CHAPTER 5 HIERARCHICAL FIXED POINTS,
EQUILIBRIUM AND VARIATIONAL INEQUALITY
PROBLEMS

In this section, we introduce a new iterative scheme that converges strongly to
a common fixed point of a countable family of strictly pseudo-contractive mappings
in a real Hilbert space which is also a solution to variational inequality problems
related to quadratic minimization problems. Also a new hybrid extragradient iter-
ative algorithm for solving a common element of the set of fixed points satisfying
equilibrium problems, variational inequality problems and fixed point problems of a

strict pseudocontraction mapping in Hilbert spaces are obtain.

5.1 Hierarchical Fixed Points and Variational Inequality

Problems

Let H be a real Hilbert space, T : C' — H be a mapping. The following problem
is called a hierarchical fized point problem: Find z* € F(T) such that

(" — Sa*,x —2*) >0, Vxe F(T). (5.1.1)

where S : C'— H be a mapping.

Let us consider the net iterative scheme as follows:

n (5.1.2)
Lp+1 = PC[anf<xn) + 2(061;1 - ai)‘/;ynL vn 2 17
i=1

where V; = k;I + (1 — k;)T;, f : C — H is a p-contraction mapping, S : C — H
is a nonexpansive mapping, {T;}3°, : C — C is a countable family of k;-strict
pseudo-contraction mappings and ElF(ﬂ-) # 0. Set ag = 1, {a,} € (0,1) is a
strictly decreasing sequence and {f3,} C (0,1). As we will see the convergence of
the scheme depends on the choice of the parameters {«,} and {3,}. We list some

possible hypotheses on them:



(H1) there exists v > 0 such that 3, < yay;
(H2) lim B,/a, =7 € [0, 00);
n—o0

(H3) lim o, =0 and Zan = o0;

n—oo
(H4) > |an — ap-1] < o0
n=1
(H5) len = Ba-1] < o0;
(H6) lim |a,, — ap1|/a, = 0;
%

(H7) g;ngolﬂn - 5n—1|/5n = 0;

(HS) IIH;OHOML - Ofnfll + ‘ﬁn - 5n71|]/anﬁn = O;

n—

(H9) there exists a constant K > 0 such that -5~ — 5~ < K.

Proposition 5.1.1. Assume that (H1) holds. Then {x,} and {y,} are bounded.

Bn—l -

Proof (1) Let z € aF(E) = aF(V;) Then we have

[Znt1 — 2]

Folanf(zn) + Z(ai—l — @;)Viyn] = Folz]

an(f(zn) = 2) + Z(aH = ;)(Vign = 2)

< Nanf(zy) +Zazl IViyn — 2
- =1
< Oén||nf(93n)—f(Z)||+Oén||f(Z)—Z||
+3 (i1 — ) ||[Vign — 2|
=1
< aanSBn — 2l + anllf(2) — 2]
+Zau My — 21
< OéaniUn — 2l + anllf(z) — 2]

+ Z sz 1 — ”ﬁnSZL‘n (1 - ﬂn)xn - Z“
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< aupllrn — 2l + anll£(2) — =]
3 (s~ ) Bl S - S5 + 515z — 2|
(1= Bl 2I)
< aupllrn — 2l + anll£(2) — =
+3 (0t~ ) Bl — 2l + Bz — 2|
(1= Bl =)
— anpllen — 2l + all £2)
+3 (@0 — ) — =1+ Bz — 2I)
— pllrn — 2l + @l F2) — 2]
H0 = @) — 2l + allS7 — 2I)
= (1 an(l = Dl — 2l + allF(2) — =l + (1~ a)BlSz — =]
< (1= an(1 - Dl — ol + allf() = 2l + Gull Sz — 2]
< (1= an(l— Dlan— 2+ allFG) — 2l 42z — 2l (513)

So, by induction, one can obtain that

1
o 2l < max o = ol TS A — <l 9082 = 2. (51

Hence {z,} is bounded. Of course {y,} is bounded too.
[l

Proposition 5.1.2. Suppose that (H1) and (H3) hold. Also, assume that either
(H4) and (H5) hold, or (H6) and (H7) hold. Then

(1) {x,} is asymptotically regular, that is,
I s = ] =0, 515

(2) the weak cluster points set wy,(x,) C iﬁlF(:l;)

n

proof (2) Set u, = o, f(xn) + > (i1 — ;) Viyp. From (5.1.2) and since Pc is

=1
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a nonexpansive mapping, we have

[0t —zall = [|Polun] = Polun]|

<l =t (5.1.6)

an(f(n) = f(Tn-1)) + (n — an_1) f(2n-1)

