CHAPTER 3 ITERATIVE ALGORITHMS FOR FIXED
POINT PROBLEMS AND VARIATIONAL INEQUALITY
PROBLEMS

In this section, we show a strong convergence theorem for finding the least norm
of fixed points for strict pseudo mappings, a common element of the set of fixed

points and the solution set of variational inequality in Hilbert spaces.

3.1 [An Algorithm for Minimum-Norm of Fixed Point for

Nonexpansive Mappings]

Theorem 3.1.1. Let C be a closed convex of a real Hilbert space H. Let S : C' — C
be a nonexpansive mapping. Let A be an a-inverse strongly monotone and 2 :=

F(S)NVI(C,A) # 0. Assume that a sequence {a,} C (0,1) satisfies the conditions:
(i) lim,_ o oy = 0
(i1) X2 hay, = +00.
Then the sequence {x,} generated by the following algorithm
Tpt1 = (1 —ap)[ASPe(I — ANA)z, + (1 — Ny, (3.1.1)

converges strongly to a fixed point of S which is a minimal norm and the unique

solution of the variational inequality:
e Q (x*x—1x") > 0,Vr € Q.

Proof First, we prove that the sequence {x,} is bounded. Let ¢ € Q. By (3.1.1),

we have
[Zn1 =gl = (1= an)ASPe(l = AA)w, + (1 = N)zn] — 4
< A = )X = A)(@n = @) + MSPe(I = M)z — q)] — and]
< 1 = a)[(T = M[(@n = Ol + All(zn — )] = [l
< (I=an)llzn —all + el
< max{[|z, — gl [lqll}-



By induction, it follows that

[ — gl < max{|zo —ql], llqll},
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for all n > 0. Then {x,} is bounded. Therefore, {SPc(I — AA)x,} is also bounded.

(1—an)ASPc(I—AA)zy,

Let yn = an+(170¢n)/\

, then the iterative sequence (3.1.1) is equivalent to

Tpi1 = (@n + (1 — ) N)yn + (1 — a — (1 — ap) N . (3.1.2)

Since lim,, o0 (n + (1 — @) A) = A, then

(1 — an)ASPc(I — M)z,
lon —all = ay, + (1 —ap)A _qH
_ (1 = a, )ASPc(I — NA)zx, — (o, + (1 — an))\)qH
an + (1 —ap)A
_ (1 — ap)ASPc(I — NA)z, — ang — (1 — ozn))\qH
ay, + (1 —ap)A
(1 — an)Allzn — gl — anllq]l
- an+ (1 —ap)A
an, ay,
— sl - el

< max{|z, —ql,lqll}-

Thus, {y,} is bounded. Hence by nonexpansiveness of S and Py, we have

[Ynt1 = ynll = lznsr — 20|
_ H (1 — s )\SPC(] M)z (1= an)ASPo(l = AA)x, || o
api1 + (1 — apgr)A an + (1 —ap)A il
(1 an+1))\
< SPo(I — MNA)xp1 — SPo(I — NA)x,
< TSPl = M) = SPell = Ad)a|
(1 — apyr)A (1 —an)A ‘
+ - SPo(I — MNA)zx,
i1+ (L= ani)A o+ (1 —an)A 1570 )|
(1 B an—l—l))\
< STpi1 — ST,
T o+ (1= ozn+1)/\|| i |
(1 — api1)A (1 —an)A
- SPo(I — MNA)zx,
a1+ (1 —api)N a,+ (1 — n))\‘H ol ol
—[lznsr — zall
1—piq)A
< (e )Hwnﬂ —al

np1 + (1 — apg1)A
(1 —apr1)A B (1-— ‘|
Upi1 + (1 - an+1))‘ O + ( )\

1SPo(I — A)a,||.

