CHAPTER 4 ITERATIVE ALGORITHMS FOR
SOLVING THE SYSTEM OF MIXED EQUILIBRIUM,
FIXED POINT AND VARIATIONAL INCLUSIONS
PROBLEMS

4.1 Strong Convergence Theorem for Inverse-Strongly Mono-

tone

operators

In this section, we prove a strong convergence theorem for solving a common
solution of the set of solutions of fixed point for an infinite family of nonexpansive
mappings, the set of solution of a system of mixed equilibrium problems and the set
of solutions of the variational inclusion for an S-inverse-strongly monotone mapping

in a real Hilbert space. we show for some application and numerical example.

Theorem 4.1.1. Let H be a real Hilbert space, C' a close convex subset of H and B
be an [-inverse-strongly monotone operator. Let p : C' — R be a convex and lower
semicontinuous function, f : C — C be a contraction mapping with coefficient
a(0<a<1), M:H—s 2" be a mazimal monotone operator. Let A be a strongly
positive linear bounded operator of H into itself with coefficient > 0. Assume that
0<~v< g and X € (0,28). Let {T,} be a family of nonexpansive mappings of H
into itself such that

0=, F(T,) N (N, SMEP(F,))NI(B, M) # 0.

Suppose that {x,} is a sequence generated by the following algorithm for o € C

arbitrarily and

Fpn_ Fpn_
= K% KN KN K2 KB, Ve N

72,1 71,1

(4.1.1)
Tn1 = Pc[enfyf(l‘n) + (I - enA>WnJM,)\(un - )\Bun)]
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foralln = 1,2,3,..., where

Kl (2) = {un € C = Fi(un,y) + oY) — ¢(un) + —(y — tn, U — 2,) >0,

YyeC}, i=1,2,3,...,N,

7,

and the following conditions are satisfied
(C1): {e,} C (0,1), lim, o€, =0, > 7 €, =00, Y 0 |€nt1 — €] < 00;
(C2): {rin} C [c,d] with c,d € (0,20) and Y7 | |Tknt1 — Tkn| < 00.
Then, the sequence {x,} converges strongly to q € 6, where ¢ = Po(vf+1—A)(q)

which solves the following variational inequality:

(vf—=A)g,p—q) <0, Vpeo, (4.1.2)

which 1s the optimality condition for the minimization problem

min %(Aq, 4 — h(q), (4.1.3)

qeb

where h is a potential function for vf (i.e., h'(q) =~vf(q) forqe H).

Proof. Since condition (C1), we may assume without loss of generality, then
en € (0,]| A||7Y) for all n. By Lemma 2.6.9 we have ||I —¢,A|| <1 —¢,7. Next, we
will assume that || — Al < ||]1 —7||.

Next, we will divide the proof into six steps.

Step 1. First, will show that {z,} and {u,} are bounded. Since B is /3 - inverse

strongly monotone mappings, we have
(I —AB)x — (I = AB)y|* = |[Iz — ABz — Iy + ABy|?
= ||z —y — ABx + ABy|]?

= |(z —y) = \(Bz + By)|

< |z = ylI* = 2\ (z — y)(Bz + By)
+A\?||Bx — Byl?
< |z = ylI* = 2A8|| Bz + By||?
+A?||Bz — By|*
<l = ylI* + A(A = 28| Bz + By||?
< o=yl (4.1.4)
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if0< A< 28and0<r, <20, then I — AB is all nonexpansive.

Put y, = Jua(u, — ABuy,), n > 0. It follows that

lyn —dll = [[Jaa(un — ABuy) — Jua(qg — ABq)||

[(wn — ABuy) — (g — ABq)|

IN

< lun — ql]- (4.1.5)

By Lemma 2.6.13, we have

_ 1IN | gcFN-1 | pcFN_2 N 72 1 T 7 S
up = KN, - KGN KON K K T, forn 20
k _ roFy Fr_ P Fy
Ty =Kk, KL - K2 K for ke {0,1,2,.., N}

and 1) = I foralln € N, q=r1'%q, wu,=r1) yz, Then, we have

lun = all* = |77 w0 — 7700l
= |z —ql*. (4.1.6)
Hence, we get
1y — all < llzn — ql|. (4.1.7)