+ Z(aifl — ;) (Viyn — Viyn-1) + (n—1 — @) VoY1
i=1

IN

Al f(2n) = F(za-n)ll + (@1 = @) l|yn = Yo-ll

i=1
| = ana[([[f (@)l + IVayn-all)

IA

anplln = znall + (1 = an)l|lyn — Yol

Hlem = ana|(f (@n-0)ll + IVagnl])- (5.1.7)

By definition of ¥, one obtain that

1Yn = yn-1ll = [[Pc[BrSzn + (1 = Ba)xn] — Po[Bu-152n-1 + (1 = Ba1)zn—1]||
< |[(BaSzn + (1 = Ba)an) — (Ba-15n-1 + (1 = Bu1)Tn-1)||
= [[Bn(S2n — Stn-1) + (Bn — Bn—1) S
(1 = Ba1)(@n — 1) + (Buo1 — Bn)n1]|

< llen = zatll + 180 = Baal([Szn1l + [lzn-1])- (5.1.8)

So, substituting (5.1.8) in (5.1.7), we obtain

[2nt1 =zl < anpllen — 20l

+(1 = an)llzn — 2ol + 18 = Bual (I1Szn-all + lzn-1 )]
Hlom = ana|([1f (@n-2) | + 1Vayn-l)

(1= (1= p)an)llzn = znall + 60 = Baal([[Sznall + zn-1l])

Hlom = ana ([ (@n-2) | + [Vagnl])- (5.1.9)

IA

By Proposition 5.1.1, we say

M = e {sup{[182,-1] + a3 sup o)l + Vi)

So, we have

[#n41 = @l < (1= (1 = p)an)||@n — Ta || + M|an — an-1| + B0 — Bp-al]. (5.1.10)
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So, if (H4) and (H5) hold, we obtain the asymptotic regularity by Lemma 2.1.23, if
instead, (H6) and (H7) hold, from (H1), we can write

|12ne1 = 2ol = (1= (1 = plag)llen — 20l
‘Oén - Oén71| + |ﬁn - ﬁnl’:|

&7 O

+May,

(1-(1 B p)an)||Tn — Tn1]]
|O4n ;jn—1| + ’Y|Bn _Bfn—1|:| .

IN

+Mo, (5.1.11)

By Lemma 2.1.23, we obtain the asymptotic regularity.

In order to prove (2), since V;z,, € C for each i > 1 and > (a,—1 —ap) +a, = 1,
n=1

we have
n

Z(ai—l —a)Vix, +a,p e C, VpeC. (5.1.12)

=1

Now, fixing a p € i(%lF(Vi), from (5.1.2), we have

n

Z(O‘i—l — a;)(zn — Vizy,)

=1
n

— PC[un] + (1 - an)xn - <Z(ai—l - az)‘/zxn + anp) + app — Tp41
i=1

= Pclu,] — Pe [Z(ai_l —a;)Vix, + oznp} + (1 — an)(Tn — Tpy1)
i=1
+an(p - xn-i—l)'

It follows that

n

Z(aifl —a;)(xn — Vizn, xn — 2)
=1

_ <Pc[un] e {;@-—1 — 0i)Vizn + O‘"p] i Z>

+(1 — ap){(@n — Tpa1, T — 2) + @ (P — Tpy1, Ty — 2)

= Y (i — ) Vi, + anp
i=1
+(1 = an)llen = T llllzn = 2l + anllp = znplllen — 2]

= ||ea(f(zn) —p) + Z(Oéi—1 — i) (Viyn — Vizy,)
i=1
(1 = an)||zn =z flllzn = 2l + anllp = zpa[lllzn = 2|

IN

[El

220 — =[]
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< anllf(za) = plllza = 2l + D (@i — @)llyn — zallllzn — 2|
i=1
H(1 = an)llen = znsallllzn = 2| + anllp = zpia|l|l2n = 2|
< anllf(@n) = plllzn = 2ll + (i1 — @) BallSza — 2ol — 2|
i=1

+(1 = an)l|zn — o ||[|2n — 2| + anllp — Tpga || |20 — 2|
= || f(zn) = pllll7n — 2] + (1 = ) Bull S — 20| [|20 — 2|

+(1 = an)l|lzn = Zogallllzn = 2l + anllp = znpallllzn = 2. (5.1.13)

Now, from Lemma 2.6.33 and (5.1.13), we get

1 n
5 D (s = ), = Vizy|?

