
CHAPTER 5 HIERARCHICAL FIXED POINTS,

EQUILIBRIUM AND VARIATIONAL INEQUALITY

PROBLEMS

In this section, we introduce a new iterative scheme that converges strongly to

a common fixed point of a countable family of strictly pseudo-contractive mappings

in a real Hilbert space which is also a solution to variational inequality problems

related to quadratic minimization problems. Also a new hybrid extragradient iter-

ative algorithm for solving a common element of the set of fixed points satisfying

equilibrium problems, variational inequality problems and fixed point problems of a

strict pseudocontraction mapping in Hilbert spaces are obtain.

5.1 Hierarchical Fixed Points and Variational Inequality

Problems

Let H be a real Hilbert space, T : C → H be a mapping. The following problem

is called a hierarchical fixed point problem: Find x∗ ∈ F (T ) such that

〈x∗ − Sx∗, x− x∗〉 ≥ 0, ∀x ∈ F (T ). (5.1.1)

where S : C → H be a mapping.

Let us consider the net iterative scheme as follows:
yn = PC [βnSxn + (1− βn)xn],

xn+1 = PC [αnf(xn) +
n∑
i=1

(αi−1 − αi)Viyn], ∀n ≥ 1,
(5.1.2)

where Vi = kiI + (1 − ki)Ti, f : C → H is a ρ-contraction mapping, S : C → H

is a nonexpansive mapping, {Ti}∞i=1 : C → C is a countable family of ki-strict

pseudo-contraction mappings and
∞
∩
i=1
F (Ti) 6= ∅. Set α0 = 1, {αn} ⊂ (0, 1) is a

strictly decreasing sequence and {βn} ⊂ (0, 1). As we will see the convergence of

the scheme depends on the choice of the parameters {αn} and {βn}. We list some

possible hypotheses on them:
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(H1) there exists γ > 0 such that βn ≤ γαn;

(H2) lim
n→∞

βn/αn = τ ∈ [0,∞);

(H3) lim
n→∞

αn = 0 and
∞∑
n=1

αn =∞;

(H4)
∞∑
n=1

|αn − αn−1| <∞;

(H5)
∞∑
n=1

|βn − βn−1| <∞;

(H6) lim
n→∞
|αn − αn−1|/αn = 0;

(H7) lim
n→∞
|βn − βn−1|/βn = 0;

(H8) lim
n→∞

[|αn − αn−1|+ |βn − βn−1|]/αnβn = 0;

(H9) there exists a constant K > 0 such that 1
αn
| 1
βn
− 1

βn−1
| ≤ K.

Proposition 5.1.1. Assume that (H1) holds. Then {xn} and {yn} are bounded.

Proof (1) Let z ∈
∞
∩
i=1
F (Ti) =

∞
∩
i=1
F (Vi). Then we have

‖xn+1 − z‖ =

∥∥∥∥PC [αnf(xn) +
n∑
i=1

(αi−1 − αi)Viyn]− PC [z]

∥∥∥∥
≤

∥∥∥∥αnf(xn) +
n∑
i=1

(αi−1 − αi)Viyn − z
∥∥∥∥

=

∥∥∥∥αn(f(xn)− z) +
n∑
i=1

(αi−1 − αi)(Viyn − z)

∥∥∥∥
≤ αn‖f(xn)− f(z)‖+ αn‖f(z)− z‖

+
n∑
i=1

(αi−1 − αi)‖Viyn − z‖

≤ αnρ‖xn − z‖+ αn‖f(z)− z‖

+
n∑
i=1

(αi−1 − αi)‖yn − z‖

≤ αnρ‖xn − z‖+ αn‖f(z)− z‖

+
n∑
i=1

(αi−1 − αi)‖βnSxn + (1− βn)xn − z‖
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≤ αnρ‖xn − z‖+ αn‖f(z)− z‖

+
n∑
i=1

(αi−1 − αi)(βn‖Sxn − Sz‖+ βn‖Sz − z‖

+(1− βn)‖xn − z‖)

≤ αnρ‖xn − z‖+ αn‖f(z)− z‖

+
n∑
i=1

(αi−1 − αi)(βn‖xn − z‖+ βn‖Sz − z‖

+(1− βn)‖xn − z‖)

= αnρ‖xn − z‖+ αn‖f(z)− z‖

+
n∑
i=1

(αi−1 − αi)(‖xn − z‖+ βn‖Sz − z‖)

= αnρ‖xn − z‖+ αn‖f(z)− z‖

+(1− αn)(‖xn − z‖+ βn‖Sz − z‖)

= (1− αn(1− ρ))‖xn − z‖+ αn‖f(z)− z‖+ (1− αn)βn‖Sz − z‖

≤ (1− αn(1− ρ))‖xn − z‖+ αn‖f(z)− z‖+ βn‖Sz − z‖

≤ (1− αn(1− ρ))‖xn − z‖+ αn[‖f(z)− z‖+ γ‖Sz − z‖]. (5.1.3)

So, by induction, one can obtain that

‖xn − z‖ ≤ max

{
‖x0 − z‖,

1

1− ρ
[‖f(z)− z‖+ γ‖Sz − z‖

}
. (5.1.4)

Hence {xn} is bounded. Of course {yn} is bounded too.

