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Abstract

The purpose of this research is to present some new modified hybrid iterative schemes by using the
generalized projection operators and the generalized f-projection operators for finding a common
element in the set of fixed points of mappings, zeroes of maximal monotone operators and solutions of
equilibrium problems in Banach spaces. Under suitable conditions, we prove some strong convergence
theorems for the proposed schemes in Banach spaces. The results presented in this research are

improvement and generalization of the previously known results.
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1 Introduction

It is well known that the metric projection operator plays an important role in various fields such as nonlinear
functional analysis, optimization theory, fixed point theory, nonlinear programming, game theory, variational
inequality and complementarity problems. (see [3]). In 1994, Alber [2] introduced and studied the generalized
projections from Hilbert spaces to uniformly convex and uniformly smooth Banach spaces. Moreover Alber
[3] presented some applications of the generalized projections to approximately solving variational inequalities
and von Neumann intersection problem in Banach spaces. In 2005, Li [50] extended the generalized projection
operator from uniformly convex and uniformly smooth Banach spaces to reflexive Banach spaces and studied
some properties of the generalized projection operator with applications to solve the variational inequality
in Banach spaces. Later, Wu and Huang [85] introduced a new generalized f-projection operator in Banach
spaces. They extended the definition of the generalized projection operators introduced by Abler [2] and
proved some properties of the generalized f-projection operator. In 2009, Fan et al. [30] presented some basic
results for the generalized f-projection operator, and discussed the existence of solutions and approximation

of the solutions for generalized variational inequalities in noncompact subsets of Banach spaces.

The study of Ky Fan inequality [31], fixed points of nonlinear mappings, and their approximation
algorithms constitutes a topic of intensive research efforts. Many well known problems arising in various
branches of science can be studied by using algorithms, which are iterative in their nature. As an example,
in computer tomography with limited data, each piece of information implies the existence of a convex set

in which the required solution lies.

The problem of finding a point in the intersection of the convex sets is then of crucial interest, and
it cannot be usually solved directly. Therefore, an iterative algorithm must be used to approximate such
point. The well known convex feasibility problem which captures applications in various disciplines such as
image restoration, computer tomography, and radiation therapy treatment planning is to find a point in the
intersection of common fixed point sets of a family of nonexpansive mappings. A simple algorithmic solution
to the problem of minimizing a quadratic function over the intersection of the convex sets is of extreme value

in many applications including set theoretic signal estimation.

For solving convex feasibility problem of a system of generalized Ky Fan inequalities is very general in
the sense that it includes, as special cases optimization problems, equilibrium problems, variational inequal-
ity problems, Min-Max problems. Moreover, the the generalized Ky Fan inequality was shown in [8] to cover
monotone inclusion problems, saddle point problems, variational inequality problems, minimization prob-
lems, optimization problems, variational inequality problems, vector equilibrium problems, Nash equilibria
in noncooperative games. In addition, there are several other problems, for example, the complementarity
problem, fixed point problem and optimization problem, which can also be written in the form of a general-
ized Ky Fan inequality. In other words, the generalized Ky Fan inequality and equilibrium problem are an
unifying model for several problems arising in physics, engineering, science, optimization, economics, etc. In
the last two decades, many papers have appeared in the literature on the existence of solutions of a gener-
alized Ky Fan inequality (or equilibrium problem; see, for example [8|, [22] [96] and references therein). Some
solution methods have been proposed to solve the generalized Ky Fan inequality and equilibrium problems;
see, for example, [8, 39, (41, [43] 55, [58], 63, [61] and references therein.

1
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1 Introduction

In 1972, Ky Fan’s inequalities were first introduced by Fan [1]. The study concern-
ing Ky Fan’s inequalities, fixed points of nonlinear mappings and their approxima-
tion algorithms constitutes a topic of intensive research efforts. Many well-known
problems arising in various branches of science can be studied by using algorithms
which are iterative in their nature. As an example, in computer tomography with
limited data, each piece of information implies the existence of a convex set in
which the required solution lies.

Many authors have considered a family of nonexpansive mappings to show
the existence of fixed points and related topics. Especially, the well-known convex
feasibility problem reduces to finding a point in the intersection of the fixed point
sets of a family of nonexpansive mappings and the problem of finding an optimal
point that minimizes a given cost function over the set of common fixed points of
a family of nonexpansive mappings.

For solving the convex feasibility problem for a system of generalized Ky Fan’s
inequalities is very general in the sense that it includes, as special cases, optimiza-
tion problems, equilibrium problems, variational inequality problems, minimax
problems. Moreover, the generalized Ky Fan’s inequality was shown in [6] to cover
monotone inclusion problems, saddle point problems, variational inequality prob-
lems, minimization problems, optimization problems, vector equilibrium problems,
Nash equilibria in noncooperative games. In other words, the generalized Ky Fan’s
inequality and equilibrium problem are a unified model for several problems arising
in physics, engineering, science, optimization, economics and related topics.

One of the most interesting and important problems in the theory of maximal
monotone operators is to find a zero point of maximal monotone operators. This
problem contains the convex minimization problem and the variational inequality
problem. A popular method for approximating this problem is called the proximal
point algorithm introduced by Martinet [25] in a Hilbert space. In 1976, Rockafellar
[31] extended the knowledge of Martinet [25] and proved weak convergence of the
proximal point algorithm. The proximal point algorithm of Rockafellar [31] is
a successful algorithm for finding a zero point of maximal monotone operators.
Thereafter, many papers have shown convergence theorems of the proximal point
algorithm in various spaces (see [12,13,16,21,23,26,30,37,43,44]).

A point z € C is a fized point of S provided Sz = x. We denote by F(S) the fixed
point set of S, that is, F(S) = {z € C : Sz = z}. A point p in C is called an asymp-
totic fized point of S [36] if C contains a sequence {z,} which converges weakly to
p such that limp 0 ||2n — Szn| = 0. The set of asymptotic fixed points of S is
denoted by F (S). Recently, Halpern and Mann iterative algorithms have been con-
sidered for approximations of common fixed points by many authors. For example,
in 2011, Saewan and Kumam [38] introduced a modified Mann iterative scheme
by using the generalized f-projection method for approximating a common fixed
point of a countable family for a countable family of relatively quasi-nonexpansive
mappings. Chang et al. [11] considered a modified Halpern iterative scheme for
approximating a common fixed point for a totally quasi-¢-asymptotically nonex-
pansive mapping. Recently, Li et al. [24] introduced a hybrid iterative scheme for

2/22
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approximation of a fixed point of relatively nonexpansive mappings by using the
properties of generalized f-projection operators in a uniformly smooth real Ba-
nach space, which is also uniformly convex, and proved some strong convergence
theorems for the hybrid iterative scheme.

On the other hand, Ofoedu and Shehu [27] extended the algorithm of Li et
al. [24] to prove strong convergence theorems for a common solution of the set of
solutions of a system of Ky Fan’s inequalities and the set of common fixed points
of a pair of relatively quasi-nonexpansive mappings in a Banach space by using
the generalized f-projection operator. Chang et al. [10] extended and improved
the results of Qin and Su [28] to obtain strong convergence theorems for finding a
common element of the set of solutions for a generalized Ky Fan’s inequality, the
set of solutions for a variational inequality problem and the set of common fixed
points for a pair of relatively nonexpansive mappings in a Banach space.

Motivated and inspired by the work mentioned above, in this paper, we intro-
duce a new hybrid iterative scheme of the generalized f-projection operator based
on the Halpern-Mann type iterative scheme for finding a common element of the
set of zeroes of a system of maximal monotone operators, the set of fixed points of
a totally quasi-¢-asymptotically nonexpansive mapping and the set of solutions of
a system of generalized Ky Fan’s inequalities in a uniformly smooth and strictly
convex Banach space with the Kadec-Klee property.

2 Preliminaries

A Banach space E with the norm || - || is called strictly convez if ||%H < 1 for
all z,y € U with z # y, where U = {z € E : ||z|| = 1} is the unit sphere of E. A
Banach space E is called smooth if the limit

i ety = o]

t—0 t
exists for each z,y € U. It is also called uniformly smooth if the limit exists uni-
formly for all z,y € U. In this paper, we denote the strong convergence and weak
convergence of a sequence {zn} by zn — = and xn — z, respectively.

Let E be a real Banach space with the dual space E* and let C be a nonempty
closed and convex subset of E. A mapping S : C — C is said to be:
(1) nonezpansive if
Sz — Syl < |z —yll
for all z,y € C;
(2) quasi-nonezpansive if F(S) # () and

Sz —yll < llz—yll

for all z € C and y € F(95);
(3) asymptotically nonexpansive if there exists a sequence {kn} C [1,00) with
kn — 1 as n — oo such that

18"z — ™yl < knllz - yl|

3/22
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for all z,y € C;
(4) asymptotically quasi-nonezpansive if F(S) # 0 and there exists a sequence
{kn} C [1,00) with k, — 1 as n — oo such that

15" 2 — yl| < knllz — yll

for all z € C and y € F(S);

(5) totally asymptotically nonexpansive if there exist nonnegative real sequences
{vn}, {pn} with v, — 0, un — 0 as n — oo and a strictly increasing continuous
function ¢ : RT — R™ with ¢(0) = 0 such that

5"z = S™y|l < [l =yl + pntp(llz = yll) + vn
for all z,y € C and n > 1.

A mapping S : C — C is said to be uniformly L-Lipschitz continuous if there
exists a constant L > 0 such that

[|S"2 — S"y|l < Lz — yll (1)
for all z,y € C. A mapping S : C — C is said to be closed if, for any sequence
{zn} C C such that lim z, =z and lim Sz, = yo, we have Sz = yo.

n—oo n—oo
The normalized duality mapping J : E — 2E" is defined by
J(@) ={a" € B" : (w,2") = [l«|*, |l="|| = ||=[I}

for all x € E. If E is a Hilbert space, then J = I, where I is the identity mapping.
Consider the functional ¢ : E x E — R defined by

¢(z,y) = llz|* = 2(z, Jy) + llylI%, (2)

where J is the normalized duality mapping and (-, ) denotes the duality pairing
of E and E*. If E is a Hilbert space, then ¢(y,z) = ||y — z||*. It is obvious from
the definition of ¢ that

Uyl = l21)* < ¢y, =) < (llyll + lll)* (3)
for all z,y € E.

A mapping S : C — C is said to be:
(1) relatively nonezpansive [7,8] if F(S) = F(S) and

o(p, Sz) < ¢(p, @)

for all z € C and p € F(S); R
(2) relatively asymptotically nonexpansive [2] if F(S) = F(S) # 0 and there
exists a sequence {kn} C [1,00) with k, — 1 as n — oo such that

o(p, S"x) < kno(p,x)

forallz € C, pe F(S) and n > 1;
(3) ¢-nonexpansive [29,46] if

#(Sz, Sy) < é(z,y)
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for all z,y € C;
(3) quasi-¢p-nonezpansive [29,46] if F(S) # 0 and

é(p, Sz) < ¢(p, x)

for all x € C and p € F(S);
(4) asymptotically ¢-nonexpansive [46] if there exists a sequence {kn} C [0, c0)
with k, — 1 as n — oo such that

for all z,y € C' and n > 1;
(5) quasi-¢-asymptotically nonezpansive [46] if F(S) # 0 and there exists a
sequence {kn} C [0,00) with kn, — 1 as n — oo such that

forallz € C, pe F(S) and n > 1;

(6) totally quasi-¢-asymptotically nonezpansive if F(S) # @ and there exist non-
negative real sequences {vn}, {pn} with vy — 0, pn — 0 as n — oo and a strictly
increasing continuous function % : R™ — R™ with +(0) = 0 such that

¢(p, $"z) < ¢(p, x) + vurp(¢(p, 7)) + pin
forallz € C,pe F(S) and n > 1.

Lemma 1 [9] Let C be a nonempty closed and convexr subset of a uniformly smooth
and strictly convex Banach space E with the Kadec-Klee property. Let S : C' — C be a
closed and totally quasi-p-asymptotically nonexpansive mapping with nonnegative real
sequences {vn} and {pun} with v, — 0 and pn — 0 as n — oo, respectively, and a
strictly increasing continuous function ¢ : RT — R with ¢(0) = 0. If p1 = 0, then
the set F(S) of fized points of S is a closed convex subset of C.

Alber [5] introduced that the generalized projection Ilg : E — C is a mapping
that assigns to an arbitrary point z € E the minimum point of the functional
¢(z,y), that is, IIcx = T, where 7 is the solution of the minimization problem

#(z,3) = inf 6(y.2). @)

The existence and uniqueness of the operator I1- follows from the properties of
the functional ¢(y,z) and strict monotonicity of the mapping J (see, for example,
[3,5,14,20,40]).

If E is a Hilbert space, then ¢(z,y) = ||z — y||> and IIc becomes the metric
projection Po : H — C. If C is a nonempty closed and convex subset of a Hilbert
space H, then Pg is nonexpansive. This fact actually characterizes Hilbert spaces,
it is not available in more general Banach spaces.
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Remark 1 The basic properties of a Banach space FE related to the normalized
duality mapping J are as follows (see [14]):

(1) If E is an arbitrary Banach space, then .J is monotone and bounded;

(2) If E is a strictly convex Banach space, then J is strictly monotone;

(3) If E is a smooth Banach space, then .J is single-valued and semicontinuous;

(4) If E is a uniformly smooth Banach space, then J is uniformly norm-to-norm
continuous on each bounded subset of E;

(5) If E is a reflexive smooth and strictly convex Banach space, then the nor-
malized duality mapping J is single-valued, one-to-one and onto;

(6) If E is a reflexive strictly convex and smooth Banach space and J is the
duality mapping from E into E*, then J~! is also single-valued, bijective and is
also the duality mapping from E* into E, and thus JJ ™! = Ig. and J~1J = Ig;

(7) If E is a uniformly smooth Banach space, then E is smooth and reflexive;

(8) E is a uniformly smooth Banach space if and only if E* is uniformly convex;

(9) If E is a reflexive and strictly convex Banach space, then J ! is norm-
weak*-continuous.

Remark 2 If E is a reflexive, strictly convex and smooth Banach space, then
¢(z,y) = 0 if and only if x = y. It is sufficient to show that if ¢(z,y) = 0, then
x = y. From (2) we have

0= Jlal|* = 2(z, Jy) + |lylI”
= |l = 2llllll Tyl + lly!I*
= |z = 2llellll Tyl + llyII*
= llo —yl*.

That is, ||z|| = ||y|. This implies that (z, Jy) = ||z||*> = ||Jy||>. From the definition
of J, one has Jz = Jy. Therefore, we have z =y (see [14,40,35] for more details).

In 2006, Wu and Huang [42] introduced a new generalized f-projection operator
in a Banach space. They extended the definition of the generalized projection
operators introduced by Abler [4] and proved some properties of the generalized
f-projection operator. Consider the functional G : C x E* — R U {400} defined
by

Gly, =) = llyll® - 20y, =) + |l=]1> + 20 (y) (5)

for all (y,w) € C x E*, where p is a positive number and f : C — R U {+oo} is
proper, convex and lower semicontinuous. From the definition of G, Wu and Huang
[42] proved the following properties:

(1) G(y,w) is convex and continuous with respect to w when y is fixed;

(2) G(y,w) is convex and lower semicontinuous with respect to y when w is
fixed.

Definition 1 Let E be a real Banach space with its dual space E* and let C be a
nonempty closed and convex subset of E. We say that ﬂé - B* — 2% is a generalized
f-projection operator if

Wéw ={ueC:Gu,w) = iné G(y,w), Vw € E*}.
ye
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Recall that a Banach space E has the Kadec-Klee property [14,18,40] if for any
sequence {zn} C F and z € E with z, — z and ||zn|| — ||z||, we have ||zn —z| — 0
as n — oco. It is well known that if F is a uniformly convex Banach space, then E
has the Kadec-Klee property.

Lemma 2 [42] Let E be a real reflexive Banach space with its dual space E* and let
C' be a nonempty closed and conver subset of E. The following statements hold:
(1) Tréw is a nonempty, closed and convex subset of C for all w € E*;

(2) If E is smooth, then for allw € E*, z € ﬂéw if and only if
(z —y,@—Jz) +pf(y) —pf(z) 20

forally € C;

(3) If E is strictly convex and f : C — R U {+oo} is positive homogeneous (i.e.,
f(tz) = tf(z) for allt > 0 such that tx € C, where x € C), then Wéw 1s a single-valued
mapping.

Recently, Fan et al. [17] showed that the condition, f is positive homogeneous,
which appears in [17, Lemma 2.1 (iii)], can be removed.

Lemma 3 [17] Let E be a real reflexive Banach space with its dual space E* and let

f

C be a nonempty closed and convex subset of E. If E is strictly convex, then mgw is
single-valued.

Recall that J is a single-valued mapping when E is a smooth Banach space.
There exists a unique element w € E* such that @ = Jz, where z € E. This
substitution in (5) gives the following:

Gy, Jz) = yll* = 2(y, Jo) + [l2l|* + 20/ (y)- (6)

Now, we consider the second generalized f projection operator in a Banach
space (see [24]).

Definition 2 Let E be a real smooth Banach space and let C' be a nonempty
closed and convex subset of E. We say that Hé :E — 2% is a generalized f-

projection operator if

Héx ={ueC:Gu,Jz) = ingG(y, Jz), Vz € E}.
ye

Lemma 4 [15] Let E be a Banach space and let f : E — R U {+oo} be a lower
semicontinuous and convex function. Then there exist x* € E* and o € R such that

f@) = (@,27) +a

forallz € E.

7/22
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Lemma 5 [24] Let E be a reflevive smooth Banach space and let C' be a monempty
closed and convex subset of E. The following statements hold:
(1) ng is a nonempty closed and convex subset of C' for all x € E;

(2) Forallz € E, 7 € Héw if and only if
(& -y, Jo—J&) + pf(y) — pf(2) 2 0

forally € C;
(3) If E is strictly convez, then Hé is a single-valued mapping.

Lemma 6 [24] Let E be a real reflexive smooth Banach space and let C' be a nonempty
closed and convex subset of E. Then, for any x € E and & € Hga:,

o(y,2) + G(z,Jz) < G(y, Jz)

forally e C.

Lemma 7 [24]. Let E be a Banach space and let f : E — R U {400} be a proper,
convezr and lower semicontinuous mapping with conver domain D(f). If {zn} is a
sequence in D(f) such that zn — & € D(f) and limn—0o G(zn, Jy) = G(&, Jy), then

limp o0 [[zn | = [[2]].

Remark 3 Let E be a uniformly convex and uniformly smooth Banach space and
f(y) =0 for all y € E. Then Lemma 6 reduces to the property of the generalized
projection operator considered by Alber [5].

If f(y) >0 for all y € C and f(0) = 0, then the definition of a totally quasi-¢-
asymptotically nonexpansive S is equivalent to the following:

If F(S) # 0 and there exist nonnegative real sequences {vn}, {gn} with vp, — 0,
un — 0 as n — oo, respectively, and a strictly increasing continuous function
¢ :RT = RT with ¢(0) = 0 such that

forallz € C, p€ F(S) and n > 1.

Let 0 be a bifunction from C' x C to R, where R denotes the set of real numbers.
The equilibrium problem (for short, (EP)) is to find Z € C such that

0(z,y) > 0 (7)
for all y € C. The set of solutions of (EP) (7) is denoted by EP(0).

For solving the equilibrium problem for a bifunction 6 : C x C — R, let us
assume that 0 satisfies the following conditions:

(Al) O0(z,z) =0 for all z € C;

(A2) 6 is monotone, i.e., 0(z,y) + 0(y,z) <0 for all z,y € C;

(A3) for all z,y,z € C,

lim 6(t 1—-¢ <60 ;
lim (tz+ (1 = t)z,y) < 0(z,y);
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(A4) for all z € C, y — (z,y) is convex and lower semicontinuous.

For example, let B be a continuous and monotone operator of C into E* and
define

0(z,y) = (Bz,y — @)
for all z,y € C. Then 0 satisfies (A1)-(A4).

Lemma 8 [6] Let C be a closed convex subset of a smooth, strictly convex and reflexive
Banach space E and let 0 be a bifunction from C' x C' to R satisfying the conditions
(A1)-(A4). Then, for any r > 0 and x € E, there exists z € C such that

0(z,y) + %(y—z,,]z—,]x) >0

forally e C.

Lemma 9 [41] Let C be a closed convex subset of a uniformly smooth, strictly convex
and reflexive Banach space E and let 6 be a bifunction from C x C to R satisfying
the conditions (A1)-(A4). For allv > 0 and = € E, define a mapping T : E — C as
follows:

Tfm:{zEC:G(z,y)—i—%(yfz,szJ:c)20, Yy € C}.

Then the following hold:
(1) 1Y is single-valued;
(2) Tf s a firmly nonexpansive-type mapping [22], that is, for all z,y € E,

(TP =Ty, JT)w — JTYy) < (Tw — Ty, Jz — Jy);
(3) F(T) = EP(0);
(4) EP(0) is closed and conver.

Lemma 10 [41] Let C be a closed convex subset of a smooth, strictly conver and
reflerive Banach space E and let 6 be a bifunction from C x C to R satisfying the
conditions (A1)-(A4). Then, for anyr >0, z € E and q € F(T?),

o(q, T x) + (T x,2) < ¢(q, ).

An operator A C E x E* is said to be monotone if
(z—y, 2" —y") >0
for all (z,z%), (y,y*) € A. A point z € FE is called a zero point of A if
0€ Az (8)
We denote the set of zeroes of the operator A by A~10, that is,
AT'0={2€ E:0¢€ Az}.