=1
n

Z(Oéi—l - az)<xn - V;IL‘n,IL‘n - Z>

i=1
an| f(zn) = pllllen = 2l + (1 = ) Bul| Sn = wn||l2n = 2|

IN

IN

(1= an)llen = Tagallllzn = 20 + anllp = zpsalllzn = 2]-

By (H1) and (H3), it follows that 3, — 0, as n — oo , so that

; . Va2 —
1}1_{20;(%1 ) ||z, — Viay|| 0. (5.1.14)

Since (a;_1 — a;)||zn — Viza||? < Y (a1 — ay)||2n — Vix,||? for each i > 1 and {a, }
i=1

is strictly decreasing, one has

lim ||z, — Viz,|| =0, Vi>1. (5.1.15)
n—oo
Hence, we obtain
lim ||z, — Tiz,| = lim | il =0, Vi >1
n—00 n—00 (1 — k‘l)

Since {x,} is asymptotically regular and demiclosedness principle, we obtain the

proposition.
Corollary 5.1.3. Suppose that the hypotheses of Proposition 5.1.2 hold. Then
(i) lim [z, =y, || = 0;

(ii) lim ||z, = Vigall =0, Vi>1;
n—oo
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(i) lim ||y, — Vigal =0, Vi > 1.
n—oo
Proof. To prove (i), we can observe that

|2 = ynll < Bullvn — Sy

Since B, — 0 as n — oo, we obtain (7).

To prove (it), we observe that
[yn = Vizn|l < llyn — zall + llan — Viza|l, Vi=1

and

Since ||y, — x| = 0 and ||z,, — Viz,|| = 0 as n — oo, Vi > 1, then ||y, — Viz,|| — 0,

that is, we obtain (i7). To prove (iii), we can observe that
[Yn = Vignll < llzn = yall + [|2n — Vigall, Vi > 1.
By (i) and (i7), we obtain (iii). O

Theorem 5.1.4. Let C' be a nonempty closed and convex subset of a real Hilbert
space H. Let f : C'— H be a p-contraction mapping, S : C — H be a nonexpansive
mapping and {T;}2, : C — C be a countable family of k;-strict pseudo-contraction
mappings and F = ElF(Ti) # 0. Let ag = 1, and x1 € C and define the sequence
{zn} by

n (5.1.16)
Lpt1 = PC[anf<xn) + 2(061;1 - ai)‘/;ynL vn 2 17
i=1

where {a,} C (0,1) and {a,} is a strictly decreasing sequence, V; = k;I + (1 —k;)T;,
{B,} € (0,1) and {«,} and {B,} are sequences satisfying the conditions (H2) with
T =0, (H3), either (H) and (H5), or (H6) and (H7). Then the sequence {x,}
converges strongly to a point z € F, which is the unique solution of the variational
iequality:

(I—-f)z,x—2) >0, Ve eF. (5.1.17)

Proof. First of all, since Prf is a contraction. By Banach contraction principle, so
there exists a unique z € F such that z = Prf(z), Moreover, from Lemma 2.1.12
(1), we have

(f(z) —zy—2) <0, VyeF.
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Since (H2) implies (H1), thus {z,} is bounded. Moreover, since either (H4) and (H5),
or (H6) and (H7), then {z,} is asymptotically regular. Similarly, by Proposition
5.1.2, the weak cluster points set of z,,, that is, w,(x,), is a subset of F.

Let {z,,} be a subsequence of {z,} such that

lim up( (=) = 2,0 — 2) = lim ((=) = 2,0, — 2),

and x,, — «’. By Proposition 5.1.2 it follows that 2’ € F. Then

lim (£(2) = 2,20, — ) = {f(z) - 2.0’ = 5 <0.
—00
Set u, = an f(2,) + > (-1 — ;) Viy,, we obtain

i=1

[ zHQ = (Polun] — un, Poluy) — 2) + (up — 2, 2p401 — 2). (5.1.18)
By Lemma 2.1.12 (1), we have

(Polun) — tn, Polu,] —2) <0 (5.1.19)

From (5.1.18) and (5.1.19), it follows that

lZner = 21" < (un = 2, 2040 — 2)

= an<f(xn> - f(z>7xn+1 - Z> + O‘ﬂ<f(2) — %y Tntl — Z>

n

> (@i — @) (Vign — 2, @041 — 2)

=1

< anpllen = zll[l#nty = 2l + an(f(2) = 2, 241 = 2)
(1 = an)llyn = 2ll[[zn1 = 2]

< anpllrn = 2||lZnmn = 2l + n(f(2) = 2, 2041 = 2)
(1 = an)[|BnSzn + (1 = Bn)rn — 2l[|2ns1 — 2]

