CHAPTER 6 CONCLUSIONS

In this dissertation, we establish the following results. First of all, we intro-
duce an explicit method for finding the least norm of fixed points for strict pseudo
mappings by using the projection technique. We provide algorithm which strong
convergence theorems are obtained in Hilbert spaces.

Secondly, we introduce a new iterative method for finding a common element of
the set of common solution of fixed point of a pseudo-contractive mapping and the
set of common solutions of variational inequalities in Hilbert spaces and we prove a
strong convergence theorem for finding a common element of the set of fixed points
for a continuous pseudo-contractive mapping and the solution set of a variational
inequality problem governed by a continuous monotone mapping.

Thirdly, we introduce a new iterative algorithm for solving a common solution of
the set of solutions of fixed point for an infinite family of nonexpansive mappings, the
set of solution of a system of mixed equilibrium problems and the set of solutions
of the variational inclusion for an [-inverse-strongly monotone mapping in a real
Hilbert space and we show a strong convergence theorem which solves the problem
of finding a common element of the common fixed points, the common solution of
a system of mixed equilibrium problem and variational inclusion of inverse-strongly
monotone mappings in a Hilbert space.

Fourthly, we introduce a new iterative scheme that converges strongly to a com-
mon fixed point of a countable family of strictly pseudo-contractive mappings in a
real Hilbert space which is also a solution to variational inequality problem related
to quadratic minimization problems.

Finally, we introduce a new hybrid extragradient iterative algorithm we prove
strong convergence of an iterative algorithm for finding a common element of the set
of fixed points satisfying the equilibrium problem, variational inequalities and fixed
point problems of a strict pseudocontraction mapping by the hybrid extragradient

projection method in Hilbert spaces.
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The following results are all main theorems of this dissertation:
(1). Let C be a closed convex of a real Hilbert space H. Let S : C' — C be a
nonexpansive mapping and 2 := F(S) N VI(C, A) # (. Assume that a sequence

{an} C (0,1) satisfies the conditions:
(i) limy, 00 v, = 0;
(i) X2 ap, = +oo.
Then the sequence {z,} generated by the following algorithm
Tpr1 = (1 —ap)[ANSzp + (1 — N, (6.0.1)

converges strongly to a fixed point of S which is of minimal norm which the unique

solution of the variational inequality:
r* e Q (x*x—2") > 0,Vr € Q.

(2). Assume that the solution set of (3.1.1) is nonempty. Let the objective function
f be convex, fréchet differentiable and it gradient V f is Lipschitz continuous with
Lipschitz constant L. In addition, if 0 € C or C'is closed convex cone. Let u € (0, %)

and define a sequence {x,} by following
Tnp1r = (L= an)((I = pV)(zn) + (1 = Naw), 120

where A € (0,1) and the sequence {a,} C (0, 1) satisfies conditions in Theorem
3.1.1. Then the sequence {z,} converges strongly to the minimum-norm solution of
the minimization (3.1.1)

(3). Let C be a nonempty closed and convex subset of a real Hilbert space H. Let
T : C — C be a continuous pseudo-contractive mapping and A : ¢ — H be a
continuous monotone mapping such that § := F(T)NVI(C,A) # (. For x € H,

define 7, and F, as follows:
1
Tz = {zEC:(y—z,Tz>+;<y—z,(1+r)z—x> <0, VyeC}

and

1
F.x ::{ZEC:(y—z,Az>+;<y—z,z—x>20, vy € C}.



84

Let B : H — H be a strongly positive linear bounded self-adjoint operator with

coefficients 8 > 0 and let {z,} be a sequence generated by z; € C' and

Yn = Frnxn
(6.0.2)

xn+1 - anu + 67’11'71 + [(1 - 5”)1 - anB:IT""'rLyn?

where {a,,},{0,} C [0,1] and {r,} C (0, 00) such that

(C1) lim o, =0, > o, = 00;
n—00 nel

(C2) lim 6, =0, > |0ps1 — O] < 00;
n—00 ne=1

(C3) liminfr, >0, > |rp11 — o] < 00,
n—00 n=1

Then, the sequence {x,, },>1 converges strongly to z € §, which is the unique solution

of the variational inequality:

(B—f)z,x—2) >0, Vreg. (6.0.3)
Equivalently, z = P;(I — B+ f)z.
(4). Let C be a nonempty closed and convex subset of a real Hilbert space H. Let

A : C — H be a continuous monotone mapping such that § := VI(C, A) # . For

x € H, define F;, as follows:
1
Fx:= {zEC:(y—z,Az>+;<y—z,z—x> >0, YyeC}.