A monotone A C E x E* is said to be mazimal if its graph G(A) = {(z,y") :
y* € Az} is not property contained in the graph of any other monotone operator.
If A is maximal monotone, then the solution set A710 is closed and convex.
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Let E be a smooth strictly convex and reflexive Banach space, let C be a
nonempty closed convex subset of F and let A C E x E* be a monotone operator
satisfying D(A) € C € J~Y(NysoR(J + AA)). Then the resolvent Jy : C — D(A) of
A is defined by

Jaz={z€D(A): Jz € Jz+ Az, Vz € C}.

Jy is a single-valued mapping from E to D(A). On the other words, J) =
(J +AA)~LJ for all A > 0.

For any A > 0, the Yosida approzimation Ay : C — E* of A is defined by
Ayz = M for all z € C. We know that Ayz € A(Jyz) for all A > 0 and
x € E. Since relatively quasi-nonexpansive mappings and quasi-¢-nonexpansive
mappings are the same, we can see that Jy is a quasi-¢-nonexpansive mapping
(see [39, Theorem 4.7]).

Lemma 11 [19] Let E be a smooth strictly convex and reflexive Banach space, let C
be a nonempty closed convex subset of E and let A C E x E* be a monotone operator
satisfying D(A) € C C J" Y (NxsoR(J + MA)). For any X > 0, let Jy and Ay be the
resolvent and the Yosida approrimation of A, respectively. Then the following hold:

(1) ¢(p, Jaz) + ¢(Jrz, ) < d(p, ) for all z € C and p € A~10;

(2) (b) (Jaw,Axz) € A for allz € C;

(3) (¢) F(Jy) = A10.

Lemma 12 [32] Let E be a reflexive strictly convex and smooth Banach space. Then
an operator A C E x E* is mazimal monotone if and only if R(J + X\A) = E* for all
A>0.

3 Main result

Now, we give the main results in this paper.

Theorem 1 Let C' be a nonempty closed and convex subset of a uniformly smooth and
strictly convexr Banach space E with the Kadec-Klee property. For eachi=1,2,---,m,
let 0; be a bifunction from C x C to R satisfying the conditions (Al)-(A4). Let A; C
E x E* be a mazimal monotone operator satisfying D(A;) C C and J;‘J;fn = (J+
)\ijj)_lJ for all \j, > 0 and j = 1,2,---,1. Let S : C — C be a closed and
totally quasi-p-asymptotically nonexpansive mapping with nonnegative real sequences
{vn}, {pn} with vn — 0, pn — 0 as n — oo, respectively, and a strictly increasing
continuous function v : RT — RT with ¥(0) = 0. Let f : E — R be a convez and
lower semicontinuous function with C C int(D(f)) and f(0) = 0. Assume that S is
uniformly L-Lipschitz continuous and F = F(S) N (Nj~, EP(6;)) N (ﬂé-:lAj*lO) # 0.
For any initial point 1 € E, define C1 = C and the sequence {xn} in C by

_ Al Al
cn = J)\l.n J)\lfl,n

Un = TTQ?T, n © T”?:LL: 11, n O---0 Tﬁll, n Zn’
yn = J Y anJx1 + BndS™xn + ynJun), )
Cpy1={weCpn:G,Jyn) < anG(v,Jz1) + (1 — an)G(v, Jzn) + Cn},

Tn1 = Mg

A
O-+-0 J)\llnxn7

Tl

10/22
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for each n > 1, where {an}, {Bn} and {yn} are the sequences in (0,1) such that
on+Bn+v =1, (n = vn Supqe}—w(G(q7 Jxn)) + pn and for each i =1,2,---,m,
{rin} C [d,00) for some d > 0. If, for each j = 1,2,---,1, iminfp oo Xj, > 0,
limp oo an = 0 and liminf, oo Bn < 1, then the sequence {xn} converges strongly
to a point HJf,_-xl.

Proof. We split the proof into five steps.

Step 1. We first show that Cj, is closed and convex for all n > 1. From the
definitions of C7 = C' is closed and convex. Suppose that Cy, is closed and convex
for all n > 1. For any b € Cp, we know that G(b, Jyn) < G(b, Jzn)+ (n is equivalent
to the following:

2an (b, Jz1) + 2(1 — an)(b, Jzn) — 2(b, Jyn)
< anfler)? + (1= an)llznl® — llynll* + ¢n.

Therefore, Cy+1 is closed and convex for all n > 1.

Step 2. We show that F C Cy, for all n > 1. Now, we show by induction that
F C Cy, for all n > 1. It is obvious that 7 CC1=C. Suppose that F C Cy, for some
n > 1. Define un = K'zp, when K}, = TZﬁnTi’:Em -~~T7«9117n forall j =1,2,---,m
with KO = I and define 2, = ALz, when A}, := ij"n o JAi-1

PO J;‘llm for all
j=1,2,---,1l with AS =I. Let g € F. Then we have

(10)

Since S is a totally quasi-¢-asymptotically nonexpansive mapping, from (10) we
have

G(q, Jyn)
= G(q, (anJz1 + BndS" Ty + YnJun))
= llall* = 20n(g, Jz1) — 2Bn(q, JS"xn) — 271 (g, Jun)
+lanJz1 + Bnd S™zn + YnJun||® + 2pf(q)
< llgll® = 2an(g, Jz1) — 2Bn(q, JS"zn) — 270 (g, Jun)
tanllTznll? + Ball IS nl + nlTunll? + 205 (a)
anG(q, Jx1) + BnG(q, JS™xn) + G (g, Jun)
a"G(q7 Jxl) + BH(G(qv J.’En) + Vﬂw(G(‘L Jl?n)) + ,Ufn) + 'YnG(% Jun)
anG(q, Jr1) + BnG(q, Jan) + mG(q, Jun) + Bn(vntp(G(g, Jzn)) + pin)
anG(q,Jx1) + BnG(q, Jzn) + WG(q, Jun) + vn SUp,c V(G(q, Jxn)) + pn
anG(q, Jr1) + BnG(q, Jon) + mG(q, Jun) + (n
anG(q, Jz1) + BnG(q, Jon) + mG(q, Jzn) + (n
anG(q, Jr1) + BnG(q, Jon) + nG(q, Jon) + Cn
( )+ (Bn +m)G(g, Jan) + Cn
( )+ (1= an)G(q, Jzn) + Cn.

anG(q, Jx1
anG(q, Jx1

AN IAINININIAIA

+
+

(11)
This shows that ¢ € Cp+1, which implies that 7 C C,,4+1 and so F C C), for all
n > 1 and the sequence {z} is well defined.

11/22
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Step 3. We show that xn — p, yn — p, 2zn — p and up — p as n — oo. Since
f: E — R is a convex and lower semi-continuous function, from Lemma 4, we
known that there exist * € E* and « € R such that

f(@) > (z,2%) + o
for all z € E. Since z,, € C,, C E, it follows that

G(an, Jo1) = |[en|? = 2(zn, Jo1) + e1]® + 20f (2n)
> Jan||* = 2(zn, Ja1) + ||lz1]* + 2p(en, &*) + 2pa
= ||lznl® = 2{an, Jz1 — pa*) + ||21]|* + 2par (12)
> Jzn||* = 2l|znlll| Jo1 — pz*|| + [|21]1* + 2pa
= (llznll = | J1 = pz™|)? + llz1 | — [ J21 — p*||* + 2pa.

For all ¢ € 7 and z,, = Hénxl, we have

G(g, Jx1) > Glan, Jo1) = (|wall = [Tz — pz™[)* + |21 = | Jz1 — p™||* + 2pr.

That is, {z»} is bounded and so are {G(xn, Jz1)} and {yn}. By using the fact that
T+l = Hénﬂan € Cpy1 C Cp and zy, = Hénxl, it follows from Lemma 6 and (3)
that

0 < ([l#nt1 = llzal)?® < (@nt1,20) < G(@ntr, Jo1) — Glan, Ja1). (13)

This implies that {G(zn, Jz1)} is nondecreasing and so limy,— o0 G(xn, Jr1) exists.
Taking n — oo, we obtain

Jim ¢(wn+1,2n) = 0. (14)
Since {xn} is bounded, E is reflexive and Cj is closed and convex for all n > 1.
We can assume that z, — p € C,, as n — oco. From the fact that z,, = Hg r1, we
get

G(zn, Jr1) < G(p, Jz1) (15)

for all n > 1. Since f is convex and lower semi-continuous, we have

lim infy, 00 G(2n, Jz1) = iminf,— oo {||zn||? — 2(@n, Jz1) + ||z1]* + 20 (zn)}
> [[pl* = 2(p, Ja1) + [l21]* + 20 ()
= G(zn, Jz1).
(16)
By (15) and (16), we get

G(p, Jz1) < liminf G(zn, Jz1) < limsup G(zn, Jz1) < G(p, Jx1).
n—oo

n— oo

That is, lim G(zn,Jz1) = G(p, Jx1), which implies that ||zn| — ||p|| as n — oo.

n— o0

Since E has the Kadec-Klee property, we obtain

lim zp, = p. (17)
n— oo
We also have
lim zn,4+1 =p. (18)

n—oo

12/22
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From (17), we get

Jim G = lim (v supge z $(G(g, Jon)) + pin) = 0. (19)
From (17) and (18), we have lim |zn —zp41] = 0. Since J is uniformly norm-to-
n— o0

norm continuous, it follows that

lim HJIETL — an+1H =0. (20)

n—oo

Moreover, since xp41 = Hé L T1E Cn+1 C Cyn and (9), we have

G(znt1, Jyn) < onG(zny1, Jr1) + (1 — an)G(@ny1, Jon) + Cn

is equivalent to the following:

¢(wn+17yn) < Oén¢(xn+1a 391) + (1 - an)¢>(mn+1,:pn) + Cn- (21)

Since lim an =0, (14) and (19), we have
n—oo
lim ¢(zpt1,yn) =0. (22)
n—oo

By (3), it follows that
[ynll = Ilpll (23)

as n — oco. Since J is uniformly norm-to-norm continuous, we obtain
[ Tynll — [I7pl] (24)

as n — oo. This implies that {||Jyn|} is bounded in E*, Since E* is reflexive, we
assume that Jy, — y* € E* as n — oo. In view of J(E) = E*, there exists y € E
such that Jy = y*. It follows that

G(Tny1,yn) = llZns1ll® = 2(@ns1, Jyn) + llynll® (25)
= [lzns1ll® — 2(@ng1, Jyn) + | Tynll>.

Taking liminf, s~ on both sides of the equality above, since || - || is weak lower
semi-continuous, this yields that

02 9l - 205,5%) + "I
= Ipll? = 2(p, Jy) + 1]

26
= bl - 20, Jy) + Iyl (26)
= ¢(p,y).

From Remark 2, p = y, which implies that y* = Jp. It follows that Jy, — Jp € E*
as n — oco. From (24) and the Kadec-Klee property of E*, we have Jy, — Jp as
n — co. Note that J~! : E¥ — E is norm-weak®-continuous, that is, yn, — p as
n — oo. From (23) and the Kadec-Klee property of E, we have

lim yn, = p. (27)

n—oo

From (11), we have

G(% Jyn) < OénG(Qa chl) + ﬁnG(Q» J@"n) + ’YHG(% Jzn) +(n
< anG(q, Jl’l) + (1 — an)G(Q: an) + Cn.

13/22
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From (17), (19), (27) and the conditions limp oo an = 0, liminfy, oo Bn < 1, it
follows that for any ¢ € F, limn—s00 ¢(gq, 2n) = ¢(q,p). Let z, = Az, for all n > 1.
From Lemma 11(1), it follows that for any ¢ € F,

$(zn,xn) = (AL an, zn)
< 45((]7 xn) - ¢(q, Aﬁzxn)
= ¢(q,2n) — ¢(q; 2n).

Taking n — co on both sides of the inequality above, we have
lim ¢(zn,zn) = 0.
n—roo

From (3), it follows that (||lzn| — ||zn]])? — 0 as n — oo. Since |zn| — ||p| as
n — oo, we have
[znll = lipll (28)

as n — oo. Since J is uniformly norm-to-norm continuous on bounded subsets of
E, it follows that
1 znll — [I/pll (29)

as n — oo. This implies that {||Jz» ||} is bounded in E*. Since E* is reflexive, we
can assume that Jz, — 2" € E* as n — oco. In view of J(E) = E*, there exists
z € E such that Jz = z*, and so

$(an, 2n) = llznl? = 2{@n, Jzn) + |2

30
— lenll? = 2(an, Jzn) + [ J2n]. (30)

Taking lim inf;,— o on both sides of the equality above, from the weak lower semi-
continuity of the norm || - ||, it follows that

0> [IplI* = 2(p, 2*) + ||2*||?
= [IplI* = 2(p, J2) + || Jz|?
= [IplI* = 2(p, J2) + ||z||?
= ¢(p, 2).

From Remark 2, we have p = z, which implies that z* = Jp and so Jz, — Jp € E*
as n — oo. From (29) and the Kadec-Klee property of E*, we have Jz, — Jp as
n — oo. Since J~! is norm-weak*-continuous, that is, z, — p, from (28) and the
Kadec-Klee property of E, it follows that

31

lim 2z, =p. (32)

n— oo

From (11), we have

G(q, Jyn) < anG(q, Jz1) + BnG(q, Jzn) + G (q, Jun) + Cn
< anG(q, JI1) + (1 — an)G((L an) + <n~
From (17), (19), (27) and the conditions limyp—co an = 0, liminfye0 Bn < 1, it
follows that lim ¢(q,un) = ¢(g,p). From Lemma 9, it follows that for any q € F
n—oo

and unp = K" 2n,

d(un,zn) = ¢(Ky zn, Tn)
< Cb(QaZn) - ¢(q7 K;nmn)
= d)(qaz'n«) - ¢(q7 u”)'

14/22
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Taking n — oo on both sides of the inequality above, we have

Jim ¢(an, un) = 0. (33)
From (3), we have
(lznll = [lunl)* — 0 (34)
as n — oco. Since ||zn|| — ||p||, we have
l[unll = [lpll (35)
as n — oo, and so
[ Junll — [I7pl| (36)

as n — oo. That is, {||Jun||} is bounded in E*. Since E* is reflexive, we can assume
that Jup, — u* € E* as n — oco. In view of J(E) = E*, there exists u € E such
that Ju = u*. It follows that

$(@n+1,un) = enal® = 2(zns1, Jun) + [lunl|?

37
= lansall” = 2ans1, Jun) + | un (7
Taking liminf,,—s on both sides of the equality above, since || - || is weak lower
semi-continuous, it follows that
0> lelz - 2(p,u") + HU*H22
= lIp|> ~ 2{p. Ju) + [|Ju] (38)

= |IplI* = 2(p, Ju) + [[ul?
= ¢(p, u).

From Remark 2, p = u, that is, ™ = Jp. It follows that Ju, — Jp € E*. From (36)
and the Kadec-Klee property of E*, we have Ju, — Jp as n — oo. Since J ! is
norm-weak*-continuous, that is, un, — p as n — oco. From (35) and the Kadec-Klee
property of E, we have
lim wup, = p. (39)
n—oo
Step 4. We show that p € F = F(S)n (N2, EP(6;)) N (ﬂézlAj*lO). First, we
show that p € ﬁé-:lAjflO. Let zn = ALz, for each n > 1. Then, for any q € F, it
follows that for each 5 =1,2,---,1,

¢(q7 Zn) = ¢(q, Aiﬂ"n)
< ¢lg, Al tan)
<o

(¢, A 2an) (40)

By Lemma 11, for each j =1,2,---,m, we have

(A, zn)

¢(q,2n) — ¢(q, Afwn) (41)

<

Since zn, — p and z, — p as n — oo, we get ¢>(A£Lmn,:pn) — 0 as n — oo for all
j=1,2,---,m. From (3), it follows that

(1A% znll — llznl))* = 0

15/22



This article was downloaded by: [Taksin University], [Siwaporn Saean]

On: 25 August 2013, At: 19:24

Publisher: Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered
office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH, UK

Optimization: A Journal of
m‘ pafidn Mathematical Programming and
v Operations Research

Publication details, including instructions for authors and
subscription information:
http://www.tandfonline.com/loi/gopt20

i Computational of generalized
projection method for maximal
monotone operators and a countable
family of relatively quasi-nonexpansive
mappings
Siwaporn Saewan® & Poom Kumam”

# Faculty of Science, Department of Mathematics and Statistics,
Thaksin University, Phatthalung, Thailand.

b Faculty of Science, Department of Mathematics, King Mongkut’s

University of Technology Thonburi (KMUTT), Bangkok, Thailand.
Published online: 25 Aug 2013.

To cite this article: Optimization (2013): Computational of generalized projection method

for maximal monotone operators and a countable family of relatively quasi-nonexpansive
mappings, Optimization: A Journal of Mathematical Programming and Operations Research, DOI:
10.1080/02331934.2013.824444

To link to this article: http://dx.doi.org/10.1080/02331934.2013.824444

PLEASE SCROLL DOWN FOR ARTICLE

Taylor & Francis makes every effort to ensure the accuracy of all the information (the
“Content™) contained in the publications on our platform. However, Taylor & Francis,
our agents, and our licensors make no representations or warranties whatsoever as to
the accuracy, completeness, or suitability for any purpose of the Content. Any opinions
and views expressed in this publication are the opinions and views of the authors,

and are not the views of or endorsed by Taylor & Francis. The accuracy of the Content
should not be relied upon and should be independently verified with primary sources
of information. Taylor and Francis shall not be liable for any losses, actions, claims,
proceedings, demands, costs, expenses, damages, and other liabilities whatsoever or
howsoever caused arising directly or indirectly in connection with, in relation to or arising
out of the use of the Content.



http://www.tandfonline.com/loi/gopt20
http://dx.doi.org/10.1080/02331934.2013.824444

Downloaded by [Taksin University], [Siwaporn Saean] at 19:24 25 August 2013

This article may be used for research, teaching, and private study purposes. Any
substantial or systematic reproduction, redistribution, reselling, loan, sub-licensing,
systematic supply, or distribution in any form to anyone is expressly forbidden. Terms &
Conditions of access and use can be found at http://www.tandfonline.com/page/terms-
and-conditions



http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions

Downloaded by [Taksin University], [Siwaporn Saean] at 19:24 25 August 2013

Optimization, 2013 Taylor & Francis
http://dx.doi.org/10.1080/02331934.2013.824444 Taylor & Francis Group

Computational of generalized projection method for maximal
monotone operators and a countable family of relatively
quasi-nonexpansive mappings

Siwaporn Saewan® and Poom Kumam®*

4 Faculty of Science, Department of Mathematics and Statistics, Thaksin University,
Phatthalung, Thailand; bFaculty of Science, Department of Mathematics, King Mongkut’s
University of Technology Thonburi (KMUTT), Bangkok, Thailand

(Received 18 January 2012; accepted 28 June 2013)

We introduce a new hybrid projection method in mathematical programming for
finding a common element of the set of common fixed points of a countable family
of relatively quasi-nonexpansive mappings, the set of the variational inequality
for an «-inverse-strongly monotone operator, the set of solutions of the mixed
equilibrium problem and a zero of a maximal monotone operator in the framework
of areal Banach space. We obtain a strong convergence theorem for the sequences
generated by this process in a 2-uniformly convex and uniformly smooth Banach
space. Furthermore, we give some numerical examples which support our main
theorem in the last part.

Keywords: hybrid iterative scheme; inverse-strongly monotone operator; vari-
ational inequality; mixed equilibrium problem; relatively quasi-nonexpansive
mapping; maximal monotone operator

AMS Subject Classifications: 47H05; 47H09; 47H10; 65J15

1. Introduction and preliminaries

Let E be areal Banach space with ||-|| and E* the dual space of E. LetU ={x € E : ||x| =1}
be the unit sphere of E. A Banach space E is said to be strictly convex if | )# ” <1 for all
x,y € U.ABanachspace Eis said to be smooth if the limit lim,_, o w exists for each
x,y € U.lItisalso said to be uniformly smooth if the limit is attained uniformly forx, y € U.
Let E be a Banach space. The modulus of convexity of E is the function 6 : [0, 2] — [0, 1]
defined by 8(e) = inf {1 — | X2 || : x,y € E, x|l = Iyl = L, |x — y|| > €} . A Banach
space E is uniformly convex if and only if §(¢) >0 for all ¢ € (0, 2]. Let p be a fixed
real number with p > 2. A Banach space E is said to be p-uniformly convex if there
exists a constant ¢ >0 such that §(¢) > ce? for all ¢ € [0, 2]; see [1,2] for more details.
Observe that every p-uniform convex is uniformly convex. One should note that a Banach
space is p-uniform convex for 1 < p < 2. It is well known that a Hilbert space is
2-uniformly convex, uniformly smooth. For each p > 1, the generalized duality mapping

*Corresponding author. Email: poom.kum@kmutt.ac.th

© 2013 Taylor & Francis
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Jp  E — 2E is defined by J, (x) = {x* e E*: (x,x*) = ||x|I”, |x*|| = ||x||p’1} for all
x € E. In particular, J = J, is called the normalized duality mapping. If E is a Hilbert
space, then J = I, where [ is the identity mapping. It is also known that if E is uniformly
smooth, then J is uniformly norm-to-norm continuous on each bounded subset of E.

Let E be a real Banach space and let C be a nonempty closed convex subset of £ and
A : C — E* be an operator. The classical variational inequality problem for an operator
Ais to find x* € C such that

(Ax*,y —x*) =0, VyeC. (1.1)

The set of solution of (1.1) is denoted by VI(A, C). Recall thatlet A : C — E™* be a
mapping. Then, A is called

(i) monotone if
(Ax_Ayax_y>ZO7 V-xvyecs

(i) a—inverse-strongly monotone if there exists a constant o > 0 such that

(Ax — Ay, x —y) > a||Ax — Ay||?>, Vx,yeC.

