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CHAPTER 1 INTRODUCTION

1.1 Background

The fixed point theory is the most important tool to solve problems in many
branches of sciences and applied sciences. Moreover, the construction of fixed point
iteration processes for nonlinear mappings takes an important role to find solutions of
many problems in applied areas as it application. In case, the problem in science had
been transformed into a mathematical model such as equality, inequality, equality
system and inequality system.There are two questions following.

(1). Does the answer of model exist ?

(2). How can find the answer ?

Fixed-point iteration processes for nonlinear mappings in Hilbert spaces includ-
ing Mann and Ishikawa iterations process have been studied extensively by many
authors to approximate fixed points of various classes of operators such as nonexpan-
sive mappings, contraction mappings, strict pseudo-contraction mappings, resolvent
operators and to solve variational inequalities in Hilbert spaces for the detail please
see [1],[2] and the references therein.

The Equilibrium theory represents an important area of mathematical sciences
such as optimization, operation research, game theory, financial mathematics and
mechanics. Equilibrium problems include variational inequalities, optimization prob-
lems, Nash equilibria problems, saddle point problems, fixed point problems, and
complementarity problems as special cases., see [3]. Related to the equilibrium
problems, we also have the problem of finding the fixed points of the nonexpansive
mappings which is the subject of current interest in functional analysis. It is natural
to construct a unified approach for these problems. In this direction, several authors
have introduced some iterative schemes for finding a common element of a set of the
solutions of the equilibrium problems, the set solutions of the variational inequality
problems for nonlinear mappings and a set of the fixed points of an infinite (a finite)

family of nonexpansive mappings.



The theory of variational inequality represents, in fact, a very natural gener-
alization of the theory of boundary value problems and allows us to consider new
problems arising from many fields of applied sciences such as applied mathematics,
mechanics, physics, engineering, the theory of convex programming and the theory
of control.

Variational inequalities was introduced by Stampacchia [4] in the early sixties
and have had a great impact and influence in the development of almost all branches
of pure and applied sciences. It is well-known that the variational inequalities are
equivalent to the fixed point problems. This alternative equivalent formulation has
been used to suggest and analyze in variational inequalities. In particular, the
solution of the variational inequalities can be computed to use for the iterative
projection methods. It is well-known that the convergence of a projection method
requires the operator to be strongly monotone and Lipschitz continuous. These
conditions are very stict and rule out its application in several important problems.

Let C be a nonempty set and T : C' — C.

In 1953, Mann [5] introduced the Mann’s iteration which is defined by the initial
guess xro and

Tpp1 =ty + (1 — ) Tx,, n>0, (1.1.1)

where {a,,} € [0,1]. In an infinite-dimensional Hilbert space, Mann iteration can
yield only weak convergence.

In 1967, Halpern [6] defined the iteration with starting from xq, for fixed u and
Tp1 = apu+ (1 —ayp)Tx,, n>0, (1.1.2)

which is satisfied the conditions lim, . o, = 0 and X ,, = oco. Then {z,}
converges strongly to a fixed point of T
In 1974, The Ishikawa’s iteration process is defined by Ishikawa [7] as the follow-
ing:
Yn = Bnwn + (1 = Bp) Ty,
Tpr1 = opp + (1 —a)Ty,, n>0,

(1.1.3)

where the initial guess xq is taken in C' arbitrarily and the sequences {a,}, {f.} €

0,1].



In 2003, Nakajo and Takahashi [8] proposed the modification of the following
Mann iteration method (1.1.1).

§
xg € C' is arbitrary,

Yn = Qpdp + (1 - O‘n)Txna
Co={2€C:|yn — 2| < ||zn — 2|}, (1.1.4)
Qn={z€C:{(xr,—z,x0—1,) >0},

l‘n_i_l :Pcannxo, n:O,l,Z...7

\
where Pg is metric projection on the set C.

In 2004, Takahashi and Toyoda [9] introduced the following iterative scheme:
Tpr1 = oty + (1 — )T Po(x, — N\yAzxy,), n>0. (1.1.5)

where zy € C,{a,} is a sequence in (0,1), and {\,} is a sequence in (0, 2«), and
obtained weak convergence theorem in a Hilbert space H.
In 2004, Xu [10] studied the iteration process {x,} called viscosity approximation

method as shown in the following:
Tn+1 = anf(xn) + (1 - CYn)TCEn, for n > 1,

where {a,} C (0,1) and f: C' — C' is a contraction mapping.

Let C' be a nonempty closed and convex subset of a real Hilbert space H. The
classical variational inequality problem is to find a u € C' such that (v — u, Bu) >
0 for all v € C. The set of solutions of the variational inequality is denoted by
VI(C,B). A mapping T : C' — C is called nonexpansive if ||Tx — Ty|| < ||z —
y|| =,y € C. we denote by F(T) the set of fixed points of T’; that is F(T) = {x €
C:x=Tx}

In 2005, liduka and Takahashi [11] proposed a new iterative scheme as following:

xg = x € C chosen arbitrary, ( )
1.1.6

Tpr1 = o + (1 — )T Po(x, — N\ Bzy), Vn >0,
where B is [-inverse-strongly monotone, {a,} is a sequence in (0, 1), and {\,} is
a sequence in (0,2/). They showed that if F/(T') NV I(C, B) is nonempty, then the

sequence {x,} generated by (1.1.6) converges strongly to some z € F(T)NVI(C, B).



In 2007, Moudafi [12] intoduced the following Krasnoselski-Mann algorithm:
Tpy1 = (1 — o)y + an(Bn Sy + (1 — 5,)Txy), (1.1.7)

where S,T : C — C are two nonexpansive mappings, {a,} and {f,} are two
sequences in (0, 1).

In 2007, Tada and Takahashi [13] introduced the following iterative scheme by
the hybrid method in a Hilbert space H. Let xg = x € H and

4

u, € C' such that

F(ttn, y) + 7y = tn, un — 20) >0, Vy e,
Wy, = (1 — )Ty + @Sy,

Cn=Az€ H:|jw, — 2| < |lzn — 2|1},

Qn={z€C:(x, —z,x90—x,) >0},

(1.1.8)

L Tnt1 = PCannxm

for every n € NU {0}, where {a,,} C [a,b] for some a,b € (0,1) and {r,} C (0, 0)
satisfies lim inf,,_, 7, > O.
In 2009, Cianciaruso et al. [14] introduced a two step algorithm to solve the

following problem:
(" = Sa*,x —2") >0, VxeF(T), (1.1.9)

and defined the following algorithm:

Yn = BuSzn + (1 — Bn)zn,
Tp+1 = anf(xn) + (1 - O-/n)Tyn7

(1.1.10)

where f : C'— C'is a contraction mapping, S and T : C' — C' are two nonexpansive
mappings, {a,} and {8,} are two sequences in (0, 1).

In 2010, Yao et al. [15] modified the two step algorithm (1.1.10) to extend range
of f from C' to H by using the metric projection of H onto C'. They introduced the

following iterative scheme:

Yn = BnSzp + (1 — Bn)xn,
Tpy1 = PC[anf(xn) + (1 - an)Tyn]v

(1.1.11)

where f : C' — H is a contraction mapping, S and T': C' — C are two nonexpansive

mappings, {a,} and {8,} are two sequences in (0, 1).



In 2011, Yao and Xu [16] independently introduced two iterative methods for
finding the minimum-norm fixed point of nonexpansive mapping which is defined on
closed convex subset C' of H. The proposed algorithms are based on the well-known
Browder’s iterative method [17] and Halpern’s iterative method [18].

Recently, In 2011 Gu et al.[19] introduced the following iterative algorithm:

n (1.1.12)
Tp41 = PC[anf(xn) + Z(ai—l - ai)ﬂynL vn > ]-a
=1

where f : C'— H is a contraction mapping, S : C' — H is a nonexpansive mapping,
{T;}2, : C — C is a countable family of nonexpansive mappings, ap = 1, {o,} and
{B,} are two sequences in (0, 1).

Very recently, Phan Tu Vuong et. al. [20], considered the sequences {z, },{yn}, {zn},
and {t,} generated by zo € C' and

(

Yn = argminyeC{AnF(xna y) + %Hy - xn”2}7
zp = arg mingec{ A F (Yn, y) + 5y — 2. l*},

(1.1.13)

L Tp+1 = tna

for every n € N, where {a,,} C [0,1], {8,} C|0, 1], and {\,} C]0O,1].
Motivated by above, we introduce and modify new iterative schemes for approx-
imate the common solution of fixed point problem, the variational inequalities, the

system of variational inclusions and the system of equilibrium problems.

1.2 Objectives

There are three main objectives:

1. To study and extend the classical fixed point theory, the variational inequali-
ties and the system of equilibrium problems of nonlinear mappings.

2. To prove new convergence theorems for finding the common solution of fixed
point problems, systems of variational inequalities and systems of equilibrium prob-
lems for nonlinear mappings.

3. To apply our results to solve some problems of classical variational inequality

problems and optimization problems.



1.3 The Summary of the Study

The summary of the dissertation is concluded as follows:

In Chapter 1, we give a brief introduction and review the background of this
dissertation.

In Chapter 2, we give the necessary tools and concern some well-known defini-
tions and preliminaries which will be useful in the later chapters.

In Chapter 3, we introduce a new iterative scheme for solving variational in-
equality problems, fixed points for nonexpensive and pseudocontraction mappings.

In Chapter 4, we introduce a new iterative scheme for finding a common solu-
tion of the set of fixed point, the system of mixed equilibrium problems and the
variational inclusion.

In Chapter 5, we introduce a new iterative method for finding a common fixed
point of a countable family of strictly pseudocontractive mappings, and solutions of
the equilibrium problems, the variational inequality problems and the fixed point
problems for a strict pseudocontraction mapping.

Finally, we conclude this research in Chapter 6.



CHAPTER 2 BASIC CONCEPTS AND
PRELIMINARIES

In this chapter, we give some definitions, notations, lemmas and some useful
results that will be used in the later chapters. Throughout this dissertation, we let
R be the set of all real numbers, N be the set of all natural numbers, H be a Hilbert

space.

2.1 Basic Concepts

Definition 2.1.1. [21] Let X denote any nonempty set that contains each of its
elements x and each real number «, a unique element « - x, written as ax, which is
called a scalar multiple of z. (One could also include complex numbers « as well,
but we restrict ourselves here to the real case.) Also, assume that for each two
elements x,y € X there exists a unique element x + y € X called the sum of x and
y. The system (X, -,+) is called a linear space (over R) if the following conditions
are satisfied: [Here x,y,z € X and o, f € R|]
DHe+y=y+ux;

Definition 2.1.2. [22] Let X be a nonempty set. A mapping d : X x X — R,
satisfying the following condition for all z,y and z in X:

(M1) d(z,y) =0 <=z =y;

(M2) d(z,y) = d(y, z);

(M3) d(z,y) < d(x,z)+d(z,v).



The function d assigns to each pair (z,y) of element of X a nonnegative real
number d(z,y), which does not on the order of the elements; d(z,y) is called the
distance between x and y. The set X together with a metric, denoted by (X, d),
is called a metric space. The conditions (M1)-(M3) are usually called the metric

arioms.

Definition 2.1.3. [22] Let X be a linear space over the field K (R or C). A function
| - ]| : X = R is said to be a norm on X if it satisfies the following conditions:
(N1) Jla]) > 0,vz € X
(N2) flz]] =0 & 2 = 0;
(N3) flz + yll < ll=ll +llyll, v,y € X;
(N4) ||azx| = |af||z||, Vze X and Va € K.

From this norm we can define a metric, induced by the norm | - ||, by

d(z,y) = lz —yll, (z,y€X).
A linear space X equipped with the norm || - || is called a normed linear space.

Definition 2.1.4. [23] Let (X, || - ||) be a normed space.

(1) A sequence {z,,} C X is said to converge strongly in X if there exists x € X
such that nh_)rgo |z, — x|| = 0. That is, if for any € > 0 there exists a positive integer
N such that ||z, — z|| < €,Vn > N. We often write 7111_)120 Zn, =T Or T, — = to mean
that x is the limit of the sequence {z,}.

(2) A sequence {x,} C X is said to be a Cauchy sequence if for any € > 0 there

exists a positive integer N such that ||z, — x,|| <€,V m,n > N. That is, {z,} is a

Cauchy sequence in X if and only if ||z, — x,| — 0 as m,n — oco.

Definition 2.1.5. [21] Sequence {z,}>°; in a normed linear space X is said to be

a bounded sequence if there exists M > 0 such that ||z, || < M,Vn € N.

Definition 2.1.6. [21] A subset C of a normed linear space X is said to be convez

subset in X if \x + (1 — ANy € C for each x,y € C and for each scalar A € [0, 1].

Definition 2.1.7. [21] The real-value function of two variables (-,-) : X x X — R
is called inner product on a real vector space X if for any z,y,2 € X and o, € R

the following conditions are satisfied:



(1) (az + By, 2) = alz, z) + 6y, 2);
(12) (z,y) = (y, x);
(I3) (x,x) > 0 for each x € X and (x,z) = 0 if and only if z = 0. A real inner

product space is a real vector space equipped with an inner product.

Definition 2.1.8. [21] A Hilbert spaces is an inner product space which is com-

plete under the norm induced by its inner product.
An inner product on X defines a norm on X given by ||z|| = \/(z, z).

Lemma 2.1.9. [23](The Schwarz inequality)

If x and y are any two vector in an inner product space X, then

[{z, )| < Nl llllyll

Lemma 2.1.10. [23] Let H be a real Hilbert space. Then the following inequalities
hold:

(@) llz + ylI* + llz — gl = 2)1=[I* + 2(ly|*,

(i) lz +ylI* < [l2]* + 2{y, = +y),

(i) [l +ylI* = [|2]* + 2y, =),

Definition 2.1.11. [21] The metric projection (or nearest point) from H onto C
is the mapping Po : H — C which assigns to each point x € C the unique point

Pex € C satistying the property
— Poz|| = inf ||z — y|| =: d(z, C).
lv = Pozl| = inf ||z —y|| =: d(z,C)

Lemma 2.1.12. [23] Let C be a closed convex subset of a real Hilbert space H.
Given x € H and y € C'. Then

(i) z=Porx <= (z—a,y—x) >0, VyeC,

(ii) [[Pox = Poyl| < llz —yll, Va,y € H,

(iii) || Pox — Poyl||? < (Pox — Poy, o —vy), Vz,y € H,

(iv) (x — Pox,y — Pox) <0, Vxe H,yeC,

(V) llz =yl = |z = Pex|® + |y — Pex|?, Vo€ H,yeC.
Definition 2.1.13. [21] A normed space (X, || - ||) is called strictly convex if for all
r,y€ X,z #y, ||z|| = |yl =1, we have [[Ax + (1 — AN)y|| < 1, VA € (0,1).
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Definition 2.1.14. [21] A sequence {z,} in a normed spaces is said to converge
weakly to some vector x if lim, o f(x,) = f(x) holds for every continuous linear

functional f. We often write x,, — = to mean that {x,} converges weakly to x.

Lemma 2.1.15. [23] Let {x,} be a sequence of a normed space (X,| -||), z € X
and let z,, — x if and only if, for any subsequence {z,,} of {x,}, there exist a

subsequence {:Cm]} of {z,,} converging to x.

Definition 2.1.16. [23] A normed space X is called complete if every Cauchy se-

quence in X converges to an element in X.

Lemma 2.1.17. [24] Let {z,} and {y,} be bounded sequences in a Banach space
X and let {,} be a sequence in [0, 1] with 0 < liminf, . 8, < limsup,,_, . fn < 1.
Suppose Tp11 = (1 — Bn)yn + Bnzy, for all integers n > 0 and limsup,, . (||yns1 —

Unll = | Zne1 — o) < 0. Then, lim, o0 ||yn — || = 0.

Definition 2.1.18. [21] Let ' and X be linear spaces over the field K.

(1) A mapping 7" : F — X is called a linear operator if T(z +vy) = Tx + Ty and
T(ax) = aTx,Vx,y € F, and Va € K.

(2) A mapping T : F' — K is called a linear functional on F if T is a linear

operator.

Definition 2.1.19. [23] Let F' and X be normed spaces over the field K and T :
X — F alinear operator. T is said to be bounded on X if there exists a real number

M > 0 such that ||T'(z)|| < M||z|,Vx € X.

Remark 2.1.20. [23] In a Hilbert space H, weak convergence is defined by lim,,_, o0 (@, ¥)

= (z,y) for all y € H. The notation z,, — z is sometimes used to denote this kind

of convergence.
Remark 2.1.21. If z,, — z and z,, — y, then z = y.

Lemma 2.1.22. [23] Let X be an inner product space and {z,} be a bounded

sequence of H such that x,, — x. Then following inequality holds:

l|z|| < lim inf ||z,||.
n—oo
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Lemma 2.1.23. [10] Assume {a,} is a sequence of nonnegative real numbers such
that

a1 < (1 —ap)ay + 0,, n>1,

where {«,} is a sequence in (0,1) and {d, } is a sequence in R such that

(1) oniian =00
(2) limsup,, ., i—’; <0or ) 2 |0, < oo.
Then lim,,_, a,, = 0.
2.2 Basic Concepts in Hilbert Spaces

Let C' be a closed convex subset of a real Hilbert space H with inner product

and norm are denoted by (., .) and ||.||, respectively. We have the following are hold:
lz = ylI* = ll2lI* + llyll* — 2(=, ), (2.2.1)

and
I+ (1= Mgl = Al + (L= Vgl = A1 = Nz -yl (222)

for all z,y € H and A € R.

Lemma 2.2.1. [25] Let (E, (.,.)) be an inner product space. Then for all x,y,z € E
and «, 5,7 € [0,1] with o + 8 + v = 1, we have

law + By +2* = allz(* + Bllyll* +vll=)1* — eBllz —ylI* — aylle — 2[I* = By]ly — 2|

Lemma 2.2.2. [26] A Hilbert space H satisfies the Opial condition that is, for any
sequence {z,} with z, — z, the inequality liminf, , ||z, — || < liminf, . ||z, —

yl|, holds for every y € H with y # x.

Definition 2.2.3. [27] Let H be a Hilbert space and let C' be a nonempty closed
convex subset of H. Let f be a function of C' into (—o0, 0], where (—o0, 0] =

R U{occ}. Then, f is called lower semicontinuous if for any a € R, the set {z € C":
f(z) < a} is closed.
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Lemma 2.2.4. [21](Demi-closedness Principle) Assume that S is a nonexpan-
sive self-mapping of a nonempty closed convex subset C' of a real Hilbert space H.
If S has a fixed point, the I — S is demi-closed: that is, whenever {z,} is a sequence
in C' converging weakly to some = € C (for short, z,, = = € '), and the sequence
{(I = S)x,} converges strongly to some y (for short, (I — S)z, — y), it follows that
(I — S)x = y. Here I is the identity operator of H.

Lemma 2.2.5. [29] A Hilbert space H satisfies the Kadec-Klee property that is,

for any sequence {z,} with z,, — x and ||z,,|| — ||z|| together imply ||z, — z|| — 0.

2.3 The Classical of Fixed Point Theory

Definition 2.3.1. [21] Let H be a Hilbert space and let C' a nonempty bounded

convex subset of H. A mapping T : C — C' is called nonezxpansive on C' if
[Tz =Tyl < |z —yll, Vo,yeC.

