. Many well-known
problems arising in various branches of science can be studied by using algorithms
which are iterative in their nature. As an example, in computer tomography with
limited data, each piece of information implies the existence of a convex set in
which the required solution lies.

Many authors have considered a family of nonexpansive mappings to show
the existence of fixed points and related topics. Especially, the well-known convex
feasibility problem reduces to finding a point in the intersection of the fixed point
sets of a family of nonexpansive mappings and the problem of finding an optimal
point that minimizes a given cost function over the set of common fixed points of
a family of nonexpansive mappings.

For solving the convex feasibility problem for a system of generalized Ky Fan’s
inequalities is very general in the sense that it includes, as special cases, optimiza-
tion problems, equilibrium problems, variational inequality problems, minimax
problems. Moreover, the generalized Ky Fan’s inequality was shown in [6] to cover
monotone inclusion problems, saddle point problems, variational inequality prob-
lems, minimization problems, optimization problems, vector equilibrium problems,
Nash equilibria in noncooperative games. In other words, the generalized Ky Fan’s
inequality and equilibrium problem are a unified model for several problems arising
in physics, engineering, science, optimization, economics and related topics.

One of the most interesting and important problems in the theory of maximal
monotone operators is to find a zero point of maximal monotone operators. This
problem contains the convex minimization problem and the variational inequality
problem. A popular method for approximating this problem is called the proximal
point algorithm introduced by Martinet [25] in a Hilbert space. In 1976, Rockafellar
[31] extended the knowledge of Martinet [25] and proved weak convergence of the
proximal point algorithm. The proximal point algorithm of Rockafellar [31] is
a successful algorithm for finding a zero point of maximal monotone operators.
Thereafter, many papers have shown convergence theorems of the proximal point
algorithm in various spaces (see [12,13,16,21,23,26,30,37,43,44]).

A point x ∈ C is a fixed point of S provided Sx = x. We denote by F (S) the fixed
point set of S, that is, F (S) = {x ∈ C : Sx = x}. A point p in C is called an asymp-

totic fixed point of S [36] if C contains a sequence {xn} which converges weakly to
p such that limn→∞ ‖xn − Sxn‖ = 0. The set of asymptotic fixed points of S is
denoted by ̂F (S). Recently, Halpern and Mann iterative algorithms have been con-
sidered for approximations of common fixed points by many authors. For example,
in 2011, Saewan and Kumam [38] introduced a modified Mann iterative scheme
by using the generalized f -projection method for approximating a common fixed
point of a countable family for a countable family of relatively quasi-nonexpansive
mappings. Chang et al. [11] considered a modified Halpern iterative scheme for
approximating a common fixed point for a totally quasi-φ-asymptotically nonex-
pansive mapping. Recently, Li et al. [24] introduced a hybrid iterative scheme for
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approximation of a fixed point of relatively nonexpansive mappings by using the
properties of generalized f -projection operators in a uniformly smooth real Ba-
nach space, which is also uniformly convex, and proved some strong convergence
theorems for the hybrid iterative scheme.

On the other hand, Ofoedu and Shehu [27] extended the algorithm of Li et

al. [24] to prove strong convergence theorems for a common solution of the set of
solutions of a system of Ky Fan’s inequalities and the set of common fixed points
of a pair of relatively quasi-nonexpansive mappings in a Banach space by using
the generalized f -projection operator. Chang et al. [10] extended and improved
the results of Qin and Su [28] to obtain strong convergence theorems for finding a
common element of the set of solutions for a generalized Ky Fan’s inequality, the
set of solutions for a variational inequality problem and the set of common fixed
points for a pair of relatively nonexpansive mappings in a Banach space.

Motivated and inspired by the work mentioned above, in this paper, we intro-
duce a new hybrid iterative scheme of the generalized f -projection operator based
on the Halpern-Mann type iterative scheme for finding a common element of the
set of zeroes of a system of maximal monotone operators, the set of fixed points of
a totally quasi-φ-asymptotically nonexpansive mapping and the set of solutions of
a system of generalized Ky Fan’s inequalities in a uniformly smooth and strictly
convex Banach space with the Kadec-Klee property.

2 Preliminaries

A Banach space E with the norm ‖ · ‖ is called strictly convex if ‖x+y
2 ‖ < 1 for

all x, y ∈ U with x �= y, where U = {x ∈ E : ‖x‖ = 1} is the unit sphere of E. A
Banach space E is called smooth if the limit

lim
t→0

‖x+ ty‖ − ‖x‖
t

exists for each x, y ∈ U. It is also called uniformly smooth if the limit exists uni-
formly for all x, y ∈ U . In this paper, we denote the strong convergence and weak
convergence of a sequence {xn} by xn → x and xn ⇀ x, respectively.

Let E be a real Banach space with the dual space E∗ and let C be a nonempty
closed and convex subset of E. A mapping S : C → C is said to be:

(1) nonexpansive if

‖Sx− Sy‖ ≤ ‖x− y‖

for all x, y ∈ C;
(2) quasi-nonexpansive if F (S) �= ∅ and

‖Sx− y‖ ≤ ‖x− y‖

for all x ∈ C and y ∈ F (S);
(3) asymptotically nonexpansive if there exists a sequence {kn} ⊂ [1,∞) with

kn → 1 as n → ∞ such that

‖Snx− Sny‖ ≤ kn‖x− y‖
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4 Siwaporn Saewan et al.

for all x, y ∈ C;
(4) asymptotically quasi-nonexpansive if F (S) �= ∅ and there exists a sequence

{kn} ⊂ [1,∞) with kn → 1 as n → ∞ such that

‖Snx− y‖ ≤ kn‖x− y‖

for all x ∈ C and y ∈ F (S);
(5) totally asymptotically nonexpansive if there exist nonnegative real sequences

{νn}, {μn} with νn → 0, μn → 0 as n → ∞ and a strictly increasing continuous
function ψ : R+ → R+ with ψ(0) = 0 such that

‖Snx− Sny‖ ≤ ‖x− y‖+ μnψ(‖x− y‖) + νn

for all x, y ∈ C and n ≥ 1.

A mapping S : C → C is said to be uniformly L-Lipschitz continuous if there
exists a constant L > 0 such that

‖Snx− Sny‖ ≤ L‖x− y‖ (1)

for all x, y ∈ C. A mapping S : C → C is said to be closed if, for any sequence
{xn} ⊂ C such that lim

n→∞
xn = x0 and lim

n→∞
Sxn = y0, we have Sx0 = y0.

The normalized duality mapping J : E → 2E
∗
is defined by

J(x) = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖2, ‖x∗‖ = ‖x‖}

for all x ∈ E. If E is a Hilbert space, then J = I, where I is the identity mapping.
Consider the functional φ : E × E → R defined by

φ(x, y) = ‖x‖2 − 2〈x, Jy〉+ ‖y‖2, (2)

where J is the normalized duality mapping and 〈·, ·〉 denotes the duality pairing
of E and E∗. If E is a Hilbert space, then φ(y, x) = ‖y − x‖2. It is obvious from
the definition of φ that

(‖y‖ − ‖x‖)2 ≤ φ(y, x) ≤ (‖y‖+ ‖x‖)2 (3)

for all x, y ∈ E.

A mapping S : C → C is said to be:
(1) relatively nonexpansive [7,8] if F̂ (S) = F (S) and

φ(p, Sx) ≤ φ(p, x)

for all x ∈ C and p ∈ F (S);
(2) relatively asymptotically nonexpansive [2] if F̂ (S) = F (S) �= ∅ and there

exists a sequence {kn} ⊂ [1,∞) with kn → 1 as n → ∞ such that

φ(p, Snx) ≤ knφ(p, x)

for all x ∈ C, p ∈ F (S) and n ≥ 1;
(3) φ-nonexpansive [29,46] if

φ(Sx, Sy) ≤ φ(x, y)
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for all x, y ∈ C;

(3) quasi-φ-nonexpansive [29,46] if F (S) �= ∅ and

φ(p, Sx) ≤ φ(p, x)

for all x ∈ C and p ∈ F (S);

(4) asymptotically φ-nonexpansive [46] if there exists a sequence {kn} ⊂ [0,∞)
with kn → 1 as n → ∞ such that

φ(Snx, Sny) ≤ knφ(x, y)

for all x, y ∈ C and n ≥ 1;

(5) quasi-φ-asymptotically nonexpansive [46] if F (S) �= ∅ and there exists a
sequence {kn} ⊂ [0,∞) with kn → 1 as n → ∞ such that

φ(p, Snx) ≤ knφ(p, x)

for all x ∈ C, p ∈ F (S) and n ≥ 1;

(6) totally quasi-φ-asymptotically nonexpansive if F (S) �= ∅ and there exist non-
negative real sequences {νn}, {μn} with νn → 0, μn → 0 as n → ∞ and a strictly
increasing continuous function ψ : R+ → R+ with ψ(0) = 0 such that

φ(p, Snx) ≤ φ(p, x) + νnψ(φ(p, x)) + μn

for all x ∈ C, p ∈ F (S) and n ≥ 1.

Lemma 1 [9] Let C be a nonempty closed and convex subset of a uniformly smooth

and strictly convex Banach space E with the Kadec-Klee property. Let S : C → C be a

closed and totally quasi-φ-asymptotically nonexpansive mapping with nonnegative real

sequences {νn} and {μn} with νn → 0 and μn → 0 as n → ∞, respectively, and a

strictly increasing continuous function ζ : R+ → R+ with ζ(0) = 0. If μ1 = 0, then
the set F (S) of fixed points of S is a closed convex subset of C.

Alber [5] introduced that the generalized projection ΠC : E → C is a mapping
that assigns to an arbitrary point x ∈ E the minimum point of the functional
φ(x, y), that is, ΠCx = x̄, where x̄ is the solution of the minimization problem

φ(x̄, x) = inf
y∈C

φ(y, x). (4)

The existence and uniqueness of the operator ΠC follows from the properties of
the functional φ(y, x) and strict monotonicity of the mapping J (see, for example,
[3,5,14,20,40]).

If E is a Hilbert space, then φ(x, y) = ‖x − y‖2 and ΠC becomes the metric
projection PC : H → C. If C is a nonempty closed and convex subset of a Hilbert
space H, then PC is nonexpansive. This fact actually characterizes Hilbert spaces,
it is not available in more general Banach spaces.
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Remark 1 The basic properties of a Banach space E related to the normalized
duality mapping J are as follows (see [14]):

(1) If E is an arbitrary Banach space, then J is monotone and bounded;
(2) If E is a strictly convex Banach space, then J is strictly monotone;
(3) If E is a smooth Banach space, then J is single-valued and semicontinuous;
(4) If E is a uniformly smooth Banach space, then J is uniformly norm-to-norm

continuous on each bounded subset of E;
(5) If E is a reflexive smooth and strictly convex Banach space, then the nor-

malized duality mapping J is single-valued, one-to-one and onto;
(6) If E is a reflexive strictly convex and smooth Banach space and J is the

duality mapping from E into E∗, then J−1 is also single-valued, bijective and is
also the duality mapping from E∗ into E, and thus JJ−1 = IE∗ and J−1J = IE ;

(7) If E is a uniformly smooth Banach space, then E is smooth and reflexive;
(8) E is a uniformly smooth Banach space if and only if E∗ is uniformly convex;
(9) If E is a reflexive and strictly convex Banach space, then J−1 is norm-

weak∗-continuous.

Remark 2 If E is a reflexive, strictly convex and smooth Banach space, then
φ(x, y) = 0 if and only if x = y. It is sufficient to show that if φ(x, y) = 0, then
x = y. From (2) we have

0 = ‖x‖2 − 2〈x, Jy〉+ ‖y‖2

= ‖x‖2 − 2‖x‖‖Jy‖+ ‖y‖2

= ‖x‖2 − 2‖x‖‖Jy‖+ ‖y‖2

= ‖x− y‖2.

That is, ‖x‖ = ‖y‖. This implies that 〈x, Jy〉 = ‖x‖2 = ‖Jy‖2. From the definition
of J, one has Jx = Jy. Therefore, we have x = y (see [14,40,35] for more details).

In 2006, Wu and Huang [42] introduced a new generalized f -projection operator
in a Banach space. They extended the definition of the generalized projection
operators introduced by Abler [4] and proved some properties of the generalized
f -projection operator. Consider the functional G : C × E∗ −→ R ∪ {+∞} defined
by

G(y,�) = ‖y‖2 − 2〈y,�〉+ ‖�‖2 + 2ρf(y) (5)

for all (y,�) ∈ C × E∗, where ρ is a positive number and f : C → R ∪ {+∞} is
proper, convex and lower semicontinuous. From the definition of G, Wu and Huang
[42] proved the following properties:

(1) G(y,�) is convex and continuous with respect to � when y is fixed;
(2) G(y,�) is convex and lower semicontinuous with respect to y when � is

fixed.

Definition 1 Let E be a real Banach space with its dual space E∗ and let C be a
nonempty closed and convex subset of E. We say that πf

C : E∗ → 2C is a generalized

f-projection operator if

πf
C� = {u ∈ C : G(u,�) = inf

y∈C
G(y,�), ∀� ∈ E∗}.
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Recall that a Banach space E has the Kadec-Klee property [14,18,40] if for any
sequence {xn} ⊂ E and x ∈ E with xn ⇀ x and ‖xn‖ → ‖x‖, we have ‖xn−x‖ → 0
as n → ∞. It is well known that if E is a uniformly convex Banach space, then E

has the Kadec-Klee property.

Lemma 2 [42] Let E be a real reflexive Banach space with its dual space E∗ and let

C be a nonempty closed and convex subset of E. The following statements hold:

(1) πf
C� is a nonempty, closed and convex subset of C for all � ∈ E∗;

(2) If E is smooth, then for all � ∈ E∗, x ∈ πf
C� if and only if

〈x− y,� − Jx〉+ ρf(y)− ρf(x) ≥ 0

for all y ∈ C;

(3) If E is strictly convex and f : C → R ∪ {+∞} is positive homogeneous (i.e.,

f(tx) = tf(x) for all t > 0 such that tx ∈ C, where x ∈ C), then πf
C� is a single-valued

mapping.

Recently, Fan et al. [17] showed that the condition, f is positive homogeneous,
which appears in [17, Lemma 2.1 (iii)], can be removed.

Lemma 3 [17] Let E be a real reflexive Banach space with its dual space E∗ and let

C be a nonempty closed and convex subset of E. If E is strictly convex, then πf
C� is

single-valued.

Recall that J is a single-valued mapping when E is a smooth Banach space.
There exists a unique element � ∈ E∗ such that � = Jx, where x ∈ E. This
substitution in (5) gives the following:

G(y, Jx) = ‖y‖2 − 2〈y, Jx〉+ ‖x‖2 + 2ρf(y). (6)

Now, we consider the second generalized f projection operator in a Banach
space (see [24]).

Definition 2 Let E be a real smooth Banach space and let C be a nonempty
closed and convex subset of E. We say that Πf

C : E → 2C is a generalized f-

projection operator if

Πf
Cx = {u ∈ C : G(u, Jx) = inf

y∈C
G(y, Jx), ∀x ∈ E}.

Lemma 4 [15] Let E be a Banach space and let f : E → R ∪ {+∞} be a lower

semicontinuous and convex function. Then there exist x∗ ∈ E∗ and α ∈ R such that

f(x) ≥ 〈x, x∗〉+ α

for all x ∈ E.
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Lemma 5 [24] Let E be a reflexive smooth Banach space and let C be a nonempty

closed and convex subset of E. The following statements hold:

(1) Πf
Cx is a nonempty closed and convex subset of C for all x ∈ E;

(2) For all x ∈ E, x̂ ∈ Πf
Cx if and only if

〈x̂− y, Jx− Jx̂〉+ ρf(y)− ρf(x̂) ≥ 0

for all y ∈ C;

(3) If E is strictly convex, then Πf
C is a single-valued mapping.

Lemma 6 [24] Let E be a real reflexive smooth Banach space and let C be a nonempty

closed and convex subset of E. Then, for any x ∈ E and x̂ ∈ Πf
Cx,

φ(y, x̂) +G(x̂, Jx) ≤ G(y, Jx)

for all y ∈ C.

Lemma 7 [24]. Let E be a Banach space and let f : E → R ∪ {+∞} be a proper,

convex and lower semicontinuous mapping with convex domain D(f). If {xn} is a

sequence in D(f) such that xn ⇀ x̂ ∈ D(f) and limn→∞ G(xn, Jy) = G(x̂, Jy), then
limn→∞ ‖xn‖ = ‖x̂‖.

Remark 3 Let E be a uniformly convex and uniformly smooth Banach space and
f(y) = 0 for all y ∈ E. Then Lemma 6 reduces to the property of the generalized
projection operator considered by Alber [5].

If f(y) ≥ 0 for all y ∈ C and f(0) = 0, then the definition of a totally quasi-φ-
asymptotically nonexpansive S is equivalent to the following:

If F (S) �= ∅ and there exist nonnegative real sequences {νn}, {μn} with νn → 0,
μn → 0 as n → ∞, respectively, and a strictly increasing continuous function
ψ : R+ → R+ with ψ(0) = 0 such that

G(p, Snx) ≤ G(p, x) + νnψG(p, x) + μn

for all x ∈ C, p ∈ F (S) and n ≥ 1.

Let θ be a bifunction from C×C to R, where R denotes the set of real numbers.
The equilibrium problem (for short, (EP)) is to find x̂ ∈ C such that

θ(x̂, y) ≥ 0 (7)

for all y ∈ C. The set of solutions of (EP) (7) is denoted by EP (θ).

For solving the equilibrium problem for a bifunction θ : C × C → R, let us
assume that θ satisfies the following conditions:

(A1) θ(x, x) = 0 for all x ∈ C;
(A2) θ is monotone, i.e., θ(x, y) + θ(y, x) ≤ 0 for all x, y ∈ C;
(A3) for all x, y, z ∈ C,

lim
t↓0

θ(tz + (1− t)x, y) ≤ θ(x, y);
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(A4) for all x ∈ C, y �→ θ(x, y) is convex and lower semicontinuous.

For example, let B be a continuous and monotone operator of C into E∗ and
define

θ(x, y) = 〈Bx, y − x〉

for all x, y ∈ C. Then θ satisfies (A1)-(A4).

Lemma 8 [6] Let C be a closed convex subset of a smooth, strictly convex and reflexive

Banach space E and let θ be a bifunction from C × C to R satisfying the conditions

(A1)-(A4). Then, for any r > 0 and x ∈ E, there exists z ∈ C such that

θ(z, y) +
1

r
〈y − z, Jz − Jx〉 ≥ 0

for all y ∈ C.

Lemma 9 [41] Let C be a closed convex subset of a uniformly smooth, strictly convex

and reflexive Banach space E and let θ be a bifunction from C × C to R satisfying

the conditions (A1)-(A4). For all r > 0 and x ∈ E, define a mapping T θ
r : E → C as

follows:

T θ
r x = {z ∈ C : θ(z, y) +

1

r
〈y − z, Jz − Jx〉 ≥ 0, ∀y ∈ C}.

Then the following hold:

(1) T θ
r is single-valued;

(2) T θ
r is a firmly nonexpansive-type mapping [22], that is, for all x, y ∈ E,

〈T θ
r x− T θ

r y, JT
θ
r x− JT θ

r y〉 ≤ 〈T θ
r x− T θ

r y, Jx− Jy〉;

(3) F (T θ
r ) = EP (θ);

(4) EP (θ) is closed and convex.

Lemma 10 [41] Let C be a closed convex subset of a smooth, strictly convex and

reflexive Banach space E and let θ be a bifunction from C × C to R satisfying the

conditions (A1)-(A4). Then, for any r > 0, x ∈ E and q ∈ F (T θ
r ),

φ(q, T θ
r x) + φ(T θ

r x, x) ≤ φ(q, x).

An operator A ⊂ E × E∗ is said to be monotone if

〈x− y, x∗ − y∗〉 ≥ 0

for all (x, x∗), (y, y∗) ∈ A. A point z ∈ E is called a zero point of A if

0 ∈ Az. (8)

We denote the set of zeroes of the operator A by A−10, that is,

A−10 = {z ∈ E : 0 ∈ Az}.

A monotone A ⊂ E × E∗ is said to be maximal if its graph G(A) = {(x, y∗) :
y∗ ∈ Ax} is not property contained in the graph of any other monotone operator.
If A is maximal monotone, then the solution set A−10 is closed and convex.
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Let E be a smooth strictly convex and reflexive Banach space, let C be a
nonempty closed convex subset of E and let A ⊂ E × E∗ be a monotone operator
satisfying D(A) ⊂ C ⊂ J−1(∩λ>0R(J + λA)). Then the resolvent Jλ : C → D(A) of
A is defined by

Jλx = {z ∈ D(A) : Jx ∈ Jz + λAz, ∀x ∈ C}.

Jλ is a single-valued mapping from E to D(A). On the other words, Jλ =
(J + λA)−1J for all λ > 0.

For any λ > 0, the Yosida approximation Aλ : C → E∗ of A is defined by
Aλx = Jx−JJλx

λ for all x ∈ C. We know that Aλx ∈ A(Jλx) for all λ > 0 and
x ∈ E. Since relatively quasi-nonexpansive mappings and quasi-φ-nonexpansive
mappings are the same, we can see that Jλ is a quasi-φ-nonexpansive mapping
(see [39, Theorem 4.7]).

Lemma 11 [19] Let E be a smooth strictly convex and reflexive Banach space, let C

be a nonempty closed convex subset of E and let A ⊂ E × E∗ be a monotone operator

satisfying D(A) ⊂ C ⊂ J−1(∩λ>0R(J + λA)). For any λ > 0, let Jλ and Aλ be the

resolvent and the Yosida approximation of A, respectively. Then the following hold:

(1) φ(p, Jλx) + φ(Jλx, x) ≤ φ(p, x) for all x ∈ C and p ∈ A−10;
(2) (b) (Jλx,Aλx) ∈ A for all x ∈ C;

(3) (c) F (Jλ) = A−10.

Lemma 12 [32] Let E be a reflexive strictly convex and smooth Banach space. Then

an operator A ⊂ E × E∗ is maximal monotone if and only if R(J + λA) = E∗ for all

λ > 0.

3 Main result

Now, we give the main results in this paper.

Theorem 1 Let C be a nonempty closed and convex subset of a uniformly smooth and

strictly convex Banach space E with the Kadec-Klee property. For each i = 1, 2, · · · ,m,

let θi be a bifunction from C × C to R satisfying the conditions (A1)-(A4). Let Aj ⊂
E × E∗ be a maximal monotone operator satisfying D(Aj) ⊂ C and J

Aj

λj,n
= (J +

λj,nAj)
−1J for all λj,n > 0 and j = 1, 2, · · · , l. Let S : C → C be a closed and

totally quasi-φ-asymptotically nonexpansive mapping with nonnegative real sequences

{νn}, {μn} with νn → 0, μn → 0 as n → ∞, respectively, and a strictly increasing

continuous function ψ : R+ → R+ with ψ(0) = 0. Let f : E → R+ be a convex and

lower semicontinuous function with C ⊂ int(D(f)) and f(0) = 0. Assume that S is

uniformly L-Lipschitz continuous and F = F (S) ∩ (∩m
i=1EP (θi)) ∩ (∩l

j=1A
−1
j 0) �= ∅.

For any initial point x1 ∈ E, define C1 = C and the sequence {xn} in C by
⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

zn = JAl

λl,n
◦ JAl−1

λl−1,n
◦ · · · ◦ JA1

λ1,n
xn,

un = T θm
rm,n

◦ T θm−1
rm−1,n

◦ · · · ◦ T θ1
r1,nzn,

yn = J−1(αnJx1 + βnJS
nxn + γnJun),

Cn+1 = {v ∈ Cn : G(v, Jyn) ≤ αnG(v, Jx1) + (1− αn)G(v, Jxn) + ζn},
xn+1 = Πf

Cn+1
x1

(9)
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for each n ≥ 1, where {αn}, {βn} and {γn} are the sequences in (0, 1) such that

αn + βn + γn = 1, ζn = νn supq∈F ψ(G(q, Jxn)) + μn and for each i = 1, 2, · · · ,m,

{ri,n} ⊂ [d,∞) for some d > 0. If, for each j = 1, 2, · · · , l, lim infn→∞ λj,n > 0,
limn→∞ αn = 0 and lim infn→∞ βn < 1, then the sequence {xn} converges strongly

to a point Πf
Fx1.