The class of inverse-strongly monotone has been studied by many researchers to approxi-
mating a common fixed point; see [3—6] for more details.
Consider the problem of finding:

v € E suchthat 0 € T'(v), (1.2)

where T is an operator from E into E*. Such v € E is called a zero point of T. When T is
a maximal monotone operator, a well-know methods for solving (1.2) in a Hilbert space H
is the proximal point algorithm: x; = x € H and,

Xn1 = Jp, Xn, n=12,3,..., (1.3)

where J,, = (I +r, 7)~!and {rn} C (0, 00), then Rockafellar [7] proved that the sequence
{x,} converges weakly to an element of T-10).

Let 6 be a bifunction of C x C into R and ¢ : C — R be a real-valued function. The
mixed equilibrium problem, denoted by M E P (0, ¢) is to find x € C such that

O(x,y) +9(y) —¢x) =0, VyeC. (1.4)

If ¢ = 0, the problem (1.4) reduce into the equilibrium problem for 6, denoted by E P (6),
is to find x € C such that
O(x,y) >0, VyeC. (1.5)

If 6 = 0, the problem (1.4) reduce into the minimize problem, denoted by Argmin(yp) is to
find x € C such that

e(y) —¢@x) =0, VyeC. (1.6)

The above formulation (1.5) was shown in [8] to cover monotone inclusion problems,
saddle point problems, variational inequality problems, minimization problems, optimiza-
tion problems, variational inequality problems, vector equilibrium problems and Nash
equilibria in noncooperative games. In addition, there are several other problems, for
example, the complementarity problem, fixed point problem and optimization problem,



Downloaded by [Taksin University], [Siwaporn Saean] at 19:24 25 August 2013

Optimization 3

which can also be written in the form of an EP(6). In other words, the EP(0) is an
unifying model for several problems arising in physics, engineering, science, optimization,
economics, etc. In the last two decades, many papers have appeared in the literature on
the existence of solutions of E P(6); see, for example,[8,9] and references therein. Some
solution methods have been proposed to solve the E P (0); see, for example,[3,4,8,10-14]
and references therein.

Consider the functional defined by

¢(x, y) = x> = 2(x, Jy) + Iyl*>, forx,y€E. (1.7
It is obvious from the definition of function ¢ that

Uyl =1xID* < ¢, ) < Uyl +lIx)*,  V¥x,y € E. (1.8)

Remark 1.1 1f Eis areflexive, strictly convex and smooth Banach space, then forx, y € E,
¢(x,y) = 0if and only if x = y. It is sufficient to show that if ¢ (x, y) = 0 then x = y.
From (1.7), we have ||x|| = ||y||. This implies that (x, Jy) = IxlI> = |I7y||?. From the
definition of J, one has Jx = Jy. Therefore, we have x = y; see [15,16] for more details.

As well know that if C is a nonempty closed convex subset of a Hilbert space H and
Pc : H — C is the metric projection of H onto C, then P¢ is nonexpansive. This fact
actually characterizes Hilbert spaces and consequently, it is not available in more general
Banach spaces. In this connection, Alber [17] recently introduced the generalized projection
II¢ : E — C is a map that assigns to an arbitrary point x € E the minimum point of the
functional ¢ (x, y), thatis, [Tcx = x, where x is the solution to the minimization problem

¢(x,x) = inf ¢(y, x), (1.9)
yeC

existence and uniqueness of the operator I1¢ follows from the properties of the functional
¢ (x, y) and strict monotonicity of the mapping J (see, for example, [15-19]).

If E is a Hilbert space, then ¢(y,x) = ||y — x||*> and IT¢ becomes the metric
projection of E onto C. Let I1¢ be the generalized projection from a smooth, strictly
convex and reflexive Banach space E onto a nonempty closed convex subset C of E. Then,
I1c is a closed relatively quasi-nonexpansive mapping from E onto C with F(Il¢) = C
(see also [13]).

Let C be a closed convex subset of E, a mapping S : C — C is said to be nonexpansive
if |Sx — Sy|| <|lx — y|l, Vx, yeC. Apoint x € C is a fixed point of S provided Sx = x.
Denote by F'(S) the set of fixed points of S; that is, F'(S) = {x € C : Sx = x}. Recall that
a point p in C is said to be an asymptotic fixed point of S [20] if C contains a sequence {x,}
which converges weakly to p such tha/tjlnnqoo X, — Sxu|l = 0. The set of asymptotic
fixed points of § will be denoted by F(S). A mapping S from C into itself is said to be
relatively nonexpansive [21-23] if F(S) = F(S) and ¢(p, Sx) < ¢(p,x) forallx € C
and p € F(S). The asymptotic behaviour of a relatively nonexpansive mapping was studied
in [24-26]. S is said to be ¢-nonexpansive, if ¢ (Sx, Sy) < ¢(x,y) forx,y € C. S is said
to be relatively quasi-nonexpansive if F(S) # ¢ and ¢(p, Sx) < ¢(p,x) forx € C
and p € F(S). We note that the class of relatively quasi-nonexpansive mappings is more
general than the class of relatively nonexpansive mappings [24-28] which requires the
strong restriction: F(S) = F(S).
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Definition 1.2 Let C be a nonempty subset of E and let {7},}7° , be a countable family of
mappings from C'into E. A point p in Cis called an asymptotic fixed point of {T,,}7° | [20]if C
contains a sequence {x, }°° | which converges weakly to p such tl/lglt lim,— o |X5 — Thx,ll =
0. The asymptotic fixed point set of {T;,}°2 , will be denoted by F ({7,,}22,). A mapping T,

from C into itself is called countable family of relatively nonexpansive mappings if

(R1) F ({Tn}f,ozl) is nonempty;

(R2) ¢ (p, Tpx) < ¢(p,x)forallx € Cand p € F ({T12,);
R3) F((T.)52) = F ((Ta)32,):

A sequence {T,,}7° , is called countable family of relatively quasi-nonexpansive mappings
(or countable family of quasi-¢-nonexpansive mappings) if conditions (R1) and (R2) hold.
It is obvious that a countable family of relatively nonexpansive mappings is a countable
family of relatively quasi-nonexpansive mappings but the converse is not true. In order to
explain this better, we give the following example.

Example 1.3 Let E = R with the usual norm and define a mapping 7,, : E —> E by
Th(x) =

for all n > 0 and for each x € R.
It is easy to see that (oo, F(T,,) = F(T,) = {0} and

¢0,T,x) =10 - Tix| < [0 — x| =¢(0,x), VxeR.

Therefore, T'is a relatively quasi-nonexpansive mapping but not a relatively nonexpansive
mapping.

In 2004, Matsushita and Takahashi [29] introduced the following iteration: a sequence
{x,} defined by

Xpg1 = Hed o xn + (1 — an)J Sxn), (1.10)

where the initial guess element xo € C is arbitrary, {c,} is a real sequence in [0, 1], Sis a
relatively nonexpansive mapping and I1¢ denotes the generalized projection from E onto
a closed convex subset C of E. They proved that the sequence {x,} converges weakly to a
fixed point of S. In the sane year, Kamimura et al. [30] considered the algorithm (1.11) in a
uniformly smooth and uniformly convex Banach space E, namely

Xpi1 =J N dxy + (1 — ) I (I, x0), n=1,2,3,.... (1.11)

They proved that the algorithm (1.11) converges weakly to some element of 7~!0.

In 2005, Matsushita and Takahashi [27] proposed the following hybrid iteration method
(it is also called the CQ method) with generalized projection for relatively nonexpansive
mapping S in a Banach space E:
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xo € C chosen arbitrarily,

yn =T Mo Txn 4+ (1 = ay) T Sxp),

Ch={z€C:¢(z yn) =z, xn)} (1.12)
O,={z€C:{(xp,—2z,Jx0— Jx,) >0},

Xpt1 = I¢,ng,X0-

They proved that {x,} converges strongly to I1r(s)xo, where I1r(s) is the generalized
projection from C onto F(S). In 2008, liduka and Takahashi [31] introduced the following
iterative scheme for finding a solution of the variational inequality problem for an inverse-
strongly monotone operator A in a 2-uniformly convex and uniformly smooth Banach space
E:xi=x¢€Cand

Xng1 =M 7 (I xy — hnAxn), (1.13)

for every n = 1,2, 3, ..., where I1¢ is the generalized metric projection from E onto C,
J is the duality mapping from E into E* and {A,} is a sequence of positive real numbers.
They proved that the sequence {x,} generated by (1.13) converges weakly to some element
of VI(A, C).

Let {S,} be a sequence of nonexpansive mappings from C into itself such that (),-,
F(S,) # 0 satisfy the following condition (the AKTT-condition): if for each bounded subset
BofC

o0

> " sup{lISut1z — Spzll : z € B} < oo. (1.14)

n=1
Assume that if the mapping S : C — C defined by Sx = lim,_, o S,x for all x € C,
then lim,—, oo sup{||Sz — S,zl| : z € C} = 0. Aoyama et al. [32, Lemma 3.1] proved that
the sequence {S,} converges strongly to a point in C for all x € C. Takahashi et al. [33]
studied the strong convergence theorem by the new hybrid method for a countable family
of nonexpansive mappings in Hilbert spaces: xo € H, C; = C and x| = Pc,xo and let

Yn = opXp + (I — ap)Syxy,
Cot1 ={z2€C:lyn—zll < llxn —zll}, (1.15)
xi’l+1 = PConO, ne Na

where 0 < o, <a < 1foralln € Nand {S,} is a sequence of nonexpansive mappings of
C into itself such that (2 F(S,) # ¥. They prove that if {S,} satisfies some appropriate
conditions, then {x,} converge strongly to ng.;] F(S,)X0-

In 2009, Takahashi and Zembayashi [34] studied the problem of finding a common
element of the set of fixed points of a nonexpansive mapping and the set of solutions of an
equilibrium problem in the framework of Banach spaces. Also, Takahashi and Zembayashi

[35] proved the following iteration for a relatively nonexpansive mapping:
Yn = J @I x4 (1 — @) J Sx),
un € C such that 6 (u,, y) + %(y —tp, Jup, —Jy,) >0, VyeC,

Chr1={z2€Cy: 9z uy) <oz, x0)},
Xn+1 = HC)L+l'x’

(1.16)

where J is the duality mapping on E. Then, {x,} converges strongly to ITrs)nep@6)X,
where I1r(s)ng p ) is the generalized projection of E onto F(S) N EP(0).

In 2009, Inoue et al. [36] proved strong convergence theorem for finding a common
element of the zero point set of a maximal monotone operator and the fixed point set of a
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relatively nonexpansive mapping by using the hybrid method for defined a sequence {x;,}
as follows:

up = J N Jxn + (1 — ) I ST, xp),
C, = {Z e Cy :¢(Z’ un) < (}5(2, xn)9
On={z€Cy:{xy—2z,Jxg— Jx,) = 0},

Xpt1 = Ilc,ng,x0, Vn =1,

(1.17)

and, under some control conditions, they proved that the sequence {x,} converge strongly
to a point ITpg)n7-10- After that, Klin-eam et al. [9], extended Inoue et al. [36] to obtain
the strong convergence theorem for finding a common element of the zero point set of
a maximal monotone operator and the set fixed point set of two relatively nonexpansive
mappings in a Banach space.

On the other hand, we also consider the following condition for the countable family
mapping was introduced by Nakajo et al. [37]. Let C be anonempty closed convex subset of a
Hilbert space H, let { S, } be a family of mappings of C into itself with F' := N> | F(S,) # ¢
and wy,(z,) denotes the set of all weak subsequential limits of a bounded sequence {z,} in
C. {S,} is said to satisfy the NST-condition if for every bounded sequence {z,} in C,

lim ||z, — Spznll =0  implies wy(z,) C F.
n—oo

In 2010, Boonchari and Saejung [38] used the more general condition so-called the
()-condition (see (3.1) and more also example see [39]) for a countable family of relatively
quasi-nonexpansive mappings to obtained the strong convergence theorems in a real Banach
space.

Remark 1.4 The following questions naturally arise in connection with the above results.

e Isit possible to construct an approximate fixed point sequence for finding common
fixed points of a countable family of more general relatively quasi nonexpansive
mappings the set of the variational inequality for an «-inverse-strongly monotone
operator, the set of solutions of the mixed equilibrium problem and a zero of a
maximal monotone operator in more general Banach spaces?

e Can the algorithms (1.15), (1.16) and (1.17) still be valid for relatively
quasi-nonexpansive mappings which more general than relatively nonexpansive
mappings?

e Can the algorithms (1.16) and (1.17) still valid for a countable family of relatively
quasi-nonexpansive mappings under some weaker conditions?

Employing the ideas of Iiduka and Takahashi [31], Takahashi and Zembayashi [34,
35], Cholamjiak [40], Inoue et al. [36], Klin-eam et al. [9] and Plubtieng and Sriprad
[41], we introduce a new hybrid projection method in mathematical programming which
modifying and combining the algorithms (1.11), (1.13), (1.15), (1.16) and (1.17) by using
the new condition. Consequently, we obtain strong convergence theorems for finding a
common element of the set of fixed points of a countable family of more general relatively
quasi nonexpansive mappings the set of the variational inequality for an a-inverse-strongly
monotone operator, the set of solutions of the mixed equilibrium problem and a zero of
a maximal monotone operator in a real uniformly smooth and uniformly convex Banach
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space. Our main theorems in this paper improve and unify most of the results that have been
proved for this important class of non-linear operators.

2. Basic results
We also need the following lemmas for the proof of our main results.

LemMma 2.1 (Beauzamy [42] and Xu [43]) If E be a 2-uniformly convex Banach space.
Then for all x, y € E we have

2
b=yl = Z1Jx =yl
where J is the normalized duality mapping of E and 0 < ¢ < 1.
The best constant % in Lemma is called the p-uniformly convex constant of E.

LEmMma 2.2 (Beauzamy [42] and Zalinescu [44]) If E be a p-uniformly convex Banach
space and let p be a given real number with p > 2. Then forall x,y € E, j, € Jpx and
Jy € Jpy

Cp
llx — ylI?,

=y =0z 5

where J, is the generalized duality mapping of E and % is the p-uniformly convexity constant

of E.

Lemma 2.3 (Kamimura and Takahashi [19]) Let E be a uniformly convex and smooth
Banach space and let {x,} and {y,} be two sequences of E. If ¢ (x,,, y,) — 0 and either
{x,,} or {y,} is bounded, then ||x,, — y,|| — O.

Lemma 2.4 (Alber [17]) Let C be a nonempty closed convex subset of a smooth Banach
space E and x € E. Then xog = Icx if and only if

(xo—y,Jx —Jx0) >0, VyeC.

Lemma 2.5 (Alber [17]) Let E be a reflexive, strictly convex and smooth Banach space,
let C be a nonempty closed convex subset of E and let x € E. Then

¢(yv HCX)+¢(HCX,X) §¢(y’x)7 VyEC

LemMma 2.6 (Qin et al. [13]) Let E be a uniformly convex and smooth Banach space,
let C be a closed convex subset of E, and let T be a closed relatively quasi-nonexpansive
mapping from C into itself. Then F(T) is a closed convex subset of C.

For solving the equilibrium problem for a bifunction 8 : C x C — R, let us assume that 6
satisfies the following conditions:

(A1) O(x,x) =0forallx € C;
(A2) 6 is monotone, i.e., 8(x, y) +6(y,x) <Oforall x,y € C;
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(A3) foreachx,y,z € C,
lifole(tz + A =0x,y) <0(x,y):
t
(A4) foreachx € C, y > 6(x, y) is convex and lower semi-continuous.

Lemma 2.7 (Blum and Oettli [8]) Let C be a closed convex subset of a smooth, strictly
convex and reflexive Banach space E, let 6 be a bifunction from C x C to R satisfying
(A1)—(A4), and let r > 0 and x € E. Then there exists z € C such that

1
9(z,y)+;(y—z, Jz—Jx)>0, VyeC.

The following lemma is a spacial case of Zhang [45].

LemMma 2.8 (Zhang [45]) Let C be a closed convex subset of a smooth, strictly convex
and reflexive Banach space E. Let ¢ : C — R is convex and lower semi-continuous and 6
be a bifunction from C x C to R satisfying (A1)—(A4). Forr > 0 and x € E, then there
exists u € C such that

1
O, y) + o) — o)+ ;(y —u,Ju—Jx)>0, VyeC.

Define a mapping K, : C — C as follows:

1
Ky (x) = {u € C:9(u,y)+<p(y)—¢(u)+;(y—u,Ju—Jﬂ >0, Vye C}
2.1)
for all x € C. Then the followings hold:

(1) K, is single-valued;

(2) K, is firmly nonexpansive, i.e., forall x,y € E, (K;,x — K,y, JK;x — JK,y) <
(Krx — Kyy, Jx — Jy);

3) F(K,)=MEP®,¢);

4y MEP@, @) is closed and convex;

5) o(p,Kr2) +¢(Kiz,2) = ¢p(p,2),Vp € F(K;) and z € E.

Let E be a reflexive, strictly convex, smooth Banach space and J be the duality mapping
from E into E*. Then, J ! is also single value, one-to-one and surjective, and it is the
duality mapping from E* into E. We make use of the following mapping V studied in
Alber [17]

V(x, x%) = I1x )% = 20, x%) + )1, 22)

forall x € E and x* € E*, thatis, V (x, x*) = ¢ (x, J =1 (x*)).

LemMa 2.9 (Alber [17]) Let E be a reflexive, strictly convex smooth Banach space and
let V be as in (2.2). Then

V(e x) 42007 (8%) — x, yF) SV (x, x4 y7),

forall x € E and x*, y* € E*.
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An operator T C E x E* is said to be monotone if (x — y, x* — y*) > 0 whenever
(x,x*), (v, y*) € T. We denote the set {x € E : 0 € Tx} by T~'0. A monotone T is said
to be maximal if its graph G(T') = {(x, y) : y € Tx} is not properly contained in the graph
of any other monotone operator. If T is maximal monotone, then the solution set 710 is
closed and convex. Let E be a reflexive, strictly convex and smooth Banach space, it is
known that T is a maximal monotone if and only if R(J 4+ rT) = E* for all r > 0. Define
the resolvent of Tby J, = (J +rT)~'J forall r > 0. J, is a single-valued mapping from
Eto D(T). Also, T~1(0) = F(J,) for all r > 0, where F(J,) is the set of all fixed points
of J,. Define, for r > 0, the Yosida approximation of T by T, = (J — JJ;)/r. We know
that T,.x € T(J,x) forallr > 0and x € E.

LemMma 2.10 (Kohsaka and Takahashi [46]) Let E be a smooth, strictly convex and
reflexive Banach space, let C be a nonempty closed convex subset of E and let T C E x E*
be a monotone operator satisfying D(T) C C C J Y N=oR(J +rT)). Letr > 0, let J,
and T, be the resolvent and the Yosida approximation of T, respectively. Then the following
hold:

G o, Jyx)+od(Jrx,x) <¢p(u,x), VxeC,ue T-10;
i) (Jyx,T,x)eT,Vx € C;
(i) FJ,) =T710.

Let A be an inverse-strongly monotone mapping of C into E* which is said to be
hemicontinuous if for all x, y € C, the mapping F of [0, 1] into E*, defined by F(¢t) =
A(tx 4+ (1 — t)y), is continuous with respect to the weak™ topology of E*. We define by
Nc¢ (v) the normal cone for C at a point v € C, that is,

Ne()={x*€ E*: (v—y,x*) =0, VyeC}. (23)

LemMma 2.11 (Rockafellar [47]) Let C be a nonempty, closed convex subset of a Banach
space E and A a monotone, hemicontinuous operator of C into E*. Let U C E x E* be an
operator defined as follows:

U — { Av+ Nc(v), vecC; 2.4)

| 9, otherwise.

Then U is maximal monotone and U0 = VI(A, C).

3. Main results

Let C be a closed subset of a Banach space E. Recall that a mapping S : C — C is closed
if for each {x,} in C, if x, — x and Sx, —> y, then Sx = y. Let {S,} be a family
of mappings of C into itself with F := N°° | F(S,) # ¥, and {S,} is said to satisfy the
(:)-condition if for each bounded sequence {z,} in C,

ngnoo lzn — Suznll =0, Zp —> zimply z € F. 3.1
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Remark 3.1 Tt follows directly from the definitions above that if {S,} satisfies
NST-condition, then {S,,} satisfies (:)-condition (see example [39, Example 1.6]).If S, = §
and S is closed, then {S,,} satisfies ()-condition.

In this section, by using the (x)-condition, we prove the new convergence theorem for
finding a common element of the set of solutions of the mixed equilibrium problem, the
common fixed point set of a countable family of relatively quasi-nonexpansive mappings,
a zero of maximal monotone operators and the solution set of variational inequalities for
an a-inverse strongly monotone mapping in a 2-uniformly convex and uniformly smooth
Banach space.