Proposition 5.1.2. Suppose that (H1) and (H3) hold. Also, assume that either

(H4) and (H5) hold, or (H6) and (H7) hold. Then

(1) {xn} is asymptotically regular, that is,

lim
n→∞

‖xn+1 − xn‖ = 0, (5.1.5)

(2) the weak cluster points set ωw(xn) ⊂
∞
∩
i=1
F (Ti).

proof (2) Set un = αnf(xn) +
n∑
i=1

(αi−1 − αi)Viyn. From (5.1.2) and since PC is
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a nonexpansive mapping, we have

‖xn+1 − xn‖ = ‖PC [un]− PC [un−1]‖

≤ ‖un − un−1‖ (5.1.6)

=

∥∥∥∥αn(f(xn)− f(xn−1)) + (αn − αn−1)f(xn−1)

+
n∑
i=1

(αi−1 − αi)(Viyn − Viyn−1) + (αn−1 − αn)Vnyn−1

∥∥∥∥
≤ αn‖f(xn)− f(xn−1)‖+

n∑
i=1

(αi−1 − αi)‖yn − yn−1‖

|αn − αn−1|(‖f(xn−1)‖+ ‖Vnyn−1‖)

≤ αnρ‖xn − xn−1‖+ (1− αn)‖yn − yn−1‖

+|αn − αn−1|(‖f(xn−1)‖+ ‖Vnyn−1‖). (5.1.7)

By definition of yn one obtain that

‖yn − yn−1‖ = ‖PC [βnSxn + (1− βn)xn]− PC [βn−1Sxn−1 + (1− βn−1)xn−1]‖

≤ ‖(βnSxn + (1− βn)xn)− (βn−1Sxn−1 + (1− βn−1)xn−1)‖

= ‖βn(Sxn − Sxn−1) + (βn − βn−1)Sxn−1

+(1− βn−1)(xn − xn−1) + (βn−1 − βn)xn−1‖

≤ ‖xn − xn−1‖+ |βn − βn−1|(‖Sxn−1‖+ ‖xn−1‖). (5.1.8)

So, substituting (5.1.8) in (5.1.7), we obtain

‖xn+1 − xn‖ ≤ αnρ‖xn − xn−1‖

+(1− αn)[‖xn − xn−1‖+ |βn − βn−1|(‖Sxn−1‖+ ‖xn−1‖)]

+|αn − αn−1|(‖f(xn−1)‖+ ‖Vnyn−1‖)

≤ (1− (1− ρ)αn)‖xn − xn−1‖+ |βn − βn−1|(‖Sxn−1‖+ ‖xn−1‖)

+|αn − αn−1|(‖f(xn−1)‖+ ‖Vnyn−1‖). (5.1.9)

By Proposition 5.1.1, we say

M := max

{
sup
n≥1
{‖Sxn−1‖+ ‖xn−1‖}, sup

n≥1
{‖f(xn−1)‖+ ‖Vnyn−1‖}

}
.

So, we have

‖xn+1− xn‖ ≤ (1− (1− ρ)αn)‖xn− xn−1‖+M [|αn−αn−1|+ |βn− βn−1|]. (5.1.10)
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So, if (H4) and (H5) hold, we obtain the asymptotic regularity by Lemma 2.1.23, if

instead, (H6) and (H7) hold, from (H1), we can write

‖xn+1 − xn‖ ≤ (1− (1− ρ)αn)‖xn − xn−1‖

+Mαn

[
|αn − αn−1|

αn
+
|βn − βn−1|

αn

]
≤ (1− (1− ρ)αn)‖xn − xn−1‖

+Mαn

[
|αn − αn−1|

αn
+ γ
|βn − βn−1|

βn

]
. (5.1.11)

By Lemma 2.1.23, we obtain the asymptotic regularity.

In order to prove (2), since Vixn ∈ C for each i ≥ 1 and
∞∑
n=1

(αn−1−αn)+αn = 1,

we have
n∑
i=1

(αi−1 − αi)Vixn + αnp ∈ C, ∀p ∈ C. (5.1.12)

Now, fixing a p ∈
∞
∩
i=1
F (V i), from (5.1.2), we have

n∑
i=1

(αi−1 − αi)(xn − Vixn)

= PC [un] + (1− αn)xn −
( n∑

i=1

(αi−1 − αi)Vixn + αnp

)
+ αnp− xn+1

= PC [un]− PC
[ n∑
i=1

(αi−1 − αi)Vixn + αnp

]
+ (1− αn)(xn − xn+1)

+αn(p− xn+1).

It follows that

n∑
i=1

(αi−1 − αi)〈xn − Vixn, xn − z〉

=

〈
PC [un]− PC

[ n∑
i=1

(αi−1 − αi)Vixn + αnp

]
, xn − z

〉
+(1− αn)〈xn − xn+1, xn − z〉+ αn〈p− xn+1, xn − z〉

≤
∥∥∥∥un − n∑

i=1

(αi−1 − αi)Vixn + αnp

∥∥∥∥‖xn − z‖
+(1− αn)‖xn − xn+1‖‖xn − z‖+ αn‖p− xn+1‖‖xn − z‖

=

∥∥∥∥αn(f(xn)− p) +
n∑
i=1

(αi−1 − αi)(Viyn − Vixn)

∥∥∥∥‖xn − z‖
+(1− αn)‖xn − xn+1‖‖xn − z‖+ αn‖p− xn+1‖‖xn − z‖
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≤ αn‖f(xn)− p‖‖xn − z‖+
n∑
i=1

(αi−1 − αi)‖yn − xn‖‖xn − z‖

+(1− αn)‖xn − xn+1‖‖xn − z‖+ αn‖p− xn+1‖‖xn − z‖

≤ αn‖f(xn)− p‖‖xn − z‖+
n∑
i=1

(αi−1 − αi)βn‖Sxn − xn‖‖xn − z‖

+(1− αn)‖xn − xn+1‖‖xn − z‖+ αn‖p− xn+1‖‖xn − z‖

= αn‖f(xn)− p‖‖xn − z‖+ (1− αn)βn‖Sxn − xn‖‖xn − z‖

+(1− αn)‖xn − xn+1‖‖xn − z‖+ αn‖p− xn+1‖‖xn − z‖. (5.1.13)

Now, from Lemma 2.6.33 and (5.1.13), we get

1

2

n∑
i=1

(αi−1 − αi)‖xn − Vixn‖2

≤
n∑
i=1

(αi−1 − αi)〈xn − Vixn, xn − z〉

≤ αn‖f(xn)− p‖‖xn − z‖+ (1− αn)βn‖Sxn − xn‖‖xn − z‖

+(1− αn)‖xn − xn+1‖‖xn − z‖+ αn‖p− xn+1‖‖xn − z‖.