Proof . We split the proof into five steps.

Step 1. We first show that Cn is closed and convex for all n ≥ 1. From the
definitions of C1 = C is closed and convex. Suppose that Cn is closed and convex
for all n ≥ 1. For any b ∈ Cn, we know that G(b, Jyn) ≤ G(b, Jxn)+ζn is equivalent
to the following:

2αn〈b, Jx1〉 + 2(1− αn)〈b, Jxn〉 − 2〈b, Jyn〉
≤ αn‖x1‖2 + (1− αn)‖xn‖2 − ‖yn‖2 + ζn.

Therefore, Cn+1 is closed and convex for all n ≥ 1.

Step 2. We show that F ⊂ Cn for all n ≥ 1. Now, we show by induction that
F ⊂ Cn for all n ≥ 1. It is obvious that F ⊂C1=C. Suppose that F ⊂ Cn for some

n ≥ 1. Define un = Km
n zn, when Ki

n = T θi
ri,nT

θi−1
ri−1,n

· · ·T θ1
r1,n for all j = 1, 2, · · · ,m

with K0
n = I and define zn = Δl

nxn when Δj
n := J

Aj

λj,n
◦ J

Aj−1

λj−1,n
◦ · · · ◦ JA1

λ1,n
for all

j = 1, 2, · · · , l with Δ0
n = I. Let q ∈ F . Then we have

G(q, Jun) = G(q, JKm
n zn)

≤ G(q, Jzn)

= G(q, J(Δl
nxn))

≤ G(q, Jxn).

(10)

Since S is a totally quasi-φ-asymptotically nonexpansive mapping, from (10) we
have

G(q, Jyn)
= G(q, (αnJx1 + βnJS

nxn + γnJun))
= ‖q‖2 − 2αn〈q, Jx1〉 − 2βn〈q, JSnxn〉 − 2γn〈q, Jun〉

+‖αnJx1 + βnJS
nxn + γnJun‖2 + 2ρf(q)

≤ ‖q‖2 − 2αn〈q, Jx1〉 − 2βn〈q, JSnxn〉 − 2γn〈q, Jun〉
+αn‖Jxn‖2 + βn‖JSnxn‖2 + γn‖Jun‖2 + 2ρf(q)

= αnG(q, Jx1) + βnG(q, JSnxn) + γnG(q, Jun)
≤ αnG(q, Jx1) + βn(G(q, Jxn) + νnψ(G(q, Jxn)) + μn) + γnG(q, Jun)
≤ αnG(q, Jx1) + βnG(q, Jxn) + γnG(q, Jun) + βn(νnψ(G(q, Jxn)) + μn)
≤ αnG(q, Jx1) + βnG(q, Jxn) + γnG(q, Jun) + νn supq∈F ψ(G(q, Jxn)) + μn

≤ αnG(q, Jx1) + βnG(q, Jxn) + γnG(q, Jun) + ζn
≤ αnG(q, Jx1) + βnG(q, Jxn) + γnG(q, Jzn) + ζn
≤ αnG(q, Jx1) + βnG(q, Jxn) + γnG(q, Jxn) + ζn
≤ αnG(q, Jx1) + (βn + γn)G(q, Jxn) + ζn
= αnG(q, Jx1) + (1− αn)G(q, Jxn) + ζn.

(11)
This shows that q ∈ Cn+1, which implies that F ⊂ Cn+1 and so F ⊂ Cn for all
n ≥ 1 and the sequence {xn} is well defined.
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Step 3. We show that xn → p, yn → p, zn → p and un → p as n → ∞. Since
f : E → R is a convex and lower semi-continuous function, from Lemma 4, we
known that there exist x∗ ∈ E∗ and α ∈ R such that

f(x) ≥ 〈x, x∗〉+ α

for all x ∈ E. Since xn ∈ Cn ⊂ E, it follows that

G(xn, Jx1) = ‖xn‖2 − 2〈xn, Jx1〉+ ‖x1‖2 + 2ρf(xn)
≥ ‖xn‖2 − 2〈xn, Jx1〉+ ‖x1‖2 + 2ρ〈xn, x∗〉+ 2ρα
= ‖xn‖2 − 2〈xn, Jx1 − ρx∗〉+ ‖x1‖2 + 2ρα
≥ ‖xn‖2 − 2‖xn‖‖Jx1 − ρx∗‖+ ‖x1‖2 + 2ρα
= (‖xn‖ − ‖Jx1 − ρx∗‖)2 + ‖x1‖2 − ‖Jx1 − ρx∗‖2 + 2ρα.

(12)

For all q ∈ F and xn = Πf
Cn

x1, we have

G(q, Jx1) ≥ G(xn, Jx1) ≥ (‖xn‖ − ‖Jx1 − ρx∗‖)2 + ‖x1‖2 − ‖Jx1 − ρx∗‖2 + 2ρα.

That is, {xn} is bounded and so are {G(xn, Jx1)} and {yn}. By using the fact that

xn+1 = Πf
Cn+1

x1 ∈ Cn+1 ⊂ Cn and xn = Πf
Cn

x1, it follows from Lemma 6 and (3)

that

0 ≤ (‖xn+1 − ‖xn‖)2 ≤ φ(xn+1, xn) ≤ G(xn+1, Jx1)−G(xn, Jx1). (13)

This implies that {G(xn, Jx1)} is nondecreasing and so limn→∞ G(xn, Jx1) exists.
Taking n → ∞, we obtain

lim
n→∞

φ(xn+1, xn) = 0. (14)

Since {xn} is bounded, E is reflexive and Cn is closed and convex for all n ≥ 1.

We can assume that xn ⇀ p ∈ Cn as n → ∞. From the fact that xn = Πf
Cn

x1, we
get

G(xn, Jx1) ≤ G(p, Jx1) (15)

for all n ≥ 1. Since f is convex and lower semi-continuous, we have

lim infn→∞ G(xn, Jx1) = lim infn→∞{‖xn‖2 − 2〈xn, Jx1〉+ ‖x1‖2 + 2ρf(xn)}
≥ ‖p‖2 − 2〈p, Jx1〉+ ‖x1‖2 + 2ρf(p)
= G(xn, Jx1).

(16)
By (15) and (16), we get

G(p, Jx1) ≤ lim inf
n→∞

G(xn, Jx1) ≤ lim sup
n→∞

G(xn, Jx1) ≤ G(p, Jx1).

That is, lim
n→∞

G(xn, Jx1) = G(p, Jx1), which implies that ‖xn‖ → ‖p‖ as n → ∞.

Since E has the Kadec-Klee property, we obtain

lim
n→∞

xn = p. (17)

We also have
lim

n→∞
xn+1 = p. (18)

FPTA_328_edited [07/19 09:56]    12/22



Title Suppressed Due to Excessive Length 13

From (17), we get

lim
n→∞

ζn = lim
n→∞

(νn supq∈F ψ(G(q, Jxn)) + μn) = 0. (19)

From (17) and (18), we have lim
n→∞

‖xn − xn+1‖ = 0. Since J is uniformly norm-to-

norm continuous, it follows that

lim
n→∞

‖Jxn − Jxn+1‖ = 0. (20)

Moreover, since xn+1 = Πf
Cn+1

x1 ∈ Cn+1 ⊂ Cn and (9), we have

G(xn+1, Jyn) ≤ αnG(xn+1, Jx1) + (1− αn)G(xn+1, Jxn) + ζn

is equivalent to the following:

φ(xn+1, yn) ≤ αnφ(xn+1, x1) + (1− αn)φ(xn+1, xn) + ζn. (21)

Since lim
n→∞

αn = 0, (14) and (19), we have

lim
n→∞

φ(xn+1, yn) = 0. (22)

By (3), it follows that
‖yn‖ → ‖p‖ (23)

as n → ∞. Since J is uniformly norm-to-norm continuous, we obtain

‖Jyn‖ → ‖Jp‖ (24)

as n → ∞. This implies that {‖Jyn‖} is bounded in E∗, Since E∗ is reflexive, we
assume that Jyn ⇀ y∗ ∈ E∗ as n → ∞. In view of J(E) = E∗, there exists y ∈ E

such that Jy = y∗. It follows that

φ(xn+1, yn) = ‖xn+1‖2 − 2〈xn+1, Jyn〉+ ‖yn‖2
= ‖xn+1‖2 − 2〈xn+1, Jyn〉+ ‖Jyn‖2.

(25)

Taking lim infn→∞ on both sides of the equality above, since ‖ · ‖ is weak lower
semi-continuous, this yields that

0 ≥ ‖p‖2 − 2〈p, y∗〉+ ‖y∗‖2
= ‖p‖2 − 2〈p, Jy〉+ ‖Jy‖2
= ‖p‖2 − 2〈p, Jy〉+ ‖y‖2
= φ(p, y).

(26)

From Remark 2, p = y, which implies that y∗ = Jp. It follows that Jyn ⇀ Jp ∈ E∗

as n → ∞. From (24) and the Kadec-Klee property of E∗, we have Jyn → Jp as
n → ∞. Note that J−1 : E∗ → E is norm-weak∗-continuous, that is, yni ⇀ p as
n → ∞. From (23) and the Kadec-Klee property of E, we have

lim
n→∞

yn = p. (27)

From (11), we have

G(q, Jyn) ≤ αnG(q, Jx1) + βnG(q, Jxn) + γnG(q, Jzn) + ζn
≤ αnG(q, Jx1) + (1− αn)G(q, Jxn) + ζn.
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From (17), (19), (27) and the conditions limn→∞ αn = 0, lim infn→∞ βn < 1, it
follows that for any q ∈ F , limn→∞ φ(q, zn) = φ(q, p). Let zn = Δl

nxn for all n ≥ 1.
From Lemma 11(1), it follows that for any q ∈ F ,

φ(zn, xn) = φ(Δl
nxn, xn)

≤ φ(q, xn)− φ(q,Δl
nxn)

= φ(q, xn)− φ(q, zn).

Taking n → ∞ on both sides of the inequality above, we have

lim
n→∞

φ(zn, xn) = 0.

From (3), it follows that (‖xn‖ − ‖zn‖)2 → 0 as n → ∞. Since ‖xn‖ → ‖p‖ as
n → ∞, we have

‖zn‖ → ‖p‖ (28)

as n → ∞. Since J is uniformly norm-to-norm continuous on bounded subsets of
E, it follows that

‖Jzn‖ → ‖Jp‖ (29)

as n → ∞. This implies that {‖Jzn‖} is bounded in E∗. Since E∗ is reflexive, we
can assume that Jzn ⇀ z∗ ∈ E∗ as n → ∞. In view of J(E) = E∗, there exists
z ∈ E such that Jz = z∗, and so

φ(xn, zn) = ‖xn‖2 − 2〈xn, Jzn〉+ ‖zn‖2
= ‖xn‖2 − 2〈xn, Jzn〉+ ‖Jzn‖2.

(30)

Taking lim infn→∞ on both sides of the equality above, from the weak lower semi-
continuity of the norm ‖ · ‖, it follows that

0 ≥ ‖p‖2 − 2〈p, z∗〉+ ‖z∗‖2
= ‖p‖2 − 2〈p, Jz〉+ ‖Jz‖2
= ‖p‖2 − 2〈p, Jz〉+ ‖z‖2
= φ(p, z).

(31)

From Remark 2, we have p = z, which implies that z∗ = Jp and so Jzn ⇀ Jp ∈ E∗

as n → ∞. From (29) and the Kadec-Klee property of E∗, we have Jzn → Jp as
n → ∞. Since J−1 is norm-weak∗-continuous, that is, zn ⇀ p, from (28) and the
Kadec-Klee property of E, it follows that

lim
n→∞

zn = p. (32)

From (11), we have

G(q, Jyn) ≤ αnG(q, Jx1) + βnG(q, Jxn) + γnG(q, Jun) + ζn

≤ αnG(q, Jx1) + (1− αn)G(q, Jxn) + ζn.

From (17), (19), (27) and the conditions limn→∞ αn = 0, lim infn→∞ βn < 1, it
follows that lim

n→∞
φ(q, un) = φ(q, p). From Lemma 9, it follows that for any q ∈ F

and un = Km
n zn,

φ(un, xn) = φ(Km
n zn, xn)

≤ φ(q, zn)− φ(q,Km
n xn)

= φ(q, zn)− φ(q, un).
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Taking n → ∞ on both sides of the inequality above, we have

lim
n→∞

φ(xn, un) = 0. (33)

From (3), we have
(‖xn‖ − ‖un‖)2 → 0 (34)

as n → ∞. Since ‖xn‖ → ‖p‖, we have

‖un‖ → ‖p‖ (35)

as n → ∞, and so
‖Jun‖ → ‖Jp‖ (36)

as n → ∞. That is, {‖Jun‖} is bounded in E∗. Since E∗ is reflexive, we can assume
that Jun ⇀ u∗ ∈ E∗ as n → ∞. In view of J(E) = E∗, there exists u ∈ E such
that Ju = u∗. It follows that

φ(xn+1, un) = ‖xn+1‖2 − 2〈xn+1, Jun〉+ ‖un‖2
= ‖xn+1‖2 − 2〈xn+1, Jun〉+ ‖Jun‖2.

(37)

Taking lim infn→∞ on both sides of the equality above, since ‖ · ‖ is weak lower
semi-continuous, it follows that

0 ≥ ‖p‖2 − 2〈p, u∗〉+ ‖u∗‖2
= ‖p‖2 − 2〈p, Ju〉+ ‖Ju‖2
= ‖p‖2 − 2〈p, Ju〉+ ‖u‖2
= φ(p, u).

(38)

From Remark 2, p = u, that is, u∗ = Jp. It follows that Jun ⇀ Jp ∈ E∗. From (36)
and the Kadec-Klee property of E∗, we have Jun → Jp as n → ∞. Since J−1 is
norm-weak∗-continuous, that is, un ⇀ p as n → ∞. From (35) and the Kadec-Klee
property of E, we have

lim
n→∞

un = p. (39)

Step 4. We show that p ∈ F = F (S) ∩ (∩m
i=1EP (θi)) ∩ (∩l

j=1A
−1
j 0). First, we

show that p ∈ ∩l
j=1A

−1
j 0. Let zn = Δl

nxn for each n ≥ 1. Then, for any q ∈ F , it
follows that for each j = 1, 2, · · · , l,

φ(q, zn) = φ(q,Δl
nxn)

≤ φ(q,Δl−1
n xn)

≤ φ(q,Δl−2
n xn)

· · ·
≤ φ(q,Δj

nxn).

(40)

By Lemma 11, for each j = 1, 2, · · · ,m, we have

φ(Δj
nxn, xn) ≤ φ(q, xn)− φ(q,Δj

nxn)
≤ φ(q, xn)− φ(q, zn).

(41)

Since xn → p and zn → p as n → ∞, we get φ(Δj
nxn, xn) → 0 as n → ∞ for all

j = 1, 2, · · · ,m. From (3), it follows that

(‖Δj
nxn‖ − ‖xn‖)2 → 0
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We introduce a new hybrid projection method in mathematical programming for
finding a common element of the set of common fixed points of a countable family
of relatively quasi-nonexpansive mappings, the set of the variational inequality
for an α-inverse-strongly monotone operator, the set of solutions of the mixed
equilibrium problem and a zero of a maximal monotone operator in the framework
of a real Banach space. We obtain a strong convergence theorem for the sequences
generated by this process in a 2-uniformly convex and uniformly smooth Banach
space. Furthermore, we give some numerical examples which support our main
theorem in the last part.

Keywords: hybrid iterative scheme; inverse-strongly monotone operator; vari-
ational inequality; mixed equilibrium problem; relatively quasi-nonexpansive
mapping; maximal monotone operator

AMS Subject Classifications: 47H05; 47H09; 47H10; 65J15

1. Introduction and preliminaries

Let E be a real Banach space with ‖·‖ and E∗ the dual space of E. Let U ={x ∈ E : ‖x‖=1}
be the unit sphere of E. A Banach space E is said to be strictly convex if

∥∥ x+y
2

∥∥<1 for all
x, y ∈ U .ABanach space E is said to be smooth if the limit limt→0

‖x+t y‖−‖x‖
t exists for each

x, y ∈ U. It is also said to be uniformly smooth if the limit is attained uniformly for x, y ∈ U .
Let E be a Banach space. The modulus of convexity of E is the function δ : [0, 2] → [0, 1]
defined by δ(ε) = inf

{
1 − ∥∥ x+y

2

∥∥ : x, y ∈ E, ‖x‖ = ‖y‖ = 1, ‖x − y‖ ≥ ε
}
. A Banach

space E is uniformly convex if and only if δ(ε)>0 for all ε ∈ (0, 2]. Let p be a fixed
real number with p ≥ 2. A Banach space E is said to be p-uniformly convex if there
exists a constant c>0 such that δ(ε) ≥ cε p for all ε ∈ [0, 2]; see [1,2] for more details.
Observe that every p-uniform convex is uniformly convex. One should note that a Banach
space is p-uniform convex for 1 < p < 2. It is well known that a Hilbert space is
2-uniformly convex, uniformly smooth. For each p > 1, the generalized duality mapping

∗Corresponding author. Email: poom.kum@kmutt.ac.th

© 2013 Taylor & Francis
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2 S. Saewan and P. Kumam

Jp : E → 2E∗
is defined by Jp(x) = {

x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖p, ‖x∗‖ = ‖x‖p−1
}

for all
x ∈ E . In particular, J = J2 is called the normalized duality mapping. If E is a Hilbert
space, then J = I , where I is the identity mapping. It is also known that if E is uniformly
smooth, then J is uniformly norm-to-norm continuous on each bounded subset of E.

Let E be a real Banach space and let C be a nonempty closed convex subset of E and
A : C → E∗ be an operator. The classical variational inequality problem for an operator
A is to find x∗ ∈ C such that 〈

Ax∗, y − x∗〉 ≥ 0, ∀y ∈ C. (1.1)

The set of solution of (1.1) is denoted by V I (A, C). Recall that let A : C → E∗ be a
mapping. Then, A is called

(i) monotone if
〈Ax − Ay, x − y〉 ≥ 0, ∀x, y ∈ C,

(ii) α−inverse-strongly monotone if there exists a constant α > 0 such that

〈Ax − Ay, x − y〉 ≥ α‖Ax − Ay‖2, ∀x, y ∈ C.

The class of inverse-strongly monotone has been studied by many researchers to approxi-
mating a common fixed point; see [3–6] for more details.

Consider the problem of finding:

v ∈ E such that 0 ∈ T (v), (1.2)

where T is an operator from E into E∗. Such v ∈ E is called a zero point of T. When T is
a maximal monotone operator, a well-know methods for solving (1.2) in a Hilbert space H
is the proximal point algorithm: x1 = x ∈ H and,

xn+1 = Jrn xn, n = 1, 2, 3, . . . , (1.3)

where Jrn = (I +rnT )−1 and {rn} ⊂ (0,∞), then Rockafellar [7] proved that the sequence
{xn} converges weakly to an element of T −1(0).

Let θ be a bifunction of C × C into R and ϕ : C → R be a real-valued function. The
mixed equilibrium problem, denoted by M E P(θ, ϕ) is to find x ∈ C such that

θ(x, y) + ϕ(y) − ϕ(x) ≥ 0, ∀y ∈ C. (1.4)

If ϕ ≡ 0, the problem (1.4) reduce into the equilibrium problem for θ , denoted by E P(θ),
is to find x ∈ C such that

θ(x, y) ≥ 0, ∀y ∈ C. (1.5)

If θ ≡ 0, the problem (1.4) reduce into the minimize problem, denoted by Argmin(ϕ) is to
find x ∈ C such that

ϕ(y) − ϕ(x) ≥ 0, ∀y ∈ C. (1.6)

The above formulation (1.5) was shown in [8] to cover monotone inclusion problems,
saddle point problems, variational inequality problems, minimization problems, optimiza-
tion problems, variational inequality problems, vector equilibrium problems and Nash
equilibria in noncooperative games. In addition, there are several other problems, for
example, the complementarity problem, fixed point problem and optimization problem,
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Optimization 3

which can also be written in the form of an E P(θ). In other words, the E P(θ) is an
unifying model for several problems arising in physics, engineering, science, optimization,
economics, etc. In the last two decades, many papers have appeared in the literature on
the existence of solutions of E P(θ); see, for example,[8,9] and references therein. Some
solution methods have been proposed to solve the E P(θ); see, for example,[3,4,8,10–14]
and references therein.

Consider the functional defined by

φ(x, y) = ‖x‖2 − 2〈x, J y〉 + ‖y‖2, for x, y ∈ E . (1.7)

It is obvious from the definition of function φ that

(‖y‖ − ‖x‖)2 ≤ φ(y, x) ≤ (‖y‖ + ‖x‖)2 , ∀x, y ∈ E . (1.8)

Remark 1.1 If E is a reflexive, strictly convex and smooth Banach space, then for x, y ∈ E ,
φ(x, y) = 0 if and only if x = y. It is sufficient to show that if φ(x, y) = 0 then x = y.
From (1.7), we have ‖x‖ = ‖y‖. This implies that 〈x, J y〉 = ‖x‖2 = ‖J y‖2. From the
definition of J, one has J x = J y. Therefore, we have x = y; see [15,16] for more details.

As well know that if C is a nonempty closed convex subset of a Hilbert space H and
PC : H → C is the metric projection of H onto C, then PC is nonexpansive. This fact
actually characterizes Hilbert spaces and consequently, it is not available in more general
Banach spaces. In this connection,Alber [17] recently introduced the generalized projection
�C : E → C is a map that assigns to an arbitrary point x ∈ E the minimum point of the
functional φ(x, y), that is, �C x = x̄, where x̄ is the solution to the minimization problem

φ(x̄, x) = inf
y∈C

φ(y, x), (1.9)

existence and uniqueness of the operator �C follows from the properties of the functional
φ(x, y) and strict monotonicity of the mapping J (see, for example, [15–19]).

If E is a Hilbert space, then φ(y, x) = ||y − x‖2 and �C becomes the metric
projection of E onto C. Let �C be the generalized projection from a smooth, strictly
convex and reflexive Banach space E onto a nonempty closed convex subset C of E. Then,
�C is a closed relatively quasi-nonexpansive mapping from E onto C with F(�C ) = C
(see also [13]).

Let C be a closed convex subset of E, a mapping S : C → C is said to be nonexpansive
if ‖Sx − Sy‖≤‖x − y‖, ∀x, y ∈C. A point x ∈ C is a fixed point of S provided Sx = x .
Denote by F(S) the set of fixed points of S; that is, F(S) = {x ∈ C : Sx = x}. Recall that
a point p in C is said to be an asymptotic fixed point of S [20] if C contains a sequence {xn}
which converges weakly to p such that limn→∞ ‖xn − Sxn‖ = 0. The set of asymptotic
fixed points of S will be denoted by F̃(S). A mapping S from C into itself is said to be
relatively nonexpansive [21–23] if F̃(S) = F(S) and φ(p, Sx) ≤ φ(p, x) for all x ∈ C
and p ∈ F(S). The asymptotic behaviour of a relatively nonexpansive mapping was studied
in [24–26]. S is said to be φ-nonexpansive, if φ(Sx, Sy) ≤ φ(x, y) for x, y ∈ C . S is said
to be relatively quasi-nonexpansive if F(S) �= ∅ and φ(p, Sx) ≤ φ(p, x) for x ∈ C
and p ∈ F(S). We note that the class of relatively quasi-nonexpansive mappings is more
general than the class of relatively nonexpansive mappings [24–28] which requires the
strong restriction: F(S) = F̃(S).
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4 S. Saewan and P. Kumam

Definition 1.2 Let C be a nonempty subset of E and let {Tn}∞n=1 be a countable family of
mappings from C into E.Apoint p in C is called an asymptotic fixed point of {Tn}∞n=1 [20] if C
contains a sequence {xn}∞n=1 which converges weakly to p such that limn→∞ ‖xn −Tn xn‖ =
0. The asymptotic fixed point set of {Tn}∞n=1 will be denoted by F̂

({Tn}∞n=1

)
. A mapping Tn

from C into itself is called countable family of relatively nonexpansive mappings if

(R1) F
({Tn}∞n=1

)
is nonempty;

(R2) φ (p, Tn x) ≤ φ(p, x) for all x ∈ C and p ∈ F
({Tn}∞n=1

)
;

(R3) F̂
({Tn}∞n=1

) = F
({Tn}∞n=1

)
.