Let f be a contraction of H into itself with a contraction constant § and let B :
H — H be a strongly positive linear bounded self-adjoint operator with coefficients

B >0 and let {z,} be a sequence generated by x; € C' and

Tpi1 = @V f(Tn) + 0pxy + [(1 — 0,)] — o, B|F,., 2y, (6.0.4)

where {a,},{d,} C [0,1] and {r,} C (0, 00) such that

n—oo

(C1) lim o, =0, > o, = o0;
n=1

(C2) ILm 0 =0, |0pt1 — On| < 005
n—o00 nel
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o
(C3) liminfr, >0, |rp1 — ] < co.
n—00 nel

Then, the sequence {x,, },>1 converges strongly to z € §, which is the unique solution

of the variational inequality:
(B=~f)z,t—2)>0, Yt €F (6.0.5)

Equivalently, z = Ps(I — B+ vf)z.

(5). Let C be a nonempty closed and convex subset of a real Hilbert space H. Let
T : C — C be a continuous pseudo-contractive mapping and § := F(T) # (). For

x € H, define T, as follows:
1
T ={z€C:(y—2,Tz)+ —(y—2z(1+r)z—x) <0, VyeC}
T

Let f be a contraction of H into itself with a contraction constant  and let B :
H — H be a strongly positive linear bounded self-adjoint operator with coefficients

B >0 and let {z,,} be a sequence generated by x; € C' and

Tpt1 = AV f(Tn) + 6nxn + [(1 — 0n)] — o, BT, @, (6.0.6)

where {a,,},{0,} C [0,1] and {r,} C (0, 00) such that

[e.e]

(C1) lim o, =0, > o, = 00;

n—oo n=1

(C2) li_>m 0 =0, |0p+1 — On| < 005
n—oo n=1

(C3) liminfr, >0, |rp1 — ] < co.
n—oo n=1

Then, the sequence {z, },>1 converges strongly to z € F, which is the unique solution

of the variational inequality:
(B=~f)z,r—2) >0, Vreg. (6.0.7)

Equivalently, z = Ps(I — B+ vf)=.

(6). Let H be a real Hilbert space. Let T,, : H — H be a continuous pseudo-
contractive mapping and A : H — H be a continuous monotone mapping such that

§:=F(T)NnA7Y0) # 0. For x € H, define T}, and F,, as follows:

TTx::{zEC:(y—z,Tz>+1<y—z,(1+r)z—:z:>§O, Yy e C}
T
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and
1
Feo={zeC:({y—z,A2)+—-(y—z,2—x) >0, VyeC}
r
Let f be a contraction of C' into itself with a contraction constant g and let B :

H — H be a strongly positive linear bounded self-adjoint operator with coefficients

B >0 and let {z,} be a sequence generated by x; € C' and

Yn = Frnxn
(6.0.8)

Tni1 = Y f(T0) + 0pxy + [(1 — 0u)] — an BIT,, yn,
where {a,}, {d,} C [0,1] and {r,} C (0, 00) such that

n—oo

(C1) lim o, =0, > v, = 00
n=1

(C2) li_)rn 0n =0, |0pi1 — On| < o0
n—oo n=1

o
(C3) liminfr, >0, |rp1 — ] < co.
n—00 nel

Then, the sequence {z, },>1 converges strongly to z € §, which is the unique solution

of the variational inequality:
(B=7f)z,x—2)>0, Vo e§ (6.0.9)

Equivalently, z = Ps(I — B+ vf)=.

(7). Let H be a real Hilbert space, C' a close convex subset of H and B be an
B-inverse-strongly monotone operator. Let ¢ : ' — R be a convex and lower
semicontinuous function, f : ¢ — C be a contraction mapping with coefficient
a(0<a<1), M:H— 2" be a maximal monotone operator. Let A be a strongly
positive linear bounded operator of H into itself with coefficient 7 > 0. Assume that
0<~v<Zand X e (0,28). Let {T.,} be a family of nonexpansive mappings of H
into itself such that

0=, F(T,) N (NY_SMEP(F,))NI(B, M) # 0.