From (4.1.1), we deduce that

H'Tn—l-l - QH - ”PC<6n’7f(xn) + (I - EnA>Wnyn> - PCQH
< en(vf(2n) — Ag) + (I — €, A)(Wayn — q)||
< el f(zn) — AQ)ll + (1 — ) (yn)) — 4l
< evenllrn — qll + enllvf(g) — Aqll
+(1 = €e)|[2n — gl (4.1.8)
= (1= —v9)en)llvn —qll — enllvf(q) — Aqgl|
_ _ |v.f(q) — Aq]
= (1= —7een)||xn —q|| + (7 — ve)e——"——
(1—F—re)e)ll |+ (7 = ve) 7 — e
—A
< ma{ o, — g, DDAy
y — e
It follows by induction that
—A
lon—qll < max{]ap — qf, LW =Adly s (4.1.9)

7= e
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Therefore {z,} is bounded, so are {y,}, {Bu,}, {f(z,)} and {AW,y,}.

Step 2. We claim that lim,, . ||Zn11 — 2] = 0 and lim,, o [|Yns1 — ynll = 0.

From (4.1.1), we have

[ni1 — anll = |[Polenyf(2n) + (I — en A)Whyn) — Po(en17.f(2n-1)
+(I — €1 AYWoyn— || (4.1.10)
< NI = e A)(Wayn = Wiyn—1) — (€n — €n1) AWpyn_1 +
Ven(f(2n) = f(2n-1)) +v(€n — €n1)f (zn1)|l
< (A =en)lyn = ynall + len — en | AWyl + yeenllzn — zn

+ylen — enalllf (2na)]- (4.1.11)

Since I — A\B are nonexpansive, we also have

”yn _’yn—IH - HJhLA(un'_’Algun)'_ JﬁLA(un—l'_’Algun—l)H
| (wn, — ABuy,) — (uyp—1 — ABuy, 1) || (4.1.12)

IA

< lun = un—l[-

On the other hand, from u,_y = 7], #,_1 and u, = 7, x,, it follows that

1

Tn—1

F(un-1,9)+oy) —p(tn—1)+—— (Y —Un-1,Up-1—2p—1) = 0, VyeC (4.1.13)

and

1
F(un,y) + ¢y) —o(u,) + —{y — up,up, —x,) > 0, YyeC. (4.1.14)

n

Substituting y = w,, into (4.1.13) and y = u,_; into (4.1.14), we get

1
Fup—1,u,) + p(uy) — @(tp_1) + . (Up — Up—1,Up—1 —Tp_1) > 0 (4.1.15)
n—1
and
1
F(up, up—1) + @(tun-1) — p(u,) + r_<u”_l — Up,un — x,) > 0. (4.1.16)

n

From (A2), we obtain

(U, — Up—1, . - ) >0, (4.1.17)
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and then
(Up, — Up—1, Up—1 — Ty—1 — -t (up — x,)) >0, (4.1.18)
Tn
SO
(U, — Up—1, U1 — Uy + Uy — Typq — n-1 (up — x)) > 0. (4.1.19)
Tn
It follows that
<un — Up—1, Un—1 — Un + Up — Tp — fnt (un xn)> > 07
Tn
(Up, — Up—1,Up—1 — Up) + (Up, — Up_1, (1 — In-1 (U, — ) > 0. (4.1.20)
Tn

Without loss of generality, let us assume that there exists a real number ¢ such that

rn_1 > c¢ > 0, for all n € N. Then, we have

Hun - unle2 S <un — Up-—1, <1 - Tn_l)(un - xn)>

Tn
Tn—1

< lun = w1 -

n

and hence

1
[t = tn-al] < o — 20l + T_’rn — Tp1 |||t — 2]
n

M
< lan — 2o +71\7~n ——_— (4.1.21)

where My = sup{||u, — | : n € N}. Substituting(4.1.21) into (4.1.12), we have

M
1Yn = Yn-1ll < o0 — Tpea|| + Tl|rn — Tn1]. (4.1.22)

Substituting 4.1.22 into 4.1.10, we get

_ M,
2w —zall < (1= ) (lan = 2aall + = = 7]
—Hen - enfl‘HAWnynle + ’YEEonn - xnflu