A sequence {Tn}∞n=1 is called countable family of relatively quasi-nonexpansive mappings
(or countable family of quasi-φ-nonexpansive mappings) if conditions (R1) and (R2) hold.
It is obvious that a countable family of relatively nonexpansive mappings is a countable
family of relatively quasi-nonexpansive mappings but the converse is not true. In order to
explain this better, we give the following example.

Example 1.3 Let E = R with the usual norm and define a mapping Tn : E −→ E by

Tn(x) =
{

0, if x ≤ 1
n ;

1
n , if x > 1

n ,

for all n ≥ 0 and for each x ∈ R.

It is easy to see that
⋂∞

n=1 F(Tn) = F(Tn) = {0} and

φ(0, Tn x) = ‖0 − Tn x‖ ≤ ‖0 − x‖ = φ(0, x), ∀x ∈ R.

Therefore, T is a relatively quasi-nonexpansive mapping but not a relatively nonexpansive
mapping.

In 2004, Matsushita and Takahashi [29] introduced the following iteration: a sequence
{xn} defined by

xn+1 = �C J−1(αn J xn + (1 − αn)J Sxn), (1.10)

where the initial guess element x0 ∈ C is arbitrary, {αn} is a real sequence in [0, 1], S is a
relatively nonexpansive mapping and �C denotes the generalized projection from E onto
a closed convex subset C of E. They proved that the sequence {xn} converges weakly to a
fixed point of S. In the sane year, Kamimura et al. [30] considered the algorithm (1.11) in a
uniformly smooth and uniformly convex Banach space E, namely

xn+1 = J−1(αn J xn + (1 − αn)J (Jrn xn)), n = 1, 2, 3, . . . . (1.11)

They proved that the algorithm (1.11) converges weakly to some element of T −10.
In 2005, Matsushita and Takahashi [27] proposed the following hybrid iteration method

(it is also called the CQ method) with generalized projection for relatively nonexpansive
mapping S in a Banach space E:
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Optimization 5⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
x0 ∈ C chosen arbitrarily,

yn = J−1(αn J xn + (1 − αn)J Sxn),

Cn = {z ∈ C : φ(z, yn) ≤ φ(z, xn)},
Qn = {z ∈ C : 〈xn − z, J x0 − J xn〉 ≥ 0},
xn+1 = �Cn∩Qn x0.

(1.12)

They proved that {xn} converges strongly to �F(S)x0, where �F(S) is the generalized
projection from C onto F(S). In 2008, Iiduka and Takahashi [31] introduced the following
iterative scheme for finding a solution of the variational inequality problem for an inverse-
strongly monotone operator A in a 2-uniformly convex and uniformly smooth Banach space
E : x1 = x ∈ C and

xn+1 = �C J−1(J xn − λn Axn), (1.13)

for every n = 1, 2, 3, . . ., where �C is the generalized metric projection from E onto C,
J is the duality mapping from E into E∗ and {λn} is a sequence of positive real numbers.
They proved that the sequence {xn} generated by (1.13) converges weakly to some element
of V I (A, C).

Let {Sn} be a sequence of nonexpansive mappings from C into itself such that
⋂∞

n=1
F(Sn) �= ∅ satisfy the following condition (the AKTT-condition): if for each bounded subset
B of C ∞∑

n=1

sup{‖Sn+1z − Snz‖ : z ∈ B} < ∞. (1.14)

Assume that if the mapping S : C → C defined by Sx = limn→∞ Sn x for all x ∈ C ,
then limn→∞ sup{‖Sz − Snz‖ : z ∈ C} = 0. Aoyama et al. [32, Lemma 3.1] proved that
the sequence {Sn} converges strongly to a point in C for all x ∈ C . Takahashi et al. [33]
studied the strong convergence theorem by the new hybrid method for a countable family
of nonexpansive mappings in Hilbert spaces: x0 ∈ H, C1 = C and x1 = PC1 x0 and let⎧⎨⎩

yn = αn xn + (1 − αn)Sn xn,

Cn+1 = {z ∈ C : ‖yn − z‖ ≤ ‖xn − z‖},
xn+1 = PCn+1 x0, n ∈ N,

(1.15)

where 0 ≤ αn ≤ a < 1 for all n ∈ N and {Sn} is a sequence of nonexpansive mappings of
C into itself such that

⋂∞
n=1 F(Sn) �= ∅. They prove that if {Sn} satisfies some appropriate

conditions, then {xn} converge strongly to P⋂∞
n=1 F(Sn)x0.

In 2009, Takahashi and Zembayashi [34] studied the problem of finding a common
element of the set of fixed points of a nonexpansive mapping and the set of solutions of an
equilibrium problem in the framework of Banach spaces. Also, Takahashi and Zembayashi
[35] proved the following iteration for a relatively nonexpansive mapping:⎧⎪⎪⎨⎪⎪⎩

yn = J−1(αn J xn + (1 − αn)J Sxn),

un ∈ C such that θ(un, y) + 1
rn

〈y − un, Jun − J yn〉 ≥ 0, ∀y ∈ C,

Cn+1 = {z ∈ Cn : φ(z, un) ≤ φ(z, xn)},
xn+1 = �Cn+1 x,

(1.16)

where J is the duality mapping on E . Then, {xn} converges strongly to �F(S)∩E P(θ)x,

where �F(S)∩E P(θ) is the generalized projection of E onto F(S) ∩ E P(θ).

In 2009, Inoue et al. [36] proved strong convergence theorem for finding a common
element of the zero point set of a maximal monotone operator and the fixed point set of a
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6 S. Saewan and P. Kumam

relatively nonexpansive mapping by using the hybrid method for defined a sequence {xn}
as follows: ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

un = J−1(αn J xn + (1 − αn)J S Jrn xn),

Cn = {z ∈ Cn : φ(z, un) ≤ φ(z, xn),

Qn = {z ∈ Cn : 〈xn − z, J x0 − J xn〉 ≥ 0},
xn+1 = �Cn∩Qn x0, ∀n ≥ 1,

(1.17)

and, under some control conditions, they proved that the sequence {xn} converge strongly
to a point �F(S)∩T −10. After that, Klin-eam et al. [9], extended Inoue et al. [36] to obtain
the strong convergence theorem for finding a common element of the zero point set of
a maximal monotone operator and the set fixed point set of two relatively nonexpansive
mappings in a Banach space.

On the other hand, we also consider the following condition for the countable family
mapping was introduced by Nakajo et al. [37]. Let C be a nonempty closed convex subset of a
Hilbert space H , let {Sn} be a family of mappings of C into itself with F := ∩∞

n=1 F(Sn) �= ∅
and ωw(zn) denotes the set of all weak subsequential limits of a bounded sequence {zn} in
C . {Sn} is said to satisfy the NST-condition if for every bounded sequence {zn} in C ,

lim
n→∞ ‖zn − Snzn‖ = 0 implies ωw(zn) ⊂ F.

In 2010, Boonchari and Saejung [38] used the more general condition so-called the
(∗)-condition (see (3.1) and more also example see [39]) for a countable family of relatively
quasi-nonexpansive mappings to obtained the strong convergence theorems in a real Banach
space.

Remark 1.4 The following questions naturally arise in connection with the above results.

• Is it possible to construct an approximate fixed point sequence for finding common
fixed points of a countable family of more general relatively quasi nonexpansive
mappings the set of the variational inequality for an α-inverse-strongly monotone
operator, the set of solutions of the mixed equilibrium problem and a zero of a
maximal monotone operator in more general Banach spaces?

• Can the algorithms (1.15), (1.16) and (1.17) still be valid for relatively
quasi-nonexpansive mappings which more general than relatively nonexpansive
mappings?

• Can the algorithms (1.16) and (1.17) still valid for a countable family of relatively
quasi-nonexpansive mappings under some weaker conditions?

Employing the ideas of Iiduka and Takahashi [31], Takahashi and Zembayashi [34,
35], Cholamjiak [40], Inoue et al. [36], Klin-eam et al. [9] and Plubtieng and Sriprad
[41], we introduce a new hybrid projection method in mathematical programming which
modifying and combining the algorithms (1.11), (1.13), (1.15), (1.16) and (1.17) by using
the new condition. Consequently, we obtain strong convergence theorems for finding a
common element of the set of fixed points of a countable family of more general relatively
quasi nonexpansive mappings the set of the variational inequality for an α-inverse-strongly
monotone operator, the set of solutions of the mixed equilibrium problem and a zero of
a maximal monotone operator in a real uniformly smooth and uniformly convex Banach
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Optimization 7

space. Our main theorems in this paper improve and unify most of the results that have been
proved for this important class of non-linear operators.

2. Basic results

We also need the following lemmas for the proof of our main results.

Lemma 2.1 (Beauzamy [42] and Xu [43]) If E be a 2-uniformly convex Banach space.
Then for all x, y ∈ E we have

‖x − y‖ ≤ 2

c2
‖J x − J y‖,

where J is the normalized duality mapping of E and 0 < c ≤ 1.

The best constant 1
c in Lemma is called the p-uniformly convex constant of E.

Lemma 2.2 (Beauzamy [42] and Zalinescu [44]) If E be a p-uniformly convex Banach
space and let p be a given real number with p ≥ 2. Then for all x, y ∈ E, jx ∈ Jpx and
jy ∈ Jp y

〈x − y, jx − jy〉 ≥ cp

2p−2 p
‖x − y‖p,

where Jp is the generalized duality mapping of E and 1
c is the p-uniformly convexity constant

of E.

Lemma 2.3 (Kamimura and Takahashi [19]) Let E be a uniformly convex and smooth
Banach space and let {xn} and {yn} be two sequences of E. If φ(xn, yn) → 0 and either
{xn} or {yn} is bounded, then ‖xn − yn‖ → 0.

Lemma 2.4 (Alber [17]) Let C be a nonempty closed convex subset of a smooth Banach
space E and x ∈ E. Then x0 = �C x if and only if

〈x0 − y, J x − J x0〉 ≥ 0, ∀y ∈ C.

Lemma 2.5 (Alber [17]) Let E be a reflexive, strictly convex and smooth Banach space,
let C be a nonempty closed convex subset of E and let x ∈ E . Then

φ(y,�C x) + φ(�C x, x) ≤ φ(y, x), ∀y ∈ C.

Lemma 2.6 (Qin et al. [13]) Let E be a uniformly convex and smooth Banach space,
let C be a closed convex subset of E, and let T be a closed relatively quasi-nonexpansive
mapping from C into itself. Then F(T ) is a closed convex subset of C.

For solving the equilibrium problem for a bifunction θ : C × C → R, let us assume that θ

satisfies the following conditions:

(A1) θ(x, x) = 0 for all x ∈ C ;
(A2) θ is monotone, i.e., θ(x, y) + θ(y, x) ≤ 0 for all x, y ∈ C ;
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8 S. Saewan and P. Kumam

(A3) for each x, y, z ∈ C ,

lim
t↓0

θ(t z + (1 − t)x, y) ≤ θ(x, y);

(A4) for each x ∈ C , y �→ θ(x, y) is convex and lower semi-continuous.

Lemma 2.7 (Blum and Oettli [8]) Let C be a closed convex subset of a smooth, strictly
convex and reflexive Banach space E, let θ be a bifunction from C × C to R satisfying
(A1)–(A4), and let r > 0 and x ∈ E. Then there exists z ∈ C such that

θ(z, y) + 1

r
〈y − z, J z − J x〉 ≥ 0, ∀y ∈ C.

The following lemma is a spacial case of Zhang [45].

Lemma 2.8 (Zhang [45]) Let C be a closed convex subset of a smooth, strictly convex
and reflexive Banach space E. Let ϕ : C → R is convex and lower semi-continuous and θ

be a bifunction from C × C to R satisfying (A1)–(A4). For r > 0 and x ∈ E, then there
exists u ∈ C such that

θ(u, y) + ϕ(y) − ϕ(u) + 1

r
〈y − u, Ju − J x〉 ≥ 0, ∀y ∈ C.

Define a mapping Kr : C −→ C as follows:

Kr (x) =
{

u ∈ C : θ(u, y) + ϕ(y) − ϕ(u) + 1

r
〈y − u, Ju − J x〉 ≥ 0, ∀y ∈ C

}
(2.1)

for all x ∈ C. Then the followings hold:

(1) Kr is single-valued;
(2) Kr is firmly nonexpansive, i.e., for all x, y ∈ E, 〈Kr x − Kr y, J Kr x − J Kr y〉 ≤

〈Kr x − Kr y, J x − J y〉;
(3) F(Kr ) = M E P(θ, ϕ);
(4) M E P(θ, ϕ) is closed and convex;
(5) φ(p, Kr z) + φ(Kr z, z) ≤ φ(p, z), ∀p ∈ F(Kr ) and z ∈ E .

Let E be a reflexive, strictly convex, smooth Banach space and J be the duality mapping
from E into E∗. Then, J−1 is also single value, one-to-one and surjective, and it is the
duality mapping from E∗ into E. We make use of the following mapping V studied in
Alber [17]

V
(
x, x∗) = ‖x‖2 − 2〈x, x∗〉 + ‖x∗‖2, (2.2)

for all x ∈ E and x∗ ∈ E∗, that is, V (x, x∗) = φ
(
x, J−1 (x∗)

)
.

Lemma 2.9 (Alber [17]) Let E be a reflexive, strictly convex smooth Banach space and
let V be as in (2.2). Then

V
(
x, x∗) + 2〈J−1 (

x∗) − x, y∗〉 ≤ V
(
x, x∗ + y∗) ,

for all x ∈ E and x∗, y∗ ∈ E∗.
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Optimization 9

An operator T ⊂ E × E∗ is said to be monotone if 〈x − y, x∗ − y∗〉 ≥ 0 whenever
(x, x∗), (y, y∗) ∈ T . We denote the set {x ∈ E : 0 ∈ T x} by T −10. A monotone T is said
to be maximal if its graph G(T ) = {(x, y) : y ∈ T x} is not properly contained in the graph
of any other monotone operator. If T is maximal monotone, then the solution set T −10 is
closed and convex. Let E be a reflexive, strictly convex and smooth Banach space, it is
known that T is a maximal monotone if and only if R(J + rT ) = E∗ for all r > 0. Define
the resolvent of T by Jr = (J + rT )−1 J for all r > 0. Jr is a single-valued mapping from
E to D(T ). Also, T −1(0) = F(Jr ) for all r > 0, where F(Jr ) is the set of all fixed points
of Jr . Define, for r > 0, the Yosida approximation of T by Tr = (J − J Jr )/r. We know
that Tr x ∈ T (Jr x) for all r > 0 and x ∈ E .

Lemma 2.10 (Kohsaka and Takahashi [46]) Let E be a smooth, strictly convex and
reflexive Banach space, let C be a nonempty closed convex subset of E and let T ⊂ E × E∗
be a monotone operator satisfying D(T ) ⊂ C ⊂ J−1(∩r>0 R(J + rT )). Let r > 0, let Jr

and Tr be the resolvent and the Yosida approximation of T , respectively. Then the following
hold:

(i) φ(u, Jr x) + φ(Jr x, x) ≤ φ(u, x), ∀x ∈ C, u ∈ T −10;
(ii) (Jr x, Tr x) ∈ T,∀x ∈ C;

(iii) F(Jr ) = T −10.

Let A be an inverse-strongly monotone mapping of C into E∗ which is said to be
hemicontinuous if for all x, y ∈ C , the mapping F of [0, 1] into E∗, defined by F(t) =
A(t x + (1 − t)y), is continuous with respect to the weak∗ topology of E∗. We define by
NC (v) the normal cone for C at a point v ∈ C , that is,

NC (v) = {
x∗ ∈ E∗ : 〈v − y, x∗〉 ≥ 0, ∀y ∈ C

}
. (2.3)

Lemma 2.11 (Rockafellar [47]) Let C be a nonempty, closed convex subset of a Banach
space E and A a monotone, hemicontinuous operator of C into E∗. Let U ⊂ E × E∗ be an
operator defined as follows:

Uv =
{

Av + NC (v), v ∈ C;
∅, otherwise.

(2.4)

Then U is maximal monotone and U−10 = V I (A, C).

3. Main results

Let C be a closed subset of a Banach space E. Recall that a mapping S : C −→ C is closed
if for each {xn} in C, if xn −→ x and Sxn −→ y, then Sx = y. Let {Sn} be a family
of mappings of C into itself with F := ∩∞

n=1 F(Sn) �= ∅, and {Sn} is said to satisfy the
(∗)-condition if for each bounded sequence {zn} in C,

lim
n−→∞ ‖zn − Snzn‖ = 0, zn −→ z imply z ∈ F. (3.1)
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10 S. Saewan and P. Kumam

Remark 3.1 It follows directly from the definitions above that if {Sn} satisfies
NST-condition, then {Sn} satisfies (∗)-condition (see example [39, Example 1.6]). If Sn ≡ S
and S is closed, then {Sn} satisfies (∗)-condition.

In this section, by using the (∗)-condition, we prove the new convergence theorem for
finding a common element of the set of solutions of the mixed equilibrium problem, the
common fixed point set of a countable family of relatively quasi-nonexpansive mappings,
a zero of maximal monotone operators and the solution set of variational inequalities for
an α-inverse strongly monotone mapping in a 2-uniformly convex and uniformly smooth
Banach space.

Theorem 3.2 Let C be a nonempty closed and convex subset of a 2-uniformly convex
and uniformly smooth Banach space E. Let T ⊂ E × E∗ be a maximal monotone operator
satisfying D(T ) ⊂ C and let Jrn = (J + rnT )−1 J for all rn > 0. Let θ be a bifunction
from C × C to R satisfying (A1)–(A4), and let ϕ : C −→ R ∪ {+∞} be a proper lower
semicontinuous and convex function. Let A be an α-inverse-strongly monotone mapping
of C into E∗ satisfying ‖Ay‖ ≤ ‖Ay − Au‖, ∀y ∈ C and u ∈ V I (A, C) �= ∅. Let
Sn : C → C be a countable family of relatively quasi-nonexpansive mappings such that
satisfies the (∗)-condition and � := (∩∞

n=1 F(Sn)
)∩T −10∩ M E P (θ, ϕ)∩V I (A, C) �= ∅.

For an initial point x0 ∈ E with x1 = �C1 x0 and C1 = C, define the sequence {xn} as
follows:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

zn = �C J−1(J xn − λn Axn),

yn = J−1(αn J xn + (1 − αn)J Sn Jrn zn),

un ∈ C such that θ(un, y) + ϕ(y) − ϕ(un) + 1
rn

〈y − un, Jun − J yn〉 ≥ 0, ∀y ∈ C,

Cn+1 = {z ∈ Cn : φ(z, un) ≤ αnφ(z, xn) + (1 − αn)φ(z, zn) ≤ φ(z, xn)},
xn+1 = �Cn+1 x0, ∀n ≥ 1,

(3.2)
where J is the duality mapping on E, {αn} is sequence in [0, 1] and {rn} ⊂ [d,∞) for some
d > 0 and {λn} ⊂ [a, b] for some a, b with 0 < a < b < c2α/2, where 1

c is the 2-uniformly
convexity constant of E. If lim inf n−→∞(1−αn)>0, then {xn} converges strongly to p ∈ �,
where p = ��x0.

Proof We first show that Cn+1 is closed and convex for each n ≥ 1. Clearly, C1 = C is
closed and convex. Suppose that Cn is closed and convex for each n ∈ N. Since for any
z ∈ Cn , we known φ(z, un) ≤ φ(z, xn) is equivalent to 2〈z, J xn − Jun〉 ≤ ‖xn‖2 −‖un‖2.

So, Cn+1 is closed and convex. Next, we show that � ⊂ Cn for all n ≥ 1. It is obvious that
� ⊂ C1 = C , suppose that � ⊂ Cn for n ∈ N. Indeed, put un = Krn yn and vn = Jrn zn for
all n ≥1. On the other hand, from Lemma 2.8, Lemma 2.10 , by the convexity of ‖ · ‖2, and
Sn is a family of relatively quasi-nonexpansive mappings, for each q ∈ � ⊂ Cn , we have

φ(q, un) = φ(q, Krn yn)

≤ φ(q, yn)

= φ(q, J−1(αn J xn + (1 − αn)J Snvn)

= ‖q‖2 − 2〈q, αn J xn + (1 − αn)J Snvn〉 + ‖αn J xn + (1 − αn)J Snvn‖2

≤ ‖q‖2 − 2αn〈q, J xn〉 − 2(1 − αn)〈q, J Snv〉 + αn‖xn‖2 + (1 − αn)‖Snvn‖2

= αnφ(q, xn) + (1 − αn)φ(q, Snvn)

≤ αnφ(q, xn) + (1 − αn)φ(q, vn)
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Optimization 11

= αnφ(q, xn) + (1 − αn)φ(q, Jrn zn)

≤ αnφ(q, xn) + (1 − αn)φ(q, zn). (3.3)

It follows from Lemma 2.9, that

φ(q, zn) = φ(q,�C J−1(J xn − λn Axn))

≤ φ(q, J−1(J xn − λn Axn))

= V (q, J xn − λn Axn)

≤ V (q, (J xn − λn Axn) + λn Axn) − 2〈J−1(J xn − λn Axn) − q, λn Axn〉
= V (q, J xn) − 2λn〈J−1(J xn − λn Axn) − q, Axn〉
= φ(q, xn) − 2λn 〈xn − q, Axn〉 + 2〈J−1(J xn − λn Axn) − xn,−λn Axn〉.

(3.4)
Since q ∈ V I (A, C) and from A be an α-inverse-strongly monotone mapping, we have

−2λn〈xn − q, Axn〉 = −2λn〈xn − q, Axn − Aq〉 − 2λn〈xn − q, Aq〉
≤ −2λn〈xn − q, Axn − Aq〉
= −2αλn‖Axn − Aq‖2.

(3.5)

From Lemma 2.1 and A be an α-inverse-strongly monotone mapping, we also have

2〈J−1(J xn − λn Axn) − xn,−λn Axn〉
= 2〈J−1(J xn − λn Axn) − J−1(J xn),−λn Axn〉
≤ 2‖J−1(J xn − λn Axn) − J−1(J xn)‖‖λn Axn‖
≤ 4

c2
‖J J−1(J xn − λn Axn) − J J−1(J xn)‖‖λn Axn‖

= 4

c2
‖J xn − λn Axk − J xn‖‖λn Axn‖

= 4

c2
‖λn Axn‖2

= 4

c2
λ2

n‖Axn‖2

≤ 4

c2
λ2

n‖Axn − Aq‖2. (3.6)

Substituting (3.5) and (3.6) into (3.4), we obtain

φ(q, zn) ≤ φ(q, xn) − 2αλn‖Axn − Aq‖2 + 4
c2 λ2

n‖Axn − Aq‖2

=φ(q, xn) + 2λn

(
2
c2 λn − α

)
‖Axn − Aq‖2

≤ φ(q, xn).

