
CHAPTER 3 ITERATIVE ALGORITHMS FOR FIXED

POINT PROBLEMS AND VARIATIONAL INEQUALITY

PROBLEMS

In this section, we show a strong convergence theorem for finding the least norm

of fixed points for strict pseudo mappings, a common element of the set of fixed

points and the solution set of variational inequality in Hilbert spaces.

3.1 [An Algorithm for Minimum-Norm of Fixed Point for

Nonexpansive Mappings]

Theorem 3.1.1. Let C be a closed convex of a real Hilbert space H. Let S : C → C

be a nonexpansive mapping. Let A be an α-inverse strongly monotone and Ω :=

F (S)∩V I(C,A) 6= ∅. Assume that a sequence {αn} ⊂ (0, 1) satisfies the conditions:

(i) limn→∞ αn = 0;

(ii) Σ∞n=0αn = +∞.

Then the sequence {xn} generated by the following algorithm

xn+1 = (1− αn)[λSPC(I − λA)xn + (1− λ)xn] (3.1.1)

converges strongly to a fixed point of S which is a minimal norm and the unique

solution of the variational inequality:

x∗ ∈ Ω, 〈x∗, x− x∗〉 ≥ 0,∀x ∈ Ω.

Proof First, we prove that the sequence {xn} is bounded. Let q ∈ Ω. By (3.1.1),

we have

‖xn+1 − q‖ = ‖(1− αn)[λSPC(I − λA)xn + (1− λ)xn]− q‖

≤ ‖(1− αn)[(1− λ)(xn − q) + λ(SPC(I − λA)xn − q)]− αnq‖

≤ ‖(1− αn)[(1− λ)‖(xn − q)‖+ λ‖(xn − q)‖]− ‖αnq‖

≤ (1− αn)‖xn − q‖+ αn‖q‖

≤ max{‖xn − q‖, ‖q‖}.
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By induction, it follows that

‖xn − q‖ ≤ max{‖x0 − q‖, ‖q‖},

for all n ≥ 0. Then {xn} is bounded. Therefore, {SPC(I − λA)xn} is also bounded.

Let yn = (1−αn)λSPC(I−λA)xn
αn+(1−αn)λ

, then the iterative sequence (3.1.1) is equivalent to

xn+1 = (αn + (1− αn)λ)yn + (1− αn − (1− αn)λ)xn. (3.1.2)

Since limn→∞(αn + (1− αn)λ) = λ, then

‖yn − q‖ =
∥∥∥(1− αn)λSPC(I − λA)xn

αn + (1− αn)λ
− q
∥∥∥

=
∥∥∥(1− αn)λSPC(I − λA)xn − (αn + (1− αn)λ)q

αn + (1− αn)λ

∥∥∥
=

∥∥∥(1− αn)λSPC(I − λA)xn − αnq − (1− αn)λq

αn + (1− αn)λ

∥∥∥
≤ (1− αn)λ‖xn − q‖ − αn‖q‖

αn + (1− αn)λ

=
αn

αn + (1− αn)λ
‖q‖+ (1− αn

αn + (1− αn)λ
)‖xn − q‖

≤ max{‖xn − q‖, ‖q‖}.