THeEOREM 3.2  Let C be a nonempty closed and convex subset of a 2-uniformly convex
and uniformly smooth Banach space E. Let T C E x E* be a maximal monotone operator
satisfying D(T) C C and let J,, = (J + rnT)_lJfor all r, > 0. Let 0 be a bifunction
from C x C to R satisfying (A1)—(A4), and let ¢ : C —> R U {+o00} be a proper lower
semicontinuous and convex function. Let A be an a-inverse-strongly monotone mapping
of C into E* satisfying |Ay| < ||Ay — Aull, Vy € Candu € VI(A,C) # @. Let
Sp : C — C be a countable family of relatively quasi-nonexpansive mappings such that
satisfies the (x)-condition and © := (ﬁ;’l":lF(Sn)) NT'ONMEP (0,9)NVI(A,C) # 0.
For an initial point xo € E with x1 = Ilc,xg and C; = C, define the sequence {x,} as
follows:

zn =M 7 (Jxy = dnAxp),

Yn = J_l(an-]xn + (1 - an)JSnJr,lZn)a

u, € C such that 0(u,, y) + ¢(y) — ¢(u,) + %(y —Up, Juy —Jy,) >0, VyeC,

Cop1 ={z € Co: 9z, un) = nd(z, xp) + (1 — )@ (2, 20) < (2, X0},

Xpt1 = ¢, X0, Vn>1,

3.2)
where J is the duality mapping on E, {«,} is sequence in [0, 1] and {r,} C [d, 00) for some
d > 0and ()} C [a, b] for some a, bwith0 < a < b < c*a/2, where % is the 2-uniformly
convexity constant of E. Ifliminf,,__, .o (1 — ;) > 0, then {x,} converges stronglyto p € ©,
where p = Tlgxo.

Proof We first show that C,, 1 is closed and convex for each n > 1. Clearly, C; = C is
closed and convex. Suppose that C, is closed and convex for each n € N. Since for any
z € Cp, weknown ¢ (z, u,) < ¢(z, x,) is equivalent to 2(z, Jx, — Jun) < [|x, 1% = lun .
So, Cp, 41 is closed and convex. Next, we show that ® C C,, for all n > 1. It is obvious that
® C C; = C, suppose that ® C C,, forn € N. Indeed, put u, = K, y, and v, = J,, 2, for
all n> 1. On the other hand, from Lemma 2.8, Lemma 2.10 , by the convexity of || - ||2, and
Sy, is a family of relatively quasi-nonexpansive mappings, for each g € ® C C,, we have

o(q,un) = o(q, Ky, yn)
<&(q, yn)
=¢(q, J (@nJxn + (1 — 0y) I Syvp)
= llg1* = 2(q, otnJxn + (1 — @) J Syvn) + lln I X + (1 — ) J Syva |
< llgl* = 20 (g, Jxn) — 21 = an){(q. J Suv) + e llxall* + (1 — &) | Spvnll®
= 0,9 (q, xp) + (1 — )P (g, Shvp)
< au(q. xn) + (1 — 0 (q. vp)
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=a,¢p(q, xp) + (1 —ap)d(q, Jr,,Zn)
< app(g, xn) + (1 —an)P(q, za)- (3.3)

It follows from Lemma 2.9, that

$(q.z0) = $(q, et (Toxy = hnAxy))

¢(q, I (Jxp — AnAxy))

Vg, Jxn — Ay Axy)

Vg, (Jxp — yAxy) + Ay Axy) — 2<J_1(an — M Axp) — q, Ay Axp)
Vg, Jxn) = 22 (J "N (T xw = hnAxn) — q, Axy)

G(Gs Xn) = 20 (Xn = @, Axn) + 20 7 (T X = Ay AXy) — X, —AnAxg3>.4)
Since g € VI(A, C) and from A be an a-inverse-strongly monotone mapping, we have

HIA IA

2 (xXn — q, Axp) = =2 p{xp — q, Axy, — Aq) — 20 (xp — q, Aq)
=2 (xn — q, Axp — Aq) (3.5)

—20ahp || Axy — A('I||2~

A

From Lemma 2.1 and A be an a-inverse-strongly monotone mapping, we also have

2<J71 (Jxp — ApAxy) — Xy, _)\nAxn>
=2(J N (Uxn — MAxy) — T NI xn), —AnAxy)
<2077 T xn = M Axn) — I T x) [ A

4 _
77 YT xn = dnAxn) — JI 71T 2) [ dn A

4
= c_2||-]xn — M Axg — Jxp ||| A Axy |
= inx Axy|I?

- cz n n

4
= C—zx,%nAxnn2

IA

4 5 2
C—zknllen — Aq|l”. (3.6)
Substituting (3.5) and (3.6) into (3.4), we obtain

¢(g, 20) <H(q, Xn) — 20h,llAxy — Agl® + 5221 Ax, — Ag?
= $(@.xn) + 20y (Fhn — @) 1 Axy — Aq]? (3.7)
=¢(q, xn).
Substituting (3.7) into (3.3), we also have

@(q,un) < and(q, xp) + (1 —an)p(q, x,),
= ¢(q, Xp).
This show that ¢ € C, 11 implies that ® C C, 41 and hence, ® C C, foralln > 1. This
implies that the sequence {x,} is well defined.

From definition of C, ¢ that x, = I1¢,xo and x,41 = ¢,

gb(xnva) S ¢(-xn+17-x0)1 V”l Z 1 (39)

(3.8)

X0, we have
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By Lemma 2.5, we get

¢ (xn, x0) = ¢(Ilc, (x0), x0)
= ¢(p.x0) = ¢(p. xn) (3.10)
=

¢(p1 xO), Vp e ®'

From (3.9) and (3.10), then {¢ (x,,, x¢)} are nondecreasing and bounded. So, we obtain that
limy,— o0 @ (xn, X0) exists. In particular, by (1.8), the sequence { (||x, || — [lxol)?} is bounded.
This implies {x,} is also bounded. So, we have {u,} and {z, } are bounded.

Next, we show that {x,} is a Cauchy sequence in C. Since x,, = ¢, xo € Cy, C Cy,
for m > n, by Lemma 2.5, we have

& (X Xn) = @& (xXm, ¢, X0)
& (xm, x0) — ¢ (I, x0, X0)

& (X, X0) — @ (xXp, X0)-

Takingm, n — oo, wehave ¢ (x,,, x,) — 0.FromLemma?2.3, we get || x, —x,,|| —> O.
Thus {x,} is a Cauchy sequence and by the completeness of £ and the closedness of C, we
can assume that there exist p € C such that x, — p € C as n — 0o. Now, we claim that
lJu, — Jx,|l — 0, as n — oo. By definition of I1¢,xo, we have

IA -l

= ¢(xn+1 ’ chx())
< ¢xny1,x0) — d(Ic, X0, x0)
= ¢(xn+l»x0) - ¢(xnax0)-

@ (Xn41, Xn)

Since lim,,_, o, ¢ (X, X0) exists, we also have

lim ¢ (xp41,x,) =0. 3.11)
n—0oo
Form Lemma 2.3, that
ngn;o lxn+1 — xall = 0. (3.12)

Since J is uniformly norm-to-norm continuous on bounded subsets of E, we have
lim ||Jx,4+1 — Jx,|| =0. (3.13)
n— o0

Since x,+1 = I¢, ,x0 € Ch41 C C, and the definition of C,1, we have

n+1
¢(xn+l, up) < ¢(xn+l, Xp), n —> 00.

Again applying Lemma 2.3, we get

lim ¢ (xp41,u,) =0. (3.14)
n—0oo
Hence
lim || xp4+1 —u,l =0. (3.15)
n—oo
From
lup — xnll ltn — Xp41 + Xpp1 — Xl

< llun = Xng1ll + lxn41 = xall.

It follows that
lim |lu, — x| = 0. (3.16)
n—0oo
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Since J is uniformly norm-to-norm continuous on bounded subsets of E, we also have
lim ||Ju, — Jx,|| = 0. (3.17)
n— o0
Next, we will show that x, — p € ® := MEP (0, ¢) N (ﬂ;’;lF(S,,)) NVIA,C)N
70

(a) First, we show that x,, - p € MEP (0, ¢). From (3.3) and (3.7), we get ¢ (p, y,) <
¢(p, x,). By Lemma 2.8 (5) and u, = K, y,, we observe that

O (U, yn) = ¢(Krnyna Yn)
E ¢(p’ yn) - ¢(p’ Krn))n)
< é(p,xn) —9(p, Ky, yn)
= ¢(p,xn) — ¢(p, un) (3.18)
= [Ipl*> = 2(p, Jxa) + Ixall* = (121> = 2(p, Jun) + llunl?)
= llxall® =l l* = 2(p, Jxn — Jun)
< lxp — unll(lxn + wnl) + 21 p I X0 — Junll.

From (3.16), (3.17) and Lemma 2.3, we also have
lim |lu, — y,| = 0. (3.19)
n—oo
Since J is uniformly norm-to-norm continuous, we have
lim [|[Ju, — Jy,|| =0. (3.20)
n—0o0

By using the triangle inequality, we obtain

X1 = Yull = lIXpt1 — tn + up — yall
3.21
< nst — tenll + lln — yull. G20
By (3.15) and (3.19), we get
lim 41 — yoll = 0. (3.22)
n—0oo
Since J is uniformly norm-to-norm continuous, we obtain
lim ||Jxp4+1 — Jyull = 0. (3.23)
n—0o00

From (A2), that

1
o(y) — o(uy) + r—<y —uy, Juy —Jyn) = 60(y,u,), VyeC,

n

0 = ) + (v =y, Lo=0) > 6y, ), Yy e C.

I Jun—Jynll
I'n

From r,, > 0O then — 0 asn — oo, we have

</’(y) - (P(Mn) = 9()’, un),
since u, — p asn — 00, we obtain

0(y, p) +o(p) —e(y) <0.
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Fort withO<t<landyeC, lety, =ty + (1 —t)p. Then, y; € C and hence 0 (y;, p) +
¢(p) — ¢(y:) < 0. By the conditions (A1), (A4) and convexity of ¢, we have

0 Oy, yi) + () — o)
10(y, y) + (1 —)0(ys, p) +to(y) + (1 — He(p) — ¢(yr)
1O, y) + () — o) + (1 =)@ s, p) +@(p) — o))

0y, y) +@(y) —o(yr).

INIATA I

From (A3) and the weakly lower semicontinuity of ¢, we also have 0(p, y) + ¢(y) —
¢(p) >0, VyeC.Thisimplies p € MEP (0, ¢).

(b) Weshowthatx, — p € ﬂ;’lole(Sn). From definition of C, 4, we have
(2, xp) + (1 — )@ (2, 20) < P(2, x0) © (2, 20) < P(2, xp).

Since x,+1 = I¢

w10 € Cug1, we get @ (Xpt1, Zn) < @ (Xn41, Xu). It follows from (3.11),

that
lim ¢ (xp41,22) =0 (3.24)
n—oQ
again form Lemma 2.3, that
lim [|xp41 — znll = 0. (3.25)
n— o0

Since
lzn — xnll < Nz — Xpg1 1l + X1 — Xa|l

from (3.12) and (3.25), we also have
lim ||z, — x,]| = 0. (3.26)
n—oo
Since J is uniformly norm-to-norm continuous, we obtain
lim ||Jz, — Jx,|| = 0. (3.27)
n—0oo
Since v, = J;,z,, Wwe compute

1V xn+1 = Jyull = 1 xp41 — (@ xn + (1 — ) J Spvn||
= |lanJxpt1 — o Jxpy + (1 — ) Jxp1 — (1 — ) J Spvnll
= |lan(Jxptr1 — Jxn) + (1 — an) (T X1 — I Spun) |l

11— o) (I X1 — I Spvn) — an(Jxp — Jxug )|l

(I = o) Jxnt+1 — I Spvnll — anllJxn — I xXn411l,

IVl

and hence

lJxn1 — JSuvull <

e T xp1 = Iynll + anll Jxp — Jxp411). (3.28)
From (3.23), (3.13) and h,,rﬂ,io%f(l —ay,) > 0, we obtain that
lim ||Jx,41 — JSyv,|l = 0. (3.29)
n—>00
Since J 1 is uniformly norm-to-norm continuous on bounded sets, we have

lim [|xns1 — Spvnll = 0. (3.30)
n—0o0
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Using the triangle inequality, we get

lzn — Spvnll = llzn — Xng1 + Xngr1 — Spvnll
<llzn — xpt1ll + IxXn+1 — Spvall.

From (3.25) and (3.30), we have

lim ||z, — Syvall = 0. (3.31)
n— 00

Since ¢(q, vn) = 5 la,, (p(q,un) —anp(q, x,)) and Lemma 2.10, we observe that

@ (Vy, 2n) = ¢(Jr,1zna Zn)
< ¢(q.z) —d(q, Jrnzn)
= ¢(q, zn) — P(q, vy)
< (g, ) — 24 (g, un) — @ (g, xn)
< $(q. xn) — 125 (9(q, 1n) — (g, )
= = (g, x2) — d(q, un))

= (Ilenll® = Nunl® = 2(q, Joxn — Jun))

1—ay

= (Ul =l 1) +20(g, T xn — Jun)l)

o (n | = et DUl Il 4 Nl ) + 2llg 1T %0 = Jutn [)
= (el = Nt Dl laan 1)+ 20 1T %0 = Junl)-

It follows from (3.16) and (3.17), we get

IANIAIA

lim ¢ (vy, z,) = 0.
n—00

From Lemma 2.3, that
lim [jv, — z,]| = 0. (3.32)
n— 00

By using the triangle inequality, we get
lvn = Spvnll = llve — zn + 20 — Spuall
=< lvw — zull + llzn — Snvull-

From (3.31) and (3.32), we have

lim [[vn — Syval = O. (3.33)

n—o00

Since ||x, — vull < |xn — zall + llzn — vull, (3.26) and (3.32), then
lim [|x, — vn|| = O. (3.34)
n—oo

Since x,, — p asn — 00, we have v, —> p asn — oo. It follows from (x)-condition,
that p € N2 | F(Sy).

(c) Weshow that x, — p € VI(A, C). Indeed, define U C E x E* by Theorem 2.11,
U is maximal monotone and U~'0 = VI(A, C). Let (v, w) € G(U). Since w € Uv =
Av + Nc(v), we get w — Av € N¢(v).

From z,, € C, we have

(v — 7, w — Av) > 0. (3.35)
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On the other hand, since z, = e J ' (Jx, — Ay Ax,,). Then by Lemma 2.4, we have

(v—zn, Jzn — (Jxp — AyAxy)) = 0,

and thus 7 7
<v gy, Ax,,> <o. (3.36)
An
It follows from (3.35) and (3.36), that
<U — Zn, w) > <U — Zn» AU>
> <v—zn,Av>+<v—zn, L=t _ Ax,
= (v —2z,, Av — Ax,) + <v — Zn, —Jx”;n“”
= (V—2n, AV — AZy) + (v — 2, AZy — AXxy) + (U — 24, Jx%n./zn)
> —||U _ Zn” lzn—xnll _ ||U _ Zn” Hana—JZnH
lzn—xnll | Ixn—Jzall
> (1t s
where M = sup,. [[v—z,ll. Take the limit as n — oo and (3.27), we obtain

(v — p, w) > 0. By the maximality of U, we have p € U0, thatis p € VI(A, C).
(d) We show that x, — p € T-10. Since J is uniformly norm-to-norm continuous on
bounded sets, from (3.32) and J is uniformly norm-to-norm continuous

lim [[Jz, — Junll = O.
n—oo

From r,, > 0, we have :
lim —||Jz, — Jv,|| = 0.
T

n— 00 n
Therefore,

lim |7z, = lim i||Jzn — Ju,|| =0.
n—0o0 n—oo rn
For (w, w*) € T, from the monotonicity of 7, we have (w — v,, w* — T}, z,) > 0 for all
n > 0. Letting n — oo, we get (w — p, w*) > 0. From the maximality of 7, we have
pE T-10. Hence, from (a)—(d), we obtain p €O,
Finally, we show that p = I1gxo. From x,, = I1¢, xo, we have (Jxo— Jx,,, x, —2) > 0,
Vz € C,. Since ® C C,, we also have

(Jxo — Jxp, xp —y) >0, VyeO.
Taking limit n — oo, we obtain
(Jxo—Jp,p—y) =0, Vye®O.

By Lemma 2.4, we can conclude that p = [1gxp and x, — p as n — oo. This completes
the proof. O

Setting S, = S in Theorem 3.2 and Remark 3.1, then we obtain the following result.

CoroLLARY 3.3 Let C be a nonempty closed and convex subset of a 2-uniformly convex
and uniformly smooth Banach space E. Let T C E x E* be a maximal monotone operator
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satisfying D(T) C C and let J,, = (J + raT)~YJ for all r, > 0. Let 0 be a bifunction
from C x C to R satisfying (A1)—(A4), and let ¢ : C —> R U {400} be a proper lower
semicontinuous and convex function. Let A be an o-inverse-strongly monotone mapping
of C into E* satisfying ||Ay|| < ||Ay — Aull, Vy € Candu € VI(A,C) # @. Let
S : C — C be a closed relatively quasi-nonexpansive mappings such that © := F(S) N
T-'ONMEP®,9)NVI(A,C) # @. For an initial point xo € E with x; = ¢, xo and
C1 = C, define the sequence {x,} as follows:

zn =M N (Jxy = dnAxn),

Yn = J_l(an-]xn + (1 - an)JSJr,,Zn)v

uy € C suchthat 0(uy, y) + ¢(y) — o(uy) + ,lj(y —up, Juy —Jyy,) 20, VyeC,
Cor1 ={z€Cy: 9z, up) <ond(z,xp) + (1 —an)p(z,20) < (2, x0)},

Xpt1 = ¢, 1 x0, Vn>1,

(3.37)
where J is the duality mapping on E, {«,} is sequence in [0, 1] and {r,} C [d, 00) for some
d>0and {)\,} C la, b] for some a, b with0<a <b < cza/Z, where % is the 2-uniformly
convexity constant of E. Iflim inf ,,__, oo (1 — ;) > 0, then {x,} converges stronglyto p € ©,
where p = Tlgxo.

4. Application to complementarity problem

Let K be a nonempty, closed convex cone E and A be an operator of K into E*. We define
its polar in E* to be the set

K*={y"€e E*: (x,y") =0,Vx € K}. 4.1)
Then, the element u € K is called a solution of the complementarity problem if
Au € K*, (u, Au) = 0. 4.2)

The set of solutions of the complementarity problem is denoted by C(K, A).

THeEOREM 4.1 Let K be a nonempty and closed convex subset of a 2-uniformly convex
and uniformly smooth Banach space E. Let T C E x E* be a maximal monotone operator
satisfying D(T) C K and let J,, = (J + 1y ! J for all r, > 0. Let 0 be a bifunction
from K x K to R satisfying (A1)—(A4), and let ¢ : C —> R U {400} be a proper lower
semicontinuous and convex function. Let A be an o-inverse-strongly monotone mapping
of E into E* satisfying ||Ay|l < ||Ay — Aul|, Vy € K andu € C(K,A) # @. Let
Sn © K — K be a countable family of relatively quasi-nonexpansive mappings such that
satisfies the (x)-condition and ® := (ﬂff’zl FS)HNTONMEP®, 9)NC(K, A) #0.
For an initial point xg € E with x; = Ilg, and K1 = K, define the sequence {x,} as
follows:

in = HKJ_l(an - )\nAxn)’

yn =J Mo xn + (1 = o) Sy Jr,2n),

uy € C such that 0(u,, y) + ¢o(y) — o(uy,) + %(y —uy, Ju, — Jy,) >0, VyeC,
Cpy1 ={z2€Cp:d(z,up) < app(z, xp) + (1 — )9 (z,20) < (2, xu)},

Xp1 = ¢, x0, Vn>1,
“4.3)
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where J is the duality mapping on E, {oy,} is sequences in [0, 1] and {r,} C [d, o0) for
some d > 0 and {A,} C |[a, b] for some a,b with) < a < b < czoz/2, where % is the
2-uniformly convexity constant of E. If liminf,_, (1 — «,) > 0, then {x,} converges
strongly to p € ©, where p = Ilgxp.

Proof Asinthe proof of Takahashiin [16, Lemma7.11], we getthat VI (K, A)=C(K, A).
So, we obtain the result. O

5. Numerical examples

In this section, in order to demonstrate the effectiveness, realization and convergence of
algorithm of Theorem (3.1), we consider the following simple example.

Example 5.1 For simplicity, we assume £ = Rand C = [—1, 1]. Let 6(z, y) = —52 +
zy +4y? and ¢(x) = 4x2. Find z € [—1, 1] such that

1
0(z,y) +o(y) —(2) + ;(y -z,z—x) >0, Vyel[-1,1]

Solution It can easily be seen that 6, ¢ and F are satisfied the conditions in Theorem 3.1.
For any r > 0 and x € [—1, 1], by Lemma 2.8, we can see that there exists z € [—1, 1]
such that, for any y € [—1, 1],

1
0(z,y) +o(y) — @) + ;(y —2z,7—x) >0,
2 2 2 2 1
=527 +4y° +zy +4y° -4z +;(y—z,z—X)) >0,
8ry? + (rz4+z —x)y + (=9rz> =22 + x2) > 0.
Let G(y) = 8;’y2 +@rz4+z—x)y+ (—9;’z2 -2+ xz). Then G is a quadratic function

of y with coefficienta = 8r,b =rz+z—xandc = —9rz2 — 72 + xz. Therefore, we can
compute the discriminant A of E as follows:
A=b* —dac

=lrz+2—xI? =46 (-9rs® - 2+ x2)
=289r22% 4 34rz% — 34rxz + 2% — 2zx + x?
- (289r2 +34r + 1) 2+ 34r2 = Dxz 4 12
=17r + 1)°2> +2(17r + D)xz + x>
=[(17r + Dz +x1%.
We know that G(y) > 0 for all y € [—1, 1] if it has at most one solution in [—1, 1]. Thus

1
A < 0and hence z = ( )x.
17r + 1 ) ) ) )
By Example 1.3, we can define a countable family of a relatively quasi-nonexpansive

mapping S, : C — C as follow:

0, ifx < %;
1
n

Su(x) = { 1

) ifx >
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Figure 1. The convergence comparison of different initial values x; = 0.2, 0.5, 1.