Definition 2.3.2. [22] An element = € C is said to be a fized point of a mapping
T :C — C. The set of all fixed points of T"is denoted by F(T') = {zx € C : Tz = x}.

Lemma 2.3.3. [23] Let H be a Hilbert space and let C' be a nonempty bounded
closed convex subset of H. Let S be a nonexpansive mapping of C' into itself. Then,

F(T) # 0.

Definition 2.3.4. [23] Let H be a Hilbert space and let C' a nonempty bounded
convex subset of H. A mapping f : C — C is called a contraction on C' if there

exists a constant a € (0, 1) such that
(@) = FWll < allz —yll, Vo,yel.

2.4 Some Nonlinear Mappings in Hilbert Spaces

Let C' be a closed convex subset of a real Hilbert space H with inner product

and norm are denoted by (.,.) and ||.||, respectively. Let T": C' — C a nonlinear

mapping.
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Definition 2.4.1. [23] The metric projection (nearest point) Pe from a Hilbert
space H to a closed convex subset C' of H is defined as follows: given z € H, Pox

is the only point in C' with the property
|z — Pex|| = inf{[lz — y| : y € C}.

For every point « € H, there exists a unique nearest point in C, denoted by Pox,
such that

|z — Poz|| < |lz =yl forally e C.
It is well known that Pc is a nonexpansive mapping of H onto C and satisfies
(x — Pox,Pox — 2) >0, Vze(, (2.4.1)
I(z —y) = (Pex — Pey)|I* = |lv — yl|* = [|Pox — Peyl®, Vo,y€ H. (2.4.2)

Theorem 2.4.2. [22] (Banach Contraction Mapping Principle) Let (X, d) be
a complete metric space and f : X — X be a contraction. Then f has a unique

fixed point, i.e. there exists a unique z* € X such that Tx* = z*.

Definition 2.4.3. [23] A mapping S : C' — C is called strictly pseudo-contractive

if there exists a constant 0 < k < 1 such that
|Sa = Syl? < o =yl + kI (I = S)a — (I = S)ylP, Va,y € C.

Remark 2.4.4. If k£ = 0, then S is nonexpansive.
In this case, we say that S : C' — (C'is a k-strictly pseudo-contraction.

Putting B = I — S. Then, we have
I(I = B)x — (I = B)y|* < ||z — y||* + k|| Bz — By|]*>, Vz,y € C.
Observe that
I(1 = B)x — (I = B)y|* = |l= — y||* + | Be — By|* — 2{x —y, Bz — By), Va,y€C.
Hence, we obtain
1—

k
(¢ =y, Be = By) > ——| Bw - By|?, Va,yeC.

Then, B is %—inverse—strongly monotone mapping.
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Lemma 2.4.5. [30] Assume that C is a closed convex subset of Hilbert space H,
and let S : C' — C be a self-mapping of C

(i) If S is a k-strict pseudo-contraction, then S satisfies the Lipscchitz condition

1+k

— <
ISz - Syl <

le =yl Ve,yel

(i) If S is a k-strict pseudo-contraction, then the mapping I — S is demiclosed
(at 0). That is, if {z,} is a sequence in C' such that z, — Z and (I — S)z, — 0,
then(I — S)z = 0.

(iii) If S is a k-strict pseudo-contraction, then the fixed point set F(S) of S is

closed and convex so that the projection Pp(gy is well defined.

Lemma 2.4.6. [31] Let C' be a nonempty closed convex subset of a real Hilbert
space H and let S : C' — C be a k-strict pseudo-contraction mapping with a fixed
point. Then F(S) is closed and convex. Define Sy, : C'— C by Sy =k + (1 —k)Sx
for each x € C. Then Sy is nonexpansive such that F(Sy) = F(S).

Definition 2.4.7. [21] Let A be a strongly positive on H if there exists a constant
~ > 0 with the property

(Az,z) > A||z||?>, Vze€H. (2.4.3)

A typical problem is that of minimizing a quadratic function over the set of the

fixed points of a nonexpansive mapping on a real Hilbert space H:

o1
Ig}:l(%) §<A$,x> — (z,b), (2.4.4)

where A is a nonexpansive mapping and b is a given point in H.
Optimization problem (for short, OP) as the following

1
min gum, 2)+ 3 lle = ull” - h(z), (2.4.5)

zeF

where F' = N> ,C,, C1,Cy, ... are infinitely closed convex subsets of H such that
N>, C, # 0, u € H, > 01is areal number, A is a strongly positive linear bounded

operator on H and h is a potential function for vf (i.e., h'(z) = vf(z) for x € H).
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Lemma 2.4.8. [32] Let C be a nonempty closed convex subset of a real Hilbert
space H, and g : C' — R U {oo} be a proper lower-semicontinuous differentiable

convex function. If z is a solution to the minimization problem

9(2) = inf g(z),

then
<g/(:v),a; — z> >0, zeC.

In particular, if z solves problem OP, then
<u+ [V — (I + pA)]z,z - z> <0.

Lemma 2.4.9. [33] Assume A is a strongly positive linear bounded operator on a

Hilbert space H with coefficient 5 > 0 and 0 < p < ||A]|~*. Then ||I —pA|| < 1—p7.
Definition 2.4.10. [21] A mapping A of C into H is called monotone if
(Au — Av,u —v) >0, Yu,veC. (2.4.6)

Definition 2.4.11. [21] A is called a-inverse-strongly monotone if there exists a

positive real number « such that
(Au — Av,u —v) > a||Au — Av||?, Yu,v € C. (2.4.7)

Lemma 2.4.12. [21] Let A : H — H be a a-inverse-strongly monotone mapping.
If A <2a, for any A > 0 and o > 0 then [ — A A is a nonexpansive mapping from H

into itself.

Proof. Let u,v € H and A > 0,

I = Ad)u— (I =AA)w[* = |[(u—v) = MAu — Av)|?
= Jlu—v|* = 2\ u — v, Au — Av) + \?||Au — Av|?

< flu— ]2 + A — 2a)||Au — Av|]%.
]

Definition 2.4.13. [21] A mapping A : C' — C is called L-Lipschitz-continuous if

there exists a positive real number L such that

|Au — Av|| < Llju —v|, Vu,veC. (2.4.8)
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Remark 2.4.14. It is easy to see that if A is an a-inverse-strongly monotone map-

ping of C into H, then A is +-Lipschitz continuous.

Definition 2.4.15. [21] Letn:C x C — H and B : C' — H be two mappings. B

is said to be:
(1) monotone if
(2) o-strongly monotone if there exists a positive real number ¢ such that

(Bx — By,n(z,y)) > oz —y|*, Va,yeC;

(3) L-Lipschitz continuous if there exists a constant L > 0 such that

In(z,y)|| < L||lz —vyl|, Vz,yecC.

Lemma 2.4.16. [31] Let V : C' — H be a k-strict pseudo-contraction, then
(1) the fixed point set F'(V') of V is closed convex so that the projection Ppeyy is
well defined;
(2) define a mapping 7': C' — H by

Tr=trx+ (1 —t)Va, Vo e C. (2.4.9)
If t € [k, 1), then T is a nonexpansive mapping such that F'(V) = F(T).

Definition 2.4.17. [34] For the infinite family of nonexpansive mapping of T}, 15, ...

Y

we define the mapping W,, of C into itself as follows:

(

Un,nJrl = I7
Un,n - /\nTnUn,n—l—l + (1 - An)la

Un,n—l - )\n—lTn—lUn,n + (1 - >\n—1)]a

Un,k - )\kaUn7k+1 + (1 — )\k)I, (2410)

Upj—1 = M1 D1 Up g + (1 — A1) 1,

Upa = XToU, 3+ (1 — X)I,

Wn = Un1l — >\1T1Un,2 + (1 - )\1)1,
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where 17,75, ... be an infinite family of nonexpansive mappings of C' into itself and

A1, Ag, ... be real numbers such that 0 < \,, <1 for every n € N.

Lemma 2.4.18. [34] Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let T1, T3, ... be nonexpansive mappings of C' into itself such that N>, F'(7T},)
is nonempty, let 1, po, ... be real numbers such that 0 < u, < b < 1 for every n > 1.
Then,

(1) W, is nonexpansive and F'(W,,) = N, F(T;), Yn > 1;

(2) for every x € C and k € N, the limit lim,,_,o Uy, o exists;

(3) a mapping W : C' — C defined by

Wz := lim W,z = lim U, 2,Vz € C (2.4.11)

n—oQ n—oo

is a nonexpansive mapping satisfying F'(W) = N, F(T;) and it is called the W-
mapping generated by 17,75, ... and pq, po, ...

Lemma 2.4.19. [35] Let C' be a nonempty closed convex subset of a Hilbert space
H,{T;: C — C} be a countable family of nonexpansive mappings with N2, F'(T;) #
0, {u;} be a real sequence such that 0 < u; < b < 1,Vi > 1. If D is any bounded
subset of C', then

lim sup ||Wx — W,z| = 0.

n—o0 xeD
2.5 Variational Inequalities in Hilbert Spaces

Let C' be a closed convex subset of a real Hilbert space H with inner product

and norm are denoted by (.,.) and ||.||, respectively.

Definition 2.5.1. [21] Let B : C' — H be a nonlinear mapping. The variational
inequality problem is to find x € C such that

(Bx,y —z) >0, VyeC. (2.5.1)

We denote by VI(C, B) the set of solutions of the variational inequality problem,
that is,
VI(C,B)={xeC:(Bxr,y—z) >0, VyeC}. (2.5.2)
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Lemma 2.5.2. [23] Let H be Hilbert space, let C' be a nonempty closed convex
subset of H and let B be a mapping of C' into H. Let u € C. Then, for A > 0,

u e VI(C,B) <= u= Po(u— ABu),
where Pg is the metric projection of H onto C.

Lemma 2.5.3. [23] Let H be a Hilbert space and let C' be a nonempty bounded
closed convex subset of H. Let £ > 0 and let B : C' — H be &-inverse strongly
monotone. Then, VI(C, B) # 0.

Definition 2.5.4. [37] Let A,B : C — H be two mappings. We consider the
following problem for finding (z*,y*) € C' x C such that

Ny 4+ 2" —y* e —2") >0, Ve € C,

(uBx* +y* —a*,x —y*) >0, Vx € C, (2.5.3)

which is called a general system of variational inequalities where A > 0 and p > 0

are two constants. The set of solution of (2.5.3) is denoted by GVI(C, A, B).

Remark 2.5.5. If A = B, then the problem (2.5.3) is reduced into the new system

of variational inequalities for finding (x*,y*) € C' x C such that

My + 2" —y",x—2") >0, Vo € C,

(A" +y* —x*,x —y*) >0, Vo € C, (2.5.4)
which is defined by Verma [37] (see also Verma [38]).

Remark 2.5.6. If * = y*, then the problem (2.5.4) is reduced into the classical

variational inequalities for finding x* € C such that
(Az*,v—2") >0 (2.5.5)

for all v € C, which was originally introduced and studied by Stampacchia [4]. The
set of solution of (2.5.5) is denoted by VI(C, A).

Definition 2.5.7. [21] Let A: H — H be a single-valued nonlinear mapping and
M : H — 29 be a set-valued mapping. We consider the following variational

inclusion problem, which is to find a point u € H such that

0 € Au) + M(u), (2.5.6)
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where 6 is the zero vector in H. The set of solutions of problem (2.5.6) is denoted

by VI(A,M).

Remark 2.5.8. If M = 0, where C'is a nonempty closed convex subset of H and

d¢ : H — [0, 00] is the indicator function of C| i.e.,

0, xedC,
dc(x) =
+o00, x¢C.

Then the variational inclusion problem (2.5.6) is equivalent to the classical varia-

tional inequality (2.5.5).

Definition 2.5.9. [21] A set-valued mapping M : H — 2% is called monotone if
for all z,y € H, f € Mx and g € My imply (z —y, f — g) > 0.

Definition 2.5.10. [31] A monotone mapping M : H — 2% is maximal if the
graph of G(M) of M is not properly contained in the graph of any other monotone
mapping. It is known that a monotone mapping M is maximal if and only if for

(x,f)€e Hx H, (x —y, f—g) >0 for every (y,g) € G(M) implies f € Mz.

Definition 2.5.11. [39] Let the set-valued mapping M : H — 2 be a maximal

monotone. We define the resolvent operator Jys » associate with M and A as follows:
Jur(u) = (I +AM)"*(u), ueH, (2.5.7)

where A is a positive number. It is worth mentioning that the resolvent operator

Jum,» is single-valued, nonexpansive and 1-inverse strongly monotone.

Remark 2.5.12. ([41],[42]) Let A be an inverse-strongly monotone mapping of C'

into H and let Nov be the normal cone to C' at v € C, i.e.,
Nev={we H: (v—u,w)>0,YVueC}

and define
Av+ Nev, v e C,

0, v ¢ C.

Then T' is maximal monotone and 0 € Tv if and only if v € VI(C, A).

Ty =
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2.6 Equilibrium Problems

Definition 2.6.1. [40] Let F' be a bifunction of C' x C' into R, where R is the set
of real numbers. The equilibrium problem for F : C' x C' — R is to find x € C such
that

F(z,y) >0, VyeCd. (2.6.1)

The set of solutions of (2.6.1) is denoted by EP(F'), that is,

EP(F)={xe€C:F(x,y) >0, VyeC}.

Given a mapping B : C — H, let F(z,y) = (Bx,y — x) for all z,y € C. Then,
z € EP(F) if and only if (Bz,y — 2) > 0 for all y € C, i.e., z is a solution of the

variational inequality.

Let & = {Fj}rea be a family of bifunctions from C' x C' into R, where R is the
set of real numbers. The system of equilibrium problems for & = {Fj}ren is to

determine common equilibrium points for & = { F }rea such that
Fi(z,y) >0, VkeA, VyeC, (2.6.2)

where A is an arbitrary index set. The set of solutions of (2.6.2) is denoted by
SEP(S), that is,

SEP(S)={z€C:Fyz,y) >0, VYkeA, VyeC}. (2.6.3)
If A is a singleton, then the problem (2.6.2) is reduced to the problem (2.6.1).

Definition 2.6.2. [3] For solving the equilibrium problem, let us assume that the

bifunction F satisfies the following conditions:
(Al) F(z,xz) =0 for all x € C}
(A2) F is monotone, i.e., F(z,y) + F(y,z) <0 for any z,y € C;
(A3) F' is upper-hemicontinuous, i.e., for each z,y,z € C,

limsup F(tz 4+ (1 — t)x,y) < F(z,y);

t—0

(A4) F(z,-) is convex and lower semicontinuous for each z € C,
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(A5) for each y € C,x — F(z,y) is weakly upper semicontinuous;

(B1) for each z € H and r > 0, there exist a bounded subset D, C C and
Y, € C such that for any z € C'\ D,,

F(z,y.) + ¢(y) — o(2) + %(yw —z,z—x) <0; (2.6.4)

(B2) C is a bounded set.

Definition 2.6.3. [43] Let F be a bifunction of C' x C' into R, where R is the set of
real numbers, ¥ : C' — H be a nonlinear mapping and ¢ : C' — R be a real-valued

function. The generalized mized equilibrium problem is to find x € C such that
F(x,y)+ (Vz,y —x) + o(y) —¢(x) >0, VyeC. (2.6.5)
The set of solutions of (2.6.5) is denoted by GM EP(F, ¢, V), that is
GMEP(F,p,9)={z e C: F(z,y) + (Yz,y —z) + o(y) —¢(z) >0, VyeC}.

Remark 2.6.4. [48] If ¥ = 0, then the problem (2.6.5) is reduced into the mized

equilibrium problem for finding x € C such that
F(z,y) +¢(y) > p(x),Vy € C. (2.6.6)

The set of solutions of (2.6.6) is denoted by M EP(F, ). We see that z is a solution
of problem (2.6.6) implies that € dom ¢ = {z € C|p(x) < +o0}.

Remark 2.6.5. If ¢ = 0, the problem (2.6.5) is reduced into the generalized equi-

librium problem is to find x € C such that
F(x,y) + {(pz,y —2) >0, VyeC. (2.6.7)
The set of solution of (2.6.7) is denoted by GEP(F, B), that is,
GEP(F,p) ={z € C: F(z,y) + (pz,y—xz) >0, VyeC}.

In the case of ¢ = 0, then the problem (2.6.7) is reduced to the problem (2.6.1).
In the case of F' = 0, the problem (2.6.7) is reduced to the classical variational

inequality problem (2.5.1).
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Remark 2.6.6. [48] If ¢ = 0, then the mixed equilibrium problem (2.6.6) is reduced

into the equilibrium problem (2.6.1)

Remark 2.6.7. If FF =0 and ¥ = 0, then the problem (2.6.5) is reduced into the

mainimize problem for finding x € C' such that
e(y) —p(z) =20, Vyel. (2.6.8)
The set of solutions of (2.6.8) is denoted by Argmin(yp).

Lemma 2.6.8. [30] Let C' be a nonempty closed convex subset of H and let f be
a contraction of H into itself with o € (0,1), and A be a strongly positive linear

bounded operator on H with coefficient 4 > 0. Then , for 0 < v < g,

(z=y.(A=vfz—(A=1Ny) > (- alz -yl wyeH.
That is, A — vf is strongly monotone with coefficient ¥ — a-y.

Lemma 2.6.9. [30] Assume A be a strongly positive linear bounded operator on H

with coefficient ¥ > 0 and 0 < p < ||A||~%. Then ||I — pA| <1 — p7.

Lemma 2.6.10. [45] Let C' be a closed convex subset of H. Let {z,} be a bounded
sequence in H. Assume that

(i) The weak w-limit set wy,(x,) C C,

(ii) For each z € C, lim,,_, ||z, — 2| exists. Then, {z,} is weakly convergent to

a point in C.

Lemma 2.6.11. [49] Let C be a nonempty closed convex subset of H and let F
be a bifunction of C' x C into R satisfying (A1)-(A4). Let r > 0 and = € H. Then,

there exists z € C such that

1

Lemma 2.6.12. [50] Assume that ' : C' x C' — R satisfies (A1)-(A4). For r > 0
and z € H, define a mapping T, : H — C' as follows:

1
T, () :{zEC:F(z,y)—l—;(y—z,z—x) >0,Vy € C}

for all z € H. Then, the following hold:
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(1) T, is single-valued;

(2) T, is firmly nonexpansive, i.e., for any =,y € H,

HTrx - TryH2 < <TT:U - Try,.ilﬁ - y>;
(3) F(T,) = EP(F);
(4) EP(F) is closed and convex.

Lemma 2.6.13. [55] Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let F': C' x C'— R be a bifunction mapping satisfies (A1)-(A4) and let
¢ : C — R is convex and lower semicontinuous such that C' N domp # ). Assume
that either (B1) or (B2) holds. For r > 0 and x € H, then there exists u € C' such

that

F(u,y)+<p(y)—sO(U)Jr%(y—u,u—@ > 0.

Define a mapping K, : H — C' as follows:
K, (z) = {u € C: F(u,y) + o(y) — p(u) + %(y —u,u—x)>0,Vy € C}
for all x € H. Then, the following hold:
(1) K, is single-valued;
(2) K, is firmly nonexpansive, i.e., for any z,y € H, | K,z — K,y||*> < (K, —
Ky, —y);
(3) F(K,) = MEP(F);
(4) MEP(F) is closed and convex.