(3.7)

Substituting (3.7) into (3.3), we also have

φ(q, un) ≤ αnφ(q, xn) + (1 − αn)φ(q, xn),

= φ(q, xn).
(3.8)

This show that q ∈ Cn+1 implies that � ⊂ Cn+1 and hence, � ⊂ Cn for all n ≥ 1. This
implies that the sequence {xn} is well defined.

From definition of Cn+1 that xn = �Cn x0 and xn+1 = �Cn+1 x0, we have

φ(xn, x0) ≤ φ(xn+1, x0), ∀n ≥ 1. (3.9)
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12 S. Saewan and P. Kumam

By Lemma 2.5, we get

φ(xn, x0) = φ(�Cn (x0), x0)

≤ φ(p, x0) − φ(p, xn)

≤ φ(p, x0), ∀p ∈ �.

(3.10)

From (3.9) and (3.10), then {φ(xn, x0)} are nondecreasing and bounded. So, we obtain that
limn→∞ φ(xn, x0) exists. In particular, by (1.8), the sequence

{
(‖xn‖ − ‖x0‖)2

}
is bounded.

This implies {xn} is also bounded. So, we have {un} and {zn} are bounded.
Next, we show that {xn} is a Cauchy sequence in C. Since xm = �Cm x0 ∈ Cm ⊂ Cn ,

for m > n, by Lemma 2.5, we have

φ(xm, xn) = φ(xm,�Cn x0)

≤ φ(xm, x0) − φ(�Cn x0, x0)

= φ(xm, x0) − φ(xn, x0).

Taking m, n → ∞, we have φ(xm, xn) → 0. From Lemma 2.3, we get ‖xn−xm‖ −→ 0.
Thus {xn} is a Cauchy sequence and by the completeness of E and the closedness of C, we
can assume that there exist p ∈ C such that xn → p ∈ C as n → ∞. Now, we claim that
‖Jun − J xn‖ → 0, as n → ∞. By definition of �Cn x0, we have

φ(xn+1, xn) = φ(xn+1,�Cn x0)

≤ φ(xn+1, x0) − φ(�Cn x0, x0)

= φ(xn+1, x0) − φ(xn, x0).

Since limn→∞ φ(xn, x0) exists, we also have

lim
n→∞ φ(xn+1, xn) = 0. (3.11)

Form Lemma 2.3, that
lim

n→∞ ‖xn+1 − xn‖ = 0. (3.12)

Since J is uniformly norm-to-norm continuous on bounded subsets of E , we have

lim
n→∞ ‖J xn+1 − J xn‖ = 0. (3.13)

Since xn+1 = �Cn+1 x0 ∈ Cn+1 ⊂ Cn and the definition of Cn+1, we have

φ(xn+1, un) ≤ φ(xn+1, xn), n −→ ∞.

Again applying Lemma 2.3, we get

lim
n→∞ φ(xn+1, un) = 0. (3.14)

Hence
lim

n→∞ ‖xn+1 − un‖ = 0. (3.15)

From ‖un − xn‖ = ‖un − xn+1 + xn+1 − xn‖
≤ ‖un − xn+1‖ + ‖xn+1 − xn‖.

It follows that
lim

n→∞ ‖un − xn‖ = 0. (3.16)
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Optimization 13

Since J is uniformly norm-to-norm continuous on bounded subsets of E , we also have

lim
n→∞ ‖Jun − J xn‖ = 0. (3.17)

Next, we will show that xn → p ∈ � := M E P(θ, ϕ) ∩ (∩∞
n=1 F(Sn)) ∩ V I (A, C) ∩

T −10

(a) First, we show that xn → p ∈ M E P(θ, ϕ). From (3.3) and (3.7), we get φ(p, yn) ≤
φ(p, xn). By Lemma 2.8 (5) and un = Krn yn , we observe that

φ(un, yn) = φ(Krn yn, yn)

≤ φ(p, yn) − φ(p, Krn yn)

≤ φ(p, xn) − φ(p, Krn yn)

= φ(p, xn) − φ(p, un)

= ‖p‖2 − 2〈p, J xn〉 + ‖xn‖2 − (‖p‖2 − 2〈p, Jun〉 + ‖un‖2
)

= ‖xn‖2 − ‖un‖2 − 2〈p, J xn − Jun〉
≤ ‖xn − un‖(‖xn + un‖) + 2‖p‖‖J xn − Jun‖.

(3.18)

From (3.16), (3.17) and Lemma 2.3, we also have

lim
n→∞ ‖un − yn‖ = 0. (3.19)

Since J is uniformly norm-to-norm continuous, we have

lim
n→∞ ‖Jun − J yn‖ = 0. (3.20)

By using the triangle inequality, we obtain

‖xn+1 − yn‖ = ‖xn+1 − un + un − yn‖
≤ ‖xn+1 − un‖ + ‖un − yn‖. (3.21)

By (3.15) and (3.19), we get

lim
n→∞ ‖xn+1 − yn‖ = 0. (3.22)

Since J is uniformly norm-to-norm continuous, we obtain

lim
n→∞ ‖J xn+1 − J yn‖ = 0. (3.23)

From (A2), that

ϕ(y) − ϕ(un) + 1

rn
〈y − un, Jun − J yn〉 ≥ θ(y, un), ∀y ∈ C,

ϕ(y) − ϕ(un) +
〈
y − un,

(Jun−J yn)
rn

〉
≥ θ(y, un), ∀y ∈ C.

From rn > 0 then ‖Jun−J yn‖
rn

→ 0 as n → ∞, we have

ϕ(y) − ϕ(un) ≥ θ(y, un),

since un → p as n → ∞, we obtain

θ(y, p) + ϕ(p) − ϕ(y) ≤ 0.
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14 S. Saewan and P. Kumam

For t with 0< t <1 and y ∈C, let yt = t y + (1 − t)p. Then, yt ∈ C and hence θ(yt , p) +
ϕ(p) − ϕ(yt ) ≤ 0. By the conditions (A1), (A4) and convexity of ϕ, we have

0 = θ(yt , yt ) + ϕ(yt ) − ϕ(yt )

≤ tθ(yt , y) + (1 − t)θ(yt , p) + tϕ(y) + (1 − t)ϕ(p) − ϕ(yt )

≤ t (θ(yt , y) + ϕ(y) − ϕ(yt )) + (1 − t)(θ(yt , p) + ϕ(p) − ϕ(yt ))

≤ θ(yt , y) + ϕ(y) − ϕ(yt ).

From (A3) and the weakly lower semicontinuity of ϕ, we also have θ(p, y) + ϕ(y) −
ϕ(p) ≥ 0, ∀y ∈ C. This implies p ∈ M E P(θ, ϕ).

(b) We show that xn → p ∈ ∩∞
n=1 F(Sn). From definition of Cn+1, we have

αnφ(z, xn) + (1 − αn)φ(z, zn) ≤ φ(z, xn) ⇔ φ(z, zn) ≤ φ(z, xn).

Since xn+1 = �Cn+1 x0 ∈ Cn+1, we get φ(xn+1, zn) ≤ φ(xn+1, xn). It follows from (3.11),
that

lim
n→∞ φ(xn+1, zn) = 0 (3.24)

again form Lemma 2.3, that

lim
n→∞ ‖xn+1 − zn‖ = 0. (3.25)

Since
‖zn − xn‖ ≤ ‖zn − xn+1‖ + ‖xn+1 − xn‖

from (3.12) and (3.25), we also have

lim
n→∞ ‖zn − xn‖ = 0. (3.26)

Since J is uniformly norm-to-norm continuous, we obtain

lim
n→∞ ‖J zn − J xn‖ = 0. (3.27)

Since vn = Jrn zn , we compute

‖J xn+1 − J yn‖ = ‖J xn+1 − (αn J xn + (1 − αn)J Snvn‖
= ‖αn J xn+1 − αn J xn + (1 − αn)J xn+1 − (1 − αn)J Snvn‖
= ‖αn(J xn+1 − J xn) + (1 − αn)(J xn+1 − J Snvn)‖
= ‖(1 − αn)(J xn+1 − J Snvn) − αn(J xn − J xn+1)‖
≥ (1 − αn)‖J xn+1 − J Snvn‖ − αn‖J xn − J xn+1‖,

and hence

‖J xn+1 − J Snvn‖ ≤ 1

1 − αn
(‖J xn+1 − J yn‖ + αn‖J xn − J xn+1‖). (3.28)

From (3.23), (3.13) and lim inf
n→∞ (1 − αn) > 0, we obtain that

lim
n→∞ ‖J xn+1 − J Snvn‖ = 0. (3.29)

Since J−1 is uniformly norm-to-norm continuous on bounded sets, we have

lim
n→∞ ‖xn+1 − Snvn‖ = 0. (3.30)
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Optimization 15

Using the triangle inequality, we get

‖zn − Snvn‖ = ‖zn − xn+1 + xn+1 − Snvn‖
≤ ‖zn − xn+1‖ + ‖xn+1 − Snvn‖.

From (3.25) and (3.30), we have

lim
n→∞ ‖zn − Snvn‖ = 0. (3.31)

Since φ(q, vn) ≥ 1
1−αn

(φ(q, un) − αnφ(q, xn)) and Lemma 2.10, we observe that

φ(vn, zn) = φ(Jrn zn, zn)

≤ φ(q, zn) − φ(q, Jrn zn)

= φ(q, zn) − φ(q, vn)

≤ φ(q, zn) − 1
1−αn

(φ(q, un) − αnφ(q, xn)

≤ φ(q, xn) − 1
1−αn

(φ(q, un) − αnφ(q, xn)

= 1
1−αn

(φ(q, xn) − φ(q, un))

= 1
1−αn

(‖xn‖2 − ‖un‖2 − 2〈q, J xn − Jun〉)
≤ 1

1−αn

(
(‖xn‖2 − ‖un‖2) + 2|〈q, J xn − Jun〉|

)
≤ 1

1−αn
((‖xn‖ − ‖un‖)(‖xn‖ + ‖un‖) + 2‖q‖‖J xn − Jun‖)

≤ 1
1−αn

((‖xn‖ − ‖un‖)(‖xn‖ + ‖un‖) + 2‖q‖‖J xn − Jun‖).
It follows from (3.16) and (3.17), we get

lim
n→∞ φ(vn, zn) = 0.

From Lemma 2.3, that

lim
n→∞ ‖vn − zn‖ = 0. (3.32)

By using the triangle inequality, we get

‖vn − Snvn‖ = ‖vn − zn + zn − Snvn‖
≤ ‖vn − zn‖ + ‖zn − Snvn‖.

From (3.31) and (3.32), we have

lim
n→∞ ‖vn − Snvn‖ = 0. (3.33)

Since ‖xn − vn‖ ≤ ‖xn − zn‖ + ‖zn − vn‖, (3.26) and (3.32), then

lim
n→∞ ‖xn − vn‖ = 0. (3.34)

Since xn −→ p as n → ∞, we have vn −→ p as n → ∞. It follows from (∗)-condition,
that p ∈ ∩∞

n=1 F(Sn).

(c) We show that xn → p ∈ V I (A, C). Indeed, define U ⊂ E × E∗ by Theorem 2.11,
U is maximal monotone and U−10 = V I (A, C). Let (v,w) ∈ G(U ). Since w ∈ Uv =
Av + NC (v), we get w − Av ∈ NC (v).

From zn ∈ C , we have

〈v − zn, w − Av〉 ≥ 0. (3.35)
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16 S. Saewan and P. Kumam

On the other hand, since zn = �C J−1(J xn − λn Axn). Then by Lemma 2.4, we have

〈v − zn, J zn − (J xn − λn Axn)〉 ≥ 0,

and thus 〈
v − zn,

J xn − J zn

λn
− Axn

〉
≤ 0. (3.36)

It follows from (3.35) and (3.36), that

〈v − zn, w〉 ≥ 〈v − zn, Av〉
≥ 〈v − zn, Av〉 +

〈
v − zn, J xn−J zn

λn
− Axn

〉
= 〈v − zn, Av − Axn〉 +

〈
v − zn, J xn−J zn

λn

〉
= 〈v − zn, Av − Azn〉 + 〈v − zn, Azn − Axn〉 + 〈v − zn, J xn−J zn

λn
〉

≥ −‖v − zn‖‖zn−xn‖
α

− ‖v − zn‖‖J xn−J zn‖
a

≥ −M
( ‖zn−xn‖

α
+ ‖J xn−J zn‖

a

)
,

where M = supn≥1 ‖v − zn‖. Take the limit as n → ∞ and (3.27), we obtain
〈v − p, w〉 ≥ 0. By the maximality of U , we have p ∈ U−10, that is p ∈ V I (A, C).

(d) We show that xn → p ∈ T −10. Since J is uniformly norm-to-norm continuous on
bounded sets, from (3.32) and J is uniformly norm-to-norm continuous

lim
n→∞ ‖J zn − Jvn‖ = 0.

From rn > 0, we have

lim
n→∞

1

rn
‖J zn − Jvn‖ = 0.

Therefore,

lim
n→∞ ‖Trn zn‖ = lim

n→∞
1

rn
‖J zn − Jvn‖ = 0.

For (w,w∗) ∈ T , from the monotonicity of T, we have 〈w − vn, w∗ − Trn zn〉 ≥ 0 for all
n ≥ 0. Letting n → ∞, we get 〈w − p, w∗〉 ≥ 0. From the maximality of T, we have
p ∈ T −10. Hence, from (a)–(d), we obtain p ∈ �.

Finally, we show that p = ��x0. From xn = �Cn x0, we have 〈J x0 − J xn, xn − z〉 ≥ 0,
∀z ∈ Cn . Since � ⊂ Cn , we also have

〈J x0 − J xn, xn − y〉 ≥ 0, ∀y ∈ �.

Taking limit n → ∞, we obtain

〈J x0 − J p, p − y〉 ≥ 0, ∀y ∈ �.

By Lemma 2.4, we can conclude that p = ��x0 and xn → p as n → ∞. This completes
the proof. �

Setting Sn ≡ S in Theorem 3.2 and Remark 3.1, then we obtain the following result.

Corollary 3.3 Let C be a nonempty closed and convex subset of a 2-uniformly convex
and uniformly smooth Banach space E. Let T ⊂ E × E∗ be a maximal monotone operator
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Optimization 17

satisfying D(T ) ⊂ C and let Jrn = (J + rnT )−1 J for all rn > 0. Let θ be a bifunction
from C × C to R satisfying (A1)–(A4), and let ϕ : C −→ R ∪ {+∞} be a proper lower
semicontinuous and convex function. Let A be an α-inverse-strongly monotone mapping
of C into E∗ satisfying ‖Ay‖ ≤ ‖Ay − Au‖, ∀y ∈ C and u ∈ V I (A, C) �= ∅. Let
S : C → C be a closed relatively quasi-nonexpansive mappings such that � := F(S) ∩
T −10 ∩ M E P(θ, ϕ) ∩ V I (A, C) �= ∅. For an initial point x0 ∈ E with x1 = �C1 x0 and
C1 = C, define the sequence {xn} as follows:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

zn = �C J−1(J xn − λn Axn),

yn = J−1(αn J xn + (1 − αn)J S Jrn zn),

un ∈ C such that θ(un, y) + ϕ(y) − ϕ(un) + 1
rn

〈y − un, Jun − J yn〉 ≥ 0, ∀y ∈ C,

Cn+1 = {z ∈ Cn : φ(z, un) ≤ αnφ(z, xn) + (1 − αn)φ(z, zn) ≤ φ(z, xn)},
xn+1 = �Cn+1 x0, ∀n ≥ 1,

(3.37)
where J is the duality mapping on E, {αn} is sequence in [0, 1] and {rn} ⊂ [d,∞) for some
d > 0 and {λn} ⊂ [a, b] for some a, b with 0 < a < b < c2α/2, where 1

c is the 2-uniformly
convexity constant of E. If lim inf n−→∞(1−αn)>0, then {xn} converges strongly to p ∈ �,
where p = ��x0.

4. Application to complementarity problem

Let K be a nonempty, closed convex cone E and A be an operator of K into E∗. We define
its polar in E∗ to be the set

K ∗ = {
y∗ ∈ E∗ : 〈x, y∗〉 ≥ 0,∀x ∈ K

}
. (4.1)

Then, the element u ∈ K is called a solution of the complementarity problem if

Au ∈ K ∗, 〈u, Au〉 = 0. (4.2)

The set of solutions of the complementarity problem is denoted by C(K , A).

Theorem 4.1 Let K be a nonempty and closed convex subset of a 2-uniformly convex
and uniformly smooth Banach space E. Let T ⊂ E × E∗ be a maximal monotone operator
satisfying D(T ) ⊂ K and let Jrn = (J + rnT )−1 J for all rn > 0. Let θ be a bifunction
from K × K to R satisfying (A1)–(A4), and let ϕ : C −→ R ∪ {+∞} be a proper lower
semicontinuous and convex function. Let A be an α-inverse-strongly monotone mapping
of E into E∗ satisfying ‖Ay‖ ≤ ‖Ay − Au‖, ∀y ∈ K and u ∈ C(K , A) �= ∅. Let
Sn : K → K be a countable family of relatively quasi-nonexpansive mappings such that
satisfies the (∗)-condition and � := (∩∞

n=1 F(Sn)) ∩ T −10 ∩ M E P(θ, ϕ) ∩ C(K , A) �= ∅.

For an initial point x0 ∈ E with x1 = �K1 and K1 = K , define the sequence {xn} as
follows:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

zn = �K J−1(J xn − λn Axn),

yn = J−1(αn J xn + (1 − αn)J Sn Jrn zn),

un ∈ C such that θ(un, y) + ϕ(y) − ϕ(un) + 1
rn

〈y − un, Jun − J yn〉 ≥ 0, ∀y ∈ C,

Cn+1 = {z ∈ Cn : φ(z, un) ≤ αnφ(z, xn) + (1 − αn)φ(z, zn) ≤ φ(z, xn)},
xn+1 = �Cn+1 x0, ∀n ≥ 1,

(4.3)
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18 S. Saewan and P. Kumam

where J is the duality mapping on E, {αn} is sequences in [0, 1] and {rn} ⊂ [d,∞) for
some d > 0 and {λn} ⊂ [a, b] for some a, b with 0 < a < b < c2α/2, where 1

c is the
2-uniformly convexity constant of E. If lim inf n−→∞(1 − αn) > 0, then {xn} converges
strongly to p ∈ �, where p = ��x0.

Proof As in the proof of Takahashi in [16, Lemma 7.11], we get that V I (K , A)=C(K , A).
So, we obtain the result. �

5. Numerical examples

In this section, in order to demonstrate the effectiveness, realization and convergence of
algorithm of Theorem (3.1), we consider the following simple example.

Example 5.1 For simplicity, we assume E = R and C = [−1, 1]. Let θ(z, y) = −5z2 +
zy + 4y2 and ϕ(x) = 4x2. Find z ∈ [−1, 1] such that

θ(z, y) + ϕ(y) − ϕ(z) + 1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ [−1, 1].

Solution It can easily be seen that θ , ϕ and F are satisfied the conditions in Theorem 3.1.
For any r > 0 and x ∈ [−1, 1], by Lemma 2.8, we can see that there exists z ∈ [−1, 1]
such that, for any y ∈ [−1, 1],

θ(z, y) + ϕ(y) − ϕ(z) + 1

r
〈y − z, z − x〉 ≥ 0,

−5z2 + 4y2 + zy + 4y2 − 4z2 + 1

r
〈y − z, z − x)〉 ≥ 0,

8ry2 + (r z + z − x)y + (−9r z2 − z2 + xz) ≥ 0.

Let G(y) = 8ry2 + (r z + z − x)y + (−9r z2 − z2 + xz
)
. Then G is a quadratic function

of y with coefficient a = 8r , b = r z + z − x and c = −9r z2 − z2 + xz. Therefore, we can
compute the discriminant � of E as follows:

�= b2 − 4ac

= [r z + z − x]2 − 4(8r)
(
−9r z2 − z2 + xz

)
= 289r2z2 + 34r z2 − 34r xz + z2 − 2zx + x2

=
(

289r2 + 34r + 1
)

z2 + (34r2 − 2)xz + x2

= (17r + 1)2z2 + 2(17r + 1)xz + x2

= [(17r + 1)z + x]2.

We know that G(y) ≥ 0 for all y ∈ [−1, 1] if it has at most one solution in [−1, 1]. Thus

� ≤ 0 and hence z =
( 1

17r + 1

)
x .

By Example 1.3, we can define a countable family of a relatively quasi-nonexpansive
mapping Sn : C −→ C as follow:

Sn(x) =
{

0, if x ≤ 1
n ;

1
n , if x > 1

n ,
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Figure 1. The convergence comparison of different initial values x1 = 0.2, 0.5, 1.

Table 1. The numerical results for initial guess x1 = 0.2, 0.5, 1.

n (iterative number) initial guess

x1 = 0.2 x1 = 0.5 x1 = 1

5 0.0147 0.0368 0.0765
10 0.0005 0.0013 0.0027
15 1.9548 × 10−5 4.8872 × 10−5 1.0145 × 10−4

20 7.0621 × 10−7 1.7655 × 10−6 3.6648 × 10−6

25 2.5466 × 10−8 6.3665 × 10−8 1.3215 × 10−7

In Theorem 3.1, we set θ ≡ 0, A ≡ 0, Jrn ≡ I, αn = n+1
2n and rn = 1. We apply it to

find the fixed point of Sn of Example 5.1.
Under the above assumption, then Theorem 3.1 is simplified as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x0 ∈ E chosen arbitrary,

C1 = E, x1 = PE x0 and zn = xn,

yn =
(

n+1
2n

)
xn +

(
n+1
2n

)
Sn xn,

un = Krn (xn) = xn

18
,

Cn+1 = {z ∈ Cn : ‖z − un‖ ≤ ‖z − xn‖},
xn+1 = �Cn+1 x1, ∀n ≥ 1,

(5.1)

In fact, in one-dimensional case, the Cn+1 is closed interval. If we set [an+1, bn+1] := Cn+1,
then the projection point xn+1 of x1 ∈ C onto Cn+1 can be expressed as:

xn+1 = PCn+1(x1)

⎧⎨⎩
x1, if x1 ∈ [an+1, bn+1];
bn+1, if x1 > bn+1;
an+1, if x1 < an+1.
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20 S. Saewan and P. Kumam

The numerical results for initial guess x1 = 0.2, 0.5, 1 were shown in Table 1. From the
table, we see that the iterations converge to 0 which is the unique fixed point of S. The
convergence of each iteration was also shown in Figure 1 for comparison.
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Abstract
In this paper, we prove strong convergence theorems to a point which is a fixed point
of multi-valued mappings, a zero of an α-inverse-strongly monotone operator and a
solution of the equilibrium problem. Next, we obtain strong convergence theorems
to a solution of the variational inequality problem, a fixed point of multi-valued
mappings and a solution of the equilibrium problem. The results presented in this
paper are improvement and generalization of the previously known results.

Keywords: total quasi-φ-asymptotically nonexpansive multi-valued mappings;
hybrid scheme; equilibrium problem; variational inequality problems; inverse-strongly
monotone operator

1 Introduction
Let E be a real Banach space with dual E∗, and let C be a nonempty closed convex subset
of E. Let A : C → E∗ be an operator. A is called monotone if

〈Ax – Ay, x – y〉 ≥ , ∀x, y ∈ C;

α-inverse-strongly monotone if there exists a constant α >  such that

〈Ax – Ay, x – y〉 ≥ α‖Ax – Ay‖, ∀x, y ∈ C;

L-Lipschitz continuous if there exists a constant L >  such that

‖Ax – Ay‖ ≤ L‖x – y‖, ∀x, y ∈ C.

If A is α-inverse strongly monotone, then it is 
α

-Lipschitz continuous, i.e.,

‖Ax – Ay‖ ≤ 
α

‖x – y‖, ∀x, y ∈ C.