+ylen — €nal|lf(2n-1)|

= (= el — ol + (L= ) = s

Hen = en 1l AW

reenllen = 2l +5len = enall )] (4.1.29
< (1= (= 9allzn = zall + ra = o

Hen = en AWt sl + 36w = en il o)
< (U= (5= y0en)llen =zl + St = sl + Mol — e,
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where M, = sup { max{||AW,yn_1, || f(zn—1)| : n € N}}. Since conditions (C1)-
(C2) by Lemma 2.1.23, we have ||, —x,| = 0 as n — oo. From (4.1.22), we also

have that ||yn+1 — yn|| = 0 as n — oo.

Step 3. Next, we show that lim,,_, ||Bu, — Bql|| = 0.
For ¢ € 6 and ¢ = Jyra(¢ — ABq). By (4.1.4) and (4.1.6), we get

lyn —all> = [ Jun(un — ABuy) — Jua(g — ABg)|?

[ (wn, — ABuy,) — (g — ABQ)H2

IN

IA

lun = all* + MA = 28)|| Bu, — Bql”

IN

|20 — q||2 + A\ — 28)|| Bu,, — Bq|)*. (4.1.24)
It follows that

lowir —all® = [|Peleayf (@) + (I = e d)Wain) — Pe(a)]?

len(vf (2n) = Agq) + (I — €n A)(Wayn — )|

(enllvf () — Agll + (1 = eu)llym — all)’

enl[ VS (2n) — Aql” + (1 — &)y — 4l?

+260(1 — €))7 f (@) — Aglllya — gl (4.1.25)
eall 7 (20) = Aqll? + 264(1 — eIV () — Adllllgn — gl

+(1 = &%) (llzn = all* + AA = 28) | Bun — Bal?)

eall 7 (20) = Aqll? + 260(1 — &)1 (2) — Adllllyn — gl

Hlan = all* + (1 = &) AN = 28)|| Bu, — Bq||*.

IN

IN

IN

IN

IN

So, we obtain

(1= €a¥)A(28 = N)|| Buy, — Bql|*
< ellvf(@n) = Agll® + 2 — zaall(lzn — all + 2 — qll) + €0(4.1.26)

where &, = 26,(1 — €,9)||7vf(zn) — Aq||/|lyn — ¢||- By conditions (C1),(C3) and

lim, 00 ||Zns1 — @n|] = 0, then we obtain that ||Bu, — Bq|| — 0 as n — oc.

Step 4. We show the followings:

(1) limy—eo |2 — un|| = 0;
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(i) limp, o0 [[un = yall = 0;
(iii) 1imp o0 (|4 — Wayall = 0.
Since K, () is firmly nonexpansive and Lemma 2.1.12(iii), we observe that

”un - Q||2 = Hvax,n Tp — g,n QHQ

1
= 5 (e = alP + = al* = llow — g = = al?)  (4.1.27)
1
< 5 (llzw = all* + lluw = @l = o = wa?)
it follows that
=l < Nl = all* = lan — ual®

Since Jj y is 1-inverse-strongly monotone and by Lemma 2.1.12(iii), we compute

lyn = al? = I asa(un = ABun) = Jasa(a = ABg) |

1

= 5 (I = ABuw) = (a = AB) 2 + [}y — all
~ (= ABuy) = (g = ABq) = (3 — a)*) (4.1.28)
1

< 5 (It = all? + o = all* = (0 = ) = A(Bun = Ba)|?)

— 1 2 2 2

= 5 (lltn = @l + g = all® = llm =
+2\(tn = Y, Bu — Ba) — 3| Bu, — Bgl?),

which implies that

o —all* < llun —all® = llun = yull® + 2Xn — yullll Bun — Bqll. (4.1.29)

Substitute (4.1.29) into (4.1.25), we have

IN

enllf () = Agl* + llyn = all* + 260(1 = €917 () = Adglllgn — gl
ullif(zn) = AglP?
(It = all? = ltn = gall? + 2Aalltn = il Bun — Ball)

+26,(1 — €)1 f (2n) — Aglllyn — al- (4.1.30)

1041 — al®

IN
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Then, we derive

ln = il + llun — vl < enllvF (@) = Agll? + [lzn — gl = 2nss — gl

2 [un = yull|| Bun — By||

+26,(1 — e7)|7f (2n) — Agl[llyn — 4l

= el f(2n) — Agl?