Thus, {yn} is bounded. Hence by nonexpansiveness of S and PC , we have

‖yn+1 − yn‖ − ‖xn+1 − xn‖

=
∥∥∥(1− αn+1)λSPC(I − λA)xn+1

αn+1 + (1− αn+1)λ
− (1− αn)λSPC(I − λA)xn

αn + (1− αn)λ

∥∥∥− ‖xn+1 − xn‖

≤ (1− αn+1)λ

αn+1 + (1− αn+1)λ
‖SPC(I − λA)xn+1 − SPC(I − λA)xn‖

+
∣∣∣ (1− αn+1)λ

αn+1 + (1− αn+1)λ
− (1− αn)λ

αn + (1− αn)λ

∣∣∣‖SPC(I − λA)xn‖

≤ (1− αn+1)λ

αn+1 + (1− αn+1)λ
‖Sxn+1 − Sxn‖

+
∣∣∣ (1− αn+1)λ

αn+1 + (1− αn+1)λ
− (1− αn)λ

αn + (1− αn)λ

∣∣∣‖SPC(I − λA)xn‖

−‖xn+1 − xn‖

≤
( (1− αn+1)λ

αn+1 + (1− αn+1)λ
− 1

)
‖xn+1 − xn‖

+
∣∣∣ (1− αn+1)λ

αn+1 + (1− αn+1)λ
− (1− αn)λ

αn + (1− αn)λ

∣∣∣‖SPC(I − λA)xn‖.
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From {xn} and {SPC(I − λA)xn} are bounded sequences and limn→∞ αn = 0, then

lim sup
n→∞

(‖yn+1 − yn‖ − ‖xn+1 − xn‖) ≤ 0.

By Lemma 2.6.15, we obtain that limn→∞ ‖yn − xn‖ = 0. Therefore,

lim
n→∞

‖xn+1 − xn‖ = lim
n→∞

(αn + (1− αn)λ)‖yn − xn‖ = 0. (3.1.3)

On the other hand, we consider

‖xn − SPC(I − λA)xn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 − SPC(I − λA)xn‖

= ‖xn − xn+1‖+ ‖(1− αn)(λSPC(I − λA)xn + (1− λ)xn)

−SPC(I − λA)xn‖

≤ ‖xn − xn+1‖+ (1− αn)(1− λ)‖xn − SPC(I − λA)xn‖

+αn‖SPC(I − λA)xn‖.

It follows that

‖xn − SPC(I − λA)xn‖ ≤
1

1− (1− αn)(1− λ)
‖xn − xn+1‖

+
1

1− (1− αn)(1− λ)
αn‖SPC(I − λA)xn‖ → 0 as n→∞.

Next, we prove that lim supn→∞〈x∗ − xn, x∗〉 ≤ 0.

Since {xn} is bounded. Then, we can take a subsequence {xni
} of {xn} such

that

lim sup
n→∞

〈x∗ − xn, x∗〉 = lim
i→∞
〈x∗ − xni

, x∗〉.

Again, since {xn} is bounded, without loss of generality, we may assume that

xni
⇀ x

′
. Consequently,

lim sup
n→∞

〈x∗ − xn, x∗〉 = 〈x∗ − x′ , x∗〉 ≤ 0.

Notice that limn→∞ ‖xn−SPC(I−λA)xn‖ = 0. By the demiclosedness principle

of nonexpansive mapping S, we have x′ ∈ Fix(S). Since x∗ = PFix(S)(0). It follows

from the properties of projection operator that

lim sup
n→∞

〈x∗ − xn, x∗〉 = 〈x∗ − x′, x∗〉 ≤ 0. (3.1.4)
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By (3.1.1), we have

‖xn+1 − (1− αn)x∗‖2 = ‖[(1− αn)λSPC(I − λA)xn+1 + (1− λ)xn]− (1− αn)x∗‖2

= ‖(1− αn)[λSPC(I − λA)xn + (1− λ)xn]− x∗‖2

= ‖(1− αn)[λSPCxn − (1− λ)xn]− (1− λ+ λ)x∗‖2

≤ (1− αn)‖λ(Sxn − x∗) + (1− λ)(xn − x∗)‖2

≤ (1− αn)‖λ(xn − x∗) + (1− λ)(xn − x∗)‖2

≤ (1− αn)‖xn − x∗‖2. (3.1.5)

Observe that

‖xn+1 − (1− αn)x∗‖2 = ‖xn+1 − x∗‖2 − 2αn〈−x∗, xn+1 − x∗〉+ α2
n‖x∗‖2

≥ ‖xn+1 − x∗‖2 − 2αn〈xn+1 − x∗, x∗〉. (3.1.6)

Therefore by (3.1.5) and (3.1.6), we get

‖xn+1 − x∗‖2 ≤ (1− αn)‖xn − x∗‖2 + 2αn〈xn+1 − x∗, x∗〉. (3.1.7)

By the condition of (ii) and the inequality (3.1.4), we can apply Lemma (2.1.23)

to (3.1.7) and conclude that {xn} converges strongly to x∗ as n → ∞ that is, the

minimum - norm fixed point of S. This completes the proof.