< anpllen = zll[ens = 2l + an(f(2) = 2, 241 = 2)

(1= an)ll2n = 2lllens — 2l + (1 = @2)BallSz = 2llll2nss — 2|
— [ = an(@ = P)lllen = 2ll@nss — 2l + anl(f(2) = 2, Tpsr - 2)

+(1 = ) Bull Sz = 2|01 — 2|
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[1—a,(1—p

<[22 [ = 12+ s - 21
+an(f(2) = 2, 2p41 — 2) + (1 — ) Bul| Sz — 2|l || 21 — 2]
[ 2(1 _p)an 2 20{n

< 1 - — 7 = " —

< -l

2(1 - n/)Mn
X(f(2) = 2z, Tp11 — 2) + {ﬁ} 1Sz = 2|||xnt1 — 2|

e s L s

: {sz) = 2 @ng1 = 2) (L= an)b

Sz — z||||zper — 2] 7.
— 5~ s — o

2(1 an 2(1—p)an 1—on)Bn
Let 1 = P, and oy = %{ﬁw — zana = 2) + (RIS -

| E—— ZH} for all n > 1. Since

) 1 (1 —ay)pBn
1 e F(2) = 2y — )+ I G e — 2| b < 0,
1£nsup{1 p<f(2) 2, Tng1 — 2) 0= p)a, 152 = z||lznt ZII}

>0y =00 and % > (1 — p)ay,, we have

oo 5n
E Vn = 00 and limsup — < 0.
n—oo  In
Hence, by Lemma 2.1.23, we conclude that x, — z as n — oo. This completes the

proof. O]

Remark 5.1.5. In the iterative scheme (5.1.16), if we set f = 0, then we get
xn, — z = Pr0. In this case, from (5.1.17), it follows that

(z,z—1x) <0, Ve eF.

That is

1217 < (=) < llzllll2ll, Yz e F.

Therefore, the point z is the unique solution to the following quadratic minimization
problem:

— ; 2
= argmin l|l]|*.

By changing the restrictions on parameters in Theorem 5.1.4, we obtain the

following results.
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Theorem 5.1.6. Let C' be a nonempty closed and convex subset of a real Hilbert
space H. Let f : C'— H be a p-contraction mapping, S : C — C be a nonexpansive
mapping and {T;}2, : C — C be a countable family of k;-strict pseudo-contraction
mappings and F = ziF(T’) # (). Let ag = 1, and x1 € C and define the sequence
{zn} by

n (5.1.20)
Tp4+1 = PC[anf(In) + Z(ai—l - O‘i)‘/;ynL \V/n 2 1
=1

where {a,} C (0,1) and {a,} is a strictly decreasing sequence, V; = k;I + (1 —k;)T;
{6} € (0,1) and {a,} and {B,} are sequences satisfying the conditions (H2) with
T € (0,00), (H3), (H8) and (H9). Then the sequence {z,} converges strongly to a
point x* € F, which is the unique solution of the variational inequality:
1
(=(I=flar+ (I = 9)x" o —x") >0, VrelF. (5.1.21)
-
Proof. First, we shows that (5.1.21) has the unique solution. Let 2’ and x* be two

solutions. Then, since z’ is solution, for y = x* one has
(I = f)a' 2" —a*) <7((I = S)a',a* — 2) (5.1.22)

and

(I = flar,z* =2y <7((I-8)z* 2" —a*). (5.1.23)

Adding (5.1.22) and (5.1.23), we obtain

(L =pllla"=2"|* < (I = fla'= (I = fla",2’ —a7)

< —p(I-=89) —(I—-8)x* 2 —2*) <0

so ' = x*. Also now the condition (H2) with 0 < 7 < oo implies (H1) so the
sequence {x,} is bounded. Moreover, since (H8) implies (H6) and (H7), then {z,}
is asymptotically regular.

Similarly, by Proposition 5.1.2, the weak cluster points set of x,, i.e., wy(x,), is a

subset of F.
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From (5.1.6)-(5.1.10), we observe that

[Znr = 2nll - [lun =t

Bn - Bn

N . ||xn - xn—l” |:|an - an—1| ’ﬁn - ﬁn—1|:|
e L )
= - a2l g e -

i B 1 |an - O‘n—1| Wn - ﬁn—ll}
8 |:Bn 6n—1:| - M|: Bn N Bn

i [ | _ [L 1 }

< [1 (1 p))an] Bt + Hxn xn—IH 3, Bos
|an - Canl‘ ‘571 - ﬁn1|:|
M [ 5 G
< 1= - pa = o R, - )
n—1
|an - Canl‘ ‘671 - ﬁnl‘:|
M [ 5 G
< 1= - pa = o R, -
n—1
|an - O‘n—l‘ ‘571, - 6n—l|:|
M [ 5 B

B

n—l‘
n .

