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CHAPTER 1 INTRODUCTION

1.1 Background

The fixed point theory is the most important tool to solve problems in many

branches of sciences and applied sciences. Moreover, the construction of fixed point

iteration processes for nonlinear mappings takes an important role to find solutions of

many problems in applied areas as it application. In case, the problem in science had

been transformed into a mathematical model such as equality, inequality, equality

system and inequality system.There are two questions following.

(1). Does the answer of model exist ?

(2). How can find the answer ?

Fixed-point iteration processes for nonlinear mappings in Hilbert spaces includ-

ing Mann and Ishikawa iterations process have been studied extensively by many

authors to approximate fixed points of various classes of operators such as nonexpan-

sive mappings, contraction mappings, strict pseudo-contraction mappings, resolvent

operators and to solve variational inequalities in Hilbert spaces for the detail please

see [1],[2] and the references therein.

The Equilibrium theory represents an important area of mathematical sciences

such as optimization, operation research, game theory, financial mathematics and

mechanics. Equilibrium problems include variational inequalities, optimization prob-

lems, Nash equilibria problems, saddle point problems, fixed point problems, and

complementarity problems as special cases., see [3]. Related to the equilibrium

problems, we also have the problem of finding the fixed points of the nonexpansive

mappings which is the subject of current interest in functional analysis. It is natural

to construct a unified approach for these problems. In this direction, several authors

have introduced some iterative schemes for finding a common element of a set of the

solutions of the equilibrium problems, the set solutions of the variational inequality

problems for nonlinear mappings and a set of the fixed points of an infinite (a finite)

family of nonexpansive mappings.
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The theory of variational inequality represents, in fact, a very natural gener-

alization of the theory of boundary value problems and allows us to consider new

problems arising from many fields of applied sciences such as applied mathematics,

mechanics, physics, engineering, the theory of convex programming and the theory

of control.

Variational inequalities was introduced by Stampacchia [4] in the early sixties

and have had a great impact and influence in the development of almost all branches

of pure and applied sciences. It is well-known that the variational inequalities are

equivalent to the fixed point problems. This alternative equivalent formulation has

been used to suggest and analyze in variational inequalities. In particular, the

solution of the variational inequalities can be computed to use for the iterative

projection methods. It is well-known that the convergence of a projection method

requires the operator to be strongly monotone and Lipschitz continuous. These

conditions are very stict and rule out its application in several important problems.

Let C be a nonempty set and T : C → C.

In 1953, Mann [5] introduced the Mann’s iteration which is defined by the initial

guess x0 and

xn+1 = αnxn + (1− αn)Txn, n ≥ 0, (1.1.1)

where {αn} ∈ [0, 1]. In an infinite-dimensional Hilbert space, Mann iteration can

yield only weak convergence.

In 1967, Halpern [6] defined the iteration with starting from x0, for fixed u and

xn+1 = αnu+ (1− αn)Txn, n ≥ 0, (1.1.2)

which is satisfied the conditions limn→∞ αn = 0 and Σ∞n=1αn = ∞. Then {xn}

converges strongly to a fixed point of T .

In 1974, The Ishikawa’s iteration process is defined by Ishikawa [7] as the follow-

ing:  yn = βnxn + (1− βn)Txn,

xn+1 = αnxn + (1− αn)Tyn, n ≥ 0,
(1.1.3)

where the initial guess x0 is taken in C arbitrarily and the sequences {αn}, {βn} ∈

[0, 1].
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In 2003, Nakajo and Takahashi [8] proposed the modification of the following

Mann iteration method (1.1.1).

x0 ∈ C is arbitrary,

yn = αnxn + (1− αn)Txn,

Cn = {z ∈ C : ‖yn − z‖ ≤ ‖xn − z‖},

Qn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0},

xn+1 = PCn∩Qnx0, n = 0, 1, 2 . . . ,

(1.1.4)

where PC is metric projection on the set C.

In 2004, Takahashi and Toyoda [9] introduced the following iterative scheme:

xn+1 = αnxn + (1− αn)TPC(xn − λnAxn), n ≥ 0. (1.1.5)

where x0 ∈ C, {αn} is a sequence in (0, 1), and {λn} is a sequence in (0, 2α), and

obtained weak convergence theorem in a Hilbert space H.

In 2004, Xu [10] studied the iteration process {xn} called viscosity approximation

method as shown in the following:

xn+1 = αnf(xn) + (1− αn)Txn, for n ≥ 1,

where {αn} ⊂ (0, 1) and f : C → C is a contraction mapping.

Let C be a nonempty closed and convex subset of a real Hilbert space H. The

classical variational inequality problem is to find a u ∈ C such that 〈v − u,Bu〉 ≥

0 for all v ∈ C. The set of solutions of the variational inequality is denoted by

V I(C,B). A mapping T : C → C is called nonexpansive if ‖Tx − Ty‖ ≤ ‖x −

y‖ x, y ∈ C. we denote by F (T ) the set of fixed points of T ; that is F (T ) = {x ∈

C : x = Tx}

In 2005, Iiduka and Takahashi [11] proposed a new iterative scheme as following: x0 = x ∈ C chosen arbitrary,

xn+1 = αnx+ (1− αn)TPC(xn − λnBxn), ∀n ≥ 0,

(1.1.6)

where B is β-inverse-strongly monotone, {αn} is a sequence in (0, 1), and {λn} is

a sequence in (0, 2β). They showed that if F (T ) ∩ V I(C,B) is nonempty, then the

sequence {xn} generated by (1.1.6) converges strongly to some z ∈ F (T )∩V I(C,B).
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In 2007, Moudafi [12] intoduced the following Krasnoselski-Mann algorithm:

xn+1 = (1− αn)xn + αn(βnSxn + (1− βn)Txn), (1.1.7)

where S, T : C → C are two nonexpansive mappings, {αn} and {βn} are two

sequences in (0, 1).

In 2007, Tada and Takahashi [13] introduced the following iterative scheme by

the hybrid method in a Hilbert space H. Let x0 = x ∈ H and

un ∈ C such that

F (un, y) + 1
rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

wn = (1− αn)xn + αnSun,

Cn = {z ∈ H : ‖wn − z‖ ≤ ‖xn − z‖},

Qn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0},

xn+1 = PCn∩Qnx0,

(1.1.8)

for every n ∈ N ∪ {0}, where {αn} ⊂ [a, b] for some a, b ∈ (0, 1) and {rn} ⊂ (0,∞)

satisfies lim infn→∞ rn > 0.

In 2009, Cianciaruso et al. [14] introduced a two step algorithm to solve the

following problem:

〈x∗ − Sx∗, x− x∗〉 ≥ 0, ∀x ∈ F (T ), (1.1.9)

and defined the following algorithm: yn = βnSxn + (1− βn)xn,

xn+1 = αnf(xn) + (1− αn)Tyn,
(1.1.10)

where f : C → C is a contraction mapping, S and T : C → C are two nonexpansive

mappings, {αn} and {βn} are two sequences in (0, 1).

In 2010, Yao et al. [15] modified the two step algorithm (1.1.10) to extend range

of f from C to H by using the metric projection of H onto C. They introduced the

following iterative scheme: yn = βnSxn + (1− βn)xn,

xn+1 = PC [αnf(xn) + (1− αn)Tyn],
(1.1.11)

where f : C → H is a contraction mapping, S and T : C → C are two nonexpansive

mappings, {αn} and {βn} are two sequences in (0, 1).
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In 2011, Yao and Xu [16] independently introduced two iterative methods for

finding the minimum-norm fixed point of nonexpansive mapping which is defined on

closed convex subset C of H. The proposed algorithms are based on the well-known

Browder’s iterative method [17] and Halpern’s iterative method [18].

Recently, In 2011 Gu et al.[19] introduced the following iterative algorithm:
yn = PC [βnSxn + (1− βn)xn],

xn+1 = PC [αnf(xn) +
n∑
i=1

(αi−1 − αi)Tiyn], ∀n ≥ 1,
(1.1.12)

where f : C → H is a contraction mapping, S : C → H is a nonexpansive mapping,

{Ti}∞i=1 : C → C is a countable family of nonexpansive mappings, α0 = 1, {αn} and

{βn} are two sequences in (0, 1).

Very recently, Phan Tu Vuong et. al. [20], considered the sequences {xn}, {yn}, {zn},

and {tn} generated by x0 ∈ C and

yn = arg miny∈C{λnF (xn, y) + 1
2
‖y − xn‖2},

zn = arg miny∈C{λnF (yn, y) + 1
2
‖y − xn‖2},

tn = αnxn + (1− αn)[βnzn + (1− βn)Szn],

xn+1 = tn,

(1.1.13)

for every n ∈ N, where {αn} ⊂ [0, 1[, {βn} ⊂]0, 1[, and {λn} ⊂]0, 1].

Motivated by above, we introduce and modify new iterative schemes for approx-

imate the common solution of fixed point problem, the variational inequalities, the

system of variational inclusions and the system of equilibrium problems.

1.2 Objectives

There are three main objectives:

1. To study and extend the classical fixed point theory, the variational inequali-

ties and the system of equilibrium problems of nonlinear mappings.

2. To prove new convergence theorems for finding the common solution of fixed

point problems, systems of variational inequalities and systems of equilibrium prob-

lems for nonlinear mappings.

3. To apply our results to solve some problems of classical variational inequality

problems and optimization problems.
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1.3 The Summary of the Study

The summary of the dissertation is concluded as follows:

In Chapter 1, we give a brief introduction and review the background of this

dissertation.

In Chapter 2, we give the necessary tools and concern some well-known defini-

tions and preliminaries which will be useful in the later chapters.

In Chapter 3, we introduce a new iterative scheme for solving variational in-

equality problems, fixed points for nonexpensive and pseudocontraction mappings.

In Chapter 4, we introduce a new iterative scheme for finding a common solu-

tion of the set of fixed point, the system of mixed equilibrium problems and the

variational inclusion.

In Chapter 5, we introduce a new iterative method for finding a common fixed

point of a countable family of strictly pseudocontractive mappings, and solutions of

the equilibrium problems, the variational inequality problems and the fixed point

problems for a strict pseudocontraction mapping.

Finally, we conclude this research in Chapter 6.



CHAPTER 2 BASIC CONCEPTS AND

PRELIMINARIES

In this chapter, we give some definitions, notations, lemmas and some useful

results that will be used in the later chapters. Throughout this dissertation, we let

R be the set of all real numbers, N be the set of all natural numbers, H be a Hilbert

space.

2.1 Basic Concepts

Definition 2.1.1. [21] Let X denote any nonempty set that contains each of its

elements x and each real number α, a unique element α · x, written as αx, which is

called a scalar multiple of x. (One could also include complex numbers α as well,

but we restrict ourselves here to the real case.) Also, assume that for each two

elements x, y ∈ X there exists a unique element x+ y ∈ X called the sum of x and

y. The system (X, ·,+) is called a linear space (over R) if the following conditions

are satisfied: [Here x, y, z ∈ X and α, β ∈ R.]

(1) x+ y = y + x;

(2) x+ (y + z) = (x+ y) + z;

(3) α(x+ y) = αx+ αy;

(4) x+ y = x+ z implies y = z;

(5) (α + β)x = αx+ βx;

(6) (αβ)x = α(βx);

(7) 1x = x.

Definition 2.1.2. [22] Let X be a nonempty set. A mapping d : X × X → R,

satisfying the following condition for all x, y and z in X:

(M1) d(x, y) = 0⇐⇒ x = y;

(M2) d(x, y) = d(y, x);

(M3) d(x, y) ≤ d(x, z) + d(z, y).
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The function d assigns to each pair (x, y) of element of X a nonnegative real

number d(x, y), which does not on the order of the elements; d(x, y) is called the

distance between x and y. The set X together with a metric, denoted by (X, d),

is called a metric space. The conditions (M1)-(M3) are usually called the metric

axioms.

Definition 2.1.3. [22] Let X be a linear space over the field K (R or C). A function

‖ · ‖ : X → R is said to be a norm on X if it satisfies the following conditions:

(N1) ‖x‖ ≥ 0,∀x ∈ X;

(N2) ‖x‖ = 0⇔ x = 0;

(N3) ‖x+ y‖ ≤ ‖x‖+ ‖y‖, ∀x, y ∈ X;

(N4) ‖αx‖ = |α|‖x‖, ∀x ∈ X and ∀α ∈ K.

From this norm we can define a metric, induced by the norm ‖ · ‖, by

d(x, y) = ‖x− y‖, (x, y ∈ X).

A linear space X equipped with the norm ‖ · ‖ is called a normed linear space.

Definition 2.1.4. [23] Let (X, ‖ · ‖) be a normed space.

(1) A sequence {xn} ⊂ X is said to converge strongly in X if there exists x ∈ X

such that lim
n→∞

‖xn − x‖ = 0. That is, if for any ε > 0 there exists a positive integer

N such that ‖xn − x‖ < ε,∀n ≥ N. We often write lim
n→∞

xn = x or xn → x to mean

that x is the limit of the sequence {xn}.

(2) A sequence {xn} ⊂ X is said to be a Cauchy sequence if for any ε > 0 there

exists a positive integer N such that ‖xm − xn‖ < ε,∀ m,n ≥ N . That is, {xn} is a

Cauchy sequence in X if and only if ‖xm − xn‖ → 0 as m,n→∞.

Definition 2.1.5. [21] Sequence {xn}∞n=1 in a normed linear space X is said to be

a bounded sequence if there exists M > 0 such that ‖xn‖ ≤M,∀n ∈ N.

Definition 2.1.6. [21] A subset C of a normed linear space X is said to be convex

subset in X if λx+ (1− λ)y ∈ C for each x, y ∈ C and for each scalar λ ∈ [0, 1].

Definition 2.1.7. [21] The real-value function of two variables 〈·, ·〉 : X ×X → R

is called inner product on a real vector space X if for any x, y, z ∈ X and α, β ∈ R

the following conditions are satisfied:
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(I1) 〈αx+ βy, z〉 = α〈x, z〉+ β〈y, z〉;

(I2) 〈x, y〉 = 〈y, x〉;

(I3) 〈x, x〉 ≥ 0 for each x ∈ X and 〈x, x〉 = 0 if and only if x = 0. A real inner

product space is a real vector space equipped with an inner product.

Definition 2.1.8. [21] A Hilbert spaces is an inner product space which is com-

plete under the norm induced by its inner product.

An inner product on X defines a norm on X given by ‖x‖ =
√
〈x, x〉.

Lemma 2.1.9. [23](The Schwarz inequality)

If x and y are any two vector in an inner product space X, then

|〈x, y〉| ≤ ‖x‖‖y‖.

Lemma 2.1.10. [23] Let H be a real Hilbert space. Then the following inequalities

hold:

(i) ‖x+ y‖2 + ‖x− y‖2 = 2‖x‖2 + 2‖y‖2,

(ii) ‖x+ y‖2 ≤ ‖x‖2 + 2〈y, x+ y〉,

(iii)‖x+ y‖2 ≥ ‖x‖2 + 2〈y, x〉,

Definition 2.1.11. [21] The metric projection (or nearest point) from H onto C

is the mapping PC : H → C which assigns to each point x ∈ C the unique point

PCx ∈ C satisfying the property

‖x− PCx‖ = inf
y∈C
‖x− y‖ =: d(x,C).

Lemma 2.1.12. [23] Let C be a closed convex subset of a real Hilbert space H.

Given x ∈ H and y ∈ C. Then

(i) z = PCx⇐⇒ 〈z − x, y − x〉 ≥ 0, ∀y ∈ C,

(ii) ‖PCx− PCy‖ ≤ ‖x− y‖, ∀x, y ∈ H,

(iii) ‖PCx− PCy‖2 ≤ 〈PCx− PCy, x− y〉, ∀x, y ∈ H,

(iv) 〈x− PCx, y − PCx〉 ≤ 0, ∀x ∈ H, y ∈ C,

(v) ‖x− y‖2 ≥ ‖x− PCx‖2 + ‖y − PCx‖2, ∀x ∈ H, y ∈ C.

Definition 2.1.13. [21] A normed space (X, ‖ · ‖) is called strictly convex if for all

x, y ∈ X, x 6= y, ‖x‖ = ‖y‖ = 1, we have ‖λx+ (1− λ)y‖ < 1, ∀λ ∈ (0, 1).
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Definition 2.1.14. [21] A sequence {xn} in a normed spaces is said to converge

weakly to some vector x if limn→∞ f(xn) = f(x) holds for every continuous linear

functional f . We often write xn ⇀ x to mean that {xn} converges weakly to x.

Lemma 2.1.15. [23] Let {xn} be a sequence of a normed space (X, ‖ · ‖), x ∈ X

and let xn → x if and only if, for any subsequence {xni
} of {xn}, there exist a

subsequence {xnij
} of {xni

} converging to x.

Definition 2.1.16. [23] A normed space X is called complete if every Cauchy se-

quence in X converges to an element in X.

Lemma 2.1.17. [24] Let {xn} and {yn} be bounded sequences in a Banach space

X and let {βn} be a sequence in [0, 1] with 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.

Suppose xn+1 = (1 − βn)yn + βnxn for all integers n ≥ 0 and lim supn→∞(‖yn+1 −

yn‖ − ‖xn+1 − xn‖) ≤ 0. Then, limn→∞ ‖yn − xn‖ = 0.

Definition 2.1.18. [21] Let F and X be linear spaces over the field K.

(1) A mapping T : F → X is called a linear operator if T (x+ y) = Tx+ Ty and

T (αx) = αTx, ∀x, y ∈ F, and ∀α ∈ K.

(2) A mapping T : F → K is called a linear functional on F if T is a linear

operator.

Definition 2.1.19. [23] Let F and X be normed spaces over the field K and T :

X → F a linear operator. T is said to be bounded on X if there exists a real number

M > 0 such that ‖T (x)‖ ≤M‖x‖,∀x ∈ X.

Remark 2.1.20. [23] In a Hilbert spaceH, weak convergence is defined by limn→∞〈xn, y〉

= 〈x, y〉 for all y ∈ H. The notation xn ⇀ x is sometimes used to denote this kind

of convergence.

Remark 2.1.21. If xn ⇀ x and xn ⇀ y, then x = y.

Lemma 2.1.22. [23] Let X be an inner product space and {xn} be a bounded

sequence of H such that xn ⇀ x. Then following inequality holds:

‖x‖ ≤ lim
n→∞

inf ‖xn‖.
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Lemma 2.1.23. [10] Assume {an} is a sequence of nonnegative real numbers such

that

an+1 ≤ (1− αn)an + δn, n ≥ 1,

where {αn} is a sequence in (0, 1) and {δn} is a sequence in R such that

(1)
∑∞

n=1 αn =∞

(2) lim supn→∞
δn
αn
≤ 0 or

∑∞
n=1 |δn| <∞.

Then limn→∞ an = 0.

2.2 Basic Concepts in Hilbert Spaces

Let C be a closed convex subset of a real Hilbert space H with inner product

and norm are denoted by 〈., .〉 and ‖.‖, respectively. We have the following are hold:

‖x− y‖2 = ‖x‖2 + ‖y‖2 − 2〈x, y〉, (2.2.1)

and

‖λx+ (1− λ)y‖2 = λ‖x‖2 + (1− λ)‖y‖2 − λ(1− λ)‖x− y‖2 (2.2.2)

for all x, y ∈ H and λ ∈ R.

Lemma 2.2.1. [25] Let (E, 〈., .〉) be an inner product space. Then for all x, y, z ∈ E

and α, β, γ ∈ [0, 1] with α + β + γ = 1, we have

‖αx+βy+γz‖2 = α‖x‖2 +β‖y‖2 +γ‖z‖2−αβ‖x− y‖2−αγ‖x− z‖2−βγ‖y− z‖2.

Lemma 2.2.2. [26] A Hilbert space H satisfies the Opial condition that is, for any

sequence {xn} with xn ⇀ x, the inequality lim infn→∞ ‖xn− x‖ < lim infn→∞ ‖xn−

y‖, holds for every y ∈ H with y 6= x.

Definition 2.2.3. [27] Let H be a Hilbert space and let C be a nonempty closed

convex subset of H. Let f be a function of C into (−∞,∞], where (−∞,∞] =

R ∪ {∞}. Then, f is called lower semicontinuous if for any a ∈ R, the set {x ∈ C :

f(x) ≤ a} is closed.
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Lemma 2.2.4. [21](Demi-closedness Principle) Assume that S is a nonexpan-

sive self-mapping of a nonempty closed convex subset C of a real Hilbert space H.

If S has a fixed point, the I−S is demi-closed: that is, whenever {xn} is a sequence

in C converging weakly to some x ∈ C (for short, xn ⇀ x ∈ C), and the sequence

{(I −S)xn} converges strongly to some y (for short, (I −S)xn → y), it follows that

(I − S)x = y. Here I is the identity operator of H.

Lemma 2.2.5. [29] A Hilbert space H satisfies the Kadec-Klee property that is,

for any sequence {xn} with xn ⇀ x and ‖xn‖ → ‖x‖ together imply ‖xn − x‖ → 0.

2.3 The Classical of Fixed Point Theory

Definition 2.3.1. [21] Let H be a Hilbert space and let C a nonempty bounded

convex subset of H. A mapping T : C → C is called nonexpansive on C if

‖Tx− Ty‖ 6 ‖x− y‖, ∀x, y ∈ C.

Definition 2.3.2. [22] An element x ∈ C is said to be a fixed point of a mapping

T : C → C. The set of all fixed points of T is denoted by F (T ) = {x ∈ C : Tx = x}.

Lemma 2.3.3. [23] Let H be a Hilbert space and let C be a nonempty bounded

closed convex subset of H. Let S be a nonexpansive mapping of C into itself. Then,

F (T ) 6= ∅.

Definition 2.3.4. [23] Let H be a Hilbert space and let C a nonempty bounded

convex subset of H. A mapping f : C → C is called a contraction on C if there

exists a constant α ∈ (0, 1) such that

‖f(x)− f(y)‖ 6 α‖x− y‖, ∀x, y ∈ C.

2.4 Some Nonlinear Mappings in Hilbert Spaces

Let C be a closed convex subset of a real Hilbert space H with inner product

and norm are denoted by 〈., .〉 and ‖.‖, respectively. Let T : C → C a nonlinear

mapping.
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Definition 2.4.1. [23] The metric projection (nearest point) PC from a Hilbert

space H to a closed convex subset C of H is defined as follows: given x ∈ H, PCx

is the only point in C with the property

‖x− PCx‖ = inf{‖x− y‖ : y ∈ C}.

For every point x ∈ H, there exists a unique nearest point in C, denoted by PCx,

such that

‖x− PCx‖ ≤ ‖x− y‖ for all y ∈ C.