3.2 An Algorithm for Variational Inequalities and Fixed

Point for Pseudo-Contractive Mappings

Theorem 3.2.1. Let C be a nonempty closed and convex subset of a real Hilbert

space H. Let T : C → C be a continuous pseudo-contractive mapping and A : C →

H be a continuous monotone mapping such that F := F (T ) ∩ V I(C,A) 6= ∅. For

x ∈ H, define Trn and Frn as follows:

Trx := {z ∈ C : 〈y − z, Tz〉+
1

r
〈y − z, (1 + r)z − x〉 ≤ 0, ∀y ∈ C}

and

Frx := {z ∈ C : 〈y − z, Az〉+
1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C}.
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Let f be a contraction of H into itself with a contraction constant β and let B :

H → H be a strongly positive linear bounded self-adjoint operator with coefficients

β > 0 and let {xn} be a sequence generated by x1 ∈ C and yn = Frnxn

xn+1 = αnγf(xn) + δnxn + [(1− δn)I − αnB]Trnyn,

(3.2.1)

where {αn}, {δn} ⊂ [0, 1] and {rn} ⊂ (0,∞) such that

(C1) limn→∞ αn = 0,
∞∑
n=1

αn =∞;

(C2) limn→∞ δn = 0,
∞∑
n=1

|δn+1 − δn| <∞;

(C3) lim infn→∞ rn > 0,
∞∑
n=1

|rn+1 − rn| <∞.

Then, the sequence {xn} converges strongly to z ∈ F, which is the unique solution

of the variational inequality:

〈(B − γf)z, x− z〉 ≥ 0, ∀x ∈ F. (3.2.2)

Equivalently, z = PF(I − B + γf)z, which is the optimality condition for the mini-

mization problem

min
x∈C

1

2
〈Az, z〉 − h(z),

where h is a potential function for γf (i.e.,h′(z) = γf(z) for z ∈ H).

Remark (1) The variational inequality ( 3.2.2 ) has the unique solution; (see

[62]).

(2) It follows from condition (C1) that (1− δn)I −αnB is positive and ‖(1− δn)I −

αnB‖ ≤ I − δn − αnβ for all n ≥ 1; (see [66]).

Proof. We processed the proof with following four steps:

Step 1 First, we will prove that the sequence {xn} is bounded.

Let v ∈ F and let un = Trnyn and yn = Frnxn. Then, from Lemmas 2.6.18 and 2.6.20

that

‖un − v‖ = ‖Trnyn − Trnv‖ ≤ ‖yn − v‖ = ‖Frnxn − Frnv‖ ≤ ‖xn − v‖. (3.2.3)
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Moreover, from (3.2.1) and (3.2.2), we compute