Let v, = (1 — p)ay, and 6, = o, K ||x,, — 21| + M ['a"_;;”_” + 1B
From condition (H3) and (HS8), we have

Zyn:oo and limé—n:O.
i=1

n—0o0 ’yn

By Lemma 2.1.23, we obtain

i P = @ll _ g M =l gl =l
From (5.1.20), we have
Tp — Tp-1 = (1 - an)xn - |:PC'[un] — Up + anf(xn)

+ i(az‘—l — ;) (Vin — yn) + (1 — a)yn
= (1 - an)ﬁn(ﬂjn — S.Cljn) + (un — Pc[un])

+ Z(Oéz‘—1 = ) (yn — Vign) + an(@n — f(2n)).
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It follows that

Tn=Tnt _ o ;u o
(1—an)Bn (@n =5 ")+(1—an)5n( n — Polun))
1 n
Ty 2~ @) = Vi

T e (o )

Let v, = é’fci")gi Forall z€ F = NF(T;) = NF(V;), we get

=1 =1

1
(U, Tp — 2) = m(un — Poluy), Polun—1] — 2) (5.1.24)
+<1 — an)ﬁn<<1 — Pen, xp — 2) + (T — Stp, 2 — 2)
1 n
+m ;(ai_l — i) {(Yn — Viln, Tp — 2). (5.1.25)

By Lemma 2.6.29, we have
(g — S,z —2) = (I =8)x,— T —9z,2, —2)+{((I—95)z,2, — 2)

Z <(]_S)Z7xn_z>7 (5.1.26)

(= flzn,an—2) = (= flzn—U = flz,zn—2) +{((I = flz,2, — 2)

(L= pllzn = 2I* + (I = f)z, 20 — 2) (5.1.27)

v

and

(Yn — Vitn, Tn — Z) = <(I = Vi)yn — (I —Vi)z, x, — yn> (5.1.28)
= Vi)yn = (I = Vi)z,yn — 2)
2 <(I - V;)yn - (I - V;)Z, Lp — yn>

= BullI = Vi)yn, @y — Szy), Vi>1.  (5.1.29)
By Lemma 2.1.12(1), we obtain
(Up — Polug), Poltn 1] — 2) = (un — Polu,), Polun_1] — Polu,]) (5.1.30)

+{u, — Poluy], Polus) — 2)

> (u, — Poluy], Polun—1] — Polu,]). (5.1.31)
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Now, from(5.1.24)-(5.1.30), it follows that

(Un, T — 2) 2> m@n—f%[un]apc[un_ﬂ—Pc[un]>
+m<(1_ f)zaxn - Z> + <([— S)Z,l‘n —Z>
1 n
+(1 — ) ;(az—l — i) {({ = Vi)Yn, Tn — Sp)
(1_p)an T — > 2
+—(1_%)6n|| n—z[% (5.1.32)
We observe from (5.1.32) that
o< QB ey
lzn — 2|7 < T, {< o — 2) — (I = S)z, 2, — 2)
ltnor = ] u, — Polu - - Z,&n — 2
0 [t — Pelun) || 1_p<([ £z, an — 2)
5,'1 n
T Py 2o~ U = Vi, = ), (5.133)

since v, — 0 and (I —V;)y,, — 0, as n — oo , then every weak cluster point of {z,}
is also a strong cluster point. By Proposition 5.1.2, {z,} is bounded, thus there
exists a subsequence {z,, } converging to z*.

For all z € F by (5.1.24), we compute

(1 — Oy )Bn
<(]_f)xnk7xmc _Z> - #(Unwxnk _Z>
U3
1
__<unk - PC[““k]’ Pc[unk—l] - Z)
Uz
1 - Ut n
_%«L’nk — S, T, — 2)
ng
1 &
k=1
(1 — Oy )/Bn
< %: =(Un, Tny, — 2)
B ”k I1-YV S
_a_ Z(Oﬁifl - Oéz'(( - i)ynkaxnk - l’nk>
Tk =1
1
—a—Hunk,1 = Uny, H Hunk - Pc[unk]”
ng
1- n n
—%«I —8)z, Ty, — 2). (5.1.34)
Oy,