It is well known that PC is a nonexpansive mapping of H onto C and satisfies

〈x− PCx, PCx− z〉 ≥ 0, ∀z ∈ C; (2.4.1)

‖(x− y)− (PCx− PCy)‖2 ≥ ‖x− y‖2 − ‖PCx− PCy‖2, ∀x, y ∈ H. (2.4.2)

Theorem 2.4.2. [22] (Banach Contraction Mapping Principle) Let (X, d) be

a complete metric space and f : X → X be a contraction. Then f has a unique

fixed point, i.e. there exists a unique x∗ ∈ X such that Tx∗ = x∗.

Definition 2.4.3. [23] A mapping S : C → C is called strictly pseudo-contractive

if there exists a constant 0 ≤ k < 1 such that

‖Sx− Sy‖2 ≤ ‖x− y‖2 + k‖(I − S)x− (I − S)y‖2, ∀x, y ∈ C.

Remark 2.4.4. If k = 0, then S is nonexpansive.

In this case, we say that S : C → C is a k-strictly pseudo-contraction.

Putting B = I − S. Then, we have

‖(I −B)x− (I −B)y‖2 ≤ ‖x− y‖2 + k‖Bx−By‖2, ∀x, y ∈ C.

Observe that

‖(I −B)x− (I −B)y‖2 = ‖x− y‖2 + ‖Bx−By‖2 − 2〈x− y,Bx−By〉, ∀x, y ∈ C.

Hence, we obtain

〈x− y,Bx−By〉 ≥ 1− k
2
‖Bx−By‖2, ∀x, y ∈ C.

Then, B is 1−k
2

-inverse-strongly monotone mapping.
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Lemma 2.4.5. [30] Assume that C is a closed convex subset of Hilbert space H,

and let S : C → C be a self-mapping of C

(i) If S is a k-strict pseudo-contraction, then S satisfies the Lipscchitz condition

‖Sx− Sy‖ ≤ 1 + k

1− k
‖x− y‖ ∀x, y ∈ C.

(ii) If S is a k-strict pseudo-contraction, then the mapping I − S is demiclosed

(at 0). That is, if {xn} is a sequence in C such that xn ⇀ x̃ and (I − S)xn → 0,

then(I − S)x̃ = 0.

(iii) If S is a k-strict pseudo-contraction, then the fixed point set F (S) of S is

closed and convex so that the projection PF (S) is well defined.

Lemma 2.4.6. [31] Let C be a nonempty closed convex subset of a real Hilbert

space H and let S : C → C be a k-strict pseudo-contraction mapping with a fixed

point. Then F (S) is closed and convex. Define Sk : C → C by Sk = kx+ (1− k)Sx

for each x ∈ C. Then Sk is nonexpansive such that F (Sk) = F (S).

Definition 2.4.7. [21] Let A be a strongly positive on H if there exists a constant

γ̄ > 0 with the property

〈Ax, x〉 ≥ γ̄‖x‖2, ∀x ∈ H. (2.4.3)

A typical problem is that of minimizing a quadratic function over the set of the

fixed points of a nonexpansive mapping on a real Hilbert space H:

min
x∈F (S)

1

2
〈Ax, x〉 − 〈x, b〉, (2.4.4)

where A is a nonexpansive mapping and b is a given point in H.

Optimization problem (for short, OP) as the following

min
x∈F

µ

2
〈Ax, x〉+

1

2
‖x− u‖2 − h(x), (2.4.5)

where F = ∩∞n=1Cn, C1, C2, . . . are infinitely closed convex subsets of H such that

∩∞n=1Cn 6= ∅, u ∈ H, µ ≥ 0 is a real number, A is a strongly positive linear bounded

operator on H and h is a potential function for γf (i.e., h′(x) = γf(x) for x ∈ H).
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Lemma 2.4.8. [32] Let C be a nonempty closed convex subset of a real Hilbert

space H, and g : C → R ∪ {∞} be a proper lower-semicontinuous differentiable

convex function. If z is a solution to the minimization problem

g(z) = inf
x∈C

g(x),

then 〈
g′(x), x− z

〉
≥ 0, x ∈ C.

In particular, if z solves problem OP , then〈
u+

[
γf − (I + µA)

]
z, x− z

〉
≤ 0.

Lemma 2.4.9. [33] Assume A is a strongly positive linear bounded operator on a

Hilbert space H with coefficient γ̄ > 0 and 0 < ρ ≤ ‖A‖−1. Then ‖I−ρA‖ ≤ 1−ργ̄.

Definition 2.4.10. [21] A mapping A of C into H is called monotone if

〈Au− Av, u− v〉 ≥ 0, ∀u, v ∈ C. (2.4.6)

Definition 2.4.11. [21] A is called α-inverse-strongly monotone if there exists a

positive real number α such that

〈Au− Av, u− v〉 ≥ α‖Au− Av‖2, ∀u, v ∈ C. (2.4.7)

Lemma 2.4.12. [21] Let A : H → H be a α-inverse-strongly monotone mapping.

If λ ≤ 2α, for any λ > 0 and α > 0 then I − λA is a nonexpansive mapping from H

into itself.

Proof . Let u, v ∈ H and λ > 0,

‖(I − λA)u− (I − λA)v‖2 = ‖(u− v)− λ(Au− Av)‖2

= ‖u− v‖2 − 2λ〈u− v,Au− Av〉+ λ2‖Au− Av‖2

≤ ‖u− v‖2 + λ(λ− 2α)‖Au− Av‖2.

Definition 2.4.13. [21] A mapping A : C → C is called L-Lipschitz-continuous if

there exists a positive real number L such that

‖Au− Av‖ ≤ L‖u− v‖, ∀u, v ∈ C. (2.4.8)
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Remark 2.4.14. It is easy to see that if A is an α-inverse-strongly monotone map-

ping of C into H, then A is 1
α

–Lipschitz continuous.

Definition 2.4.15. [21] Let η : C × C → H and B : C → H be two mappings. B

is said to be:

(1) monotone if

〈Bx−By, η(x, y)〉 ≥ 0, ∀x, y ∈ C;

(2) σ-strongly monotone if there exists a positive real number σ such that

〈Bx−By, η(x, y)〉 ≥ σ‖x− y‖2, ∀x, y ∈ C;

(3) L-Lipschitz continuous if there exists a constant L > 0 such that

‖η(x, y)‖ ≤ L‖x− y‖, ∀x, y ∈ C.

Lemma 2.4.16. [31] Let V : C → H be a k-strict pseudo-contraction, then

(1) the fixed point set F (V ) of V is closed convex so that the projection PF (V ) is

well defined;

(2) define a mapping T : C → H by

Tx = tx+ (1− t)V x, ∀x ∈ C. (2.4.9)

If t ∈ [k, 1), then T is a nonexpansive mapping such that F (V ) = F (T ).

Definition 2.4.17. [34] For the infinite family of nonexpansive mapping of T1, T2, ...,

we define the mapping Wn of C into itself as follows:

Un,n+1 = I,

Un,n = λnTnUn,n+1 + (1− λn)I,

Un,n−1 = λn−1Tn−1Un,n + (1− λn−1)I,

...

Un,k = λkTkUn,k+1 + (1− λk)I,

Un,k−1 = λk−1Tk−1Un,k + (1− λk−1)I,

...

Un,2 = λ2T2Un,3 + (1− λ2)I,

Wn = Un,1 = λ1T1Un,2 + (1− λ1)I,

(2.4.10)
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where T1, T2, ... be an infinite family of nonexpansive mappings of C into itself and

λ1, λ2, ... be real numbers such that 0 ≤ λn ≤ 1 for every n ∈ N.

Lemma 2.4.18. [34] Let C be a nonempty closed convex subset of a real Hilbert

spaceH. Let T1, T2, ... be nonexpansive mappings of C into itself such that ∩∞n=1F (Tn)

is nonempty, let µ1, µ2, ... be real numbers such that 0 ≤ µn ≤ b < 1 for every n ≥ 1.

Then,

(1) Wn is nonexpansive and F (Wn) = ∩ni=1F (Ti), ∀n ≥ 1;

(2) for every x ∈ C and k ∈ N, the limit limn→∞ Un,kx exists;

(3) a mapping W : C → C defined by

Wx := lim
n→∞

Wnx = lim
n→∞

Un,1x,∀x ∈ C (2.4.11)

is a nonexpansive mapping satisfying F (W ) = ∩∞i=1F (Ti) and it is called the W -

mapping generated by T1, T2, ... and µ1, µ2, ....

Lemma 2.4.19. [35] Let C be a nonempty closed convex subset of a Hilbert space

H, {Ti : C → C} be a countable family of nonexpansive mappings with ∩∞i=1F (Ti) 6=

∅, {µi} be a real sequence such that 0 < µi ≤ b < 1, ∀i ≥ 1. If D is any bounded

subset of C, then

lim
n→∞

sup
x∈D
‖Wx−Wnx‖ = 0.

2.5 Variational Inequalities in Hilbert Spaces

Let C be a closed convex subset of a real Hilbert space H with inner product

and norm are denoted by 〈., .〉 and ‖.‖, respectively.

Definition 2.5.1. [21] Let B : C → H be a nonlinear mapping. The variational

inequality problem is to find x ∈ C such that

〈Bx, y − x〉 ≥ 0, ∀y ∈ C. (2.5.1)

We denote by V I(C,B) the set of solutions of the variational inequality problem,

that is,

V I(C,B) = {x ∈ C : 〈Bx, y − x〉 ≥ 0, ∀y ∈ C}. (2.5.2)
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Lemma 2.5.2. [23] Let H be Hilbert space, let C be a nonempty closed convex

subset of H and let B be a mapping of C into H. Let u ∈ C. Then, for λ > 0,

u ∈ V I(C,B)⇐⇒ u = PC(u− λBu),

where PC is the metric projection of H onto C.

Lemma 2.5.3. [23] Let H be a Hilbert space and let C be a nonempty bounded

closed convex subset of H. Let ξ > 0 and let B : C → H be ξ-inverse strongly

monotone. Then, V I(C,B) 6= ∅.

Definition 2.5.4. [37] Let A,B : C → H be two mappings. We consider the

following problem for finding (x∗, y∗) ∈ C × C such that

〈λAy∗ + x∗ − y∗, x− x∗〉 ≥ 0, ∀x ∈ C,

〈µBx∗ + y∗ − x∗, x− y∗〉 ≥ 0, ∀x ∈ C, (2.5.3)

which is called a general system of variational inequalities where λ ≥ 0 and µ ≥ 0

are two constants. The set of solution of (2.5.3) is denoted by GV I(C,A,B).

Remark 2.5.5. If A = B, then the problem (2.5.3) is reduced into the new system

of variational inequalities for finding (x∗, y∗) ∈ C × C such that

〈λAy∗ + x∗ − y∗, x− x∗〉 ≥ 0, ∀x ∈ C,

〈µAx∗ + y∗ − x∗, x− y∗〉 ≥ 0, ∀x ∈ C, (2.5.4)

which is defined by Verma [37] (see also Verma [38]).

Remark 2.5.6. If x∗ = y∗, then the problem (2.5.4) is reduced into the classical

variational inequalities for finding x∗ ∈ C such that

〈Ax∗, v − x∗〉 ≥ 0 (2.5.5)

for all v ∈ C, which was originally introduced and studied by Stampacchia [4]. The

set of solution of (2.5.5) is denoted by V I(C,A).

Definition 2.5.7. [21] Let A : H → H be a single-valued nonlinear mapping and

M : H → 2H be a set-valued mapping. We consider the following variational

inclusion problem, which is to find a point u ∈ H such that

θ ∈ A(u) +M(u), (2.5.6)
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where θ is the zero vector in H. The set of solutions of problem (2.5.6) is denoted

by V I(A,M).

Remark 2.5.8. If M = ∂δC , where C is a nonempty closed convex subset of H and

δC : H → [0,∞] is the indicator function of C, i.e.,

δC(x) =

 0, x ∈ C,

+∞, x /∈ C.

Then the variational inclusion problem (2.5.6) is equivalent to the classical varia-

tional inequality (2.5.5).

Definition 2.5.9. [21] A set-valued mapping M : H → 2H is called monotone if

for all x, y ∈ H, f ∈Mx and g ∈My imply 〈x− y, f − g〉 ≥ 0.

Definition 2.5.10. [31] A monotone mapping M : H → 2H is maximal if the

graph of G(M) of M is not properly contained in the graph of any other monotone

mapping. It is known that a monotone mapping M is maximal if and only if for

(x, f) ∈ H ×H, 〈x− y, f − g〉 ≥ 0 for every (y, g) ∈ G(M) implies f ∈Mx.

Definition 2.5.11. [39] Let the set-valued mapping M : H → 2H be a maximal

monotone. We define the resolvent operator JM,λ associate with M and λ as follows:

JM,λ(u) = (I + λM)−1(u), u ∈ H, (2.5.7)

where λ is a positive number. It is worth mentioning that the resolvent operator

JM,λ is single-valued, nonexpansive and 1-inverse strongly monotone.

Remark 2.5.12. ([41],[42]) Let A be an inverse-strongly monotone mapping of C

into H and let NCv be the normal cone to C at v ∈ C, i.e.,

NCv = {w ∈ H : 〈v − u,w〉 ≥ 0,∀u ∈ C}

and define

Tv =

 Av +NCv, v ∈ C,

∅, v /∈ C.

Then T is maximal monotone and 0 ∈ Tv if and only if v ∈ V I(C,A).
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2.6 Equilibrium Problems

Definition 2.6.1. [40] Let F be a bifunction of C × C into R, where R is the set

of real numbers. The equilibrium problem for F : C × C → R is to find x ∈ C such

that

F (x, y) ≥ 0, ∀y ∈ C. (2.6.1)

The set of solutions of (2.6.1) is denoted by EP (F ), that is,

EP (F ) = {x ∈ C : F (x, y) ≥ 0, ∀y ∈ C}.

Given a mapping B : C → H, let F (x, y) = 〈Bx, y − x〉 for all x, y ∈ C. Then,

z ∈ EP (F ) if and only if 〈Bz, y − z〉 ≥ 0 for all y ∈ C, i.e., z is a solution of the

variational inequality.

Let = = {Fk}k∈Λ be a family of bifunctions from C × C into R, where R is the

set of real numbers. The system of equilibrium problems for = = {Fk}k∈Λ is to

determine common equilibrium points for = = {Fk}k∈Λ such that

Fk(x, y) ≥ 0, ∀k ∈ Λ, ∀y ∈ C, (2.6.2)

where Λ is an arbitrary index set. The set of solutions of (2.6.2) is denoted by

SEP (=), that is,

SEP (=) =
{
x ∈ C : Fk(x, y) ≥ 0, ∀k ∈ Λ, ∀y ∈ C

}
. (2.6.3)

If Λ is a singleton, then the problem (2.6.2) is reduced to the problem (2.6.1).

Definition 2.6.2. [3] For solving the equilibrium problem, let us assume that the

bifunction F satisfies the following conditions:

(A1) F (x, x) = 0 for all x ∈ C;

(A2) F is monotone, i.e., F (x, y) + F (y, x) ≤ 0 for any x, y ∈ C;

(A3) F is upper-hemicontinuous, i.e., for each x, y, z ∈ C,

lim sup
t→0

F (tz + (1− t)x, y) ≤ F (x, y);

(A4) F (x, ·) is convex and lower semicontinuous for each x ∈ C,
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(A5) for each y ∈ C, x 7→ F (x, y) is weakly upper semicontinuous;

(B1) for each x ∈ H and r > 0, there exist a bounded subset Dx ⊆ C and

yx ∈ C such that for any z ∈ C \Dx,

F (z, yx) + ϕ(yx)− ϕ(z) +
1

r
〈yx − z, z − x〉 < 0; (2.6.4)

(B2) C is a bounded set.

Definition 2.6.3. [43] Let F be a bifunction of C ×C into R, where R is the set of

real numbers, Ψ : C → H be a nonlinear mapping and ϕ : C → R be a real-valued

function. The generalized mixed equilibrium problem is to find x ∈ C such that

F (x, y) + 〈Ψx, y − x〉+ ϕ(y)− ϕ(x) ≥ 0, ∀y ∈ C. (2.6.5)

The set of solutions of (2.6.5) is denoted by GMEP (F, ϕ,Ψ), that is

GMEP (F, ϕ,Ψ) = {x ∈ C : F (x, y) + 〈Ψx, y − x〉+ ϕ(y)− ϕ(x) ≥ 0, ∀y ∈ C}.

Remark 2.6.4. [48] If Ψ ≡ 0, then the problem (2.6.5) is reduced into the mixed

equilibrium problem for finding x ∈ C such that

F (x, y) + ϕ(y) ≥ ϕ(x),∀y ∈ C. (2.6.6)

The set of solutions of (2.6.6) is denoted by MEP (F, ϕ). We see that x is a solution

of problem (2.6.6) implies that x ∈ dom ϕ = {x ∈ C|ϕ(x) < +∞}.

Remark 2.6.5. If ϕ ≡ 0, the problem (2.6.5) is reduced into the generalized equi-

librium problem is to find x ∈ C such that

F (x, y) + 〈ϕx, y − x〉 ≥ 0, ∀y ∈ C. (2.6.7)

The set of solution of (2.6.7) is denoted by GEP (F,B), that is,

GEP (F, ϕ) =
{
x ∈ C : F (x, y) + 〈ϕx, y − x〉 ≥ 0, ∀y ∈ C

}
.

In the case of ϕ ≡ 0, then the problem (2.6.7) is reduced to the problem (2.6.1).

In the case of F ≡ 0, the problem (2.6.7) is reduced to the classical variational

inequality problem (2.5.1).
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Remark 2.6.6. [48] If ϕ ≡ 0, then the mixed equilibrium problem (2.6.6) is reduced

into the equilibrium problem (2.6.1)

Remark 2.6.7. If F ≡ 0 and Ψ ≡ 0, then the problem (2.6.5) is reduced into the

minimize problem for finding x ∈ C such that

ϕ(y)− ϕ(x) ≥ 0, ∀y ∈ C. (2.6.8)

The set of solutions of (2.6.8) is denoted by Argmin(ϕ).

Lemma 2.6.8. [30] Let C be a nonempty closed convex subset of H and let f be

a contraction of H into itself with α ∈ (0, 1), and A be a strongly positive linear

bounded operator on H with coefficient γ̄ > 0. Then , for 0 < γ < γ̄
α

,〈
x− y, (A− γf)x− (A− γf)y

〉
≥ (γ̄ − αγ)‖x− y‖2, x, y ∈ H.

That is, A− γf is strongly monotone with coefficient γ̄ − αγ.

Lemma 2.6.9. [30] Assume A be a strongly positive linear bounded operator on H

with coefficient γ̄ > 0 and 0 < ρ ≤ ‖A‖−1. Then ‖I − ρA‖ ≤ 1− ργ̄.

Lemma 2.6.10. [45] Let C be a closed convex subset of H. Let {xn} be a bounded

sequence in H. Assume that

(i) The weak ω-limit set ωw(xn) ⊂ C,

(ii) For each z ∈ C, limn→∞ ‖xn− z‖ exists. Then, {xn} is weakly convergent to

a point in C.

Lemma 2.6.11. [49] Let C be a nonempty closed convex subset of H and let F

be a bifunction of C × C into R satisfying (A1)-(A4). Let r > 0 and x ∈ H. Then,

there exists z ∈ C such that

F (z, y) +
1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C.

Lemma 2.6.12. [50] Assume that F : C × C → R satisfies (A1)-(A4). For r > 0

and x ∈ H, define a mapping Tr : H → C as follows:

Tr(x) = {z ∈ C : F (z, y) +
1

r
〈y − z, z − x〉 ≥ 0,∀y ∈ C}

for all x ∈ H. Then, the following hold:
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(1) Tr is single-valued;

(2) Tr is firmly nonexpansive, i.e., for any x, y ∈ H,

‖Trx− Try‖2 ≤ 〈Trx− Try, x− y〉;

(3) F (Tr) = EP (F );

(4) EP (F ) is closed and convex.

Lemma 2.6.13. [55] Let C be a nonempty closed convex subset of a real Hilbert

space H. Let F : C × C → R be a bifunction mapping satisfies (A1)-(A4) and let

ϕ : C → R is convex and lower semicontinuous such that C ∩ domϕ 6= ∅. Assume

that either (B1) or (B2) holds. For r > 0 and x ∈ H, then there exists u ∈ C such

that

F (u, y) + ϕ(y)− ϕ(u) +
1

r
〈y − u, u− x〉 ≥ 0.

Define a mapping Kr : H → C as follows:

Kr(x) =
{
u ∈ C : F (u, y) + ϕ(y)− ϕ(u) +

1

r
〈y − u, u− x〉 ≥ 0, ∀y ∈ C

}
for all x ∈ H. Then, the following hold:

(1) Kr is single-valued;

(2) Kr is firmly nonexpansive, i.e., for any x, y ∈ H, ‖Krx−Kry‖2 ≤ 〈Krx−

Kry, x− y〉;

(3) F (Kr) = MEP (F );

(4) MEP (F ) is closed and convex.

Let ϕ : C → R be a real-valued function and let {Fk : C × C → R, k =

1, 2, . . . , N} be a finite family of equilibrium functions, i.e., Fk(u, u) = 0 for each

u ∈ C. The system of mixed equilibrium problems (for short, SMEP) for function

(F1, F2, . . . , FN , ϕ) which is to find z ∈ C such that

F1(z, y) + ϕ(y)− ϕ(z) ≥ 0, ∀y ∈ C,

F2(z, y) + ϕ(y)− ϕ(z) ≥ 0, ∀y ∈ C,
...

FN(z, y) + ϕ(y)− ϕ(z) ≥ 0, ∀y ∈ C.

(2.6.9)
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The set of solutions of (2.6.9) is denoted by ∩Nk=1MEP (Fk, ϕ), where MEP (Fk, ϕ)

is the set of solutions of the mixed equilibrium problem. If ϕ ≡ 0, and N = 1, then

the problem (2.6.9) reduces to the equilibrium problem.

Lemma 2.6.14. ([40],[53]) For solving the system of mixed equilibrium problems

(2.6.9), let us assume that function Fk : C × C → R, k = 1, 2, . . . , N satisfies the

following conditions:

(H1) Fk is monotone, i.e., Fk(x, y) + Fk(y, x) ≤ 0, ∀x, y ∈ C;

(H2) for each fixed y ∈ C, x 7→ Fk(x, y) is convex and upper semicontinuous;

(H3) for each x ∈ C, y 7→ Fk(x, y) is convex.

Lemma 2.6.15. [16] Let {xn} and {yn} be bounded sequences in a Banach space E

and let {βn} be a sequence in [0, 1] with 0 < lim inf βn ≤ lim sup βn < 1. Suppose

xn+1 = βnyn + (1− βn)xn for all n ≥ 0 and

lim sup
n→∞

(‖yn+1 − yn‖ − ‖xn+1 − xn‖) ≤ 0. (2.6.10)

Then limn→∞ ‖yn − xn‖ = 0.

Lemma 2.6.16. Let C be a convex subset of a Hilbert space H. Let x ∈ H and

x0 ∈ C. Then x0 = PCx if and only if

〈z − x0, x0 − x〉 ≤ 0, ∀z ∈ C.