A monotone operator A is said to be maximal if its graph G(A) = {(x, x∗) : x∗ ∈ Ax} is not
properly contained in the graph of any other monotone operator.

Let A be a monotone operator. We consider the problem of finding x ∈ E such that

 ∈ Ax, (.)

©2013 Saewan; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.
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a point x ∈ E is called a zero point of A. Denote by A– the set of all points x ∈ E such that
 ∈ Ax. This problem is very important in optimization theory and related fields.

Let A be a monotone operator. The classical variational inequality problem for an op-
erator A is to find ẑ ∈ C such that

〈Aẑ, y – ẑ〉 ≥ , ∀y ∈ C. (.)

The set of solutions of (.) is denoted by VI(A, C). This problem is connected with
the convex minimization problem, the complementary problem, the problem of finding a
point x ∈ E satisfying Ax = .

The value of x∗ ∈ E∗ at x ∈ E will be denoted by 〈x, x∗〉 or x∗(x). For each p > , the
generalized duality mapping Jp : E → E∗ is defined by

Jp(x) =
{

x∗ ∈ E∗ :
〈
x, x∗〉 = ‖x‖p,

∥∥x∗∥∥ = ‖x‖p–}

for all x ∈ E. In particular, J = J is called the normalized duality mapping. If E is a Hilbert
space, then J = I , where I is the identity mapping.

Consider the functional defined by

φ(y, x) = ‖y‖ – 〈y, Jx〉 + ‖x‖ for x, y ∈ E, (.)

where J is the normalized duality mapping. It is obvious from the definition of φ that

(‖y‖ – ‖x‖) ≤ φ(y, x) ≤ (‖y‖ + ‖x‖), ∀x, y ∈ E. (.)

Alber [] introduced that the generalized projection �C : E → C is a map that assigns to an
arbitrary point x ∈ E the minimum point of the functional φ(x, y), that is, �Cx = x̄, where
x̄ is the solution of the minimization problem

φ(x̄, x) = inf
y∈C

φ(y, x), (.)

existence and uniqueness of the operator �C follows from the properties of the functional
φ(x, y) and strict monotonicity of the mapping J .

Iiduka and Takahashi [] introduced the following iterative scheme for finding a solution
of the variational inequality problem for an inverse-strongly monotone operator A in a
-uniformly convex and uniformly smooth Banach space E: x = x ∈ C and

xn+ = �CJ–(Jxn – λnAxn), ∀n ≥ , (.)

where �C is the generalized projection from E onto C, J is the duality mapping from E into
E∗ and {λn} is a sequence of positive real numbers. They proved that the sequence {xn} gen-
erated by (.) converges weakly to some element of VI(A, C). In connection, Iiduka and
Takahashi [] studied the following iterative scheme for finding a zero point of a monotone

http://www.fixedpointtheoryandapplications.com/content/2013/1/297
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operator A in a -uniformly convex and uniformly smooth Banach space E:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

x = x ∈ E chosen arbitrarily,

yn = J–(Jxn – λnAxn),

Xn = {z ∈ E : φ(z, yn) ≤ φ(z, xn)},
Yn+ = {z ∈ E : 〈xn – z, Jx – Jxn〉 ≥ },
xn+ = �Xn∩Yn (x),

(.)

where �Xn∩Yn is the generalized projection from E onto Xn ∩ Yn, J is the duality map-
ping from E into E∗ and {λn} is a sequence of positive real numbers. They proved that
the sequence {xn} converges strongly to an element of A–. Moreover, under the addi-
tional suitable assumption they proved that the sequence {xn} converges strongly to some
element of VI(A, C). Some solution methods have been proposed to solve the variational
inequality problem; see, for instance, [–].

A mapping T : C → C is said to be φ-nonexpansive [, ] if

φ(Tx, Ty) ≤ φ(x, y), ∀x, y ∈ C.

T is said to be quasi-φ-nonexpansive [, ] if F(T) �= ∅ and

φ(p, Tx) ≤ φ(p, x), ∀x ∈ C, p ∈ F(T).

T is said to be total quasi-φ-asymptotically nonexpansive, if F(T) �= ∅ and there exist non-
negative real sequences νn, μn with νn → , μn →  as n → ∞ and a strictly increasing
continuous function ϕ : R+ →R

+ with ϕ() =  such that

φ
(
p, Tnx

) ≤ φ(p, x) + νnϕ
(
φ(p, x)

)
+ μn, ∀n ≥ ,∀x ∈ C, p ∈ F(T).

Let C be the family of all nonempty subsets of C, and let S : C → C be a multi-valued
mapping. For a point q ∈ C, n ≥  define an iterative sequence as follows:

Sq := {q : q ∈ Sq},
Sq = SSq :=

⋃
q∈Sq

Sq,

Sq = SSq :=
⋃

q∈Tq

Sq,

...

Snq = SSn–q :=
⋃

qn–∈Sn–q

Sqn–.

A point p ∈ C is said to be an asymptotic fixed point of S if there exists a sequence {xn}
in C such that {xn} converges weakly to p and

lim
n→∞ d(xn, Sxn) := lim

n→∞ inf
x∈Sxn

‖xn – x‖ = .

The asymptotic fixed point set of S is denoted by F̂(S).

http://www.fixedpointtheoryandapplications.com/content/2013/1/297


Saewan Fixed Point Theory and Applications 2013, 2013:297 Page 4 of 19
http://www.fixedpointtheoryandapplications.com/content/2013/1/297

A multi-valued mapping S is said to be total quasi-φ-asymptotically nonexpansive if
F(S) �= ∅ and there exist nonnegative real sequences νn, μn with νn → , μn →  as n → ∞
and a strictly increasing continuous function ϕ : R+ → R

+ with ϕ() =  such that for all
x ∈ C, p ∈ F(S),

φ(p, wn) ≤ φ(p, x) + νnϕ
(
φ(p, x)

)
+ μn, ∀n ≥ , wn ∈ Snx.

S is said to be closed if for any sequence {xn} and {wn} in C with wn ∈ Sxn if xn → x and
wn → w, then w ∈ Sx.

A multi-valued mapping S is said to be uniformly asymptotically regular on C if

lim
n→∞

(
sup
x∈C

‖sn+ – sn‖
)

= , sn ∈ Snx.

Every quasi-φ-asymptotically nonexpansive multi-valued mapping implies a quasi-φ-
asymptotically nonexpansive mapping but the converse is not true.

In , Chang et al. [] introduced the concept of total quasi-φ-asymptotically non-
expansive multi-valued mapping and then proved some strong convergence theorem by
using the hybrid shrinking projection method.

Let f : C × C →R be a bifunction, the equilibrium problem is to find x ∈ C such that

f (x, y) ≥ , ∀y ∈ C. (.)

The set of solutions of (.) is denoted by EP(f ). The equilibrium problem is very general
in the sense that it includes, as special cases, optimization problems, variational inequal-
ity problems, min-max problems, saddle point problem, fixed point problem, Nash EP.
In , Takahashi and Zembayashi [, ] introduced iterative sequences for finding a
common solution of an equilibrium problem and a fixed point problem. Some solution
methods have been proposed to solve the equilibrium problem; see, for instance, [–].

For a mapping A : C → E∗, let f (x, y) = 〈Ax, y – x〉 for all x, y ∈ C. Then x ∈ EP(f ) if and
only if 〈Tx, y – x〉 ≥  for all y ∈ C; i.e., x is a solution of the variational inequality.

Motivated and inspired by the work mentioned above, in this paper, we introduce and
prove strong convergence of a new hybrid projection algorithm for a fixed point of total
quasi-φ-asymptotically nonexpansive multi-valued mappings, the solution of the equilib-
rium problem, a zero point of monotone operators. Moreover, we prove strong conver-
gence to the solution of the variation inequality in a uniformly smooth and -uniformly
convex Banach space.

2 Preliminaries
A Banach space E with the norm ‖ · ‖ is called strictly convex if ‖ x+y

 ‖ <  for all x, y ∈ E
with ‖x‖ = ‖y‖ =  and x �= y. Let U = {x ∈ E : ‖x‖ = } be the unit sphere of E. A Banach
space E is called smooth if the limit limt→

‖x+ty‖–‖x‖
t exists for each x, y ∈ U . It is also called

uniformly smooth if the limit exists uniformly for all x, y ∈ U . The modulus of convexity of
E is the function δ : [, ] → [, ] defined by

δ(ε) = inf

{
 –

∥∥∥∥x + y


∥∥∥∥ : x, y ∈ E,‖x‖ = ‖y‖ = ,‖x – y‖ ≥ ε

}
.

http://www.fixedpointtheoryandapplications.com/content/2013/1/297
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A Banach space E is uniformly convex if and only if δ(ε) >  for all ε ∈ (, ]. Let p be a
fixed real number with p ≥ . A Banach space E is said to be p-uniformly convex if there
exists a constant c >  such that δ(ε) ≥ cεp for all ε ∈ [, ]. Observe that every p-uniform
convex is uniformly convex. Every uniformly convex Banach space E has the Kadec-Klee
property, that is, for any sequence {xn} ⊂ E, if xn ⇀ x ∈ E and ‖xn‖ → ‖x‖, then xn → x.

Let E be a real Banach space with dual E∗, E is uniformly smooth if and only if E∗ is
a uniformly convex Banach space. If E is a uniformly smooth Banach space, then E is a
smooth and reflexive Banach space.

Remark .
• If E is uniformly smooth, then J is uniformly norm-to-norm continuous on each

bounded subset of E.
• If E is reflexive smooth and strictly convex, then the normalized duality mapping J is

single-valued, one-to-one and onto.
• If E is a reflexive strictly convex and smooth Banach space and J is the duality

mapping from E into E∗, then J– is also single-valued, bijective and is also the duality
mapping from E∗ into E and thus JJ– = IE∗ and J–J = IE .

See [] for more details.

Remark . If E is a reflexive, strictly convex and smooth Banach space, then φ(x, y) = 
if and only if x = y. It is sufficient to show that if φ(x, y) = , then x = y. From (.) we have
‖x‖ = ‖y‖. This implies that 〈x, Jy〉 = ‖x‖ = ‖Jy‖. From the definition of J , one has Jx = Jy.
Therefore, we have x = y (see [, ] for more details).

Lemma . (Beauzamy [] and Xu []) If E is a -uniformly convex Banach space, then,
for all x, y ∈ E, we have

‖x – y‖ ≤ 
c ‖Jx – Jy‖,

where J is the normalized duality mapping of E and  < c ≤ .

The best constant 
c in the lemma is called the p-uniformly convex constant of E.

Lemma . (Beauzamy [] and Zalinescu []) If E is a p-uniformly convex Banach
space, and let p be a given real number with p ≥ , then, for all x, y ∈ E, Jx ∈ Jp(x) and
Jy ∈ Jp(y),

〈x – y, Jx – Jy〉 ≥ cp

p–p
‖x – y‖p,

where Jp is the generalized duality mapping of E and 
c is the p-uniformly convex constant

of E.

Lemma . (Kamimura and Takahashi []) Let E be a uniformly convex and smooth Ba-
nach space, and let {xn}, {yn} be two sequences of E. If φ(xn, yn) →  and either {xn} or {yn}
is bounded, then ‖xn – yn‖ → .

http://www.fixedpointtheoryandapplications.com/content/2013/1/297
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Lemma . (Alber []) Let C be a nonempty closed convex subset of a smooth Banach
space E, and let x ∈ E. Then x = �Cx if and only if

〈x – y, Jx – Jx〉 ≥ , ∀y ∈ C.

Lemma . (Alber []) Let E be a reflexive strictly convex and smooth Banach space, C be
a nonempty closed convex subset of E, and let x ∈ E. Then

φ(y,�Cx) + φ(�Cx, x) ≤ φ(y, x), ∀y ∈ C.

Lemma . (Chang et al. []) Let C be a nonempty, closed and convex subset of a uniformly
smooth and strictly convex Banach space E with the Kadec-Klee property. Let S : C → C be
a closed and total quasi-φ-asymptotically nonexpansive multi-valued mapping with non-
negative real sequence νn and μn with νn → , μn →  as n → ∞ and a strictly increasing
continuous function ϕ : R+ → R

+ with ϕ() = . If μ = , then the fixed point set F(S) is a
closed convex subset of C.

For solving the equilibrium problem for a bifunction f : C × C → R, let us assume that
f satisfies the following conditions:

(A) f (x, x) =  for all x ∈ C;
(A) f is monotone, i.e., f (x, y) + f (y, x) ≤  for all x, y ∈ C;
(A) for each x, y, z ∈ C,

lim
t↓

f
(
tz + ( – t)x, y

) ≤ f (x, y);

(A) for each x ∈ C, y �→ f (x, y) is convex and lower semi-continuous.

Lemma . (Blum and Oettli []) Let C be a closed convex subset of a smooth, strictly
convex and reflexive Banach space E, let f be a bifunction from C × C to R satisfying (A)-
(A), and let r >  and x ∈ E. Then there exists z ∈ C such that

f (z, y) +

r
〈y – z, Jz – Jx〉 ≥ , ∀y ∈ C.

Lemma . (Takahashi and Zembayashi []) Let C be a closed convex subset of a uni-
formly smooth, strictly convex and reflexive Banach space E, and let f be a bifunction from
C × C to R satisfying conditions (A)-(A). For all r >  and x ∈ E, define a mapping
Tr : E → C as follows:

Trx =
{

z ∈ C : f (z, y) +

r
〈y – z, Jz – Jx〉 ≥ ,∀y ∈ C

}
.

Then the following hold:
() Tr is single-valued;
() Tr is a firmly nonexpansive-type mapping [], that is, for all x, y ∈ E,

〈Trx – Try, JTrx – JTry〉 ≤ 〈Trx – Try, Jx – Jy〉;

http://www.fixedpointtheoryandapplications.com/content/2013/1/297
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() F(Tr) = EP(f );
() EP(f ) is closed and convex.

Lemma . (Takahashi and Zembayashi []) Let C be a closed convex subset of a smooth,
strictly convex and reflexive Banach space E, let f be a bifunction from C ×C to R satisfying
(A)-(A), and let r > . Then, for x ∈ E and q ∈ F(Tr),

φ(q, Trx) + φ(Trx, x) ≤ φ(q, x).

Let A be an inverse-strongly monotone mapping of C into E∗ which is said to be hemi-
continuous if for all x, y ∈ C, the mapping h of [, ] into E∗, defined by h(t) = A(tx+(– t)y),
is continuous with respect to the weak∗ topology of E∗. We define by NC(v) the normal cone
for C at a point v ∈ C, that is,

NC(v) =
{

x∗ ∈ E∗ :
〈
v – y, x∗〉 ≥ ,∀y ∈ C

}
. (.)

Theorem . (Rockafellar []) Let C be a nonempty, closed convex subset of a Banach
space E, and let A be a monotone, hemicontinuous operator of C into E∗. Let B ⊂ E × E∗

be an operator defined as follows:

Bv =

⎧⎨
⎩Av + NC(v), v ∈ C;

∅, otherwise.
(.)

Then B is maximal monotone and B– = VI(A, C).

Theorem . (Takahashi []) Let C be a nonempty subset of a Banach space E, and let
A be a monotone, hemicontinuous operator of C into E∗ with C = D(A). Then

VI(A, C) =
{

u ∈ C : 〈v – u, Av〉 ≥ ,∀v ∈ C
}

. (.)

It is obvious that the set VI(A, C) is a closed and convex subset of C and the set A– =
VI(A, E) is a closed and convex subset of E.

Theorem . (Takahashi []) Let C be a nonempty compact convex subset of a Banach
space E, and let A be a monotone, hemicontinuous operator of C into E∗ with C = D(A).
Then VI(A, C) is nonempty.

We make use of the following mapping V studied in Alber []:

V
(
x, x∗) = ‖x‖ – 

〈
x, x∗〉 +

∥∥x∗∥∥, ∀x ∈ E, x∗ ∈ E∗, (.)

that is, V (x, x∗) = φ(x, J–(x∗)).

Lemma . (Alber []) Let E be a reflexive strictly convex smooth Banach space, and let
V be as in (.). Then we have

V
(
x, x∗) + 

〈
J–(x∗) – x, y∗〉 ≤ V

(
x, x∗ + y∗), ∀x ∈ E, x∗, y∗ ∈ E∗.

http://www.fixedpointtheoryandapplications.com/content/2013/1/297
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Lemma . (Beauzamy [] and Xu []) If E is a -uniformly convex Banach space,
then, for all x, y ∈ E, we have

‖x – y‖ ≤ 
c ‖Jx – Jy‖,

where J is the normalized duality mapping of E and  < c ≤ .

Lemma . (Cho et al. []) Let E be a uniformly convex Banach space, and let Br() =
{x ∈ E : ‖x‖ ≤ r} be a closed ball of E. Then there exists a continuous strictly increasing
convex function g : [,∞) → [,∞) with g() =  such that

‖λx + μy + γ z‖ ≤ ‖λx‖ + ‖μy‖ + ‖γ z‖ – λμg
(‖x – y‖)

for all x, y, z ∈ Br() and λ,μ,γ ∈ [, ] with λ + μ + γ = .

Lemma . (Pascali and Sburlan []) Let E be a real smooth Banach space, and let A :
E → E∗ be a maximal monotone mapping. Then A– is a closed and convex subset of E
and the graph G(A) of A is demiclosed in the following sense: if {xn} ⊂ D(A) with xn ⇀ x ∈ E
and yn ∈ Axn with yn → y ∈ E∗, then x ∈ D(A) and y ∈ Ax.

3 Main results
Theorem . Let C be a nonempty closed and convex subset of a uniformly smooth and
-uniformly convex Banach space E. Let f be a bifunction from C × C to R satisfying con-
ditions (A)-(A), and let A be an α-inverse-strongly monotone mapping of E into E∗. Let
S : C → C be a closed and total quasi-φ-asymptotically nonexpansive multi-valued map-
ping with nonnegative real sequences νn, μn with νn → , μn →  as n → ∞ and a strictly
increasing continuous function ψ : R+ → R

+ with ψ() = . Assume that S is uniformly
asymptotically regular on C with μ =  and F := F(S) ∩ EP(f ) ∩ A– �= ∅. For arbitrary
x ∈ C, C = C, generate a sequence {xn} by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

zn = J–(Jxn – λnAxn),

un = Trn zn,

yn = J–(αnJxn + βnJwn + γnJun), wn ∈ Snxn,

Cn+ = {v ∈ Cn : φ(v, yn) ≤ φ(v, zn) ≤ φ(v, xn) + Kn},
xn+ = �Cn+ x, n ∈ N,

(.)

where Kn = νn supq∈F ψ(φ(q, xn)) + μn. Assume that the control sequences {αn}, {βn}, {γn},
{λn} and {rn} satisfy the following conditions:

. {αn}, {βn} and {γn} are sequences in (, ) such that αn + βn + γn = ,
lim infn→∞ αnβn > ,

. {λn} ⊂ [a, b] for some a, b with  < a < b < cα
 and 

c is the -uniformly convex
constant of E,

. {rn} ⊂ [d,∞) for some d > ,
then {xn} converges strongly to �F x.

http://www.fixedpointtheoryandapplications.com/content/2013/1/297


Saewan Fixed Point Theory and Applications 2013, 2013:297 Page 9 of 19
http://www.fixedpointtheoryandapplications.com/content/2013/1/297

Proof We will show that Cn is closed and convex for all n ∈ N. Since C = C is closed and
convex. Suppose that Cn is closed and convex for all n ∈ N. For any v ∈ Cn, we know that
φ(v, yn) ≤ φ(v, xn) + Kn is equivalent to

〈v, Jxn – Jyn〉 ≤ ‖xn‖ – ‖yn‖ + Kn.

That is, Cn+ is closed and convex, hence Cn is closed and convex for all n ∈N.
We show by induction that F ⊂ Cn for all n ∈ N. It is obvious that F ⊂ C = C. Suppose

that F ⊂ Cn where n ∈ N. Let q ∈ F , we have

φ(q, zn) = φ
(
q, J–(Jxn – λnAxn)

)
= V (q, Jxn – λnAxn)

≤ V
(
q, (Jxn – λnAxn) + λnAxn

)
– 

〈
J–(Jxn – λnAxn) – q,λnAxn

〉
= V (q, Jxn) – λn

〈
J–(Jxn – λnAxn) – q, Axn

〉
= φ(q, xn) – λn〈xn – q, Axn〉 + 

〈
J–(Jxn – λnAxn) – xn, –λnAxn

〉
. (.)

Since A is an α-inverse-strongly monotone mapping, we get

–λn〈xn – q, Axn〉 = –λn〈xn – q, Axn – Aq〉 – λn〈xn – q, Aq〉
≤ –λn〈xn – q, Axn – Aq〉
= –αλn‖Axn – Aq‖. (.)

It follows from Lemma . that


〈
J–(Jxn – λnAxn) – xn, –λnAxn

〉
= 

〈
J–(Jxn – λnAxn) – J–(Jxn), –λnAxn

〉
≤ 

∥∥J–(Jxn – λnAxn) – J–(Jxn)
∥∥‖λnAxn‖

≤ 
c

∥∥JJ–(Jxn – λnAxn) – JJ–(Jxn)
∥∥‖λnAxn‖

=

c ‖Jxn – λnAxn – Jxn‖‖λnAxn‖

=

c ‖λnAxn‖

=

c λ

n‖Axn‖

≤ 
c λ

n‖Axn – Aq‖. (.)

Replacing (.) by (.) and (.), we get

φ(q, zn) ≤ φ(q, xn) – αλn‖Axn – Aq‖ +

c λ

n‖Axn – Aq‖

= φ(q, xn) + λn

(

c λn – α

)
‖Axn – Aq‖

≤ φ(q, xn). (.)
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From Lemma ., we know that

φ(q, un) = φ(q, Trn zn) ≤ φ(q, zn) ≤ φ(q, xn). (.)

Since S is a total quasi-φ-asymptotically nonexpansive multi-valued mapping and wn ∈
Snxn, it follows that

φ(q, yn) = φ
(
q, J–(αnJxn + βnJwn + γnJun)

)
= ‖q‖ – 〈q,αnJxn + βnJwn + γnJun〉 + ‖αnJxn + βnJwn + γnJun‖

≤ αnφ(q, xn) + βnφ(q, wn) + γnφ(q, un)

≤ αnφ(q, xn) + βnφ(q, xn) + βnνnψ
(
φ(q, xn)

)
+ βnμn + γnφ(q, un)

≤ αnφ(q, xn) + βnφ(q, xn) + νn sup
q∈F

ψ
(
φ(q, xn)

)
+ μn + γnφ(q, un)

= αnφ(q, xn) + βnφ(q, xn) + γnφ(q, un) + Kn

≤ αnφ(q, xn) + βnφ(q, xn) + γnφ(q, Trn zn) + Kn

≤ αnφ(q, xn) + βnφ(q, xn) + γnφ(q, zn) + Kn

≤ αnφ(q, xn) + βnφ(q, xn) + γnφ(q, xn) + Kn

≤ φ(q, xn) + Kn, (.)

where Kn = νn supq∈F ψ(φ(q, xn)) + μn.
This shows that q ∈ Cn+, which implies that F ⊂ Cn+. Hence F ⊂ Cn for all n ∈ N and

the sequence {xn} is well defined.
From the definition of Cn+ with xn = �Cn x and xn+ = �Cn+ x ∈ Cn+ ⊂ Cn, it follows

that

φ(xn, x) ≤ φ(xn+, x), ∀n ≥ , (.)

that is, {φ(xn, x)} is nondecreasing. By Lemma ., we get

φ(xn, x) = φ(�Cn x, x)

≤ φ(q, x) – φ(q, xn)

≤ φ(q, x), ∀q ∈ F . (.)