‖xn+1 − v‖ = ‖αn(γ(f(xn)−Bv)) + δn(xn − v) + [(1− δn)I − αnB]Trn − v‖

≤ αn‖γf(xn)−Bv)‖+ δn‖xn − v‖+ ‖(1− δn)I − αnB‖‖Trn − v‖

≤ αnβγ‖xn − v‖+ αn‖γf(v)−Bv‖+ δn‖xn − v‖

+(1 + δn − αnβ)‖Trnyn − v‖

≤ αnβγ‖xn − v‖+ αn‖γf(v)−Bv‖+ δn‖xn − v‖

+(1 + δn − αnβ)‖un − v‖

≤ αnβγ‖xn − v‖+ αn‖γf(v)−Bv‖+ δn‖xn − v‖

+(1 + δn − αnβ)‖xn − v‖

= αnβγ‖xn − v‖+ αn‖γf(v)−Bv‖+ δn‖xn − v‖+ ‖xn − v‖

−δn‖xn − v‖ − αnβ‖xn − v‖

= αnβγ‖xn − v‖+ αn‖γf(v)−Bv‖+ ‖xn − v‖ − αnβ‖xn − v‖

≤ (αnβγ + 1− αnβ)‖xn − v‖+ αn‖γf(v)−Bv‖

= (1− αn(β − βγ))‖xn − v‖+ αn‖γf(v)−Bv‖

≤ max

{
‖xn − v‖,

‖γf(v)−Bv‖
β − βγ

}
, ∀n ≥ 1.

Therefore, by the simple introduction, we have

‖xn − v‖ = max

{
‖x1 − v‖,

‖γf(v)−Bv‖
β − βγ

}
, ∀n ≥ 1

which show that {xn} is bounded, so {yn}, {un} and {f(xn)} are bounded.

Step 2 We will show that ‖xn+1 − xn‖ → 0 and ‖un − yn‖ → 0 as n → ∞.

Notice that each Trn and Frn are firmly nonexpansive. Hence, we have

‖un+1 − un‖ = ‖Trnyn+1 − Trnyn‖ ≤ ‖yn+1 − yn‖

= ‖Frnxn+1 − Frnxn‖ ≤ ‖xn+1 − xn‖.
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From (3.2.1), we note that

‖xn+1 − xn‖ = ‖αnγf(xn) + δnxn + [(1− δn)I − αnB]Trnyn

−αn−1γf(xn−1)− δn−1xn−1 − [(1− δn−1)I − αn−1B]Trnyn−1‖

= ‖αnγf(xn) + δnxn + (I − δn − αnB)un

−αn−1γf(xn−1)− δn−1xn−1 − (I − δn−1 − αn−1B)un−1‖

≤ ‖αnγf(xn)− αnγf(xn−1) + αnγf(xn−1)

+δnxn − δn−1xn−1 − αn−1γf(xn−1) + (I − δn − αnB)un

−(I − δn − αnB)un−1 + (I − δn − αnB)un−1

−(I − δn−1 − αn−1B)un−1‖

≤ ‖αnγf(xn)− αnγf(xn−1)‖+ ‖αnγf(xn−1)

−αn−1γf(xn−1)‖+ ‖δnxn − δn−1xn−1‖

+‖(I − δn − αnB)un − (I − δn − αnB)un−1‖

+‖(I − δn − αnB)un−1 − (I − δn−1 − αn−1B)un−1‖

= αnγ‖f(xn)− f(xn−1)‖+ |αn − αn−1|‖γf(xn−1)‖

+δnxn − δn−1xn−1 + δnxn−1 − δnxn−1

+(I − δn − αnB)‖un − un−1‖

+‖(I − δn − αnB − I + δn−1 + αn−1B)un−1‖
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= αnγβ‖xn − xn−1‖+ |αn − αn−1|γ‖f(xn−1)‖ (3.2.4)

+δn‖xn − xn−1‖+ |δn − δn−1|‖xn−1‖

+|I − δn − αnB|‖un − un−1‖

+|δn−1 − δn + αn−1B + αnB|‖un−1‖

≤ αnγβ‖xn − xn−1‖+ |αn − αn−1|γ‖f(xn−1)‖

+δn‖xn − xn−1‖+ |δn − δn−1|‖xn−1‖

+|I − δn − αnB|‖xn − xn−1‖

+|δn−1 − δn|‖un−1‖+ |αn−1B + αnB|‖un−1‖

≤ αnγβ‖xn − xn−1‖+ |αn − αn−1|γ‖f(xn−1)‖

+δn‖xn − xn−1‖+ |δn − δn−1|‖xn−1‖

+|I − δn − αnB|‖xn − xn−1‖+ |δn−1 − δn|‖xn−1‖

−|αn−1 − αn|B‖xn−1‖

≤ αnγβ‖xn − xn−1‖+ |αn − αn−1|γ‖f(xn−1)‖

+δn‖xn − xn−1‖+ |I − δn − αnB|‖xn − xn−1‖ − |αn−1 − αn|B‖xn−1‖ (3.2.5)