Since v, — 0, (I = V;)y, — 0 for all i > 1, and ||u,, — up_1||/a — 0, letting k — oo

in (3.30), we obtain

(I—=fla*,z"—2) < —7((I = 8)z, 2" —z), VzeF.
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Since (5.1.21) has the unique solution, it follows that w,(x,) = {z*}. Since every
weak cluster point of {x,} is also a strong cluster point, we conclude that x,, — z*

as n — oo. This completes the proof. n
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5.2 Hybrid Extragradient Method for Fixed Points and Vari-

ational Inequality Problems

Let C be a nonempty, closed and convex subset of a real Hilbert space H, let F
be a bifunction F': C' x C' — R satisfying conditions (A1) — (A5) (Lemma 2.6.34),
let A be an a-inverse-strongly monotone mapping of C' into H. Let S be a &-strict
pseudocontraction mapping from C' to C.

we consider the sequences {z,}, {y.}, {2z}, {w,} and {t,} generated by zq € C

and
Yn = argminyeC{)‘nF(xm y) + %Hy - IHH2}7

2 = argminyec{ A F (Yn, y) + 5lly — 2},

wy, = Po(zn — MAzy),

th = any + (1 — an)[(1 — p)Swy, + puPe(l — Br)wy], (5.2.1)
Co={z€C:ta — 2| < |lzn — 2|},

D,={z€C:{x, —z,x0—x,) >0},

[ Tntl = Fe,np, o,
for every n € N, where p be a constant in (0, 1), {a,} C [0,1),{8.} € (0,1),{\} C
(0,1].

Algorithm 1

Choose the sequences {a,,} C [0,1), {8} C (0,1),{ .} C (0,1] and p be a

constant in (0, 1).
1. Let g € C. Set n = 0.

2. Solve successively the strongly convex programs
arg mingec{ A\, F' (T, y) + %Hy — ,|]?} and
arg mingec{ A\ F'(Yn, y) + %Hy - an2}

to obtain the unique optimal solution ¥, and z,, respectively.
3. Compute w, = Po(z, — A\pAzy).

4. Compute

tn = apxy, + (1 — o) [(1 — p)Swy, + pPe(l — By)w,]. If y, = x, and ¢, = x,,
then STOP:

x, € EP(F)N Fiz(S)NVI(C, A). Otherwise, go to Step 5.
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5. Compute z,4+1 = Po,np, To, where
Co={2€C: |ty — 2[| < [lzn — 2[[},
D, ={z€C: (v, — 2,0 — x,) > 0}.

6. Set n:=n+ 1, and go to Step 3.

In the sequel, we also suppose that the sequences of parameters {a, }, {5, }, {\n}, €

and g satisfy the following conditions:
(i) {Mn} C [Amins Amax)s where 0 < Apin < Apax < min {%, %},
(i) {an} C[0,¢] for some ¢ < 1;
(iii) lim, oo B, = 0 and >~ 2, 3, = o0;

(iv) € and p be constant, where 0 < & < pu < 1.

Now, let {x,},{yn}, {zn}, and {w,} be the sequences generated by combination
of the hybrid extragradient method, variational inequality by projection method and
the fixed point method described at the begining of this section. These sequence

satisfy the following properties. Here we start our main theorem.

Theorem 5.2.1. Let C' be a nonempty, closed and convex subset of a real Hilbert
space H, let ' be a bifunction F : C x C' — R satisfying conditions (A1) — (Ab),
let A be an a-inverse-strongly monotone mapping of C' into H. Let S be a &-strict
pseudocontraction mapping from C to C and such that © := EP(F) N Fiz(S) N
VI(C,A) # 0. Suppose that the sequences {ay},{Bn},{\n} and p satisfying the
conditions (i) — (iv). Then the sequence {x,} generated by Algorithm 1 converges

strongly to the projection of xog onto the set ©.

Proof. Step 1. We show that sequence {x,} is well defined. From definition of C,,
and D,,, it is obvious that (), is closed and D, is closed and convex for every n € N.

We prove that C,, is convex. Since |[|t,, — z|| < ||z, — z|| is equivalent to

tn — znll? + 2{tn — Ty, — 2) <0
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it follows that C), is convex. So C, N D,, is closed convex subset of H for any n € N.
Let z* € ©.
Then z* = Po(x* — A\, Az*). Since w,, = Po(z, — \yAz,), we consider
lw, — 2> = |[[Po(zn — AAzy)] — [Po(z® — A Az”)]|1?
< [(zn — AAzp) — (2F = N AxY) |

= |lzn — 2| — 2\ (2n — =¥, Az, — Ax*) + N2 || Az, — Ax*|?