Lemma 2.6.17. [53] Let C be a nonempty closed and convex subset of a real Hilbert

space H. Let A : C → H be a continuous accretive mapping. Then, for r > 0 and

x ∈ H, there exist z ∈ C such that

〈y − z, Az〉+
1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C.

Moreover, by a similar argument of the proof of lemma 2.8 and 2.9 of [64].

Lemma 2.6.18. [53] Let C be a nonempty closed and convex subset of a real Hilbert

space H. Let A : C → H be a continuous accretive mapping. For r > 0 and x ∈ H,

define a mapping Fr : H → C as follows :

Frx := {z ∈ C : 〈y − z, Az〉+
1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C}

for all x ∈ H. Then the following hold:
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(1) Fr is single - valued;

(2) Fr is a firmly nonexpansive type mapping, i.e., for all x, y ∈ H,

‖Frx− Fry‖2 ≤ 〈Frx− Fry, x− y〉;

(3) F (Fr) = V I(C,A);

(4) V I(C,A) is closed and convex.

Lemma 2.6.19. [53] Let C be a nonempty closed and convex subset of a real Hilbert

space H. Let T : C → H be a continuous pseudo-contractive mappings. Then, for

r > 0 and x ∈ H, there exist z ∈ C such that

〈y − z, Tz〉 − 1

r
〈y − z, (1 + r)z − x〉 ≤ 0, ∀y ∈ C.

Lemma 2.6.20. [53] Let C be a nonempty closed and convex subset of a real

Hilbert space H. Let T : C → C be a continuous pseudo-contractive mappings. For

r > 0 and x ∈ H, define a mapping Tr : H → C as follows :

Trx := {z ∈ C : 〈y − z, Tz〉+
1

r
〈y − z, (1 + r)z − x〉 ≤ 0, ∀y ∈ C}

for all x ∈ H. Then the following hold:

(1) Tr is single - valued;

(2) Tr is a firmly nonexpansive type mapping, i.e., for all x, y ∈ H,

‖Trx− Try‖2 ≤ 〈Trx− Try, x− y〉;

(3) F (Tr) = F (T );

(4) F(T) is closed and convex.

Lemma 2.6.21. [11] The function u ∈ C is a solution of the variational inequality

if and only if u ∈ C satisfies the relation u = PC(u− λBu) for all λ > 0.

Lemma 2.6.22. [62] Let M : H → 2H be a maximal monotone mapping and let

B : H → H be a monotone and Lipshitz continuous mapping. Then the mapping

L = M +B : H → 2H is a maximal monotone mapping.
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Lemma 2.6.23. [26] Each Hilbert space H satisfies Opial’s condition, that is,

for any sequence {xn} ⊂ H with xn ⇀ x, the inequality lim infn→∞ ‖xn − x‖ <

lim infn→∞ ‖xn − y‖, hold for each y ∈ H with y 6= x.

Lemma 2.6.24. [57] Let C be a closed convex subset of a real Hilbert space H and

let T : C → C be a nonexpansive mapping. Then I − T is demiclosed at zero, that

is,

xn ⇀ x and ‖xn − Txn‖ → 0

implies x = Tx.

Lemma 2.6.25. [56] Let C be a nonempty closed convex subset of a strictly convex

Banach space. Let {Ti}i∈N be an infinite family of nonexpansive mappings of C

into itself such that ∩i∈NF (Ti) 6= ∅ and let {λi} be an real sequence such that

0 ≤ λi ≤ b < 1 for every i ∈ N. Then F (W ) = ∩i∈NF (Ti) 6= ∅.

Lemma 2.6.26. [56] Let C be a nonempty closed convex subset of a strictly convex

Banach space. Let {Ti} be an infinite family of nonexpansive mappings of C into

itself and let {λi} be a real sequence such that 0 ≤ λi ≤ b < 1 for every i ∈ N.

Then, for every x ∈ C and k ∈ N , the limn−→∞ Un,k exist.

In view of the previous lemma, we define

Wx := lim
n−→∞

Un,1x = lim
n−→∞

Wnx.

Lemma 2.6.27. [57] Let H be a Hilbert space, C is a closed convex subset of H and

T : C → C be a nonexpansive mapping with F (T ) 6= ∅. If {xn} is a sequence in C

weakly converging to x and if {(I−T )xn} converges strongly to y, then (I−T )x = y;

in particular, if y = 0 then x ∈ F (T ).

Lemma 2.6.28. [45] Let C be a nonempty closed convex subset of a real Hilbert

space H. If T : C → C is a k-strict pseudo-contraction, then the mapping I − T

is demiclosed at 0. That is, if {xn} is a sequence in C weakly converging to x and

{(I − T )xn} converges strongly to 0, then (I − T )x = 0.

Lemma 2.6.29. [58] Let H be a Hilbert space, C be a closed convex subset of

H, f : C → H be a contraction with coefficient 0 < ρ < 1 and T : C → C be a

nonexpansive mapping. Then, for 0 < γ < γ̄/ρ, for x, y ∈ C,
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1. the mapping (I − f) is strongly monotone with coefficient (1− ρ) that is

〈x− y, (I − f)x− (I − f)y〉 ≥ (1− ρ)‖x− y‖2,

2. the mapping (I − T ) is monotone, that is

〈x− y, (I − T )x− (I − T )y〉 ≥ 0.

Lemma 2.6.30. [45] Let C be a closed convex subset of H. Let {xn} be a bounded

sequence in H. Assume that

(1) The weak ω-limit set ωw(xn) ⊂ C.

(2) For each z ∈ C, limn→∞ ‖xn − z‖ exists.

Then {xn} is weakly convergent to a point in C.

Lemma 2.6.31. [31] Let H be a real Hilbert space, C be a closed and convex subset

of H, and T be a k-strict pseudo-contraction mapping on C, then F (T ) is closed

convex, so that the projection PF (T ) is well defined.

Lemma 2.6.32. [31] Let H be a Hilbert space, C be a closed and convex subset

of H, and T : C → H be a k-strict pseudo-contraction mapping. Define a mapping

V : C → H by V x = λx + (1 − λ)Tx for all x ∈ C. Then, as λ ∈ [k, 1), V is a

nonexpansive mapping such that F (V ) = F (T ).

Lemma 2.6.33. [19] Let H be a Hilbert space and C be a nonempty closed and

convex subset of H. Let T be a nonexpansive mapping of C into itself such that

F (T ) 6= ∅. Then

‖Tx− x‖2 ≤ 2〈x− Tx, x− x′〉, ∀x′ ∈ F (T ),∀x ∈ C.

Lemma 2.6.34. [20] For solving the Ky Fan inequality or equilibrium problem, let

us assume that the following conditions are satisfied on the bifunction F : C ×C →

R.

(A1) F (x, x) = 0 for every x ∈ C;

(A2) F is pseudomonotone on C, i.e., F (x, y) ≥ 0⇒ F (y, x) ≤ 0, ∀x, y ∈ C;
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(A3) F is jointly weakly continuous on C × C in the sense that, if x, y ∈ C

and {xn} and {yn} are two sequences in C converging weakly to x and y,

respectively, then F (xn, yn)→ F (x, y);

(A4) F (x, ·) is convex, lower semicontinuous, and subdifferentiable on C for very

x ∈ C;

(A5) F satisfies the Lipschitz-type condition, there exist positive integer c1 and

c2, such that for every x, y, z ∈ C,

F (x, y) + F (y, z) ≥ F (x, z)− c1‖y − x‖2 − c2‖z − y‖2.

If F satisfies the properties (A1)-(A4), then the set EP (F ) of solutions to the Ky

Fan inequality is closed and convex.

Proposition 2.6.35. ([60], Lemma 3.1) For every x∗ ∈ EP (F ), and every n ∈ N,

one has

1. 〈xn − yn, y − yn〉 ≤ λnF (xn, y)− λnF (xn, yn), ∀y ∈ C;

2. ‖zn − x∗‖2 ≤ ‖xn − x∗‖2 − (1− 2λnc1)‖yn − xn‖2 − (1− 2λnc2)‖zn − yn‖2.

Proposition 2.6.36. [61] Let K be a nonempty closed and convex subset of H.

Let u ∈ H and let {xn} be a sequence in H. If any weak limit point of {xn} belongs

to K, and ‖xn − u‖ ≤ ‖u− PKu‖ for all n ∈ N, then xn → PKu.



CHAPTER 3 ITERATIVE ALGORITHMS FOR FIXED

POINT PROBLEMS AND VARIATIONAL INEQUALITY

PROBLEMS

In this section, we show a strong convergence theorem for finding the least norm

of fixed points for strict pseudo mappings, a common element of the set of fixed

points and the solution set of variational inequality in Hilbert spaces.

3.1 [An Algorithm for Minimum-Norm of Fixed Point for

Nonexpansive Mappings]

Theorem 3.1.1. Let C be a closed convex of a real Hilbert space H. Let S : C → C

be a nonexpansive mapping. Let A be an α-inverse strongly monotone and Ω :=

F (S)∩V I(C,A) 6= ∅. Assume that a sequence {αn} ⊂ (0, 1) satisfies the conditions:

(i) limn→∞ αn = 0;

(ii) Σ∞n=0αn = +∞.

Then the sequence {xn} generated by the following algorithm

xn+1 = (1− αn)[λSPC(I − λA)xn + (1− λ)xn] (3.1.1)

converges strongly to a fixed point of S which is a minimal norm and the unique

solution of the variational inequality:

x∗ ∈ Ω, 〈x∗, x− x∗〉 ≥ 0,∀x ∈ Ω.

Proof First, we prove that the sequence {xn} is bounded. Let q ∈ Ω. By (3.1.1),

we have

‖xn+1 − q‖ = ‖(1− αn)[λSPC(I − λA)xn + (1− λ)xn]− q‖

≤ ‖(1− αn)[(1− λ)(xn − q) + λ(SPC(I − λA)xn − q)]− αnq‖

≤ ‖(1− αn)[(1− λ)‖(xn − q)‖+ λ‖(xn − q)‖]− ‖αnq‖

≤ (1− αn)‖xn − q‖+ αn‖q‖

≤ max{‖xn − q‖, ‖q‖}.
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By induction, it follows that

‖xn − q‖ ≤ max{‖x0 − q‖, ‖q‖},

for all n ≥ 0. Then {xn} is bounded. Therefore, {SPC(I − λA)xn} is also bounded.

Let yn = (1−αn)λSPC(I−λA)xn
αn+(1−αn)λ

, then the iterative sequence (3.1.1) is equivalent to

xn+1 = (αn + (1− αn)λ)yn + (1− αn − (1− αn)λ)xn. (3.1.2)

Since limn→∞(αn + (1− αn)λ) = λ, then

‖yn − q‖ =
∥∥∥(1− αn)λSPC(I − λA)xn

αn + (1− αn)λ
− q
∥∥∥

=
∥∥∥(1− αn)λSPC(I − λA)xn − (αn + (1− αn)λ)q

αn + (1− αn)λ

∥∥∥
=

∥∥∥(1− αn)λSPC(I − λA)xn − αnq − (1− αn)λq

αn + (1− αn)λ

∥∥∥
≤ (1− αn)λ‖xn − q‖ − αn‖q‖

αn + (1− αn)λ

=
αn

αn + (1− αn)λ
‖q‖+ (1− αn

αn + (1− αn)λ
)‖xn − q‖

≤ max{‖xn − q‖, ‖q‖}.

Thus, {yn} is bounded. Hence by nonexpansiveness of S and PC , we have

‖yn+1 − yn‖ − ‖xn+1 − xn‖

=
∥∥∥(1− αn+1)λSPC(I − λA)xn+1

αn+1 + (1− αn+1)λ
− (1− αn)λSPC(I − λA)xn

αn + (1− αn)λ

∥∥∥− ‖xn+1 − xn‖

≤ (1− αn+1)λ

αn+1 + (1− αn+1)λ
‖SPC(I − λA)xn+1 − SPC(I − λA)xn‖

+
∣∣∣ (1− αn+1)λ

αn+1 + (1− αn+1)λ
− (1− αn)λ

αn + (1− αn)λ

∣∣∣‖SPC(I − λA)xn‖

≤ (1− αn+1)λ

αn+1 + (1− αn+1)λ
‖Sxn+1 − Sxn‖

+
∣∣∣ (1− αn+1)λ

αn+1 + (1− αn+1)λ
− (1− αn)λ

αn + (1− αn)λ

∣∣∣‖SPC(I − λA)xn‖

−‖xn+1 − xn‖

≤
( (1− αn+1)λ

αn+1 + (1− αn+1)λ
− 1

)
‖xn+1 − xn‖

+
∣∣∣ (1− αn+1)λ

αn+1 + (1− αn+1)λ
− (1− αn)λ

αn + (1− αn)λ

∣∣∣‖SPC(I − λA)xn‖.
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From {xn} and {SPC(I − λA)xn} are bounded sequences and limn→∞ αn = 0, then

lim sup
n→∞

(‖yn+1 − yn‖ − ‖xn+1 − xn‖) ≤ 0.

By Lemma 2.6.15, we obtain that limn→∞ ‖yn − xn‖ = 0. Therefore,

lim
n→∞

‖xn+1 − xn‖ = lim
n→∞

(αn + (1− αn)λ)‖yn − xn‖ = 0. (3.1.3)

On the other hand, we consider

‖xn − SPC(I − λA)xn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 − SPC(I − λA)xn‖

= ‖xn − xn+1‖+ ‖(1− αn)(λSPC(I − λA)xn + (1− λ)xn)

−SPC(I − λA)xn‖

≤ ‖xn − xn+1‖+ (1− αn)(1− λ)‖xn − SPC(I − λA)xn‖

+αn‖SPC(I − λA)xn‖.

It follows that

‖xn − SPC(I − λA)xn‖ ≤
1

1− (1− αn)(1− λ)
‖xn − xn+1‖

+
1

1− (1− αn)(1− λ)
αn‖SPC(I − λA)xn‖ → 0 as n→∞.

Next, we prove that lim supn→∞〈x∗ − xn, x∗〉 ≤ 0.

Since {xn} is bounded. Then, we can take a subsequence {xni
} of {xn} such

that

lim sup
n→∞

〈x∗ − xn, x∗〉 = lim
i→∞
〈x∗ − xni

, x∗〉.

Again, since {xn} is bounded, without loss of generality, we may assume that

xni
⇀ x

′
. Consequently,

lim sup
n→∞

〈x∗ − xn, x∗〉 = 〈x∗ − x′ , x∗〉 ≤ 0.

Notice that limn→∞ ‖xn−SPC(I−λA)xn‖ = 0. By the demiclosedness principle

of nonexpansive mapping S, we have x′ ∈ Fix(S). Since x∗ = PFix(S)(0). It follows

from the properties of projection operator that

lim sup
n→∞

〈x∗ − xn, x∗〉 = 〈x∗ − x′, x∗〉 ≤ 0. (3.1.4)
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By (3.1.1), we have

‖xn+1 − (1− αn)x∗‖2 = ‖[(1− αn)λSPC(I − λA)xn+1 + (1− λ)xn]− (1− αn)x∗‖2

= ‖(1− αn)[λSPC(I − λA)xn + (1− λ)xn]− x∗‖2

= ‖(1− αn)[λSPCxn − (1− λ)xn]− (1− λ+ λ)x∗‖2

≤ (1− αn)‖λ(Sxn − x∗) + (1− λ)(xn − x∗)‖2

≤ (1− αn)‖λ(xn − x∗) + (1− λ)(xn − x∗)‖2

≤ (1− αn)‖xn − x∗‖2. (3.1.5)

Observe that

‖xn+1 − (1− αn)x∗‖2 = ‖xn+1 − x∗‖2 − 2αn〈−x∗, xn+1 − x∗〉+ α2
n‖x∗‖2

≥ ‖xn+1 − x∗‖2 − 2αn〈xn+1 − x∗, x∗〉. (3.1.6)

Therefore by (3.1.5) and (3.1.6), we get

‖xn+1 − x∗‖2 ≤ (1− αn)‖xn − x∗‖2 + 2αn〈xn+1 − x∗, x∗〉. (3.1.7)

By the condition of (ii) and the inequality (3.1.4), we can apply Lemma (2.1.23)

to (3.1.7) and conclude that {xn} converges strongly to x∗ as n → ∞ that is, the

minimum - norm fixed point of S. This completes the proof.

3.2 An Algorithm for Variational Inequalities and Fixed

Point for Pseudo-Contractive Mappings

Theorem 3.2.1. Let C be a nonempty closed and convex subset of a real Hilbert

space H. Let T : C → C be a continuous pseudo-contractive mapping and A : C →

H be a continuous monotone mapping such that F := F (T ) ∩ V I(C,A) 6= ∅. For

x ∈ H, define Trn and Frn as follows:

Trx := {z ∈ C : 〈y − z, Tz〉+
1

r
〈y − z, (1 + r)z − x〉 ≤ 0, ∀y ∈ C}

and

Frx := {z ∈ C : 〈y − z, Az〉+
1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C}.
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Let f be a contraction of H into itself with a contraction constant β and let B :

H → H be a strongly positive linear bounded self-adjoint operator with coefficients

β > 0 and let {xn} be a sequence generated by x1 ∈ C and yn = Frnxn

xn+1 = αnγf(xn) + δnxn + [(1− δn)I − αnB]Trnyn,

(3.2.1)

where {αn}, {δn} ⊂ [0, 1] and {rn} ⊂ (0,∞) such that

(C1) limn→∞ αn = 0,
∞∑
n=1

αn =∞;

(C2) limn→∞ δn = 0,
∞∑
n=1

|δn+1 − δn| <∞;

(C3) lim infn→∞ rn > 0,
∞∑
n=1

|rn+1 − rn| <∞.

Then, the sequence {xn} converges strongly to z ∈ F, which is the unique solution

of the variational inequality:

〈(B − γf)z, x− z〉 ≥ 0, ∀x ∈ F. (3.2.2)

Equivalently, z = PF(I − B + γf)z, which is the optimality condition for the mini-

mization problem

min
x∈C

1

2
〈Az, z〉 − h(z),

where h is a potential function for γf (i.e.,h′(z) = γf(z) for z ∈ H).

Remark (1) The variational inequality ( 3.2.2 ) has the unique solution; (see

[62]).

(2) It follows from condition (C1) that (1− δn)I −αnB is positive and ‖(1− δn)I −

αnB‖ ≤ I − δn − αnβ for all n ≥ 1; (see [66]).

Proof. We processed the proof with following four steps:

Step 1 First, we will prove that the sequence {xn} is bounded.

Let v ∈ F and let un = Trnyn and yn = Frnxn. Then, from Lemmas 2.6.18 and 2.6.20

that

‖un − v‖ = ‖Trnyn − Trnv‖ ≤ ‖yn − v‖ = ‖Frnxn − Frnv‖ ≤ ‖xn − v‖. (3.2.3)
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Moreover, from (3.2.1) and (3.2.2), we compute

‖xn+1 − v‖ = ‖αn(γ(f(xn)−Bv)) + δn(xn − v) + [(1− δn)I − αnB]Trn − v‖

≤ αn‖γf(xn)−Bv)‖+ δn‖xn − v‖+ ‖(1− δn)I − αnB‖‖Trn − v‖

≤ αnβγ‖xn − v‖+ αn‖γf(v)−Bv‖+ δn‖xn − v‖

+(1 + δn − αnβ)‖Trnyn − v‖

≤ αnβγ‖xn − v‖+ αn‖γf(v)−Bv‖+ δn‖xn − v‖

+(1 + δn − αnβ)‖un − v‖

≤ αnβγ‖xn − v‖+ αn‖γf(v)−Bv‖+ δn‖xn − v‖

+(1 + δn − αnβ)‖xn − v‖

= αnβγ‖xn − v‖+ αn‖γf(v)−Bv‖+ δn‖xn − v‖+ ‖xn − v‖

−δn‖xn − v‖ − αnβ‖xn − v‖

= αnβγ‖xn − v‖+ αn‖γf(v)−Bv‖+ ‖xn − v‖ − αnβ‖xn − v‖

≤ (αnβγ + 1− αnβ)‖xn − v‖+ αn‖γf(v)−Bv‖

= (1− αn(β − βγ))‖xn − v‖+ αn‖γf(v)−Bv‖

≤ max

{
‖xn − v‖,

‖γf(v)−Bv‖
β − βγ

}
, ∀n ≥ 1.

Therefore, by the simple introduction, we have

‖xn − v‖ = max

{
‖x1 − v‖,

‖γf(v)−Bv‖
β − βγ

}
, ∀n ≥ 1

which show that {xn} is bounded, so {yn}, {un} and {f(xn)} are bounded.

Step 2 We will show that ‖xn+1 − xn‖ → 0 and ‖un − yn‖ → 0 as n → ∞.

Notice that each Trn and Frn are firmly nonexpansive. Hence, we have

‖un+1 − un‖ = ‖Trnyn+1 − Trnyn‖ ≤ ‖yn+1 − yn‖

= ‖Frnxn+1 − Frnxn‖ ≤ ‖xn+1 − xn‖.
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From (3.2.1), we note that

‖xn+1 − xn‖ = ‖αnγf(xn) + δnxn + [(1− δn)I − αnB]Trnyn

−αn−1γf(xn−1)− δn−1xn−1 − [(1− δn−1)I − αn−1B]Trnyn−1‖

= ‖αnγf(xn) + δnxn + (I − δn − αnB)un

−αn−1γf(xn−1)− δn−1xn−1 − (I − δn−1 − αn−1B)un−1‖

≤ ‖αnγf(xn)− αnγf(xn−1) + αnγf(xn−1)

+δnxn − δn−1xn−1 − αn−1γf(xn−1) + (I − δn − αnB)un

−(I − δn − αnB)un−1 + (I − δn − αnB)un−1

−(I − δn−1 − αn−1B)un−1‖

≤ ‖αnγf(xn)− αnγf(xn−1)‖+ ‖αnγf(xn−1)

−αn−1γf(xn−1)‖+ ‖δnxn − δn−1xn−1‖

+‖(I − δn − αnB)un − (I − δn − αnB)un−1‖

+‖(I − δn − αnB)un−1 − (I − δn−1 − αn−1B)un−1‖

= αnγ‖f(xn)− f(xn−1)‖+ |αn − αn−1|‖γf(xn−1)‖

+δnxn − δn−1xn−1 + δnxn−1 − δnxn−1

+(I − δn − αnB)‖un − un−1‖

+‖(I − δn − αnB − I + δn−1 + αn−1B)un−1‖
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= αnγβ‖xn − xn−1‖+ |αn − αn−1|γ‖f(xn−1)‖ (3.2.4)

+δn‖xn − xn−1‖+ |δn − δn−1|‖xn−1‖

+|I − δn − αnB|‖un − un−1‖

+|δn−1 − δn + αn−1B + αnB|‖un−1‖

≤ αnγβ‖xn − xn−1‖+ |αn − αn−1|γ‖f(xn−1)‖

+δn‖xn − xn−1‖+ |δn − δn−1|‖xn−1‖

+|I − δn − αnB|‖xn − xn−1‖

+|δn−1 − δn|‖un−1‖+ |αn−1B + αnB|‖un−1‖

≤ αnγβ‖xn − xn−1‖+ |αn − αn−1|γ‖f(xn−1)‖

+δn‖xn − xn−1‖+ |δn − δn−1|‖xn−1‖

+|I − δn − αnB|‖xn − xn−1‖+ |δn−1 − δn|‖xn−1‖

−|αn−1 − αn|B‖xn−1‖

≤ αnγβ‖xn − xn−1‖+ |αn − αn−1|γ‖f(xn−1)‖

+δn‖xn − xn−1‖+ |I − δn − αnB|‖xn − xn−1‖ − |αn−1 − αn|B‖xn−1‖ (3.2.5)

≤ αnγβ‖xn − xn−1‖+ |αn − αn−1|γ‖f(xn−1)‖+ |δn + I − δn

−αnB|‖xn − xn−1‖ − |αn−1 − αn|B‖xn−1‖

≤ αnγβ‖xn − xn−1‖+ |αn − αn−1|γ‖f(xn−1)‖

+|I − αnB|‖xn − xn−1‖ − |αn − αn−1|B‖xn−1‖

≤ αnγβ‖xn − xn−1‖+ |αn − αn−1|‖γf(xn−1)−Bxn−1‖+ |I − αnB|‖xn − xn−1‖

≤ αnγβ‖xn − xn−1‖+ |αn − αn−1|‖γf(xn−1)−Bxn−1‖+ |I − αnB|‖yn − yn−1‖

≤ αnγβ‖xn − xn−1‖+ |αn − αn−1|K + |I − αnB|‖yn − yn−1‖,

where K = ‖γf(xn−1)−Bxn−1‖ = 2 sup{‖f(xn)‖+ ‖un‖ : n ∈ N}.