≤ αnγβ‖xn − xn−1‖+ |αn − αn−1|γ‖f(xn−1)‖+ |δn + I − δn

−αnB|‖xn − xn−1‖ − |αn−1 − αn|B‖xn−1‖

≤ αnγβ‖xn − xn−1‖+ |αn − αn−1|γ‖f(xn−1)‖

+|I − αnB|‖xn − xn−1‖ − |αn − αn−1|B‖xn−1‖

≤ αnγβ‖xn − xn−1‖+ |αn − αn−1|‖γf(xn−1)−Bxn−1‖+ |I − αnB|‖xn − xn−1‖

≤ αnγβ‖xn − xn−1‖+ |αn − αn−1|‖γf(xn−1)−Bxn−1‖+ |I − αnB|‖yn − yn−1‖

≤ αnγβ‖xn − xn−1‖+ |αn − αn−1|K + |I − αnB|‖yn − yn−1‖,

where K = ‖γf(xn−1)−Bxn−1‖ = 2 sup{‖f(xn)‖+ ‖un‖ : n ∈ N}.

Moreover, since yn = Frnxn and yn+1 = Frn+1xn+1, we get

〈y − yn, Ayn〉+
1

rn
〈y − yn, yn − xn〉 ≥ 0, ∀y ∈ C (3.2.6)

and

〈y − yn+1, Ayn+1〉+
1

rn+1

〈y − yn+1, yn+1 − xn+1〉 ≥ 0, ∀y ∈ C. (3.2.7)
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Putting y = yn+1 in (3.2.6) and y = yn in (3.2.7), we obtain

〈yn+1 − yn, Ayn〉+
1

rn
〈yn+1 − yn, yn − xn〉 ≥ 0 (3.2.8)

and

〈yn − yn+1, Ayn+1〉+
1

rn+1

〈yn − yn+1, yn+1 − xn+1〉 ≥ 0. (3.2.9)

Adding (3.2.8) and (3.2.9), we have

〈yn+1 − yn, Ayn − Ayn+1〉+

〈
yn+1 − yn,

yn − xn
rn

− yn+1 − xn+1

rn+1

〉
≥ 0

which implies that

−〈yn+1 − yn, Ayn+1 − Ayn〉+

〈
yn+1 − yn,

yn − xn
rn

− yn+1 − xn+1

rn+1

〉
≥ 0.

Using the fact that A is monotone, we get〈
yn+1 − yn,

yn − xn
rn

− yn+1 − xn+1

rn+1

〉
≥ 0,

and hence 〈
yn+1 − yn, yn − yn+1 + yn+1 − yn −

rn
rn+1

(yn+1 − xn+1)

〉
≥ 0.

We observe that

‖yn+1 − yn‖2

≤
〈
yn+1 − yn, xn+1 − xn(1− rn

rn+1

)(yn+1 − xn+1)

〉
≤ ‖yn+1 − yn‖

{
‖xn+1 − xn‖+ |(1− rn

rn+1

)|‖(yn+1 − xn+1)‖
}
. (3.2.10)

Without loss of generality, let k be a real number such that rn > k > 0 for all n ∈ N.

Then, we have

‖yn+1 − yn‖ ≤ ‖xn+1 − xn‖+
1

rn+1

|rn+1 − rn|‖yn+1 − xn+1‖

≤ ‖xn+1 − xn‖+
1

k
|rn+1 − rn|M, (3.2.11)

where M = sup{‖yn − xn‖ : n ∈ N}. Furthermore, from (3.2.4) and (3.2.11),

we have

‖xn+1 − xn‖ ≤ αnγβ‖xn − xn−1‖+ ‖αn − αn−1‖K + (1− αn)(‖xn − xn−1‖

+
1

k
|rn − ri−1|M)

= (1− αn + αnγβ)‖xn − xn−1‖+ |αn − αn−1|K +
1

k
|rn − rn−1|M

= (1− αn(1− γβ))‖xn − xn−1‖+K|αn − αn−1|+
M

k
|rn − rn−1|.
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Using Lemma 2.1.23, and by the conditions (C1) and (C3), we have

lim
n→∞

‖xn+1 − xn‖ = 0.