Hlzn = o ll(lzn — gl + |20+ — gll)

2 [[un = yull|| Bun — By

+26,(1 — €Y ||7f (x0) — Agllllyn — ql|. (4.1.31)

By condition (C1), lim,, s ||2n — Zpe1]| = 0 and lim,, o || Bu, — Bq|| = 0.

So, we have ||z, — u,| — 0, ||un — yn|| = 0 as n — oco. It follows that
|len —ynll < |lzn — wnl| + |Jun — yu|| = 0, as n — oco. (4.1.32)
From (4.1.1), we have

< ||PC’ (En—17f<xn—1) + (I - an—lA)Wnyn—l) - PC(Wnyn—l)H
+[Yn-1 — ¥nl (4.1.33)

IN

anl”fyfxnfl - AWnynle + Hynfl - ynH

By condition (C1) and lim,, .« ||¢n—1—¥n|| = 0, then we obtain that ||z,—W,y,| — 0
as n — oo.

Hence, we have

| 2n — Wazn|| < |20 — Watnll + [Wathn — Wt ||

By (4.1.32) and lim,, o ||z, — Woyn|| = 0 we obtain ||z, — W,z,|| — 0 as n — oc.

Moreover, we also that
190 = Watnll < [[yn = zall + llzn — Waynl|-

By (4.1.32) and lim,, . ||2,—W,y,|| = 0 then we obtain ||y,,—W,y,|| — 0asn — oo.
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Step 5. Weshow that ¢ € 6 :== (2, F(Tn)ﬂ(ﬂ]kvzl SMEP(Fy)) and limsup,,_, .
(vf—A)g, Woyn — q) < 0. It is easy to see that Py(vf + (I — A)) is a contraction

of H into itself. Indeed, since 0 < v < g, we have that

[1Po(vf + (I = A))x = Po(vf + (I = A))y|
< Af@) = F@I 1 = Allfle =y
< yellr =yl + (1 =)z =yl (4.1.35)

< (1=3+7o)lz —yl.

Hence H is complete, there exists a unique fixed point ¢ € H such that ¢ = Py(vf+
(I —A))(q). By Lemma 2.1.12 we obtain that ((vf — A)g,w —¢) <0 for all w € 6.

Next, we show that limsup,,_, . ((vf — A)g, Woy, — q) < 0, where ¢ = Py(vf +
I — A)(q) is the unique solution of the variational inequality <(7 f—A)q,w-— q> >
0, Yw € 6. We can choose a subsequence {yn,} of {y,} such that

liinﬂsolip«vf = A)g, Wy — q) = im ((vf = A)g, Wayn, — q)- (4.1.36)

As {yn,} is bounded, there exists a subsequence {ynij} of {yn,} which converges
weakly to w. We may assume without loss of generality that y,, — w.
We claim that w € 0. Since ||y, — Wouyn| — 0,||x, — Wyhz,|| — 0 and ||z, — yn|| — 0
and by Lemma 2.6.24, we have w € (| _, F(T,).

Next, we show that w € (,o, SM EP(Fy).

Since u,, = TﬂZ’n T, for k =1,2,3, ..., N, we know that

1
Fi(un,y) + o) — o(u,) + T—(y — Up, Uy — Ty) >0, VyeC. (4.1.37)

n

It follows by (A2) that

1
o(y) — o(un) + r—(y — U,y Uy — T) > Fr(y,u,), VyeC. (4.1.38)

Hence, for k =1, 2, 3, ..., N, we get

1
@(y) - @(unz) + 7“_<y — U,y Un; — xm) Z Fk(%“m)v Vy eC. (4139>

For t € (0,1] and y € H, let y; =ty + (1 — t)w. From (4.1.39), we have

1
0 > So(yt) + @(um) - _<yt = Un;s Un, — xnz> + Fk<yt7uni) (414())

ng
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Since ||un, — @p,|| — 0, from (A4) and the weakly lower semicontinuity of ¢,

(Wni =) o (3 and Up, — w. From (A1), (A4) and we have

g

0 = Fr(ye, ve) — o(ye) + o(yr)
< tFu(ye,y) + (1 —6) Fr(ye, w) + to(y) + (1 —t)o(w) — ¢(y)

< tHEF (e v) +o(y) — e(ye)].