This implies that {φ(xn, x)} is bounded and so limn→∞ φ(xn, x) exists. In particular, by
(.), the sequence {(‖xn‖ – ‖x‖)} is bounded. This implies {xn} is also bounded. So, we
have {un}, {zn} and {yn} are also bounded.

Since xm = �Cm x ∈ Cm ⊂ Cn for all m, n ≥  with m > n, by Lemma ., we have

φ(xm, xn) = φ(xm,�Cn x)

≤ φ(xm, x) – φ(�Cn x, x)

= φ(xm, x) – φ(xn, x),
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taking m, n → ∞, we have φ(xm, xn) → . This implies that {xn} is a Cauchy sequence.
From Lemma ., it follows that ‖xn – xm‖ →  and {xn} is a Cauchy sequence. By the
completeness of E and the closedness of C, we can assume that there exists p ∈ C such
that

lim
n→∞ xn = p, (.)

we also get that

lim
n→∞ Kn = lim

n→∞νn sup
q∈F

ψ
(
φ(q, xn)

)
+ μn = . (.)

Next, we show that p ∈ F := F(S) ∩ A– ∩ EP(f ).
(a) We show that p ∈ F(S). By the definition of �Cn x, we have

φ(xn+, xn) = φ(xn+,�Cn x)

≤ φ(xn+, x) – φ(�Cn x, x)

= φ(xn+, x) – φ(xn, x).

Since limn→∞ φ(xn, x) exists, we get

lim
n→∞φ(xn+, xn) = . (.)

It follows from Lemma . that

lim
n→∞‖xn+ – xn‖ = . (.)

From the definition of Cn+ and xn+ = �Cn+ x ∈ Cn+ ⊂ Cn, we have φ(xn+, yn) ≤ φ(xn+,
xn) + Kn →  as n → ∞. By Lemma ., it follows that

lim
n→∞‖xn+ – yn‖ = . (.)

From limn→∞ xn = p, we also have

lim
n→∞ yn = p. (.)

By using the triangle inequality, we get ‖xn –yn‖ ≤ ‖xn –xn+‖+‖xn+ –yn‖ →  as n → ∞.
Since J is uniformly norm-to-norm continuous, we obtain ‖Jxn – Jyn‖ →  as n → ∞. On
the other hand, we note that

φ(q, xn) – φ(q, yn) = ‖xn‖ – ‖yn‖ – 〈q, Jxn – Jyn〉
≤ ‖xn – yn‖

(‖xn + yn‖
)

+ ‖q‖‖Jxn – Jyn‖.

In view of ‖xn – yn‖ →  and ‖Jxn – Jyn‖ →  as n → ∞, we obtain that

φ(q, xn) – φ(q, yn) →  as n → ∞. (.)

http://www.fixedpointtheoryandapplications.com/content/2013/1/297
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From Lemma ., we have

φ(q, yn) = φ
(
q, J–[αnJxn + βnJwn + γnJun]

)
≤ ‖q‖ – 〈q,αnJxn + βnJwn + γnJun〉 + ‖αnJxn + βnJwn + γnJun‖

– αnβng
(‖Jxn – Jwn‖

)
= αnφ(q, xn) + βnφ(q, wn) + γnφ(q, un) – αnβng

(‖Jxn – Jwn‖
)

≤ φ(q, xn) + Kn – αnβng
(‖Jxn – Jwn‖

)
. (.)

It follows from lim infn→∞ αnβn > , (.), (.) and the property of g that

lim
n→∞‖Jxn – Jwn‖ = .

Since J– is uniformly norm-to-norm continuous, we obtain

lim
n→∞‖xn – wn‖ = . (.)

From (.) it follows that

lim
n→∞‖wn – p‖ = . (.)

For wn ∈ Snxn, generate a sequence {sn} by

s ∈ Sw ⊂ Sx,

s ∈ Sw ⊂ Sx,

s ∈ Sw ⊂ Sx,

...

sn+ ∈ Swn ⊂ Sn+xn.

On the other hand, we have ‖sn+ – p‖ ≤ ‖sn+ – wn‖ + ‖wn – p‖. Since S is uniformly
asymptotically regular, it follows that

lim
n→∞‖sn+ – p‖ = , (.)

we have

lim
n→∞

∥∥Sn+xn – p
∥∥ = , (.)

that is, SSnxn → p as n → ∞. From the closedness of S, we have p ∈ F(S).
(b) We show that p ∈ A–.
From the definition of Cn+ and xn+ = �Cn+ x ∈ Cn+ ⊂ Cn, we have φ(xn+, zn) ≤ φ(xn+,

xn) + Kn →  as n → ∞. By Lemma ., it follows that limn→∞ ‖xn+ – zn‖ = . By the

http://www.fixedpointtheoryandapplications.com/content/2013/1/297
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triangle inequality, we get ‖xn – zn‖ ≤ ‖xn – xn+‖ + ‖xn+ – zn‖ →  as n → ∞. From
limn→∞ ‖zn – xn‖ =  and from (.), it follows that

lim
n→∞ zn = p. (.)

Since J is uniformly norm-to-norm continuous, we also have

lim
n→∞‖Jzn – Jxn‖ = . (.)

Hence, from the definition of the sequence {zn}, it follows that

‖Axn‖ =
‖Jzn – Jxn‖

λn
. (.)

From (.) and the definition of the sequence {λn}, we have

lim
n→∞‖Axn‖ = , (.)

that is,

lim
n→∞ Axn = . (.)

Since A is Lipschitz continuous, it follows from (.) that

Ap = . (.)

Again, since A is Lipschitz continuous and monotone so it is maximal monotone. It follows
from Lemma . that p ∈ A–.

(c) We show that p ∈ EP(f ).
From xn, yn →  and Kn →  as n → ∞ and applying (.) for any q ∈ F , we get

limn→∞ φ(q, un) → φ(q, p), it follows that

φ(un, xn) = φ(Trn , xn)

≤ φ(q, xn) – φ(q, Trn xn)

= φ(q, xn) – φ(q, un).

Taking limit as n → ∞ on the both sides of the inequality, we have limn→∞ φ(un, xn) = .
From Lemma ., it follows that

lim
n→∞‖un – xn‖ =  (.)

and

lim
n→∞ un = p. (.)

Since J is uniformly norm-to-norm continuous on bounded subsets of E, we obtain

lim
n→∞‖Jun – Jzn‖ = .

http://www.fixedpointtheoryandapplications.com/content/2013/1/297
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Since rn >  for all n ≥ , we have ‖Jun–Jzn‖
rn

→  as n → ∞ and

f (un, y) +

rn

〈y – un, Jun – Jzn〉 ≥ , ∀y ∈ C.

From (A), the fact that

‖y – un‖‖Jun – Jzn‖
rn

≥ 
rn

〈y – un, Jun – Jzn〉
≥ –f (un, y)

≥ f (y, un), ∀y ∈ C,

taking the limit as n → ∞ in the above inequality and from the fact that un → p as n → ∞,
it follows that f (y, p) ≤  for all y ∈ C. For any  < t < , define yt = ty + ( – t)p. Then yt ∈ C,
which implies that f (yt , p) ≤ . Thus it follows from (A) that

 = f (yt , yt) ≤ tf (yt , y) + ( – t)θ (yt , p) ≤ tf (yt , y),

and so f (yt , y) ≥ . From (A) we have f (p, y) ≥  for all y ∈ C and so p ∈ EP(f ). Hence, by
(a), (b) and (c), that is, p ∈ F(S) ∩ A– ∩ EP(f ).

Finally, we show that p = �F x. From xn = �Cn x, we have 〈Jx – Jxn, xn – z〉 ≥  for all
z ∈ Cn. Since F ⊂ Cn, we also have

〈Jx – Jxn, xn – p̂〉 ≥ , ∀p̂ ∈ F .

Taking limit n → ∞, we obtain

〈Jx – Jp, p – p̂〉 ≥ , ∀p̂ ∈ F .

By Lemma ., we can conclude that p = �F x and xn → p as n → ∞. The proof is com-
pleted. �

Next, we define zn = �CJ–(Jxn – λnAxn) and assume that ‖Ay‖ ≤ ‖Ay – Au‖ for all y ∈ C
and u ∈ VI(A, C) �= ∅. We can prove the strong convergence theorem for finding the set of
solutions of the variational inequality problem in a real uniformly smooth and -uniformly
convex Banach space.

Remark . (Qin et al. []) Let �C be the generalized projection from a smooth strictly
convex and reflexive Banach space E onto a nonempty closed convex subset C of E. Then
�C is a closed quasi-φ-nonexpansive mapping from E onto C with F(�C) = C.

Corollary . Let C be a nonempty closed and convex subset of a uniformly smooth and
-uniformly convex Banach space E. Let f be a bifunction from C × C to R satisfying con-
ditions (A)-(A), and let A be an α-inverse-strongly monotone mapping of C into E∗ sat-
isfying ‖Ay‖ ≤ ‖Ay – Au‖ for all y ∈ C and u ∈ VI(A, C) �= ∅. Let S : C → C be a closed
and total quasi-φ-asymptotically nonexpansive multi-valued mapping with nonnegative
real sequences νn, μn with νn → , μn →  as n → ∞ and a strictly increasing continuous
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function ψ : R+ →R
+ with ψ() = . Assume that S is uniformly asymptotically regular on

C with μ =  and F := F(S) ∩ EP(f ) ∩ VI(A, C) �= ∅. For arbitrary x ∈ C, C = C, generate
a sequence {xn} by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

zn = �CJ–(Jxn – λnAxn),

un = Trn xn,

yn = J–(αnJxn + βnJwn + γnJun), wn ∈ Snxn,

Cn+ = {v ∈ Cn : φ(v, yn) ≤ φ(v, zn) ≤ φ(v, xn) + Kn},
xn+ = �Cn+ x, n ∈ N,

(.)

where Kn = νn supq∈F ψ(φ(q, xn)) + μn. Assume that the control sequences {αn}, {βn}, {γn},
{λn} and {rn} satisfy the following conditions:

. {αn}, {βn} and {γn} are sequences in (, ) such that αn + βn + γn = ,
lim infn→∞ αnβn > ,

. {λn} ⊂ [a, b] for some a, b with  < a < b < cα
 and 

c is the -uniformly convex
constant of E,

. {rn} ⊂ [d,∞) for some d > ,
then {xn} converges strongly to �F x.

Proof For q ∈ F and �C is quasi-φ-nonexpansive mapping, we have

φ(q, zn) = φ
(
q,�CJ–(Jxn – λnAxn)

) ≤ φ
(
q, J–(Jxn – λnAxn)

)
.

So, we can show that p ∈ VI(A, C).
Define B ⊂ E × E∗ by Theorem ., B is maximal monotone and B– = VI(A, C). Let

(z, w) ∈ G(B). Since w ∈ Bz = Az + NC(z), we get w – Az ∈ NC(z).
From zn ∈ C, we have

〈z – zn, w – Az〉 ≥ . (.)

On the other hand, since zn = �CJ–(Jxn – λnAxn). Then, by Lemma ., we have

〈
z – zn, Jzn – (Jxn – λnAxn)

〉 ≥ ,

and thus
〈
z – zn,

Jxn – Jzn

λn
– Axn

〉
≤ . (.)

It follows from (.) and (.) that

〈z – zn, w〉 ≥ 〈z – zn, Az〉

≥ 〈z – zn, Az〉 +
〈
z – zn,

Jxn – Jzn

λn
– Axn

〉

= 〈z – zn, Az – Axn〉 +
〈
z – zn,

Jxn – Jzn

λn

〉
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= 〈z – zn, Az – Azn〉 + 〈z – zn, Azn – Axn〉 +
〈
z – zn,

Jxn – Jzn

λn

〉

≥ –‖z – zn‖‖zn – xn‖
α

– ‖z – zn‖‖Jxn – Jzn‖
a

≥ –M
(‖zn – xn‖

α
+

‖Jxn – Jzn‖
a

)
,

where M = supn≥ ‖z – zn‖. From ‖xn – zn‖ →  as n → ∞ and (.), taking limn→∞ on
the both sides of the equality above, we have 〈z – p, w〉 ≥ . By the maximality of B, we have
p ∈ B–, that is, p ∈ VI(A, C). From Theorem ., we have p ∈ F(S)∩EP(f )∩VI(A, C). The
proof is completed. �

Let A be a strongly monotone mapping with constant k, Lipschitz with constant L > ,
that is,

‖Ax – Ay‖ ≤ L‖x – y‖, ∀x, y ∈ D(A),

which implies that


L

‖Ax – Ay‖ ≤ ‖x – y‖, ∀x, y ∈ D(A).

It follows that

〈Ax – Ay, x – y〉 ≥ k‖x – y‖ ≥ k
L

‖Ax – Ay‖

hence A is α-inverse-strongly monotone with α = k
L . Therefore, we have the following

corollaries.

Corollary . Let C be a nonempty closed and convex subset of a uniformly smooth
and -uniformly convex Banach space E. Let f be a bifunction from C × C to R sat-
isfying conditions (A)-(A), and let A : E → E∗ be a strongly monotone mapping with
constant k, Lipschitz with constant L > . Let S : C → C be a closed and total quasi-
φ-asymptotically nonexpansive multi-valued mapping with nonnegative real sequences
νn, μn with νn → , μn →  as n → ∞ and a strictly increasing continuous function
ψ : R+ → R

+ with ψ() = . Assume that S is uniformly asymptotically regular on C with
μ =  and F := F(S) ∩ EP(f ) ∩ A– �= ∅. For arbitrary x ∈ C, C = C, a sequence {xn} is
generated by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

zn = J–(Jxn – λnAxn),

un = Trn zn,

yn = J–(αnJxn + βnJwn + γnJun), wn ∈ Snxn,

Cn+ = {v ∈ Cn : φ(v, yn) ≤ φ(v, zn) ≤ φ(v, xn) + Kn},
xn+ = �Cn+ x, n ∈ N,

(.)

where Kn = νn supq∈F ψ(φ(q, xn)) + μn. Assume that the control sequences {αn}, {βn}, {γn},
{λn} and {rn} satisfy the following conditions:
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. {αn}, {βn} and {γn} are sequences in (, ) such that αn + βn + γn = ,
lim infn→∞ αnβn > ,

. {λn} ⊂ [a, b] for some a, b with  < a < b < ck
L and 

c is the -uniformly convex
constant of E,

. {rn} ⊂ [d,∞) for some d > ,
then {xn} converges strongly to �F x.

Corollary . Let C be a nonempty closed and convex subset of a uniformly smooth and
-uniformly convex Banach space E. Let f be a bifunction from C × C to R satisfying con-
ditions (A)-(A), and let A : C → E∗ be a strongly monotone mapping with constant k,
Lipschitz with constant L >  satisfying ‖Ay‖ ≤ ‖Ay–Au‖ for all y ∈ C and u ∈ VI(A, C) �= ∅.
Let S : C → C be a closed and total quasi-φ-asymptotically nonexpansive multi-valued
mapping with nonnegative real sequences νn, μn with νn → , μn →  as n → ∞ and a
strictly increasing continuous function ψ : R+ → R

+ with ψ() = . Assume that S is uni-
formly asymptotically regular on C with μ =  and F := F(S) ∩ EP(f ) ∩ VI(A, C) �= ∅. For
arbitrary x ∈ C, C = C, generate a sequence {xn} by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

zn = �CJ–(Jxn – λnAxn),

un = Trn xn,

yn = J–(αnJxn + βnJwn + γnJun), wn ∈ Snxn,

Cn+ = {v ∈ Cn : φ(v, yn) ≤ φ(v, zn) ≤ φ(v, xn) + Kn},
xn+ = �Cn+ x, n ∈ N,

(.)

where Kn = νn supq∈F ψ(φ(q, xn)) + μn. Assume that the control sequences {αn}, {βn}, {γn},
{λn} and {rn} satisfy the following conditions:

. {αn}, {βn} and {γn} are sequences in (, ) such that αn + βn + γn = ,
lim infn→∞ αnβn > ,

. {λn} ⊂ [a, b] for some a, b with  < a < b < ck
L and 

c is the -uniformly convex
constant of E,

. {rn} ⊂ [d,∞) for some d > ,
then {xn} converges strongly to �F x.

Let F be a Fréchet differentiable functional in a Banach space E and ∇F be the gradient
of F , denote (∇F)– = {x ∈ E : F(x) = miny∈E F(y)}. Baillon and Haddad [] proved the
following lemma.

Lemma . (Baillon and Haddad []) Let E be a Banach space. Let F be a continuously
Fréchet differentiable convex functional on E and ∇F be the gradient of F . If ∇F is 

α
-

Lipschitz continuous, then ∇F is an α-inverse strongly monotone mapping.

We replace A in Theorem . by ∇F , then we can obtain the following corollary.

Corollary . Let C be a nonempty closed and convex subset of a uniformly smooth
and -uniformly convex Banach space E. Let f be a bifunction from C × C to R satisfy-
ing conditions (A)-(A). Let F be a continuously Fréchet differentiable convex functional
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on E and ∇F be 
α

-Lipschitz continuous. Let S : C → C be a closed and total quasi-
φ-asymptotically nonexpansive multi-valued mapping with nonnegative real sequences
νn, μn with νn → , μn →  as n → ∞ and a strictly increasing continuous function
ψ : R+ → R

+ with ψ() = . Assume that S is uniformly asymptotically regular on C with
μ =  and F := F(S) ∩ F(T) ∩ EP(f ) ∩ A– �= ∅. For an initial point x ∈ E, C = C, define
the sequence {xn} by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

zn = J–(Jxn – λn∇Fxn),

un = Trn xn,

yn = J–(αnJxn + βnJwn + γnJun), wn ∈ Snxn,

Cn+ = {v ∈ Cn : φ(v, yn) ≤ φ(v, zn) ≤ φ(v, xn) + Kn},
xn+ = �Cn+ x, n ∈ N,

(.)

where μn = sup{μS
n,μT

n }, νn = sup{νS
n ,νT

n }, ψ = sup{ψS,ψT }, kn = νn supq∈F ψ(φ(q, xn))+μn.
Assume that the control sequences {αn}, {βn}, {γn}, {λn} and {rn} satisfy the following

conditions:
. {αn}, {βn} and {γn} are sequences in (, ) such that αn + βn + γn = ,

lim infn→∞ αnβn >  and lim infn→∞ αnγn > ,
. {λn} ⊂ [a, b] for some a, b with  < a < b < cα

 and the -uniformly convex constant 
c

of E,
. {rn} ⊂ [d,∞) for some d > ,

then {xn} converges strongly to �F x.
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as n → ∞ for all j = 1, 2, · · · ,m. Since ‖xn‖ → ‖p‖ as n → ∞, we also have

‖Δj
nxn‖ → ‖p‖ (42)

as n → ∞ for all j = 1, 2, · · · ,m. This implies that for each j = 1, 2, · · · ,m, {Δj
nxn}

is bounded. Since E is reflexive, without loss of generality, we can assume that
Δj

nxn ⇀ k as n → ∞. Since Cn is closed and convex for each n ≥ 1, it is obvious
that k ∈ Cn. Again, since

φ(Δj
nxn, xn) = ‖Δj

nxn‖2 − 2〈Δj
nxn, Jxn〉+ ‖xn‖2,

taking lim infn→∞ on both sides of the equality above, we have

0 ≥ ‖k‖2 − 2〈k, Jp〉+ ‖p‖2 = φ(k, p). (43)

That is, k = p and it follows that for all j = 1, 2, · · · , l,

Δj
nxn ⇀ p (44)

as n → ∞. Thus, from (42), (44) and the Kadec-Klee property, it follows that

lim
n→∞

Δj
nxn = p (45)

for all j = 1, 2, · · · ,m. We also have

lim
n→∞

Δj−1
n xn = p (46)

for all j = 1, 2, · · · ,m, and so

lim
n→∞

‖Δj
nxn −Δj−1

n xn‖ = 0 (47)

for all j = 1, 2, · · · ,m. Since J is uniformly norm-to-norm continuous on bounded
subsets of E and lim infn→∞ λj,n > 0 for each j = 1, 2, · · · , l, we have

lim
n→∞

1
λj,n

‖JΔj
nxn − JΔj−1

n xn‖ = 0. (48)

Let Δj
nxn = Jj

λj,n
Δj−1

n xn for each j = 1, 2, · · · , l. Then we have

lim
n→∞

‖Aλj,n
Δj−1

n xn‖ = lim
n→∞

1
λj,n

‖JΔj
nxn − JΔj−1

n xn‖ = 0. (49)

For any (w,w∗) ∈ G(Aj) and (Δj
nxn, Aλj,n

Δj−1
n xn) ∈ G(Aj) for each j = 1, 2, · · · , l,

it follows from the monotonicity of Aj that for all n ≥ 1,

〈w −Δj
nxn, w

∗ −Aλj,n
Δj−1

n xn〉 ≥ 0

for all j = 1, 2, · · · , l. Letting n → ∞ in the inequality above, we get 〈w−p, w∗〉 ≥ 0
for all j = 1, 2, · · · , l. Since Aj is maximal monotone for all j = 1, 2, · · · , l, we obtain
p ∈ ∩l

j=1A
−1
j 0.
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Next, we show that p ∈ ∩m
i=1EP (θi). For any q ∈ F and un = Km

n zn, we observe
that

φ(q, un) = φ(q,Km
n zn)

≤ φ(q,Km−1
n zn)

≤ φ(q,Km−2
n zn)

· · ·
≤ φ(q,Ki

nzn).

(50)

By Lemma 10, for i = 1, 2, · · · ,m, we have

φ(Ki
nzn, xn) ≤ φ(q, xn)− φ(q,Ki

nzn)
≤ φ(q, xn)− φ(q, un).

(51)

Since xn → p and un → p as n → ∞, we get φ(Ki
nzn, xn) → 0 as n → ∞ for all

i = 1, 2, · · · ,m. From (3), it follows that

(‖Ki
nzn‖ − ‖xn‖)2 → 0

as n → ∞. Since ‖xn‖ → ‖p‖ as n → ∞, we also have

‖Ki
nzn‖ → ‖p‖ (52)

as n → ∞. Since {Ki
nzn} is bounded and E is reflexive, without loss of generality,

we assume that Ki
nzn ⇀ h as n → ∞. Since Cn is closed and convex for each n ≥ 1,

it is obvious that h ∈ Cn. Again, since

φ(Ki
nzn, xn) = ‖Ki

nzn‖2 − 2〈Ki
nzn, Jxn〉+ ‖xn‖2,

taking lim infn→∞ on both sides of the equality above, we have

0 ≥ ‖h‖2 − 2〈h, Jp〉+ ‖p‖2 = φ(h, p). (53)

That is, h = p and it follows that for all i = 1, 2, · · · ,m, it follows that

Ki
nzn ⇀ p (54)

as n → ∞. Thus, from (520, (54) and the Kadec-Klee property, it follows that

lim
n→∞

Ki
nzn = p (55)

for all i = 1, 2, · · · ,m. We also have

lim
n→∞

Ki−1
n zn = p (56)

for all i = 1, 2, · · · ,m, and so

‖Ki
nzn −Ki−1

n zn‖ = 0

for all i = 1, 2, · · · ,m. Since J is uniformly norm-to-norm continuous, we obtain

lim
n→∞

‖JKi
nzn − JKi−1

n zn‖ = 0

for all i = 1, 2, · · · ,m. From ri,n > 0 for all i = 1, 2, · · · ,m, we have

‖JKi
nzn − JKi−1

n zn‖
ri,n

→ 0
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as n → ∞ and

θi(K
i
nzn, y) +

1
ri,n

〈y −Ki
nzn, JK

i
nzn − JKi−1

n zn〉 ≥ 0 (57)

for all y ∈ C. Thus, by (A2), we have

‖y −Ki
nzn‖

‖JKi
nzn−JKi−1

n zn‖
ri,n

≥ 1
ri,n

〈y −Ki
nzn, JK

i
nzn − JKi−1

n zn〉
≥ −θi(K

i
nzn, y)

≥ θi(y,K
i
nzn)

(58)

for all y ∈ C and Ki
nzn → p as n → ∞, and so θi(y, p) ≤ 0 for all y ∈ C. For

any t with 0 < t < 1, define yt = ty + (1 − t)p. Then yt ∈ C, which implies that
θi(yt, p) ≤ 0 for all i = 1, 2, · · · ,m. Thus, from (A1), it follows that

0 = θi(yt, yt) ≤ tθi(yt, y) + (1− t)θi(yt, p) ≤ tθi(yt, y),

and so θi(yt, y) ≥ 0 for all i = 1, 2, · · · ,m. From (A3), we have θi(p, y) ≥ 0 for all
y ∈ C and i = 1, 2, · · · ,m, that is, p ∈ EP (θi) for all i = 1, 2, · · · ,m. This implies
that p ∈ ∩m

i=1EP (θi).
Finally, we show that p ∈ F (S). Since {xn} is bounded, the mapping S is also

bounded. From yn → p as n → ∞ and (9), we have

‖JSnxn‖ → ‖Jp‖ (59)

as n → ∞. Since J−1 : E∗ → E is norm-weak∗-continuous,

Snxn ⇀ p (60)

as n → ∞.
On the other hand, in view of (59), it follows that

|‖Snxn‖ − ‖p‖| = |‖J(Snxn)‖ − ‖Jp‖| ≤ ‖J(Snxn)− Jp‖ = 0

and so ‖Snxn‖ → ‖p‖. Since E has the Kadee-Klee property, we get

Snxn → p (61)

for all n ≥ 1. By using the triangle inequality, since S is uniformly L-Lipschitz
continuous, we get

‖Sn+1xn − Snxn‖
≤ ‖Sn+1xn − Sn+1xn+1‖+ ‖Sn+1xn+1 − xn+1‖+ ‖xn+1 − xn‖+ ‖xn − Snxn‖
≤ (L+ 1)‖xn+1 − xn‖+ ‖Sn+1xn+1 − xn+1‖+ ‖xn − Snxn‖.