Consequently, from (3.2.11), we obtain

lim
n→∞

‖yn+1 − yn‖ = 0. (3.2.12)

Since un = Trnyn and un+1 = Trn+1yn+1, we have

〈y − un, Tun〉 −
1

rn
〈y − un, (1− rn)un − yn〉 ≤ 0, ∀y ∈ C (3.2.13)

and

〈y − un+1, Tun+1〉 −
1

rn+1

〈y − un+1, (1− rn+1)un+1 − yn+1〉 ≤ 0, ∀y ∈ C. (3.2.14)

Putting y := un+1 in (3.2.13) and y := un in (3.2.14), we get

〈un+1 − un, Tun〉 −
1

rn
〈un+1 − un, (1− rn)un − yn〉 ≤ 0, (3.2.15)

and

〈un − un+1, Tun+1〉 −
1

rn+1

〈un − un+1, (1− rn+1)un+1 − yn+1〉 ≤ 0. (3.2.16)

Adding (3.2.15) and (3.2.16), we have

〈un+1−un, Tun−Tun+1〉−
〈
un+1 − un,

(1− rn)un − yn
rn

− (1− rn+1)un+1 − yn+1

rn+1

〉
≤ 0.

Using the fact that T is pseudo-contractive, we get〈
un+1 − un,

un − yn
rn

− un+1 − yn+1

rn+1

〉
≥ 0

and hence〈
un+1 − un, un − un+1 + un+1 − yn −

rn
rn+1

(un+1 − yn+1)

〉
≥ 0.

Thus, using the methods in (3.2.10) and (3.2.11), we can obtain

‖un+1 − un‖ ≤ ‖yn+1 − yn‖+
1

rn+1

|rn+1 + rn|M1, (3.2.17)

where M1 = sup{‖un−yn‖ : n ∈ N}. Therefore, from (3.2.12) and property of {rn},

we get

lim
n→∞

‖un+1 − un‖ = 0.
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Furthermore, since xn = αn−1γf(xn+1) + δn−1xn−1 + [(1− δn−1)I − αn−1B]Trnyn−1,

we have

‖xn − un‖ ≤ ‖xn − un−1‖+ ‖un−1 − un‖

= ‖αn−1γf(xn−1) + δn−1xn−1 + [(1− δn−1)I − αn−1B]Trnyn−1 − un−1‖

+‖un−1 − un‖

= αn−1γf(xn−1) + δn−1xn−1 + (I − δn−1 − αn−1B)un−1 − un−1‖

+‖un−1 − un‖

= αn−1γf(xn−1) + δn−1xn−1 + un−1 − δn−1un−1 − αn−1Bun−1 − un−1‖

+‖un−1 − un‖

≤ αn−1γf(xn−1)− αn−1Bun−1 + δn−1xn−1 − δn−1un−1‖+ ‖un−1 − un‖

≤ αn−1‖γf(xn−1)−Bun−1‖+ δn−1‖xn−1 − un−1‖+ ‖un−1 − un‖.