Table 1. The numerical results for initial guess x| = 0.2, 0.5, 1.

n (iterative number) initial guess

x1 =02 x1 =0.5 xp=1
5 0.0147 0.0368 0.0765
10 0.0005 0.0013 0.0027
15 1.9548 x 107 4.8872 x 107 1.0145 x 10~
20 7.0621 x 1077 1.7655 x 107 3.6648 x 107°
25 2.5466 x 1078 6.3665 x 1078 1.3215 x 1077

In Theorem 3.1, weset0 =0, A =0, J,, =1, oy = ”Z—tll and r, = 1. We apply it to
find the fixed point of S,, of Example 5.1.
Under the above assumption, then Theorem 3.1 is simplified as follows:

xo € E chosen arbitrary,

Cy = E,x; = Pgxg and z,, = x,,

Yn = (%) X + (nz_—;l) SnXn,

Xn

18

Cor1 =1{z € Cypillz —unll < llz — xall},
Xp4+1 = HConl’ Vn>1,

5.1
Up = Kr,, (xp) =

In fact, in one-dimensional case, the C, 4 is closed interval. If we set [a,+1, by+1] := Ch+1,
then the projection point x4+ of x; € C onto Cy,41 can be expressed as:

x1,  ifxy € [apt1, buta];
Xnt1 = Pc, (x1) { Dnt1, ifx1 > bpyr;
ap+1, lfxl < dp+1-
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The numerical results for initial guess x; = 0.2, 0.5, 1 were shown in Table 1. From the
table, we see that the iterations converge to 0 which is the unique fixed point of S. The
convergence of each iteration was also shown in Figure 1 for comparison.
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Abstract

In this paper, we prove strong convergence theorems to a point which is a fixed point
of multi-valued mappings, a zero of an «-inverse-strongly monotone operator and a
solution of the equilibrium problem. Next, we obtain strong convergence theorems
to a solution of the variational inequality problem, a fixed point of multi-valued
mappings and a solution of the equilibrium problem. The results presented in this
paper are improvement and generalization of the previously known results.

Keywords: total quasi-¢-asymptotically nonexpansive multi-valued mappings;
hybrid scheme; equilibrium problem; variational inequality problems; inverse-strongly
monotone operator

1 Introduction
Let E be a real Banach space with dual £%, and let C be a nonempty closed convex subset
of E. Let A: C — E* be an operator. A is called monotone if

(Ax—Ay,x—y)>0, Vx,yeC;

a-inverse-strongly monotone if there exists a constant « > 0 such that
(Ax— Ay,x—y) > al|Ax - Ayl|*>, Vx,yeC

L-Lipschitz continuous if there exists a constant L > 0 such that
|Ax — Ayl < Lllx - yll, Vx,y€C.

If A is a-inverse strongly monotone, then it is %—Lipschitz continuous, i.e.,

1

A monotone operator A is said to be maximal if its graph G(A) = {(x,x*) : * € Ax} is not
properly contained in the graph of any other monotone operator.
Let A be a monotone operator. We consider the problem of finding x € E such that

0cAx, (1.1)

©2013 Saewan; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
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a point x € E is called a zero point of A. Denote by A~10 the set of all points x € E such that
0 € Ax. This problem is very important in optimization theory and related fields.

Let A be a monotone operator. The classical variational inequality problem for an op-
erator A is to find z € C such that

(Az,y-2) >0, VyeC. 1.2)

The set of solutions of (1.2) is denoted by VI(A, C). This problem is connected with
the convex minimization problem, the complementary problem, the problem of finding a
point x € E satisfying Ax = 0.

The value of x* € E* at x € E will be denoted by (x,x*) or x*(x). For each p > 1, the
generalized duality mapping ], : E — 2" is defined by

Jp(x) = {&* € E* : {x,2*) = ||x]|?,

x| = flalP

for all x € E. In particular, J = J; is called the normalized duality mapping. If E is a Hilbert
space, then J = I, where I is the identity mapping.
Consider the functional defined by

d(,%) = llyl* = 2(y, Jx) + |x||> forx,y€E, (1.3)

where J is the normalized duality mapping. It is obvious from the definition of ¢ that

(Iyl = 1x0)* < @) < (Iyll + Ix1)?,  Vay €E. (1.4)

Alber [1] introduced that the generalized projection Il¢ : E — C is a map that assigns to an
arbitrary point x € E the minimum point of the functional ¢(x, y), that is, [Tcx = X, where

x is the solution of the minimization problem
¢(9_C1 x) = inf 45()’» x)) (1.5)
yeC

existence and uniqueness of the operator I1¢ follows from the properties of the functional
¢(x,y) and strict monotonicity of the mapping /.

liduka and Takahashi [2] introduced the following iterative scheme for finding a solution
of the variational inequality problem for an inverse-strongly monotone operator A in a

2-uniformly convex and uniformly smooth Banach space E: x; =x € C and
Xnsl = chil(]xn - )"nAxn)¢ Vn>1, (16)

where I1¢ is the generalized projection from E onto C, J is the duality mapping from E into
E*and {X,} is a sequence of positive real numbers. They proved that the sequence {x,} gen-
erated by (1.6) converges weakly to some element of VI(A, C). In connection, liduka and

Takahashi [3] studied the following iterative scheme for finding a zero point of a monotone
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operator A in a 2-uniformly convex and uniformly smooth Banach space E:

x=x€E chosen arbitrarily,

Y =Ty — AnAxy),

Xu={z € E:¢(z,91) < d(z,%4)}, 1.7)
Yy ={z€E:(xy—2Jx—Jx,) > 0},

X1 = My, Ay, (%),

where Ily,ny, is the generalized projection from E onto X, NY,, J is the duality map-
ping from E into E* and {A,} is a sequence of positive real numbers. They proved that
the sequence {x,} converges strongly to an element of A~10. Moreover, under the addi-
tional suitable assumption they proved that the sequence {x,} converges strongly to some
element of VI(A, C). Some solution methods have been proposed to solve the variational
inequality problem; see, for instance, [4—6].

A mapping T : C — C is said to be ¢-nonexpansive (7, 8] if

¢(Tx, Ty) < ¢(x,9), Vx,y€C.
T is said to be quasi-¢-nonexpansive [7, 8] if F(T) # ¢ and
o, Tx) < ¢(p,x), VxeC,peF(T).

T is said to be total quasi-¢-asymptotically nonexpansive, if F(T) # ¢ and there exist non-
negative real sequences vy, i, with v, — 0, i, — 0 as n — o0 and a strictly increasing
continuous function ¢ : R* — R* with ¢(0) = 0 such that

¢>(p, T”x) <o(p,x)+ v,,qo(qﬁ(p,x)) + Uy Yn>1,VxeC,peF(T).

Let 2¢ be the family of all nonempty subsets of C, and let S : C — 2¢ be a multi-valued
mapping. For a point g € C, n > 1 define an iterative sequence as follows:

Sq:={q1:q1 € Sq},

§*q=5S8q:= U Sq1,
q1€59

Sq=58q:= | S,

02eT?q

S'q=85"q:= | J Squ

qn-1 Esn—lq

A point p € C is said to be an asymptotic fixed point of S if there exists a sequence {x,}
in C such that {x,} converges weakly to p and

lim d(x,,Sx,):= lim inf |x,—x| =0.
n— 00 n— 00 xeSxy,

The asymptotic fixed point set of S is denoted by F(S).

Page 3 of 19
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A multi-valued mapping S is said to be total quasi-$-asymptotically nonexpansive if
F(S) # ¥ and there exist nonnegative real sequences v, u, with v, — 0, u, - 0 asn — oo
and a strictly increasing continuous function ¢ : R* — R* with ¢(0) = 0 such that for all
xe€ C,p€eF(S),

o wn) <P, %) + v,0(d(D %)) + fw, Y1 >1Lw, € S"x.

S is said to be closed if for any sequence {x,} and {w,} in C with w, € Sx,, if x, — x and
w, — w, then w € Sx.

A multi-valued mapping S is said to be uniformly asymptotically regular on C if

lim <sup (18,41 —s,,||> =0, s,€8".

n—00 xeC

Every quasi-¢-asymptotically nonexpansive multi-valued mapping implies a quasi-¢-
asymptotically nonexpansive mapping but the converse is not true.

In 2012, Chang et al. [9] introduced the concept of total quasi-¢-asymptotically non-
expansive multi-valued mapping and then proved some strong convergence theorem by
using the hybrid shrinking projection method.

Let f: C x C — R be a bifunction, the equilibrium problem is to find x € C such that

f(x,y) >0, VyeC. (1.8)

The set of solutions of (1.8) is denoted by EP(f). The equilibrium problem is very general
in the sense that it includes, as special cases, optimization problems, variational inequal-
ity problems, min-max problems, saddle point problem, fixed point problem, Nash EP.
In 2008, Takahashi and Zembayashi [10, 11] introduced iterative sequences for finding a
common solution of an equilibrium problem and a fixed point problem. Some solution
methods have been proposed to solve the equilibrium problem; see, for instance, [12—21].

For a mapping A : C — E*, let f(x,y) = (Ax,y —x) for all x,y € C. Then x € EP(f) if and
only if (Tx,y —x) > 0 for all y € C; i.e., x is a solution of the variational inequality.

Motivated and inspired by the work mentioned above, in this paper, we introduce and
prove strong convergence of a new hybrid projection algorithm for a fixed point of total
quasi-¢-asymptotically nonexpansive multi-valued mappings, the solution of the equilib-
rium problem, a zero point of monotone operators. Moreover, we prove strong conver-
gence to the solution of the variation inequality in a uniformly smooth and 2-uniformly

convex Banach space.

2 Preliminaries

A Banach space E with the norm || - || is called strictly convex if || ’% I <1forallx,y€E
with |lx|| = ||yl =1 and x #y. Let U = {x € E : ||x|| = 1} be the unit sphere of E. A Banach
space E is called smooth if the limit lim,_, ¢ w exists for each x,y € U. It is also called

uniformly smooth if the limit exists uniformly for all x,y € U. The modulus of convexity of
E is the function é : [0,2] — [0,1] defined by

5(e) =inf{1— H’ﬂ‘
2

%y € Elxll =yl =1 llx -yl = 8}.
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A Banach space E is uniformly convex if and only if §(¢) > 0 for all ¢ € (0,2]. Let p be a
fixed real number with p > 2. A Banach space E is said to be p-uniformly convex if there
exists a constant ¢ > 0 such that §(¢) > ce” for all ¢ € [0,2]. Observe that every p-uniform
convex is uniformly convex. Every uniformly convex Banach space E has the Kadec-Klee
property, that is, for any sequence {x,} C E, if x, — x € E and ||x,,|| — | x||, then x,, — «.

Let E be a real Banach space with dual E*, E is uniformly smooth if and only if E* is
a uniformly convex Banach space. If E is a uniformly smooth Banach space, then E is a
smooth and reflexive Banach space.

Remark 2.1

« If E is uniformly smooth, then J is uniformly norm-to-norm continuous on each
bounded subset of E.

« If E is reflexive smooth and strictly convex, then the normalized duality mapping J is
single-valued, one-to-one and onto.

« If E is a reflexive strictly convex and smooth Banach space and J is the duality
mapping from E into E*, then /™! is also single-valued, bijective and is also the duality
mapping from E* into E and thus JJ ™! = I+ and J 7Y = IE.

See [22] for more details.

Remark 2.2 If E is a reflexive, strictly convex and smooth Banach space, then ¢(x,y) = 0
if and only if x = y. It is sufficient to show that if ¢(x,y) = 0, then x = y. From (1.3) we have
lx]l = [ly]l. This implies that {(x,]y) = ||x||* = ||Jy||>. From the definition of /, one has Jx = Jy.
Therefore, we have x = y (see [22, 23] for more details).

Lemma 2.3 (Beauzamy [24] and Xu [25]) IfE is a 2-uniformly convex Banach space, then,
forall x,y € E, we have

2
llx =yl < 2 IJx = Jyll,
where ] is the normalized duality mapping of E and 0 < c <1.
The best constant % in the lemma is called the p-uniformly convex constant of E.

Lemma 2.4 (Beauzamy [24] and Zalinescu [26]) If E is a p-uniformly convex Banach
space, and let p be a given real number with p > 2, then, for all x,y € E, J; € ],(x) and
]y S ]p(y);

Cp

(x_yr]x_]y> = ”x_y”p’

= 2

where ], is the generalized duality mapping of E and % is the p-uniformly convex constant

of E.

Lemma 2.5 (Kamimura and Takahashi [27]) Let E be a uniformly convex and smooth Ba-
nach space, and let {x,}, {y,} be two sequences of E. If ¢(x,, y,) — 0 and either {x,} or {y,}
is bounded, then ||x, — y,|| — 0.
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Lemma 2.6 (Alber [1]) Let C be a nonempty closed convex subset of a smooth Banach
space E, and let x € E. Then xy = lcx if and only if

(xo =y, Jx=Jxo) =20, VyeC.

Lemma 2.7 (Alber [1]) Let E be a reflexive strictly convex and smooth Banach space, C be

a nonempty closed convex subset of E, and let x € E. Then

¢y, cx) + p(Mex, x) < d(,x), VyeC.

Lemma 2.8 (Changetal. [9]) Let C be a nonempty, closed and convex subset of a uniformly
smooth and strictly convex Banach space E with the Kadec-Klee property. Let S : C — 2€ be
a closed and total quasi-¢-asymptotically nonexpansive multi-valued mapping with non-
negative real sequence v, and ., with v, — 0, u, — 0 as n — 00 and a strictly increasing
continuous function ¢ : R* — R* with ¢(0) = 0. If u; = 0, then the fixed point set F(S) is a
closed convex subset of C.

For solving the equilibrium problem for a bifunction f : C x C — R, let us assume that
f satisfies the following conditions:

(Al) f(x,x)=0forallx € C;

(A2) fis monotone, ie., f(x,y) +f(y,x) <0 forallx,y € C;

(A3) foreachw,y,z€C,

ltifglf(tz + (1 =0)xy) <f(xy);

(A4) for eachx € C, y+ f(x,y) is convex and lower semi-continuous.

Lemma 2.9 (Blum and Oettli [28]) Let C be a closed convex subset of a smooth, strictly
convex and reflexive Banach space E, let f be a bifunction from C x C to R satisfying (Al)-
(A4), and let r > 0 and x € E. Then there exists z € C such that

1
Sfzy) + ~-zjz-Jx) =0, VyeC

Lemma 2.10 (Takahashi and Zembayashi [11]) Let C be a closed convex subset of a uni-
formly smooth, strictly convex and reflexive Banach space E, and let f be a bifunction from
C x C to R satisfying conditions (Al)-(A4). For all r > 0 and x € E, define a mapping
T,:E — C as follows:

1
Tox = {ze C:flz,y) + ;(y—z,]z—]x) >0,Vye C}.
Then the following hold:
(1) T, is single-valued,

(2) T, is a firmly nonexpansive-type mapping [29], that is, for all x,y € E,

(Trx_ T, ;]Trx_]Try> = <Trx_ Try,]x_]y>;
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() E(T;) = EP(f);
(4) EP(f) is closed and convex.

Lemma 2.11 (Takahashi and Zembayashi [11]) Let C be a closed convex subset of a smooth,
strictly convex and reflexive Banach space E, let f be a bifunction from C x C to R satisfying
(Al1)-(A4), and let r > 0. Then, for x € E and q € F(T,),

o(q, Trx) + ¢(Trx, %) < Pp(g, %).

Let A be an inverse-strongly monotone mapping of C into E* which is said to be hemi-
continuous if for all x, y € C, the mapping /1 of [0,1] into E*, defined by h(£) = A(¢x+ (1-1)y),
is continuous with respect to the weak* topology of E*. We define by N¢(v) the normal cone
for C at a point v € C, that is,

Nc() = {x* € E*:(v-y,x*) > 0,¥y € C}. (2.1)

Theorem 2.12 (Rockafellar [30]) Let C be a nonempty, closed convex subset of a Banach
space E, and let A be a monotone, hemicontinuous operator of C into E*. Let B C E x E*
be an operator defined as follows:

Av+ Nc(v), veC;
Bv = c) (2.2)

@, otherwise.

Then B is maximal monotone and B0 = VI(4, C).

Theorem 2.13 (Takahashi [31]) Let C be a nonempty subset of a Banach space E, and let
A be a monotone, hemicontinuous operator of C into E* with C = D(A). Then

V[(A,C):{ueC:(v—u,Av}ZO,‘v’veC}. (2.3)

It is obvious that the set VI(4, C) is a closed and convex subset of C and the set A710 =
VI(A,E) is a closed and convex subset of E.

Theorem 2.14 (Takahashi [31]) Let C be a nonempty compact convex subset of a Banach
space E, and let A be a monotone, hemicontinuous operator of C into E* with C = D(A).
Then VI(A, C) is nonempty.

We make use of the following mapping V studied in Alber [1]:

V(x,x*) = ||x|? —2<x,x*> + Hx* 2

, VxeE,x"eE" (2.4)
that is, V(x,4%) = ¢ (x, /71 (x*)).

Lemma 2.15 (Alber [1]) Let E be a reflexive strictly convex smooth Banach space, and let
V be as in (2.4). Then we have

V(x,x*) + 2(]_1(96*) —x,y*) <V(x,x*+y*), VxeLx"y €L".
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Lemma 2.16 (Beauzamy [24] and Xu [25]) If E is a 2-uniformly convex Banach space,
then, for all x,y € E, we have

2
=yl < C—lelx—lyll,
where ] is the normalized duality mapping of E and 0 < c <1.

Lemma 2.17 (Cho et al. [32]) Let E be a uniformly convex Banach space, and let B,(0) =
{x € E: ||x|| <r} be a closed ball of E. Then there exists a continuous strictly increasing

convex function g : [0,00) — [0, 00) with g(0) = 0 such that

A + ey + yzll* < 1Ax)® + ey ll* + Ny zl® = Aug(llx - y1)
forall x,y,z € B,(0) and A, i,y € [0,1] with A+ p+y =1.

Lemma 2.18 (Pascali and Sburlan [33]) Let E be a real smooth Banach space, and let A :
E — 2F" be a maximal monotone mapping. Then A0 is a closed and convex subset of E
and the graph G(A) of A is demiclosed in the following sense: if {x,} C D(A) withx, —~x € E
and y, € Ax, with y, — y € E*, then x € D(A) and y € Ax.

3 Main results

Theorem 3.1 Let C be a nonempty closed and convex subset of a uniformly smooth and
2-uniformly convex Banach space E. Let f be a bifunction from C x C to R satisfying con-
ditions (A1)-(A4), and let A be an «-inverse-strongly monotone mapping of E into E*. Let
S: C — 2€ be a closed and total quasi-¢-asymptotically nonexpansive multi-valued map-
ping with nonnegative real sequences vy, (L, with v, — 0, i, — 0 as n — 00 and a strictly
increasing continuous function ¥ : R* — R* with ¥(0) = 0. Assume that S is uniformly
asymptotically regular on C with p, = 0 and F := F(S) N EP(f) N A~10 # (. For arbitrary

x1 € C, C, = C, generate a sequence {x,} by

2y =]y — AnAXy),

Uy = Ty, 2y,

Y =T uJ%n + BWn + ViJtbn), Wy € "%y, (3.1)
Cu1 ={ve€ Cy: ¢V, y0) < (v, 2) < (v, %) + Ky},

Xp+l = HC,,+1x1: ne N;

where K, = v, SUp cp Y (p(q, %)) + py. Assume that the control sequences {a,}, {Bn}, {Vu}s
{\.} and {r,} satisfy the following conditions:
1. {a,}, {Bn} and {y,} are sequences in (0,1) such that o, + By + vy =1,
liminf,_, o @, 8, >0,
2. {A,} Cla,b] for some a, bwithO<a<b< CZT“ and % is the 2-uniformly convex
constant of E,
3. {ru} C [d, 00) for some d > 0,

then {x,} converges strongly to T1gx;.
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Proof We will show that C, is closed and convex for all # € N. Since C; = C is closed and
convex. Suppose that C, is closed and convex for all n € N. For any v € C,;, we know that
d (v, y,) < d(v,x,) + K, is equivalent to

200, 06w = Jyn) < %ull® = lyull® + K.

That is, C,,1 is closed and convex, hence C, is closed and convex for all # € N.
We show by induction that F C C, for all n € N. It is obvious that F C C = C;. Suppose
that F C C, where n € N. Let g € F, we have

#(q,24) = :jil(lxn _)\nAxn))

¢(
V( r]xn - )\nAxn)
v(

IA

@, Fon = AnAn) + hnAxn) = 2007ty = AnAn) — G, AnA)

Vg, Jxu) - 2)\n<]_1(]xn — MnAxy) — q:Axn)

= ¢(q, %) = 20 (X0 — @, Axy) + 2(]_1(]75;4 — AAXy) — X, —)\nAxn)~ 3.2)
Since A is an «-inverse-strongly monotone mapping, we get

=2Au %y — q, Axy) = —2Au (% — @, Axy — Aq) — 20y (X0 — 4, Aq)
< =2X,{x, — q, Ax, — Aq)

= —2aA,||Ax, — Aql®. (3.3)
It follows from Lemma 2.17 that

2(]_1 Uxn — AnAX) — X, _)\nAxn> = 2(]_1 Uxn — AnAx) — ]_1 %), —)\nAxn>

= 2”]71 Jn = AnAxyy) _jil(lxn) ” (12 A%, |

IA

4
S V77U = 2t} = 77 G| 1A |
4
= 0_2 ”]xn - )\nAxn _]xn “ ”)‘nAxrl ”
4 2
= 6_2 ”)\nAxn”
4
= zglﬁHAanZ
4., 2
SEE%NAxn_AQH« (3.4)
Replacing (3.2) by (3.3) and (3.4), we get

4
?(q,2,) < d(q, %) — 200, || Ax, — Aql)* + C—ZA%,nAxn - Aq|?