(62)
Since Snxn → p as n → ∞, we get Sn+1xn → p as n → ∞, and so SSnxn → p as
n → ∞. In view of the closeness of S, we have Sp = p, which implies that p ∈ F (S).
Hence p ∈ F .

Step 5. We show that p = Πf
Fx1. Since F is a closed and convex set, it follows

from Lemma 5 that Πf
Fx1 is single-valued, which is denoted by p̂. By the definitions

of xn = Πf
Cn

x1 and p̂ ∈ F ⊂ Cn, we also have

G(xn, Jx1) ≤ G(p̂, Jx1)
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for all n ≥ 1. By the definitions of G and f , we know that for any x ∈ E, G(ξ, Jx)
is convex and lower semicontinuous with respect to ξ, and so

G(p, Jx1) ≤ lim inf
n→∞

G(xn, Jx1) ≤ lim sup
n→∞

G(xn, Jx1) ≤ G(p̂, Jx1).

From the definition of Πf
Fx1, since p ∈ F , we conclude that p̂ = p = Πf

Fx1 and
xn → p as n → ∞. This completes the proof.

Setting νn = (kn − 1), μn = 0 and ψ : R+ → 1 in Theorem 1, we have the
following result.

Corollary 1 Let C be a nonempty closed and convex subset of a uniformly smooth and

strictly convex Banach space E with the Kadec-Klee property. For each i = 1, 2, · · · ,m,

let θi be a bifunction from C × C to R satisfying the conditions (A1)-(A4). Let Aj ⊂
E × E∗ be a maximal monotone operator satisfying D(A) ⊂ C and J

Aj

λj,n
= (J +

λj,nAj)
−1J for all λj,n > 0 and j = 1, 2, · · · , l. Let S : C → C be a closed and

quasi-φ-asymptotically nonexpansive mapping. Let f : E → R+ be a convex and lower

semicontinuous function with C ⊂ int(D(f)) and f(0) = 0. Assume that S is uniformly

L-Lipschitz continuous and F = F (S)∩(∩m
i=1EP (θi))∩(∩l

j=1A
−1
j 0) �= ∅. For an initial

point x1 ∈ E, define C1 = C and the sequence {xn} in C by
⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

zn = JAl

λl,n
◦ JAl−1

λl−1,n
◦ · · · ◦ JA1

λ1,n
xn,

un = T θm
rm,n

◦ T θm−1
rm−1,n

◦ · · · ◦ T θ1
r1,nzn,

yn = J−1(αnJx1 + βnJS
nxn + γnJun),

Cn+1 = {v ∈ Cn : G(v, Jyn) ≤ αnG(q, Jx1) + (1− αn)G(q, Jxn) + ζn},
xn+1 = Πf

Cn+1
x1

(63)

for all n ≥ 1, where {αn}, {βn} and {γn} are the sequences in (0, 1) with αn+βn+γn =
1, ζn = supq∈F (kn − 1)G(q, Jxn) and, for each i = 1, 2, 3, · · · ,m, {ri,n} ⊂ [d,∞) for

some d > 0. If limn→∞ αn = 0, lim infn→∞ βn < 1 and lim infn→∞ λj,n > 0 for all

j = 1, 2, · · · , l, then the sequence {xn} converges strongly to a point Πf
Fx1.

If f(x) = 0 for all x ∈ E in Theorem 1, then G(x, Jy) = φ(x, y) and Πf
F = ΠF

and so we have the following corollary.

Corollary 2 Let C be a nonempty closed and convex subset of a uniformly smooth and

strictly convex Banach space E with the Kadec-Klee property. For each i = 1, 2, · · · ,m,

let θi be a bifunction from C × C to R satisfying the conditions (A1)-(A4). Let Aj ⊂
E × E∗ be a maximal monotone operator satisfying D(Aj) ⊂ C and J

Aj

λj,n
= (J +

λj,nAj)
−1J for all λj,n > 0 and j = 1, 2, · · · , l. Let S : C → C be a closed and totally

quasi-φ-asymptotically nonexpansive mapping with nonnegative real sequences νn, μn

with νn → 0, μn → 0 as n → ∞, respectively, and a strictly increasing continuous

function ψ : R+ → R+ with ψ(0) = 0. Assume that S is uniformly L-Lipschitz

continuous and F = F (S) ∩ (∩m
i=1EP (θi)) ∩ (∩l

j=1A
−1
j 0) �= ∅. For an initial point

x1 ∈ E, define C1 = C and the sequence {xn} in C by
⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

zn = JAl

λl,n
◦ JAl−1

λl−1,n
◦ · · · ◦ JA1

λ1,n
xn,

un = T θm
rm,n

◦ T θm−1
rm−1,n

◦ · · · ◦ T θ1
r1,nzn,

yn = J−1(αnJx1 + βnJS
nxn + γnJun),

Cn+1 = {v ∈ Cn : φ(v, yn) ≤ αnφ(v, x1) + (1− αn)φ(v, xn) + ζn},
xn+1 = ΠCn+1

x1

(64)
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for all n ≥ 1, where {αn}, {βn} and {γn} are the sequences in (0, 1) with αn+βn+γn =
1, ζn = νn supq∈F ψ(φ(q, xn)) + μn and, for each i = 1, 2, 3, · · · ,m, {ri,n} ⊂ [d,∞)
for some d > 0. If limn→∞ αn = 0, lim infn→∞ βn < 1 and lim infn→∞ λj,n > 0 for

each j = 1, 2, · · · , l, then the sequence {xn} converges strongly to a point ΠFx1.

Setting νn = (kn−1), μn = 0 and ψ(x) = x in Theorem 1, we have the following
corollary.

Corollary 3 Let C be a nonempty closed and convex subset of a uniformly smooth and

strictly convex Banach space E with the Kadec-Klee property. For each i = 1, 2, · · · ,m,

let θi be a bifunction from C × C to R satisfying the conditions (A1)-(A4). Let Aj ⊂
E × E∗ be a maximal monotone operator satisfying D(A) ⊂ C and J

Aj

λj,n
= (J +

λj,nAj)
−1J for all λj,n > 0 and j = 1, 2, · · · , l. Let S : C → C be a closed and

quasi-φ-asymptotically nonexpansive mapping. Assume that S uniformly L-Lipschitz

continuous and F = F (S) ∩ (∩m
i=1EP (θi)) ∩ (∩l

j=1A
−1
j 0) �= ∅. For an initial point

x1 ∈ E, define C1 = C and the sequence {xn} in C by

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

zn = JAl

λl,n
◦ JAl−1

λl−1,n
◦ · · · ◦ JA1

λ1,n
xn,

un = T θm
rm,n

◦ T θm−1
rm−1,n

◦ · · · ◦ T θ1
r1,nzn,

yn = J−1(αnJx1 + βnJS
nxn + γnJun),

Cn+1 = {v ∈ Cn : φ(v, yn) ≤ αnφ(q, x1) + (1− αn)φ(q, xn) + ζn},
xn+1 = ΠCn+1

x1

(65)

for all n ≥ 1, where {αn}, {βn} and {γn} are the sequences in (0, 1) with αn+βn+γn =
1, ζn = supq∈F (kn − 1)φ(q, xn) and, for each i = 1, 2, 3, · · · ,m, {ri,n} ⊂ [d,∞) for

some d > 0. If limn→∞ αn = 0, lim infn→∞ βn < 1 and lim infn→∞ λj,n > 0 for

each j = 1, 2, · · · , l, then the sequence {xn} converges strongly to a point ΠFx1.
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Let f : C × C → R be a bifunction, the equilibrium problem, is to find x ∈ C such that

f(x, y) ≥ 0, ∀y ∈ C. (1.1)

The set of solutions of (1.2) is denoted by EP (f). The equilibrium problem is very general in the
sense that it includes, as special cases optimization problems, variational inequality problems, Min-Max
problems, saddle point problem, fixed point problem, Nash EP. In 2008, Takahashi and Zembayashi [82, 83],
introduced iterative sequences for finding a common solution of an equilibrium problem and fixed point
problem. Some solution methods have been proposed to solve the equilibrium problem; see, for instance,
[60, 18, 36, 73, 26, 92, 27, 28, 93, 94].

Let θ be a bifunction of C×C into R and ϕ : C → R be a real-valued function. The mixed equilibrium
problem, denoted by MEP (θ, ϕ), is to find x ∈ C such that

θ(x, y) + ϕ(y)− ϕ(x) ≥ 0, ∀y ∈ C. (1.2)

If ϕ ≡ 0, the problem (1.2) reduce into the equilibrium problem for θ, denoted by EP (θ), is to find x ∈ C

such that
θ(x, y) ≥ 0, ∀y ∈ C. (1.3)

If θ ≡ 0, the problem (1.2) reduce into the minimize problem, denoted by Argmin(ϕ), is to find x ∈ C such
that

ϕ(y)− ϕ(x) ≥ 0, ∀y ∈ C. (1.4)

The above formulation (1.3) was shown in [8] to cover monotone inclusion problems, saddle point problems,
variational inequality problems, minimization problems, optimization problems, variational inequality prob-
lems, vector equilibrium problems, Nash equilibria in noncooperative games. In addition, there are several
other problems, for example, the complementarity problem, fixed point problem and optimization problem,
which can also be written in the form of an EP (θ). In other words, the EP (θ) is an unifying model for sev-
eral problems arising in physics, engineering, science, optimization, economics, etc. In the last two decades,
many papers have appeared in the literature on the existence of solutions of EP (θ); see, for example [8, 42]
and references therein. Some solution methods have been proposed to solve the EP (θ); see, for example,
[8, 39, 41, 43, 55, 63, 61] and references therein.

Let E be a real Banach space with dual E∗ and let C be a nonempty closed convex subset of E. Let
A : C → E∗ be an operator. A is called monotone if

〈Ax−Ay, x− y〉 ≥ 0, ∀x, y ∈ C;

α−inverse-strongly monotone if there exists a constant α > 0 such that

〈Ax−Ay, x− y〉 ≥ α‖Ax−Ay‖2, ∀x, y ∈ C;

L-Lipschitz continuous if there exists a constant L > 0 such that

‖Ax−Ay‖ ≤ L‖x− y‖, ∀x, y ∈ C.
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If A is α-inverse strongly monotone, then it is 1
α -Lipschitz continuous, i.e.,

‖Ax−Ay‖ ≤ 1
α
‖x− y‖, ∀x, y ∈ C.

A monotone operator A is said to be maximal if its graph G(A) = {(x, x∗) : x∗ ∈ Ax} is not properly
contained in the graph of any other monotone operator.

Let A be a monotone operator. We consider the problem for finding x ∈ E such that

0 ∈ Ax, (1.5)

a point x ∈ E is called a zero point of A. Denote by A−10 the set of all point x ∈ E such that 0 ∈ Ax. This
problem is very important in optimization theory and related fields.

Let A be a monotone operator. The classical variational inequality problem for an operator A is to
find ẑ ∈ C such that

〈Aẑ, y − ẑ〉 ≥ 0, ∀y ∈ C. (1.6)

The set of solution of (1.6) is denoted by V I(A,C). This problem is connected with the convex
minimization problem, the complementary problem, the problem of finding a point x ∈ E satisfying Ax = 0.

The value of x∗ ∈ E∗ at x ∈ E will be denoted by 〈x, x∗〉 or x∗(x). For each p > 1, the generalized
duality mapping Jp : E → 2E∗ is defined by

Jp(x) = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖p, ‖x∗‖ = ‖x‖p−1}

for all x ∈ E. In particular, J = J2 is called the normalized duality mapping. If E is a Hilbert space, then
J = I, where I is the identity mapping.

Consider the functional defined by

φ(y, x) = ‖y‖2 − 2〈y, Jx〉+ ‖x‖2, for x, y ∈ E, (1.7)

where J is the normalized duality mapping. It is obvious from the definition of φ that

(‖y‖ − ‖x‖)2 ≤ φ(y, x) ≤ (‖y‖+ ‖x‖)2, ∀x, y ∈ E. (1.8)

Alber [3] introduced The generalized projection ΠC : E → C is a map that assigns to an arbitrary point x ∈ E

the minimum point of the functional φ(x, y), that is, ΠCx = x̄, where x̄ is the solution of the minimization
problem

φ(x̄, x) = inf
y∈C

φ(y, x), (1.9)

existence and uniqueness of the operator ΠC follows from the properties of the functional φ(x, y) and
strict monotonicity of the mapping J .

Iiduka and Takahashi [37] introduced the following iterative scheme for finding a solution of the varia-
tional inequality problem for an inverse-strongly monotone operator A in a 2-uniformly convex and uniformly
smooth Banach space E: x1 = x ∈ C and

xn+1 = ΠCJ−1(Jxn − λnAxn), ∀n ≥ 1, (1.10)
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where ΠC is the generalized projection from E onto C, J is the duality mapping from E into E∗ and {λn}
is a sequence of positive real numbers. They proved that the sequence {xn} generated by (1.10) converges
weakly to some element of V I(A,C). In connection, Iiduka and Takahashi [34] studied the following iterative
scheme for finding a zero point of a monotone operator A in a 2-uniformly convex and uniformly smooth
Banach space E: 




x1 = x ∈ E chosen arbitrarily,

yn = J−1(Jxn − λnAxn),

Xn = {z ∈ E : φ(z, yn) ≤ φ(z, xn)},
Yn+1 = {z ∈ E : 〈xn − z, Jx− Jxn〉 ≥ 0},
xn+1 = ΠXn∩Yn(x).

(1.11)

where ΠXn∩Yn
is the generalized projection from E onto Xn ∩ Yn, J is the duality mapping from E into E∗

and {λn} is a sequence of positive real numbers. They proved that the sequence {xn} converges strongly
to an element of A−10. Moreover, under the additional suitable assumption they proved that the sequence
{xn} converges strongly to some element of V I(A, C). Some solution methods have been proposed to solve
the variational inequality problem; see, for instance, [19, 47, 48].

Let E be a real Banach space with the dual space E∗ and C be a nonempty closed and convex subset
of E. A mapping S : C → C is said to be:

(1) nonexpansive if
‖Sx− Sy‖ ≤ ‖x− y‖

for all x, y ∈ C;

(2) quasi-nonexpansive if F (S) 6= ∅ and

‖Sx− y‖ ≤ ‖x− y‖

for all x ∈ C and y ∈ F (S);

(3) quasi-φ-nonexpansive if F (S) 6= ∅ and

φ(p, Sx) ≤ φ(p, x), ∀x ∈ C, p ∈ F (S).

;

(4) asymptotically nonexpansive if there exists a sequence {kn} ⊂ [1,∞) with kn → 1 as n →∞ such
that

‖Snx− Sny‖ ≤ kn‖x− y‖
for all x, y ∈ C;

(5) asymptotically quasi-nonexpansive if F (S) 6= ∅ and there exists a sequence {kn} ⊂ [1,∞) with
kn → 1 as n →∞ such that

‖Snx− y‖ ≤ kn‖x− y‖
for all x ∈ C and y ∈ F (S);
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(6) total asymptotically nonexpansive if there exist the nonnegative real sequences {νn}, {µn} with
νn → 0, µn → 0 as n →∞ and a strictly increasing continuous function ψ : R+ → R+ with ψ(0) = 0 such
that

‖Snx− Sny‖ ≤ ‖x− y‖+ µnψ(‖x− y‖) + νn

for all x, y ∈ C and n ≥ 1;

(7) total quasi-φ-asymptotically nonexpansive, if F (S) 6= ∅ and there exist nonnegative real sequences
νn, µn with νn → 0, µn → 0 as n → ∞ and a strictly increasing continuous function ϕ : R+ → R+ with
ϕ(0) = 0 such that

φ(p, Snx) ≤ φ(p, x) + νnϕ(φ(p, x)) + µn, ∀n ≥ 1, ∀x ∈ C, p ∈ F (S).

A mapping S : C → C is said to be uniformly L-Lipschitz continuous if there exists a constant L > 0
such that

‖Snx− Sny‖ ≤ L‖x− y‖ (1.12)

for all x, y ∈ C. A mapping S : C → C is said to be closed if, for any sequence {xn} ⊂ C such that
lim

n→∞
xn = x0 and lim

n→∞
Sxn = y0, we have Sx0 = y0.

Let 2C be the family of all nonempty subsets of C and let S : C → 2C be a multi-valued mapping. For
a point q ∈ C, n ≥ 1 define an iterative sequence as follows:

Sq := {q1 : q1 ∈ Sq}

S2q = SSq :=
⋃

q1∈Sq

Sq1

S3q = SS2q :=
⋃

q2∈T 2q

Sq2

...

Snq = SSn−1q :=
⋃

qn−1∈Sn−1q

Sqn−1.

A point p ∈ C is said to be an asymptotic fixed point of S, if there exists a sequence {xn} in C such
that {xn} converges weakly to p and

lim
n→∞

d(xn, Sxn) := lim
n→∞

inf
x∈Sxn

‖xn − x‖ = 0.

The asymptotic fixed point set of S denoted by F̂ (S).

A multi-valued mapping S is said to be total quasi-φ-asymptotically nonexpansive, if F (S) 6= ∅ and
there exist nonnegative real sequences νn, µn with νn → 0, µn → 0 as n → ∞ and a strictly increasing
continuous function ϕ : R+ → R+ with ϕ(0) = 0 such that for all x ∈ C, p ∈ F (S)

φ(p, wn) ≤ φ(p, x) + νnϕ(φ(p, x)) + µn, ∀n ≥ 1, wn ∈ Snx.
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S is said to be closed if for any sequence {xn} and {wn} in C with wn ∈ Sxn if xn → x and wn → w,
then w ∈ Sx.

A multi-valued mapping S is said to be uniformly asymptotically regular on C if

lim
n→∞

(
sup
x∈C

‖sn+1 − sn‖
)

= 0, sn ∈ Snx.

Every quasi-φ-asymptotically nonexpansive multi-valued mappings implies quasi-φ-asymptotically non-
expansive mappings but the converse is not true.

In 2012, Chang et al. [13] introduced the concept of total quasi-φ-asymptotically nonexpansive multi-
valued mapping and then proved some strong convergence theorem by using the hybrid shrinking projection
method.

For a mapping A : C → E∗, let f(x, y) = 〈Ax, y − x〉 for all x, y ∈ C. Then x ∈ EP (f) if and only if
〈Tx, y − x〉 ≥ 0 for all y ∈ C; i.e., x is a solution of the variational inequality.

Motivated and inspired by the work mentioned above, in this work, we introduce and prove strong
convergence theorems of hybrid projection algorithm for a fixed point set. In the first theorem, we prove
strong convergence theorem of a family of relatively quasi-nonexpansive mapping. Next, we extend a mapping
to a total quasi-φ-asymopotically nonexpansive mapping and then we can prove strong convergence theorem.
Finally, we extend from a single-value mapping to a multi-valued mapping. In the final theorem we show the
fixed set of a total quasi-φ-asymopotically nonexpansive multi-valued mappings. Moreover, we prove strong
convergence to solution of the equilibrium problem, zero points of monotone operators, the solution of the
variation inequality in Banach space.

2 Preliminaries

A Banach space E with norm ‖ · ‖, is called strictly convex if ‖x+y
2 ‖ < 1 for all x, y ∈ E with ‖x‖ = ‖y‖ = 1

and x 6= y. Let U = {x ∈ E : ‖x‖ = 1} be the unit sphere of E. A Banach space E is called smooth if the
limit lim

t→0

‖x+ty‖−‖x‖
t exists for each x, y ∈ U. It is also called uniformly smooth if the limit exists uniformly

for all x, y ∈ U . The modulus of convexity of E is the function δ : [0, 2] → [0, 1] defined by

δ(ε) =inf{1− ‖x+y
2 ‖ : x, y ∈ E, ‖x‖ = ‖y‖ = 1, ‖x− y‖ ≥ ε}.

A Banach space E is a uniformly convex if and only if δ(ε) > 0 for all ε ∈ (0, 2]. Let p be a fixed real
number with p ≥ 2. A Banach space E is said to be a p-uniformly convex if there exists a constant c > 0 such
that δ(ε) ≥ cεp for all ε ∈ [0, 2]. Observe that every p-uniform convex is uniformly convex. Every uniformly
convex Banach space E has the Kadec-Klee property, that is, for any sequence {xn} ⊂ E, if xn ⇀ x ∈ E

and ‖xn‖ → ‖x‖, then xn → x.

Let E be a real Banach space with dual E∗, E is a uniformly smooth if and only if E∗ is a uniformly
convex Banach space. If E is a uniformly smooth Banach space, then E is a smooth and reflexive Banach
space.

Remark 2.1. • If E is smooth, then J is single-valued;
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• If E is strictly convex, then J is one-to-one and 〈x − y, x∗ − y∗〉 > 0 holds for all (x, x∗), (y, y∗) ∈ J

with x 6= y;

• If E is a strictly convex, then J is strictly monotone;

• If E is a smooth, then J is single valued and semi-continuous;

• If E is uniformly smooth, then J is uniformly norm-to-norm continuous on each bounded subset of E;

• If E is reflexive smooth and strictly convex, then the normalized duality mapping J is single valued,
one-to-one and onto;

• If E be a reflexive strictly convex and smooth Banach space and J is the duality mapping from E into
E∗, then J−1 is also single-value, bijective and is also the duality mapping from E∗ into E and thus
JJ−1 = IE∗ and J−1J = IE ;

• If E is uniformly smooth, then E is smooth and reflexive;

• E is uniformly smooth if and only if E∗ is uniformly convex.

See [17] for more details.

Remark 2.2. If E is a reflexive, strictly convex and smooth Banach space, then φ(x, y) = 0 if and only if
x = y. It is sufficient to show that if φ(x, y) = 0 then x = y. From (1.7), we have ‖x‖ = ‖y‖. This implies
that 〈x, Jy〉 = ‖x‖2 = ‖Jy‖2. From the definition of J, one has Jx = Jy. Therefore, we have x = y (see
[17, 68] for more details).