Thus, by (C1) and (C2), we obtain

‖xn − un‖ → 0, n→∞. (3.2.18)

For v ∈ F, using Lemma 2.6.18, we obtain

‖yn − v‖2 = ‖Frnyn − Frnv‖2

≤ 〈Frnxn − Frnv, xn − v〉

≤ 〈yn − v, xn − v〉

=
1

2
(‖yn − v‖2 + ‖xn − v‖2 − ‖xn − yn‖2)

and

‖yn − v‖2 ≤ ‖xn − v‖2 − ‖xn − yn‖2. (3.2.19)

Therefore, from (3.2.1), the convexity of ‖ · ‖2, (3.2.2) and (3.2.19), we get

‖xn+1 − v‖2 = ‖αnγf(xn) + δnxn + [(1− δn)I − αnB]Trnyn − v‖2

= ‖(1− δn)(Trnyn − v) + δn(xn − v) + αn(γf(xn)−BTrnyn)‖2

≤ ‖(1− δn)(Trnyn − v) + δn(xn − v)‖2 + 2αn〈γf(xn)−BTrnyn, xn+1 − v〉

≤ (1− δn)‖(yn − v)‖2 + δn‖(xn − v)‖2 + 2αnL
2

where L is constant such that L = sup ‖γf(xn)−BTrnyn, xn+1 − v‖ and hence

(1− δn)‖(yn − v)‖2 ≤ δn‖(xn − v)‖2 − ‖(xn+1 − v)‖2 + 2αnL
2. (3.2.20)
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So, we have ‖yn − v‖ → 0 as n→∞. Consequently, from (3.2.17) and (3.2.19), we

obtain

‖un − yn‖ ≤ ‖un − xn‖+ ‖xn − yn‖ → 0 as n→∞.

Step 3 We will show that

lim sup
n→∞

〈(γf −B)z, xn − z〉 ≤ 0. (3.2.21)

Let Q = PF, and since, Q(I−B+γf) is contraction on H into C (see also [65]:p.18)

and H is complete. Thus, by Banach Contraction Principle, then there exist a

unique element z of H such that z = Q(I −B + γf)z.

We choose subsequence {xni
} of {xn} such that

lim sup
n→∞

〈(γf −B)z, xn − z〉 = lim
n→∞
〈γfz −Bz, xni

− z〉.

Since {xni
} is bounded, there exists a sequence {xnij

} of {xni
} and y ∈ C such that

{xnij
} ⇀ y. Without loss of generality, we may assume that xni

⇀ y. Since C is

closed and convex it is weakly closed and hence y ∈ C. Since xn−yn → 0 as n→∞

we have that yni
⇀ y. Now, we show that y ∈ F Since yn = Frn , Lemma 2.6.18 and

using (3.2.6), we get

〈y − yn, Ayn〉+

〈
y − yn,

yn − xn
rn

〉
≥ 0, ∀y ∈ C, (3.2.22)

and

〈y − yni
, Ayni

〉+

〈
y − yni

,
yni
− xni

rni

〉
≥ 0, ∀y ∈ C. (3.2.23)

Set vt = tv+ (1− t)y for all t ∈ (0, 1] and v ∈ C. Consequently, we get vi ∈ C. From

(3.2.19), it follows that

〈vt − yni
〉 ≥ 〈vt − yni

, Avt〉 − 〈vt − yni
, Avt〉 −

〈
vt − yni

,
yni
− xni

rn

〉
= 〈vt − yni

, Avt − Ayni
〉 −

〈
vt − yni

,
yni
− xni

rn

〉
,

from the fact that yni
− xni

→ 0 as i → ∞ we obtain that
uni−xni

rn
→ 0 as i → ∞.

Since A is monotone, we also have that 〈vt − yni
, Avt − Ayni

〉 ≥ 0. Thus, if follows

that

0 ≤ lim
i→∞
〈vt − yni

, Avt〉 = 〈vt − w,Avt〉,
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and hence 〈v − y, Avt〉 ≥ 0, ∀v ∈ C.

If t→ 0, the continuity of A gives that

〈v − y, Ay〉 ≥ 0, ∀v ∈ C.

This implies that y ∈ V I(C,A).