Moreover, since yn = Frnxn and yn+1 = Frn+1xn+1, we get

〈y − yn, Ayn〉+
1

rn
〈y − yn, yn − xn〉 ≥ 0, ∀y ∈ C (3.2.6)

and

〈y − yn+1, Ayn+1〉+
1

rn+1

〈y − yn+1, yn+1 − xn+1〉 ≥ 0, ∀y ∈ C. (3.2.7)
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Putting y = yn+1 in (3.2.6) and y = yn in (3.2.7), we obtain

〈yn+1 − yn, Ayn〉+
1

rn
〈yn+1 − yn, yn − xn〉 ≥ 0 (3.2.8)

and

〈yn − yn+1, Ayn+1〉+
1

rn+1

〈yn − yn+1, yn+1 − xn+1〉 ≥ 0. (3.2.9)

Adding (3.2.8) and (3.2.9), we have

〈yn+1 − yn, Ayn − Ayn+1〉+

〈
yn+1 − yn,

yn − xn
rn

− yn+1 − xn+1

rn+1

〉
≥ 0

which implies that

−〈yn+1 − yn, Ayn+1 − Ayn〉+

〈
yn+1 − yn,

yn − xn
rn

− yn+1 − xn+1

rn+1

〉
≥ 0.

Using the fact that A is monotone, we get〈
yn+1 − yn,

yn − xn
rn

− yn+1 − xn+1

rn+1

〉
≥ 0,

and hence 〈
yn+1 − yn, yn − yn+1 + yn+1 − yn −

rn
rn+1

(yn+1 − xn+1)

〉
≥ 0.

We observe that

‖yn+1 − yn‖2

≤
〈
yn+1 − yn, xn+1 − xn(1− rn

rn+1

)(yn+1 − xn+1)

〉
≤ ‖yn+1 − yn‖

{
‖xn+1 − xn‖+ |(1− rn

rn+1

)|‖(yn+1 − xn+1)‖
}
. (3.2.10)

Without loss of generality, let k be a real number such that rn > k > 0 for all n ∈ N.

Then, we have

‖yn+1 − yn‖ ≤ ‖xn+1 − xn‖+
1

rn+1

|rn+1 − rn|‖yn+1 − xn+1‖

≤ ‖xn+1 − xn‖+
1

k
|rn+1 − rn|M, (3.2.11)

where M = sup{‖yn − xn‖ : n ∈ N}. Furthermore, from (3.2.4) and (3.2.11),

we have

‖xn+1 − xn‖ ≤ αnγβ‖xn − xn−1‖+ ‖αn − αn−1‖K + (1− αn)(‖xn − xn−1‖

+
1

k
|rn − ri−1|M)

= (1− αn + αnγβ)‖xn − xn−1‖+ |αn − αn−1|K +
1

k
|rn − rn−1|M

= (1− αn(1− γβ))‖xn − xn−1‖+K|αn − αn−1|+
M

k
|rn − rn−1|.



38

Using Lemma 2.1.23, and by the conditions (C1) and (C3), we have

lim
n→∞

‖xn+1 − xn‖ = 0.

Consequently, from (3.2.11), we obtain

lim
n→∞

‖yn+1 − yn‖ = 0. (3.2.12)

Since un = Trnyn and un+1 = Trn+1yn+1, we have

〈y − un, Tun〉 −
1

rn
〈y − un, (1− rn)un − yn〉 ≤ 0, ∀y ∈ C (3.2.13)

and

〈y − un+1, Tun+1〉 −
1

rn+1

〈y − un+1, (1− rn+1)un+1 − yn+1〉 ≤ 0, ∀y ∈ C. (3.2.14)

Putting y := un+1 in (3.2.13) and y := un in (3.2.14), we get

〈un+1 − un, Tun〉 −
1

rn
〈un+1 − un, (1− rn)un − yn〉 ≤ 0, (3.2.15)

and

〈un − un+1, Tun+1〉 −
1

rn+1

〈un − un+1, (1− rn+1)un+1 − yn+1〉 ≤ 0. (3.2.16)

Adding (3.2.15) and (3.2.16), we have

〈un+1−un, Tun−Tun+1〉−
〈
un+1 − un,

(1− rn)un − yn
rn

− (1− rn+1)un+1 − yn+1

rn+1

〉
≤ 0.

Using the fact that T is pseudo-contractive, we get〈
un+1 − un,

un − yn
rn

− un+1 − yn+1

rn+1

〉
≥ 0

and hence〈
un+1 − un, un − un+1 + un+1 − yn −

rn
rn+1

(un+1 − yn+1)

〉
≥ 0.

Thus, using the methods in (3.2.10) and (3.2.11), we can obtain

‖un+1 − un‖ ≤ ‖yn+1 − yn‖+
1

rn+1

|rn+1 + rn|M1, (3.2.17)

where M1 = sup{‖un−yn‖ : n ∈ N}. Therefore, from (3.2.12) and property of {rn},

we get

lim
n→∞

‖un+1 − un‖ = 0.
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Furthermore, since xn = αn−1γf(xn+1) + δn−1xn−1 + [(1− δn−1)I − αn−1B]Trnyn−1,

we have

‖xn − un‖ ≤ ‖xn − un−1‖+ ‖un−1 − un‖

= ‖αn−1γf(xn−1) + δn−1xn−1 + [(1− δn−1)I − αn−1B]Trnyn−1 − un−1‖

+‖un−1 − un‖

= αn−1γf(xn−1) + δn−1xn−1 + (I − δn−1 − αn−1B)un−1 − un−1‖

+‖un−1 − un‖

= αn−1γf(xn−1) + δn−1xn−1 + un−1 − δn−1un−1 − αn−1Bun−1 − un−1‖

+‖un−1 − un‖

≤ αn−1γf(xn−1)− αn−1Bun−1 + δn−1xn−1 − δn−1un−1‖+ ‖un−1 − un‖

≤ αn−1‖γf(xn−1)−Bun−1‖+ δn−1‖xn−1 − un−1‖+ ‖un−1 − un‖.

Thus, by (C1) and (C2), we obtain

‖xn − un‖ → 0, n→∞. (3.2.18)

For v ∈ F, using Lemma 2.6.18, we obtain

‖yn − v‖2 = ‖Frnyn − Frnv‖2

≤ 〈Frnxn − Frnv, xn − v〉

≤ 〈yn − v, xn − v〉

=
1

2
(‖yn − v‖2 + ‖xn − v‖2 − ‖xn − yn‖2)

and

‖yn − v‖2 ≤ ‖xn − v‖2 − ‖xn − yn‖2. (3.2.19)

Therefore, from (3.2.1), the convexity of ‖ · ‖2, (3.2.2) and (3.2.19), we get

‖xn+1 − v‖2 = ‖αnγf(xn) + δnxn + [(1− δn)I − αnB]Trnyn − v‖2

= ‖(1− δn)(Trnyn − v) + δn(xn − v) + αn(γf(xn)−BTrnyn)‖2

≤ ‖(1− δn)(Trnyn − v) + δn(xn − v)‖2 + 2αn〈γf(xn)−BTrnyn, xn+1 − v〉

≤ (1− δn)‖(yn − v)‖2 + δn‖(xn − v)‖2 + 2αnL
2

where L is constant such that L = sup ‖γf(xn)−BTrnyn, xn+1 − v‖ and hence

(1− δn)‖(yn − v)‖2 ≤ δn‖(xn − v)‖2 − ‖(xn+1 − v)‖2 + 2αnL
2. (3.2.20)
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So, we have ‖yn − v‖ → 0 as n→∞. Consequently, from (3.2.17) and (3.2.19), we

obtain

‖un − yn‖ ≤ ‖un − xn‖+ ‖xn − yn‖ → 0 as n→∞.

Step 3 We will show that

lim sup
n→∞

〈(γf −B)z, xn − z〉 ≤ 0. (3.2.21)

Let Q = PF, and since, Q(I−B+γf) is contraction on H into C (see also [65]:p.18)

and H is complete. Thus, by Banach Contraction Principle, then there exist a

unique element z of H such that z = Q(I −B + γf)z.

We choose subsequence {xni
} of {xn} such that

lim sup
n→∞

〈(γf −B)z, xn − z〉 = lim
n→∞
〈γfz −Bz, xni

− z〉.

Since {xni
} is bounded, there exists a sequence {xnij

} of {xni
} and y ∈ C such that

{xnij
} ⇀ y. Without loss of generality, we may assume that xni

⇀ y. Since C is

closed and convex it is weakly closed and hence y ∈ C. Since xn−yn → 0 as n→∞

we have that yni
⇀ y. Now, we show that y ∈ F Since yn = Frn , Lemma 2.6.18 and

using (3.2.6), we get

〈y − yn, Ayn〉+

〈
y − yn,

yn − xn
rn

〉
≥ 0, ∀y ∈ C, (3.2.22)

and

〈y − yni
, Ayni

〉+

〈
y − yni

,
yni
− xni

rni

〉
≥ 0, ∀y ∈ C. (3.2.23)

Set vt = tv+ (1− t)y for all t ∈ (0, 1] and v ∈ C. Consequently, we get vi ∈ C. From

(3.2.19), it follows that

〈vt − yni
〉 ≥ 〈vt − yni

, Avt〉 − 〈vt − yni
, Avt〉 −

〈
vt − yni

,
yni
− xni

rn

〉
= 〈vt − yni

, Avt − Ayni
〉 −

〈
vt − yni

,
yni
− xni

rn

〉
,

from the fact that yni
− xni

→ 0 as i → ∞ we obtain that
uni−xni

rn
→ 0 as i → ∞.

Since A is monotone, we also have that 〈vt − yni
, Avt − Ayni

〉 ≥ 0. Thus, if follows

that

0 ≤ lim
i→∞
〈vt − yni

, Avt〉 = 〈vt − w,Avt〉,
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and hence 〈v − y, Avt〉 ≥ 0, ∀v ∈ C.

If t→ 0, the continuity of A gives that

〈v − y, Ay〉 ≥ 0, ∀v ∈ C.

This implies that y ∈ V I(C,A).

Furthermore, since un = Trnyn, Lemma 2.6.18 and using (3.2.9), we get

〈y − uni
, Tuni

〉 − 1

rn
〈y − uni

, (rni
+ 1)uni

− yn+1〉 ≤ 0, ∀y ∈ C. (3.2.24)

Put zt = t(v) + (1− t)y for all t ∈ (0, 1] and v ∈ C. Then, zt ∈ C and from (3.2.20)

and pseudo-contractivity of T, we get

‖uni
− zt, T zt‖ = 〈uni

− zt, T zt〉+ 〈zt − uni
, Tui〉 −

1

rn
〈zt − uni

, (1 + rni
)uni
− yni

〉

= −〈zt − uni
, T zt〉 −

1

rni

〈zt − uni
, uni
− yni

〉 − 〈zt − uni
, uni
〉

≥ ‖zt − uni
‖2 − 1

rni

〈zt − uni
, uni
− yni

〉 − 〈zt − uni
, uni
〉

= −〈zt − uni
, zt〉 −

〈
zt − uni

,
uni
− yni

rni

〉
.

Thus, since un − yn → 0, as n→∞ we obtain that
uni−yni

rni
→ 0 as i→∞.

Therefore, as i→∞, it follows that

〈y − zt, T zt〉 ≥ 〈y − zt, zt〉

and hence

−〈v − y, Tzt〉 ≥ −〈v − y, zt〉, ∀v ∈ C.

Taking t→ 0 and since T is continuous we obtain

−〈v − y, Ty〉 ≥ −〈v − y, y〉, ∀v ∈ C.

Now, we get v = Ty. Then we obtain that y = Ty and hence y ∈ F (T ). Therefore,

y ∈ F (T ) ∩ V I(C,A) and since z = PF(I −B + γf)z, Lemma 2.6.16 implies that

lim sup
n→∞

〈(γf −B)z, xn − z〉 = lim
i→∞
〈(I −B + γf)z − z, xni

− z〉

= 〈(γf −B)z, y − z〉 ≤ 0. (3.2.25)

Step 4 Finally, we will show that xn → z as n→∞, where z = PF(I −B + rf)z.
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From (3.2.1) and (3.2.2) we observe that

‖xn+1 − z‖2 = 〈αnγf(xn) + δnxn + [(1− δn)I − αnB]Trnyn − z, xn+1 − z〉

= αn〈γf(xn)−Bz, xn+1 − z〉+ δn〈xn − z, xn+1 − z〉

+〈[(1− δn)I − αnB](Trn − z), xn+1 − z〉

≤ αnγ〈f(xn)− f(z), xn+1 − z〉+ αn〈γf(z)−Bz, xn+1 − z〉

+δn‖xn − z‖‖xn+1 − z‖+ (1− δn − αnβ)‖zn − z‖‖xn+1 − z‖

≤ αnγK‖xn − z‖‖xn+1 − z‖+ αn〈γf(z)−Bz, xn+1 − z〉

+δn‖xn − z‖‖xn+1 − z‖+ (1− δn − αnβ)‖zn − z‖‖xn+1 − z‖

= αnγK‖xn − z‖‖xn+1 − z‖+ αn〈γf(z)−Bz, xn+1 − z〉

+(1− αnβ)‖xn − z‖‖xn+1 − z‖

≤ γk

2
αn(‖xn − z‖2 + ‖xn+1 − z‖2) + αn〈γf(z)−Bz, xn+1 − z〉

+(1− αnβ)(‖xn − z‖‖xn+1 − z‖)

≤ γk

2
αn(‖xn − z‖2 + ‖xn+1 − z‖2) + αn〈γf(z)−Bz, xn+1 − z〉

+
(1− αnβ)

2
(‖xn − z‖2 + ‖xn+1 − z‖2)

≤ 1− αn(β − kγ)

2
‖xn − z‖2 +

1

2
‖xn+1 − z‖2

+αn〈γf(x)−Bz, xn+1 − z〉,

which implies that

‖xn+1 + z‖2 ≤ [1− αn(β − kγ)]‖xn − z‖2 + 2αn〈γf(z)−Bz, xn+1 − z〉.

By the condition (C1 ), (3.2.25) and using Lemma 2.1.23, we see that

limn→∞ ‖xn − z‖ = 0. This complete the proof.



CHAPTER 4 ITERATIVE ALGORITHMS FOR

SOLVING THE SYSTEM OF MIXED EQUILIBRIUM,

FIXED POINT AND VARIATIONAL INCLUSIONS

PROBLEMS

4.1 Strong Convergence Theorem for Inverse-Strongly Mono-

tone

operators

In this section, we prove a strong convergence theorem for solving a common

solution of the set of solutions of fixed point for an infinite family of nonexpansive

mappings, the set of solution of a system of mixed equilibrium problems and the set

of solutions of the variational inclusion for an β-inverse-strongly monotone mapping

in a real Hilbert space. we show for some application and numerical example.

Theorem 4.1.1. Let H be a real Hilbert space, C a close convex subset of H and B

be an β-inverse-strongly monotone operator. Let ϕ : C −→ R be a convex and lower

semicontinuous function, f : C −→ C be a contraction mapping with coefficient

α (0 < α < 1), M : H −→ 2H be a maximal monotone operator. Let A be a strongly

positive linear bounded operator of H into itself with coefficient γ > 0. Assume that

0 < γ < γ
α

and λ ∈ (0, 2β). Let {Tn} be a family of nonexpansive mappings of H

into itself such that

θ := ∩∞n=1F (Tn) ∩ (∩Nk=1SMEP (Fk)) ∩ I(B,M) 6= ∅.

Suppose that {xn} is a sequence generated by the following algorithm for x0 ∈ C

arbitrarily and un = KFN
rn,n ·K

FN−1
rn−1,n ·K

FN−2
rn−2,n · ... ·KF2

r2,n
·KF1

r1,n
· xn, ∀n ∈ N

xn+1 = PC [εnγf(xn) + (I − εnA)WnJM,λ(un − λBun)]

(4.1.1)
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for all n = 1,2,3,..., where

KFi
ri,n

(x) = {un ∈ C := Fi(un, y) + ϕ(y)− ϕ(un) +
1

ri,n
〈y − un, un − xn〉 ≥ 0,

∀y ∈ C}, i = 1, 2, 3, . . . , N,

and the following conditions are satisfied

(C1): {εn} ⊂ (0, 1), limn→0 εn = 0,
∑∞

n=1 εn =∞,
∑∞

n=1 |εn+1 − εn| <∞;

(C2): {rk,n} ⊂ [c, d] with c, d ∈ (0, 2σ) and
∑∞

n=1 |rk,n+1 − rk,n| <∞.

Then, the sequence {xn} converges strongly to q ∈ θ, where q = Pθ(γf+I−A)(q)

which solves the following variational inequality:

〈(γf − A)q, p− q〉 ≤ 0, ∀p ∈ θ, (4.1.2)

which is the optimality condition for the minimization problem

min
q∈θ

1

2
〈Aq, q〉 − h(q), (4.1.3)

where h is a potential function for γf (i.e., h′(q) = γf(q) for q ∈ H).

Proof. Since condition (C1), we may assume without loss of generality, then

εn ∈ (0, ‖ A ‖−1) for all n. By Lemma 2.6.9 we have ‖I − εnA‖ ≤ 1− εnγ̄. Next, we

will assume that ‖I − A‖ ≤ ‖1− γ̄‖.

Next, we will divide the proof into six steps.

Step 1. First, will show that {xn} and {un} are bounded. Since B is β - inverse

strongly monotone mappings, we have

‖(I − λB)x− (I − λB)y‖2 = ‖Ix− λBx− Iy + λBy‖2

= ‖x− y − λBx+ λBy‖2

= ‖(x− y)− λ(Bx+By)‖2

≤ ‖x− y‖2 − 2λ〈x− y〉〈Bx+By〉

+λ2‖Bx−By‖2

≤ ‖x− y‖2 − 2λβ‖Bx+By‖2

+λ2‖Bx−By‖2

≤ ‖x− y‖2 + λ(λ− 2β‖Bx+By‖2

≤ ‖x− y‖2 (4.1.4)
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if 0 < λ < 2β and 0 < rn < 2σ, then I − λB is all nonexpansive.

Put yn = JM,λ(un − λBun), n ≥ 0. It follows that

‖yn − q‖ = ‖JM,λ(un − λBun)− JM,λ(q − λBq)‖

≤ ‖(un − λBun)− (q − λBq)‖

≤ ‖un − q‖. (4.1.5)

By Lemma 2.6.13, we have

un = KFN
rn,n ·K

FN−1
rn−1,n

·KFN−2
rn−2,n

· ... ·KF2
r2,n
·KF1

r1,n
· xn, for n ≥ 0

τ kn = KFk
rk,n
·KFk−1

rk−1,n
· ... ·KF2

r2,n
·KF1

r1,n
, for k ∈ {0, 1, 2, ..., N}

and τ 0
n = I for all n ∈ N, q = τFk

rk,n
q, un = τNrk,Nxn Then, we have

‖un − q‖2 = ‖τNrk,nxn − τ
Fk
rk,n

q‖2

= ‖xn − q‖2. (4.1.6)

Hence, we get

‖yn − q‖ ≤ ‖xn − q‖. (4.1.7)

From (4.1.1), we deduce that

‖xn+1 − q‖ = ‖PC(εnγf(xn) + (I − εnA)Wnyn)− PCq‖

≤ ‖εn(γf(xn)− Aq) + (I − εnA)(Wnyn − q)‖

≤ εn‖γf(xn)− Aq)‖+ (1− εnγ̄)‖(yn))− q‖

≤ εγεn‖xn − q‖+ εn‖γf(g)− Aq‖

+(1− εnγ̄)‖xn − q‖ (4.1.8)

= (1− (γ̄ − γε)εn)‖xn − q‖ − εn‖γf(q)− Aq‖

= (1− (γ̄ − γε)εn)‖xn − q‖+ (γ̄ − γε)εn
‖γf(q)− Aq‖

γ̄ − γε
...

≤ max
{
‖xn − q‖,

‖γf(q)− Aq‖
γ̄ − γε

}
.

It follows by induction that

‖xn − q‖ ≤ max{‖x0 − q‖,
‖γf(q)− Aq‖

γ̄ − γε
}, n ≥ 0. (4.1.9)
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Therefore {xn} is bounded, so are {yn}, {Bun}, {f(xn)} and {AWnyn}.

Step 2. We claim that limn→∞ ‖xn+1 − xn‖ = 0 and limn→∞ ‖yn+1 − yn‖ = 0.

From (4.1.1), we have

‖xn+1 − xn‖ = ‖PC(εnγf(xn) + (I − εnA)Wnyn)− PC(εn−1γf(xn−1)

+(I − εn−1A)Wnyn−1‖ (4.1.10)

≤ ‖(I − εnA)(Wnyn −Wnyn−1)− (εn − εn−1)AWnyn−1 +

γεn(f(xn)− f(xn−1)) + γ(εn − εn−1)f(xn−1)‖

≤ (1− εnγ̄)‖yn − yn−1‖+ |εn − εn−1|‖AWnyn‖+ γεεn‖xn − xn−1‖

+γ|εn − εn−1|‖f(xn−1)‖. (4.1.11)

Since I − λB are nonexpansive, we also have

‖yn − yn−1‖ = ‖JM,λ(un − λBun)− JM,λ(un−1 − λBun−1)‖

≤ ‖(un − λBun)− (un−1 − λBun−1)‖ (4.1.12)

≤ ‖un − un−1‖.