_an
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From {z,} and {SP-(I — AA)z,} are bounded sequences and lim,,_,, v, = 0, then

lim sup(||ynr1 — Ynll — |01 — zal]) <0.

n—o0
By Lemma 2.6.15, we obtain that lim,_, ||yn — || = 0. Therefore,
li_>m |Zns1 — xnll = li_>m (o + (1 — an) ) ||yn — x| = 0. (3.1.3)
On the other hand, we consider

|70 — SPo(I = AA)z,|| < |2n — 2ppal| + (201 — SPo(I — AA)z,||
= H'I'n - anrl” + H(l - an)()‘SPC(I — M)z, + (1 — A)wy,)
—SPo(I — NA)z,||

IN

[z = Zniall + (1= an) (1 = Mlwn — SPo(I = AA) |

tom||SP( — M)y,

It follows that

1
T —a)0 =N
1

T 1 —an)(l— )\)Oén”SPc(—’ — M)z, — 0 as n — oo.

|z — SPo(I — NA)z,|| <

|xn - xn-&-lH

Next, we prove that limsup,,_,. (z* — x,, z*) < 0.
Since {x,} is bounded. Then, we can take a subsequence {z,,} of {z,} such
that

limsup(z* — x,,z") = lim (z* — x,,, ).
n—o0 100

Again, since {z,} is bounded, without loss of generality, we may assume that

z,, — . Consequently,

7

lim sup(z* — 2, 2*) = (¢* — ', z*) < 0.
n—oo

Notice that lim,, . |2, — SPc(I — AA)z,|| = 0. By the demiclosedness principle
of nonexpansive mapping S, we have z' € Fiz(S). Since 2* = Ppiy(s)(0). It follows
from the properties of projection operator that

lim sup(z* — z,,z*) = (x* — 2’ 2*) < 0. (3.1.4)

n—oo
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By (3.1.1), we have
lne1 = (L= an)al|* = [l[(1 = ) ASPe(I = AA)zni1 + (1= N)za] — (1 = a)2”||*

= ||(1 = ap)[ASPo(I — AA)x, + (1 — N)a,] — 2*|?
(1 — ) [ASPexy, — (1 — Nay] — (1 — X+ X)z*|]?

< (1= an)lIA(Szn = 27) + (1 = A)(@n — )|
< (= an)llA@n = 27) + (1= A)(za — )|
< (1 —ap)||z, — | (3.1.5)
Observe that
lZne1 — (L= an)a[* = |l2nss — 27| = 200 (2", 201 — 27) + ag||27||*
> lzne1 — 2°]* — 200 (Tpy1 — 2, 2%). (3.1.6)

Therefore by (3.1.5) and (3.1.6), we get
|Zne1 — 2*[]? < (1 — a)||zn — 2¥]|* + 200 (21 — 2%, 27). (3.1.7)

By the condition of (i) and the inequality (3.1.4), we can apply Lemma (2.1.23)
to (3.1.7) and conclude that {z,} converges strongly to z* as n — oo that is, the

minimum - norm fixed point of S. This completes the proof. O]

3.2 An Algorithm for Variational Inequalities and Fixed
Point for Pseudo-Contractive Mappings

Theorem 3.2.1. Let C' be a nonempty closed and convex subset of a real Hilbert
space H. Let T : C'— C be a continuous pseudo-contractive mapping and A : C' —
H be a continuous monotone mapping such that § := F(T)NVI(C,A) # 0. For
x € H, define T,, and F,, as follows:

1
Trx = {ZGC:(y—z,Tz>—|—;<y—z,(1+7")z—x)§O, Vy € C}

and

1
Frw::{zEC:(y—z,Az>+;(y—z,z—x>20, Yy € C}.
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Let f be a contraction of H into itself with a contraction constant 5 and let B :
H — H be a strongly positive linear bounded self-adjoint operator with coefficients
B >0 and let {x,} be a sequence generated by x, € C' and

Yn = Frnxn
(3.2.1)

xn-‘rl = an’yf(xn) + 5n$n + [(1 - 5n)I - anB]Trnyn7

where {a, }, {0,} C [0,1] and {r,} C (0,00) such that

(C1) limy, ooy = 0, > vy = 00;
n=1

(C2) limy, 00 8, = 0, > [0py1 — 0p| < 00;
n=1

(C3) liminf, oo 1y >0, > |11 — | < 00.
n=1

Then, the sequence {x,} converges strongly to z € §, which is the unique solution

of the variational inequality:
(B=~f)z,xt—2) >0, Vxeg. (3.2.2)

Equivalently, z = Py(I — B + ~f)z, which is the optimality condition for the mini-
maization problem

1
min §<Az, z) — h(z),

zeC

where h is a potential function for v f (i.e.,h'(z) =~f(z) for z € H).