IN

20 — 2*[]* + A (An — 20)|| A2, — Ax*|)? (5.2.2)
< e — 2"
By Proposition 2.6.35 (ii), we have
12 — 2|
< e = 2" = (1= 2Xen)llyn — zall* — (1 = 2Anc2) 120 — yall* (5.2.3)
that is, we obtain ||z, — z*|| < ||z, — 2*|| and ||w,, — z*|| < ||z, — z*|].

Set u, = (1 — p)Sw, + uPc(l — fy)w,, forall n > 0. Then, we have
ty = anZy + (1 — ay)uy,, It follows that

lun —2*|* = [I(1 = p)Swy + nPo(l = Ba)w, — z*||*

(1 = p)(Swn — 27) + p[(1 = Bu)w, — 2*]|*

IA

< wn = 2" = (1 = ) (k= O)1Swn — wal*
— B[ ? (5.2.4)
< lwn —27|* < o — 2|
that is, |u, —2*|| < ||z, —2*||. Since ¢, = apx, + (1 — a,)u, for every z* € ©,
we have
ltn = 27l* = llanzn + (1 = an)u, — 27|
= Jon(zn —2") + (1 = an)(un — 27|
< anllzn =P+ (1= o) un — 2|
< anllzn =P+ (L= an) 2 — 27|
<l — 2"
Hence ||t, — z*|| < ||z, — z*|| for every n > 0 and z* € C,,. So, we have

©:=EP(F)NFiz(S)NVI(AC) C C,, Vn € N. (5.2.5)
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Next, we will show that
©:=EP(F)NFiz(S)NVIAC)cC C,ND,,¥neN. (5.2.6)

We prove this by induction.
For n =0, we have xg = 2 € C, © C Cy and Dy = C. So, we get © C Cy N Dy.
Suppose that © C C}, N D, for some k£ € N. Since C, N Dy, is closed and convex, we

can define z41 = Pe.np, (o). From z1 = Pe,np, (7o), we also have
(Tpy1 — 2,0 — Tgy1) > 0, Vz € Cp N Dy. (5.2.7)
Since © C Cy N Dy(xo), we also have
(g1 — 2", 20 — TR41) > 0, Va* € 6. (5.2.8)

So, we get © C Dyyq. Then we obtain © C Cjyq N Dy 1. This implies that {z,} is
well defined.

Step 2. Next, let us show that {z,}, {w,} are bounded. Put zy = Pgxq. From

Tn+1 = Po,np,(0), we get
|Tni1 — zol] < ||z —x0|l, Vze€ C,ND,. (5.2.9)
From 2z € © C C, N D,,, we also have
[2n+1 = 2ol < |20 — ol (5.2.10)

for all n € NU {0} and hence {z,} is bounded. Since ||w,, — 2*|| < ||z, — 2*|| then
{w,} also bounded.

Step 3. We will show that lim,, . || Sw, — w,]|| = 0.
Since xp41 € C,ND,, C D,, and x,, = Pp, (x0), we get ||z, — xo|| < ||Tns1 — 2ol
From the boundedness of {x,}, we get that lim,_, ||z, — x¢|| exists. So, we obtain

([lzn — zoll* = [|#n+1 — o||*) — 0. On the other hand, from x,41 € D, we have
(T — Tpi1, o — Tp) > 0. (5.2.11)

So, for n € NU {0}, we get

[zns1 = 2ol = (zns1 = 20) + (20 — 20)|?

=z = 2all® + 120 — 20/* + 2(@ns1 — 2, 70 — 70)



78

from (5.2.11), we have

a1 = 2ol > l@nss — @all* + lzn — ol®
and

[Zns1 = zall® < N2ner — zoll* = 2w — zoll*.

This implies
|Tns1 — xn|| = 0. (5.2.12)

Since x,.11 € C,, we have
Co={2€C:|tn — 2| < [lzn — 2[};

th - -TnJrlH < Hzn - $n+1H

and
”xn - tn” < Hxn - xn-i-lH + ”xn-H — ]|
< 2|z, - xn+1||-
By (5.2.12), we obtain
nll—>nc>10 |z, — ta]] = 0. (5.2.13)

For z* € ©, from (5.2.2), (5.2.3) and (5.2.4), we can choose a constant M > 0 such
that, sup, {||w,]|*} < M. We observe that
e — "7 < anllan — 27l + (1 — @) — o
< anflen — 2P+ (1= o) [lwn — 27|
—(1 = ) (1 = ON|Swn — wal|* = Bapr?||wn*]

ln = 2[* = (1 = ) (1 = 22nc1) 1y — za®

—(1 — ) (1 = 2Xne2) |20 — ynll* + (1 — @) An(An — 200) || Az — Ax™||?
—(1 = a) (L = ) (1 = Ol Swn — wa|* = (1 = o) Bups* M.