On the other hand, from un−1 = τNrk,n−1xn−1 and un = τNrk,nxn, it follows that

F (un−1, y)+ϕ(y)−ϕ(un−1)+
1

rn−1

〈y−un−1, un−1−xn−1〉 ≥ 0, ∀y ∈ C (4.1.13)

and

F (un, y) + ϕ(y)− ϕ(un) +
1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C. (4.1.14)

Substituting y = un into (4.1.13) and y = un−1 into (4.1.14), we get

F (un−1, un) + ϕ(un)− ϕ(un−1) +
1

rn−1

〈un − un−1, un−1 − xn−1〉 ≥ 0 (4.1.15)

and

F (un, un−1) + ϕ(un−1)− ϕ(un) +
1

rn
〈un−1 − un, un− xn〉 ≥ 0. (4.1.16)

From (A2), we obtain

〈un − un−1,
un−1 − xn−1

rn−1

− un − xn
rn

〉 ≥ 0, (4.1.17)
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and then

〈un − un−1, un−1 − xn−1 −
rn−1

rn
(un − xn)〉 ≥ 0, (4.1.18)

so

〈un − un−1, un−1 − un + un − xn−1 −
rn−1

rn
(un − xn)〉 ≥ 0. (4.1.19)

It follows that

〈un − un−1, un−1 − un + un − xn −
rn−1

rn
(un − xn)〉 ≥ 0,

〈un − un−1, un−1 − un〉+ 〈un − un−1, (1−
rn−1

rn
)(un − xn)〉 ≥ 0. (4.1.20)

Without loss of generality, let us assume that there exists a real number c such that

rn−1 > c > 0, for all n ∈ N. Then, we have

‖un − un−1‖2 ≤
〈
un − un−1,

(
1− rn−1

rn

)
(un − xn)

〉
≤ ‖un − un−1‖

{
|1− rn−1

rn

∣∣∣‖un − xn‖}
and hence

‖un − un−1‖ ≤ ‖xn − xn−1‖+
1

rn
|rn − rn−1|‖un − xn‖

≤ ‖xn − xn−1‖+
M1

c
|rn − rn−1|, (4.1.21)

where M1 = sup{‖un − xn‖ : n ∈ N}. Substituting(4.1.21) into (4.1.12), we have

‖yn − yn−1‖ ≤ ‖xn − xn−1‖+
M1

c
|rn − rn−1|. (4.1.22)

Substituting 4.1.22 into 4.1.10, we get

‖xn+1 − xn‖ ≤ (1− εnγ̄)
(
‖xn − xn−1‖+

M1

c
|rn − rn−1|

)
+|εn − εn−1|‖AWnyn−1‖+ γεεn‖xn − xn−1‖

+γ|εn − εn−1|‖f(xn−1)‖

= (1− εnγ̄)‖xn − xn−1‖+ (1− εnγ̄)
M1

c
|rn − rn−1|

+|εn − εn−1|‖AWnyn−1‖

+γεεn‖xn − xn−1‖+ γ|εn − εn−1|‖f(xn−1)‖ (4.1.23)

≤ (1− (γ̄ − γε)εn)‖xn − xn−1‖+
M1

c
|rn − rn−1|

+|εn − εn−1|‖AWnyn−1‖+ γ|εn − εn−1|‖f(xn−1)‖

≤ (1− (γ̄ − γε)εn)‖xn − xn−1‖+
M1

c
|rn − rn−1|+M2|εn − εn−1|,
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where M2 = sup
{

max{‖AWnyn−1‖, ‖f(xn−1)‖ : n ∈ N}
}
. Since conditions (C1)-

(C2) by Lemma 2.1.23, we have ‖xn+1−xn‖ → 0 as n→∞. From (4.1.22), we also

have that ‖yn+1 − yn‖ → 0 as n→∞.

Step 3. Next, we show that limn→∞ ‖Bun −Bq‖ = 0.

For q ∈ θ and q = JM,λ(q − λBq). By (4.1.4) and (4.1.6), we get

‖yn − q‖2 = ‖JM,λ(un − λBun)− JM,λ(q − λBq)‖2

≤ ‖(un − λBun)− (q − λBq)‖2

≤ ‖un − q‖2 + λ(λ− 2β)‖Bun −Bq‖2

≤ ‖xn − q‖2 + λ(λ− 2β)‖Bun −Bq‖2. (4.1.24)

It follows that

‖xn+1 − q‖2 = ‖PC(εnγf(xn) + (I − εnA)Wnyn)− PC(q)‖2

≤ ‖εn(γf(xn)− Aq) + (I − εnA)(Wnyn − q)‖2

≤
(
εn‖γf(xn)− Aq‖+ (1− εnγ̄)‖yn − q‖

)2

≤ εn‖γf(xn)− Aq‖2 + (1− εnγ̄)‖yn − q‖2

+2εn(1− εnγ̄)‖γf(xn)− Aq‖‖yn − q‖ (4.1.25)

≤ εn‖γf(xn)− Aq‖2 + 2εn(1− εnγ̄)‖γf(xn)− Aq‖‖yn − q‖

+(1− εnγ̄)
(
‖xn − q‖2 + λ(λ− 2β)‖Bun −Bq‖2

)
≤ εn‖γf(xn)− Aq‖2 + 2εn(1− εnγ̄)‖γf(xn)− Aq‖‖yn − q‖

+‖xn − q‖2 + (1− εnγ̄)λ(λ− 2β)‖Bun −Bq‖2.

So, we obtain

(1− εnγ̄)λ(2β − λ)‖Bun −Bq‖2

≤ εn‖γf(xn)− Aq‖2 + ‖xn − xn+1‖
(
‖xn − q‖+ ‖xn+1 − q‖

)
+ ξn,(4.1.26)

where ξn = 2εn(1 − εnγ̄)‖γf(xn) − Aq‖‖yn − q‖. By conditions (C1),(C3) and

limn→∞ ‖xn+1 − xn‖ = 0, then we obtain that ‖Bun −Bq‖ → 0 as n→∞.

Step 4. We show the followings:

(i) limn→∞ ‖xn − un‖ = 0;
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(ii) limn→∞ ‖un − yn‖ = 0;

(iii) limn→∞ ‖yn −Wnyn‖ = 0.

Since Krn(x) is firmly nonexpansive and Lemma 2.1.12(iii), we observe that

‖un − q‖2 = ‖τNrn,n xn − τ
N
rn,n q‖

2

≤ 〈xn − q, un − q〉

=
1

2

(
‖xn − q‖2 + ‖un − q‖2 − ‖xn − q − un − q‖2

)
(4.1.27)

≤ 1

2

(
‖xn − q‖2 + ‖un − q‖2 − ‖xn − un‖2

)
it follows that

‖un − q‖2 ≤ ‖xn − q‖2 − ‖xn − un‖2.

Since JM,λ is 1-inverse-strongly monotone and by Lemma 2.1.12(iii), we compute

‖yn − q‖2 = ‖JM,λ(un − λBun)− JM,λ(q − λBq)‖2

≤ 〈(un − λBun)− (q − λBq), yn − q〉

=
1

2

(
‖(un − λBun)− (q − λBq)‖2 + ‖yn − q‖2

−‖(un − λBun)− (q − λBq)− (yn − q)‖2
)

(4.1.28)

≤ 1

2

(
‖un − q‖2 + ‖yn − q‖2 − ‖(un − yn)− λ(Bun −Bq)‖2

)
=

1

2

(
‖un − q‖2 + ‖yn − q‖2 − ‖un − yn‖2

+2λ〈un − yn, Bun −Bq〉 − λ2‖Bun −Bq‖2
)
,

which implies that

‖yn − q‖2 ≤ ‖un − q‖2 − ‖un − yn‖2 + 2λ‖un − yn‖‖Bun −Bq‖. (4.1.29)

Substitute (4.1.29) into (4.1.25), we have

‖xn+1 − q‖2 ≤ εn‖γf(xn)− Aq‖2 + ‖yn − q‖2 + 2εn(1− εnγ̄)‖γf(xn)− Aq‖‖yn − q‖

≤ εn‖γf(xn)− Aq‖2

+
(
‖un − q‖2 − ‖un − yn‖2 + 2λn‖un − yn‖‖Bun −Bq‖

)
+2εn(1− εnγ̄)‖γf(xn)− Aq‖‖yn − q‖. (4.1.30)
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Then, we derive

‖xn − un‖2 + ‖un − yn‖2 ≤ εn‖γf(xn)− Aq‖2 + ‖xn − q‖2 − ‖xn+1 − q‖2

+2λ‖un − yn‖‖Bun −Bq‖

+2εn(1− εnγ̄)‖γf(xn)− Aq‖‖yn − q‖

= εn‖γf(xn)− Aq‖2

+‖xn − xn+1‖(‖xn − q‖+ ‖xn+1 − q‖)

+2λ‖un − yn‖‖Bun −Bq‖

+2εn(1− εnγ̄)‖γf(xn)− Aq‖‖yn − q‖. (4.1.31)

By condition (C1), limn→∞ ‖xn − xn+1‖ = 0 and limn→∞ ‖Bun −Bq‖ = 0.

So, we have ‖xn − un‖ → 0, ‖un − yn‖ → 0 as n→∞. It follows that

‖xn − yn‖ ≤ ‖xn − un‖+ ‖un − yn‖ → 0, as n→∞. (4.1.32)

From (4.1.1), we have

‖xn −Wnyn‖ ≤ ‖xn −Wnyn−1‖+ ‖Wnyn−1 −Wnyn‖

≤
∥∥PC(εn−1γf(xn−1) + (I − αn−1A)Wnyn−1

)
− PC(Wnyn−1)

∥∥
+‖yn−1 − yn‖ (4.1.33)

≤ εn−1‖γfxn−1 − AWnyn−1‖+ ‖yn−1 − yn‖.

By condition (C1) and limn→∞ ‖yn−1−yn‖ = 0, then we obtain that ‖xn−Wnyn‖ → 0

as n→∞.

Hence, we have

‖xn −Wnxn‖ ≤ ‖xn −Wnyn‖+ ‖Wnyn −Wnxn‖

≤ ‖xn −Wnyn‖+ ‖yn − xn‖. (4.1.34)

By (4.1.32) and limn→∞ ‖xn −Wnyn‖ = 0 we obtain ‖xn −Wnxn‖ → 0 as n→∞.

Moreover, we also that

‖yn −Wnyn‖ ≤ ‖yn − xn‖+ ‖xn −Wnyn‖.

By (4.1.32) and limn→∞ ‖xn−Wnyn‖ = 0 then we obtain ‖yn−Wnyn‖ → 0 as n→∞.
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Step 5. We show that q ∈ θ :=
⋂∞
n=1 F (Tn)∩(

⋂N
k=1 SMEP (Fk)) and lim supn→∞

〈(γf − A)q,Wnyn − q〉 ≤ 0. It is easy to see that Pθ(γf + (I − A)) is a contraction

of H into itself. Indeed, since 0 < γ < γ̄
ε
, we have that

‖Pθ(γf + (I − A))x− Pθ(γf + (I − A))y‖

≤ γ‖f(x)− f(y)‖+ ‖I − A‖‖x− y‖

≤ γε‖x− y‖+ (1− γ̄)‖x− y‖ (4.1.35)

≤ (1− γ̄ + γε)‖x− y‖.

Hence H is complete, there exists a unique fixed point q ∈ H such that q = Pθ(γf +

(I −A))(q). By Lemma 2.1.12 we obtain that 〈(γf −A)q, w − q〉 ≤ 0 for all w ∈ θ.

Next, we show that lim supn→∞〈(γf − A)q,Wnyn − q〉 ≤ 0, where q = Pθ(γf +

I − A)(q) is the unique solution of the variational inequality
〈
(γf − A)q, w − q

〉
≥

0, ∀w ∈ θ. We can choose a subsequence {yni
} of {yn} such that

lim sup
n→∞

〈(γf − A)q,Wnyn − q〉 = lim
i→∞
〈(γf − A)q,Wnyni

− q〉. (4.1.36)

As {yni
} is bounded, there exists a subsequence {ynij

} of {yni
} which converges

weakly to w. We may assume without loss of generality that yni
⇀ w.

We claim that w ∈ θ. Since ‖yn−Wnyn‖ → 0,‖xn−Wnxn‖ → 0 and ‖xn− yn‖ → 0

and by Lemma 2.6.24, we have w ∈
⋂∞
n=1F (Tn).

Next, we show that w ∈
⋂∞
k=1SMEP (Fk).

Since un = τNrk,n xn, for k = 1, 2, 3, . . . , N, we know that

Fk(un, y) + ϕ(y)− ϕ(un) +
1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C. (4.1.37)

It follows by (A2) that

ϕ(y)− ϕ(un) +
1

rn
〈y − un, un − xn〉 ≥ Fk(y, un), ∀y ∈ C. (4.1.38)

Hence, for k = 1, 2, 3, . . . , N, we get

ϕ(y)− ϕ(uni
) +

1

rni

〈y − uni
, uni
− xni

〉 ≥ Fk(y, uni
), ∀y ∈ C. (4.1.39)

For t ∈ (0, 1] and y ∈ H, let yt = ty + (1− t)w. From (4.1.39), we have

0 ≥ ϕ(yt) + ϕ(uni
)− 1

rni

〈yt − uni
, uni
− xni

〉+ Fk(yt, uni
) (4.1.40)
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Since ‖uni
− xni

‖ → 0, from (A4) and the weakly lower semicontinuity of ϕ,

(uni−xni )

rni
→ 0 and uni

⇀ w. From (A1), (A4) and we have

0 = Fk(yt, yt)− ϕ(yt) + ϕ(yt)

≤ tFk(yt, y) + (1− t)Fk(yt, w) + tϕ(y) + (1− t)ϕ(w)− ϕ(yt)

≤ t[Fk(yt, y) + ϕ(y)− ϕ(yt)].

Deviding by t, we get

Fk(yt, y) + ϕ(y)− ϕ(yt) ≥ 0.

The weakly lower semicontinuity of ϕ for k = 1, 2, 3, . . . , N,

Fk(w, y) + ϕ(y) ≥ ϕ(w).

So, we have

Fk(w, y) + ϕ(y)− ϕ(w) ≥ 0, ∀k = 1, 2, 3, . . . , N.

This implies that w ∈
⋂N
k=1SMEP (Fk).

Lastly, we show that w ∈ I(B,M). In fact, since B is a β-inverse-strongly

monotone, hence B is a monotone and Lipschitz continuous mapping. It follows

from Lemma 2.6.22 that M + B is a maximal monotone. Let (v, g) ∈ G(M + B),

since g −Bv ∈M(v). Again since yni
= JM,λ(uni

− λBuni
), we have uni

− λBuni
∈

(I + λM)(yni
), that is, 1

λ
(uni
− yni

− λBuni
) ∈ M(yni

). By virtue of the maximal

monotonicity of M +B, we have

〈v − yni
, g −Bv − 1

λ
(uni
− yni

− λBuni
)〉 ≥ 0,

and hence

〈v − yni
, g〉 ≥

〈
v − yni

, Bv +
1

λ
(uni
− yni

− λBuni
)
〉

= 〈v − yni
, Bv −Byni

〉+ 〈v − yni
, Byni

−Buni
〉 (4.1.41)

+
〈
v − yni

,
1

λ
(uni
− yni

)
〉
.

It follows from limn→∞ ‖un−yn‖ = 0, we have limn→∞ ‖Bun−Byn‖ = 0 and yni
⇀ w

that

lim sup
n→∞

〈v − yn, g〉 = 〈v − w, g〉 ≥ 0. (4.1.42)
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It follows from the maximal monotonicity of B +M that θ ∈ (M + B)(w), that is,

w ∈ I(B,M). Therefore, w ∈ θ. It follows that

lim sup
n→∞

〈(γf − A)q,Wnyn − q〉 = lim
i→∞
〈(γf − A)q,Wnyni

− q〉 (4.1.43)

= 〈(γf − A)q, w − q〉 ≤ 0. (4.1.44)

Step 6. Finally, we prove xn → q. By using (4.1.1) and together with Schwarz

inequality, we have

‖xn+1 − q‖2 = ‖PC
(
εnγf(xn) + (I − εnA)Wnyn

)
− PC(q)‖2

≤ ‖εn(γf(xn)− Aq) + (I − εnA)(Wnyn − q)‖2

≤ (I − εnA)2‖(Wnyn − q)‖2 + ε2n‖γf(xn)− Aq‖2

+2εn〈(I − εnA)(Wnyn − q), γf(xn)− Aq〉

≤ (1− εnγ̄)2‖yn − q‖2 + ε2n‖γf(xn)− Aq‖2

+2εn〈Wnyn − q, γf(xn)− Aq〉 − 2ε2n〈A(Wnyn − q), γf(xn)− Aq〉

≤ (1− εnγ̄)2‖xn − q‖2 + ε2n‖γf(xn)− Aq‖2 (4.1.45)

+2εn〈Wnyn − q, γf(xn)− γf(q)〉

+2εn〈Wnyn − q, γf(q)− Aq〉 − 2ε2n〈A(Wnyn − q), γf(xn)− Aq〉

≤ (1− εnγ̄)2‖xn − q‖2 + ε2n‖γf(xn)− Aq‖2 (4.1.46)

+2εn‖Wnyn − q‖‖γf(xn)− γf(q)‖

+2εn〈Wnyn − q, γf(q)− Aq〉 − 2ε2n〈A(Wnyn − q), γf(xn)− Aq〉

≤ (1− εnγ̄)2‖xn − q‖2 + ε2n‖γf(xn)− Aq‖2 + 2γεεn‖yn − q‖‖xn − q‖

+2εn〈Wnyn − q, γf(q)− Aq〉 − 2ε2n〈A(Wnyn − q), γf(xn)− Aq〉

≤ (1− εnγ̄)2‖xn − q‖2 + ε2n‖γf(xn)− Aq‖2 + 2γεεn‖xn − q‖2

+2εn〈Wnyn − q, γf(q)− Aq〉 − 2ε2n〈A(Wnyn − q), γf(xn)− Aq〉

≤
(
(1− εnγ̄)2 + 2γεεn

)
‖xn − q‖2 + εn

{
εn‖γf(xn)− Aq‖2

+2〈Wnyn − q, γf(q)− Aq〉 − 2εn‖A(Wnyn − q)‖‖γf(xn)− Aq‖
}

=
(
1− 2(γ̄ − γε)εn

)
‖xn − q‖2 + εn

{
εn‖γf(xn)− Aq‖2

+2〈Wnyn − q, γf(q)− Aq〉 − 2εn‖A(Wnyn − q)‖ |γf(xn)− Aq‖

+εnγ̄
2‖xn − q‖2

}
. (4.1.47)

Since {xn} is bounded, where η ≥ ‖γf(xn)−Aq‖2 − 2‖A(Wnyn − q)‖‖γf(xn)−
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Aq‖+ γ̄2‖xn − q‖2 for all n ≥ 0. It follows that

‖xn+1 − q‖2 ≤
(
1− 2(γ̄ − γε)εn

)
‖xn − q‖2 + εnδn, (4.1.48)

where δn = 2〈Wnyn−q, γf(q)−Aq〉+ηαn. Since lim supn→∞〈(γf−A)q,Wnyn−q〉 ≤

0, we get lim supn→∞ δn ≤ 0. Applying Lemma 2.1.23, we can conclude that xn → q.

This completes the proof.

4.2 Some Applications to Minimization Problems

In this section, we apply the iterative scheme (4.1.1) for finding a common fixed

point of a nonexpansive mapping and a strictly pseudocontractive mapping.

Using Theorem 4.1.1, we first prove a strongly convergence theorem for finding

a common fixed point of a nonexpansive mapping and a strictly pseudo-contraction,

which is the solution of minimization problem.

Theorem 4.2.1. Let H be a real Hilbert space, C be a closed convex subset of

H and B be an β-inverse-strongly monotone, ϕ : C → R is convex and lower

semicontinuous function, f : C → C be a contraction with coefficient α (0 < α < 1)

and A be a strongly positive linear bounded operator of H into itself with coefficient

γ̄ > 0. Assume that 0 < γ < γ̄
α

. Let {Tn} be a family of nonexpansive mappings of

H into itself and let S be a κ-strictly pseudo-contraction of C into itself such that

θ := ∩∞n=1F (Tn) ∩ (∩Nk=1SMEP (Fk)) ∩ F (S) 6= 0.

Suppose {xn} is a sequence generated by the following algorithm for x0, un ∈ C

arbitrarily: un = KFN
rn,n ·K

FN−1
rn−1,n ·K

FN−2
rn−2,n · ... ·KF2

r2,n
·KF1

r1,n
· xn, ∀n ∈ N

xn+1 = PC [εnγf(xn) + (I − εnA)Wn(1− λ)xn + λSxn ]

(4.2.1)

for all n = 0, 1, 2, ..., and the conditions (C1)-(C2) in Theorem 4.1.1 are satisfied.

Then, the sequence {xn} converges strongly to q ∈ θ, where q = Pθ(γf+I−A)(q)

which solves the following variational inequality:

〈(γf − A)q, p− q〉 ≤ 0, ∀p ∈ θ
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which is the optimality condition for the minimization problem

min
q∈θ

1

2
〈Aq, q〉 − h(q), (4.2.2)

where h is a potential function for γf (i.e., h′(q) = γf(q) for q ∈ H).

Proof. Put B ≡ I − T , then B is 1−κ
2

inverse-strongly monotone and F (S) =

I(B,M) and JM,λ(xn−λBxn) = (1−λ)xn +λTxn. So by Theorem 4.1.1, we obtain

the desired result.

4.3 Numerical Example

Now, we give a real numerical example in which the condition satisfy the ones

of theorem 4.1.1 and some numerical experiment results to explain the main result

theorem 4.1.1 as follows:

Example. Let H = R,C = [−1, 1], Tn = I, λn = β ∈ (0, 1), n ∈ N, Fk(x, y) =

0,∀x, y ∈ C, rn,n = 1, k ∈ {1, 2, 3, ..., N}, ϕ(x) = 0, ∀x ∈ C, B = A = I, f(x) =

1
5
x, ∀x ∈ H, λ = 1

2
with contraction coefficient α = 1

10
, εn = 1

n
for every n

∈ N and γ = 1. Then {xn} is the sequence generated by

xn+1 = (
1

2
− 3

10n
)xn (4.3.1)

and xn −→ 0 as n −→ ∞, where 0 is the unique solution of the minimization

problem

min
x∈C

=
2

5
x2 + q.

Proof. We prove the Example 4.3.1 by step 1, step 2, step 3. By step 4, we give two

numerical experiment results which can directly explain the sequence {xn} strongly

converges to 0.