Remark (1) The variational inequality ( 3.2.2 ) has the unique solution; (see
62]).
(2) It follows from condition (C1) that (1 —9,)I — «, B is positive and ||(1 —4,)] —
anB|| < T —6, — a,f for all n. > 1; (see [66]).

Proof. We processed the proof with following four steps:

Step 1 First, we will prove that the sequence {x,} is bounded.
Let v € § and let u,, = T}. vy, and y,, = F,. x,. Then, from Lemmas 2.6.18 and 2.6.20
that

[un = vll = 1Ty = Ty oll < Hlyn = ol = (|1 By en — Er0ll < g — ol (3.2.3)
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Moreover, from (3.2.1) and (3.2.2), we compute

|Tns1 — | = |an(y(f(zn) — Bv)) + 0n(xy —v) + [(1 — 6,)] — a,, B|T,, — ||
< apllvf(zn) = Bo)| + onllzn — vl + (1 = 6u)I — cn BI|[|T;,, — 0|
< anfy||@n — vl + anllvf(v) — Bl + dullzn — vl
+(1+ 00 — anB) | Ty — vl
< anfyllen — vl + anllyf(v) = Bol| + onlln —v|
+(1 4 6p — ) ||t — ||
< anf||@n — vl + anllvf(v) = Bl + dullzn — vl

+(1+ 0, — anfB) ||z, — v
= anfByllzn — vll + anllvf(v) = Bol| + 0nllzn — vl + [J2n — o]
—Oullen — vl = anBllzn — v
= anByllzn — vl + el f () = Boll + ||z — vl = anBllzn — ]|
< (anBy +1 = anfB)llan — vl + eyl f(v) — B
= (1 — (B = B7))llzn — vll + anllvf(v) — Bo
] |7/ (v) — B

max{||xn—v| T}, Vn > 1.
- P

Therefore, by the simple introduction, we have

REOES U

IN

B =B
which show that {z,} is bounded, so {y,}, {u,} and {f(z,)} are bounded.

|z, — || = max{“xl — v

Step 2 We will show that [z,11 — 2,/ — 0 and [lu, — yul| — 0 as n — oo.

Notice that each 7). and F,, are firmly nonexpansive. Hence, we have

||un+1 - un” = HTrnyn-i-l - TrnynH < ”yn—i—l - ynH

= |Fr@ns1 — Frozal < (201 — 2a)-



From (3.2.1), we note that

a1 =zl = Nowyf(@a) + 6nwn + [(1 = 6a)] — anBIT;, yn
—n 1V f(Tn1) = Sp1Tn1 — [(1 = 0p 1) — an 1 BTy, Y1
= |lawyf(@n) + 0ntn + (I — 65 — i B)us,

_Oénflfyf(xnfl) - 5n71xn71 - ([ - (Snfl - anle)unflu

< ey f(zn) — anyf(@n-1) + anyf(@n-1)
+0nxy — Op1Tn_1 — Oy 1Y f (1) + (I = 6, — @, B)uy,
—(I = 0p — ayB)up1 + (I — 6, — ayB)uy_q
—(I = 0p—1 — Qp_1B)uy ||

< lewyf(@n) — anyf(@n-1)ll + llanyf(2n-1)

=17 f(@n-1) || + 10020 — On—12n-1]|

+[(I =6, — anB)u, — (I = 6, — a,B)u,_1]|

+[(I =6, — anB)uy_1 — (I — 61 — @y 1By ||
= |l (@n) = flzn)|l + lom — analll7f (zn-)|