Let ¢ : C — R be a real-valued function and let {F}, : C x C' — R, k =
1,2,...,N} be a finite family of equilibrium functions, i.e., Fj(u,u) = 0 for each
u € C. The system of mized equilibrium problems (for short, SMEP) for function
(F1, Fy, ..., Fy, ) which is to find z € C such that

4

Fi(z,y) +o(y) —¢(z) >0, Vyed,

Fa(z,9) +¢(y) —¢(2) 20, Yy el (2.6.9)

En(z,y) +9(y) —¢(2) >0, VyeC.
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The set of solutions of (2.6.9) is denoted by NY_, M EP(Fy, @), where M EP(Fy, ¢)
is the set of solutions of the mized equilibrium problem. If ¢ =0, and N = 1, then

the problem (2.6.9) reduces to the equilibrium problem.

Lemma 2.6.14. ([40],[53]) For solving the system of mixed equilibrium problems
(2.6.9), let us assume that function Fy : C' x C — R k = 1,2,..., N satisfies the

following conditions:
(H1) F} is monotone, i.e., Fy(z,y) + Fr(y,z) <0, Vz,y € C,
(H2) for each fixed y € C, x — Fj(z,y) is convex and upper semicontinuous;

(H3) for each z € C,y — Fy(x,y) is convex.

Lemma 2.6.15. [16] Let {x,} and {y, } be bounded sequences in a Banach space E
and let {f,} be a sequence in [0,1] with 0 < liminf 3, < limsup 5, < 1. Suppose
Tnt1 = Buyn + (1 — By)x, for all n > 0 and

limsup({lyn1 = ynll = 2041 — 2nll) <0 (2.6.10)

n—oo

Then limy, e [[yn — @al| = 0.
Lemma 2.6.16. Let C be a convex subset of a Hilbert space H. Let x € H and
xo € C. Then xyg = Pgx if and only if

(z —xp,20—2) <0, VzeC.

Lemma 2.6.17. [53] Let C' be a nonempty closed and convex subset of a real Hilbert
space H. Let A : C' — H be a continuous accretive mapping. Then, for » > 0 and

x € H, there exist z € (' such that
1
(y—2z,Az)+ —(y—z,z—x) >0, VyeC.
r
Moreover, by a similar argument of the proof of lemma 2.8 and 2.9 of [64].

Lemma 2.6.18. [53] Let C be a nonempty closed and convex subset of a real Hilbert
space H. Let A : C' — H be a continuous accretive mapping. For r > 0 and = € H,

define a mapping F, : H — C' as follows :
1
FT:E::{ZEC:(y—z,Az)—l—;(y—z,z—x) >0, VyeC}

for all z € H. Then the following hold:
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(1) F. is single - valued;
(2) F, is a firmly nonexpansive type mapping, i.e., for all z,y € H,

||Frx_Fry||2 < <Frx_Fryal’_y>§

(3) F(F) =VI(C,A);
(4) VI(C,A) is closed and convex.

Lemma 2.6.19. [53] Let C be a nonempty closed and convex subset of a real Hilbert
space H. Let T': C' — H be a continuous pseudo-contractive mappings. Then, for

r > 0 and x € H, there exist z € C' such that
1
(y—2,Tzy——(y—2z,(1+r)z—x) <0, YyeC.
r

Lemma 2.6.20. [53] Let C be a nonempty closed and convex subset of a real
Hilbert space H. Let T : C' — C be a continuous pseudo-contractive mappings. For

r >0 and x € H, define a mapping 7T, : H — C' as follows :
Tx:={zeC: (y—z,Tz>+%<y—z,(1+r)z—:c> <0, VyeC}
for all z € H. Then the following hold:
(1) T, is single - valued;
(2) T, is a firmly nonexpansive type mapping, i.e., for all z,y € H,

Tz = Toyll* < (Toa — Ty, @ — y);

(4) F(T) is closed and convex.

Lemma 2.6.21. [11] The function v € C' is a solution of the variational inequality

if and only if u € C satisfies the relation u = Po(u — ABu) for all A > 0.

Lemma 2.6.22. [62] Let M : H — 2" be a maximal monotone mapping and let
B : H — H be a monotone and Lipshitz continuous mapping. Then the mapping

L=M+ B: H — 2" is a maximal monotone mapping.
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Lemma 2.6.23. [26] Each Hilbert space H satisfies Opial’s condition, that is,
for any sequence {z,} C H with z, — z, the inequality liminf, . ||z, — x| <

liminf,, , ||z, — y||, hold for each y € H with y # x.

Lemma 2.6.24. [57] Let C be a closed convex subset of a real Hilbert space H and
let T': C' — C be a nonexpansive mapping. Then I — T is demiclosed at zero, that
is,

x, =z and ||z, — Tx,|| — 0

implies z = Tx.

Lemma 2.6.25. [56] Let C' be a nonempty closed convex subset of a strictly convex
Banach space. Let {T;};cnx be an infinite family of nonexpansive mappings of C
into itself such that NenF(T;) # 0 and let {\;} be an real sequence such that
0< )\ <b<1foreveryi€ N. Then F(W) = NienF(T;) # 0.

Lemma 2.6.26. [56] Let C' be a nonempty closed convex subset of a strictly convex
Banach space. Let {T;} be an infinite family of nonexpansive mappings of C' into
itself and let {)\;} be a real sequence such that 0 < \; < b < 1 for every ¢ € N.
Then, for every z € C and k € N, the lim,,_,. U, exist.

In view of the previous lemma, we define

Wz := lim U,z = lim W,x.

n—aoo n—aoo

Lemma 2.6.27. [57] Let H be a Hilbert space, C'is a closed convex subset of H and
T : C — C be a nonexpansive mapping with F(T') # 0. If {z,} is a sequence in C
weakly converging to z and if {(/ —T)x,} converges strongly to y, then (I —=T)z = y;
in particular, if y = 0 then x € F(T).

Lemma 2.6.28. [45] Let C' be a nonempty closed convex subset of a real Hilbert
space H. If T': C' — (' is a k-strict pseudo-contraction, then the mapping I — T
is demiclosed at 0. That is, if {z,} is a sequence in C' weakly converging to = and

{(I = T)z,} converges strongly to 0, then (I — Tz = 0.

Lemma 2.6.29. [58] Let H be a Hilbert space, C' be a closed convex subset of
H, f: C — H be a contraction with coefficient 0 < p < 1 and T : C — C be a

nonexpansive mapping. Then, for 0 < v < 7/p, for z,y € C,
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1. the mapping (I — f) is strongly monotone with coefficient (1 — p) that is
(x—y,(I=fla =~ fly) > (1 —p)llz—yl?
2. the mapping (I — T') is monotone, that is

(z—y,(I =T)x - (I -T)y) =0.

Lemma 2.6.30. [45] Let C be a closed convex subset of H. Let {x,} be a bounded

sequence in H. Assume that

(1) The weak w-limit set wy,(x,) C C.

(2) For each z € C, lim,,, ||z, — 2|| exists.
Then {z,} is weakly convergent to a point in C'.

Lemma 2.6.31. [31] Let H be a real Hilbert space, C' be a closed and convex subset
of H, and T be a k-strict pseudo-contraction mapping on C', then F(T) is closed

convex, so that the projection Pr(r) is well defined.

Lemma 2.6.32. [31] Let H be a Hilbert space, C' be a closed and convex subset
of H, and T': C'— H be a k-strict pseudo-contraction mapping. Define a mapping
V:C— HbyVe=X+(1—XNTx forall z € C. Then, as X\ € [k,1), V is a
nonexpansive mapping such that F(V') = F(T).

Lemma 2.6.33. [19] Let H be a Hilbert space and C' be a nonempty closed and

convex subset of H. Let T be a nonexpansive mapping of C' into itself such that

F(T) # 0. Then
T2 —z|? <2z —Tx,z — ), Vo' € F(T),Vx € C.

Lemma 2.6.34. [20] For solving the Ky Fan inequality or equilibrium problem, let
us assume that the following conditions are satisfied on the bifunction F': C'x C' —

R.
(A1) F(z,z) =0 for every z € C;

(A2) F is pseudomonotone on C| i.e., F(xz,y) > 0= F(y,z) <0, Vz,y € C;
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(A3) F is jointly weakly continuous on C' x C' in the sense that, if z,y € C
and {z,} and {y,} are two sequences in C' converging weakly to z and v,

respectively, then F(z,,y,) — F(z,y);

(A4) F(z,-) is convex, lower semicontinuous, and subdifferentiable on C' for very

x e C

(Ab) F satisfies the Lipschitz-type condition, there exist positive integer ¢; and

o, such that for every z,y, 2z € C,
F(z,y) + F(y,z) = Fz,2) — ailly — 2| — eaf|z — >

If F satisfies the properties (A1)-(A4), then the set EP(F') of solutions to the Ky

Fan inequality is closed and convex.

Proposition 2.6.35. ([60], Lemma 3.1) For every z* € EP(F), and every n € N,

one has

1. <xn —Yn,Y — yn) S AnF(xnay) - )\nF(xnvyn)a ‘v’y € C;

2. 2 = 2*)1* < llwn — 271 = (1 = 2Anc1) [ — 2al® = (1 = 2An2) 20 — yal*.

Proposition 2.6.36. [61] Let K be a nonempty closed and convex subset of H.
Let u € H and let {x,} be a sequence in H. If any weak limit point of {z,} belongs

to K, and ||z, — u|| < |[Ju — Pgul| for all n € N, then z,, — Pxu.



CHAPTER 3 ITERATIVE ALGORITHMS FOR FIXED
POINT PROBLEMS AND VARIATIONAL INEQUALITY
PROBLEMS

In this section, we show a strong convergence theorem for finding the least norm
of fixed points for strict pseudo mappings, a common element of the set of fixed

points and the solution set of variational inequality in Hilbert spaces.

3.1 [An Algorithm for Minimum-Norm of Fixed Point for

Nonexpansive Mappings]

Theorem 3.1.1. Let C be a closed convex of a real Hilbert space H. Let S : C' — C
be a nonexpansive mapping. Let A be an a-inverse strongly monotone and 2 :=

F(S)NVI(C,A) # 0. Assume that a sequence {a,} C (0,1) satisfies the conditions:
(i) lim,_ o oy = 0
(i1) X2 hay, = +00.
Then the sequence {x,} generated by the following algorithm
Tpt1 = (1 —ap)[ASPe(I — ANA)z, + (1 — Ny, (3.1.1)

converges strongly to a fixed point of S which is a minimal norm and the unique

solution of the variational inequality:
e Q (x*x—1x") > 0,Vr € Q.

Proof First, we prove that the sequence {x,} is bounded. Let ¢ € Q. By (3.1.1),

we have
[Zn1 =gl = (1= an)ASPe(l = AA)w, + (1 = N)zn] — 4
< A = )X = A)(@n = @) + MSPe(I = M)z — q)] — and]
< 1 = a)[(T = M[(@n = Ol + All(zn — )] = [l
< (I=an)llzn —all + el
< max{[|z, — gl [lqll}-



By induction, it follows that

[ — gl < max{|zo —ql], llqll},
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for all n > 0. Then {x,} is bounded. Therefore, {SPc(I — AA)x,} is also bounded.

(1—an)ASPc(I—AA)zy,

Let yn = an+(170¢n)/\

, then the iterative sequence (3.1.1) is equivalent to

Tpi1 = (@n + (1 — ) N)yn + (1 — a — (1 — ap) N . (3.1.2)

Since lim,, o0 (n + (1 — @) A) = A, then

(1 — an)ASPc(I — M)z,
lon —all = ay, + (1 —ap)A _qH
_ (1 = a, )ASPc(I — NA)zx, — (o, + (1 — an))\)qH
an + (1 —ap)A
_ (1 — ap)ASPc(I — NA)z, — ang — (1 — ozn))\qH
ay, + (1 —ap)A
(1 — an)Allzn — gl — anllq]l
- an+ (1 —ap)A
an, ay,
— sl - el

< max{|z, —ql,lqll}-

Thus, {y,} is bounded. Hence by nonexpansiveness of S and Py, we have

[Ynt1 = ynll = lznsr — 20|
_ H (1 — s )\SPC(] M)z (1= an)ASPo(l = AA)x, || o
api1 + (1 — apgr)A an + (1 —ap)A il
(1 an+1))\
< SPo(I — MNA)xp1 — SPo(I — NA)x,
< TSPl = M) = SPell = Ad)a|
(1 — apyr)A (1 —an)A ‘
+ - SPo(I — MNA)zx,
i1+ (L= ani)A o+ (1 —an)A 1570 )|
(1 B an—l—l))\
< STpi1 — ST,
T o+ (1= ozn+1)/\|| i |
(1 — api1)A (1 —an)A
- SPo(I — MNA)zx,
a1+ (1 —api)N a,+ (1 — n))\‘H ol ol
—[lznsr — zall
1—piq)A
< (e )Hwnﬂ —al

np1 + (1 — apg1)A
(1 —apr1)A B (1-— ‘|
Upi1 + (1 - an+1))‘ O + ( )\

1SPo(I — A)a,||.

_an
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From {z,} and {SP-(I — AA)z,} are bounded sequences and lim,,_,, v, = 0, then

lim sup(||ynr1 — Ynll — |01 — zal]) <0.

n—o0
By Lemma 2.6.15, we obtain that lim,_, ||yn — || = 0. Therefore,
li_>m |Zns1 — xnll = li_>m (o + (1 — an) ) ||yn — x| = 0. (3.1.3)
On the other hand, we consider

|70 — SPo(I = AA)z,|| < |2n — 2ppal| + (201 — SPo(I — AA)z,||
= H'I'n - anrl” + H(l - an)()‘SPC(I — M)z, + (1 — A)wy,)
—SPo(I — NA)z,||

IN

[z = Zniall + (1= an) (1 = Mlwn — SPo(I = AA) |

tom||SP( — M)y,

It follows that

1
T —a)0 =N
1

T 1 —an)(l— )\)Oén”SPc(—’ — M)z, — 0 as n — oo.

|z — SPo(I — NA)z,|| <

|xn - xn-&-lH

Next, we prove that limsup,,_,. (z* — x,, z*) < 0.
Since {x,} is bounded. Then, we can take a subsequence {z,,} of {z,} such
that

limsup(z* — x,,z") = lim (z* — x,,, ).
n—o0 100

Again, since {z,} is bounded, without loss of generality, we may assume that

z,, — . Consequently,

7

lim sup(z* — 2, 2*) = (¢* — ', z*) < 0.
n—oo

Notice that lim,, . |2, — SPc(I — AA)z,|| = 0. By the demiclosedness principle
of nonexpansive mapping S, we have z' € Fiz(S). Since 2* = Ppiy(s)(0). It follows
from the properties of projection operator that

lim sup(z* — z,,z*) = (x* — 2’ 2*) < 0. (3.1.4)

n—oo
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By (3.1.1), we have
lne1 = (L= an)al|* = [l[(1 = ) ASPe(I = AA)zni1 + (1= N)za] — (1 = a)2”||*

= ||(1 = ap)[ASPo(I — AA)x, + (1 — N)a,] — 2*|?
(1 — ) [ASPexy, — (1 — Nay] — (1 — X+ X)z*|]?

< (1= an)lIA(Szn = 27) + (1 = A)(@n — )|
< (= an)llA@n = 27) + (1= A)(za — )|
< (1 —ap)||z, — | (3.1.5)
Observe that
lZne1 — (L= an)a[* = |l2nss — 27| = 200 (2", 201 — 27) + ag||27||*
> lzne1 — 2°]* — 200 (Tpy1 — 2, 2%). (3.1.6)

Therefore by (3.1.5) and (3.1.6), we get
|Zne1 — 2*[]? < (1 — a)||zn — 2¥]|* + 200 (21 — 2%, 27). (3.1.7)

By the condition of (i) and the inequality (3.1.4), we can apply Lemma (2.1.23)
to (3.1.7) and conclude that {z,} converges strongly to z* as n — oo that is, the

minimum - norm fixed point of S. This completes the proof. O]

3.2 An Algorithm for Variational Inequalities and Fixed
Point for Pseudo-Contractive Mappings

Theorem 3.2.1. Let C' be a nonempty closed and convex subset of a real Hilbert
space H. Let T : C'— C be a continuous pseudo-contractive mapping and A : C' —
H be a continuous monotone mapping such that § := F(T)NVI(C,A) # 0. For
x € H, define T,, and F,, as follows:

1
Trx = {ZGC:(y—z,Tz>—|—;<y—z,(1+7")z—x)§O, Vy € C}

and

1
Frw::{zEC:(y—z,Az>+;(y—z,z—x>20, Yy € C}.
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Let f be a contraction of H into itself with a contraction constant 5 and let B :
H — H be a strongly positive linear bounded self-adjoint operator with coefficients
B >0 and let {x,} be a sequence generated by x, € C' and

Yn = Frnxn
(3.2.1)

xn-‘rl = an’yf(xn) + 5n$n + [(1 - 5n)I - anB]Trnyn7

where {a, }, {0,} C [0,1] and {r,} C (0,00) such that

(C1) limy, ooy = 0, > vy = 00;
n=1

(C2) limy, 00 8, = 0, > [0py1 — 0p| < 00;
n=1

(C3) liminf, oo 1y >0, > |11 — | < 00.
n=1

Then, the sequence {x,} converges strongly to z € §, which is the unique solution

of the variational inequality:
(B=~f)z,xt—2) >0, Vxeg. (3.2.2)

Equivalently, z = Py(I — B + ~f)z, which is the optimality condition for the mini-
maization problem

1
min §<Az, z) — h(z),

zeC

where h is a potential function for v f (i.e.,h'(z) =~f(z) for z € H).

Remark (1) The variational inequality ( 3.2.2 ) has the unique solution; (see
62]).
(2) It follows from condition (C1) that (1 —9,)I — «, B is positive and ||(1 —4,)] —
anB|| < T —6, — a,f for all n. > 1; (see [66]).

Proof. We processed the proof with following four steps:

Step 1 First, we will prove that the sequence {x,} is bounded.
Let v € § and let u,, = T}. vy, and y,, = F,. x,. Then, from Lemmas 2.6.18 and 2.6.20
that

[un = vll = 1Ty = Ty oll < Hlyn = ol = (|1 By en — Er0ll < g — ol (3.2.3)
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Moreover, from (3.2.1) and (3.2.2), we compute

|Tns1 — | = |an(y(f(zn) — Bv)) + 0n(xy —v) + [(1 — 6,)] — a,, B|T,, — ||
< apllvf(zn) = Bo)| + onllzn — vl + (1 = 6u)I — cn BI|[|T;,, — 0|
< anfy||@n — vl + anllvf(v) — Bl + dullzn — vl
+(1+ 00 — anB) | Ty — vl
< anfyllen — vl + anllyf(v) = Bol| + onlln —v|
+(1 4 6p — ) ||t — ||
< anf||@n — vl + anllvf(v) = Bl + dullzn — vl

+(1+ 0, — anfB) ||z, — v
= anfByllzn — vll + anllvf(v) = Bol| + 0nllzn — vl + [J2n — o]
—Oullen — vl = anBllzn — v
= anByllzn — vl + el f () = Boll + ||z — vl = anBllzn — ]|
< (anBy +1 = anfB)llan — vl + eyl f(v) — B
= (1 — (B = B7))llzn — vll + anllvf(v) — Bo
] |7/ (v) — B

max{||xn—v| T}, Vn > 1.
- P

Therefore, by the simple introduction, we have

REOES U

IN

B =B
which show that {z,} is bounded, so {y,}, {u,} and {f(z,)} are bounded.

|z, — || = max{“xl — v

Step 2 We will show that [z,11 — 2,/ — 0 and [lu, — yul| — 0 as n — oo.