Step 1. We show

KFN
rn,nx = PCx, ∀x ∈ H,FN ∈ {1, 2, 3, ..., N}, (4.3.2)



56

where

PCx =


x
|x| , x ∈ H\C

x, x ∈ C.
(4.3.3)

Indeed, since Fk(x, y) = 0, ∀x, y ∈ C, n ∈ {1, 2, 3, ..., N}, due to the definition

of Kr(x), ∀x ∈ H, as lemma 2.6.13, we have

Kr(x) =
{
u ∈ C : 〈y − u, u− x〉 ≥ 0,∀y ∈ C

}
.

Also by the equivalent property (2.4.1) of the nearest projection PC from H −→

C, we obtain this conclusion, when we take x ∈ C, KFN
rn,nx = PCx = Ix. By (iii) in

lemma 2.6.13, we have

N⋂
k=1

SMEP (Fk) = C. (4.3.4)

Step 2. We show

Wn = I. (4.3.5)

Indeed. By (2.4.10), we have

W1 = U11 = λ1T1U12 + (1− λ1)I = λ1T1 + (1− λ1)I, (4.3.6)

W2 = U21 = λ1T1U22 + (1− λ1)I = λ1T1(λ2T2U23 + (1− λ2)I) + (1− λ1)I

= λ1λ2T1T2 + λ1(1− λ2)T1 + (1− λ1)I,

W3 = U31 = λ1T1U32 + (1− λ1)I = λ1T1(λ2T2U33 + (1− λ2)I) + (1− λ1)I

= λ1λ2T1T2U33 + λ1(1− λ2)T1 + (1− λ1)I,

= λ1λ2T1T2(λ3T3U34 + (1− λ3I)) + λ1(1− λ2)T1 + (1− λ1)I,

= λ1λ2λ3T1T2T3 + λ1λ2(1− λ3T1T2 + λ1(1− λ2)T1 + (1− λ1)I.

Compute in this way by (2.4.10), we obtain

Wn = Un1 = λ1λ2 · · ·λnT1T2 · · ·Tn + λ1λ2 · · ·λn−1(1− λn)T1T2 · · ·Tn−1

+λ1λ2 · · ·λn−2(1− λn−1)T1T2 · · ·Tn−2 + · · ·+ λ1(1− λ2)T1 + (1− λ1)I.
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Since Tn = I, λn = β, n ∈ N, thus

Wn = [βn + βn−1(1− β) + · · ·+ β(1− β) + (1− β)]I = I.

Step 3. We show

xn+1 = (
1

2
− 3

10n
)xn and xn+1 −→ 0, as n −→∞, (4.3.7)

where 0 is the unique solution of the minimization problem

min
x∈C

=
2

5
x2 + q.

Indeed, we can see A = I is a strongly position bounded linear operator with

coefficient γ̄ = 1
2
, γ is a real number such that 0 < γ < γ̄

α
, so we can take γ = 1. Due

to (4.3.1 ), (4.3.3 ) and (4.3.5 ), we can obtain an special sequence {xn} of (4.1.1)

in theorem 4.1.1 as follows:

xn+1 = (
1

2
− 3

10n
)xn.

Since Tn = I, n ∈ N, so,

∩∞n=1F (Tn) = H,

combining with (4.3.4), we have

θ := ∩∞n=1F (Tn) ∩ (∩Nk=1SMEP (Fk)) ∩ I(B,M) = C = [−1, 1].

By Lemma 2.1.23, it is obviously that zn −→ 0, 0 is the unique solution of the

minimization problem

min
x∈C

=
2

5
x2 + q,

where q is a constant number.

Step 4. We give the numerical experiment results using software Mathlab 7.0

and get the table 1 to table 2, which show that the iteration process of the se-

quence {xn} is a monotone decreasing sequence and converges to 0, but the more

the iteration steps are, the more showily the sequence {xn} converges to 0.

Now we turn to realizing (4.1.1) for approximating a fixed point of T . We take

the initial valued x1 = 1 and x1 = 1/2, respectively. All the numerical results are

given in Tables 4.1 and 4.2. The corresponding graph appears in Figure 4.1 (i) and

(ii).
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Table 4.1: This table shows the value of sequence {xn} on each iteration steps

(initial value x1 = 1)

n xn n xn

1 1.000000000000000 31 0.000000000054337

2 0.200000000000000 32 0.000000000026643

3 0.070000000000000 33 0.000000000013072

4 0.028000000000000 34 0.000000000006417
...

...
...

...

19 0.000000301580666 39 0.000000000000184

20 0.000000146028533 40 0.000000000000091

21 0.000000070823839 41 0.000000000000045
...

...
...

...

29 0.000000000226469 47 0.000000000000001

30 0.000000000110892 48 0.000000000000000

Table 4.2: This table shows the value of sequence {xn} on each iteration steps

(initial value x1 = 1
2)

n xn n xn

1 0.500000000000000 31 0.000000000027168

2 0.100000000000000 32 0.000000000013321

3 0.035000000000000 33 0.000000000006536

4 0.014000000000000 34 0.000000000003208
...

...
...

...

19 0.000000150790333 39 0.000000000000092

20 0.000000073014267 40 0.000000000000045

21 0.000000035411919 41 0.000000000000022
...

...
...

...

29 0.000000000113235 46 0.000000000000001

30 0.000000000055446 47 0.000000000000000
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(i)

(ii)

Figure 4.1 The iteration comparison chart of different initial values.

(i) x1 = 1 and (ii) x1 = 1
2 .



CHAPTER 5 HIERARCHICAL FIXED POINTS,

EQUILIBRIUM AND VARIATIONAL INEQUALITY

PROBLEMS

In this section, we introduce a new iterative scheme that converges strongly to

a common fixed point of a countable family of strictly pseudo-contractive mappings

in a real Hilbert space which is also a solution to variational inequality problems

related to quadratic minimization problems. Also a new hybrid extragradient iter-

ative algorithm for solving a common element of the set of fixed points satisfying

equilibrium problems, variational inequality problems and fixed point problems of a

strict pseudocontraction mapping in Hilbert spaces are obtain.

5.1 Hierarchical Fixed Points and Variational Inequality

Problems

Let H be a real Hilbert space, T : C → H be a mapping. The following problem

is called a hierarchical fixed point problem: Find x∗ ∈ F (T ) such that

〈x∗ − Sx∗, x− x∗〉 ≥ 0, ∀x ∈ F (T ). (5.1.1)

where S : C → H be a mapping.

Let us consider the net iterative scheme as follows:
yn = PC [βnSxn + (1− βn)xn],

xn+1 = PC [αnf(xn) +
n∑
i=1

(αi−1 − αi)Viyn], ∀n ≥ 1,
(5.1.2)

where Vi = kiI + (1 − ki)Ti, f : C → H is a ρ-contraction mapping, S : C → H

is a nonexpansive mapping, {Ti}∞i=1 : C → C is a countable family of ki-strict

pseudo-contraction mappings and
∞
∩
i=1
F (Ti) 6= ∅. Set α0 = 1, {αn} ⊂ (0, 1) is a

strictly decreasing sequence and {βn} ⊂ (0, 1). As we will see the convergence of

the scheme depends on the choice of the parameters {αn} and {βn}. We list some

possible hypotheses on them:
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(H1) there exists γ > 0 such that βn ≤ γαn;

(H2) lim
n→∞

βn/αn = τ ∈ [0,∞);

(H3) lim
n→∞

αn = 0 and
∞∑
n=1

αn =∞;

(H4)
∞∑
n=1

|αn − αn−1| <∞;

(H5)
∞∑
n=1

|βn − βn−1| <∞;

(H6) lim
n→∞
|αn − αn−1|/αn = 0;

(H7) lim
n→∞
|βn − βn−1|/βn = 0;

(H8) lim
n→∞

[|αn − αn−1|+ |βn − βn−1|]/αnβn = 0;

(H9) there exists a constant K > 0 such that 1
αn
| 1
βn
− 1

βn−1
| ≤ K.

Proposition 5.1.1. Assume that (H1) holds. Then {xn} and {yn} are bounded.

Proof (1) Let z ∈
∞
∩
i=1
F (Ti) =

∞
∩
i=1
F (Vi). Then we have

‖xn+1 − z‖ =

∥∥∥∥PC [αnf(xn) +
n∑
i=1

(αi−1 − αi)Viyn]− PC [z]

∥∥∥∥
≤

∥∥∥∥αnf(xn) +
n∑
i=1

(αi−1 − αi)Viyn − z
∥∥∥∥

=

∥∥∥∥αn(f(xn)− z) +
n∑
i=1

(αi−1 − αi)(Viyn − z)

∥∥∥∥
≤ αn‖f(xn)− f(z)‖+ αn‖f(z)− z‖

+
n∑
i=1

(αi−1 − αi)‖Viyn − z‖

≤ αnρ‖xn − z‖+ αn‖f(z)− z‖

+
n∑
i=1

(αi−1 − αi)‖yn − z‖

≤ αnρ‖xn − z‖+ αn‖f(z)− z‖

+
n∑
i=1

(αi−1 − αi)‖βnSxn + (1− βn)xn − z‖
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≤ αnρ‖xn − z‖+ αn‖f(z)− z‖

+
n∑
i=1

(αi−1 − αi)(βn‖Sxn − Sz‖+ βn‖Sz − z‖

+(1− βn)‖xn − z‖)

≤ αnρ‖xn − z‖+ αn‖f(z)− z‖

+
n∑
i=1

(αi−1 − αi)(βn‖xn − z‖+ βn‖Sz − z‖

+(1− βn)‖xn − z‖)

= αnρ‖xn − z‖+ αn‖f(z)− z‖

+
n∑
i=1

(αi−1 − αi)(‖xn − z‖+ βn‖Sz − z‖)

= αnρ‖xn − z‖+ αn‖f(z)− z‖

+(1− αn)(‖xn − z‖+ βn‖Sz − z‖)

= (1− αn(1− ρ))‖xn − z‖+ αn‖f(z)− z‖+ (1− αn)βn‖Sz − z‖

≤ (1− αn(1− ρ))‖xn − z‖+ αn‖f(z)− z‖+ βn‖Sz − z‖

≤ (1− αn(1− ρ))‖xn − z‖+ αn[‖f(z)− z‖+ γ‖Sz − z‖]. (5.1.3)

So, by induction, one can obtain that

‖xn − z‖ ≤ max

{
‖x0 − z‖,

1

1− ρ
[‖f(z)− z‖+ γ‖Sz − z‖

}
. (5.1.4)

Hence {xn} is bounded. Of course {yn} is bounded too.

Proposition 5.1.2. Suppose that (H1) and (H3) hold. Also, assume that either

(H4) and (H5) hold, or (H6) and (H7) hold. Then

(1) {xn} is asymptotically regular, that is,

lim
n→∞

‖xn+1 − xn‖ = 0, (5.1.5)

(2) the weak cluster points set ωw(xn) ⊂
∞
∩
i=1
F (Ti).

proof (2) Set un = αnf(xn) +
n∑
i=1

(αi−1 − αi)Viyn. From (5.1.2) and since PC is
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a nonexpansive mapping, we have

‖xn+1 − xn‖ = ‖PC [un]− PC [un−1]‖

≤ ‖un − un−1‖ (5.1.6)

=

∥∥∥∥αn(f(xn)− f(xn−1)) + (αn − αn−1)f(xn−1)

+
n∑
i=1

(αi−1 − αi)(Viyn − Viyn−1) + (αn−1 − αn)Vnyn−1

∥∥∥∥
≤ αn‖f(xn)− f(xn−1)‖+

n∑
i=1

(αi−1 − αi)‖yn − yn−1‖

|αn − αn−1|(‖f(xn−1)‖+ ‖Vnyn−1‖)

≤ αnρ‖xn − xn−1‖+ (1− αn)‖yn − yn−1‖

+|αn − αn−1|(‖f(xn−1)‖+ ‖Vnyn−1‖). (5.1.7)

By definition of yn one obtain that

‖yn − yn−1‖ = ‖PC [βnSxn + (1− βn)xn]− PC [βn−1Sxn−1 + (1− βn−1)xn−1]‖

≤ ‖(βnSxn + (1− βn)xn)− (βn−1Sxn−1 + (1− βn−1)xn−1)‖

= ‖βn(Sxn − Sxn−1) + (βn − βn−1)Sxn−1

+(1− βn−1)(xn − xn−1) + (βn−1 − βn)xn−1‖

≤ ‖xn − xn−1‖+ |βn − βn−1|(‖Sxn−1‖+ ‖xn−1‖). (5.1.8)

So, substituting (5.1.8) in (5.1.7), we obtain

‖xn+1 − xn‖ ≤ αnρ‖xn − xn−1‖

+(1− αn)[‖xn − xn−1‖+ |βn − βn−1|(‖Sxn−1‖+ ‖xn−1‖)]

+|αn − αn−1|(‖f(xn−1)‖+ ‖Vnyn−1‖)

≤ (1− (1− ρ)αn)‖xn − xn−1‖+ |βn − βn−1|(‖Sxn−1‖+ ‖xn−1‖)

+|αn − αn−1|(‖f(xn−1)‖+ ‖Vnyn−1‖). (5.1.9)

By Proposition 5.1.1, we say

M := max

{
sup
n≥1
{‖Sxn−1‖+ ‖xn−1‖}, sup

n≥1
{‖f(xn−1)‖+ ‖Vnyn−1‖}

}
.

So, we have

‖xn+1− xn‖ ≤ (1− (1− ρ)αn)‖xn− xn−1‖+M [|αn−αn−1|+ |βn− βn−1|]. (5.1.10)
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So, if (H4) and (H5) hold, we obtain the asymptotic regularity by Lemma 2.1.23, if

instead, (H6) and (H7) hold, from (H1), we can write

‖xn+1 − xn‖ ≤ (1− (1− ρ)αn)‖xn − xn−1‖

+Mαn

[
|αn − αn−1|

αn
+
|βn − βn−1|

αn

]
≤ (1− (1− ρ)αn)‖xn − xn−1‖

+Mαn

[
|αn − αn−1|

αn
+ γ
|βn − βn−1|

βn

]
. (5.1.11)

By Lemma 2.1.23, we obtain the asymptotic regularity.

In order to prove (2), since Vixn ∈ C for each i ≥ 1 and
∞∑
n=1

(αn−1−αn)+αn = 1,

we have
n∑
i=1

(αi−1 − αi)Vixn + αnp ∈ C, ∀p ∈ C. (5.1.12)

Now, fixing a p ∈
∞
∩
i=1
F (V i), from (5.1.2), we have

n∑
i=1

(αi−1 − αi)(xn − Vixn)

= PC [un] + (1− αn)xn −
( n∑

i=1

(αi−1 − αi)Vixn + αnp

)
+ αnp− xn+1

= PC [un]− PC
[ n∑
i=1

(αi−1 − αi)Vixn + αnp

]
+ (1− αn)(xn − xn+1)

+αn(p− xn+1).

It follows that

n∑
i=1

(αi−1 − αi)〈xn − Vixn, xn − z〉

=

〈
PC [un]− PC

[ n∑
i=1

(αi−1 − αi)Vixn + αnp

]
, xn − z

〉
+(1− αn)〈xn − xn+1, xn − z〉+ αn〈p− xn+1, xn − z〉

≤
∥∥∥∥un − n∑

i=1

(αi−1 − αi)Vixn + αnp

∥∥∥∥‖xn − z‖
+(1− αn)‖xn − xn+1‖‖xn − z‖+ αn‖p− xn+1‖‖xn − z‖

=

∥∥∥∥αn(f(xn)− p) +
n∑
i=1

(αi−1 − αi)(Viyn − Vixn)

∥∥∥∥‖xn − z‖
+(1− αn)‖xn − xn+1‖‖xn − z‖+ αn‖p− xn+1‖‖xn − z‖
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≤ αn‖f(xn)− p‖‖xn − z‖+
n∑
i=1

(αi−1 − αi)‖yn − xn‖‖xn − z‖

+(1− αn)‖xn − xn+1‖‖xn − z‖+ αn‖p− xn+1‖‖xn − z‖

≤ αn‖f(xn)− p‖‖xn − z‖+
n∑
i=1

(αi−1 − αi)βn‖Sxn − xn‖‖xn − z‖

+(1− αn)‖xn − xn+1‖‖xn − z‖+ αn‖p− xn+1‖‖xn − z‖

= αn‖f(xn)− p‖‖xn − z‖+ (1− αn)βn‖Sxn − xn‖‖xn − z‖

+(1− αn)‖xn − xn+1‖‖xn − z‖+ αn‖p− xn+1‖‖xn − z‖. (5.1.13)

Now, from Lemma 2.6.33 and (5.1.13), we get

1

2

n∑
i=1

(αi−1 − αi)‖xn − Vixn‖2

≤
n∑
i=1

(αi−1 − αi)〈xn − Vixn, xn − z〉

≤ αn‖f(xn)− p‖‖xn − z‖+ (1− αn)βn‖Sxn − xn‖‖xn − z‖

+(1− αn)‖xn − xn+1‖‖xn − z‖+ αn‖p− xn+1‖‖xn − z‖.

By (H1) and (H3), it follows that βn → 0, as n→∞ , so that

lim
n→∞

n∑
i=1

(αi−1 − αi)‖xn − Vixn‖2 = 0. (5.1.14)

Since (αi−1−αi)‖xn− Vixn‖2 ≤
n∑
i=1

(αi−1−αi)‖xn− Vixn‖2 for each i ≥ 1 and {αn}

is strictly decreasing, one has

lim
n→∞

‖xn − Vixn‖ = 0, ∀i ≥ 1. (5.1.15)

Hence, we obtain

lim
n→∞

‖xn − Tixn‖ = lim
n→∞

‖xn − Vixn‖
(1− ki)

= 0, ∀i ≥ 1.

Since {xn} is asymptotically regular and demiclosedness principle, we obtain the

proposition.

Corollary 5.1.3. Suppose that the hypotheses of Proposition 5.1.2 hold. Then

(i) lim
n→∞
‖xn − yn‖ = 0;

(ii) lim
n→∞
‖xn − Viyn‖ = 0, ∀i ≥ 1;
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(iii) lim
n→∞
‖yn − Viyn‖ = 0, ∀i ≥ 1.

Proof. To prove (i), we can observe that

‖xn − yn‖ ≤ βn‖xn − Sxn‖.

Since βn → 0 as n→∞, we obtain (i).

To prove (ii), we observe that

‖yn − Vixn‖ ≤ ‖yn − xn‖+ ‖xn − Vixn‖, ∀i ≥ 1

and

‖xn − Viyn‖ ≤ ‖xn − yn‖+ ‖yn − Vixn‖, ∀i ≥ 1.

Since ‖yn−xn‖ → 0 and ‖xn−Vixn‖ → 0 as n→∞, ∀i ≥ 1, then ‖yn−Vixn‖ → 0,

that is, we obtain (ii). To prove (iii), we can observe that

‖yn − Viyn‖ ≤ ‖xn − yn‖+ ‖xn − Viyn‖, ∀i ≥ 1.

By (i) and (ii), we obtain (iii).

Theorem 5.1.4. Let C be a nonempty closed and convex subset of a real Hilbert

space H. Let f : C → H be a ρ-contraction mapping, S : C → H be a nonexpansive

mapping and {Ti}∞i=1 : C → C be a countable family of ki-strict pseudo-contraction

mappings and F =
∞
∩
i=1
F (Ti) 6= ∅. Let α0 = 1, and x1 ∈ C and define the sequence

{xn} by 
yn = PC [βnSxn + (1− βn)xn],

xn+1 = PC [αnf(xn) +
n∑
i=1

(αi−1 − αi)Viyn], ∀n ≥ 1,
(5.1.16)

where {αn} ⊂ (0, 1) and {αn} is a strictly decreasing sequence, Vi = kiI+(1−ki)Ti,

{βn} ⊂ (0, 1) and {αn} and {βn} are sequences satisfying the conditions (H2) with

τ = 0, (H3), either (H4) and (H5), or (H6) and (H7). Then the sequence {xn}

converges strongly to a point z ∈ F , which is the unique solution of the variational

inequality:

〈(I − f)z, x− z〉 ≥ 0, ∀x ∈ F . (5.1.17)

Proof. First of all, since PFf is a contraction. By Banach contraction principle, so

there exists a unique z ∈ F such that z = PFf(z), Moreover, from Lemma 2.1.12

(1), we have

〈f(z)− z, y − z〉 ≤ 0, ∀y ∈ F .
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Since (H2) implies (H1), thus {xn} is bounded. Moreover, since either (H4) and (H5),

or (H6) and (H7), then {xn} is asymptotically regular. Similarly, by Proposition

5.1.2, the weak cluster points set of xn, that is, ωw(xn), is a subset of F .

Let {xnk
} be a subsequence of {xn} such that

lim sup
n→∞

〈f(z)− z, xn − z〉 = lim
k→∞
〈f(z)− z, xnk

− z〉,

and xnk
→ x′. By Proposition 5.1.2 it follows that x′ ∈ F . Then

lim
k→∞
〈f(z)− z, xnk

− z〉 = 〈f(z)− z, x′ − z〉 ≤ 0.

Set un = αnf(xn) +
n∑
i=1

(αi−1 − αi)Viyn, we obtain

‖xn+1 − z‖2 = 〈PC [un]− un, PC [un]− z〉+ 〈un − z, xn+1 − z〉. (5.1.18)

By Lemma 2.1.12 (1), we have

〈PC [un]− un, PC [un]− z〉 ≤ 0. (5.1.19)

From (5.1.18) and (5.1.19), it follows that

‖xn+1 − z‖2 ≤ 〈un − z, xn+1 − z〉

= αn〈f(xn)− f(z), xn+1 − z〉+ αn〈f(z)− z, xn+1 − z〉
n∑
i=1

(αi−1 − αi)〈Viyn − z, xn+1 − z〉

≤ αnρ‖xn − z‖‖xn+1 − z‖+ αn〈f(z)− z, xn+1 − z〉

(1− αn)‖yn − z‖‖xn+1 − z‖

≤ αnρ‖xn − z‖‖xn+1 − z‖+ αn〈f(z)− z, xn+1 − z〉

(1− αn)‖βnSxn + (1− βn)xn − z‖‖xn+1 − z‖

≤ αnρ‖xn − z‖‖xn+1 − z‖+ αn〈f(z)− z, xn+1 − z〉

(1− αn)‖xn − z‖‖xn+1 − z‖+ (1− αn)βn‖Sz − z‖‖xn+1 − z‖

= [1− αn(1− ρ)]‖xn − z‖‖xn+1 − z‖+ αn〈f(z)− z, xn+1 − z〉

+(1− αn)βn‖Sz − z‖‖xn+1 − z‖
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≤
[

1− αn(1− ρ)

2

][
‖xn − z‖2 + ‖xn+1 − z‖2

]
+αn〈f(z)− z, xn+1 − z〉+ (1− αn)βn‖Sz − z‖‖xn+1 − z‖

≤
[
1− 2(1− ρ)αn

1 + (1− ρ)αn

]
‖xn − z‖2 +

[
2αn

1 + (1− ρ)αn

]
×〈f(z)− z, xn+1 − z〉+

[
2(1− αn)βn

1 + (1− ρ)αn

]
‖Sz − z‖‖xn+1 − z‖

=

[
1− 2(1− ρ)αn

1 + (1− ρ)αn

]
‖xn − z‖2 +

[
2(1− ρ)αn

1 + (1− ρ)αn

]
×
{

1

1− ρ
〈f(z)− z, xn+1 − z〉+

(1− αn)βn
(1− ρ)αn

‖Sz − z‖‖xn+1 − z‖
}
.