+0nTy, — Op_1Tp_1 + OpTp_1 — OpTp_1

+(I =6, — a,B)||uy, — uy 1|

+H<[ - 5n - anB —1I + 51171 + anle)unflu

35
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anYB||#n — Tl + |om — ana V][ f (@n-1) | (3.2.4)
Fonllzn — ol + 100 — On1ll|zn1]]

+I — 0p, — Bl — tp_1||

+[0n—1 — 0p + @y_1B + a, B ||t 1|

anYBl|wn — Tl + |om — ana Y] f(@n-1) |

Fonllzn — ol + 100 — Onsll|zn-l]

+|I =6, — anB|||xn — xpa|

F10n—1 = Onll[tn-1l + [on-1B + o B[ tn—1]]

anYBl|wn — Tl + |om — ana Y[ f(@n-1) |

Fonllzn — ol + 100 — Onalllzn]]

+[I = 0n — o Bl|[xn — 2nal] 4 [0n—1 — On[|2n -1 ]

—lon—1 — an| Bz ||

anYBlzn = Tn-all + lom — a7y f (@n-1)]]

+onllTn — o1l + [T — 6 — anBl||xn — Tp1]| — a1 — | Bl|zn_1]] (3.2.5)
anYBzn = 2pall + lon — ana Y f(@a-1) || + 160 + 1 = dn

—on Bl|[zn — 2n1 || = [an—1 — an|Bl|zn-]|

anYBlzn = zp-all + lom — a7y f (@n-1)]]

+I — anBll|lzn — 2l = lom — an|Bllzn||

By — Tpoill + lan — anall|vf (@n—1) — Brpoal| + [I — anBl||2 — 25—1]]
anYBl|wn — Tl + |om — anall|[vf (@n-1) — Baaall + [ — onBl|[yn — Yol

an76||xn - l‘n—IH + |an - OZn—lllf + |] - anB|||yn - yn—IH)

where K = [|7f(2n-1) = Bnall = 2sup{[|lf (zn)[| + lun]| : n € N}.

Moreover, since y, = F,,x, and y,41 = F. ,, Tpy1, We get

and

1
(Y = Yns Aya) + (Y = Yo, Yo — 20) 20, Vy € C (3.2.6)

n

<y = Yn+1, Ayn—i-l) + <y — Yn+1,Ynt1 — xn+1> >0, vyeC. (3‘2‘7)

Tn+1
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Putting ¥y = y,41 in (3.2.6) and y = y,, in (3.2.7), we obtain
1

n

and

<yn — Yn+1, Ayn+1> + <yn — Yn+1,Yn+1 — Q7n+1> Z 0. (329)

T'n+1

Adding (3.2.8) and (3.2.9), we have

>0

Yn — Tp _ Yn4+1 — xn+1>

(Yn+1 — Yns AYn — AYn1) + <yn+1 — Uns
Tn Tn—l—l

which implies that

Yn — Tp . Yn+1 — xn+1> Z 0.

_<yn+1 — Yn, Ayn—H - Ayn> + <yn+1 — Yn,
Tn rn+1

Using the fact that A is monotone, we get

n — Tn n — Tn
<yn+1 — Yn, Y - Ynil +1> 2 07

Tn rn—i—l
and hence
Tn
Yor1 = YnsYn = Yot T Ynrr — Yo — - 1 (Ynt1 — Tny1) ) >0,
n+

We observe that

Hyn+1 _ynH2
Tn

) (Ynt1 — 35n+1)>

S <yn+1 — Yny Tp+1 — xn(l -
Tn+1

T'n

M Y1 — xnﬂ)u} . (3.2.10)

Without loss of generality, let k be a real number such that r,, > k > 0 for alln € N.