By (H1) and (H3), it follows that βn → 0, as n→∞ , so that

lim
n→∞

n∑
i=1

(αi−1 − αi)‖xn − Vixn‖2 = 0. (5.1.14)

Since (αi−1−αi)‖xn− Vixn‖2 ≤
n∑
i=1

(αi−1−αi)‖xn− Vixn‖2 for each i ≥ 1 and {αn}

is strictly decreasing, one has

lim
n→∞

‖xn − Vixn‖ = 0, ∀i ≥ 1. (5.1.15)

Hence, we obtain

lim
n→∞

‖xn − Tixn‖ = lim
n→∞

‖xn − Vixn‖
(1− ki)

= 0, ∀i ≥ 1.

Since {xn} is asymptotically regular and demiclosedness principle, we obtain the

proposition.

Corollary 5.1.3. Suppose that the hypotheses of Proposition 5.1.2 hold. Then

(i) lim
n→∞
‖xn − yn‖ = 0;

(ii) lim
n→∞
‖xn − Viyn‖ = 0, ∀i ≥ 1;
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(iii) lim
n→∞
‖yn − Viyn‖ = 0, ∀i ≥ 1.

Proof. To prove (i), we can observe that

‖xn − yn‖ ≤ βn‖xn − Sxn‖.

Since βn → 0 as n→∞, we obtain (i).

To prove (ii), we observe that

‖yn − Vixn‖ ≤ ‖yn − xn‖+ ‖xn − Vixn‖, ∀i ≥ 1

and

‖xn − Viyn‖ ≤ ‖xn − yn‖+ ‖yn − Vixn‖, ∀i ≥ 1.

Since ‖yn−xn‖ → 0 and ‖xn−Vixn‖ → 0 as n→∞, ∀i ≥ 1, then ‖yn−Vixn‖ → 0,

that is, we obtain (ii). To prove (iii), we can observe that

‖yn − Viyn‖ ≤ ‖xn − yn‖+ ‖xn − Viyn‖, ∀i ≥ 1.

By (i) and (ii), we obtain (iii).

Theorem 5.1.4. Let C be a nonempty closed and convex subset of a real Hilbert

space H. Let f : C → H be a ρ-contraction mapping, S : C → H be a nonexpansive

mapping and {Ti}∞i=1 : C → C be a countable family of ki-strict pseudo-contraction

mappings and F =
∞
∩
i=1
F (Ti) 6= ∅. Let α0 = 1, and x1 ∈ C and define the sequence

{xn} by 
yn = PC [βnSxn + (1− βn)xn],

xn+1 = PC [αnf(xn) +
n∑
i=1

(αi−1 − αi)Viyn], ∀n ≥ 1,
(5.1.16)

where {αn} ⊂ (0, 1) and {αn} is a strictly decreasing sequence, Vi = kiI+(1−ki)Ti,

{βn} ⊂ (0, 1) and {αn} and {βn} are sequences satisfying the conditions (H2) with

τ = 0, (H3), either (H4) and (H5), or (H6) and (H7). Then the sequence {xn}

converges strongly to a point z ∈ F , which is the unique solution of the variational

inequality:

〈(I − f)z, x− z〉 ≥ 0, ∀x ∈ F . (5.1.17)

Proof. First of all, since PFf is a contraction. By Banach contraction principle, so

there exists a unique z ∈ F such that z = PFf(z), Moreover, from Lemma 2.1.12

(1), we have

〈f(z)− z, y − z〉 ≤ 0, ∀y ∈ F .
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Since (H2) implies (H1), thus {xn} is bounded. Moreover, since either (H4) and (H5),

or (H6) and (H7), then {xn} is asymptotically regular. Similarly, by Proposition

5.1.2, the weak cluster points set of xn, that is, ωw(xn), is a subset of F .

Let {xnk
} be a subsequence of {xn} such that

lim sup
n→∞

〈f(z)− z, xn − z〉 = lim
k→∞
〈f(z)− z, xnk

− z〉,

and xnk
→ x′. By Proposition 5.1.2 it follows that x′ ∈ F . Then

lim
k→∞
〈f(z)− z, xnk

− z〉 = 〈f(z)− z, x′ − z〉 ≤ 0.

Set un = αnf(xn) +
n∑
i=1

(αi−1 − αi)Viyn, we obtain

‖xn+1 − z‖2 = 〈PC [un]− un, PC [un]− z〉+ 〈un − z, xn+1 − z〉. (5.1.18)

By Lemma 2.1.12 (1), we have

〈PC [un]− un, PC [un]− z〉 ≤ 0. (5.1.19)

From (5.1.18) and (5.1.19), it follows that

‖xn+1 − z‖2 ≤ 〈un − z, xn+1 − z〉

= αn〈f(xn)− f(z), xn+1 − z〉+ αn〈f(z)− z, xn+1 − z〉
n∑
i=1

(αi−1 − αi)〈Viyn − z, xn+1 − z〉

≤ αnρ‖xn − z‖‖xn+1 − z‖+ αn〈f(z)− z, xn+1 − z〉

(1− αn)‖yn − z‖‖xn+1 − z‖

≤ αnρ‖xn − z‖‖xn+1 − z‖+ αn〈f(z)− z, xn+1 − z〉

(1− αn)‖βnSxn + (1− βn)xn − z‖‖xn+1 − z‖

≤ αnρ‖xn − z‖‖xn+1 − z‖+ αn〈f(z)− z, xn+1 − z〉

(1− αn)‖xn − z‖‖xn+1 − z‖+ (1− αn)βn‖Sz − z‖‖xn+1 − z‖

= [1− αn(1− ρ)]‖xn − z‖‖xn+1 − z‖+ αn〈f(z)− z, xn+1 − z〉

+(1− αn)βn‖Sz − z‖‖xn+1 − z‖
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≤
[