Let γn = 2(1−ρ)αn

1+(1−ρ)αn
and δn = 2(1−ρ)αn

1+(1−ρ)αn

{
1

1−ρ〈f(z) − z, xn+1 − z〉 + (1−αn)βn
(1−ρ)αn

‖Sz −

z‖‖xn+1 − z‖
}

for all n ≥ 1. Since

lim sup
n→∞

{
1

1− ρ
〈f(z)− z, xn+1 − z〉+

(1− αn)βn
(1− ρ)αn

‖Sz − z‖‖xn+1 − z‖
}
≤ 0,

∞∑
i=1

αn =∞ and 2(1−ρ)αn

1+(1−ρ)αn
≥ (1− ρ)αn, we have

∞∑
n=1

γn =∞ and lim sup
n→∞

δn
γn
≤ 0.

Hence, by Lemma 2.1.23, we conclude that xn → z as n→∞. This completes the

proof.

Remark 5.1.5. In the iterative scheme (5.1.16), if we set f ≡ 0, then we get

xn → z = PF0. In this case, from (5.1.17), it follows that

〈z, z − x〉 ≤ 0, ∀x ∈ F .

That is

‖z‖2 ≤ 〈z, x〉 ≤ ‖z‖‖x‖, ∀x ∈ F .

Therefore, the point z is the unique solution to the following quadratic minimization

problem:

z = argmin
x∈F
‖x‖2.

By changing the restrictions on parameters in Theorem 5.1.4, we obtain the

following results.
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Theorem 5.1.6. Let C be a nonempty closed and convex subset of a real Hilbert

space H. Let f : C → H be a ρ-contraction mapping, S : C → C be a nonexpansive

mapping and {Ti}∞i=1 : C → C be a countable family of ki-strict pseudo-contraction

mappings and F =
∞
∩
i=1
F (Ti) 6= ∅. Let α0 = 1, and x1 ∈ C and define the sequence

{xn} by 
yn = PC [βnSxn + (1− βn)xn] = βnSxn + (1− βn)xn

xn+1 = PC [αnf(xn) +
n∑
i=1

(αi−1 − αi)Viyn], ∀n ≥ 1
(5.1.20)

where {αn} ⊂ (0, 1) and {αn} is a strictly decreasing sequence, Vi = kiI+(1−ki)Ti,

{βn} ⊂ (0, 1) and {αn} and {βn} are sequences satisfying the conditions (H2) with

τ ∈ (0,∞), (H3), (H8) and (H9). Then the sequence {xn} converges strongly to a

point x∗ ∈ F , which is the unique solution of the variational inequality:

〈1
τ

(I − f)x∗ + (I − S)x∗, x− x∗〉 ≥ 0, ∀x ∈ F . (5.1.21)

Proof. First, we shows that (5.1.21) has the unique solution. Let x′ and x∗ be two

solutions. Then, since x′ is solution, for y = x∗ one has

〈(I − f)x′, x′ − x∗〉 ≤ τ〈(I − S)x′, x∗ − x′〉 (5.1.22)

and

〈(I − f)x∗, x∗ − x′〉 ≤ τ〈(I − S)x∗, x′ − x∗〉. (5.1.23)

Adding (5.1.22) and (5.1.23), we obtain

(1− ρ)‖x′ − x∗‖2 ≤ 〈(I − f)x′ − (I − f)x∗, x′ − x∗〉

≤ −ρ〈(I − S)x′ − (I − S)x∗, x′ − x∗〉 ≤ 0

so x′ = x∗. Also now the condition (H2) with 0 < τ < ∞ implies (H1) so the

sequence {xn} is bounded. Moreover, since (H8) implies (H6) and (H7), then {xn}

is asymptotically regular.

Similarly, by Proposition 5.1.2, the weak cluster points set of xn, i.e., ωw(xn), is a

subset of F .
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From (5.1.6)-(5.1.10), we observe that

‖xn+1 − xn‖
βn

≤ ‖un − un−1‖
βn

≤ [1− (1− ρ))αn]
‖xn − xn−1‖

βn
+M

[
|αn − αn−1|

βn
+
|βn − βn−1|

βn

]
= [1− (1− ρ))αn]

‖xn − xn−1‖
βn−1

+ [1− (1− ρ))αn]‖xn − xn−1‖

×
[

1

βn
− 1

βn−1

]
+M

[
|αn − αn−1|

βn
+
|βn − βn−1|

βn

]
≤ [1− (1− ρ))αn]

‖xn − xn−1‖
βn−1

+ ‖xn − xn−1‖
[

1

βn
− 1

βn−1

]
+M

[
|αn − αn−1|

βn
+
|βn − βn−1|

βn

]
≤ [1− (1− ρ))αn]

‖xn − xn−1‖
βn−1

+ αnK‖xn − xn−1‖

+M

[
|αn − αn−1|

βn
+
|βn − βn−1|

βn

]
≤ [1− (1− ρ))αn]

‖un − un−1‖
βn−1

+ αnK‖xn − xn−1‖

+M

[
|αn − αn−1|

βn
+
|βn − βn−1|

βn

]
.

Let γn = (1− ρ)αn and δn = αnK‖xn − xn−1‖+M

[
|αn−αn−1|

βn
+ |βn−βn−1|

βn

]
.

From condition (H3) and (H8), we have

∞∑
i=1

γn =∞ and lim
n→∞

δn
γn

= 0.

By Lemma 2.1.23, we obtain

lim
n→∞

‖xn+1 − xn‖
βn

= 0, lim
n→∞

‖un+1 − un‖
βn

= lim
n→∞

‖un+1 − un‖
αn

= 0.

From (5.1.20), we have

xn − xn−1 = (1− αn)xn −
[
PC [un]− un + αnf(xn)

+
n∑
i=1

(αi−1 − αi)(Viyn − yn) + (1− αn)yn

]
= (1− αn)βn(xn − Sxn) + (un − PC [un])

+
n∑
i=1

(αi−1 − αi)(yn − Viyn) + αn(xn − f(xn)).
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It follows that

xn − xn−1

(1− αn)βn
= (xn − Sxn) +

1

(1− αn)βn
(un − PC [un])

+
1

(1− αn)βn

n∑
i=1

(αi−1 − αi)(yn − Viyn)

+
αn

(1− αn)βn
(xn − f(xn)).

Let vn = xn−xn−1

(1−αn)βn
. For all z ∈ F =

∞
∩
i=1
F (Ti) =

∞
∩
i=1
F (Vi), we get

〈vn, xn − z〉 =
1

(1− αn)βn
〈un − PC [un], PC [un−1]− z〉 (5.1.24)

+
αn

(1− αn)βn
〈(I − f)xn, xn − z〉+ 〈xn − Sxn, xn − z〉

+
1

(1− αn)βn

n∑
i=1

(αi−1 − αi)〈yn − Viyn, xn − z〉. (5.1.25)

By Lemma 2.6.29, we have

〈xn − Sxn, xn − z〉 = 〈(I − S)xn − (I − S)z, xn − z〉+ 〈(I − S)z, xn − z〉

≥ 〈(I − S)z, xn − z〉, (5.1.26)

〈(I − f)xn, xn − z〉 = 〈(I − f)xn − (I − f)z, xn − z〉+ 〈(I − f)z, xn − z〉

≥ (1− ρ)‖xn − z‖2 + 〈(I − f)z, xn − z〉 (5.1.27)

and

〈yn − Viyn, xn − z〉 = 〈(I − Vi)yn − (I − Vi)z, xn − yn〉 (5.1.28)

+〈(I − Vi)yn − (I − Vi)z, yn − z〉

≥ 〈(I − Vi)yn − (I − Vi)z, xn − yn〉

= βn〈(I − Vi)yn, xn − Sxn〉, ∀i ≥ 1. (5.1.29)

By Lemma 2.1.12(1), we obtain

〈un − PC [un], PC [un−1]− z〉 = 〈un − PC [un], PC [un−1]− PC [un]〉 (5.1.30)

+〈un − PC [un], PC [un]− z〉

≥ 〈un − PC [un], PC [un−1]− PC [un]〉. (5.1.31)
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Now, from(5.1.24)-(5.1.30), it follows that

〈vn, xn − z〉 ≥
1

(1− αn)βn
〈un − PC [un], PC [un−1]− PC [un]〉

+
αn

(1− αn)βn
〈(I − f)z, xn − z〉+ 〈(I − S)z, xn − z〉

+
1

(1− αn)

n∑
i=1

(αi−1 − αi)〈(I − Vi)yn, xn − Sxn〉

+
(1− ρ)αn
(1− αn)βn

‖xn − z‖2. (5.1.32)

We observe from (5.1.32) that

‖xn − z‖2 ≤ (1− αn)βn
(1− ρ)αn

[
〈vn, xn − z〉 − 〈(I − S)z, xn − z〉

]
+
‖un−1 − un‖

(1− ρ)αn
‖un − PC [un]‖ − 1

1− ρ
〈(I − f)z, xn − z〉

− βn
(1− ρ)αn

n∑
i=1

(αi−1 − αi)〈(I − Vi)yn, xn − Sxn〉, (5.1.33)

since vn → 0 and (I − Vi)yn → 0, as n→∞ , then every weak cluster point of {xn}

is also a strong cluster point. By Proposition 5.1.2, {xn} is bounded, thus there

exists a subsequence {xnk
} converging to x∗.

For all z ∈ F by (5.1.24), we compute

〈(I − f)xnk
, xnk

− z〉 =
(1− αnk

)βnk

αnk

〈vnk
, xnk

− z〉

− 1

αnk

〈unk
− PC [unk

], PC [unk−1]− z〉

−(1− αnk
)βnk

αnk

〈xnk
− Sxnk

, xnk
− z〉

− 1

αnk

nk∑
i=1

(αi−1 − αi)〈ynk
− Viynk

, xnk
− z〉

≤ (1− αnk
)βnk

αnk

〈vnk
, xnk

− z〉

−βnk

αnk

nk∑
i=1

(αi−1 − αi〈(I − Vi)ynk
, xnk

− Sxnk
〉

− 1

αnk

‖unk−1 − unk
‖‖unk

− PC [unk
]‖

−(1− αnk
)βnk

αnk

〈(I − S)z, xnk
− z〉. (5.1.34)

Since vn → 0, (I − Vi)yn → 0 for all i ≥ 1, and ‖un − un−1‖/αn → 0, letting k →∞

in (3.30), we obtain

〈(I − f)x∗, x∗ − z〉 ≤ −τ〈(I − S)z, x∗ − z〉, ∀z ∈ F .
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Since (5.1.21) has the unique solution, it follows that ωw(xn) = {x∗}. Since every

weak cluster point of {xn} is also a strong cluster point, we conclude that xn → x∗

as n→∞. This completes the proof.
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5.2 Hybrid Extragradient Method for Fixed Points and Vari-

ational Inequality Problems

Let C be a nonempty, closed and convex subset of a real Hilbert space H, let F

be a bifunction F : C × C → R satisfying conditions (A1)− (A5) (Lemma 2.6.34),

let A be an α-inverse-strongly monotone mapping of C into H. Let S be a ξ-strict

pseudocontraction mapping from C to C.

we consider the sequences {xn}, {yn}, {zn}, {wn} and {tn} generated by x0 ∈ C

and 

yn = arg miny∈C{λnF (xn, y) + 1
2
‖y − xn‖2},

zn = arg miny∈C{λnF (yn, y) + 1
2
‖y − xn‖2},

wn = PC(zn − λnAzn),

tn = αnxn + (1− αn)[(1− µ)Swn + µPC(1− βn)wn],

Cn = {z ∈ C : ‖tn − z‖ ≤ ‖xn − z‖},

Dn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0},

xn+1 = PCn∩Dnx0,

(5.2.1)

for every n ∈ N , where µ be a constant in (0, 1), {αn} ⊂ [0, 1), {βn} ⊂ (0, 1), {λn} ⊂

(0, 1].

Algorithm 1

Choose the sequences {αn} ⊂ [0, 1), {βn} ⊂ (0, 1), {λn} ⊂ (0, 1] and µ be a

constant in (0, 1).

1. Let x0 ∈ C. Set n = 0.

2. Solve successively the strongly convex programs

arg miny∈C{λnF (xn, y) + 1
2
‖y − xn‖2} and

arg miny∈C{λnF (yn, y) + 1
2
‖y − xn‖2}

to obtain the unique optimal solution yn and zn, respectively.

3. Compute wn = PC(zn − λnAzn).

4. Compute

tn = αnxn + (1 − αn)[(1 − µ)Swn + µPC(1 − βn)wn]. If yn = xn and tn = xn,

then STOP:

xn ∈ EP (F ) ∩ Fix(S) ∩ V I(C,A). Otherwise, go to Step 5.
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5. Compute xn+1 = PCn∩Dnx0, where

Cn = {z ∈ C : ‖tn − z‖ ≤ ‖xn − z‖},

Dn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0}.

6. Set n := n+ 1, and go to Step 3.

In the sequel, we also suppose that the sequences of parameters {αn}, {βn}, {λn}, ξ

and µ satisfy the following conditions:

(i) {λn} ⊂ [λmin, λmax], where 0 < λmin ≤ λmax < min
{

1
2c1
, 1

2c2

}
;

(ii) {αn} ⊂ [0, c] for some c < 1;

(iii) limn→∞ βn = 0 and
∑∞

n=1 βn =∞;

(iv) ξ and µ be constant, where 0 ≤ ξ < µ < 1.

Now, let {xn}, {yn}, {zn}, and {wn} be the sequences generated by combination

of the hybrid extragradient method, variational inequality by projection method and

the fixed point method described at the begining of this section. These sequence

satisfy the following properties. Here we start our main theorem.

Theorem 5.2.1. Let C be a nonempty, closed and convex subset of a real Hilbert

space H, let F be a bifunction F : C × C → R satisfying conditions (A1) − (A5),

let A be an α-inverse-strongly monotone mapping of C into H. Let S be a ξ-strict

pseudocontraction mapping from C to C and such that Θ := EP (F ) ∩ Fix(S) ∩

V I(C,A) 6= ∅. Suppose that the sequences {αn}, {βn}, {λn} and µ satisfying the

conditions (i) − (iv). Then the sequence {xn} generated by Algorithm 1 converges

strongly to the projection of x0 onto the set Θ.

Proof. Step 1. We show that sequence {xn} is well defined. From definition of Cn

and Dn, it is obvious that Cn is closed and Dn is closed and convex for every n ∈ N.

We prove that Cn is convex. Since ‖tn − z‖ ≤ ‖xn − z‖ is equivalent to

‖tn − xn‖2 + 2〈tn − xn, xn − z〉 ≤ 0
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it follows that Cn is convex. So Cn∩Dn is closed convex subset of H for any n ∈ N.

Let x∗ ∈ Θ.

Then x∗ = PC(x∗ − λnAx∗). Since wn = PC(zn − λnAzn), we consider

‖wn − x∗‖2 = ‖[PC(zn − λnAzn)]− [PC(x∗ − λnAx∗)]‖2

≤ ‖(zn − λnAzn)− (x∗ − λnAx∗)‖2

= ‖zn − x∗‖2 − 2λn〈zn − x∗, Azn − Ax∗〉+ λ2
n‖Azn − Ax∗‖2

≤ ‖zn − x∗‖2 + λn(λn − 2α)‖Azn − Ax∗‖2 (5.2.2)

≤ ‖zn − x∗‖2.

By Proposition 2.6.35 (ii), we have

‖zn − x∗‖2

≤ ‖xn − x∗‖2 − (1− 2λnc1)‖yn − xn‖2 − (1− 2λnc2)‖zn − yn‖2 (5.2.3)

that is, we obtain ‖zn − x∗‖ ≤ ‖xn − x∗‖ and ‖wn − x∗‖ ≤ ‖xn − x∗‖.

Set un := (1− µ)Swn + µPC(1− βn)wn, for all n ≥ 0. Then, we have

tn = αnxn + (1− αn)un, It follows that

‖un − x∗‖2 = ‖(1− µ)Swn + µPC(1− βn)wn − x∗‖2

≤ ‖(1− µ)(Swn − x∗) + µ
[
(1− βn)wn − x∗

]
‖2

≤ ‖wn − x∗‖2 − (1− µ)(µ− ξ)‖Swn − wn‖2

−βnµ2‖wn‖2 (5.2.4)

≤ ‖wn − x∗‖2 ≤ ‖xn − x∗‖2

that is, ‖un− x∗‖ ≤ ‖xn− x∗‖. Since tn = αnxn + (1−αn)un for every x∗ ∈ Θ,

we have

‖tn − x∗‖2 = ‖αnxn + (1− αn)un − x∗‖2

= ‖αn(xn − x∗) + (1− αn)(un − x∗)‖2

≤ αn‖xn − x∗‖2 + (1− αn)‖un − x∗‖2

≤ αn‖xn − x∗‖2 + (1− αn)‖xn − x∗‖2

≤ ‖xn − x∗‖2.

Hence ‖tn − x∗‖ ≤ ‖xn − x∗‖ for every n ≥ 0 and x∗ ∈ Cn. So, we have

Θ := EP (F ) ∩ Fix(S) ∩ V I(A,C) ⊂ Cn, ∀n ∈ N. (5.2.5)
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Next, we will show that

Θ := EP (F ) ∩ Fix(S) ∩ V I(A,C) ⊂ Cn ∩Dn,∀n ∈ N. (5.2.6)

We prove this by induction.

For n = 0, we have x0 = x ∈ C, Θ ⊂ C0 and D0 = C. So, we get Θ ⊂ C0 ∩D0.

Suppose that Θ ⊂ Ck ∩Dk for some k ∈ N. Since Ck ∩Dk is closed and convex, we

can define xk+1 = PCk∩Dk
(x0). From xk+1 = PCk∩Dk

(x0), we also have

〈xk+1 − z, x0 − xk+1〉 ≥ 0, ∀z ∈ Ck ∩Dk. (5.2.7)

Since Θ ⊂ Ck ∩Dk(x0), we also have

〈xk+1 − x∗, x0 − xk+1〉 ≥ 0, ∀x∗ ∈ Θ. (5.2.8)

So, we get Θ ⊂ Dk+1. Then we obtain Θ ⊂ Ck+1 ∩Dk+1. This implies that {xn} is

well defined.

Step 2. Next, let us show that {xn}, {wn} are bounded. Put z0 = PΘx0. From

xn+1 = PCn∩Dn(x0), we get

‖xn+1 − x0‖ ≤ ‖z − x0‖, ∀z ∈ Cn ∩Dn. (5.2.9)

From z0 ∈ Θ ⊂ Cn ∩Dn, we also have

‖xn+1 − x0‖ ≤ ‖z0 − x0‖ (5.2.10)

for all n ∈ N ∪ {0} and hence {xn} is bounded. Since ‖wn − x∗‖ ≤ ‖xn − x∗‖ then

{wn} also bounded.

Step 3. We will show that limn→∞ ‖Swn − wn‖ = 0.

Since xn+1 ∈ Cn ∩Dn ⊂ Dn and xn = PDn(x0), we get ‖xn− x0‖ ≤ ‖xn+1− x0‖.

From the boundedness of {xn}, we get that limn→∞ ‖xn − x0‖ exists. So, we obtain(
‖xn − x0‖2 − ‖xn+1 − x0‖2

)
→ 0. On the other hand, from xn+1 ∈ Dn, we have

〈xn − xn+1, x0 − xn〉 ≥ 0. (5.2.11)

So, for n ∈ N ∪ {0}, we get

‖xn+1 − x0‖2 = ‖(xn+1 − xn) + (xn − x0)‖2

= ‖xn+1 − xn‖2 + ‖xn − x0‖2 + 2〈xn+1 − xn, xn − x0〉
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from (5.2.11), we have

‖xn+1 − x0‖2 ≥ ‖xn+1 − xn‖2 + ‖xn − x0‖2

and

‖xn+1 − xn‖2 ≤ ‖xn+1 − x0‖2 − ‖xn − x0‖2.

This implies

‖xn+1 − xn‖ → 0. (5.2.12)

Since xn+1 ∈ Cn, we have

Cn = {z ∈ C : ‖tn − z‖ ≤ ‖xn − z‖};

‖tn − xn+1‖ ≤ ‖xn − xn+1‖

and

‖xn − tn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 − tn‖

≤ 2‖xn − xn+1‖.

By (5.2.12), we obtain

lim
n→∞

‖xn − tn‖ = 0. (5.2.13)

For x∗ ∈ Θ, from (5.2.2), (5.2.3) and (5.2.4), we can choose a constant M > 0 such

that, supn{‖wn‖2} ≤M. We observe that

‖tn − x∗‖2 ≤ αn‖xn − x∗‖2 + (1− αn)‖un − x∗‖2

≤ αn‖xn − x∗‖2 + (1− αn)
[
‖wn − x∗‖2

−(1− µ)(µ− ξ)‖Swn − wn‖2 − βnµ2‖wn‖2
]

= ‖xn − x∗‖2 − (1− αn)(1− 2λnc1)‖yn − xn‖2

−(1− αn)(1− 2λnc2)‖zn − yn‖2 + (1− αn)λn(λn − 2α)‖Az − Ax∗‖2

−(1− αn)(1− µ)(µ− ξ)‖Swn − wn‖2 − (1− αn)βnµ
2M.

Therefore, we get

(1− αn)(1− 2λnc1)‖yn − xn‖2

≤ ‖xn − x∗‖2 − ‖tn − x∗‖2 − (1− αn)βnµ
2M

=
[
‖xn − x∗‖+ ‖tn − x∗‖

][
‖xn − tn‖

−(1− αn)βnµ
2M
]
.
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Since limn→∞ ‖xn − tn‖ = 0, limn→∞ βn = 0, 1− αn ≥ 1− c > 0, 1− 2λnc1 > 1−

2λmaxc1 > 0 and the sequence {xn}, {tn} are bounded, we get limn→∞ ‖yn−xn‖ = 0.

By similar way since limn→∞ βn = 0, 1 − αn ≥ 1 − c > 0 and 1 − 2λnc2 > 1 −

2λmaxc2 > 0, we have limn→∞ ‖zn−yn‖ = 0. Since limn→∞ βn = 0, 1−αn ≥ 1−c > 0

and −λn(λn − 2α) > 0, we obtain

lim
n→∞

‖Az − Ax∗‖ = 0.