Deviding by t, we get
Fio(ye.y) + o(y) — o(ye) = 0.

The weakly lower semicontinuity of ¢ for k =1, 2, 3, ..., N,

Fr(w,y) + o(y) > o(w).

So, we have

Fr(w,y) + p(y) — o(w) >0, VE=1,2,3,..., N.

This implies that w € (5, SMEP(F},).

Lastly, we show that w € I(B,M). In fact, since B is a [-inverse-strongly
monotone, hence B is a monotone and Lipschitz continuous mapping. It follows
from Lemma 2.6.22 that M + B is a maximal monotone. Let (v,g9) € G(M + B),
since g — Bv € M (v). Again since y,, = Jprr(Un; — ABuy,), we have u,, — ABu,, €
(I + AM)(yn,), that is, 5(tn, — Yn, — ABuy,) € M(yy,). By virtue of the maximal
monotonicity of M + B, we have

1
<U ~Yn;» 9 — Bv — X(unz — Yn; — ABUM)) > 07

and hence

1
- <U_yniaBU_Byni>+<U_ymaByni _Bunz> (4141)

+<U — Yn,> ;(Um - ym)>

It follows from lim,, oo ||un — || = 0, we have lim,, o, || Bu,—By,| = 0 and y,,, = w

that

lim sup(v — yn, g) = (v —w, g) > 0. (4.1.42)

n—o0
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It follows from the maximal monotonicity of B + M that 6 € (M + B)(w), that is,
w € I(B, M). Therefore, w € 6. It follows that

limsup((vf = A)g, Woyn —q) = lim (7 = A)g, Wayn, —q)  (4.1.43)

n—o0

= ((Wf=Agw—q <0. (4.1.44)

Step 6. Finally, we prove x, — ¢. By using (4.1.1) and together with Schwarz

inequality, we have

12041 — al®

IN

IN

IN

IN

IN

IN

IN

IN

[P (envf (xn) + (I — 2 A)Woys) — Po(q)|?

len (v (2n) = Ag) + (I — €, A)(Woyn — )|

(I = e A2 | (Woyn — @II? + 2l f (2n) — Agll?

+26,((I — €, A) (Wt — @), 7S (20) — Ag)

(1 = e¥)?llyn — all® + el f (za) — Agl®

+26,(Wayn — ¢, 7f (xn) — Aq) — 26, (AWoyn — ), 7f (22) — Ag)
(1= )20 — qll” + enllvf (zn) — Aq])? (4.1.45)
+26,(Woyn — ¢,7f (20) — 7£(2))

+26,(Wayn — 4,7.f(q) — Ag) — 26 (A(Woyn — @), 7 f (w0) — Ag)

(1 = e¥)?ll2n — al® + enllvf(zn) — Agll? (4.1.46)
26, |Woyn — qll17f (20) — 7 f (0]

26, (Wayn — 4,7 (@) — Ag) — 26, {A(Woyn — @), 7f (22) — Ag)
(1= e¥)?llwn — all* + exllvf(wn) — Aql® + 2veen]lyn — all[lzn — d
+26,(Wayn — 4,7.f(q) — Ag) — 265 (A(Woyn — @), 7 f(2n) — Aq)
(1= e[z — gl” + Xllvf (x0) — Al + 2yeen]lz, — gl

26, (Wayn — 4,7 (@) — Ag) — 26, {A(Woyn — @), 7f (24) — Ag)
((1 = ) + 25een) n — all* + en{ enll v (20) — Agl?

+2(Wan = 0,71(2) = A) = 26al| AWy — @)|[|7f () — Adll }
(1= 27 = y9)en) lzn — all* + en{ enll (@) — AqlP?