1− αn(1− ρ)

2

][
‖xn − z‖2 + ‖xn+1 − z‖2

]
+αn〈f(z)− z, xn+1 − z〉+ (1− αn)βn‖Sz − z‖‖xn+1 − z‖

≤
[
1− 2(1− ρ)αn

1 + (1− ρ)αn

]
‖xn − z‖2 +

[
2αn

1 + (1− ρ)αn

]
×〈f(z)− z, xn+1 − z〉+

[
2(1− αn)βn

1 + (1− ρ)αn

]
‖Sz − z‖‖xn+1 − z‖

=

[
1− 2(1− ρ)αn

1 + (1− ρ)αn

]
‖xn − z‖2 +

[
2(1− ρ)αn

1 + (1− ρ)αn

]
×
{

1

1− ρ
〈f(z)− z, xn+1 − z〉+

(1− αn)βn
(1− ρ)αn

‖Sz − z‖‖xn+1 − z‖
}
.

Let γn = 2(1−ρ)αn

1+(1−ρ)αn
and δn = 2(1−ρ)αn

1+(1−ρ)αn

{
1

1−ρ〈f(z) − z, xn+1 − z〉 + (1−αn)βn
(1−ρ)αn

‖Sz −

z‖‖xn+1 − z‖
}

for all n ≥ 1. Since

lim sup
n→∞

{
1

1− ρ
〈f(z)− z, xn+1 − z〉+

(1− αn)βn
(1− ρ)αn

‖Sz − z‖‖xn+1 − z‖
}
≤ 0,

∞∑
i=1

αn =∞ and 2(1−ρ)αn

1+(1−ρ)αn
≥ (1− ρ)αn, we have

∞∑
n=1

γn =∞ and lim sup
n→∞

δn
γn
≤ 0.

Hence, by Lemma 2.1.23, we conclude that xn → z as n→∞. This completes the

proof.

Remark 5.1.5. In the iterative scheme (5.1.16), if we set f ≡ 0, then we get

xn → z = PF0. In this case, from (5.1.17), it follows that

〈z, z − x〉 ≤ 0, ∀x ∈ F .

That is

‖z‖2 ≤ 〈z, x〉 ≤ ‖z‖‖x‖, ∀x ∈ F .

Therefore, the point z is the unique solution to the following quadratic minimization

problem:

z = argmin
x∈F
‖x‖2.

By changing the restrictions on parameters in Theorem 5.1.4, we obtain the

following results.
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Theorem 5.1.6. Let C be a nonempty closed and convex subset of a real Hilbert

space H. Let f : C → H be a ρ-contraction mapping, S : C → C be a nonexpansive

mapping and {Ti}∞i=1 : C → C be a countable family of ki-strict pseudo-contraction

mappings and F =
∞
∩
i=1
F (Ti) 6= ∅. Let α0 = 1, and x1 ∈ C and define the sequence

{xn} by 
yn = PC [βnSxn + (1− βn)xn] = βnSxn + (1− βn)xn

xn+1 = PC [αnf(xn) +
n∑
i=1

(αi−1 − αi)Viyn], ∀n ≥ 1
(5.1.20)

where {αn} ⊂ (0, 1) and {αn} is a strictly decreasing sequence, Vi = kiI+(1−ki)Ti,

{βn} ⊂ (0, 1) and {αn} and {βn} are sequences satisfying the conditions (H2) with

τ ∈ (0,∞), (H3), (H8) and (H9). Then the sequence {xn} converges strongly to a

point x∗ ∈ F , which is the unique solution of the variational inequality:

〈1
τ

(I − f)x∗ + (I − S)x∗, x− x∗〉 ≥ 0, ∀x ∈ F . (5.1.21)

Proof. First, we shows that (5.1.21) has the unique solution. Let x′ and x∗ be two

solutions. Then, since x′ is solution, for y = x∗ one has

〈(I − f)x′, x′ − x∗〉 ≤ τ〈(I − S)x′, x∗ − x′〉 (5.1.22)

and

〈(I − f)x∗, x∗ − x′〉 ≤ τ〈(I − S)x∗, x′ − x∗〉. (5.1.23)

Adding (5.1.22) and (5.1.23), we obtain

(1− ρ)‖x′ − x∗‖2 ≤ 〈(I − f)x′ − (I − f)x∗, x′ − x∗〉

≤ −ρ〈(I − S)x′ − (I − S)x∗, x′ − x∗〉 ≤ 0

so x′ = x∗. Also now the condition (H2) with 0 < τ < ∞ implies (H1) so the

sequence {xn} is bounded. Moreover, since (H8) implies (H6) and (H7), then {xn}

is asymptotically regular.