By limn→∞ βn = 0, 1− αn ≥ 1− c > 0 and (1− µ)(µ− ξ) > 0, we have

lim
n→∞

‖Swn − wn‖ = 0.

Step 4. We will show that x̃ ∈ Θ.

(4.1). We will show that x̃ ∈ EP (F ). Since {xn} is bounded, there exists a

subsequence {xni
} of {xn} which xni

⇀ x̃ and limn→∞ ‖xn − yn‖ = 0, we have that

yni
⇀ x̃. On the other hand, by using Proposition 2.6.35, we have, for every y ∈ C

and for every i ∈ N, that

〈xni
− yni

, y − yni
〉 ≤ λni

F (xni
, y)− λni

F (xni
, yni

). (5.2.14)

Since ‖xni
− yni

‖ → 0 and y − yni
⇀ y − x̃ as i → ∞ and since ∀i ∈ N, 0 <

λmin ≤ λni
≤ λmax. As i → ∞, we get F (x̃, y) ≥ 0, ∀y ∈ C. It means that

x̃ ∈ EP (F ).

(4.2). We will show that x̃ ∈ Fix(S). Since {wn} is bounded then there exists

a subsequence {wni
} of {wn} which converges weakly to x̃. Since S is a ξ-strict

pseudocontraction mapping, we know that the mapping I−S is demiclosed at zero.

From ‖Swn−wn‖ → 0 as n→∞ and {wni
}⇀ x̃. Thus, we obtain that x̃ ∈ Fix(S).

(4.3). Finally, we show that x̃ ∈ V I(C,A). Define

Tv =

 Av +NCv, v ∈ C,

∅, v /∈ C.
(5.2.15)

Then, we have that T is maximal monotone operator,

we have

x ∈ Tv = Av +NCv ⇔ x− Av ∈ NCv

⇔ 〈v − u, x− Av〉 ≥ 0, (∀u ∈ C).
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So, for wn ∈ C, we have that

〈v − wn, x− Av〉 ≥ 0, (n = 1, 2, 3, ...).

We also have

wn = PC(zn − λnAzn) ⇔ 〈wn − u, zn − λnAzn − wn〉 ≥ 0, ∀u ∈ C

⇔ 〈u− wn, wn − (zn − λnAzn)〉 ≥ 0, ∀u ∈ C

⇔
〈
u− wn,

wn − zn
λn

+ Azn
〉
≥ 0, ∀u ∈ C.

Therefore, we have

〈v − wni
, x〉 ≥ 〈v − wni

, Av〉

≥ 〈v − wni
, Av〉 −

〈
v − wni

,
wni
− zni

λni

+ Azni

〉
= 〈v − wni

, Av − Awni
〉+ 〈v − wni

, Awni
− Azni

〉

−
〈
v − wni

,
wni
− zni

λni

〉
≥ 〈v − wni

, Awni
− Azni

〉 −
〈
v − wni

,
wni
− zni

λni

〉
.

Using wni
→ x̃ and ‖wni

− zni
‖ → 0 which A is Lipshitz continuous implies that

〈v − x̃, x〉 ≥ 0, as i→∞. (5.2.16)

Since T is maximal monotone, we have x̃ ∈ T−1(0), That is x̃ ∈ V I(A,C). So, we

have x̃ ∈ Θ.

Finally, we show that xn → x̃, where x̃ = PΘx0. Since xn = PDnx0 and x̃ ∈ Θ ⊂

Dn, we have

‖xn − x0‖ ≤ ‖x̃− x0‖. (5.2.17)

It follows from x∗ = PΘx0 and the lower semicontinuity of norm that

‖x∗ − x0‖ ≤ ‖x̃− x0‖ ≤ lim
i→∞

inf ‖xni
− x0‖

≤ lim
i→∞

sup ‖xni
− x0‖ ≤ ‖x∗ − x0‖.

Thus, we obtain that

lim
i→∞
‖xni

− x0‖ = ‖x̃− x0‖ = ‖x∗ − x0‖. (5.2.18)
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Using the Kadec-Klee property of H, we obtain that limi→∞ xni
= x̃ = x∗. Since

{xni
} is an arbitrary subsequence of {xn}, we can conclude that {xn} converges

strongly to PΘx0.



CHAPTER 6 CONCLUSIONS

In this dissertation, we establish the following results. First of all, we intro-

duce an explicit method for finding the least norm of fixed points for strict pseudo

mappings by using the projection technique. We provide algorithm which strong

convergence theorems are obtained in Hilbert spaces.

Secondly, we introduce a new iterative method for finding a common element of

the set of common solution of fixed point of a pseudo-contractive mapping and the

set of common solutions of variational inequalities in Hilbert spaces and we prove a

strong convergence theorem for finding a common element of the set of fixed points

for a continuous pseudo-contractive mapping and the solution set of a variational

inequality problem governed by a continuous monotone mapping.

Thirdly, we introduce a new iterative algorithm for solving a common solution of

the set of solutions of fixed point for an infinite family of nonexpansive mappings, the

set of solution of a system of mixed equilibrium problems and the set of solutions

of the variational inclusion for an β-inverse-strongly monotone mapping in a real

Hilbert space and we show a strong convergence theorem which solves the problem

of finding a common element of the common fixed points, the common solution of

a system of mixed equilibrium problem and variational inclusion of inverse-strongly

monotone mappings in a Hilbert space.

Fourthly, we introduce a new iterative scheme that converges strongly to a com-

mon fixed point of a countable family of strictly pseudo-contractive mappings in a

real Hilbert space which is also a solution to variational inequality problem related

to quadratic minimization problems.

Finally, we introduce a new hybrid extragradient iterative algorithm we prove

strong convergence of an iterative algorithm for finding a common element of the set

of fixed points satisfying the equilibrium problem, variational inequalities and fixed

point problems of a strict pseudocontraction mapping by the hybrid extragradient

projection method in Hilbert spaces.
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The following results are all main theorems of this dissertation:

(1). Let C be a closed convex of a real Hilbert space H. Let S : C → C be a

nonexpansive mapping and Ω := F (S) ∩ V I(C,A) 6= ∅. Assume that a sequence

{αn} ⊂ (0, 1) satisfies the conditions:

(i) limn→∞ αn = 0;

(ii) Σ∞n=0αn = +∞.

Then the sequence {xn} generated by the following algorithm

xn+1 = (1− αn)[λSxn + (1− λ)xn] (6.0.1)

converges strongly to a fixed point of S which is of minimal norm which the unique

solution of the variational inequality:

x∗ ∈ Ω, 〈x∗, x− x∗〉 ≥ 0,∀x ∈ Ω.

(2). Assume that the solution set of (3.1.1) is nonempty. Let the objective function

f be convex, fréchet differentiable and it gradient ∇f is Lipschitz continuous with

Lipschitz constant L. In addition, if 0 ∈ C or C is closed convex cone. Let µ ∈ (0, 2
L

)

and define a sequence {xn} by following

xn+1 = (1− αn)((I − µ∇f)(xn) + (1− λ)xn), n ≥ 0

where λ ∈ (0, 1) and the sequence {αn} ⊂ (0, 1) satisfies conditions in Theorem

3.1.1. Then the sequence {xn} converges strongly to the minimum-norm solution of

the minimization (3.1.1)

(3). Let C be a nonempty closed and convex subset of a real Hilbert space H. Let

T : C → C be a continuous pseudo-contractive mapping and A : C → H be a

continuous monotone mapping such that F := F (T ) ∩ V I(C,A) 6= ∅. For x ∈ H,

define Trn and Frn as follows:

Trx := {z ∈ C : 〈y − z, Tz〉+
1

r
〈y − z, (1 + r)z − x〉 ≤ 0, ∀y ∈ C}

and

Frx := {z ∈ C : 〈y − z, Az〉+
1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C}.
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Let B : H → H be a strongly positive linear bounded self-adjoint operator with

coefficients β > 0 and let {xn} be a sequence generated by x1 ∈ C and yn = Frnxn

xn+1 = αnu+ δnxn + [(1− δn)I − αnB]Trnyn,

(6.0.2)

where {αn}, {δn} ⊂ [0, 1] and {rn} ⊂ (0,∞) such that

(C1) lim
n→∞

αn = 0,
∞∑
n=1

αn =∞;

(C2) lim
n→∞

δn = 0,
∞∑
n=1

|δn+1 − δn| <∞;

(C3) lim inf
n→∞

rn > 0,
∞∑
n=1

|rn+1 − rn| <∞.

Then, the sequence {xn}n≥1 converges strongly to z ∈ F, which is the unique solution

of the variational inequality:

〈(B − f)z, x− z〉 ≥ 0, ∀x ∈ F. (6.0.3)

Equivalently, z = PF(I −B + f)z.

(4). Let C be a nonempty closed and convex subset of a real Hilbert space H. Let

A : C → H be a continuous monotone mapping such that F := V I(C,A) 6= ∅. For

x ∈ H, define Frn as follows:

Frx := {z ∈ C : 〈y − z, Az〉+
1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C}.

Let f be a contraction of H into itself with a contraction constant β and let B :

H → H be a strongly positive linear bounded self-adjoint operator with coefficients

β > 0 and let {xn} be a sequence generated by x1 ∈ C and

xn+1 = αnγf(xn) + δnxn + [(1− δn)I − αnB]Frnxn, (6.0.4)

where {αn}, {δn} ⊂ [0, 1] and {rn} ⊂ (0,∞) such that

(C1) lim
n→∞

αn = 0,
∞∑
n=1

αn =∞;

(C2) lim
n→∞

δn = 0,
∞∑
n=1

|δn+1 − δn| <∞;
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(C3) lim inf
n→∞

rn > 0,
∞∑
n=1

|rn+1 − rn| <∞.

Then, the sequence {xn}n≥1 converges strongly to z ∈ F, which is the unique solution

of the variational inequality:

〈(B − γf)z, x− z〉 ≥ 0, ∀x ∈ F (6.0.5)

Equivalently, z = PF(I −B + γf)z.

(5). Let C be a nonempty closed and convex subset of a real Hilbert space H. Let

T : C → C be a continuous pseudo-contractive mapping and F := F (T ) 6= ∅. For

x ∈ H, define Trn as follows:

Trx := {z ∈ C : 〈y − z, Tz〉+
1

r
〈y − z, (1 + r)z − x〉 ≤ 0, ∀y ∈ C}.

Let f be a contraction of H into itself with a contraction constant β and let B :

H → H be a strongly positive linear bounded self-adjoint operator with coefficients

β > 0 and let {xn} be a sequence generated by x1 ∈ C and

xn+1 = αnγf(xn) + δnxn + [(1− δn)I − αnB]Trnxn, (6.0.6)

where {αn}, {δn} ⊂ [0, 1] and {rn} ⊂ (0,∞) such that

(C1) lim
n→∞

αn = 0,
∞∑
n=1

αn =∞;

(C2) lim
n→∞

δn = 0,
∞∑
n=1

|δn+1 − δn| <∞;

(C3) lim inf
n→∞

rn > 0,
∞∑
n=1

|rn+1 − rn| <∞.

Then, the sequence {xn}n≥1 converges strongly to z ∈ F, which is the unique solution

of the variational inequality:

〈(B − γf)z, x− z〉 ≥ 0, ∀x ∈ F. (6.0.7)

Equivalently, z = PF(I −B + γf)z.

(6). Let H be a real Hilbert space. Let Tn : H → H be a continuous pseudo-

contractive mapping and A : H → H be a continuous monotone mapping such that

F := F (T ) ∩ A−1(0) 6= ∅. For x ∈ H, define Trn and Frn as follows:

Trx := {z ∈ C : 〈y − z, Tz〉+
1

r
〈y − z, (1 + r)z − x〉 ≤ 0, ∀y ∈ C}
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and

Frx := {z ∈ C : 〈y − z, Az〉+
1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C}.

Let f be a contraction of C into itself with a contraction constant β and let B :

H → H be a strongly positive linear bounded self-adjoint operator with coefficients

β > 0 and let {xn} be a sequence generated by x1 ∈ C and

 yn = Frnxn

xn+1 = αnγf(xn) + δnxn + [(1− δn)I − αnB]Trnyn

(6.0.8)

where {αn}, {δn} ⊂ [0, 1] and {rn} ⊂ (0,∞) such that

(C1) lim
n→∞

αn = 0,
∞∑
n=1

αn =∞;

(C2) lim
n→∞

δn = 0,
∞∑
n=1

|δn+1 − δn| <∞;

(C3) lim inf
n→∞

rn > 0,
∞∑
n=1

|rn+1 − rn| <∞.

Then, the sequence {xn}n≥1 converges strongly to z ∈ F, which is the unique solution

of the variational inequality:

〈(B − γf)z, x− z〉 ≥ 0, ∀x ∈ F (6.0.9)

Equivalently, z = PF(I −B + γf)z.

(7). Let H be a real Hilbert space, C a close convex subset of H and B be an

β-inverse-strongly monotone operator. Let ϕ : C → R be a convex and lower

semicontinuous function, f : C → C be a contraction mapping with coefficient

α (0 < α < 1), M : H → 2H be a maximal monotone operator. Let A be a strongly

positive linear bounded operator of H into itself with coefficient γ > 0. Assume that

0 < γ < γ
α

and λ ∈ (0, 2β). Let {Tn} be a family of nonexpansive mappings of H

into itself such that

θ := ∩∞n=1F (Tn) ∩ (∩Nk=1SMEP (Fk)) ∩ I(B,M) 6= ∅.

Suppose {xn} is a sequence generated by the following algorithm for x0, un ∈ C

arbitrarily: un = KFN
rn,n ·K

FN−1
rn−1,n ·K

FN−2
rn−2,n · ... ·KF2

r2,n
·KF1

r1,n
· xn, ∀n ∈ N

xn+1 = PC [εnf(xn) + (I − εn)WnJM,λ(un − λBun)]

(6.0.10)
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for all n = 0, 1, 2, ..., and the conditions (C1)-(C2) in Theorem 4.1.1 are satisfied.

Then, the sequence {xn} converges strongly to q ∈ θ, where q = Pθ(f + I)(q)

which solves the following variational inequality:

〈(f − I)q, p− q〉 ≤ 0, ∀p ∈ θ.

(8). Let H be a real Hilbert space, C a close convex subset of H and B be an

β-inverse-strongly monotone operator. Let ϕ : C → R be a convex and lower

semicontinuous function, f : C → C be a contraction mapping with coefficient

α (0 < α < 1), M : H → 2H be a maximal monotone operator. Let A be a strongly

positive linear bounded operator of H into itself with coefficient γ > 0. Assume that

0 < γ < γ
α

and λ ∈ (0, 2β). Let {Tn} be a family of nonexpansive mappings of H

into itself such that

θ := ∩∞n=1F (Tn) ∩ (∩Nk=1SMEP (Fk)) ∩ I(B,M) 6= ∅.

Suppose {xn} is a sequence generated by the following algorithm for x0, u ∈ C and

un ∈ C: un = KFN
rn,n ·K

FN−1
rn−1,n ·K

FN−2
rn−2,n · ... ·KF2

r2,n
·KF1

r1,n
· xn, ∀n ∈ N

xn+1 = PC [εnu+ (I − εn)WnJM,λ(un − λBun)]

(6.0.11)

for all n = 0, 1, 2, ..., and the conditions (C1)-(C2) in Theorem 4.1.1 are satisfied.

Then, the sequence {xn} converges strongly to q ∈ θ, where q = Pθ(q) which

solves the following variational inequality:

〈u− q, p− q〉 ≤ 0, ∀p ∈ θ.

(9). Let H be a real Hilbert space, C a close convex subset of H and B be an

β-inverse-strongly monotone operator. Let f : C → C be a contraction mapping

with coefficient α (0 < α < 1), M : H → 2H be a maximal monotone operator.

Let A be a strongly positive linear bounded operator of H into itself with coefficient

γ > 0. Assume that 0 < γ < γ
α
. Let {Tn} be a family of nonexpansive mappings of

H into itself such that

θ := ∩∞n=1F (Tn) ∩ V I(C,B) 6= ∅.
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Suppose {xn} is a sequence generated by the following algorithm for x0 ∈ C arbi-

trarily:

xn+1 = PC

[
εnγf(xn) + (I − εnA)WnPC(xn − λBxn)

]
(6.0.12)

for all n = 0, 1, 2, ..., and the conditions (C1)-(C2) in Theorem 4.1.1 are satisfied.

Then, the sequence {xn} converges strongly to q ∈ θ, where q = Pθ(γf+I−A)(q)

which solves the following variational inequality:

〈(γf − A)q, p− q〉 ≤ 0, ∀p ∈ θ.

(10). Let C be a nonempty closed and convex subset of a real Hilbert space H. Let

f : C → H be a ρ-contraction mapping, S : C → H be a nonexpansive mapping

and T : C → C be a k-strict pseudo-contraction mapping such that F (T ) 6= ∅. Let

x1 ∈ C and define the sequence {xn} by yn = PC [βnSxn + (1− βn)xn],

xn+1 = PC [αnf(xn) + (1− αn)V yn], ∀n ≥ 1,
(6.0.13)

where V = kI+(1−k)T, {αn} ⊂ (0, 1) and {βn} ⊂ (0, 1) are sequences satisfying the

conditions (H2) with τ = 0, (H3), either (H4) and (H5) , or (H6) and (H7). Then

the sequence {xn} converges strongly to a point z ∈ F (T ), which is the unique

solution of the variational inequality:

〈(I − f)z, x− z〉 ≥ 0, ∀x ∈ F (T ).

(11). Let C be a nonempty closed and convex subset of a real Hilbert space H.

Let f : C → H be a ρ-contraction mapping, S : C → H be a nonexpansive

mapping and {Ti}∞i=1 : C → C be a countable family of nonexpansive mappings and

F =
∞
∩
i=1
F (Ti) 6= ∅. Let α0 = 1, x1 ∈ C and define the sequence {xn} by

yn = PC [βnSxn + (1− βn)xn],

xn+1 = PC [αnf(xn) +
n∑
i=1

(αi−1 − αi)Tiyn], ∀n ≥ 1,
(6.0.14)

where {αn} ⊂ (0, 1) and {αn} is a strictly decreasing sequence, {βn} ⊂ (0, 1) and

{αn} and {βn} are sequences satisfying the conditions (H2) with τ = 0, (H3), either

(H4) and (H5) , or (H6) and (H7). Then the sequence {xn} converges strongly to a

point z ∈ F , which is the unique solution of the variational inequality:

〈(I − f)z, x− z〉 ≥ 0, ∀x ∈ F .
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(12). Let C be a nonempty closed and convex subset of a real Hilbert space H. Let

f : C → H be a ρ-contraction mapping, S : C → H be a nonexpansive mapping

and T : C → C be a nonexpansive mapping such that F (T ) 6= ∅. Let x1 ∈ C and

define the sequence {xn} by yn = PC [βnSxn + (1− βn)xn],

xn+1 = PC [αnf(xn) + (1− αn)Tyn], ∀n ≥ 1,
(6.0.15)

where {αn} ⊂ (0, 1), {βn} ⊂ (0, 1) and {αn} and {βn} are sequences satisfying the

conditions (H2) with τ = 0, (H3), either (H4) and (H5) , or (H6) and (H7). Then

the sequence {xn} converges strongly to a point z ∈ F (T ), which is the unique

solution of the variational inequality:

〈(I − f)z, x− z〉 ≥ 0, ∀x ∈ F (T ).

(13). Let C be a nonempty closed and convex subset of a real Hilbert space H. Let

f : C → H be a ρ-contraction mapping, S : C → C be a nonexpansive mapping

and T : C → C be a k-strict pseudo-contraction mapping and F = F (T ) 6= ∅. Let

x1 ∈ C and define the sequence {xn} by yn = βnSxn + (1− βn)xn,

xn+1 = PC [αnf(xn) + (1− αn)V yn], ∀n ≥ 1,
(6.0.16)

where V = kI + (1 − k)T , {αn} ⊂ (0, 1), {βn} ⊂ (0, 1) and {αn} and {βn} are

sequences satisfying the conditions (H2) with τ ∈ (0,∞), (H3), (H8) and (H9).

Then the sequence {xn} converges strongly to a point x∗ ∈ F , which is the unique

solution of the variational inequality:

〈1
τ

(I − f)x∗ + (I − S)x∗, x− x∗〉 ≥ 0, ∀x ∈ F . (6.0.17)

(14). Let C be a nonempty closed and convex subset of a real Hilbert space H.

Let f : C → H be a ρ-contraction mapping, S : C → C be a nonexpansive

mapping and {Ti}∞i=1 : C → C be a countable family of nonexpansive mappings and

F =
∞
∩
i=1
F (Ti) 6= ∅. Let α0 = 1, x1 ∈ C and define the sequence {xn} by

yn = βnSxn + (1− βn)xn,

xn+1 = PC [αnf(xn) +
n∑
i=1

(αi−1 − αi)Tiyn], ∀n ≥ 1,
(6.0.18)
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where {αn} ⊂ (0, 1) and {αn} is a strictly decreasing sequence, {βn} ⊂ (0, 1) and

{αn} and {βn} are sequences satisfying the conditions (H2) with τ ∈ (0,∞), (H3),

(H8) and (H9). Then the sequence {xn} converges strongly to a point x∗ ∈ F , which

is the unique solution of the variational inequality:

〈1
τ

(I − f)x∗ + (I − S)x∗, x− x∗〉 ≥ 0, ∀x ∈ F . (6.0.19)

(15). Let C be a nonempty closed and convex subset of a real Hilbert space H. Let

f : C → H be a ρ-contraction mapping, S, T : C → C be nonexpansive mappings

and F = F (T ) 6= ∅. Let x1 ∈ C and define the sequence {xn} by yn = βnSxn + (1− βn)xn,

xn+1 = PC [αnf(xn) + (1− αn)Tyn], ∀n ≥ 1,
(6.0.20)

where {αn} ⊂ (0, 1), {βn} ⊂ (0, 1) and {αn} and {βn} are sequences satisfying the

conditions (H2) with τ ∈ (0,∞), (H3), (H8) and (H9). Then the sequence {xn}

converges strongly to a point x∗ ∈ F , which is the unique solution of the variational

inequality:

〈1
τ

(I − f)x∗ + (I − S)x∗, x− x∗〉 ≥ 0, ∀x ∈ F . (6.0.21)

(16). Let C be a nonempty, closed and convex subset of a real Hilbert space

H, let F be a bifunction F : C × C → R satisfying conditions (A1) − (A5), let

A be an α-inverse-strongly monotone mapping of C into H. Let S be a ξ-strict

pseudocontraction mapping from C to C and such that Θ := EP (F ) ∩ Fix(S) ∩

V I(C,A) 6= ∅. Suppose that the sequences {αn}, {βn}, {λn} and µ satisfying the

condition (i)− (iv). Then the sequences {xn} generated by Algorithm 1 converges

strongly to the projection of x0 on to the set Θ.
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