Suppose {x,} is a sequence generated by the following algorithm for z¢, u, € C

arbitrarily:

F Fn_1 Fn_o F: F
un — KT'n]\,"I'L . Krn717n . Krn72’n S et K 2. K L. .Tn, \V/n E N

72,1 71,1

(6.0.10)
Tpt1 = PC[Enf(xn) + ([ - en)WnJM7/\(un - )‘Bun)]
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for all n = 0,1, 2, ..., and the conditions (C1)-(C2) in Theorem 4.1.1 are satisfied.
Then, the sequence {z,} converges strongly to ¢ € 0, where ¢ = Py(f + 1)(q)

which solves the following variational inequality:

(f=IDg.p—q) <0, Vpeb.

(8). Let H be a real Hilbert space, C' a close convex subset of H and B be an
B-inverse-strongly monotone operator. Let ¢ : ' — R be a convex and lower
semicontinuous function, f : ¢ — C be a contraction mapping with coefficient
a(0<a<1), M:H— 2" be a maximal monotone operator. Let A be a strongly
positive linear bounded operator of H into itself with coefficient 7 > 0. Assume that
0<~v<ZandXe (0,28). Let {T,,} be a family of nonexpansive mappings of H
into itself such that

0=, F(T,) N (N, SMEP(F,))NI(B, M) # 0.

n=1

Suppose {z,} is a sequence generated by the following algorithm for z,u € C' and

u, € C-

F Fny_1 Fn_2 F F
Uy = KIY KN KN KR KB g Yne N

72,1 71,1

(6.0.11)
Tpy1 = PC[enu + (I - En)WnJM,A(Un - /\Bun)]
for all n = 0,1, 2, ..., and the conditions (C1)-(C2) in Theorem 4.1.1 are satisfied.
Then, the sequence {x,} converges strongly to g € 0, where ¢ = FPy(q) which

solves the following variational inequality:
(u—qp—q) <0, Vpeb.

(9). Let H be a real Hilbert space, C' a close convex subset of H and B be an
[-inverse-strongly monotone operator. Let f : C' — C be a contraction mapping
with coefficient o (0 < @ < 1), M : H — 2" be a maximal monotone operator.
Let A be a strongly positive linear bounded operator of H into itself with coefficient
5 > 0. Assume that 0 < v < 2. Let {T},} be a family of nonexpansive mappings of
H into itself such that

0 =N, F(T,) NVIC,B) # 0.

n
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Suppose {z,} is a sequence generated by the following algorithm for xq € C' arbi-

trarily:
Tni1 = Polenyf(zn) + (I — €,A)W,Po(z, — ABxy,) (6.0.12)

for all n = 0,1, 2, ..., and the conditions (C1)-(C2) in Theorem 4.1.1 are satisfied.
Then, the sequence {z, } converges strongly to g € 6, where ¢ = Py(vf+1—A)(q)

which solves the following variational inequality:

(vf—A)g,p—q) <0, Vpeld.

(10). Let C be a nonempty closed and convex subset of a real Hilbert space H. Let
f : C — H be a p-contraction mapping, S : C' — H be a nonexpansive mapping
and T : C'— C be a k-strict pseudo-contraction mapping such that F(7T) # 0. Let

x1 € C and define the sequence {z,} by

Tn+1 = PC[O‘nf(xn> + (1 - an)vyn]u vn > 17
where V' = kI+(1—k)T,{a,,} C (0,1) and {B,} C (0, 1) are sequences satisfying the
conditions (H2) with 7 = 0, (H3), either (H4) and (H5) , or (H6) and (H7). Then

(6.0.13)

the sequence {x,} converges strongly to a point z € F(T), which is the unique

solution of the variational inequality:
(I—=flz,o—2) >0, Yee F(T).