Similarly, by Proposition 5.1.2, the weak cluster points set of xn, i.e., ωw(xn), is a

subset of F .
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From (5.1.6)-(5.1.10), we observe that

‖xn+1 − xn‖
βn

≤ ‖un − un−1‖
βn

≤ [1− (1− ρ))αn]
‖xn − xn−1‖

βn
+M

[
|αn − αn−1|

βn
+
|βn − βn−1|

βn

]
= [1− (1− ρ))αn]

‖xn − xn−1‖
βn−1

+ [1− (1− ρ))αn]‖xn − xn−1‖

×
[

1

βn
− 1

βn−1

]
+M

[
|αn − αn−1|

βn
+
|βn − βn−1|

βn

]
≤ [1− (1− ρ))αn]

‖xn − xn−1‖
βn−1

+ ‖xn − xn−1‖
[

1

βn
− 1

βn−1

]
+M

[
|αn − αn−1|

βn
+
|βn − βn−1|

βn

]
≤ [1− (1− ρ))αn]

‖xn − xn−1‖
βn−1

+ αnK‖xn − xn−1‖

+M

[
|αn − αn−1|

βn
+
|βn − βn−1|

βn

]
≤ [1− (1− ρ))αn]

‖un − un−1‖
βn−1

+ αnK‖xn − xn−1‖

+M

[
|αn − αn−1|

βn
+
|βn − βn−1|

βn

]
.

Let γn = (1− ρ)αn and δn = αnK‖xn − xn−1‖+M

[
|αn−αn−1|

βn
+ |βn−βn−1|

βn

]
.

From condition (H3) and (H8), we have

∞∑
i=1

γn =∞ and lim
n→∞

δn
γn

= 0.

By Lemma 2.1.23, we obtain

lim
n→∞

‖xn+1 − xn‖
βn

= 0, lim
n→∞

‖un+1 − un‖
βn

= lim
n→∞

‖un+1 − un‖
αn

= 0.

From (5.1.20), we have

xn − xn−1 = (1− αn)xn −
[
PC [un]− un + αnf(xn)

+
n∑
i=1

(αi−1 − αi)(Viyn − yn) + (1− αn)yn

]
= (1− αn)βn(xn − Sxn) + (un − PC [un])

+
n∑
i=1

(αi−1 − αi)(yn − Viyn) + αn(xn − f(xn)).
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It follows that

xn − xn−1

(1− αn)βn
= (xn − Sxn) +

1

(1− αn)βn
(un − PC [un])

+
1

(1− αn)βn

n∑
i=1

(αi−1 − αi)(yn − Viyn)

+
αn

(1− αn)βn
(xn − f(xn)).

Let vn = xn−xn−1

(1−αn)βn
. For all z ∈ F =

∞
∩
i=1
F (Ti) =

∞
∩
i=1
F (Vi), we get

〈vn, xn − z〉 =
1

(1− αn)βn
〈un − PC [un], PC [un−1]− z〉 (5.1.24)

+
αn

(1− αn)βn
〈(I − f)xn, xn − z〉+ 〈xn − Sxn, xn − z〉

+
1

(1− αn)βn

n∑
i=1

(αi−1 − αi)〈yn − Viyn, xn − z〉. (5.1.25)

By Lemma 2.6.29, we have

〈xn − Sxn, xn − z〉 = 〈(I − S)xn − (I − S)z, xn − z〉+ 〈(I − S)z, xn − z〉

≥ 〈(I − S)z, xn − z〉, (5.1.26)

〈(I − f)xn, xn − z〉 = 〈(I − f)xn − (I − f)z, xn − z〉+ 〈(I − f)z, xn − z〉

≥ (1− ρ)‖xn − z‖2 + 〈(I − f)z, xn − z〉 (5.1.27)

and

〈yn − Viyn, xn − z〉 = 〈(I − Vi)yn − (I − Vi)z, xn − yn〉 (5.1.28)

+〈(I − Vi)yn − (I − Vi)z, yn − z〉

≥ 〈(I − Vi)yn − (I − Vi)z, xn − yn〉

= βn〈(I − Vi)yn, xn − Sxn〉, ∀i ≥ 1. (5.1.29)

By Lemma 2.1.12(1), we obtain

〈un − PC [un], PC [un−1]− z〉 = 〈un − PC [un], PC [un−1]− PC [un]〉 (5.1.30)

+〈un − PC [un], PC [un]− z〉

≥ 〈un − PC [un], PC [un−1]− PC [un]〉. (5.1.31)
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Now, from(5.1.24)-(5.1.30), it follows that

〈vn, xn − z〉 ≥
1

(1− αn)βn
〈un − PC [un], PC [un−1]− PC [un]〉

+
αn

(1− αn)βn
〈(I − f)z, xn − z〉+ 〈(I − S)z, xn − z〉

+
1

(1− αn)

n∑
i=1

(αi−1 − αi)〈(I − Vi)yn, xn − Sxn〉

+
(1− ρ)αn
(1− αn)βn

‖xn − z‖2. (5.1.32)

We observe from (5.1.32) that

‖xn − z‖2 ≤ (1− αn)βn
(1− ρ)αn

[
〈vn, xn − z〉 − 〈(I − S)z, xn − z〉

]
+
‖un−1 − un‖

(1− ρ)αn
‖un − PC [un]‖ − 1

1− ρ
〈(I − f)z, xn − z〉

− βn
(1− ρ)αn

n∑
i=1

(αi−1 − αi)〈(I − Vi)yn, xn − Sxn〉, (5.1.33)

since vn → 0 and (I − Vi)yn → 0, as n→∞ , then every weak cluster point of {xn}

is also a strong cluster point. By Proposition 5.1.2, {xn} is bounded, thus there

exists a subsequence {xnk
} converging to x∗.