F2(Wayn — 4,7 (@) — Aq) — 26 [ AWayn — @)| [7f(2n) — Aq]]
+eu 77 ||n — q!lz}. (4.1.47)

Since {z,} is bounded, where n > ||vf(z,) — Aq||* — 2| AW,oyn — O||Vf (xn) —
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Aq|| + 7*||zn — ¢||* for all n > 0. It follows that
s — all* < (1= 27 — 10)en) ln — all* + enbi (1.1.48)

where 0, = 2(W,y, —q,7f(q) — Aq) +na,. Since limsup,,_, . ((vf —A)g; Wayn—q) <
0, we get limsup,,_,, 0, < 0. Applying Lemma 2.1.23, we can conclude that x,, = ¢.

This completes the proof. O

4.2 Some Applications to Minimization Problems

In this section, we apply the iterative scheme (4.1.1) for finding a common fixed
point of a nonexpansive mapping and a strictly pseudocontractive mapping.

Using Theorem 4.1.1, we first prove a strongly convergence theorem for finding
a common fixed point of a nonexpansive mapping and a strictly pseudo-contraction,

which is the solution of minimization problem.

Theorem 4.2.1. Let H be a real Hilbert space, C' be a closed convex subset of
H and B be an p-inverse-strongly monotone, ¢ : C' — R is conver and lower
semicontinuous function, f : C'— C be a contraction with coefficient o (0 < av < 1)
and A be a strongly positive linear bounded operator of H into itself with coefficient
v > 0. Assume that 0 < v < g Let {T,} be a family of nonexpansive mappings of
H into itself and let S be a k-strictly pseudo-contraction of C into itself such that

0 =N, F(T,) N (NY_,SMEP(F,)) N F(S) # 0.

Suppose {x,} is a sequence generated by the following algorithm for xo,u, € C

arbitrarily:

Fn_1 Fn_2 F F
: Krnfl,n : Krnfg,n K2 K L, Vn e N

_ Fn
Un = K ro,n r1,M

Tn,N

(4.2.1)
Tni1 = Polenyf(xn) + (I — €, A)Wo(1 — N, + AS,, ]

for allm =0,1,2,..., and the conditions (C1)-(C2) in Theorem 4.1.1 are satisfied.
Then, the sequence {x,} converges strongly to q € 0, where ¢ = Po(vf+1—A)(q)

which solves the following variational inequality:

(vf—A)gp—q) <0, Vped
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which is the optimality condition for the minimization problem

min 1<Aq, q) — h(q), (4.2.2)

q€ef 2

where h is a potential function for vf (i.e., W' (q) = vf(q) forq € H).

Proof. Put B =1 — T, then B is 15* inverse-strongly monotone and F(S) =
I(B, M) and Jy\(zn, — ABx,,) = (1 — A)x, + ATz, So by Theorem 4.1.1, we obtain

the desired result. O

4.3 Numerical Example

Now, we give a real numerical example in which the condition satisfy the ones
of theorem 4.1.1 and some numerical experiment results to explain the main result

theorem 4.1.1 as follows:

Example. Let H = R,C = [-1,1],T, =1, A\, = 8 € (0,1), n € N, Fi(x,y) =
0,Ve,y € C,rpp =1, k€ {1,2,3,...N}, p(z) =0, Vx e C, B=A=1, f(z) =
1

%x, Ve € H A = % with contraction coefficient o = 15, €, = % for every n

€ N and v = 1. Then {z,} is the sequence generated by

1 3

Tp4+1 = <_

LW 43.1
> Ton)” (4.3.1)

and x, — 0 as n — 00, where 0 is the unique solution of the minimization

problem

2.
min = -T .
zeC 5% q

Proof. We prove the Example 4.3.1 by step 1, step 2, step 3. By step 4, we give two
numerical experiment results which can directly explain the sequence {x,} strongly

converges to 0.

Step 1. We show

KIN.x = Pex, Vo € H Fy € {1,2,3,...,N}, (4.3.2)
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where
G TE H\C
x, xel.

Indeed, since Fi(x,y) =0, Vz,y € C, n € {1,2,3,..., N}, due to the definition
of K,.(x), Vx € H, as lemma 2.6.13, we have

Kr(x):{UEC:(y—u,u—x)ZO,VyEC}.