2 2
= ¢(q»xn) +2Ay C_Z)Ln - ||| Ax, — Aq||

< ¢(q,xn). (3.5)
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From Lemma 2.11, we know that

&(q, un) = d(g, Ty, 20) < P(q,24) < P, %) (3.6)

Since § is a total quasi-¢-asymptotically nonexpansive multi-valued mapping and w,, €
S"x,, it follows that

(@ yn) = (0T (nfxn + BuWn + ViJthn))
= [1q1I* = 2{q, @l + BuJWn + VuJtbn) + | €uJn + BuJWn + YJitn||®
< au®(q, %n) + Bu®(q Wn) + vu (> )
< and(q%n) + Bud(@:%n) + BuvnV (H(q, %)) + Bulbn + Yu(q, )

< an (%) + Bud(@,%n) + Vu sup Y (D(q,%n)) + tn + Vud(q, 1)
qe

= n@(q>%n) + Bu®(q%n) + YuP(q, 1) + Ky

< ou@(q,%n) + Bu®(q %) + Vud(q, Tr,20) + Ky

< an®(qs %n) + Bu®(q: %n) + Yn(q,20) + K,y

< an (g, %n) + Bud(q, %n) + Yu (%) + Ky

< (g, x0) + Ky, (3.7)

where K, = v, sup,cp ¥ (¢(q, 1)) + -

This shows that g € C,;1, which implies that F C C,;;. Hence F C C,, for all » € N and
the sequence {x,} is well defined.

From the definition of C,,; with x,, = Il¢,%; and x,,1 = I¢,,, %1 € Cypi1 C C,, it follows
that

¢(xmxl) =< ¢(xn+1,x1), Vn > 1; (38)

that is, {¢(x,,,x1)} is nondecreasing. By Lemma 2.7, we get

DXy x1) = ¢(HCnx1;x1)
= (b(qrxl) - ¢(qrxn)
S d)(qrxl)r VCI € F' (3'9)
This implies that {¢(x,,x1)} is bounded and so lim,_, o ¢(x,,x1) exists. In particular, by
(1.4), the sequence {(||%,|| — llx1])?} is bounded. This implies {x,} is also bounded. So, we

have {u,}, {z,} and {y,} are also bounded.
Since %,, = ¢, %1 € Cy, C C,, for all m, n > 1 with m > n, by Lemma 2.7, we have

¢(xm:xn) = ¢(xm: HCnxl)
< O@Xm,x1) — @I, 0, %1)

= ¢(xm:xl) - ¢(xmx1))
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taking m,n — oo, we have ¢(x,,,x,) — 0. This implies that {x,} is a Cauchy sequence.
From Lemma 2.5, it follows that ||x, — x,,]| — 0 and {x,} is a Cauchy sequence. By the
completeness of E and the closedness of C, we can assume that there exists p € C such
that

lim x, = p, (3.10)

n—00

we also get that

n—00

lim K, = lim v, sup ¥ (¢(q, %)) + 1, = 0. (3.11)
n—00 qeF

Next, we show that p € F := F(S) N A~10 N EP(f).
(a) We show that p € F(S). By the definition of I1¢,x;, we have

¢(xn+1:xn) = ¢(xn+17 HCnxl)
< (i1, %1) — (I, %1, %1)

= ¢(xn+1;xl) - ¢(xn)x1)'
Since lim,,_, o, ¢ (%, %1) exists, we get
lim ¢(x,.1,%,) = 0. (3.12)
n— o0
It follows from Lemma 2.5 that
lim ||x,41 — %, = 0. (3.13)
n— 00

From the definition of C,,; and x,,,1 = ¢, ;%1 € Cyi1 C Cyy, we have ¢ (41, Y1) < d(Ki1,
xy) + K, — 0 as n — 00. By Lemma 2.5, it follows that

lim %41 — 3,1l = 0. (3.14)
n— 00

From lim,,_, o x,, = p, we also have
lim y, = p. (3.15)
n—0oQ

By using the triangle inequality, we get %, — yu || < [% —%us1 || + X001 = Yull = O as m — oo.
Since J is uniformly norm-to-norm continuous, we obtain ||Jx, — Jy,|| — 0 as n — co. On
the other hand, we note that

(@ %0) = (@) = I%ull® = 1yull® = 2(q, Jn — Jyu)

< N = ll (16 + yll) + 211l 1o = Tyl

In view of ||x, — y,|| = 0 and ||Jx, — Jy,|| — 0 as n — 0o, we obtain that

&(q,%0) = P(q,y,) > 0 asn— oo. (3.16)
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From Lemma 2.17, we have

(@ yn) = (0T nxn + BuJWn + ViJtin])
< N1qll* = 2(q, s + BuIWn + VuJttn) + | 0tufn + BuJWy + yuJutn |I*
— ot Bug (Itn — Iwa )
= 0u®(q,%n) + Bu® (@ Wn) + V(> thn) — uBug (110 — JWull)
< &(q@,%n) + K = ctuBug (Iloen = IWn ). (317)

It follows from liminf,_, o @, B, > 0, (3.16), (3.11) and the property of g that
lim ||Jx, —Jw,l|l = 0.
n—0o0

Since J!is uniformly norm-to-norm continuous, we obtain
lim ||x, —wy]|| = 0. (3.18)
n— o0

From (3.10) it follows that
lim [|w, - pl| =0. (3.19)
n—0oQ

For w, € §"x,, generate a sequence {s,} by

So €Swy C Sle,
3 € Swy C 33,

S4 € Swy C S*xs,

Sns1 € Swy, C Sy,

On the other hand, we have ||s,.1 — p|l < Isys1 — Waull + [lwn — p||. Since S is uniformly

asymptotically regular, it follows that

lim |, - pll =0, (3.20)
n—00

we have
lim | "%, - p| =0, (3.21)
n—00

that is, S§"x,, — p as n — co. From the closedness of S, we have p € F(S).
(b) We show that p € A™10.
From the definition of C,,; and %41 = T, %1 € Cpi1 C Cy, we have (%41, 2,) < P (K11,

%x4) + K, = 0 as n — oo. By Lemma 2.5, it follows that lim,_, « [|%4:+1 — 2u|l = 0. By the
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triangle inequality, we get [lx, — 2|l < ll%y — Xus1ll + %411 — 2ull = 0 as n — oco. From
lim,,— 0 |2 — %4 || = 0 and from (3.10), it follows that

lim z, = p. (3.22)
n— 00
Since J is uniformly norm-to-norm continuous, we also have

Jim 17z, = Jx, || = 0. (3.23)

Hence, from the definition of the sequence {z,}, it follows that

[z = Jxu |l
lAx, || = ———. (3.24)
An
From (3.23) and the definition of the sequence {1,}, we have
lim ||Ax,| =0, (3.25)
n—00
that is,
lim Ax, = 0. (3.26)
Since A is Lipschitz continuous, it follows from (3.10) that
Ap =0. (3.27)

Again, since A is Lipschitz continuous and monotone so it is maximal monotone. It follows
from Lemma 2.18 that p € A710.

(c) We show that p € EP(f).

From x,,y, — 0 and K, — 0 as n — oo and applying (3.7) for any g € F, we get
lim,,_, o0 #(q, u,) — ¢(q, p), it follows that

¢(umxn) = ¢(Trnrxn)
S ¢(q7xn) - ¢(q! Trnxn)
= ¢(q,%n) — $(q, un).-

Taking limit as » — oo on the both sides of the inequality, we have lim,,_, oo ¢ (1, %,,) = 0.
From Lemma 2.5, it follows that

lim [|s, — %, = 0 (3.28)
n— o0

and
lim u, =p. (3.29)
n— 00

Since J is uniformly norm-to-norm continuous on bounded subsets of E, we obtain

lim ||Ju, —Jzu| = 0.
n—00
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— 0 asn— oo and

Since r,, > 0 for all # > 1, we have w

1
fluny) + r—(y—u,,,]un —Jzy) =0, VyeC.

From (A2), the fact that

ly = tnll =————— =
T T,

n

Vot ~Jzull l<y — Uy Jihy — J2n)

= —f(Mm}/)
zf(yr uy), VyeC,

taking the limit as # — oo in the above inequality and from the fact that 4, — p asn — oo,
it follows that f(y,p) <O forally € C.Forany 0 < ¢ < 1, define y, = ty+ (1 —t)p. Then y, € C,
which implies that f(y;, p) < 0. Thus it follows from (A1) that

0=Ffey) <tfyey) + A =00 p) <tf O1:9),

and so f(y;,y) > 0. From (A3) we have f(p,y) > 0 for all y € C and so p € EP(f). Hence, by
(a), (b) and (c), that is, p € F(S) N A~10 N EP(f).

Finally, we show that p = I1gx;. From %, = 1,1, we have (Jx; — Jx,,x, — z) > 0 for all
z € C,. Since F C C,,, we also have

(J1 = Jxn, %, —p) >0, VpeF.
Taking limit » — oo, we obtain
1 ~Jp,p-p) =0, VpeF.

By Lemma 2.6, we can conclude that p = I1gx; and x, — p as n — oo. The proof is com-
pleted. d

Next, we define z,, = [T/ (Jx,, — A,Ax,) and assume that ||Ay|| < ||Ay — Au| forally € C
and u € VI(A, C) # ). We can prove the strong convergence theorem for finding the set of
solutions of the variational inequality problem in a real uniformly smooth and 2-uniformly
convex Banach space.

Remark 3.2 (Qin et al. [7]) Let I1¢ be the generalized projection from a smooth strictly
convex and reflexive Banach space E onto a nonempty closed convex subset C of E. Then
I1¢ is a closed quasi-¢-nonexpansive mapping from E onto C with F(Il¢) = C.

Corollary 3.3 Let C be a nonempty closed and convex subset of a uniformly smooth and
2-uniformly convex Banach space E. Let f be a bifunction from C x C to R satisfying con-
ditions (A1)-(A4), and let A be an «-inverse-strongly monotone mapping of C into E* sat-
isfying || Ay|| < ||Ay — Aul for all y € C and u € VI(A,C) #9. Let S : C — 2 be a closed
and total quasi-¢p-asymptotically nonexpansive multi-valued mapping with nonnegative
real sequences vy, (L, With v, — 0, i, — 0 as n — oo and a strictly increasing continuous
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Sfunction ¥ : R* — R* with y(0) = 0. Assume that S is uniformly asymptotically regular on
C with g = 0 and F := F(S) N EP(f) N VI(A, C) # . For arbitrary x; € C, C; = C, generate

a sequence {x,} by

2, = N7 Jay — AnAxy),

Uy = Tr,%p,

Y =T uJxn + B Wi + ViJtbn), Wy € "%y, (3.30)
Cun1 = {ve€Cr:d(v,yn) < d(v,24) < (v, ) + Ky},

Xp =g, %1, neN,

where K, = v, sup,cp ¥ (¢(q, %)) + [tn. Assume that the control sequences {a,}, {Bu}, {vu},
{\.} and {r,} satisfy the following conditions:
1. {on}, {Bn} and {y,} are sequences in (0,1) such that o, + By + vy =1,
liminf,_, » o, B, > 0,
2. {An} Cla,b) for some a, bwith0<a<b< EZT"’ and % is the 2-uniformly convex
constant of E,
3. {ru} C [d, 00) for some d > 0,
then {x,} converges strongly to T1gx;.

Proof For g € F and I¢ is quasi-¢-nonexpansive mapping, we have
¢(Qy Zn) = ¢(q¢ chil(]xn - )"nAxn)) S ¢(q7]71(]xn - )\nAxn))
So, we can show that p € VI(A4, C).
Define B C E x E* by Theorem 2.14, B is maximal monotone and B0 = VI(4, C). Let
(z,w) € G(B). Since w € Bz = Az + N¢(z), we get w — Az € N¢(2).
From z, € C, we have
(z—z,,w—Az) > 0. (3.31)
On the other hand, since z, = [1¢J ' (Jx,, — A,Ax,). Then, by Lemma 2.6, we have

(2 = 2 Jzn — Jn — AnAx,)) > 0,

and thus

< ]xn _]Zn
Z—Zp,

n

—Axn> <0. (3.32)

It follows from (3.31) and (3.32) that

(z—2z4,w) = (z2—24,Az)

> (z—2z,,Az) + <z -2 ]x"): Jn —Ax,,>

n

= (z—2z,Az— Ax,) + <z —Zy, ————
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Xy — J2
= (2 -2, Az - Az,) + (2 — 2, AZy — Ax,) + <z—zn,] ")L / ">
n

12 — %] 1 — Jzu

> —|lz = zul /= — |z — zu| ————
o

- _M(Hzn — Xl . ”]xn_]Zn”),

o a

where M = sup,..; ||z - z,||. From ||x, — z,|| — 0 as n — oo and (3.23), taking lim,,_,, on
the both sides of the equality above, we have (z—p, w) > 0. By the maximality of B, we have
p € B0, thatis, p € VI(A, C). From Theorem 3.1, we have p € F(S)NEP(f)N VI(A, C). The
proof is completed. ]

Let A be a strongly monotone mapping with constant k, Lipschitz with constant L > 0,
that is,

lAx — Ayl < Lllx-yl, Vx,y € D(A),
which implies that
1
TlAx =y <=5l VayeDA).
It follows that
2k 2
(Ax — Ay, x —y) > kllx = y[” > Z||Ax—Ay||

hence A is a-inverse-strongly monotone with « = % Therefore, we have the following

corollaries.

Corollary 3.4 Let C be a nonempty closed and convex subset of a uniformly smooth
and 2-uniformly convex Banach space E. Let f be a bifunction from C x C to R sat-
isfying conditions (A1)-(A4), and let A : E — E* be a strongly monotone mapping with
constant k, Lipschitz with constant L > 0. Let S: C — 2€ be a closed and total quasi-
¢-asymptotically nonexpansive multi-valued mapping with nonnegative real sequences
Vy, Un With v, — 0, u, — 0 as n — oo and a strictly increasing continuous function
Y RY — R* with ¥(0) = 0. Assume that S is uniformly asymptotically regular on C with
w1 =0 and F := F(S) N EP(f) N A™L0 # @. For arbitrary x; € C, C| = C, a sequence {x,} is
generated by

2y =] ey — MnAXy),

Uy = Tr, 2y,

Vn =T @J%n + B Wn + YuJthn)s Wy € S"%y (3.33)
Cr1 ={v € Cy: 0, 30) < (v, 24) < P(v,x0) + Kir},

xXpi1 = Mg, %1, nE N,

where K, = v, SUP,cr Y (d(q, %)) + Wy Assume that the control sequences {a,}, {Bu}, {vu}
{\y} and {r,} satisfy the following conditions:
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1. {au}, {Bn} and {y,} are sequences in (0,1) such that o, + B, + vy =1,
liminf,_, » o, B, > 0,
2. {An} Cla,b) for some a, bwith0<a<b< CZZ—L" and % is the 2-uniformly convex
constant of E,
3. {ru} C [d, 00) for some d > 0,
then {x,} converges strongly to T1gx;.

Corollary 3.5 Let C be a nonempty closed and convex subset of a uniformly smooth and
2-uniformly convex Banach space E. Let f be a bifunction from C x C to R satisfying con-
ditions (Al)-(A4), and let A : C — E* be a strongly monotone mapping with constant k,
Lipschitz with constant L > 0 satisfying || Ay|| < ||Ay—Au|| forally € Candu € VI(A,C) # 0.
Let S: C — 2 be a closed and total quasi-¢-asymptotically nonexpansive multi-valued
mapping with nonnegative real sequences v, (L, With v, — 0, i, — 0 as n — 0o and a
strictly increasing continuous function  : R* — R* with y(0) = 0. Assume that S is uni-
formly asymptotically regular on C with puy = 0 and F := F(S) N EP(f) N VI(A, C) #@. For
arbitrary x; € C, C; = C, generate a sequence {x,} by

2y = Ny — AnAxy),

Uy = Tr,%n,

Y =T uJxn + BWn + ViJtbn), Wy € "%y, (3.34)
Cun1 = {v€Cr:d(v,yn) < ¢V, 24) < (v, ) + Ky},

Xn+l = HC,Hlxl’ ne N:

where Ky, = vy Sup cp ¥ (¢(q, %)) + iy Assume that the control sequences {ct,}, {Bu}, {vu}s
{L.} and {r,} satisfy the following conditions:
1. {au}, {Bn} and {y,} are sequences in (0,1) such that o, + By + vy =1,
liminf,_, » o, B, > 0,
2. {An} Cla,b] for somea, bwithO<a<b< CZZ—L" and % is the 2-uniformly convex
constant of E,
3. {ru} C [d, 00) for some d > 0,

then {x,} converges strongly to T1gx;.

Let F be a Fréchet differentiable functional in a Banach space E and VF be the gradient
of F, denote (VF)™'0 = {x € E: F(x) = min,ee F(y)}. Baillon and Haddad [34] proved the

following lemma.

Lemma 3.6 (Baillon and Haddad [34]) Let E be a Banach space. Let F be a continuously
Fréchet differentiable convex functional on E and VF be the gradient of F. If VF is é—

Lipschitz continuous, then VF is an a-inverse strongly monotone mapping.
We replace A in Theorem 3.1 by VF, then we can obtain the following corollary.
Corollary 3.7 Let C be a nonempty closed and convex subset of a uniformly smooth

and 2-uniformly convex Banach space E. Let | be a bifunction from C x C to R satisfy-
ing conditions (Al)-(A4). Let F be a continuously Fréchet differentiable convex functional
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on E and VF be é—Lipschitz continuous. Let S : C — 2€ be a closed and total quasi-
¢-asymptotically nonexpansive multi-valued mapping with nonnegative real sequences
Vi, Un With v, — 0, w, — 0 as n — oo and a strictly increasing continuous function
¥ RY — R* with ¥(0) = 0. Assume that S is uniformly asymptotically regular on C with
w1 =0 and F := F(S) N F(T) N EP(f) N A™10 # @. For an initial point x, € E, C, = C, define

nttheoryandapplications.com/content/2013/1/297

the sequence {x,} by

where u, = sup{ies, (11}, v, = sup{vs, v}, ¥ = sup{y®, 7}, ky = vy sup,c x ¥ (@(g, %)) + -
Assume that the control sequences {,}, {Bu}, {Vn}, {An} and {r,} satisfy the following

2y =] %y — A VEx,),

Uy = Trnxn:

Cn+1 = {V € Cn :¢(V)yn) < ¢(V’ Zn) < ¢(V’xn) + I(n}:

X =g, %1, neEN,

conditions:

1. {a,}, {Bn} and {y,} are sequences in (0,1) such that o, + B, + vy =1,
liminf,_, o &, B8, > 0 and liminf,_, ., &,y > 0,

2. {An} Cla,b] for some a, bwithO<a<b< ”27"‘ and the 2-uniformly convex constant %
of E,

3. {ru} C [d, 00) for some d > 0,

then {x,} converges strongly to T1gx;.
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as n — oo for all j =1,2,---,m. Since ||zn|| — ||p|| as n — oo, we also have
A%zl = [Ipl (42)

asn — oo for all j = 1,2,---,m. This implies that for each j =1,2,---,m, {A%x,b}
is bounded. Since E is reflexive, without loss of generality, we can assume that
Al xn — k as n — oo. Since Cj, is closed and convex for each n > 1, it is obvious
that k € Cp. Again, since

$(Mwn, zn) = | Ahznl® — 2(Mzn, Jon) + [|lza]?,
taking lim inf,,— .o on both sides of the equality above, we have
0> [|k)I> = 2(k, Jp) + llpll* = ¢(k, p)- (43)
That is, k = p and it follows that for all j =1,2,--- 1,
Az, —p (44)
as n — oo. Thus, from (42), (44) and the Kadec-Klee property, it follows that

lim Afzn = p (45)

n— oo

for all j =1,2,---,m. We also have

lim A} e, =p (46)
n—oo
for all j =1,2,---,m, and so
lim || ALz, — A Pz, =0 (47)
n—oo
for all 7 =1,2,---,m. Since J is uniformly norm-to-norm continuous on bounded
subsets of E and liminfy— 00 Aj, > 0 for each j =1,2,---,1, we have
lim || JALan — JAL 'za| = 0. (48)
n—oo 7Hn

Let A'ZLJ:" = Jﬁ;j nAzl_lxn for each 7 =1,2,---,1. Then we have
Tim Ay, AL el = lim 5A||J Az — JAT el = 0. (49)

For any (w,w*) € G(A4;) and (Alxn, Ay, AL 2,) € G(4;) foreach j =1,2,--- 1,

J,n

it follows from the monotonicity of A; that for all n > 1,

(w— A%:cn, w* — AAj’nAgflxm >0
for all j =1,2,---,1. Letting n — oo in the inequality above, we get (w —p,w*) >0
forall j =1,2,---,1. Since A; is maximal monotone for all j = 1,2,---,1, we obtain
pE mé»:lAj‘lO‘
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Next, we show that p € NJ"; EP(6;). For any ¢ € F and un, = KJ;"2n, we observe
that

¢(q7 u") - ¢(q7 K’ITZTL)
< o(q, K7 2n)
< ¢(q, K5 2zn) (50)
< ¢(q, Knzn).
By Lemma 10, for i = 1,2,---,m, we have
¢(K}12n7:c’ﬂ) S ¢(q7 iﬂn) - (b(an}’LZn) (51)

< ¢(g,2n) — ¢(q, un).