Notice that each 7). and F,, are firmly nonexpansive. Hence, we have

||un+1 - un” = HTrnyn-i-l - TrnynH < ”yn—i—l - ynH

= |Fr@ns1 — Frozal < (201 — 2a)-



From (3.2.1), we note that

a1 =zl = Nowyf(@a) + 6nwn + [(1 = 6a)] — anBIT;, yn
—n 1V f(Tn1) = Sp1Tn1 — [(1 = 0p 1) — an 1 BTy, Y1
= |lawyf(@n) + 0ntn + (I — 65 — i B)us,

_Oénflfyf(xnfl) - 5n71xn71 - ([ - (Snfl - anle)unflu

< ey f(zn) — anyf(@n-1) + anyf(@n-1)
+0nxy — Op1Tn_1 — Oy 1Y f (1) + (I = 6, — @, B)uy,
—(I = 0p — ayB)up1 + (I — 6, — ayB)uy_q
—(I = 0p—1 — Qp_1B)uy ||

< lewyf(@n) — anyf(@n-1)ll + llanyf(2n-1)

=17 f(@n-1) || + 10020 — On—12n-1]|

+[(I =6, — anB)u, — (I = 6, — a,B)u,_1]|

+[(I =6, — anB)uy_1 — (I — 61 — @y 1By ||
= |l (@n) = flzn)|l + lom — analll7f (zn-)|

+0nTy, — Op_1Tp_1 + OpTp_1 — OpTp_1

+(I =6, — a,B)||uy, — uy 1|

+H<[ - 5n - anB —1I + 51171 + anle)unflu

35
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anYB||#n — Tl + |om — ana V][ f (@n-1) | (3.2.4)
Fonllzn — ol + 100 — On1ll|zn1]]

+I — 0p, — Bl — tp_1||

+[0n—1 — 0p + @y_1B + a, B ||t 1|

anYBl|wn — Tl + |om — ana Y] f(@n-1) |

Fonllzn — ol + 100 — Onsll|zn-l]

+|I =6, — anB|||xn — xpa|

F10n—1 = Onll[tn-1l + [on-1B + o B[ tn—1]]

anYBl|wn — Tl + |om — ana Y[ f(@n-1) |

Fonllzn — ol + 100 — Onalllzn]]

+[I = 0n — o Bl|[xn — 2nal] 4 [0n—1 — On[|2n -1 ]

—lon—1 — an| Bz ||

anYBlzn = Tn-all + lom — a7y f (@n-1)]]

+onllTn — o1l + [T — 6 — anBl||xn — Tp1]| — a1 — | Bl|zn_1]] (3.2.5)
anYBzn = 2pall + lon — ana Y f(@a-1) || + 160 + 1 = dn

—on Bl|[zn — 2n1 || = [an—1 — an|Bl|zn-]|

anYBlzn = zp-all + lom — a7y f (@n-1)]]

+I — anBll|lzn — 2l = lom — an|Bllzn||

By — Tpoill + lan — anall|vf (@n—1) — Brpoal| + [I — anBl||2 — 25—1]]
anYBl|wn — Tl + |om — anall|[vf (@n-1) — Baaall + [ — onBl|[yn — Yol

an76||xn - l‘n—IH + |an - OZn—lllf + |] - anB|||yn - yn—IH)

where K = [|7f(2n-1) = Bnall = 2sup{[|lf (zn)[| + lun]| : n € N}.

Moreover, since y, = F,,x, and y,41 = F. ,, Tpy1, We get

and

1
(Y = Yns Aya) + (Y = Yo, Yo — 20) 20, Vy € C (3.2.6)

n

<y = Yn+1, Ayn—i-l) + <y — Yn+1,Ynt1 — xn+1> >0, vyeC. (3‘2‘7)

Tn+1



37
Putting ¥y = y,41 in (3.2.6) and y = y,, in (3.2.7), we obtain
1

n

and

<yn — Yn+1, Ayn+1> + <yn — Yn+1,Yn+1 — Q7n+1> Z 0. (329)

T'n+1

Adding (3.2.8) and (3.2.9), we have

>0

Yn — Tp _ Yn4+1 — xn+1>

(Yn+1 — Yns AYn — AYn1) + <yn+1 — Uns
Tn Tn—l—l

which implies that

Yn — Tp . Yn+1 — xn+1> Z 0.

_<yn+1 — Yn, Ayn—H - Ayn> + <yn+1 — Yn,
Tn rn+1

Using the fact that A is monotone, we get

n — Tn n — Tn
<yn+1 — Yn, Y - Ynil +1> 2 07

Tn rn—i—l
and hence
Tn
Yor1 = YnsYn = Yot T Ynrr — Yo — - 1 (Ynt1 — Tny1) ) >0,
n+

We observe that

Hyn+1 _ynH2
Tn

) (Ynt1 — 35n+1)>

S <yn+1 — Yny Tp+1 — xn(l -
Tn+1

T'n

M Y1 — xnﬂ)u} . (3.2.10)

Without loss of generality, let k be a real number such that r,, > k > 0 for alln € N.

< s = sl { s =l + 101 -

n+1

Then, we have

1
[Wni1 = Unll < Zns1 — Zoll + —— g1 — Tl lYns1 — Znia ]
T'n4+1
1
S Hxn—H - xn” + %’rn—f—l - Tﬂ'M’ (3211)

where M = sup{||yn — @,|| : » € N}. Furthermore, from (3.2.4) and (3.2.11),

we have

[2ni1 = znll < anyBllen —znall + llan — on [ K+ (1 = an)([lan — 2n]
1
—|—%‘7“n — TiflyM)
1
= (]- —ap + an/}/ﬁ)”xn - mn—l” + |an - an—1|K + E|Tn - rn—1|M

M
= (1=l =yB)llwn — znall + Klan — ana| + ?|7’n — Tl
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Using Lemma 2.1.23, and by the conditions (C1) and (C3), we have
lim ||zp41 — 2, = 0.
n—oo
Consequently, from (3.2.11), we obtain
Since u,, = T,y and up11 = T}, Yny1, We have
1
(Y — tp, Tup) — —(y — tp, (L = 1p)up —yn) <0, Vyel (3.2.13)

Tn

and

<y — Un+1, Tun+1> - <y — Up+1, (1 - rn-i-l)un—i-l - yn+1> < 07 Vy eC. (3'2'14>

Tn—i—l
Putting y := u,, 11 in (3.2.13) and y := u,, in (3.2.14), we get

1
(Ung1 — Up, TUp) — —(Upg1 — Up, (1 — 1)Uy — yn) <0, (3.2.15)
r

n

and

<un — Un+1, Tun—l—l) - <un — Unt1, (1 - Tn—&—l)“n—&—l - yn+1> S 0. (3216>

7“n—f—l

Adding (3.2.15) and (3.2.16), we have

<0.

(1 B Tn)un — Yn B (1 - Tn—i-l)un—l-l - yn+1>

<un+1_un7 Tun_Tun+1>_<un+1 — Unp,
Tn Tn+1

Using the fact that T is pseudo-contractive, we get

Up — (7 —
<Un+1 —u,, n Yn N n+1 yn+1> >0

T'n T'n41
and hence
Tn
Up+1 — Un, Un — Up+1 + Up+1 — Yn — r (unJrl - yn+1> 2 0
n+1

Thus, using the methods in (3.2.10) and (3.2.11), we can obtain
1

Tn+1

ltnss = tall < Wt = yall + ——[rass + ral M, (3.2.17)

where M; = sup{||u, —y»| : n € N}. Therefore, from (3.2.12) and property of {r,},
we get

lim ||up1 — un|| = 0.
n—oo
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Furthermore, since =, = o177 f(Tni1) + Op—12n_1 + [(1 = 0p—1)I — au_1 B|T}, Y1,
we have
[2n —unll < flzn = v ll + [Jtn—1 — ]
= |lan17f(xn-1) + On1@p—1 + [(1 = 6p—1)I — an1 B]T,, Y1 — up—1]|
Httn—1 — un|
= a1V (@n1) F 01T+ (I =61 — a1 B)up_1 — ty1||
+|tn—1 — ]
= Q1Y (1) + 0no1Zp—1 + Un—1 — Oportn—1 — Qo1 By — Uy |

+||un—1 _un“

IA

Oén—lfyf(xn—l) - an—lBun—l + 6n—1$n—1 - 5n—1un—1H + Hun—l — un”

S Oén,1|h/f($n,1> - Bun,1H + (Snlemnfl - unle + Hunfl — unH
Thus, by (C1) and (C2), we obtain
|zn — un|| = 0,n — 0. (3.2.18)

For v € §, using Lemma 2.6.18, we obtain

lyn =0l = |Eyn — Frooll?
< (F, x,—F, v,x, —v)
< (yp —v,x, — V)
= %(Hyn =0l + [l = v]* = [lan = yall*)
and
1y = vl1* < llzn = 0l = 2w — yall*. (3.2.19)

Therefore, from (3.2.1), the convexity of || - [|?, (3.2.2) and (3.2.19), we get

Hanrl - UH2 = |‘an7f(xn> + 6113771 + [(1 - 5n)[ - anB]Trnyn - U”Z
= (1 = 0)(Th,yn — v) + Sl — v) + o (vf (20) — BTy, ym) ||
< |1 =6)(Tr,yn — v) + 0p (), — U)||2 + 20, (vf(xn) — BT}, Yn, Tni1 — V)

< (=0l — O)I* + 0ull (20 — 0)II* + 200, L?

where L is constant such that L = sup ||vf(x,) — BT}, Yn, Tni1 — v|| and hence

(1 =61y — )1 < 0ull(@n — O)I* = (@41 — 0)II* + 20, L7, (3.2.20)
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So, we have ||y, —v|| = 0 as n — oo. Consequently, from (3.2.17) and (3.2.19), we
obtain

1t — Ynll < |t — 2n|| + |20 — ynl| — 0 as n — oo.

Step 3 We will show that

limsup((vf — B)z,x, — z) <0. (3.2.21)

n—00

Let @ = Ps, and since, Q(I — B+ f) is contraction on H into C' (see also [65]:p.18)
and H is complete. Thus, by Banach Contraction Principle, then there exist a
unique element z of H such that z = Q(I — B+ vf)=.

We choose subsequence {z,,} of {z,} such that

limsup((yf — B)z,x, — 2) = lim (yfz — Bz, z,, — 2).

n—o00 n—oo

Since {xy, } is bounded, there exists a sequence {x,,;} of {z,,} and y € C such that
{2y} — y. Without loss of generality, we may assume that z,, — y. Since C' is
closed and convex it is weakly closed and hence y € C'. Since z,, —y,, — 0 as n — 0o
we have that y,,, — y. Now, we show that y € § Since y,, = F}. , Lemma 2.6.18 and
using (3.2.6), we get

(Y = Yn, Ayn) + <y — y, 22 T_ x"> >0, VyeC, (3.2.22)

and
Yn; — T,
(Y = Ynis AYn,) + <y — Ynss T—> >0, VyeC. (3.2.23)

Set v; =tv+ (1 —t)y for all t € (0,1] and v € C. Consequently, we get v; € C. From
(3.2.19), it follows that

g - xni
<vt - 3/m> > <Ut - ynz‘?AUt) o <Ut = Yn;» Avt> - <Ut — Yny» yr—>

ni; — Tn;
= (Ut — Yn,, Avy — Ayp,) — <Ut_ym-7—y >
T'fl

727”1

from the fact that y,, — z,, — 0 as © = oo we obtain that U"T — 0 as i — 00.
Since A is monotone, we also have that (v, — y,,, Av; — Ay,,) > 0. Thus, if follows
that

0 < lim (vy — Yy, Avy) = (vp — w, Avy),

1—00
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and hence (v —y, Av,) >0, Yv e C.
If £ — 0, the continuity of A gives that

(v—y,Ay) >0, Yvecl.

This implies that y € VI(C, A).
Furthermore, since u,, = T, y,, Lemma 2.6.18 and using (3.2.9), we get

1
(Y — tn,, T, ) — —(y — Uny, (T, + D), — Ynt1) <0, VyeC. (3.2.24)

n

Put z; =t(v) + (1 —t)y for all t € (0,1] and v € C. Then, z € C and from (3.2.20)

and pseudo-contractivity of T, we get

Hunz - ZthZtH = <unz - Zt7TZt> + <Zt = Uny, Tul) - 7’_<Zt — Un,;, (1 + Tni)uni - yni>
1

= —<Zt - um,th) - T—<Zt — Up;, Up, — yni> - <Zt - Um-aun)

g

1
2 ||Zt - unzHZ - T_<Zt = Unp,;, Up; — ym) - <Zt - uni’uni>

g

= o= z) = (2=, =)
ng

Thus, since u,, — y, — 0, as n — oo we obtain that w — 0 as 7 — oo.

g

Therefore, as i — oo, it follows that

(y — Zt, T2t> > (y — Z, Zt)

and hence

—(v—y,Tz) > —(v—y,2z), YveCl.
Taking ¢ — 0 and since T is continuous we obtain
—(v—9y,Ty) > —(v—y,y), YveC.

Now, we get v = T'y. Then we obtain that y = T’y and hence y € F(T). Therefore,
ye F(T)NVI(C,A) and since z = P5(I — B+ vf)z, Lemma 2.6.16 implies that

limsup((vf — B)z,z, —2) = lm(({ —B+~vf)z— 2z, 2, — 2)

n—o0

= ((vWf=B)zy—2) <0. (3.2.25)

Step 4 Finally, we will show that z,, — z as n — oo, where z = Pz(I — B +1f)z.



From (3.2.1) and (3.2.2) we observe that

|Zni1 — 21 = (@Y f(xn) + 0nn + [(1 = 82)] — BT, yn — 2, Tny1 — 2)
= o, (vf(xn) — Bz, Xpi1 — 2) + 00 (Tp — 2, Tpy1 — 2)

+<[<1 - 5n)I - Oan] (Trn - Z)a Tpy1 — Z>

IN

@n7<f<xn) - f(Z), Tntl — Z> + O‘ﬂ(’}/f(z> - Bzaanrl - Z>

+onllzn — 2lll2ns — 2l + (1= 00 — cnB)llzn — 2l 2nss — 2

IN

K20 = 2l|enss — 2l + an(3f(2) = Bz, @ass — 2)
Foullen — 2lllznss — 2l + (1= 6 — auB)lzn — llnss — 2
= @ K2n — 2lllens — 2l + an(3f(2) = Bz, — 2)

+(1 = anB)llwn — 2l [@ns — 2|

vk
< Dol = 22+ e = 21) + 000 (2) — Brres - 2
(1= anB)(2n — 2lll2nss - 2I)
vk
< Po(lan— 2l + s — 217) + 0n (1 (2) — Bz, — 2)
(1 - O‘nB)
A0 (o s — )
1 —an(B—ky 1
< 2D, — 2l 4 L — I

+an<7f($> - Bz7$n+1 - Z>7
which implies that
n1 + 21* < [1 = an(B = ENllzn = 2II* + 200 (v f(2) = Bz, 211 — 2).

By the condition (C7), (3.2.25) and using Lemma 2.1.23, we see that

lim,, o0 ||z — 2]| = 0. This complete the proof.



CHAPTER 4 ITERATIVE ALGORITHMS FOR
SOLVING THE SYSTEM OF MIXED EQUILIBRIUM,
FIXED POINT AND VARIATIONAL INCLUSIONS
PROBLEMS

4.1 Strong Convergence Theorem for Inverse-Strongly Mono-

tone

operators

In this section, we prove a strong convergence theorem for solving a common
solution of the set of solutions of fixed point for an infinite family of nonexpansive
mappings, the set of solution of a system of mixed equilibrium problems and the set
of solutions of the variational inclusion for an S-inverse-strongly monotone mapping

in a real Hilbert space. we show for some application and numerical example.

Theorem 4.1.1. Let H be a real Hilbert space, C' a close convex subset of H and B
be an [-inverse-strongly monotone operator. Let p : C' — R be a convex and lower
semicontinuous function, f : C — C be a contraction mapping with coefficient
a(0<a<1), M:H—s 2" be a mazimal monotone operator. Let A be a strongly
positive linear bounded operator of H into itself with coefficient > 0. Assume that
0<~v< g and X € (0,28). Let {T,} be a family of nonexpansive mappings of H
into itself such that

0=, F(T,) N (N, SMEP(F,))NI(B, M) # 0.

Suppose that {x,} is a sequence generated by the following algorithm for o € C

arbitrarily and

Fpn_ Fpn_
= K% KN KN K2 KB, Ve N

72,1 71,1

(4.1.1)
Tn1 = Pc[enfyf(l‘n) + (I - enA>WnJM,)\(un - )\Bun)]
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foralln = 1,2,3,..., where

Kl (2) = {un € C = Fi(un,y) + oY) — ¢(un) + —(y — tn, U — 2,) >0,

YyeC}, i=1,2,3,...,N,

7,

and the following conditions are satisfied
(C1): {e,} C (0,1), lim, o€, =0, > 7 €, =00, Y 0 |€nt1 — €] < 00;
(C2): {rin} C [c,d] with c,d € (0,20) and Y7 | |Tknt1 — Tkn| < 00.
Then, the sequence {x,} converges strongly to q € 6, where ¢ = Po(vf+1—A)(q)

which solves the following variational inequality:

(vf—=A)g,p—q) <0, Vpeo, (4.1.2)

which 1s the optimality condition for the minimization problem

min %(Aq, 4 — h(q), (4.1.3)

qeb

where h is a potential function for vf (i.e., h'(q) =~vf(q) forqe H).

Proof. Since condition (C1), we may assume without loss of generality, then
en € (0,]| A||7Y) for all n. By Lemma 2.6.9 we have ||I —¢,A|| <1 —¢,7. Next, we
will assume that || — Al < ||]1 —7||.

Next, we will divide the proof into six steps.

Step 1. First, will show that {z,} and {u,} are bounded. Since B is /3 - inverse

strongly monotone mappings, we have
(I —AB)x — (I = AB)y|* = |[Iz — ABz — Iy + ABy|?
= ||z —y — ABx + ABy|]?

= |(z —y) = \(Bz + By)|

< |z = ylI* = 2\ (z — y)(Bz + By)
+A\?||Bx — Byl?
< |z = ylI* = 2A8|| Bz + By||?
+A?||Bz — By|*
<l = ylI* + A(A = 28| Bz + By||?
< o=yl (4.1.4)
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if0< A< 28and0<r, <20, then I — AB is all nonexpansive.