Lemma 2.3. (Beauzamy [10] and Xu[86]) If E be a 2-uniformly convex Banach space. Then, for all x, y ∈ E

we have
‖x− y‖ ≤ 2

c2
‖Jx− Jy‖,

where J is the normalized duality mapping of E and 0 < c ≤ 1.

The best constant 1
c in Lemma is called the p-uniformly convex constant of E.

Lemma 2.4. (Beauzamy [10] and Zalinescu[89]) If E be a p-uniformly convex Banach space and let p be a
given real number with p ≥ 2. Then for all x, y ∈ E, Jx ∈ Jp(x) and Jy ∈ Jp(y)

〈x− y, Jx − Jy〉 ≥ cp

2p−2p
‖x− y‖p,

where Jp is the generalized duality mapping of E and 1
c is the p-uniformly convexity constant of E.

Lemma 2.5. (Kamimura and Takahashi [45]) Let E be a uniformly convex and smooth Banach space and
{xn}, {yn} be two sequences of E. If φ(xn, yn) → 0 and either {xn} or {yn} is bounded, then ‖xn−yn‖ → 0.

Lemma 2.6. (Alber [3]) Let C be a nonempty closed convex subset of a smooth Banach space E and let
x ∈ E. Then x0 = ΠCx if and only if

〈x0 − y, Jx− Jx0〉 ≥ 0, ∀y ∈ C.
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Lemma 2.7. (Alber [3]) Let E be a reflexive strictly convex and smooth Banach space, C be a nonempty
closed convex subset of E and let x ∈ E. Then

φ(y, ΠCx) + φ(ΠCx, x) ≤ φ(y, x), ∀y ∈ C.

Lemma 2.8. (Qin et al. [63]). Let E be a uniformly convex and smooth Banach space, let C be a closed
convex subset of E, and let T be a closed relatively quasi-nonexpansive mapping from C into itself. Then
F (T ) is a closed convex subset of C.

Lemma 2.9. ([21]) Let C be a nonempty closed and convex subset of a uniformly smooth and strictly convex
Banach space E with the Kadec-Klee property. Let S : C → C be a closed and total quasi-φ-asymptotically
nonexpansive mapping with the nonnegative real sequences {νn} and {µn} with νn → 0 and µn → 0 as
n → ∞, respectively, and a strictly increasing continuous function ζ : R+ → R+ with ζ(0) = 0. If µ1 = 0,
then the set F (S) of fixed points of S is a closed convex subset of C.

Lemma 2.10. (Change et al.[13]) Let C be a nonempty, closed and convex subset of a uniformly smooth and
strictly convex Banach space E with the Kadec-Klee property. Let S : C → 2C be a closed and total quasi-
φ-asymptotically nonexpansive multi-valued mapping with nonnegtive real sequence νn and µn with νn → 0,
µn → 0 as n → ∞ and a strictly increasing continuous function ϕ : R+ → R+ with ϕ(0) = 0. If µ1 = 0,
then the fixed point set F (S) is a closed convex subset of C.

Let A be an inverse-strongly monotone mapping of C into E∗ which is said to be hemicontinuous if for
all x, y ∈ C, the mapping h of [0, 1] into E∗, defined by h(t) = A(tx + (1− t)y), is continuous with respect
to the weak∗ topology of E∗. We define by NC(v) the normal cone for C at a point v ∈ C, that is,

NC(v) = {x∗ ∈ E∗ : 〈v − y, x∗〉 ≥ 0, ∀y ∈ C}. (2.1)

Theorem 2.11. (Rockafellar [72]) Let C be a nonempty, closed convex subset of a Banach space E and A

a monotone, hemicontinuous operator of C into E∗. Let B ⊂ E × E∗ be an operator defined as follows:

Bv =

{
Av + NC(v), v ∈ C;
∅, otherwise.

(2.2)

Then B is maximal monotone and B−10 = V I(A,C).

Theorem 2.12. (Takahashi [81]) Let C be a nonempty subset of a Banach space E and A a monotone,
hemicontinuous operator of C into E∗ with C = D(A). Then

V I(A,C) = {u ∈ C : 〈v − u,Av〉 ≥ 0, ∀v ∈ C}. (2.3)

It is obvious that the set V I(A, C) is a closed and convex subset of C and the set A−10 = V I(A,E)
is closed and convex subset of E.

Theorem 2.13. (Takahashi [81]) Let C be a nonempty compact convex subset of a Banach space E and A

a monotone, hemicontinuous operator of C into E∗ with C = D(A). Then V I(A,C) is nonempty.
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We make use of the following mapping V studied in Alber [3]:

V (x, x∗) = ‖x‖2 − 2〈x, x∗〉+ ‖x∗‖2, ∀x ∈ E, x∗ ∈ E∗, (2.4)

that is, V (x, x∗) = φ(x, J−1(x∗)).

Lemma 2.14. (Alber [3]) Let E be a reflexive strictly convex smooth Banach space and V be as in (2.4).
Then we have

V (x, x∗) + 2〈J−1(x∗)− x, y∗〉 ≤ V (x, x∗ + y∗), ∀x ∈ E, x∗, y∗ ∈ E∗.

Lemma 2.15. (Cho et al.[16]) Let E be a uniformly convex Banach space and Br(0) = {x ∈ E : ‖x‖ ≤ r}
be a closed ball of E. Then there exists a continuous strictly increasing convex function g : [0,∞) → [0,∞)
with g(0) = 0 such that

‖λx + µy + γz‖2 ≤ ‖λx‖2 + |µy‖2 + |γz‖2 − λµg(‖x− y‖),

for all x, y, z ∈ Br(0) and λ, µ, γ ∈ [0, 1] with λ + µ + γ = 1.

Lemma 2.16. (Pascali and Sburlan [59]) Let E be a real smooth Banach spaces and A : E → 2E∗ be a
maximal monotone mapping. Then A−10 is closed and convex subset of E and the graph G(A) of A is
demiclosed in the following sense: if {xn} ⊂ D(A) with xn ⇀ x ∈ E and yn ∈ Axn with yn → y ∈ E∗, then
x ∈ D(A) and y ∈ Ax.

In 2006, Wu and Huang [85] introduced a new generalized f -projection operator in Banach space.
They extended the definition of the generalized projection operators introduced by Abler [2] and proved
some properties of the generalized f -projection operator. Consider the functional G : C×E∗ −→ R∪{+∞}
defined by

G(y,$) = ‖y‖2 − 2〈y,$〉+ ‖$‖2 + 2ρf(y) (2.5)

for all (y, $) ∈ C × E∗, where ρ is a positive number and f : C → R ∪ {+∞} is proper, convex and lower
semicontinuous. From the definition of G, Wu and Huang [85] proved the following properties:

(1) G(y, $) is convex and continuous with respect to $ when y is fixed;

(2) G(y, $) is convex and lower semicontinuous with respect to y when $ is fixed.

Let E be a real Banach space with its dual space E∗ and C be a nonempty closed and convex subset
of E. We say that πf

C : E∗ → 2C is a generalized f -projection operator if

πf
C$ = {u ∈ C : G(u,$) = inf

y∈C
G(y, $), ∀$ ∈ E∗}.

Recall that a Banach space E has the Kadec-Klee property ([17, 33, 81]) if, for any sequence {xn} ⊂ E

and x ∈ E with xn ⇀ x and ‖xn‖ → ‖x‖, we have ‖xn − x‖ → 0 as n →∞. It is well-known that, if E is a
uniformly convex Banach space, then E has the Kadec-Klee property.
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Lemma 2.17. ([85]) Let E be a real reflexive Banach space with its dual space E∗ and C be a nonempty
closed and convex subset of E. The following statement hold:

(1) πf
C$ is a nonempty, closed and convex subset of C for all $ ∈ E∗;

(2) If E is smooth, then for all $ ∈ E∗, x ∈ πf
C$ if and only if

〈x− y, $ − Jx〉+ ρf(y)− ρf(x) ≥ 0

for all y ∈ C;

(3) If E is strictly convex and f : C → R ∪ {+∞} is positive homogeneous (i.e., f(tx) = tf(x) for all
t > 0 such that tx ∈ C, where x ∈ C), then πf

C$ is single valued mapping.

Recently, Fan et al. [30] showed that the condition, f is positive homogeneous, which appears in [30,
Lemma 2.1 (iii)], can be removed.

Lemma 2.18. ([30]) Let E be a real reflexive Banach space with its dual space E∗ and let C be a nonempty
closed and convex subset of E. If E is strictly convex, then πf

C$ is single-valued.

Recall that J is single-value mapping when E is a smooth Banach space. There exists a unique element
$ ∈ E∗ such that $ = Jx, where x ∈ E. This substitution in (2.5) gives the following:

G(y, Jx) = ‖y‖2 − 2〈y, Jx〉+ ‖x‖2 + 2ρf(y). (2.6)

Now, we consider the second generalized f projection operator in a Banach space (see [50]).

Let E be a real smooth Banach space and C be a nonempty closed and convex subset of E. We say
that Πf

C : E → 2C is a generalized f-projection operator if

Πf
Cx = {u ∈ C : G(u, Jx) = inf

y∈C
G(y, Jx), ∀x ∈ E}.

Lemma 2.19. ([29]) Let E be a Banach space and f : E → R ∪ {+∞} be a lower semicontinuous and
convex function. Then there exist x∗ ∈ E∗ and α ∈ R such that

f(x) ≥ 〈x, x∗〉+ α

for all x ∈ E.

Lemma 2.20. ([50]) Let E be a reflexive smooth Banach space and C be a nonempty closed and convex
subset of E. The following statements hold:

(1) Πf
Cx is nonempty closed and convex subset of C for all x ∈ E;

(2) For all x ∈ E, x̂ ∈ Πf
Cx if and only if

〈x̂− y, Jx− Jx̂〉+ ρf(y)− ρf(x̂) ≥ 0
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for all y ∈ C;

(3) If E is strictly convex, then Πf
C is single-valued mapping.

Lemma 2.21. ([50]) Let E be a real reflexive smooth Banach space and C be a nonempty closed and convex
subset of E. Then, for any x ∈ E and x̂ ∈ Πf

Cx,

φ(y, x̂) + G(x̂, Jx) ≤ G(y, Jx)

for all y ∈ C.

Lemma 2.22. ([50]). Let E be a Banach space and f : E → R ∪ {+∞} be a proper, convex and lower
semicontinuous mapping with convex domain D(f). If {xn} is a sequence in D(f) such that xn ⇀ x̂ ∈ D(f)
and limn→∞G(xn, Jy) = G(x̂, Jy), then limn→∞ ‖xn‖ = ‖x̂‖.

Remark 2.23. Let E be a uniformly convex and uniformly smooth Banach space and f(y) = 0 for all
y ∈ E. Then Lemma 2.21 reduces to the property of the generalized projection operator considered by Alber
[3].

Let f(y) ≥ 0 for all y ∈ C and f(0) = 0, then the definition of a totally quasi-φ-asymptotically
nonexpansive S is equivalent to the following:

If F (S) 6= ∅ and there exist the nonnegative real sequences {νn}, {µn} with νn → 0, µn → 0 as n →∞,
respectively, and a strictly increasing continuous function ψ : R+ → R+ with ψ(0) = 0 such that

G(p, Snx) ≤ G(p, x) + νnψG(p, x) + µn

for all x ∈ C, p ∈ F (S) and n ≥ 1.

Let θ be a bifunction from C × C to R, where R denotes the set of real numbers. The equilibrium
problem (for short, (EP)) is to find x̂ ∈ C such that

θ(x̂, y) ≥ 0 (2.7)

for all y ∈ C. The set of solutions of the (EP) 2.7 is denoted by EP (θ).

An operator A ⊂ E × E∗ is said to be monotone if

〈x− y, x∗ − y∗〉 ≥ 0

for all (x, x∗), (y, y∗) ∈ A. A point z ∈ E is called a zero point of A if

0 ∈ Az. (2.8)

We denote the set of zeroes of the operator A by A−10, that is,

A−10 = {z ∈ E : 0 ∈ Az}.
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A monotone A ⊂ E×E∗ is said to be maximal if its graph G(A) = {(x, y∗) : y∗ ∈ Ax} is not property
contained in the graph of any other monotone operator. If A is maximal monotone, then the solution set
A−10 is closed and convex.

Let E be a smooth strictly convex and reflexive Banach space, C be a nonempty closed convex subset
of E and A ⊂ E × E∗ be a monotone operator satisfying D(A) ⊂ C ⊂ J−1(∩λ>0R(J + λA)). Then the
resolvent Jλ : C → D(A) of A is defined by

Jλx = {z ∈ D(A) : Jx ∈ Jz + λAz, ∀x ∈ C}.

Jλ is a single-valued mapping from E to D(A). On the other words, Jλ = (J + λA)−1J for all λ > 0.

For any λ > 0, the Yosida approximation Aλ : C → E∗ of A is defined by Aλx = Jx−JJλx
λ for all

x ∈ C. We know that Aλx ∈ A(Jλx) for all λ > 0 and x ∈ E. Since relatively quasi nonexpansive mappings
and quasi-φ-nonexpansive mappings are same, we can see that Jλ is a quasi-φ-nonexpansive mapping (see
[76, Theorem 4.7]).

Lemma 2.24. ([44]) Let E be a smooth strictly convex and reflexive Banach space, C be a nonempty closed
convex subset of E and A ⊂ E × E∗ be a monotone operator satisfying D(A) ⊂ C ⊂ J−1(∩λ>0R(J + λA)).
For any λ > 0, let Jλ and Aλ be the resolvent and the Yosida approximation of A, respectively. Then the
following hold:

(1) φ(p, Jλx) + φ(Jλx, x) ≤ φ(p, x) for all x ∈ C and p ∈ A−10;

(2) (b) (Jλx,Aλx) ∈ A for all x ∈ C;

(3) (c) F (Jλ) = A−10.

Lemma 2.25. ([72]) Let E be a reflexive strictly convex and smooth Banach space. Then an operator
A ⊂ E × E∗ is maximal monotone if and only if R(J + λA) = E∗ for all λ > 0.

For solving the equilibrium problem for a bifunction θ : C × C → R, let us assume that θ satisfies the
following conditions:

(A1) θ(x, x) = 0 for all x ∈ C;

(A2) θ is monotone, i.e., θ(x, y) + θ(y, x) ≤ 0 for all x, y ∈ C;

(A3) for each x, y, z ∈ C,
lim
t↓0

θ(tz + (1− t)x, y) ≤ θ(x, y);

(A4) for each x ∈ C, y 7→ θ(x, y) is convex and lower semi-continuous.

Lemma 2.26. (Blum and Oettli [8]). Let C be a closed convex subset of a smooth, strictly convex and
reflexive Banach space E, let θ be a bifunction from C × C to R satisfying (A1)-(A4), and let r > 0 and
x ∈ E. Then there exists z ∈ C such that

θ(z, y) +
1
r
〈y − z, Jz − Jx〉 ≥ 0, ∀y ∈ C.
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The following lemma is a spacial case of Zhang [96].

Lemma 2.27. (Zhang [96]). Let C be a closed convex subset of a smooth, strictly convex and reflexive
Banach space E. Let ϕ : C → R is convex and lower semi-continuous and θ be a bifunction from C × C to
R satisfying (A1)-(A4). For r > 0 and x ∈ E, then there exists u ∈ C such that

θ(u, y) + ϕ(y)− ϕ(u) +
1
r
〈y − u, Ju− Jx〉 ≥ 0, ∀y ∈ C.

Define a mapping Kr : C → C as follows:

Kr(x) = {u ∈ C : θ(u, y) + ϕ(y)− ϕ(u) +
1
r
〈y − u, Ju− Jx〉 ≥ 0, ∀y ∈ C} (2.9)

for all x ∈ C. Then the followings hold:

1. Kr is single-valued;

2. Kr is firmly nonexpansive, i.e., for all x, y ∈ E, 〈Krx−Kry, JKrx− JKry〉 ≤ 〈Krx−Kry, Jx− Jy〉;

3. F (Kr) = MEP (θ, ϕ);

4. MEP (θ, ϕ) is closed and convex;

5. φ(p,Krz) + φ(Krz, z) ≤ φ(p, z), ∀p ∈ F (Kr) and z ∈ E.

3 Methodology

1. Studying and investigating on fixed point problems.

2. Studying and investigating on nonlinear problems.

3. Establishing new theorems for fixed point problems and nonlinear problems in Banach spaces.

4. Finding necessary and sufficient conditions which are established for mappings to have fixed points
and common solutions of nonlinear mappings.

4 Main results

Let C be a closed subset of a Banach space E. Recall that a mapping S : C → C is closed if for each {xn}
in C, if xn → x and Sxn → y, then Sx = y. Let {Sn} be a family of mappings of C in to itself with
F := ∩∞n=1F (Sn) 6= ∅, {Sn} is said to satisfy the (∗)-condition if for each bounded sequence {zn} in C,

lim
n→∞

‖zn − Snzn‖ = 0, zn → z imply z ∈ F. (4.1)

Remark 4.1. It follows directly from the definitions above that if {Sn} satisfies NST-condition, then {Sn}
satisfies (∗)-condition. If Sn ≡ S and S is closed, then {Sn} satisfies (∗)-condition.
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Using the (∗)-condition, we prove the new convergence theorems for finding a common element of
the set of solutions of an equilibrium problems, the common fixed point set of a family of relatively quasi-
nonexpansive mappings, a zero of maximal monotone operators and the solution set of variational inequalities
for an α-inverse strongly monotone mapping in a 2 -uniformly convex and uniformly smooth Banach space.

Theorem 4.2. Let C be a nonempty closed and convex subset of a 2-uniformly convex and uniformly
smooth Banach space E. Let T ⊂ E × E∗ be a maximal monotone operator satisfying D(T ) ⊂ C and let
Jrn

= (J + rnT )−1J for all rn > 0. Let θ be a bifunction from C × C to R satisfying (A1)-(A4), and let
ϕ : C → R ∪ {+∞} be a proper lower semicontinuous and convex function. Let A be an α-inverse-strongly
monotone mapping of C into E∗ satisfying ‖Ay‖ ≤ ‖Ay − Au‖, ∀y ∈ C and u ∈ V I(A,C) 6= ∅. Let
Sn : C → C be a family of relatively quasi-nonexpansive mappings such that satisfies the (∗)-condition and
Θ := (∩∞n=1F (Sn)) ∩ T−10 ∩MEP (θ, ϕ) ∩ V I(A, C) 6= ∅. For an initial point x0 ∈ E with x1 = ΠC1x0 and
C1 = C, define the sequence {xn} as follows:





zn = ΠCJ−1(Jxn − λnAxn),
yn = J−1(αnJxn + (1− αn)JSnJrnzn),
un ∈ C such that θ(un, y) + ϕ(y)− ϕ(un) + 1

rn
〈y − un, Jun − Jyn〉 ≥ 0, ∀y ∈ C,

Cn+1 = {z ∈ Cn : φ(z, un) ≤ αnφ(z, xn) + (1− αn)φ(z, zn) ≤ φ(z, xn)},
xn+1 = ΠCn+1x0, ∀n ≥ 1,

(4.2)

where J is the duality mapping on E, {αn} is sequence in [0, 1] and {rn} ⊂ [d,∞) for some d > 0 and
{λn} ⊂ [a, b] for some a, b with 0 < a < b < c2α/2, where 1

c is the 2-uniformly convexity constant of E. If
lim infn→∞(1− αn) > 0, then {xn} converges strongly to p ∈ Θ, where p = ΠΘx0.

When we extend mapping S to totally quasi-φ-asymptotically nonexpansive, we have the following
Theorem.

Theorem 4.3. Let C be a nonempty closed and convex subset of a uniformly smooth and strictly convex
Banach space E with the Kadec-Klee property. For each i = 1, 2, · · · ,m, let θi be a bifunction from C × C

to R satisfying the conditions (A1)–(A4). Let Aj ⊂ E × E∗ be a maximal monotone operator satisfying
D(Aj) ⊂ C and J

Aj

λj,n
= (J + λj,nAj)−1J for all λj,n > 0 and j = 1, 2, · · · , l. Let S : C → C be a closed and

totally quasi-φ-asymptotically nonexpansive mapping with the nonnegative real sequences {νn}, {µn} with
νn → 0, µn → 0 as n → ∞, respectively, and a strictly increasing continuous function ψ : R+ → R+ with
ψ(0) = 0. Let f : E → R+ be a convex and lower semicontinuous function with C ⊂ int(D(f)) and f(0) = 0.
Assume that S is uniformly L-Lipschitz continuous and F = F (S) ∩ (∩m

i=1EP (θi)) ∩ (∩l
j=1A

−1
j 0) 6= ∅. For

any initial point x1 ∈ E, define C1 = C and the sequence {xn} in C by




zn = JAl

λl,n
◦ J

Al−1
λl−1,n

◦ · · · ◦ JA1
λ1,n

xn,

un = T θm
rm,n

◦ T
θm−1
rm−1,n ◦ · · · ◦ T θ1

r1,n
zn,

yn = J−1(αnJx1 + βnJSnxn + γnJun),
Cn+1 = {v ∈ Cn : G(v, Jyn) ≤ αnG(v, Jx1) + (1− αn)G(v, Jxn) + ζn},
xn+1 = Πf

Cn+1
x1

(4.3)

for each n ≥ 1, where {αn}, {βn} and {γn} are the sequences in (0, 1) such that αn + βn + γn = 1,
ζn = νn supq∈F ψ(G(q, Jxn)) + µn and for each i = 1, 2, · · · ,m, {ri,n} ⊂ [d,∞) for some d > 0. If, for
each j = 1, 2, · · · , l, lim infn→∞ λj,n > 0, limn→∞ αn = 0 and lim infn→∞ βn < 1, then the sequence {xn}
converges strongly to a point Πf

Fx1.
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Theorem 4.4. Let C be a nonempty closed and convex subset of a uniformly smooth and 2-uniformly convex
Banach space E. Let f be a bifunction from C × C to R satisfying the conditions (A1)-(A4) and let A be
an α-inverse-strongly monotone mapping of E into E∗. Let S : C → 2C be a closed and total quasi-φ-
asymptotically nonexpansive multi-valued mapping with nonnegative real sequences νn, µn with νn → 0,
µn → 0 as n →∞ and a strictly increasing continuous function ψ : R+ → R+ with ψ(0) = 0. Assume that
S is uniformly asymptotically regular on C with µ1 = 0 and F := F (S) ∩ EF (f) ∩ A−10 6= ∅. For arbitrary
x1 ∈ C, C1 = C, generate a sequences {xn} by





zn = J−1(Jxn − λnAxn),
un = Trn

zn,

yn = J−1(αnJxn + βnJwn + γnJun), wn ∈ Snxn,

Cn+1 = {v ∈ Cn : φ(v, yn) ≤ φ(v, zn) ≤ φ(v, xn) + Kn},
xn+1 = ΠCn+1x1, n ∈ N,

(4.4)

where Kn = νn supq∈F ψ(φ(q, xn)) + µn. Assume that the control sequences {αn}, {βn}, {γn}, {λn} and
{rn} satisfy the following conditions:

1. {αn}, {βn} and {γn} are sequences in (0, 1) such that αn + βn + γn = 1, lim infn→∞ αnβn > 0,

2. {λn} ⊂ [a, b] for some a, b with 0 < a < b < c2α
2 and 1

c is the 2-uniformly convexity constant of E,

3. {rn} ⊂ [d,∞) for some d > 0,

then {xn} converges strongly to ΠF x1.

5 Conclusion and Suggestion

In this work, we introduce new hybrid iterations of the generalized projection operators and the generalized
f -projection operators for finding a common element of the fixed point set and solution of nonlinear problems.
This research has three theorems for fixed point problems and nonlinear problems. Each theorem compound
by difference mapping and differences conditions for get the strong convergence. For other researcher should
study other mappings or iterations and study the necessary conditions to get some new convergence.
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