For all z ∈ F by (5.1.24), we compute

〈(I − f)xnk
, xnk

− z〉 =
(1− αnk

)βnk

αnk

〈vnk
, xnk

− z〉

− 1

αnk

〈unk
− PC [unk

], PC [unk−1]− z〉

−(1− αnk
)βnk

αnk

〈xnk
− Sxnk

, xnk
− z〉

− 1

αnk

nk∑
i=1

(αi−1 − αi)〈ynk
− Viynk

, xnk
− z〉

≤ (1− αnk
)βnk

αnk

〈vnk
, xnk

− z〉

−βnk

αnk

nk∑
i=1

(αi−1 − αi〈(I − Vi)ynk
, xnk

− Sxnk
〉

− 1

αnk

‖unk−1 − unk
‖‖unk

− PC [unk
]‖

−(1− αnk
)βnk

αnk

〈(I − S)z, xnk
− z〉. (5.1.34)

Since vn → 0, (I − Vi)yn → 0 for all i ≥ 1, and ‖un − un−1‖/αn → 0, letting k →∞

in (3.30), we obtain

〈(I − f)x∗, x∗ − z〉 ≤ −τ〈(I − S)z, x∗ − z〉, ∀z ∈ F .
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Since (5.1.21) has the unique solution, it follows that ωw(xn) = {x∗}. Since every

weak cluster point of {xn} is also a strong cluster point, we conclude that xn → x∗

as n→∞. This completes the proof.
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5.2 Hybrid Extragradient Method for Fixed Points and Vari-

ational Inequality Problems

Let C be a nonempty, closed and convex subset of a real Hilbert space H, let F

be a bifunction F : C × C → R satisfying conditions (A1)− (A5) (Lemma 2.6.34),

let A be an α-inverse-strongly monotone mapping of C into H. Let S be a ξ-strict

pseudocontraction mapping from C to C.

we consider the sequences {xn}, {yn}, {zn}, {wn} and {tn} generated by x0 ∈ C

and 

yn = arg miny∈C{λnF (xn, y) + 1
2
‖y − xn‖2},

zn = arg miny∈C{λnF (yn, y) + 1
2
‖y − xn‖2},

wn = PC(zn − λnAzn),

tn = αnxn + (1− αn)[(1− µ)Swn + µPC(1− βn)wn],

Cn = {z ∈ C : ‖tn − z‖ ≤ ‖xn − z‖},

Dn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0},

xn+1 = PCn∩Dnx0,

(5.2.1)

for every n ∈ N , where µ be a constant in (0, 1), {αn} ⊂ [0, 1), {βn} ⊂ (0, 1), {λn} ⊂

(0, 1].

Algorithm 1

Choose the sequences {αn} ⊂ [0, 1), {βn} ⊂ (0, 1), {λn} ⊂ (0, 1] and µ be a

constant in (0, 1).

1. Let x0 ∈ C. Set n = 0.

2. Solve successively the strongly convex programs

arg miny∈C{λnF (xn, y) + 1
2
‖y − xn‖2} and

arg miny∈C{λnF (yn, y) + 1
2
‖y − xn‖2}

to obtain the unique optimal solution yn and zn, respectively.

3. Compute wn = PC(zn − λnAzn).

4. Compute

tn = αnxn + (1 − αn)[(1 − µ)Swn + µPC(1 − βn)wn]. If yn = xn and tn = xn,

then STOP:

xn ∈ EP (F ) ∩ Fix(S) ∩ V I(C,A). Otherwise, go to Step 5.
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5. Compute xn+1 = PCn∩Dnx0, where

Cn = {z ∈ C : ‖tn − z‖ ≤ ‖xn − z‖},

Dn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0}.

6. Set n := n+ 1, and go to Step 3.

In the sequel, we also suppose that the sequences of parameters {αn}, {βn}, {λn}, ξ

and µ satisfy the following conditions:

(i) {λn} ⊂ [λmin, λmax], where 0 < λmin ≤ λmax < min
{

1
2c1
, 1

2c2

}
;

(ii) {αn} ⊂ [0, c] for some c < 1;

(iii) limn→∞ βn = 0 and
∑∞

n=1 βn =∞;

(iv) ξ and µ be constant, where 0 ≤ ξ < µ < 1.

Now, let {xn}, {yn}, {zn}, and {wn} be the sequences generated by combination

of the hybrid extragradient method, variational inequality by projection method and

the fixed point method described at the begining of this section. These sequence

satisfy the following properties. Here we start our main theorem.

Theorem 5.2.1. Let C be a nonempty, closed and convex subset of a real Hilbert

space H, let F be a bifunction F : C × C → R satisfying conditions (A1) − (A5),

let A be an α-inverse-strongly monotone mapping of C into H. Let S be a ξ-strict

pseudocontraction mapping from C to C and such that Θ := EP (F ) ∩ Fix(S) ∩

V I(C,A) 6= ∅. Suppose that the sequences {αn}, {βn}, {λn} and µ satisfying the

conditions (i) − (iv). Then the sequence {xn} generated by Algorithm 1 converges

strongly to the projection of x0 onto the set Θ.

Proof. Step 1. We show that sequence {xn} is well defined. From definition of Cn

and Dn, it is obvious that Cn is closed and Dn is closed and convex for every n ∈ N.

We prove that Cn is convex. Since ‖tn − z‖ ≤ ‖xn − z‖ is equivalent to

‖tn − xn‖2 + 2〈tn − xn, xn − z〉 ≤ 0
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it follows that Cn is convex. So Cn∩Dn is closed convex subset of H for any n ∈ N.

Let x∗ ∈ Θ.

Then x∗ = PC(x∗ − λnAx∗). Since wn = PC(zn − λnAzn), we consider

‖wn − x∗‖2 = ‖[PC(zn − λnAzn)]− [PC(x∗ − λnAx∗)]‖2

≤ ‖(zn − λnAzn)− (x∗ − λnAx∗)‖2

= ‖zn − x∗‖2 − 2λn〈zn − x∗, Azn − Ax∗〉+ λ2
n‖Azn − Ax∗‖2

≤ ‖zn − x∗‖2 + λn(λn − 2α)‖Azn − Ax∗‖2 (5.2.2)

≤ ‖zn − x∗‖2.