Put y, = Jua(u, — ABuy,), n > 0. It follows that

lyn —dll = [[Jaa(un — ABuy) — Jua(qg — ABq)||

[(wn — ABuy) — (g — ABq)|

IN

< lun — ql]- (4.1.5)

By Lemma 2.6.13, we have

_ 1IN | gcFN-1 | pcFN_2 N 72 1 T 7 S
up = KN, - KGN KON K K T, forn 20
k _ roFy Fr_ P Fy
Ty =Kk, KL - K2 K for ke {0,1,2,.., N}

and 1) = I foralln € N, q=r1'%q, wu,=r1) yz, Then, we have

lun = all* = |77 w0 — 7700l
= |z —ql*. (4.1.6)
Hence, we get
1y — all < llzn — ql|. (4.1.7)

From (4.1.1), we deduce that

H'Tn—l-l - QH - ”PC<6n’7f(xn) + (I - EnA>Wnyn> - PCQH
< en(vf(2n) — Ag) + (I — €, A)(Wayn — q)||
< el f(zn) — AQ)ll + (1 — ) (yn)) — 4l
< evenllrn — qll + enllvf(g) — Aqll
+(1 = €e)|[2n — gl (4.1.8)
= (1= —v9)en)llvn —qll — enllvf(q) — Aqgl|
_ _ |v.f(q) — Aq]
= (1= —7een)||xn —q|| + (7 — ve)e——"——
(1—F—re)e)ll |+ (7 = ve) 7 — e
—A
< ma{ o, — g, DDAy
y — e
It follows by induction that
—A
lon—qll < max{]ap — qf, LW =Adly s (4.1.9)

7= e
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Therefore {z,} is bounded, so are {y,}, {Bu,}, {f(z,)} and {AW,y,}.

Step 2. We claim that lim,, . ||Zn11 — 2] = 0 and lim,, o [|Yns1 — ynll = 0.

From (4.1.1), we have

[ni1 — anll = |[Polenyf(2n) + (I — en A)Whyn) — Po(en17.f(2n-1)
+(I — €1 AYWoyn— || (4.1.10)
< NI = e A)(Wayn = Wiyn—1) — (€n — €n1) AWpyn_1 +
Ven(f(2n) = f(2n-1)) +v(€n — €n1)f (zn1)|l
< (A =en)lyn = ynall + len — en | AWyl + yeenllzn — zn

+ylen — enalllf (2na)]- (4.1.11)

Since I — A\B are nonexpansive, we also have

”yn _’yn—IH - HJhLA(un'_’Algun)'_ JﬁLA(un—l'_’Algun—l)H
| (wn, — ABuy,) — (uyp—1 — ABuy, 1) || (4.1.12)

IA

< lun = un—l[-

On the other hand, from u,_y = 7], #,_1 and u, = 7, x,, it follows that

1

Tn—1

F(un-1,9)+oy) —p(tn—1)+—— (Y —Un-1,Up-1—2p—1) = 0, VyeC (4.1.13)

and

1
F(un,y) + ¢y) —o(u,) + —{y — up,up, —x,) > 0, YyeC. (4.1.14)

n

Substituting y = w,, into (4.1.13) and y = u,_; into (4.1.14), we get

1
Fup—1,u,) + p(uy) — @(tp_1) + . (Up — Up—1,Up—1 —Tp_1) > 0 (4.1.15)
n—1
and
1
F(up, up—1) + @(tun-1) — p(u,) + r_<u”_l — Up,un — x,) > 0. (4.1.16)

n

From (A2), we obtain

(U, — Up—1, . - ) >0, (4.1.17)
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and then
(Up, — Up—1, Up—1 — Ty—1 — -t (up — x,)) >0, (4.1.18)
Tn
SO
(U, — Up—1, U1 — Uy + Uy — Typq — n-1 (up — x)) > 0. (4.1.19)
Tn
It follows that
<un — Up—1, Un—1 — Un + Up — Tp — fnt (un xn)> > 07
Tn
(Up, — Up—1,Up—1 — Up) + (Up, — Up_1, (1 — In-1 (U, — ) > 0. (4.1.20)
Tn

Without loss of generality, let us assume that there exists a real number ¢ such that

rn_1 > c¢ > 0, for all n € N. Then, we have

Hun - unle2 S <un — Up-—1, <1 - Tn_l)(un - xn)>

Tn
Tn—1

< lun = w1 -

n

and hence

1
[t = tn-al] < o — 20l + T_’rn — Tp1 |||t — 2]
n

M
< lan — 2o +71\7~n ——_— (4.1.21)

where My = sup{||u, — | : n € N}. Substituting(4.1.21) into (4.1.12), we have

M
1Yn = Yn-1ll < o0 — Tpea|| + Tl|rn — Tn1]. (4.1.22)

Substituting 4.1.22 into 4.1.10, we get

_ M,
2w —zall < (1= ) (lan = 2aall + = = 7]
—Hen - enfl‘HAWnynle + ’YEEonn - xnflu

+ylen — €nal|lf(2n-1)|

= (= el — ol + (L= ) = s

Hen = en 1l AW

reenllen = 2l +5len = enall )] (4.1.29
< (1= (= 9allzn = zall + ra = o

Hen = en AWt sl + 36w = en il o)
< (U= (5= y0en)llen =zl + St = sl + Mol — e,
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where M, = sup { max{||AW,yn_1, || f(zn—1)| : n € N}}. Since conditions (C1)-
(C2) by Lemma 2.1.23, we have ||, —x,| = 0 as n — oo. From (4.1.22), we also

have that ||yn+1 — yn|| = 0 as n — oo.

Step 3. Next, we show that lim,,_, ||Bu, — Bql|| = 0.
For ¢ € 6 and ¢ = Jyra(¢ — ABq). By (4.1.4) and (4.1.6), we get

lyn —all> = [ Jun(un — ABuy) — Jua(g — ABg)|?

[ (wn, — ABuy,) — (g — ABQ)H2

IN

IA

lun = all* + MA = 28)|| Bu, — Bql”

IN

|20 — q||2 + A\ — 28)|| Bu,, — Bq|)*. (4.1.24)
It follows that

lowir —all® = [|Peleayf (@) + (I = e d)Wain) — Pe(a)]?

len(vf (2n) = Agq) + (I — €n A)(Wayn — )|

(enllvf () — Agll + (1 = eu)llym — all)’

enl[ VS (2n) — Aql” + (1 — &)y — 4l?

+260(1 — €))7 f (@) — Aglllya — gl (4.1.25)
eall 7 (20) = Aqll? + 264(1 — eIV () — Adllllgn — gl

+(1 = &%) (llzn = all* + AA = 28) | Bun — Bal?)

eall 7 (20) = Aqll? + 260(1 — &)1 (2) — Adllllyn — gl

Hlan = all* + (1 = &) AN = 28)|| Bu, — Bq||*.

IN

IN

IN

IN

IN

So, we obtain

(1= €a¥)A(28 = N)|| Buy, — Bql|*
< ellvf(@n) = Agll® + 2 — zaall(lzn — all + 2 — qll) + €0(4.1.26)

where &, = 26,(1 — €,9)||7vf(zn) — Aq||/|lyn — ¢||- By conditions (C1),(C3) and

lim, 00 ||Zns1 — @n|] = 0, then we obtain that ||Bu, — Bq|| — 0 as n — oc.

Step 4. We show the followings:

(1) limy—eo |2 — un|| = 0;
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(i) limp, o0 [[un = yall = 0;
(iii) 1imp o0 (|4 — Wayall = 0.
Since K, () is firmly nonexpansive and Lemma 2.1.12(iii), we observe that

”un - Q||2 = Hvax,n Tp — g,n QHQ

1
= 5 (e = alP + = al* = llow — g = = al?)  (4.1.27)
1
< 5 (llzw = all* + lluw = @l = o = wa?)
it follows that
=l < Nl = all* = lan — ual®

Since Jj y is 1-inverse-strongly monotone and by Lemma 2.1.12(iii), we compute

lyn = al? = I asa(un = ABun) = Jasa(a = ABg) |

1

= 5 (I = ABuw) = (a = AB) 2 + [}y — all
~ (= ABuy) = (g = ABq) = (3 — a)*) (4.1.28)
1

< 5 (It = all? + o = all* = (0 = ) = A(Bun = Ba)|?)

— 1 2 2 2

= 5 (lltn = @l + g = all® = llm =
+2\(tn = Y, Bu — Ba) — 3| Bu, — Bgl?),

which implies that

o —all* < llun —all® = llun = yull® + 2Xn — yullll Bun — Bqll. (4.1.29)

Substitute (4.1.29) into (4.1.25), we have

IN

enllf () = Agl* + llyn = all* + 260(1 = €917 () = Adglllgn — gl
ullif(zn) = AglP?
(It = all? = ltn = gall? + 2Aalltn = il Bun — Ball)

+26,(1 — €)1 f (2n) — Aglllyn — al- (4.1.30)

1041 — al®

IN
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Then, we derive

ln = il + llun — vl < enllvF (@) = Agll? + [lzn — gl = 2nss — gl

2 [un = yull|| Bun — By||

+26,(1 — e7)|7f (2n) — Agl[llyn — 4l

= el f(2n) — Agl?

Hlzn = o ll(lzn — gl + |20+ — gll)

2 [[un = yull|| Bun — By

+26,(1 — €Y ||7f (x0) — Agllllyn — ql|. (4.1.31)

By condition (C1), lim,, s ||2n — Zpe1]| = 0 and lim,, o || Bu, — Bq|| = 0.

So, we have ||z, — u,| — 0, ||un — yn|| = 0 as n — oco. It follows that
|len —ynll < |lzn — wnl| + |Jun — yu|| = 0, as n — oco. (4.1.32)
From (4.1.1), we have

< ||PC’ (En—17f<xn—1) + (I - an—lA)Wnyn—l) - PC(Wnyn—l)H
+[Yn-1 — ¥nl (4.1.33)

IN

anl”fyfxnfl - AWnynle + Hynfl - ynH

By condition (C1) and lim,, .« ||¢n—1—¥n|| = 0, then we obtain that ||z,—W,y,| — 0
as n — oo.

Hence, we have

| 2n — Wazn|| < |20 — Watnll + [Wathn — Wt ||

By (4.1.32) and lim,, o ||z, — Woyn|| = 0 we obtain ||z, — W,z,|| — 0 as n — oc.

Moreover, we also that
190 = Watnll < [[yn = zall + llzn — Waynl|-

By (4.1.32) and lim,, . ||2,—W,y,|| = 0 then we obtain ||y,,—W,y,|| — 0asn — oo.
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Step 5. Weshow that ¢ € 6 :== (2, F(Tn)ﬂ(ﬂ]kvzl SMEP(Fy)) and limsup,,_, .
(vf—A)g, Woyn — q) < 0. It is easy to see that Py(vf + (I — A)) is a contraction

of H into itself. Indeed, since 0 < v < g, we have that

[1Po(vf + (I = A))x = Po(vf + (I = A))y|
< Af@) = F@I 1 = Allfle =y
< yellr =yl + (1 =)z =yl (4.1.35)

< (1=3+7o)lz —yl.

Hence H is complete, there exists a unique fixed point ¢ € H such that ¢ = Py(vf+
(I —A))(q). By Lemma 2.1.12 we obtain that ((vf — A)g,w —¢) <0 for all w € 6.

Next, we show that limsup,,_, . ((vf — A)g, Woy, — q) < 0, where ¢ = Py(vf +
I — A)(q) is the unique solution of the variational inequality <(7 f—A)q,w-— q> >
0, Yw € 6. We can choose a subsequence {yn,} of {y,} such that

liinﬂsolip«vf = A)g, Wy — q) = im ((vf = A)g, Wayn, — q)- (4.1.36)

As {yn,} is bounded, there exists a subsequence {ynij} of {yn,} which converges
weakly to w. We may assume without loss of generality that y,, — w.
We claim that w € 0. Since ||y, — Wouyn| — 0,||x, — Wyhz,|| — 0 and ||z, — yn|| — 0
and by Lemma 2.6.24, we have w € (| _, F(T,).

Next, we show that w € (,o, SM EP(Fy).

Since u,, = TﬂZ’n T, for k =1,2,3, ..., N, we know that

1
Fi(un,y) + o) — o(u,) + T—(y — Up, Uy — Ty) >0, VyeC. (4.1.37)

n

It follows by (A2) that

1
o(y) — o(un) + r—(y — U,y Uy — T) > Fr(y,u,), VyeC. (4.1.38)

Hence, for k =1, 2, 3, ..., N, we get

1
@(y) - @(unz) + 7“_<y — U,y Un; — xm) Z Fk(%“m)v Vy eC. (4139>

For t € (0,1] and y € H, let y; =ty + (1 — t)w. From (4.1.39), we have

1
0 > So(yt) + @(um) - _<yt = Un;s Un, — xnz> + Fk<yt7uni) (414())

ng
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Since ||un, — @p,|| — 0, from (A4) and the weakly lower semicontinuity of ¢,

(Wni =) o (3 and Up, — w. From (A1), (A4) and we have

g

0 = Fr(ye, ve) — o(ye) + o(yr)
< tFu(ye,y) + (1 —6) Fr(ye, w) + to(y) + (1 —t)o(w) — ¢(y)

< tHEF (e v) +o(y) — e(ye)].

Deviding by t, we get
Fio(ye.y) + o(y) — o(ye) = 0.

The weakly lower semicontinuity of ¢ for k =1, 2, 3, ..., N,

Fr(w,y) + o(y) > o(w).

So, we have

Fr(w,y) + p(y) — o(w) >0, VE=1,2,3,..., N.

This implies that w € (5, SMEP(F},).

Lastly, we show that w € I(B,M). In fact, since B is a [-inverse-strongly
monotone, hence B is a monotone and Lipschitz continuous mapping. It follows
from Lemma 2.6.22 that M + B is a maximal monotone. Let (v,g9) € G(M + B),
since g — Bv € M (v). Again since y,, = Jprr(Un; — ABuy,), we have u,, — ABu,, €
(I + AM)(yn,), that is, 5(tn, — Yn, — ABuy,) € M(yy,). By virtue of the maximal
monotonicity of M + B, we have

1
<U ~Yn;» 9 — Bv — X(unz — Yn; — ABUM)) > 07

and hence

1
- <U_yniaBU_Byni>+<U_ymaByni _Bunz> (4141)

+<U — Yn,> ;(Um - ym)>

It follows from lim,, oo ||un — || = 0, we have lim,, o, || Bu,—By,| = 0 and y,,, = w

that

lim sup(v — yn, g) = (v —w, g) > 0. (4.1.42)

n—o0
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It follows from the maximal monotonicity of B + M that 6 € (M + B)(w), that is,
w € I(B, M). Therefore, w € 6. It follows that

limsup((vf = A)g, Woyn —q) = lim (7 = A)g, Wayn, —q)  (4.1.43)

n—o0

= ((Wf=Agw—q <0. (4.1.44)

Step 6. Finally, we prove x, — ¢. By using (4.1.1) and together with Schwarz

inequality, we have

12041 — al®

IN

IN

IN

IN

IN

IN

IN

IN

[P (envf (xn) + (I — 2 A)Woys) — Po(q)|?

len (v (2n) = Ag) + (I — €, A)(Woyn — )|

(I = e A2 | (Woyn — @II? + 2l f (2n) — Agll?

+26,((I — €, A) (Wt — @), 7S (20) — Ag)

(1 = e¥)?llyn — all® + el f (za) — Agl®

+26,(Wayn — ¢, 7f (xn) — Aq) — 26, (AWoyn — ), 7f (22) — Ag)
(1= )20 — qll” + enllvf (zn) — Aq])? (4.1.45)
+26,(Woyn — ¢,7f (20) — 7£(2))

+26,(Wayn — 4,7.f(q) — Ag) — 26 (A(Woyn — @), 7 f (w0) — Ag)

(1 = e¥)?ll2n — al® + enllvf(zn) — Agll? (4.1.46)
26, |Woyn — qll17f (20) — 7 f (0]

26, (Wayn — 4,7 (@) — Ag) — 26, {A(Woyn — @), 7f (22) — Ag)
(1= e¥)?llwn — all* + exllvf(wn) — Aql® + 2veen]lyn — all[lzn — d
+26,(Wayn — 4,7.f(q) — Ag) — 265 (A(Woyn — @), 7 f(2n) — Aq)
(1= e[z — gl” + Xllvf (x0) — Al + 2yeen]lz, — gl

26, (Wayn — 4,7 (@) — Ag) — 26, {A(Woyn — @), 7f (24) — Ag)
((1 = ) + 25een) n — all* + en{ enll v (20) — Agl?

+2(Wan = 0,71(2) = A) = 26al| AWy — @)|[|7f () — Adll }
(1= 27 = y9)en) lzn — all* + en{ enll (@) — AqlP?

F2(Wayn — 4,7 (@) — Aq) — 26 [ AWayn — @)| [7f(2n) — Aq]]
+eu 77 ||n — q!lz}. (4.1.47)

Since {z,} is bounded, where n > ||vf(z,) — Aq||* — 2| AW,oyn — O||Vf (xn) —
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Aq|| + 7*||zn — ¢||* for all n > 0. It follows that
s — all* < (1= 27 — 10)en) ln — all* + enbi (1.1.48)

where 0, = 2(W,y, —q,7f(q) — Aq) +na,. Since limsup,,_, . ((vf —A)g; Wayn—q) <
0, we get limsup,,_,, 0, < 0. Applying Lemma 2.1.23, we can conclude that x,, = ¢.

This completes the proof. O

4.2 Some Applications to Minimization Problems

In this section, we apply the iterative scheme (4.1.1) for finding a common fixed
point of a nonexpansive mapping and a strictly pseudocontractive mapping.

Using Theorem 4.1.1, we first prove a strongly convergence theorem for finding
a common fixed point of a nonexpansive mapping and a strictly pseudo-contraction,

which is the solution of minimization problem.

Theorem 4.2.1. Let H be a real Hilbert space, C' be a closed convex subset of
H and B be an p-inverse-strongly monotone, ¢ : C' — R is conver and lower
semicontinuous function, f : C'— C be a contraction with coefficient o (0 < av < 1)
and A be a strongly positive linear bounded operator of H into itself with coefficient
v > 0. Assume that 0 < v < g Let {T,} be a family of nonexpansive mappings of
H into itself and let S be a k-strictly pseudo-contraction of C into itself such that

0 =N, F(T,) N (NY_,SMEP(F,)) N F(S) # 0.

Suppose {x,} is a sequence generated by the following algorithm for xo,u, € C

arbitrarily:

Fn_1 Fn_2 F F
: Krnfl,n : Krnfg,n K2 K L, Vn e N

_ Fn
Un = K ro,n r1,M

Tn,N

(4.2.1)
Tni1 = Polenyf(xn) + (I — €, A)Wo(1 — N, + AS,, ]

for allm =0,1,2,..., and the conditions (C1)-(C2) in Theorem 4.1.1 are satisfied.
Then, the sequence {x,} converges strongly to q € 0, where ¢ = Po(vf+1—A)(q)

which solves the following variational inequality:

(vf—A)gp—q) <0, Vped
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which is the optimality condition for the minimization problem

min 1<Aq, q) — h(q), (4.2.2)

q€ef 2

where h is a potential function for vf (i.e., W' (q) = vf(q) forq € H).