Since z, — p and u, — p as n — oo, we get G(Kjzn, xn) — 0 as n — oo for all
1=1,2,---,m. From (3), it follows that

(17 znll = llzal)* = 0
as n — oo. Since ||zn|| — ||p|| as n — oo, we also have
[5G znll = lIpll (52)

as n — 0o. Since {K,’lzn} is bounded and FE is reflexive, without loss of generality,
we assume that K;,z, — h as n — oo. Since Cy, is closed and convex for each n > 1,
it is obvious that h € C,. Again, since

(Knzn,on) = [|Knan|® — 2(Knzn, Jon) + [lzall?,
taking lim inf,,— - on both sides of the equality above, we have
0> [[Alf* = 2(h, Jp) + |pl|* = ¢(h.p). (53)
That is, h = p and it follows that for all ¢ = 1,2,---,m, it follows that
K,ilzn —p (54)

as n — oo. Thus, from (520, (54) and the Kadec-Klee property, it follows that

lim Kiz, =p (55)
n—oo
for all i =1,2,---,m. We also have
lim Ktz =p (56)
n—oo
for all i =1,2,---,m, and so
1K G20 — Kpi '] = 0
for all i =1,2,---,m. Since J is uniformly norm-to-norm continuous, we obtain

lim |[JK}zn — JKS Y2 =0

n—oo
foralli=1,2,---,m. From r; , >0 forall i =1,2,---,m, we have

|JKEzn — JKE 20| 0

Ti,n
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as n — oo and

0;(Kizn,y) + ——(y — Kbzn, JKbzn — JKS 1 2,) >0 (57)

Tin

for all y € C. Thus, by (A2), we have
I HJK:'LG—JKf;lan

Ti,n

ey — Kpzn, JKjzn — JK; ' 2n)

—0; (Kﬁzn7y) (58)
i(y7 K’Z’lZn)

ly — Khz2nl

VIV IV
>

for all y € C and K}z, — p as n — oo, and so 6;(y,p) < 0 for all y € C. For
any t with 0 < ¢ < 1, define y+ = ty + (1 — t)p. Then y: € C, which implies that
0;(yt,p) <0 for all i =1,2,---,m. Thus, from (A1), it follows that

0 =0;(ye, ye) < t0;(ye,y) + (1 —)0; (ye, p) < t0;(ye, ),

and so 0;(yt,y) > 0 for all i = 1,2,---,m. From (A3), we have 6;(p,y) > 0 for all
y€ Candi=12---,m, that is, p € EP(6;) for all : = 1,2,---,m. This implies
that p € N{~, EP(6;).

Finally, we show that p € F(S). Since {z,} is bounded, the mapping S is also
bounded. From y, — p as n — oo and (9), we have

75" zn |l — [ Tpll (59)
as n — oo. Since J ! : B* — E is norm-weak*-continuous,
S"xp —p (60)

as n — oo.
On the other hand, in view of (59), it follows that

18" znll = llplll = 117 (S™zn)ll = TPl < 17 (S"2n) — Jpl| =0
and so [|S"zn|| — ||p||. Since E has the Kadee-Klee property, we get
S"xy —p (61)

for all n > 1. By using the triangle inequality, since S is uniformly L-Lipschitz
continuous, we get

15"+ an — S"an||
< 15" 2 — S 1 |+ 5™ gt — @nsa |l + [2ns1 —2all + lon — S|
< (L4 Dlfenss —zal + 1S @01 — zas1 | + lan — Sanl.
(62)
Since Sz, — p as n — oo, we get S"Tlz, — p as n — oo, and so SS"xn — p as
n — co. In view of the closeness of S, we have Sp = p, which implies that p € F(S).
Hence p € F.
Step 5. We show that p = IT j’,c_-zzl. Since F is a closed and convex set, it follows
from Lemma 5 that Hé:cl is single-valued, which is denoted by p. By the definitions

of xp, = H(); z1 and p € F C Cp, we also have

G(zn,Jz1) < G(p, Jx1)
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for all n > 1. By the definitions of G and f, we know that for any =z € E, G(§, Jz)
is convex and lower semicontinuous with respect to &, and so

G(p, Jz1) < liminf G(zn, Jz1) < limsup G(zn, Jz1) < G(D, Jx1).
n—00 n—00
From the definition of H}c__m, since p € F, we conclude that p = p = H;__xl and
Tn — p as n — oo. This completes the proof.

Setting vy, = (kn — 1), un = 0 and ¢ : RT — 1 in Theorem 1, we have the
following result.

Corollary 1 Let C be a nonempty closed and convex subset of a uniformly smooth and
strictly convex Banach space E with the Kadec-Klee property. For eacht=1,2,---,m,
let 0; be a bifunction from C x C to R satisfying the conditions (A1)-(A4). Let Aj C
E x E* be a mazimal monotone operator satisfying D(A) C C and J;:jn = J+
)\ijj)*lJ for all \j, > 0 and j = 1,2,---,1. Let S : C — C be a closed and
quasi-p-asymptotically nonezpansive mapping. Let f : E — RT be a conver and lower
semicontinuous function with C C int(D(f)) and f(0) = 0. Assume that S is uniformly
L-Lipschitz continuous and F = F(S)ﬂ(ﬂlmzlEP(Gi))ﬁ(ﬂé-zlAglo) # 0. For an initial
point x1 € E, define C1 = C and the sequence {zn} in C by

_ Al Al—l A]
mo=Jy szgfl,n oo dy) Tn,
Un =T oTEm ™t o 0T 2,
yn = J HanJx1 + BnJS™Tn + ynJun), (63)

C7l+1 = {’U € Cn : G(”? Jy’ﬂ) S anG(q, Jl'l) + (1 - Oln)G(q, Jl'n) + Cn}v

Tp4+1 = Uén“ z1

foralln > 1, where {an}, {Bn} and {yn} are the sequences in (0, 1) with an—+Bn+yn =
L, ¢n = supye £(kn — 1)G(q, Jan) and, for eachi=1,2,3,---,m, {rin} C [d,00) for
some d > 0. If limp—o00 an = 0, liminfy— 00 Bn < 1 and liminfp oo Ajn > 0 for all

j=1,2,--- 1, then the sequence {zn} converges strongly to a point H’{_-:cl.

If f(z) = 0 for all « € E in Theorem 1, then G(z, Jy) = ¢(z,y) and T = II»
and so we have the following corollary.

Corollary 2 Let C be a nonempty closed and convex subset of a uniformly smooth and
strictly convex Banach space E with the Kadec-Klee property. For eachi=1,2,---,m,
let 0; be a bifunction from C x C to R satisfying the conditions (A1)-(A4). Let A; C

E x E* be a mazimal monotone operator satisfying D(A;) C C and J;‘J = (J+
jn

)\ijj)*lJ forall Xj, >0 and j=1,2,--- 1. Let S : C — C be a closed and totally
quasi-p-asymptotically nonerpansive mapping with nonnegative real sequences vn, pin
with vp, — 0, un — 0 as n — oo, respectively, and a strictly increasing continuous
function ¢ : RT — RT with ¥(0) = 0. Assume that S is uniformly L-Lipschitz
continuous and F = F(S) N (NIL,EP(6;)) N (ﬁézlAj_IO) # 0. For an initial point
z1 € E, define C1 = C and the sequence {zn} in C by

JA o gl oo gh g

Zn = >\l,n Alg—l,n >\1,n Lt
0 m— 0
Un = TT'/T’,'/L o T”'?nfll.n 00 Trll,n Zn,
Yn = Jﬁl(anJajl + BrndS™xn + ynJun), (64)

Cht1 = {U e Cp: ¢(U7yn) < an¢(v71’1) + (1 - an)‘b(U’xn) + Cn}v
Tn+1 =g, 11
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forallmn > 1, where {an}, {Bn} and {vn} are the sequences in (0, 1) with an+Bn+yn =
L, Cn = vnsupger ((q,2n)) + pn and, for each i =1,2,3,---,m, {rin} C [d,00)
for some d > 0. If limp— 00 an = 0, liminfp, 00 fn < 1 and iminfy, 00 Ajy, > 0 for
each j =1,2,--- 1, then the sequence {xzn} converges strongly to a point Ilrx1.

Setting vn, = (kn—1), un = 0 and ¢(x) = =z in Theorem 1, we have the following
corollary.

Corollary 3 Let C be a nonempty closed and convex subset of a uniformly smooth and
strictly convexr Banach space E with the Kadec-Klee property. For eachi=1,2,---,m,
let 0; be a bifunction from C x C to R satisfying the conditions (A1)-(A4). Let Aj C
E x E* be a mazimal monotone operator satisfying D(A) C C and Jf] = (J+
J.m
>\j7nAj)_1J for all Nj, > 0 and j = 1,2,---,1. Let S : C — C be a closed and
quasi-g-asymptotically nonexpansive mapping. Assume that S uniformly L-Lipschitz
continuous and F = F(S) N (N2, EP(6;)) N (ﬁé-:lAj_lo) # (0. For an initial point
z1 € E, define C1 = C and the sequence {zn} in C by

_ Al Al—l A1
o =Jy0 00y 0oy, s
Up = Tre;:‘n o Tf;’f‘:lln o--- OTrelanm
Yn = J_l(anJ;rl + BnJS"xn + ynJun), (65)

Cn+1 = {'U c Cn : ¢('U7yn) S an¢(Q7x1) + (1 - an)(,b(q,l’n) + Cn}7
Tnt1 = g, ®1

foralln > 1, where {an}, {Bn} and {yn} are the sequences in (0, 1) with an~+Bn+yn =
L, ¢n = supyer(kn — 1)é(q,2n) and, for each i = 1,2,3,---,m, {rin} C [d,o0) for
some d > 0. If limp—oo an = 0, liminfr 00 Bn < 1 and liminf, oo Aj, > 0 for
each j =1,2,---,1, then the sequence {xn} converges strongly to a point Il rxy.
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Let f: C x C — R be a bifunction, the equilibrium problem, is to find = € C such that

flz,y) >0, VyeC. (1.1)

The set of solutions of (1.2) is denoted by EP(f). The equilibrium problem is very general in the
sense that it includes, as special cases optimization problems, variational inequality problems, Min-Max
problems, saddle point problem, fixed point problem, Nash EP. In 2008, Takahashi and Zembayashi [82] 83],
introduced iterative sequences for finding a common solution of an equilibrium problem and fixed point
problem. Some solution methods have been proposed to solve the equilibrium problem; see, for instance,
[60, 18, 136, [73, 26, 92, 27, 28, 93, [94].

Let 0 be a bifunction of C' x C' into R and ¢ : C' — R be a real-valued function. The mized equilibrium
problem, denoted by M EP(0, v), is to find = € C such that

0(z,y) + o(y) —p(x) >0, VyeC. (1.2)

If ¢ = 0, the problem (1.2) reduce into the equilibrium problem for 6, denoted by EP(6), is to find x € C
such that

0(z,y) 20, VyeC. (1.3)

If # = 0, the problem (1.2) reduce into the minimize problem, denoted by Argmin(y), is to find z € C such
that

e(y) —p(x) 20, Vyel. (1.4)

The above formulation (1.3) was shown in [8] to cover monotone inclusion problems, saddle point problems,
variational inequality problems, minimization problems, optimization problems, variational inequality prob-
lems, vector equilibrium problems, Nash equilibria in noncooperative games. In addition, there are several
other problems, for example, the complementarity problem, fixed point problem and optimization problem,
which can also be written in the form of an EP(6). In other words, the EP(#) is an unifying model for sev-
eral problems arising in physics, engineering, science, optimization, economics, etc. In the last two decades,
many papers have appeared in the literature on the existence of solutions of EP(6); see, for example [8, [42]
and references therein. Some solution methods have been proposed to solve the EP(0); see, for example,
[8, [39) 411, [43] [55], 163, [61] and references therein.

Let E be a real Banach space with dual E* and let C' be a nonempty closed convex subset of E. Let
A : C — E* be an operator. A is called monotone if

<AI—Ay,.Z‘—y>ZO, Vx,y@c;

a—inverse-strongly monotone if there exists a constant o > 0 such that

<A.’L'—Ay,$—y> Za||A$—Ay||2, V:r:,yEC;

L-Lipschitz continuous if there exists a constant L > 0 such that

| Az — Ayl < Llje —yll, Va,y e C.
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If A is a-inverse strongly monotone, then it is é-LipSChitZ continuous, i.e.,

1
lAz — Ay <~z —yl|, Vaz,y €C.

A monotone operator A is said to be mazimal if its graph G(A) = {(x,2™) : z* € Az} is not properly

contained in the graph of any other monotone operator.
Let A be a monotone operator. We consider the problem for finding x € E such that
0 € Ax, (1.5)

a point z € F is called a zero point of A. Denote by A~10 the set of all point 2 € E such that 0 € Az. This
problem is very important in optimization theory and related fields.

Let A be a monotone operator. The classical variational inequality problem for an operator A is to
find 2 € C such that
(Az,y—2%2)>0, VyeC. (1.6)

The set of solution of (L.6) is denoted by VI(A,C). This problem is connected with the convex
minimization problem, the complementary problem, the problem of finding a point z € F satisfying Az = 0.

The value of * € E* at € E will be denoted by (z,z*) or *(z). For each p > 1, the generalized
duality mapping J,: E — 2F" is defined by

Jp(a) = {z* € E* : (z,2") = [|z||", [la*]| = [l«|P~"}
for all z € E. In particular, J = Js is called the normalized duality mapping. If E is a Hilbert space, then
J = I, where [ is the identity mapping.
Consider the functional defined by
¢y, x) = yl> = 2y, Jo) + |l«|?,  for 2,y € E, (1.7)

where J is the normalized duality mapping. It is obvious from the definition of ¢ that

Iyl = l1z)* < oy, @) < (lyll + 21)?,  Va,y € E. (1.8)

Alber [3] introduced The generalized projection Il : E — C'is a map that assigns to an arbitrary point © € F
the minimum point of the functional ¢(x,y), that is, lIcax = &, where Z is the solution of the minimization

problem

o(Z,z) = inf ¢(y,x), (1.9)

yeC

existence and uniqueness of the operator II¢ follows from the properties of the functional ¢(z,y) and

strict monotonicity of the mapping J.

Iiduka and Takahashi [37] introduced the following iterative scheme for finding a solution of the varia-
tional inequality problem for an inverse-strongly monotone operator A in a 2-uniformly convex and uniformly
smooth Banach space E: x1 = x € C and

Toy1 = Hed " H(Jz, — A\yAzy,), Yn>1, (1.10)
3



where Il is the generalized projection from F onto C, J is the duality mapping from E into E* and {\,}
is a sequence of positive real numbers. They proved that the sequence {x,} generated by (1.10) converges
weakly to some element of VI(A, C). In connection, liduka and Takahashi [34] studied the following iterative
scheme for finding a zero point of a monotone operator A in a 2-uniformly convex and uniformly smooth
Banach space E:

x1 = x € E chosen arbitrarily,

Yn = J Tz — MyAzy),

Xpn={z€E:¢(z,yn) < &(z,2n)}, (1.11)
Yor1={2€ E:{(x, —z,Jx— Jx,) >0},

Tpp1 = lx,ny, (7).

where Iy ny, is the generalized projection from E onto X, NY,,, J is the duality mapping from E into E*
and {\,} is a sequence of positive real numbers. They proved that the sequence {z,} converges strongly
to an element of A~10. Moreover, under the additional suitable assumption they proved that the sequence
{zn} converges strongly to some element of VI(A,C). Some solution methods have been proposed to solve
the variational inequality problem; see, for instance, [19, 47, [18].

Let E be a real Banach space with the dual space E* and C be a nonempty closed and convex subset
of . A mapping S : C' — C is said to be:

(1) nonexpansive if
15z = Sy|| < |l =yl

for all z,y € C;

(2) quasi-nonezpansive if F(S) # 0 and
152z —yll < llz -yl
for all x € C and y € F(95);

(3) quasi-¢-nonezpansive if F(S) # 0 and

o(p, Sz) < ¢(p,z),Vz € C, p € F(S).

(4) asymptotically nonexpansive if there exists a sequence {k,} C [1,00) with k, — 1 as n — oo such
that
5"z — Syl < knllz -yl

for all z,y € C;

(5) asymptotically quasi-nonexpansive if F(S) # @ and there exists a sequence {k,} C [1,00) with
k, — 1 as n — oo such that
15"z =yl < knllz =yl

for all z € C and y € F(S);



(6) total asymptotically nonexpansive if there exist the nonnegative real sequences {v,}, {un} with
Vp — 0, pty, — 0 as m — oo and a strictly increasing continuous function ¢ : R™ — R™ with +(0) = 0 such
that
15" = 5"y <lz =yl + patb(llz = yll) + vn

for all x,y € C and n > 1;

(7) total quasi-p-asymptotically nonexpansive, if F(S) # () and there exist nonnegative real sequences
Vn, fn With v, — 0, i, — 0 as n — oo and a strictly increasing continuous function ¢ : Rt — R* with
©(0) = 0 such that

o(p, S™x) < Pp(p,x) + vpp(P(p, x)) + pn, Yn>1, Yz € C, p € F(S).

A mapping S : C' — C is said to be uniformly L-Lipschitz continuous if there exists a constant L > 0
such that
[S"z — S"y| < Lilz -y (1.12)
for all z,y € C. A mapping S : C — C is said to be closed if, for any sequence {x,} C C such that
lim z, =z and lim Sz, = yy, we have Sy = yo.
n—oo

n—00

Let 2¢ be the family of all nonempty subsets of C' and let S : C' — 2¢ be a multi-valued mapping. For

a point ¢ € C, n > 1 define an iterative sequence as follows:
Sq={q :q1 € Sq}

5% =5Sq = U Sq1

q1€Sq
S3q = 55%q = U Sqo
q2€T3q
Shg =S85 1g = U Sqn_1.
gn-1€S"1q

A point p € C is said to be an asymptotic fized point of S, if there exists a sequence {z,} in C such
that {x,} converges weakly to p and

lim d(z,,Sz,):= lim inf |z, —z| =0.

n—oo n—oo xeST,

The asymptotic fixed point set of S denoted by F (S).

A multi-valued mapping S is said to be total quasi-¢-asymptotically nonexpansive, if F(S) # () and
there exist nonnegative real sequences v, u, with v, — 0, u, — 0 as n — oo and a strictly increasing
continuous function ¢ : RT — R* with ¢(0) = 0 such that for all z € C, p € F(S)

¢(p, wn) < (P, ) + vnp(d(p, ) + pin, Y0 = 1, wn € ST,

5



S is said to be closed if for any sequence {x,} and {w,} in C with w,, € Sz, if z,, — z and w,, — w,
then w € Sx.

A multi-valued mapping S is said to be uniformly asymptotically reqular on C' if

n—oo

lim <sup I$n+1 — sn|> =0, s, € S"x.
zeC

Every quasi-¢-asymptotically nonexpansive multi-valued mappings implies quasi-¢-asymptotically non-

expansive mappings but the converse is not true.

In 2012, Chang et al. [13] introduced the concept of total quasi-¢-asymptotically nonexpansive multi-
valued mapping and then proved some strong convergence theorem by using the hybrid shrinking projection
method.

For a mapping A : C — E*, let f(z,y) = (Az,y — x) for all z,y € C. Then = € EP(f) if and only if
(Tx,y —x) >0 for all y € C; i.e., x is a solution of the variational inequality.

Motivated and inspired by the work mentioned above, in this work, we introduce and prove strong
convergence theorems of hybrid projection algorithm for a fixed point set. In the first theorem, we prove
strong convergence theorem of a family of relatively quasi-nonexpansive mapping. Next, we extend a mapping
to a total quasi-¢-asymopotically nonexpansive mapping and then we can prove strong convergence theorem.
Finally, we extend from a single-value mapping to a multi-valued mapping. In the final theorem we show the
fixed set of a total quasi-¢-asymopotically nonexpansive multi-valued mappings. Moreover, we prove strong
convergence to solution of the equilibrium problem, zero points of monotone operators, the solution of the

variation inequality in Banach space.

2 Preliminaries

A Banach space E with norm || - |, is called strictly convez if | “£4| < 1 for all z,y € E with ||z|| = ||y[| =1
and x #y. Let U = {& € E : ||z|| = 1} be the unit sphere of E. A Banach space E is called smooth if the
limit lim w exists for each z,y € U. It is also called uniformly smooth if the limit exists uniformly

—0

t
for all ,y € U. The modulus of convexity of E is the function ¢ : [0,2] — [0, 1] defined by
3(e) =inf{1 — ||| s 2,y € B, |lzl| = lyll = 1, [l — yll > €}.

A Banach space E is a uniformly convez if and only if () > 0 for all € € (0,2]. Let p be a fixed real
number with p > 2. A Banach space F is said to be a p-uniformly convex if there exists a constant ¢ > 0 such
that §(g) > ce? for all € € [0,2]. Observe that every p-uniform convex is uniformly convex. Every uniformly
convex Banach space E has the Kadec-Klee property, that is, for any sequence {z,} C E, if 2, =~z € E

and ||z, || — ||=||, then z, — x.

Let F be a real Banach space with dual E*, F is a uniformly smooth if and only if E* is a uniformly
convex Banach space. If E is a uniformly smooth Banach space, then F is a smooth and reflexive Banach
space.

Remark 2.1. e If ' is smooth, then J is single-valued;
6



e If E is strictly convex, then J is one-to-one and (z — y,z* — y*) > 0 holds for all (z,2*), (y,y*) € J
with x # y;

e If F is a strictly convex, then J is strictly monotone;
e If F is a smooth, then J is single valued and semi-continuous;
e If F is uniformly smooth, then J is uniformly norm-to-norm continuous on each bounded subset of E;

e If F is reflexive smooth and strictly convex, then the normalized duality mapping J is single valued,

one-to-one and onto;

e If F be a reflexive strictly convex and smooth Banach space and J is the duality mapping from E into
E*, then J~! is also single-value, bijective and is also the duality mapping from E* into E and thus
JJ ' =1Ig and J~VJ = Ig;

e If F is uniformly smooth, then F is smooth and reflexive;
e F is uniformly smooth if and only if £* is uniformly convex.
See [17] for more details.