By Proposition 2.6.35 (ii), we have

‖zn − x∗‖2

≤ ‖xn − x∗‖2 − (1− 2λnc1)‖yn − xn‖2 − (1− 2λnc2)‖zn − yn‖2 (5.2.3)

that is, we obtain ‖zn − x∗‖ ≤ ‖xn − x∗‖ and ‖wn − x∗‖ ≤ ‖xn − x∗‖.

Set un := (1− µ)Swn + µPC(1− βn)wn, for all n ≥ 0. Then, we have

tn = αnxn + (1− αn)un, It follows that

‖un − x∗‖2 = ‖(1− µ)Swn + µPC(1− βn)wn − x∗‖2

≤ ‖(1− µ)(Swn − x∗) + µ
[
(1− βn)wn − x∗

]
‖2

≤ ‖wn − x∗‖2 − (1− µ)(µ− ξ)‖Swn − wn‖2

−βnµ2‖wn‖2 (5.2.4)

≤ ‖wn − x∗‖2 ≤ ‖xn − x∗‖2

that is, ‖un− x∗‖ ≤ ‖xn− x∗‖. Since tn = αnxn + (1−αn)un for every x∗ ∈ Θ,

we have

‖tn − x∗‖2 = ‖αnxn + (1− αn)un − x∗‖2

= ‖αn(xn − x∗) + (1− αn)(un − x∗)‖2

≤ αn‖xn − x∗‖2 + (1− αn)‖un − x∗‖2

≤ αn‖xn − x∗‖2 + (1− αn)‖xn − x∗‖2

≤ ‖xn − x∗‖2.

Hence ‖tn − x∗‖ ≤ ‖xn − x∗‖ for every n ≥ 0 and x∗ ∈ Cn. So, we have

Θ := EP (F ) ∩ Fix(S) ∩ V I(A,C) ⊂ Cn, ∀n ∈ N. (5.2.5)
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Next, we will show that

Θ := EP (F ) ∩ Fix(S) ∩ V I(A,C) ⊂ Cn ∩Dn,∀n ∈ N. (5.2.6)

We prove this by induction.

For n = 0, we have x0 = x ∈ C, Θ ⊂ C0 and D0 = C. So, we get Θ ⊂ C0 ∩D0.

Suppose that Θ ⊂ Ck ∩Dk for some k ∈ N. Since Ck ∩Dk is closed and convex, we

can define xk+1 = PCk∩Dk
(x0). From xk+1 = PCk∩Dk

(x0), we also have

〈xk+1 − z, x0 − xk+1〉 ≥ 0, ∀z ∈ Ck ∩Dk. (5.2.7)

Since Θ ⊂ Ck ∩Dk(x0), we also have

〈xk+1 − x∗, x0 − xk+1〉 ≥ 0, ∀x∗ ∈ Θ. (5.2.8)

So, we get Θ ⊂ Dk+1. Then we obtain Θ ⊂ Ck+1 ∩Dk+1. This implies that {xn} is

well defined.

Step 2. Next, let us show that {xn}, {wn} are bounded. Put z0 = PΘx0. From

xn+1 = PCn∩Dn(x0), we get

‖xn+1 − x0‖ ≤ ‖z − x0‖, ∀z ∈ Cn ∩Dn. (5.2.9)

From z0 ∈ Θ ⊂ Cn ∩Dn, we also have

‖xn+1 − x0‖ ≤ ‖z0 − x0‖ (5.2.10)

for all n ∈ N ∪ {0} and hence {xn} is bounded. Since ‖wn − x∗‖ ≤ ‖xn − x∗‖ then

{wn} also bounded.

Step 3. We will show that limn→∞ ‖Swn − wn‖ = 0.

Since xn+1 ∈ Cn ∩Dn ⊂ Dn and xn = PDn(x0), we get ‖xn− x0‖ ≤ ‖xn+1− x0‖.

From the boundedness of {xn}, we get that limn→∞ ‖xn − x0‖ exists. So, we obtain(
‖xn − x0‖2 − ‖xn+1 − x0‖2

)
→ 0. On the other hand, from xn+1 ∈ Dn, we have

〈xn − xn+1, x0 − xn〉 ≥ 0. (5.2.11)

So, for n ∈ N ∪ {0}, we get

‖xn+1 − x0‖2 = ‖(xn+1 − xn) + (xn − x0)‖2

= ‖xn+1 − xn‖2 + ‖xn − x0‖2 + 2〈xn+1 − xn, xn − x0〉
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from (5.2.11), we have

‖xn+1 − x0‖2 ≥ ‖xn+1 − xn‖2 + ‖xn − x0‖2

and

‖xn+1 − xn‖2 ≤ ‖xn+1 − x0‖2 − ‖xn − x0‖2.

This implies

‖xn+1 − xn‖ → 0. (5.2.12)

Since xn+1 ∈ Cn, we have

Cn = {z ∈ C : ‖tn − z‖ ≤ ‖xn − z‖};

‖tn − xn+1‖ ≤ ‖xn − xn+1‖

and

‖xn − tn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 − tn‖

≤ 2‖xn − xn+1‖.

By (5.2.12), we obtain

lim
n→∞

‖xn − tn‖ = 0. (5.2.13)

For x∗ ∈ Θ, from (5.2.2), (5.2.3) and (5.2.4), we can choose a constant M > 0 such

that, supn{‖wn‖2} ≤M. We observe that

‖tn − x∗‖2 ≤ αn‖xn − x∗‖2 + (1− αn)‖un − x∗‖2

≤ αn‖xn − x∗‖2 + (1− αn)
[
‖wn − x∗‖2

−(1− µ)(µ− ξ)‖Swn − wn‖2 − βnµ2‖wn‖2
]

= ‖xn − x∗‖2 − (1− αn)(1− 2λnc1)‖yn − xn‖2

−(1− αn)(1− 2λnc2)‖zn − yn‖2 + (1− αn)λn(λn − 2α)‖Az − Ax∗‖2

−(1− αn)(1− µ)(µ− ξ)‖Swn − wn‖2 − (1− αn)βnµ
2M.