Proof. Put B =1 — T, then B is 15* inverse-strongly monotone and F(S) =
I(B, M) and Jy\(zn, — ABx,,) = (1 — A)x, + ATz, So by Theorem 4.1.1, we obtain

the desired result. O

4.3 Numerical Example

Now, we give a real numerical example in which the condition satisfy the ones
of theorem 4.1.1 and some numerical experiment results to explain the main result

theorem 4.1.1 as follows:

Example. Let H = R,C = [-1,1],T, =1, A\, = 8 € (0,1), n € N, Fi(x,y) =
0,Ve,y € C,rpp =1, k€ {1,2,3,...N}, p(z) =0, Vx e C, B=A=1, f(z) =
1

%x, Ve € H A = % with contraction coefficient o = 15, €, = % for every n

€ N and v = 1. Then {z,} is the sequence generated by

1 3

Tp4+1 = <_

LW 43.1
> Ton)” (4.3.1)

and x, — 0 as n — 00, where 0 is the unique solution of the minimization

problem

2.
min = -T .
zeC 5% q

Proof. We prove the Example 4.3.1 by step 1, step 2, step 3. By step 4, we give two
numerical experiment results which can directly explain the sequence {x,} strongly

converges to 0.

Step 1. We show

KIN.x = Pex, Vo € H Fy € {1,2,3,...,N}, (4.3.2)



o6

where
G TE H\C
x, xel.

Indeed, since Fi(x,y) =0, Vz,y € C, n € {1,2,3,..., N}, due to the definition
of K,.(x), Vx € H, as lemma 2.6.13, we have

Kr(x):{UEC:(y—u,u—x)ZO,VyEC}.

Also by the equivalent property (2.4.1) of the nearest projection Po from H —
C, we obtain this conclusion, when we take z € C, KN x = Pox = Iz. By (iii) in

lemma 2.6.13, we have

() SMEP(F,) = C. (4.3.4)

k=1

Step 2. We show
W, =1. (4.3.5)
Indeed. By (2.4.10), we have

W1 - U11 - )\1T1U12 + (1 - )\1)] - )\1T1 + (1 - )\1)]7 (436)

Wo=Usy = MTiUsp + (1= AT = MTi(AToUss + (1 — A)I) + (1 — AT
= AMATTs + A(1 = M)Ty + (1= M),

Wy =Us; = MU+ (1= AT = MTi(ATaUss + (1= X)) + (1 — AT
= MM TUss + M (1 — A)T5 + (1= M),
= AT Te(AsT3Uss + (1 — AsT)) + A (1 — M)y + (1 — Ap),
= AT + Mda(1 — ATiTo + M (1 — A)Ty + (1 — M)

Compute in this way by (2.4.10), we obtain

Wo=Un = M- N Do T+ Ao N1 (L= X)W Ty - - Ty

"—)\1)\2 ct e )\n,Q(l - )\nfl)TlTQ e Tn,Q + te "‘ )\1(1 - )\Q)Tl "— (1 - )\1)[
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Since T, = I, A\, = [, n € N, thus

Wy=[8"+8""1=8) 4+ B(1=B)+ (1 =PI =1

Step 3. We show

1 3
Tpy1 = (5 - m—n)xn and x,11 —> 0, as n — oo, (4.3.7)

where 0 is the unique solution of the minimization problem

2o
min = —-x .
zeC 5 9

Indeed, we can see A = I is a strongly position bounded linear operator with
coefficient 7 = %, ~ is a real number such that 0 < v < g, so we can take v = 1. Due
to (4.3.1 ), (4.3.3 ) and (4.3.5 ), we can obtain an special sequence {z,} of (4.1.1)

in theorem 4.1.1 as follows:

1 3

o1 = (5 = 7g, )0

Since T,, = I, n € N, so,
Mot F(Th) = H,

combining with (4.3.4), we have
0 =N, F(T,) N (N, SMEP(F,))NI(B,M)=C = [-1,1].

By Lemma 2.1.23, it is obviously that z, — 0, 0 is the unique solution of the
minimization problem
2

. 2
min = —-x° +
zeC 5 ?

where q is a constant number.

Step 4. We give the numerical experiment results using software Mathlab 7.0
and get the table 1 to table 2, which show that the iteration process of the se-
quence {z,} is a monotone decreasing sequence and converges to 0, but the more
the iteration steps are, the more showily the sequence {z,} converges to 0.

Now we turn to realizing (4.1.1) for approximating a fixed point of 7. We take
the initial valued z; = 1 and x; = 1/2, respectively. All the numerical results are

given in Tables 4.1 and 4.2. The corresponding graph appears in Figure 4.1 (i) and

(ii).



Table 4.1: This table shows the value of sequence {z,} on each iteration steps

(initial value z1 = 1)

3

Tn

Ln

=~ W NN =

19
20
21

29
30

1.000000000000000
0.200000000000000
0.070000000000000
0.028000000000000

0.000000301580666
0.000000146028533
0.000000070823839

0.000000000226469
0.000000000110892

31
32
33
34

39
40
41

47
48

0.000000000054337
0.000000000026643
0.000000000013072
0.000000000006417

0.000000000000184
0.000000000000091
0.000000000000045

0.000000000000001
0.000000000000000

Table 4.2: This table shows the value of sequence {x,} on each iteration steps

(initial value 27 = %)

3

Tn

T

= W N =

19
20
21

29
30

0.500000000000000
0.100000000000000
0.035000000000000
0.014000000000000

0.000000150790333
0.000000073014267
0.000000035411919

0.000000000113235
0.000000000055446

31
32
33
34

39
40
41

46
47

0.000000000027168
0.000000000013321
0.000000000006536
0.000000000003208

0.000000000000092
0.000000000000045
0.000000000000022

0.000000000000001
0.000000000000000

o8
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CHAPTER 5 HIERARCHICAL FIXED POINTS,
EQUILIBRIUM AND VARIATIONAL INEQUALITY
PROBLEMS

In this section, we introduce a new iterative scheme that converges strongly to
a common fixed point of a countable family of strictly pseudo-contractive mappings
in a real Hilbert space which is also a solution to variational inequality problems
related to quadratic minimization problems. Also a new hybrid extragradient iter-
ative algorithm for solving a common element of the set of fixed points satisfying
equilibrium problems, variational inequality problems and fixed point problems of a

strict pseudocontraction mapping in Hilbert spaces are obtain.

5.1 Hierarchical Fixed Points and Variational Inequality

Problems

Let H be a real Hilbert space, T : C' — H be a mapping. The following problem
is called a hierarchical fized point problem: Find z* € F(T) such that

(" — Sa*,x —2*) >0, Vxe F(T). (5.1.1)

where S : C'— H be a mapping.

Let us consider the net iterative scheme as follows:

n (5.1.2)
Lp+1 = PC[anf<xn) + 2(061;1 - ai)‘/;ynL vn 2 17
i=1

where V; = k;I + (1 — k;)T;, f : C — H is a p-contraction mapping, S : C — H
is a nonexpansive mapping, {T;}3°, : C — C is a countable family of k;-strict
pseudo-contraction mappings and ElF(ﬂ-) # 0. Set ag = 1, {a,} € (0,1) is a
strictly decreasing sequence and {f3,} C (0,1). As we will see the convergence of
the scheme depends on the choice of the parameters {«,} and {3,}. We list some

possible hypotheses on them:



(H1) there exists v > 0 such that 3, < yay;
(H2) lim B,/a, =7 € [0, 00);
n—o0

(H3) lim o, =0 and Zan = o0;

n—oo
(H4) > |an — ap-1] < o0
n=1
(H5) len = Ba-1] < o0;
(H6) lim |a,, — ap1|/a, = 0;
%

(H7) g;ngolﬂn - 5n—1|/5n = 0;

(HS) IIH;OHOML - Ofnfll + ‘ﬁn - 5n71|]/anﬁn = O;

n—

(H9) there exists a constant K > 0 such that -5~ — 5~ < K.

Proposition 5.1.1. Assume that (H1) holds. Then {x,} and {y,} are bounded.

Bn—l -

Proof (1) Let z € aF(E) = aF(V;) Then we have

[Znt1 — 2]

Folanf(zn) + Z(ai—l — @;)Viyn] = Folz]

an(f(zn) = 2) + Z(aH = ;)(Vign = 2)

< Nanf(zy) +Zazl IViyn — 2
- =1
< Oén||nf(93n)—f(Z)||+Oén||f(Z)—Z||
+3 (i1 — ) ||[Vign — 2|
=1
< aanSBn — 2l + anllf(2) — 2]
+Zau My — 21
< OéaniUn — 2l + anllf(z) — 2]

+ Z sz 1 — ”ﬁnSZL‘n (1 - ﬂn)xn - Z“

61
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< aupllrn — 2l + anll£(2) — =]
3 (s~ ) Bl S - S5 + 515z — 2|
(1= Bl 2I)
< aupllrn — 2l + anll£(2) — =
+3 (0t~ ) Bl — 2l + Bz — 2|
(1= Bl =)
— anpllen — 2l + all £2)
+3 (@0 — ) — =1+ Bz — 2I)
— pllrn — 2l + @l F2) — 2]
H0 = @) — 2l + allS7 — 2I)
= (1 an(l = Dl — 2l + allF(2) — =l + (1~ a)BlSz — =]
< (1= an(1 - Dl — ol + allf() = 2l + Gull Sz — 2]
< (1= an(l— Dlan— 2+ allFG) — 2l 42z — 2l (513)

So, by induction, one can obtain that

1
o 2l < max o = ol TS A — <l 9082 = 2. (51

Hence {z,} is bounded. Of course {y,} is bounded too.
[l

Proposition 5.1.2. Suppose that (H1) and (H3) hold. Also, assume that either
(H4) and (H5) hold, or (H6) and (H7) hold. Then

(1) {x,} is asymptotically regular, that is,
I s = ] =0, 515

(2) the weak cluster points set wy,(x,) C iﬁlF(:l;)

n

proof (2) Set u, = o, f(xn) + > (i1 — ;) Viyp. From (5.1.2) and since Pc is

=1
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a nonexpansive mapping, we have

[0t —zall = [|Polun] = Polun]|

<l =t (5.1.6)

an(f(n) = f(Tn-1)) + (n — an_1) f(2n-1)

+ Z(aifl — ;) (Viyn — Viyn-1) + (n—1 — @) VoY1
i=1

IN

Al f(2n) = F(za-n)ll + (@1 = @) l|yn = Yo-ll

i=1
| = ana[([[f (@)l + IVayn-all)

IA

anplln = znall + (1 = an)l|lyn — Yol

Hlem = ana|(f (@n-0)ll + IVagnl])- (5.1.7)

By definition of ¥, one obtain that

1Yn = yn-1ll = [[Pc[BrSzn + (1 = Ba)xn] — Po[Bu-152n-1 + (1 = Ba1)zn—1]||
< |[(BaSzn + (1 = Ba)an) — (Ba-15n-1 + (1 = Bu1)Tn-1)||
= [[Bn(S2n — Stn-1) + (Bn — Bn—1) S
(1 = Ba1)(@n — 1) + (Buo1 — Bn)n1]|

< llen = zatll + 180 = Baal([Szn1l + [lzn-1])- (5.1.8)

So, substituting (5.1.8) in (5.1.7), we obtain

[2nt1 =zl < anpllen — 20l

+(1 = an)llzn — 2ol + 18 = Bual (I1Szn-all + lzn-1 )]
Hlom = ana|([1f (@n-2) | + 1Vayn-l)

(1= (1= p)an)llzn = znall + 60 = Baal([[Sznall + zn-1l])

Hlom = ana ([ (@n-2) | + [Vagnl])- (5.1.9)

IA

By Proposition 5.1.1, we say

M = e {sup{[182,-1] + a3 sup o)l + Vi)

So, we have

[#n41 = @l < (1= (1 = p)an)||@n — Ta || + M|an — an-1| + B0 — Bp-al]. (5.1.10)
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So, if (H4) and (H5) hold, we obtain the asymptotic regularity by Lemma 2.1.23, if
instead, (H6) and (H7) hold, from (H1), we can write

|12ne1 = 2ol = (1= (1 = plag)llen — 20l
‘Oén - Oén71| + |ﬁn - ﬁnl’:|

&7 O

+May,

(1-(1 B p)an)||Tn — Tn1]]
|O4n ;jn—1| + ’Y|Bn _Bfn—1|:| .

IN

+Mo, (5.1.11)

By Lemma 2.1.23, we obtain the asymptotic regularity.

In order to prove (2), since V;z,, € C for each i > 1 and > (a,—1 —ap) +a, = 1,
n=1

we have
n

Z(ai—l —a)Vix, +a,p e C, VpeC. (5.1.12)

=1

Now, fixing a p € i(%lF(Vi), from (5.1.2), we have

n

Z(O‘i—l — a;)(zn — Vizy,)

=1
n

— PC[un] + (1 - an)xn - <Z(ai—l - az)‘/zxn + anp) + app — Tp41
i=1

= Pclu,] — Pe [Z(ai_l —a;)Vix, + oznp} + (1 — an)(Tn — Tpy1)
i=1
+an(p - xn-i—l)'

It follows that

n

Z(aifl —a;)(xn — Vizn, xn — 2)
=1

_ <Pc[un] e {;@-—1 — 0i)Vizn + O‘"p] i Z>

+(1 — ap){(@n — Tpa1, T — 2) + @ (P — Tpy1, Ty — 2)

= Y (i — ) Vi, + anp
i=1
+(1 = an)llen = T llllzn = 2l + anllp = znplllen — 2]

= ||ea(f(zn) —p) + Z(Oéi—1 — i) (Viyn — Vizy,)
i=1
(1 = an)||zn =z flllzn = 2l + anllp = zpa[lllzn = 2|

IN

[El

220 — =[]
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< anllf(za) = plllza = 2l + D (@i — @)llyn — zallllzn — 2|
i=1
H(1 = an)llen = znsallllzn = 2| + anllp = zpia|l|l2n = 2|
< anllf(@n) = plllzn = 2ll + (i1 — @) BallSza — 2ol — 2|
i=1

+(1 = an)l|zn — o ||[|2n — 2| + anllp — Tpga || |20 — 2|
= || f(zn) = pllll7n — 2] + (1 = ) Bull S — 20| [|20 — 2|

+(1 = an)l|lzn = Zogallllzn = 2l + anllp = znpallllzn = 2. (5.1.13)

Now, from Lemma 2.6.33 and (5.1.13), we get

1 n
5 D (s = ), = Vizy|?

=1
n

Z(Oéi—l - az)<xn - V;IL‘n,IL‘n - Z>

i=1
an| f(zn) = pllllen = 2l + (1 = ) Bul| Sn = wn||l2n = 2|

IN

IN

(1= an)llen = Tagallllzn = 20 + anllp = zpsalllzn = 2]-

By (H1) and (H3), it follows that 3, — 0, as n — oo , so that

; . Va2 —
1}1_{20;(%1 ) ||z, — Viay|| 0. (5.1.14)

Since (a;_1 — a;)||zn — Viza||? < Y (a1 — ay)||2n — Vix,||? for each i > 1 and {a, }
i=1

is strictly decreasing, one has

lim ||z, — Viz,|| =0, Vi>1. (5.1.15)
n—oo
Hence, we obtain
lim ||z, — Tiz,| = lim | il =0, Vi >1
n—00 n—00 (1 — k‘l)

Since {x,} is asymptotically regular and demiclosedness principle, we obtain the

proposition.
Corollary 5.1.3. Suppose that the hypotheses of Proposition 5.1.2 hold. Then
(i) lim [z, =y, || = 0;

(ii) lim ||z, = Vigall =0, Vi>1;
n—oo
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(i) lim ||y, — Vigal =0, Vi > 1.
n—oo
Proof. To prove (i), we can observe that

|2 = ynll < Bullvn — Sy

Since B, — 0 as n — oo, we obtain (7).

To prove (it), we observe that
[yn = Vizn|l < llyn — zall + llan — Viza|l, Vi=1

and

Since ||y, — x| = 0 and ||z,, — Viz,|| = 0 as n — oo, Vi > 1, then ||y, — Viz,|| — 0,

that is, we obtain (i7). To prove (iii), we can observe that
[Yn = Vignll < llzn = yall + [|2n — Vigall, Vi > 1.
By (i) and (i7), we obtain (iii). O

Theorem 5.1.4. Let C' be a nonempty closed and convex subset of a real Hilbert
space H. Let f : C'— H be a p-contraction mapping, S : C — H be a nonexpansive
mapping and {T;}2, : C — C be a countable family of k;-strict pseudo-contraction
mappings and F = ElF(Ti) # 0. Let ag = 1, and x1 € C and define the sequence
{zn} by

n (5.1.16)
Lpt1 = PC[anf<xn) + 2(061;1 - ai)‘/;ynL vn 2 17
i=1

where {a,} C (0,1) and {a,} is a strictly decreasing sequence, V; = k;I + (1 —k;)T;,
{B,} € (0,1) and {«,} and {B,} are sequences satisfying the conditions (H2) with
T =0, (H3), either (H) and (H5), or (H6) and (H7). Then the sequence {x,}
converges strongly to a point z € F, which is the unique solution of the variational
iequality:

(I—-f)z,x—2) >0, Ve eF. (5.1.17)

Proof. First of all, since Prf is a contraction. By Banach contraction principle, so
there exists a unique z € F such that z = Prf(z), Moreover, from Lemma 2.1.12
(1), we have

(f(z) —zy—2) <0, VyeF.
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Since (H2) implies (H1), thus {z,} is bounded. Moreover, since either (H4) and (H5),
or (H6) and (H7), then {z,} is asymptotically regular. Similarly, by Proposition
5.1.2, the weak cluster points set of z,,, that is, w,(x,), is a subset of F.

Let {z,,} be a subsequence of {z,} such that

lim up( (=) = 2,0 — 2) = lim ((=) = 2,0, — 2),

and x,, — «’. By Proposition 5.1.2 it follows that 2’ € F. Then

lim (£(2) = 2,20, — ) = {f(z) - 2.0’ = 5 <0.
—00
Set u, = an f(2,) + > (-1 — ;) Viy,, we obtain

i=1

[ zHQ = (Polun] — un, Poluy) — 2) + (up — 2, 2p401 — 2). (5.1.18)
By Lemma 2.1.12 (1), we have

(Polun) — tn, Polu,] —2) <0 (5.1.19)

From (5.1.18) and (5.1.19), it follows that

lZner = 21" < (un = 2, 2040 — 2)

= an<f(xn> - f(z>7xn+1 - Z> + O‘ﬂ<f(2) — %y Tntl — Z>

n

> (@i — @) (Vign — 2, @041 — 2)

=1

< anpllen = zll[l#nty = 2l + an(f(2) = 2, 241 = 2)
(1 = an)llyn = 2ll[[zn1 = 2]

< anpllrn = 2||lZnmn = 2l + n(f(2) = 2, 2041 = 2)
(1 = an)[|BnSzn + (1 = Bn)rn — 2l[|2ns1 — 2]

< anpllen = zll[ens = 2l + an(f(2) = 2, 241 = 2)

(1= an)ll2n = 2lllens — 2l + (1 = @2)BallSz = 2llll2nss — 2|
— [ = an(@ = P)lllen = 2ll@nss — 2l + anl(f(2) = 2, Tpsr - 2)

+(1 = ) Bull Sz = 2|01 — 2|
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[1—a,(1—p

<[22 [ = 12+ s - 21
+an(f(2) = 2, 2p41 — 2) + (1 — ) Bul| Sz — 2|l || 21 — 2]
[ 2(1 _p)an 2 20{n

< 1 - — 7 = " —

< -l

2(1 - n/)Mn
X(f(2) = 2z, Tp11 — 2) + {ﬁ} 1Sz = 2|||xnt1 — 2|

e s L s

: {sz) = 2 @ng1 = 2) (L= an)b

Sz — z||||zper — 2] 7.
— 5~ s — o

2(1 an 2(1—p)an 1—on)Bn
Let 1 = P, and oy = %{ﬁw — zana = 2) + (RIS -

| E—— ZH} for all n > 1. Since

) 1 (1 —ay)pBn
1 e F(2) = 2y — )+ I G e — 2| b < 0,
1£nsup{1 p<f(2) 2, Tng1 — 2) 0= p)a, 152 = z||lznt ZII}

>0y =00 and % > (1 — p)ay,, we have

oo 5n
E Vn = 00 and limsup — < 0.
n—oo  In
Hence, by Lemma 2.1.23, we conclude that x, — z as n — oo. This completes the

proof. O]

Remark 5.1.5. In the iterative scheme (5.1.16), if we set f = 0, then we get
xn, — z = Pr0. In this case, from (5.1.17), it follows that

(z,z—1x) <0, Ve eF.