(11). Let C be a nonempty closed and convex subset of a real Hilbert space H.
Let f : C — H be a p-contraction mapping, S : C' — H be a nonexpansive
mapping and {7;}°, : C'— C be a countable family of nonexpansive mappings and

F = iﬁlF(Ti) # (. Let ap = 1, z; € C and define the sequence {x,} by

n (6.0.14)
Tnp1 = Polanf(zn) + 2 (aim1 — i) Tiyn), Vn > 1,
i=1

where {a,} C (0,1) and {a,} is a strictly decreasing sequence, {,} C (0,1) and
{a,} and {5, } are sequences satisfying the conditions (H2) with 7 = 0, (H3), either
(H4) and (H5) , or (H6) and (H7). Then the sequence {z,} converges strongly to a

point z € F, which is the unique solution of the variational inequality:

(I—-f)z,x—2)>0, VeeF.
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(12). Let C be a nonempty closed and convex subset of a real Hilbert space H. Let
f : C — H be a p-contraction mapping, S : C' — H be a nonexpansive mapping
and T : C' — C be a nonexpansive mapping such that F(T) # 0. Let z; € C and
define the sequence {z,} by

Yn = PC[anxn + (1 - ﬁn)an
Tnt1 = PC[anf(xn) + (1 - an)Tyn]u vn Z 17

(6.0.15)

where {a,} € (0,1),{8,} C (0,1) and {«,} and {f,} are sequences satisfying the
conditions (H2) with 7 = 0, (H3), either (H4) and (H5) , or (H6) and (H7). Then
the sequence {x,} converges strongly to a point z € F(T), which is the unique

solution of the variational inequality:
(I = f)z,oz—2) >0, Yee F(T).

(13). Let C be a nonempty closed and convex subset of a real Hilbert space H. Let
f : C — H be a p-contraction mapping, S : C' — C' be a nonexpansive mapping
and T : C — C be a k-strict pseudo-contraction mapping and F = F(T) # (). Let

x1 € C and define the sequence {z,} by

Yn = BuSzyn + (1 — Bn)zn,
Tni1 = Polanf(x,) + (1 — an)Vy,], Vn>1,

(6.0.16)

where V. = kI + (1 — k)T, {a,} C (0,1), {B.} C (0,1) and {«,} and {B,} are
sequences satisfying the conditions (H2) with 7 € (0,00), (H3), (H8) and (H9).
Then the sequence {x,} converges strongly to a point x* € F, which is the unique
solution of the variational inequality:
1
(-(I—=flz*+ (I —=S)z", 2 —2%) >0, VxelF. (6.0.17)
-
(14). Let C be a nonempty closed and convex subset of a real Hilbert space H.
Let f : C — H be a p-contraction mapping, S : C' — C be a nonexpansive

mapping and {T;}°, : C'— C be a countable family of nonexpansive mappings and

F = 'aF(E) # (0. Let ap = 1, z; € C and define the sequence {x,} by

Yn = anxn + (1 - /Bn)xm

n (6.0.18)
Tpt1 = Pc[anf(%) + Z(ai—l - ai)ﬂyn]v Vn > 1,
i=1
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where {a,,} C (0,1) and {a,} is a strictly decreasing sequence, {#,} C (0,1) and
{a,} and {5, } are sequences satisfying the conditions (H2) with 7 € (0, 00), (H3),
(H8) and (H9). Then the sequence {z, } converges strongly to a point z* € F, which
is the unique solution of the variational inequality:

1

(I —=flar+({I = S)z", 2 —2") >0, VrelF. (6.0.19)

.
(15). Let C be a nonempty closed and convex subset of a real Hilbert space H. Let
f : C — H be a p-contraction mapping, S, T : C' — C' be nonexpansive mappings
and F = F(T) # (. Let x; € C and define the sequence {z,} by

Yn = 6nS$n + (1 - Bn)xna

(6.0.20)
Tpt1 = PC[O‘nf(xn) + (1 - O‘n)Tyn]a Vn > 1,

where {a,,} € (0,1), {8,} € (0,1) and {«,} and {3,} are sequences satisfying the
conditions (H2) with 7 € (0,00), (H3), (H8) and (H9). Then the sequence {z,}
converges strongly to a point * € F, which is the unique solution of the variational
inequality:
(%(I—f)x*—l—(I—S):v*,x—:B*) >0, VrelF. (6.0.21)
(16). Let C' be a nonempty, closed and convex subset of a real Hilbert space
H, let F' be a bifunction F' : C' x C' — R satisfying conditions (A1) — (A5), let
A be an a-inverse-strongly monotone mapping of C into H. Let S be a {-strict
pseudocontraction mapping from C' to C' and such that © := EP(F) N Fiz(S) N
VI(C,A) # 0. Suppose that the sequences {a,}, {f.}, {\} and p satisfying the
condition () — (iv). Then the sequences {x,} generated by Algorithm 1 converges

strongly to the projection of x4 on to the set ©.