Therefore, we get

(1= o) (1 = 2Xn¢1)[[gn — 20 |?
< |z, - m*Hz — [[tn — fE*HQ —(1- an)ﬂn/ﬁM

= [llzn = 2"l + ltn — 2] [l2n — tul

—(1— an)ﬁn,uZM] )
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Since  lim, o ||z — tn]] = 0,limy, 400 B, = 0,1 —a, > 1 —¢> 0,1 =2\, 00 > 1 —
2Amaxc1 > 0 and the sequence {z,}, {t,} are bounded, we get lim,,_, ||y — x| = 0.
By similar way since lim, ,oo 8, = 0,1 —a, > 1 —c>0and 1 —2\,c0 > 1 —
2 AmaxC2 > 0, we have lim,, .« ||z, — yn|| = 0. Since lim,, .o 5, =0,1—, > 1—¢c >0

and —\,(\, — 2a) > 0, we obtain
lim ||Az — Az™|| = 0.
n—00

By limy 500 8 =0, 1—a,>1—c>0and (1 —pu)(u—E) >0, we have

Step 4. We will show that € ©.

(4.1). We will show that & € EP(F). Since {z,} is bounded, there exists a
subsequence {z,,} of {z,} which z,, = & and lim,,_, ||z, — y»|| = 0, we have that
Yn, — T. On the other hand, by using Proposition 2.6.35, we have, for every y € C

and for every i € N, that
<xn,‘ —Yn;y Y — yni> < )\mF(Inl, y) - )\nzF(SL’m, yni)' (5'2'14)

Since ||zp, — Yn,|| = 0 and y — y,, = y — T as ¢ — oo and since Vi € N, 0 <
Amin < An; < Amax. As @ — 00, we get F(Z,y) > 0, Yy € C. It means that
7 € EP(F).

(4.2). We will show that € Fiz(S). Since {w,} is bounded then there exists
a subsequence {w,,} of {w,} which converges weakly to Z. Since S is a -strict
pseudocontraction mapping, we know that the mapping I — .S is demiclosed at zero.
From || Sw,, —w,| — 0 asn — oo and {w,,} — &. Thus, we obtain that € Fix(S).

(4.3). Finally, we show that z € VI(C, A). Define

Av+ Nev, v e C,
To = ¢ (5.2.15)

0, v ¢ C.

Then, we have that T is maximal monotone operator,

we have

re€Tv=Av+ Nov & x— Av € Nov

< (v—u,x— Av) > 0,(Vu € C).
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So, for w,, € C, we have that
(v —wy,z—Av) >0, (n=1,2,3,...).
We also have

wy, = Po(zn — MAzy) < (W, —u, 2, — MjAz, —wy) >0, Yuel

& (U —wp,wy, — (2, — MA2p)) >0, Yuel

& <u — Wy, wn)\_ n + Azn> >0, Vuecd.
Therefore, we have
(V= Wy, x) > (v—wy,,, Av)
> (v —wy,, Av) — (v —wy,, wni)\ni I Az,,)
= (v — 1wy, Av — Awy,) + (v — wy,, Aw,, — Az,,)
_<U — Wn;; wm)\; = >
> (v —wy,, Aw,, — Azp,) — <v—wm,wni)\—;’%>-

7

Using w,,, — & and ||w,, — z,,|| = 0 which A is Lipshitz continuous implies that
(v—=2,2) >0, as i — oo. (5.2.16)

Since T' is maximal monotone, we have & € T-*(0), That is Z € VI(A,C). So, we

have Z € ©.

Finally, we show that x,, — &, where ¥ = Pox¢. Since x,, = Pp, xg and T € © C
D,,, we have

n — 2ol < [|E — @o]]. (5.2.17)

It follows from z* = Poxg and the lower semicontinuity of norm that

IN

[ = ol 17 = ol < lim inf ||, — ol
71— 00

< lim sup|fen, — 2ol < 127 — 2.
1—00
Thus, we obtain that

Tim ([, — zol] = [} — o]l = [l2* o] (5.2.18)
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Using the Kadec-Klee property of H, we obtain that lim; ,. z,, = £ = z*. Since

{z,,} is an arbitrary subsequence of {x,}, we can conclude that {z,} converges

strongly to Pgxg.