Furthermore, since un = Trnyn, Lemma 2.6.18 and using (3.2.9), we get

〈y − uni
, Tuni

〉 − 1

rn
〈y − uni

, (rni
+ 1)uni

− yn+1〉 ≤ 0, ∀y ∈ C. (3.2.24)

Put zt = t(v) + (1− t)y for all t ∈ (0, 1] and v ∈ C. Then, zt ∈ C and from (3.2.20)

and pseudo-contractivity of T, we get

‖uni
− zt, T zt‖ = 〈uni

− zt, T zt〉+ 〈zt − uni
, Tui〉 −

1

rn
〈zt − uni

, (1 + rni
)uni
− yni

〉

= −〈zt − uni
, T zt〉 −

1

rni

〈zt − uni
, uni
− yni

〉 − 〈zt − uni
, uni
〉

≥ ‖zt − uni
‖2 − 1

rni

〈zt − uni
, uni
− yni

〉 − 〈zt − uni
, uni
〉

= −〈zt − uni
, zt〉 −

〈
zt − uni

,
uni
− yni

rni

〉
.

Thus, since un − yn → 0, as n→∞ we obtain that
uni−yni

rni
→ 0 as i→∞.

Therefore, as i→∞, it follows that

〈y − zt, T zt〉 ≥ 〈y − zt, zt〉

and hence

−〈v − y, Tzt〉 ≥ −〈v − y, zt〉, ∀v ∈ C.

Taking t→ 0 and since T is continuous we obtain

−〈v − y, Ty〉 ≥ −〈v − y, y〉, ∀v ∈ C.

Now, we get v = Ty. Then we obtain that y = Ty and hence y ∈ F (T ). Therefore,

y ∈ F (T ) ∩ V I(C,A) and since z = PF(I −B + γf)z, Lemma 2.6.16 implies that

lim sup
n→∞

〈(γf −B)z, xn − z〉 = lim
i→∞
〈(I −B + γf)z − z, xni

− z〉

= 〈(γf −B)z, y − z〉 ≤ 0. (3.2.25)

Step 4 Finally, we will show that xn → z as n→∞, where z = PF(I −B + rf)z.
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From (3.2.1) and (3.2.2) we observe that

‖xn+1 − z‖2 = 〈αnγf(xn) + δnxn + [(1− δn)I − αnB]Trnyn − z, xn+1 − z〉

= αn〈γf(xn)−Bz, xn+1 − z〉+ δn〈xn − z, xn+1 − z〉

+〈[(1− δn)I − αnB](Trn − z), xn+1 − z〉

≤ αnγ〈f(xn)− f(z), xn+1 − z〉+ αn〈γf(z)−Bz, xn+1 − z〉

+δn‖xn − z‖‖xn+1 − z‖+ (1− δn − αnβ)‖zn − z‖‖xn+1 − z‖

≤ αnγK‖xn − z‖‖xn+1 − z‖+ αn〈γf(z)−Bz, xn+1 − z〉

+δn‖xn − z‖‖xn+1 − z‖+ (1− δn − αnβ)‖zn − z‖‖xn+1 − z‖

= αnγK‖xn − z‖‖xn+1 − z‖+ αn〈γf(z)−Bz, xn+1 − z〉

+(1− αnβ)‖xn − z‖‖xn+1 − z‖

≤ γk

2
αn(‖xn − z‖2 + ‖xn+1 − z‖2) + αn〈γf(z)−Bz, xn+1 − z〉

+(1− αnβ)(‖xn − z‖‖xn+1 − z‖)

≤ γk

2
αn(‖xn − z‖2 + ‖xn+1 − z‖2) + αn〈γf(z)−Bz, xn+1 − z〉

+
(1− αnβ)

2
(‖xn − z‖2 + ‖xn+1 − z‖2)

≤ 1− αn(β − kγ)

2
‖xn − z‖2 +

1

2
‖xn+1 − z‖2

+αn〈γf(x)−Bz, xn+1 − z〉,

which implies that

‖xn+1 + z‖2 ≤ [1− αn(β − kγ)]‖xn − z‖2 + 2αn〈γf(z)−Bz, xn+1 − z〉.

By the condition (C1 ), (3.2.25) and using Lemma 2.1.23, we see that

limn→∞ ‖xn − z‖ = 0. This complete the proof.