That is

1217 < (=) < llzllll2ll, Yz e F.

Therefore, the point z is the unique solution to the following quadratic minimization
problem:

— ; 2
= argmin l|l]|*.

By changing the restrictions on parameters in Theorem 5.1.4, we obtain the

following results.
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Theorem 5.1.6. Let C' be a nonempty closed and convex subset of a real Hilbert
space H. Let f : C'— H be a p-contraction mapping, S : C — C be a nonexpansive
mapping and {T;}2, : C — C be a countable family of k;-strict pseudo-contraction
mappings and F = ziF(T’) # (). Let ag = 1, and x1 € C and define the sequence
{zn} by

n (5.1.20)
Tp4+1 = PC[anf(In) + Z(ai—l - O‘i)‘/;ynL \V/n 2 1
=1

where {a,} C (0,1) and {a,} is a strictly decreasing sequence, V; = k;I + (1 —k;)T;
{6} € (0,1) and {a,} and {B,} are sequences satisfying the conditions (H2) with
T € (0,00), (H3), (H8) and (H9). Then the sequence {z,} converges strongly to a
point x* € F, which is the unique solution of the variational inequality:
1
(=(I=flar+ (I = 9)x" o —x") >0, VrelF. (5.1.21)
-
Proof. First, we shows that (5.1.21) has the unique solution. Let 2’ and x* be two

solutions. Then, since z’ is solution, for y = x* one has
(I = f)a' 2" —a*) <7((I = S)a',a* — 2) (5.1.22)

and

(I = flar,z* =2y <7((I-8)z* 2" —a*). (5.1.23)

Adding (5.1.22) and (5.1.23), we obtain

(L =pllla"=2"|* < (I = fla'= (I = fla",2’ —a7)

< —p(I-=89) —(I—-8)x* 2 —2*) <0

so ' = x*. Also now the condition (H2) with 0 < 7 < oo implies (H1) so the
sequence {x,} is bounded. Moreover, since (H8) implies (H6) and (H7), then {z,}
is asymptotically regular.

Similarly, by Proposition 5.1.2, the weak cluster points set of x,, i.e., wy(x,), is a

subset of F.
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From (5.1.6)-(5.1.10), we observe that

[Znr = 2nll - [lun =t

Bn - Bn

N . ||xn - xn—l” |:|an - an—1| ’ﬁn - ﬁn—1|:|
e L )
= - a2l g e -

i B 1 |an - O‘n—1| Wn - ﬁn—ll}
8 |:Bn 6n—1:| - M|: Bn N Bn

i [ | _ [L 1 }

< [1 (1 p))an] Bt + Hxn xn—IH 3, Bos
|an - Canl‘ ‘571 - ﬁn1|:|
M [ 5 G
< 1= - pa = o R, - )
n—1
|an - Canl‘ ‘671 - ﬁnl‘:|
M [ 5 G
< 1= - pa = o R, -
n—1
|an - O‘n—l‘ ‘571, - 6n—l|:|
M [ 5 B

B

n—l‘
n .

Let v, = (1 — p)ay, and 6, = o, K ||x,, — 21| + M ['a"_;;”_” + 1B
From condition (H3) and (HS8), we have

Zyn:oo and limé—n:O.
i=1

n—0o0 ’yn

By Lemma 2.1.23, we obtain

i P = @ll _ g M =l gl =l
From (5.1.20), we have
Tp — Tp-1 = (1 - an)xn - |:PC'[un] — Up + anf(xn)

+ i(az‘—l — ;) (Vin — yn) + (1 — a)yn
= (1 - an)ﬁn(ﬂjn — S.Cljn) + (un — Pc[un])

+ Z(Oéz‘—1 = ) (yn — Vign) + an(@n — f(2n)).
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It follows that

Tn=Tnt _ o ;u o
(1—an)Bn (@n =5 ")+(1—an)5n( n — Polun))
1 n
Ty 2~ @) = Vi

T e (o )

Let v, = é’fci")gi Forall z€ F = NF(T;) = NF(V;), we get

=1 =1

1
(U, Tp — 2) = m(un — Poluy), Polun—1] — 2) (5.1.24)
+<1 — an)ﬁn<<1 — Pen, xp — 2) + (T — Stp, 2 — 2)
1 n
+m ;(ai_l — i) {(Yn — Viln, Tp — 2). (5.1.25)

By Lemma 2.6.29, we have
(g — S,z —2) = (I =8)x,— T —9z,2, —2)+{((I—95)z,2, — 2)

Z <(]_S)Z7xn_z>7 (5.1.26)

(= flzn,an—2) = (= flzn—U = flz,zn—2) +{((I = flz,2, — 2)

(L= pllzn = 2I* + (I = f)z, 20 — 2) (5.1.27)

v

and

(Yn — Vitn, Tn — Z) = <(I = Vi)yn — (I —Vi)z, x, — yn> (5.1.28)
= Vi)yn = (I = Vi)z,yn — 2)
2 <(I - V;)yn - (I - V;)Z, Lp — yn>

= BullI = Vi)yn, @y — Szy), Vi>1.  (5.1.29)
By Lemma 2.1.12(1), we obtain
(Up — Polug), Poltn 1] — 2) = (un — Polu,), Polun_1] — Polu,]) (5.1.30)

+{u, — Poluy], Polus) — 2)

> (u, — Poluy], Polun—1] — Polu,]). (5.1.31)
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Now, from(5.1.24)-(5.1.30), it follows that

(Un, T — 2) 2> m@n—f%[un]apc[un_ﬂ—Pc[un]>
+m<(1_ f)zaxn - Z> + <([— S)Z,l‘n —Z>
1 n
+(1 — ) ;(az—l — i) {({ = Vi)Yn, Tn — Sp)
(1_p)an T — > 2
+—(1_%)6n|| n—z[% (5.1.32)
We observe from (5.1.32) that
o< QB ey
lzn — 2|7 < T, {< o — 2) — (I = S)z, 2, — 2)
ltnor = ] u, — Polu - - Z,&n — 2
0 [t — Pelun) || 1_p<([ £z, an — 2)
5,'1 n
T Py 2o~ U = Vi, = ), (5.133)

since v, — 0 and (I —V;)y,, — 0, as n — oo , then every weak cluster point of {z,}
is also a strong cluster point. By Proposition 5.1.2, {z,} is bounded, thus there
exists a subsequence {z,, } converging to z*.

For all z € F by (5.1.24), we compute

(1 — Oy )Bn
<(]_f)xnk7xmc _Z> - #(Unwxnk _Z>
U3
1
__<unk - PC[““k]’ Pc[unk—l] - Z)
Uz
1 - Ut n
_%«L’nk — S, T, — 2)
ng
1 &
k=1
(1 — Oy )/Bn
< %: =(Un, Tny, — 2)
B ”k I1-YV S
_a_ Z(Oﬁifl - Oéz'(( - i)ynkaxnk - l’nk>
Tk =1
1
—a—Hunk,1 = Uny, H Hunk - Pc[unk]”
ng
1- n n
—%«I —8)z, Ty, — 2). (5.1.34)
Oy,

Since v, — 0, (I = V;)y, — 0 for all i > 1, and ||u,, — up_1||/a — 0, letting k — oo

in (3.30), we obtain

(I—=fla*,z"—2) < —7((I = 8)z, 2" —z), VzeF.
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Since (5.1.21) has the unique solution, it follows that w,(x,) = {z*}. Since every
weak cluster point of {x,} is also a strong cluster point, we conclude that x,, — z*

as n — oo. This completes the proof. n
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5.2 Hybrid Extragradient Method for Fixed Points and Vari-

ational Inequality Problems

Let C be a nonempty, closed and convex subset of a real Hilbert space H, let F
be a bifunction F': C' x C' — R satisfying conditions (A1) — (A5) (Lemma 2.6.34),
let A be an a-inverse-strongly monotone mapping of C' into H. Let S be a &-strict
pseudocontraction mapping from C' to C.

we consider the sequences {z,}, {y.}, {2z}, {w,} and {t,} generated by zq € C

and
Yn = argminyeC{)‘nF(xm y) + %Hy - IHH2}7

2 = argminyec{ A F (Yn, y) + 5lly — 2},

wy, = Po(zn — MAzy),

th = any + (1 — an)[(1 — p)Swy, + puPe(l — Br)wy], (5.2.1)
Co={z€C:ta — 2| < |lzn — 2|},

D,={z€C:{x, —z,x0—x,) >0},

[ Tntl = Fe,np, o,
for every n € N, where p be a constant in (0, 1), {a,} C [0,1),{8.} € (0,1),{\} C
(0,1].

Algorithm 1

Choose the sequences {a,,} C [0,1), {8} C (0,1),{ .} C (0,1] and p be a

constant in (0, 1).
1. Let g € C. Set n = 0.

2. Solve successively the strongly convex programs
arg mingec{ A\, F' (T, y) + %Hy — ,|]?} and
arg mingec{ A\ F'(Yn, y) + %Hy - an2}

to obtain the unique optimal solution ¥, and z,, respectively.
3. Compute w, = Po(z, — A\pAzy).

4. Compute

tn = apxy, + (1 — o) [(1 — p)Swy, + pPe(l — By)w,]. If y, = x, and ¢, = x,,
then STOP:

x, € EP(F)N Fiz(S)NVI(C, A). Otherwise, go to Step 5.
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5. Compute z,4+1 = Po,np, To, where
Co={2€C: |ty — 2[| < [lzn — 2[[},
D, ={z€C: (v, — 2,0 — x,) > 0}.

6. Set n:=n+ 1, and go to Step 3.

In the sequel, we also suppose that the sequences of parameters {a, }, {5, }, {\n}, €

and g satisfy the following conditions:
(i) {Mn} C [Amins Amax)s where 0 < Apin < Apax < min {%, %},
(i) {an} C[0,¢] for some ¢ < 1;
(iii) lim, oo B, = 0 and >~ 2, 3, = o0;

(iv) € and p be constant, where 0 < & < pu < 1.

Now, let {x,},{yn}, {zn}, and {w,} be the sequences generated by combination
of the hybrid extragradient method, variational inequality by projection method and
the fixed point method described at the begining of this section. These sequence

satisfy the following properties. Here we start our main theorem.

Theorem 5.2.1. Let C' be a nonempty, closed and convex subset of a real Hilbert
space H, let ' be a bifunction F : C x C' — R satisfying conditions (A1) — (Ab),
let A be an a-inverse-strongly monotone mapping of C' into H. Let S be a &-strict
pseudocontraction mapping from C to C and such that © := EP(F) N Fiz(S) N
VI(C,A) # 0. Suppose that the sequences {ay},{Bn},{\n} and p satisfying the
conditions (i) — (iv). Then the sequence {x,} generated by Algorithm 1 converges

strongly to the projection of xog onto the set ©.

Proof. Step 1. We show that sequence {x,} is well defined. From definition of C,,
and D,,, it is obvious that (), is closed and D, is closed and convex for every n € N.

We prove that C,, is convex. Since |[|t,, — z|| < ||z, — z|| is equivalent to

tn — znll? + 2{tn — Ty, — 2) <0
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it follows that C), is convex. So C, N D,, is closed convex subset of H for any n € N.
Let z* € ©.
Then z* = Po(x* — A\, Az*). Since w,, = Po(z, — \yAz,), we consider
lw, — 2> = |[[Po(zn — AAzy)] — [Po(z® — A Az”)]|1?
< [(zn — AAzp) — (2F = N AxY) |

= |lzn — 2| — 2\ (2n — =¥, Az, — Ax*) + N2 || Az, — Ax*|?

IN

20 — 2*[]* + A (An — 20)|| A2, — Ax*|)? (5.2.2)
< e — 2"
By Proposition 2.6.35 (ii), we have
12 — 2|
< e = 2" = (1= 2Xen)llyn — zall* — (1 = 2Anc2) 120 — yall* (5.2.3)
that is, we obtain ||z, — z*|| < ||z, — 2*|| and ||w,, — z*|| < ||z, — z*|].

Set u, = (1 — p)Sw, + uPc(l — fy)w,, forall n > 0. Then, we have
ty = anZy + (1 — ay)uy,, It follows that

lun —2*|* = [I(1 = p)Swy + nPo(l = Ba)w, — z*||*

(1 = p)(Swn — 27) + p[(1 = Bu)w, — 2*]|*

IA

< wn = 2" = (1 = ) (k= O)1Swn — wal*
— B[ ? (5.2.4)
< lwn —27|* < o — 2|
that is, |u, —2*|| < ||z, —2*||. Since ¢, = apx, + (1 — a,)u, for every z* € ©,
we have
ltn = 27l* = llanzn + (1 = an)u, — 27|
= Jon(zn —2") + (1 = an)(un — 27|
< anllzn =P+ (1= o) un — 2|
< anllzn =P+ (L= an) 2 — 27|
<l — 2"
Hence ||t, — z*|| < ||z, — z*|| for every n > 0 and z* € C,,. So, we have

©:=EP(F)NFiz(S)NVI(AC) C C,, Vn € N. (5.2.5)
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Next, we will show that
©:=EP(F)NFiz(S)NVIAC)cC C,ND,,¥neN. (5.2.6)

We prove this by induction.
For n =0, we have xg = 2 € C, © C Cy and Dy = C. So, we get © C Cy N Dy.
Suppose that © C C}, N D, for some k£ € N. Since C, N Dy, is closed and convex, we

can define z41 = Pe.np, (o). From z1 = Pe,np, (7o), we also have
(Tpy1 — 2,0 — Tgy1) > 0, Vz € Cp N Dy. (5.2.7)
Since © C Cy N Dy(xo), we also have
(g1 — 2", 20 — TR41) > 0, Va* € 6. (5.2.8)

So, we get © C Dyyq. Then we obtain © C Cjyq N Dy 1. This implies that {z,} is
well defined.

Step 2. Next, let us show that {z,}, {w,} are bounded. Put zy = Pgxq. From

Tn+1 = Po,np,(0), we get
|Tni1 — zol] < ||z —x0|l, Vze€ C,ND,. (5.2.9)
From 2z € © C C, N D,,, we also have
[2n+1 = 2ol < |20 — ol (5.2.10)

for all n € NU {0} and hence {z,} is bounded. Since ||w,, — 2*|| < ||z, — 2*|| then
{w,} also bounded.

Step 3. We will show that lim,, . || Sw, — w,]|| = 0.
Since xp41 € C,ND,, C D,, and x,, = Pp, (x0), we get ||z, — xo|| < ||Tns1 — 2ol
From the boundedness of {x,}, we get that lim,_, ||z, — x¢|| exists. So, we obtain

([lzn — zoll* = [|#n+1 — o||*) — 0. On the other hand, from x,41 € D, we have
(T — Tpi1, o — Tp) > 0. (5.2.11)

So, for n € NU {0}, we get

[zns1 = 2ol = (zns1 = 20) + (20 — 20)|?

=z = 2all® + 120 — 20/* + 2(@ns1 — 2, 70 — 70)
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from (5.2.11), we have

a1 = 2ol > l@nss — @all* + lzn — ol®
and

[Zns1 = zall® < N2ner — zoll* = 2w — zoll*.

This implies
|Tns1 — xn|| = 0. (5.2.12)

Since x,.11 € C,, we have
Co={2€C:|tn — 2| < [lzn — 2[};

th - -TnJrlH < Hzn - $n+1H

and
”xn - tn” < Hxn - xn-i-lH + ”xn-H — ]|
< 2|z, - xn+1||-
By (5.2.12), we obtain
nll—>nc>10 |z, — ta]] = 0. (5.2.13)

For z* € ©, from (5.2.2), (5.2.3) and (5.2.4), we can choose a constant M > 0 such
that, sup, {||w,]|*} < M. We observe that
e — "7 < anllan — 27l + (1 — @) — o
< anflen — 2P+ (1= o) [lwn — 27|
—(1 = ) (1 = ON|Swn — wal|* = Bapr?||wn*]

ln = 2[* = (1 = ) (1 = 22nc1) 1y — za®

—(1 — ) (1 = 2Xne2) |20 — ynll* + (1 — @) An(An — 200) || Az — Ax™||?
—(1 = a) (L = ) (1 = Ol Swn — wa|* = (1 = o) Bups* M.

Therefore, we get

(1= o) (1 = 2Xn¢1)[[gn — 20 |?
< |z, - m*Hz — [[tn — fE*HQ —(1- an)ﬂn/ﬁM

= [llzn = 2"l + ltn — 2] [l2n — tul

—(1— an)ﬁn,uZM] )
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Since  lim, o ||z — tn]] = 0,limy, 400 B, = 0,1 —a, > 1 —¢> 0,1 =2\, 00 > 1 —
2Amaxc1 > 0 and the sequence {z,}, {t,} are bounded, we get lim,,_, ||y — x| = 0.
By similar way since lim, ,oo 8, = 0,1 —a, > 1 —c>0and 1 —2\,c0 > 1 —
2 AmaxC2 > 0, we have lim,, .« ||z, — yn|| = 0. Since lim,, .o 5, =0,1—, > 1—¢c >0

and —\,(\, — 2a) > 0, we obtain
lim ||Az — Az™|| = 0.
n—00

By limy 500 8 =0, 1—a,>1—c>0and (1 —pu)(u—E) >0, we have

Step 4. We will show that € ©.

(4.1). We will show that & € EP(F). Since {z,} is bounded, there exists a
subsequence {z,,} of {z,} which z,, = & and lim,,_, ||z, — y»|| = 0, we have that
Yn, — T. On the other hand, by using Proposition 2.6.35, we have, for every y € C

and for every i € N, that
<xn,‘ —Yn;y Y — yni> < )\mF(Inl, y) - )\nzF(SL’m, yni)' (5'2'14)

Since ||zp, — Yn,|| = 0 and y — y,, = y — T as ¢ — oo and since Vi € N, 0 <
Amin < An; < Amax. As @ — 00, we get F(Z,y) > 0, Yy € C. It means that
7 € EP(F).