Remark 2.2. If F is a reflexive, strictly convex and smooth Banach space, then ¢(x,y) = 0 if and only if
x =y. It is sufficient to show that if ¢(x,y) = 0 then = y. From (L.7), we have ||z|| = ||y||. This implies
that (x, Jy) = ||z||> = || Jy||>. From the definition of .J, one has Jz = Jy. Therefore, we have x = y (see
[17, [68] for more details).

Lemma 2.3. (Beauzamy [10] and Xu[86]) If E be a 2-uniformly convex Banach space. Then, for allx,y € E
we have 5
lz =yl < ZlIJz = Jyl,

where J is the normalized duality mapping of E and 0 < ¢ < 1.

The best constant % in Lemma is called the p-uniformly convex constant of E.
Lemma 2.4. (Beauzamy [10] and Zalinescu[89]) If E be a p-uniformly convex Banach space and let p be a
given real number with p > 2. Then for all z,y € E, J, € Jp(z) and J, € J,(y)

cP
_ _ - _ p
(z—y,Jo Jy> 2 2p,2p||x yll”,

where J,, is the generalized duality mapping of E and % 18 the p-uniformly convexity constant of E.

Lemma 2.5. (Kamimura and Takahashi [45]) Let E be a uniformly convex and smooth Banach space and

{zn}, {yn} be two sequences of E. If ¢(xn,yn) — 0 and either {x,} or {y,} is bounded, then ||z, —yn| — 0.

Lemma 2.6. (Alber [3]) Let C be a nonempty closed convex subset of a smooth Banach space E and let
x € E. Then xo = ez if and only if

(xo —y, Jo — Jxg) >0, VyeC.



Lemma 2.7. (Alber [3]) Let E be a reflexive strictly conver and smooth Banach space, C' be a nonempty
closed convex subset of E and let x € E. Then

é(y,Heox) + ¢(llcz, x) < ¢y, x), VyeC.

Lemma 2.8. (Qin et al. [63]). Let E be a uniformly convex and smooth Banach space, let C' be a closed
conver subset of E, and let T be a closed relatively quasi-nonexpansive mapping from C into itself. Then
F(T) is a closed convex subset of C.

Lemma 2.9. (|21]) Let C be a nonempty closed and convex subset of a uniformly smooth and strictly convex
Banach space E with the Kadec-Klee property. Let S : C'— C be a closed and total quasi-¢-asymptotically
nonexrpansive mapping with the nonnegative real sequences {v,} and {p,} with v, — 0 and p, — 0 as
n — oo, respectively, and a strictly increasing continuous function ¢ : RT™ — RT with ¢(0) = 0. If u; = 0,
then the set F(S) of fized points of S is a closed convex subset of C.

Lemma 2.10. (Change et al.[13]) Let C be a nonempty, closed and convex subset of a uniformly smooth and
strictly convexr Banach space E with the Kadec-Klee property. Let S : C — 2 be a closed and total quasi-
¢-asymptotically nonexpansive multi-valued mapping with nonnegtive real sequence v, and p, with v, — 0,
tn — 0 as n — oo and a strictly increasing continuous function ¢ : RT — RT with ©(0) = 0. If u; = 0,
then the fized point set F(S) is a closed convex subset of C.

Let A be an inverse-strongly monotone mapping of C' into E* which is said to be hemicontinuous if for
all z,y € C, the mapping h of [0,1] into E*, defined by h(t) = A(txz + (1 — t)y), is continuous with respect
to the weak* topology of E*. We define by N (v) the normal cone for C at a point v € C, that is,

Ne(w)={z* € E*: (v—y,z") >0, Vye C}. (2.1)
Theorem 2.11. (Rockafellar [72]) Let C' be a nonempty, closed convex subset of a Banach space E and A

a monotone, hemicontinuous operator of C into E*. Let B C E x E* be an operator defined as follows:

B :{ Av+ Ne¢(v), veC; (2.2)

0, otherwise.

Then B is mazimal monotone and B=10 = VI(A, C).

Theorem 2.12. (Takahashi [81]) Let C be a nonempty subset of a Banach space E and A a monotone,
hemicontinuous operator of C' into E* with C = D(A). Then

VIA,C)={ueC:(v—u,Av) >0, Yve C}. (2.3)

It is obvious that the set VI(A, C) is a closed and convex subset of C' and the set A710 = VI(A, E)
is closed and convex subset of E.

Theorem 2.13. (Takahashi [81]) Let C be a nonempty compact convex subset of a Banach space E and A
a monotone, hemicontinuous operator of C' into E* with C = D(A). Then VI(A,C) is nonempty.
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We make use of the following mapping V studied in Alber [3]:
V(w,x*) = ||z|* — 2(x,2*) + |2*||?, Vz € E, 2" € E*, (2.4)
that is, V(z,2*) = ¢(x, J 1 (x*)).

Lemma 2.14. (Alber [3]) Let E be a reflexive strictly convexr smooth Banach space and V be as in (2.4).

Then we have

V(z,2*) +2(J (%) — 2, y") < V(z,2* +y*), Vo€ E, 2%y € E*.

Lemma 2.15. (Cho et al.[I6]) Let E be a uniformly convexr Banach space and B.(0) ={z € E : ||z| < r}
be a closed ball of E. Then there exists a continuous strictly increasing convex function g : [0,00) — [0, 00)
with g(0) = 0 such that

Az + py + vz |* < | Az|® + |yl + [vz]1? = Aug(llz — yl)),

for all z,y,z € B.(0) and A\, p,y € [0,1] with A+ p+~v=1.

Lemma 2.16. (Pascali and Sburlan [59]) Let E be a real smooth Banach spaces and A : E — 25" be a
mazimal monotone mapping. Then A7'0 is closed and conver subset of E and the graph G(A) of A is
demiclosed in the following sense: if {x,} C D(A) with x,, — x € E and y,, € Ax,, with y, — y € E*, then
x € D(A) and y € Ax.

In 2006, Wu and Huang [85] introduced a new generalized f-projection operator in Banach space.

3

They extended the definition of the generalized projection operators introduced by Abler [2] and proved
some properties of the generalized f-projection operator. Consider the functional G : C' x E* — RU{+o0}
defined by

Gy, @) = llyl* - 2{y, @) + |=[* +2pf(y) (2.5)

for all (y,w) € C x E*, where p is a positive number and f : C — R U {400} is proper, convex and lower
semicontinuous. From the definition of G, Wu and Huang [85] proved the following properties:

(1) G(y, w) is convex and continuous with respect to @ when y is fixed;

(2) G(y,w) is convex and lower semicontinuous with respect to y when w is fixed.

Let F be a real Banach space with its dual space E* and C' be a nonempty closed and convex subset

of E. We say that Fé : B* — 2C is a generalized f-projection operator if

rhw={ueC:Gu,m) = inf G(y, ), Voo € E"}.
)

Recall that a Banach space E has the Kadec-Klee property ([17, 133, 81]) if, for any sequence {z,} C E
and x € E with x,, = = and ||x,|| — ||z||, we have ||z, — x| — 0 as n — oco. It is well-known that, if F is a

uniformly convex Banach space, then E has the Kadec-Klee property.

9



Lemma 2.17. ([85]) Let E be a real reflexive Banach space with its dual space E* and C be a nonempty

closed and convex subset of E. The following statement hold:
(1) Wéw is a nonempty, closed and conver subset of C for all w € E*;
(2) If E is smooth, then for allw € E*, x € wéw if and only if
(—y,@w—Ja)+pfly) —pflx) 20
for ally € C;

(3) If E is strictly convex and [ : C — R U {+o0} is positive homogeneous (i.e., f(tx) =tf(x) for all
t > 0 such that tx € C, where x € C), then Wéw 1s single valued mapping.

Recently, Fan et al. [30] showed that the condition, f is positive homogeneous, which appears in [30,

Lemma 2.1 (iii)], can be removed.

Lemma 2.18. ([30]) Let E be a real reflexive Banach space with its dual space E* and let C' be a nonempty

closed and convex subset of E. If E is strictly convez, then wéw 1s single-valued.

Recall that J is single-value mapping when E is a smooth Banach space. There exists a unique element

w € E* such that w = Jx, where € E. This substitution in (2.5) gives the following:

Gy, Jz) = |lylI* — 2{y, Jo) + ||lz]|* + 2pf (y). (2.6)

Now, we consider the second generalized f projection operator in a Banach space (see [50]).

Let E be a real smooth Banach space and C' be a nonempty closed and convex subset of E. We say

that Hé : E — 29 is a generalized f-projection operator if

Héx ={ueC:Gu,Jz) = irelgG(y, Jx), Vo € E}.
y

Lemma 2.19. ([29]) Let E be a Banach space and f : E — R U {400} be a lower semicontinuous and

convex function. Then there exist x* € E* and o € R such that
f(@) 2 (z,27) + a

forallx € E.

Lemma 2.20. ([50]) Let E be a reflexive smooth Banach space and C be a nonempty closed and convex
subset of E. The following statements hold:

(1) Héx is nonempty closed and convex subset of C for all x € E;
(2) Forallz € E, & € Héx if and only if

(@ —y,Jz —J&)+ pf(y) — pf(2) 20
10



forally € C;

(3) If E is strictly convez, then Hé 18 single-valued mapping.

Lemma 2.21. ([50]) Let E be a real reflexive smooth Banach space and C' be a nonempty closed and convex
subset of E. Then, for any x € E and T € Héx,

o(y,2) + G(&, Jx) < G(y, Jx)

forally € C.

Lemma 2.22. ([50]). Let E be a Banach space and f : E — R U {+o0} be a proper, convex and lower
semicontinuous mapping with convex domain D(f). If {x,} is a sequence in D(f) such that x,, — & € D(f)
and limy, oo G(xn, Jy) = G(Z, Jy), then lim, . ||lzn| = ||Z].

Remark 2.23. Let E be a uniformly convex and uniformly smooth Banach space and f(y) = 0 for all

y € E. Then Lemma [2.21/ reduces to the property of the generalized projection operator considered by Alber

[3].
Let f(y) > 0 for all y € C and f(0) = 0, then the definition of a totally quasi-¢-asymptotically
nonexpansive S is equivalent to the following:

If F(S) # () and there exist the nonnegative real sequences {vy, }, {un} with v, — 0, p, — 0 asn — oo,

respectively, and a strictly increasing continuous function ¢ : R — R™ with 1(0) = 0 such that
G(p,S"x) < G(p,x) + vnpG(p, @) + pin

forallz € C,pe F(S) and n > 1.

Let 6 be a bifunction from C' x C to R, where R denotes the set of real numbers. The equilibrium
problem (for short, (EP)) is to find & € C such that

0(z,y) >0 (2.7)

for all y € C. The set of solutions of the (EP) 2.7 is denoted by EP(0).

An operator A C E x E* is said to be monotone if
for all (x,2*), (y,y*) € A. A point z € E is called a zero point of A if

0€ Az (2.8)

We denote the set of zeroes of the operator A by A~10, that is,

ATN0={2€ F:0¢€ Az}.
11



A monotone A C E x E* is said to be mazimal if its graph G(A4) = {(x,y*) : y* € Az} is not property
contained in the graph of any other monotone operator. If A is maximal monotone, then the solution set

A710 is closed and convex.

Let E be a smooth strictly convex and reflexive Banach space, C' be a nonempty closed convex subset
of E and A C E x E* be a monotone operator satisfying D(A) € C € J }(NasoR(J + AA)). Then the
resolvent Jy : C'— D(A) of A is defined by

Jr={z€D(A): Jx € Jz+ Nz, Vz € C}.

Jy is a single-valued mapping from E to D(A). On the other words, Jy = (J + AA)~1J for all A > 0.

For any A > 0, the Yosida approximation Ay : C — E* of A is defined by Az = W for all
x € C. We know that Az € A(Jyx) for all A > 0 and = € E. Since relatively quasi nonexpansive mappings
and quasi-¢-nonexpansive mappings are same, we can see that Jy is a quasi-¢-nonexpansive mapping (see
[76, Theorem 4.7]).

Lemma 2.24. ([44]) Let E be a smooth strictly convex and reflexive Banach space, C be a nonempty closed
convex subset of E and A C E x E* be a monotone operator satisfying D(A) C C C J~HMxsoR(J + NA)).
For any A > 0, let Jyx and Ay be the resolvent and the Yosida approzimation of A, respectively. Then the
following hold:

(1) 6(p, Jrz) + G(Jr22) < G(p,) for all z € C and p € A~10;
(2) (b) (Jax, Axz) € A for allz € C;
(3) (¢) F(Jy) = A10.

Lemma 2.25. ([72]) Let E be a reflexive strictly convexr and smooth Banach space. Then an operator
A C E x E* is mazimal monotone if and only if R(J + AA) = E* for all A > 0.

For solving the equilibrium problem for a bifunction 6 : C' x C' — R, let us assume that 6 satisfies the
following conditions:
(A1) 6(z,z) =0 for all z € C;
(A2) 6 is monotone, i.e., O(x,y) + 6(y,x) <0 for all z,y € C;
(A3) for each z,y,z € C,
L 0tz + (1 —t)z,y) < 0(x,y);

(A4) for each x € C, y — 0(z,y) is convex and lower semi-continuous.

Lemma 2.26. (Blum and Oettli [8]). Let C be a closed convex subset of a smooth, strictly convexr and
reflexive Banach space E, let 0 be a bifunction from C x C to R satisfying (A1)-(A4), and let r > 0 and
x € E. Then there exists z € C' such that

1
0(z,y) + ;(y—z,.]z— Jz) >0, VYyedl.

12



The following lemma is a spacial case of Zhang [90].

Lemma 2.27. (Zhang [96]). Let C' be a closed convex subset of a smooth, strictly convex and reflexive
Banach space E. Let ¢ : C — R is conver and lower semi-continuous and 0 be a bifunction from C x C to
R satisfying (A1)-(A4). Forr >0 and x € E, then there exists u € C' such that

1
0w, y) +o(y) —olu) + —{y —u, Ju—Jz) 20, vyeC.
Define a mapping K, : C — C as follows:
1
Ko() = {u € C: 0w y) + o(y) — plu) + -y — w, Ju— Jz) >0, VyeC} (2.9)

for all x € C. Then the followings hold:

1. K, is single-valued;

2. K, is firmly nonexpansive, i.e., for all z,y € E, (K,x — Ky, JK,x — JK,y) < (K,x — K,y, Jx — Jy);
3. F(K,) = MEP(6,);

4. MEP(0,) is closed and convex;

d(p, Ky2) + (K, 2,2) < ¢(p,2), Vp € F(K,) and z € E.

<

3 Methodology

1. Studying and investigating on fixed point problems.
2. Studying and investigating on nonlinear problems.
3. Establishing new theorems for fixed point problems and nonlinear problems in Banach spaces.

4. Finding necessary and sufficient conditions which are established for mappings to have fixed points

and common solutions of nonlinear mappings.

4 Main results

Let C be a closed subset of a Banach space E. Recall that a mapping S : C — C is closed if for each {x,}
in C, if ,, — = and Sz, — y, then Sz = y. Let {S,} be a family of mappings of C' in to itself with
F =N F(S,) #0, {Sn} is said to satisfy the ()-condition if for each bounded sequence {z,} in C,

lim ||z, — Spzn|| =0, 2, — 2z imply z € F. (4.1)
n—oo

Remark 4.1. Tt follows directly from the definitions above that if {S,,} satisfies NST-condition, then {S,}
satisfies (x)-condition. If S, = S and S is closed, then {S,,} satisfies (x)-condition.

13



Using the (x)-condition, we prove the new convergence theorems for finding a common element of
the set of solutions of an equilibrium problems, the common fixed point set of a family of relatively quasi-
nonexpansive mappings, a zero of maximal monotone operators and the solution set of variational inequalities

for an a-inverse strongly monotone mapping in a 2-uniformly convex and uniformly smooth Banach space.

Theorem 4.2. Let C be a nonempty closed and convexr subset of a 2-uniformly conver and uniformly
smooth Banach space E. Let T C E x E* be a mazimal monotone operator satisfying D(T) C C and let
Jr, = (J +1,T)"YT for all r,, > 0. Let 0 be a bifunction from C x C to R satisfying (A1)-(A4), and let
¢ :C — RU{+00} be a proper lower semicontinuous and convex function. Let A be an a-inverse-strongly
monotone mapping of C into E* satisfying || Ayl < ||Ay — Aull, Vy € C and u € VI(A,C) # 0. Let
Sp : C — C be a family of relatively quasi-nonezpansive mappings such that satisfies the (x)-condition and
0 := (N2, F(S,))NT 0N MEP0,0) NVI(A,C) # (0. For an initial point zo € E with 1 = U, zo and
Cy = C, define the sequence {x,} as follows:

Zn = HC’J_l(J(En - AnA“rEn)a
yn = J HanJr, + (1 — an)JSndy, 2n),
un, € C such that 0(un,y) + ¢(y) — o(un) + %(y — Up, Jun, — Jyn) >0, VyeC, (4.2)

Cni1={2 € Cp: 9(2,un) < an@(z,2n) + (1 — an)p(z,2) < d(2,70)},
Tnt1 = e, 00, Vn2>1,

where J is the duality mapping on E, {a,} is sequence in [0,1] and {r,} C [d,o0) for some d > 0 and
{An} C [a,b] for some a,b with 0 < a < b < 2a/2, where L is the 2-uniformly convexity constant of E. If
liminf, (1 — ay) > 0, then {z,} converges strongly to p € ©, where p = Ilgxy.

When we extend mapping S to totally quasi-¢-asymptotically nonexpansive, we have the following
Theorem.

Theorem 4.3. Let C' be a nonempty closed and convex subset of a uniformly smooth and strictly convex
Banach space E with the Kadec-Klee property. For each i = 1,2,--- ;m, let 8; be a bifunction from C x C
to R satisfying the conditions (Al)—(A4). Let A; C E x E* be a mazimal monotone operator satisfying
D(A;) C C and Ji{n = (J+XjnA;)" T for all Xj,, >0 and j =1,2,--- 1. Let S: C — C be a closed and
totally quasi-¢-asymptotically nonexpansive mapping with the nonnegative real sequences {vn}, {pn} with
vp — 0, i — 0 as n — oo, respectively, and a strictly increasing continuous function ¢ : Rt — R’ with
¥(0) = 0. Let f: E — R™T be a convex and lower semicontinuous function with C C int(D(f)) and f(0) = 0.
Assume that S is uniformly L-Lipschitz continuous and F = F(S) N (N, EP(6;)) N (ﬂé»:lA;10) # 0. For
any ingtial point x1 € E, define C1 = C and the sequence {x,} in C by

Al_
Zn:JflanJ -1

Ay
Al—1,n ©r0 J)\l,nx"’

Uy = Tf'zz o Tf;l:f,n 0---0 T”‘?ll.n Zns
Yn = J HanJzy + Bud S"n + YnJun), (4.3)
Cpi1={veCh:G,Jyn) < a,Gv,Jz1) + (1 — an)G(v, Jzp) + Cn }s

_1f
Tnt+1 = ch+1$1

for each n > 1, where {an}, {Bn} and {y,} are the sequences in (0,1) such that o, + Bn + vn = 1,
Cn = UnSup,er Y(G(q, JTn)) + pin and for each i = 1,2,--- ,m, {ri,} C [d,00) for some d > 0. If, for
each j =1,2,--- 1, iminf, oo Aj,, > 0, lim, oo o, = 0 and liminf, .., B, < 1, then the sequence {x,}

converges strongly to a point Hf}-xl.
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Theorem 4.4. Let C' be a nonempty closed and convex subset of a uniformly smooth and 2-uniformly convex
Banach space E. Let f be a bifunction from C x C to R satisfying the conditions (Al)-(A4) and let A be
an a-inverse-strongly monotone mapping of E into E*. Let S : C — 2 be a closed and total quasi-¢-
asymptotically nonexpansive multi-valued mapping with nonnegative real sequences vy, , with v, — 0,
tn — 0 as n — oo and a strictly increasing continuous function v : RT — RT with ¢(0) = 0. Assume that
S is uniformly asymptotically reqular on C with 1 = 0 and F := F(S)NEF(f) N A710 # 0. For arbitrary
x1 € C, Cy = C, generate a sequences {x,} by

2n = J Y (Jzp — MAxy),

Up, =T}, 2n,

Yn = J Y anJxy + BudJwy, + ynJuy), wy, € S"x,, (4.4)
Cny1 ={v € Cp 1 9(v,yn) < 0(v,2,) < P(v, 20) + K},

Tny1 =g, 21, n €N,

where Kn = VpSupyep Y(4(q, Tn)) + fn. Assume that the control sequences {an}, {Bn}, {Wn}, {Mn} and
{rn} satisfy the following conditions:

1. {an}, {Bn} and {v,} are sequences in (0,1) such that e, + By + v = 1, liminf,,_ o o, G > 0,
2. {\n} C [a,b] for some a,b with 0 < a <b < 02701 and % is the 2-uniformly convezity constant of F,

3. {rn} C [d,00) for some d >0,

then {x,} converges strongly to llpaxy.

5 Conclusion and Suggestion

In this work, we introduce new hybrid iterations of the generalized projection operators and the generalized
f-projection operators for finding a common element of the fixed point set and solution of nonlinear problems.
This research has three theorems for fixed point problems and nonlinear problems. Each theorem compound
by difference mapping and differences conditions for get the strong convergence. For other researcher should

study other mappings or iterations and study the necessary conditions to get some new convergence.
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