Therefore, we get

(1− αn)(1− 2λnc1)‖yn − xn‖2

≤ ‖xn − x∗‖2 − ‖tn − x∗‖2 − (1− αn)βnµ
2M

=
[
‖xn − x∗‖+ ‖tn − x∗‖

][
‖xn − tn‖

−(1− αn)βnµ
2M
]
.
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Since limn→∞ ‖xn − tn‖ = 0, limn→∞ βn = 0, 1− αn ≥ 1− c > 0, 1− 2λnc1 > 1−

2λmaxc1 > 0 and the sequence {xn}, {tn} are bounded, we get limn→∞ ‖yn−xn‖ = 0.

By similar way since limn→∞ βn = 0, 1 − αn ≥ 1 − c > 0 and 1 − 2λnc2 > 1 −

2λmaxc2 > 0, we have limn→∞ ‖zn−yn‖ = 0. Since limn→∞ βn = 0, 1−αn ≥ 1−c > 0

and −λn(λn − 2α) > 0, we obtain

lim
n→∞

‖Az − Ax∗‖ = 0.

By limn→∞ βn = 0, 1− αn ≥ 1− c > 0 and (1− µ)(µ− ξ) > 0, we have

lim
n→∞

‖Swn − wn‖ = 0.

Step 4. We will show that x̃ ∈ Θ.

(4.1). We will show that x̃ ∈ EP (F ). Since {xn} is bounded, there exists a

subsequence {xni
} of {xn} which xni

⇀ x̃ and limn→∞ ‖xn − yn‖ = 0, we have that

yni
⇀ x̃. On the other hand, by using Proposition 2.6.35, we have, for every y ∈ C

and for every i ∈ N, that

〈xni
− yni

, y − yni
〉 ≤ λni

F (xni
, y)− λni

F (xni
, yni

). (5.2.14)

Since ‖xni
− yni

‖ → 0 and y − yni
⇀ y − x̃ as i → ∞ and since ∀i ∈ N, 0 <

λmin ≤ λni
≤ λmax. As i → ∞, we get F (x̃, y) ≥ 0, ∀y ∈ C. It means that

x̃ ∈ EP (F ).

(4.2). We will show that x̃ ∈ Fix(S). Since {wn} is bounded then there exists

a subsequence {wni
} of {wn} which converges weakly to x̃. Since S is a ξ-strict

pseudocontraction mapping, we know that the mapping I−S is demiclosed at zero.

From ‖Swn−wn‖ → 0 as n→∞ and {wni
}⇀ x̃. Thus, we obtain that x̃ ∈ Fix(S).

(4.3). Finally, we show that x̃ ∈ V I(C,A). Define

Tv =

 Av +NCv, v ∈ C,

∅, v /∈ C.
(5.2.15)

Then, we have that T is maximal monotone operator,

we have

x ∈ Tv = Av +NCv ⇔ x− Av ∈ NCv

⇔ 〈v − u, x− Av〉 ≥ 0, (∀u ∈ C).
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So, for wn ∈ C, we have that

〈v − wn, x− Av〉 ≥ 0, (n = 1, 2, 3, ...).

We also have

wn = PC(zn − λnAzn) ⇔ 〈wn − u, zn − λnAzn − wn〉 ≥ 0, ∀u ∈ C

⇔ 〈u− wn, wn − (zn − λnAzn)〉 ≥ 0, ∀u ∈ C

⇔
〈
u− wn,

wn − zn
λn

+ Azn
〉
≥ 0, ∀u ∈ C.

Therefore, we have

〈v − wni
, x〉 ≥ 〈v − wni

, Av〉

≥ 〈v − wni
, Av〉 −

〈
v − wni

,
wni
− zni

λni

+ Azni

〉
= 〈v − wni

, Av − Awni
〉+ 〈v − wni

, Awni
− Azni

〉

−
〈
v − wni

,
wni
− zni

λni

〉
≥ 〈v − wni

, Awni
− Azni

〉 −
〈
v − wni

,
wni
− zni

λni

〉
.

Using wni
→ x̃ and ‖wni

− zni
‖ → 0 which A is Lipshitz continuous implies that

〈v − x̃, x〉 ≥ 0, as i→∞. (5.2.16)

Since T is maximal monotone, we have x̃ ∈ T−1(0), That is x̃ ∈ V I(A,C). So, we

have x̃ ∈ Θ.

Finally, we show that xn → x̃, where x̃ = PΘx0. Since xn = PDnx0 and x̃ ∈ Θ ⊂

Dn, we have

‖xn − x0‖ ≤ ‖x̃− x0‖. (5.2.17)

It follows from x∗ = PΘx0 and the lower semicontinuity of norm that

‖x∗ − x0‖ ≤ ‖x̃− x0‖ ≤ lim
i→∞

inf ‖xni
− x0‖

≤ lim
i→∞

sup ‖xni
− x0‖ ≤ ‖x∗ − x0‖.

Thus, we obtain that

lim
i→∞
‖xni

− x0‖ = ‖x̃− x0‖ = ‖x∗ − x0‖. (5.2.18)
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Using the Kadec-Klee property of H, we obtain that limi→∞ xni
= x̃ = x∗. Since

{xni
} is an arbitrary subsequence of {xn}, we can conclude that {xn} converges

strongly to PΘx0.