(4.2). We will show that € Fiz(S). Since {w,} is bounded then there exists
a subsequence {w,,} of {w,} which converges weakly to Z. Since S is a -strict
pseudocontraction mapping, we know that the mapping I — .S is demiclosed at zero.
From || Sw,, —w,| — 0 asn — oo and {w,,} — &. Thus, we obtain that € Fix(S).

(4.3). Finally, we show that z € VI(C, A). Define

Av+ Nev, v e C,
To = ¢ (5.2.15)

0, v ¢ C.

Then, we have that T is maximal monotone operator,

we have

re€Tv=Av+ Nov & x— Av € Nov

< (v—u,x— Av) > 0,(Vu € C).
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So, for w,, € C, we have that
(v —wy,z—Av) >0, (n=1,2,3,...).
We also have

wy, = Po(zn — MAzy) < (W, —u, 2, — MjAz, —wy) >0, Yuel

& (U —wp,wy, — (2, — MA2p)) >0, Yuel

& <u — Wy, wn)\_ n + Azn> >0, Vuecd.
Therefore, we have
(V= Wy, x) > (v—wy,,, Av)
> (v —wy,, Av) — (v —wy,, wni)\ni I Az,,)
= (v — 1wy, Av — Awy,) + (v — wy,, Aw,, — Az,,)
_<U — Wn;; wm)\; = >
> (v —wy,, Aw,, — Azp,) — <v—wm,wni)\—;’%>-

7

Using w,,, — & and ||w,, — z,,|| = 0 which A is Lipshitz continuous implies that
(v—=2,2) >0, as i — oo. (5.2.16)

Since T' is maximal monotone, we have & € T-*(0), That is Z € VI(A,C). So, we

have Z € ©.

Finally, we show that x,, — &, where ¥ = Pox¢. Since x,, = Pp, xg and T € © C
D,,, we have

n — 2ol < [|E — @o]]. (5.2.17)

It follows from z* = Poxg and the lower semicontinuity of norm that

IN

[ = ol 17 = ol < lim inf ||, — ol
71— 00

< lim sup|fen, — 2ol < 127 — 2.
1—00
Thus, we obtain that

Tim ([, — zol] = [} — o]l = [l2* o] (5.2.18)
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Using the Kadec-Klee property of H, we obtain that lim; ,. z,, = £ = z*. Since

{z,,} is an arbitrary subsequence of {x,}, we can conclude that {z,} converges

strongly to Pgxg.



CHAPTER 6 CONCLUSIONS

In this dissertation, we establish the following results. First of all, we intro-
duce an explicit method for finding the least norm of fixed points for strict pseudo
mappings by using the projection technique. We provide algorithm which strong
convergence theorems are obtained in Hilbert spaces.

Secondly, we introduce a new iterative method for finding a common element of
the set of common solution of fixed point of a pseudo-contractive mapping and the
set of common solutions of variational inequalities in Hilbert spaces and we prove a
strong convergence theorem for finding a common element of the set of fixed points
for a continuous pseudo-contractive mapping and the solution set of a variational
inequality problem governed by a continuous monotone mapping.

Thirdly, we introduce a new iterative algorithm for solving a common solution of
the set of solutions of fixed point for an infinite family of nonexpansive mappings, the
set of solution of a system of mixed equilibrium problems and the set of solutions
of the variational inclusion for an [-inverse-strongly monotone mapping in a real
Hilbert space and we show a strong convergence theorem which solves the problem
of finding a common element of the common fixed points, the common solution of
a system of mixed equilibrium problem and variational inclusion of inverse-strongly
monotone mappings in a Hilbert space.

Fourthly, we introduce a new iterative scheme that converges strongly to a com-
mon fixed point of a countable family of strictly pseudo-contractive mappings in a
real Hilbert space which is also a solution to variational inequality problem related
to quadratic minimization problems.

Finally, we introduce a new hybrid extragradient iterative algorithm we prove
strong convergence of an iterative algorithm for finding a common element of the set
of fixed points satisfying the equilibrium problem, variational inequalities and fixed
point problems of a strict pseudocontraction mapping by the hybrid extragradient

projection method in Hilbert spaces.
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The following results are all main theorems of this dissertation:
(1). Let C be a closed convex of a real Hilbert space H. Let S : C' — C be a
nonexpansive mapping and 2 := F(S) N VI(C, A) # (. Assume that a sequence

{an} C (0,1) satisfies the conditions:
(i) limy, 00 v, = 0;
(i) X2 ap, = +oo.
Then the sequence {z,} generated by the following algorithm
Tpr1 = (1 —ap)[ANSzp + (1 — N, (6.0.1)

converges strongly to a fixed point of S which is of minimal norm which the unique

solution of the variational inequality:
r* e Q (x*x—2") > 0,Vr € Q.

(2). Assume that the solution set of (3.1.1) is nonempty. Let the objective function
f be convex, fréchet differentiable and it gradient V f is Lipschitz continuous with
Lipschitz constant L. In addition, if 0 € C or C'is closed convex cone. Let u € (0, %)

and define a sequence {x,} by following
Tnp1r = (L= an)((I = pV)(zn) + (1 = Naw), 120

where A € (0,1) and the sequence {a,} C (0, 1) satisfies conditions in Theorem
3.1.1. Then the sequence {z,} converges strongly to the minimum-norm solution of
the minimization (3.1.1)

(3). Let C be a nonempty closed and convex subset of a real Hilbert space H. Let
T : C — C be a continuous pseudo-contractive mapping and A : ¢ — H be a
continuous monotone mapping such that § := F(T)NVI(C,A) # (. For x € H,

define 7, and F, as follows:
1
Tz = {zEC:(y—z,Tz>+;<y—z,(1+r)z—x> <0, VyeC}

and

1
F.x ::{ZEC:(y—z,Az>+;<y—z,z—x>20, vy € C}.
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Let B : H — H be a strongly positive linear bounded self-adjoint operator with

coefficients 8 > 0 and let {z,} be a sequence generated by z; € C' and

Yn = Frnxn
(6.0.2)

xn+1 - anu + 67’11'71 + [(1 - 5”)1 - anB:IT""'rLyn?

where {a,,},{0,} C [0,1] and {r,} C (0, 00) such that

(C1) lim o, =0, > o, = 00;
n—00 nel

(C2) lim 6, =0, > |0ps1 — O] < 00;
n—00 ne=1

(C3) liminfr, >0, > |rp11 — o] < 00,
n—00 n=1

Then, the sequence {x,, },>1 converges strongly to z € §, which is the unique solution

of the variational inequality:

(B—f)z,x—2) >0, Vreg. (6.0.3)
Equivalently, z = P;(I — B+ f)z.
(4). Let C be a nonempty closed and convex subset of a real Hilbert space H. Let

A : C — H be a continuous monotone mapping such that § := VI(C, A) # . For

x € H, define F;, as follows:
1
Fx:= {zEC:(y—z,Az>+;<y—z,z—x> >0, YyeC}.

Let f be a contraction of H into itself with a contraction constant § and let B :
H — H be a strongly positive linear bounded self-adjoint operator with coefficients

B >0 and let {z,} be a sequence generated by x; € C' and

Tpi1 = @V f(Tn) + 0pxy + [(1 — 0,)] — o, B|F,., 2y, (6.0.4)

where {a,},{d,} C [0,1] and {r,} C (0, 00) such that

n—oo

(C1) lim o, =0, > o, = o0;
n=1

(C2) ILm 0 =0, |0pt1 — On| < 005
n—o00 nel
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o
(C3) liminfr, >0, |rp1 — ] < co.
n—00 nel

Then, the sequence {x,, },>1 converges strongly to z € §, which is the unique solution

of the variational inequality:
(B=~f)z,t—2)>0, Yt €F (6.0.5)

Equivalently, z = Ps(I — B+ vf)z.

(5). Let C be a nonempty closed and convex subset of a real Hilbert space H. Let
T : C — C be a continuous pseudo-contractive mapping and § := F(T) # (). For

x € H, define T, as follows:
1
T ={z€C:(y—2,Tz)+ —(y—2z(1+r)z—x) <0, VyeC}
T

Let f be a contraction of H into itself with a contraction constant  and let B :
H — H be a strongly positive linear bounded self-adjoint operator with coefficients

B >0 and let {z,,} be a sequence generated by x; € C' and

Tpt1 = AV f(Tn) + 6nxn + [(1 — 0n)] — o, BT, @, (6.0.6)

where {a,,},{0,} C [0,1] and {r,} C (0, 00) such that

[e.e]

(C1) lim o, =0, > o, = 00;

n—oo n=1

(C2) li_>m 0 =0, |0p+1 — On| < 005
n—oo n=1

(C3) liminfr, >0, |rp1 — ] < co.
n—oo n=1

Then, the sequence {z, },>1 converges strongly to z € F, which is the unique solution

of the variational inequality:
(B=~f)z,r—2) >0, Vreg. (6.0.7)

Equivalently, z = Ps(I — B+ vf)=.

(6). Let H be a real Hilbert space. Let T,, : H — H be a continuous pseudo-
contractive mapping and A : H — H be a continuous monotone mapping such that

§:=F(T)NnA7Y0) # 0. For x € H, define T}, and F,, as follows:

TTx::{zEC:(y—z,Tz>+1<y—z,(1+r)z—:z:>§O, Yy e C}
T
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and
1
Feo={zeC:({y—z,A2)+—-(y—z,2—x) >0, VyeC}
r
Let f be a contraction of C' into itself with a contraction constant g and let B :

H — H be a strongly positive linear bounded self-adjoint operator with coefficients

B >0 and let {z,} be a sequence generated by x; € C' and

Yn = Frnxn
(6.0.8)

Tni1 = Y f(T0) + 0pxy + [(1 — 0u)] — an BIT,, yn,
where {a,}, {d,} C [0,1] and {r,} C (0, 00) such that

n—oo

(C1) lim o, =0, > v, = 00
n=1

(C2) li_)rn 0n =0, |0pi1 — On| < o0
n—oo n=1

o
(C3) liminfr, >0, |rp1 — ] < co.
n—00 nel

Then, the sequence {z, },>1 converges strongly to z € §, which is the unique solution

of the variational inequality:
(B=7f)z,x—2)>0, Vo e§ (6.0.9)

Equivalently, z = Ps(I — B+ vf)=.

(7). Let H be a real Hilbert space, C' a close convex subset of H and B be an
B-inverse-strongly monotone operator. Let ¢ : ' — R be a convex and lower
semicontinuous function, f : ¢ — C be a contraction mapping with coefficient
a(0<a<1), M:H— 2" be a maximal monotone operator. Let A be a strongly
positive linear bounded operator of H into itself with coefficient 7 > 0. Assume that
0<~v<Zand X e (0,28). Let {T.,} be a family of nonexpansive mappings of H
into itself such that

0=, F(T,) N (NY_SMEP(F,))NI(B, M) # 0.

Suppose {x,} is a sequence generated by the following algorithm for z¢, u, € C

arbitrarily:

F Fn_1 Fn_o F: F
un — KT'n]\,"I'L . Krn717n . Krn72’n S et K 2. K L. .Tn, \V/n E N

72,1 71,1

(6.0.10)
Tpt1 = PC[Enf(xn) + ([ - en)WnJM7/\(un - )‘Bun)]
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for all n = 0,1, 2, ..., and the conditions (C1)-(C2) in Theorem 4.1.1 are satisfied.
Then, the sequence {z,} converges strongly to ¢ € 0, where ¢ = Py(f + 1)(q)

which solves the following variational inequality:

(f=IDg.p—q) <0, Vpeb.

(8). Let H be a real Hilbert space, C' a close convex subset of H and B be an
B-inverse-strongly monotone operator. Let ¢ : ' — R be a convex and lower
semicontinuous function, f : ¢ — C be a contraction mapping with coefficient
a(0<a<1), M:H— 2" be a maximal monotone operator. Let A be a strongly
positive linear bounded operator of H into itself with coefficient 7 > 0. Assume that
0<~v<ZandXe (0,28). Let {T,,} be a family of nonexpansive mappings of H
into itself such that

0=, F(T,) N (N, SMEP(F,))NI(B, M) # 0.

n=1

Suppose {z,} is a sequence generated by the following algorithm for z,u € C' and

u, € C-

F Fny_1 Fn_2 F F
Uy = KIY KN KN KR KB g Yne N

72,1 71,1

(6.0.11)
Tpy1 = PC[enu + (I - En)WnJM,A(Un - /\Bun)]
for all n = 0,1, 2, ..., and the conditions (C1)-(C2) in Theorem 4.1.1 are satisfied.
Then, the sequence {x,} converges strongly to g € 0, where ¢ = FPy(q) which

solves the following variational inequality:
(u—qp—q) <0, Vpeb.

(9). Let H be a real Hilbert space, C' a close convex subset of H and B be an
[-inverse-strongly monotone operator. Let f : C' — C be a contraction mapping
with coefficient o (0 < @ < 1), M : H — 2" be a maximal monotone operator.
Let A be a strongly positive linear bounded operator of H into itself with coefficient
5 > 0. Assume that 0 < v < 2. Let {T},} be a family of nonexpansive mappings of
H into itself such that

0 =N, F(T,) NVIC,B) # 0.

n
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Suppose {z,} is a sequence generated by the following algorithm for xq € C' arbi-

trarily:
Tni1 = Polenyf(zn) + (I — €,A)W,Po(z, — ABxy,) (6.0.12)

for all n = 0,1, 2, ..., and the conditions (C1)-(C2) in Theorem 4.1.1 are satisfied.
Then, the sequence {z, } converges strongly to g € 6, where ¢ = Py(vf+1—A)(q)

which solves the following variational inequality:

(vf—A)g,p—q) <0, Vpeld.

(10). Let C be a nonempty closed and convex subset of a real Hilbert space H. Let
f : C — H be a p-contraction mapping, S : C' — H be a nonexpansive mapping
and T : C'— C be a k-strict pseudo-contraction mapping such that F(7T) # 0. Let

x1 € C and define the sequence {z,} by

Tn+1 = PC[O‘nf(xn> + (1 - an)vyn]u vn > 17
where V' = kI+(1—k)T,{a,,} C (0,1) and {B,} C (0, 1) are sequences satisfying the
conditions (H2) with 7 = 0, (H3), either (H4) and (H5) , or (H6) and (H7). Then

(6.0.13)

the sequence {x,} converges strongly to a point z € F(T), which is the unique

solution of the variational inequality:
(I—=flz,o—2) >0, Yee F(T).

(11). Let C be a nonempty closed and convex subset of a real Hilbert space H.
Let f : C — H be a p-contraction mapping, S : C' — H be a nonexpansive
mapping and {7;}°, : C'— C be a countable family of nonexpansive mappings and

F = iﬁlF(Ti) # (. Let ap = 1, z; € C and define the sequence {x,} by

n (6.0.14)
Tnp1 = Polanf(zn) + 2 (aim1 — i) Tiyn), Vn > 1,
i=1

where {a,} C (0,1) and {a,} is a strictly decreasing sequence, {,} C (0,1) and
{a,} and {5, } are sequences satisfying the conditions (H2) with 7 = 0, (H3), either
(H4) and (H5) , or (H6) and (H7). Then the sequence {z,} converges strongly to a

point z € F, which is the unique solution of the variational inequality:

(I—-f)z,x—2)>0, VeeF.
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(12). Let C be a nonempty closed and convex subset of a real Hilbert space H. Let
f : C — H be a p-contraction mapping, S : C' — H be a nonexpansive mapping
and T : C' — C be a nonexpansive mapping such that F(T) # 0. Let z; € C and
define the sequence {z,} by

Yn = PC[anxn + (1 - ﬁn)an
Tnt1 = PC[anf(xn) + (1 - an)Tyn]u vn Z 17

(6.0.15)

where {a,} € (0,1),{8,} C (0,1) and {«,} and {f,} are sequences satisfying the
conditions (H2) with 7 = 0, (H3), either (H4) and (H5) , or (H6) and (H7). Then
the sequence {x,} converges strongly to a point z € F(T), which is the unique

solution of the variational inequality:
(I = f)z,oz—2) >0, Yee F(T).

(13). Let C be a nonempty closed and convex subset of a real Hilbert space H. Let
f : C — H be a p-contraction mapping, S : C' — C' be a nonexpansive mapping
and T : C — C be a k-strict pseudo-contraction mapping and F = F(T) # (). Let

x1 € C and define the sequence {z,} by

Yn = BuSzyn + (1 — Bn)zn,
Tni1 = Polanf(x,) + (1 — an)Vy,], Vn>1,

(6.0.16)

where V. = kI + (1 — k)T, {a,} C (0,1), {B.} C (0,1) and {«,} and {B,} are
sequences satisfying the conditions (H2) with 7 € (0,00), (H3), (H8) and (H9).
Then the sequence {x,} converges strongly to a point x* € F, which is the unique
solution of the variational inequality:
1
(-(I—=flz*+ (I —=S)z", 2 —2%) >0, VxelF. (6.0.17)
-
(14). Let C be a nonempty closed and convex subset of a real Hilbert space H.
Let f : C — H be a p-contraction mapping, S : C' — C be a nonexpansive

mapping and {T;}°, : C'— C be a countable family of nonexpansive mappings and

F = 'aF(E) # (0. Let ap = 1, z; € C and define the sequence {x,} by

Yn = anxn + (1 - /Bn)xm

n (6.0.18)
Tpt1 = Pc[anf(%) + Z(ai—l - ai)ﬂyn]v Vn > 1,
i=1
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where {a,,} C (0,1) and {a,} is a strictly decreasing sequence, {#,} C (0,1) and
{a,} and {5, } are sequences satisfying the conditions (H2) with 7 € (0, 00), (H3),
(H8) and (H9). Then the sequence {z, } converges strongly to a point z* € F, which
is the unique solution of the variational inequality:

1

(I —=flar+({I = S)z", 2 —2") >0, VrelF. (6.0.19)

.
(15). Let C be a nonempty closed and convex subset of a real Hilbert space H. Let
f : C — H be a p-contraction mapping, S, T : C' — C' be nonexpansive mappings
and F = F(T) # (. Let x; € C and define the sequence {z,} by

Yn = 6nS$n + (1 - Bn)xna

(6.0.20)
Tpt1 = PC[O‘nf(xn) + (1 - O‘n)Tyn]a Vn > 1,

where {a,,} € (0,1), {8,} € (0,1) and {«,} and {3,} are sequences satisfying the
conditions (H2) with 7 € (0,00), (H3), (H8) and (H9). Then the sequence {z,}
converges strongly to a point * € F, which is the unique solution of the variational
inequality:
(%(I—f)x*—l—(I—S):v*,x—:B*) >0, VrelF. (6.0.21)
(16). Let C' be a nonempty, closed and convex subset of a real Hilbert space
H, let F' be a bifunction F' : C' x C' — R satisfying conditions (A1) — (A5), let
A be an a-inverse-strongly monotone mapping of C into H. Let S be a {-strict
pseudocontraction mapping from C' to C' and such that © := EP(F) N Fiz(S) N
VI(C,A) # 0. Suppose that the sequences {a,}, {f.}, {\} and p satisfying the
condition () — (iv). Then the sequences {x,} generated by Algorithm 1 converges

strongly to the projection of x4 on to the set ©.
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