Also by the equivalent property (2.4.1) of the nearest projection Po from H —
C, we obtain this conclusion, when we take z € C, KN x = Pox = Iz. By (iii) in

lemma 2.6.13, we have

() SMEP(F,) = C. (4.3.4)

k=1

Step 2. We show
W, =1. (4.3.5)
Indeed. By (2.4.10), we have

W1 - U11 - )\1T1U12 + (1 - )\1)] - )\1T1 + (1 - )\1)]7 (436)

Wo=Usy = MTiUsp + (1= AT = MTi(AToUss + (1 — A)I) + (1 — AT
= AMATTs + A(1 = M)Ty + (1= M),

Wy =Us; = MU+ (1= AT = MTi(ATaUss + (1= X)) + (1 — AT
= MM TUss + M (1 — A)T5 + (1= M),
= AT Te(AsT3Uss + (1 — AsT)) + A (1 — M)y + (1 — Ap),
= AT + Mda(1 — ATiTo + M (1 — A)Ty + (1 — M)

Compute in this way by (2.4.10), we obtain

Wo=Un = M- N Do T+ Ao N1 (L= X)W Ty - - Ty

"—)\1)\2 ct e )\n,Q(l - )\nfl)TlTQ e Tn,Q + te "‘ )\1(1 - )\Q)Tl "— (1 - )\1)[
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Since T, = I, A\, = [, n € N, thus

Wy=[8"+8""1=8) 4+ B(1=B)+ (1 =PI =1

Step 3. We show

1 3
Tpy1 = (5 - m—n)xn and x,11 —> 0, as n — oo, (4.3.7)

where 0 is the unique solution of the minimization problem

2o
min = —-x .
zeC 5 9

Indeed, we can see A = I is a strongly position bounded linear operator with
coefficient 7 = %, ~ is a real number such that 0 < v < g, so we can take v = 1. Due
to (4.3.1 ), (4.3.3 ) and (4.3.5 ), we can obtain an special sequence {z,} of (4.1.1)

in theorem 4.1.1 as follows:

1 3

o1 = (5 = 7g, )0

Since T,, = I, n € N, so,
Mot F(Th) = H,

combining with (4.3.4), we have
0 =N, F(T,) N (N, SMEP(F,))NI(B,M)=C = [-1,1].

By Lemma 2.1.23, it is obviously that z, — 0, 0 is the unique solution of the
minimization problem
2

. 2
min = —-x° +
zeC 5 ?

where q is a constant number.

Step 4. We give the numerical experiment results using software Mathlab 7.0
and get the table 1 to table 2, which show that the iteration process of the se-
quence {z,} is a monotone decreasing sequence and converges to 0, but the more
the iteration steps are, the more showily the sequence {z,} converges to 0.

Now we turn to realizing (4.1.1) for approximating a fixed point of 7. We take
the initial valued z; = 1 and x; = 1/2, respectively. All the numerical results are

given in Tables 4.1 and 4.2. The corresponding graph appears in Figure 4.1 (i) and

(ii).



Table 4.1: This table shows the value of sequence {z,} on each iteration steps

(initial value z1 = 1)

3

Tn

Ln

=~ W NN =

19
20
21

29
30

1.000000000000000
0.200000000000000
0.070000000000000
0.028000000000000

0.000000301580666
0.000000146028533
0.000000070823839

0.000000000226469
0.000000000110892

31
32
33
34

39
40
41

47
48

0.000000000054337
0.000000000026643
0.000000000013072
0.000000000006417

0.000000000000184
0.000000000000091
0.000000000000045

0.000000000000001
0.000000000000000

Table 4.2: This table shows the value of sequence {x,} on each iteration steps

(initial value 27 = %)

3

Tn

T

= W N =

19
20
21

29
30

0.500000000000000
0.100000000000000
0.035000000000000
0.014000000000000

0.000000150790333
0.000000073014267
0.000000035411919

0.000000000113235
0.000000000055446

31
32
33
34

39
40
41

46
47

0.000000000027168
0.000000000013321
0.000000000006536
0.000000000003208

0.000000000000092
0.000000000000045
0.000000000000022

0.000000000000001
0.000000000000000
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Figure 4.1 The iteration comparison chart of different initial values.

(i) z1 =1 and (ii) 21 = § .
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