< s = sl { s =l + 101 -

n+1

Then, we have

1
[Wni1 = Unll < Zns1 — Zoll + —— g1 — Tl lYns1 — Znia ]
T'n4+1
1
S Hxn—H - xn” + %’rn—f—l - Tﬂ'M’ (3211)

where M = sup{||yn — @,|| : » € N}. Furthermore, from (3.2.4) and (3.2.11),

we have

[2ni1 = znll < anyBllen —znall + llan — on [ K+ (1 = an)([lan — 2n]
1
—|—%‘7“n — TiflyM)
1
= (]- —ap + an/}/ﬁ)”xn - mn—l” + |an - an—1|K + E|Tn - rn—1|M

M
= (1=l =yB)llwn — znall + Klan — ana| + ?|7’n — Tl
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Using Lemma 2.1.23, and by the conditions (C1) and (C3), we have
lim ||zp41 — 2, = 0.
n—oo
Consequently, from (3.2.11), we obtain
Since u,, = T,y and up11 = T}, Yny1, We have
1
(Y — tp, Tup) — —(y — tp, (L = 1p)up —yn) <0, Vyel (3.2.13)

Tn

and

<y — Un+1, Tun+1> - <y — Up+1, (1 - rn-i-l)un—i-l - yn+1> < 07 Vy eC. (3'2'14>

Tn—i—l
Putting y := u,, 11 in (3.2.13) and y := u,, in (3.2.14), we get

1
(Ung1 — Up, TUp) — —(Upg1 — Up, (1 — 1)Uy — yn) <0, (3.2.15)
r

n

and

<un — Un+1, Tun—l—l) - <un — Unt1, (1 - Tn—&—l)“n—&—l - yn+1> S 0. (3216>

7“n—f—l

Adding (3.2.15) and (3.2.16), we have

<0.

(1 B Tn)un — Yn B (1 - Tn—i-l)un—l-l - yn+1>

<un+1_un7 Tun_Tun+1>_<un+1 — Unp,
Tn Tn+1

Using the fact that T is pseudo-contractive, we get

Up — (7 —
<Un+1 —u,, n Yn N n+1 yn+1> >0

T'n T'n41
and hence
Tn
Up+1 — Un, Un — Up+1 + Up+1 — Yn — r (unJrl - yn+1> 2 0
n+1

Thus, using the methods in (3.2.10) and (3.2.11), we can obtain
1

Tn+1

ltnss = tall < Wt = yall + ——[rass + ral M, (3.2.17)

where M; = sup{||u, —y»| : n € N}. Therefore, from (3.2.12) and property of {r,},
we get

lim ||up1 — un|| = 0.
n—oo
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Furthermore, since =, = o177 f(Tni1) + Op—12n_1 + [(1 = 0p—1)I — au_1 B|T}, Y1,
we have
[2n —unll < flzn = v ll + [Jtn—1 — ]
= |lan17f(xn-1) + On1@p—1 + [(1 = 6p—1)I — an1 B]T,, Y1 — up—1]|
Httn—1 — un|
= a1V (@n1) F 01T+ (I =61 — a1 B)up_1 — ty1||
+|tn—1 — ]
= Q1Y (1) + 0no1Zp—1 + Un—1 — Oportn—1 — Qo1 By — Uy |

+||un—1 _un“

IA

Oén—lfyf(xn—l) - an—lBun—l + 6n—1$n—1 - 5n—1un—1H + Hun—l — un”

S Oén,1|h/f($n,1> - Bun,1H + (Snlemnfl - unle + Hunfl — unH
Thus, by (C1) and (C2), we obtain
|zn — un|| = 0,n — 0. (3.2.18)

For v € §, using Lemma 2.6.18, we obtain

lyn =0l = |Eyn — Frooll?
< (F, x,—F, v,x, —v)
< (yp —v,x, — V)
= %(Hyn =0l + [l = v]* = [lan = yall*)
and
1y = vl1* < llzn = 0l = 2w — yall*. (3.2.19)

Therefore, from (3.2.1), the convexity of || - [|?, (3.2.2) and (3.2.19), we get

Hanrl - UH2 = |‘an7f(xn> + 6113771 + [(1 - 5n)[ - anB]Trnyn - U”Z
= (1 = 0)(Th,yn — v) + Sl — v) + o (vf (20) — BTy, ym) ||
< |1 =6)(Tr,yn — v) + 0p (), — U)||2 + 20, (vf(xn) — BT}, Yn, Tni1 — V)

< (=0l — O)I* + 0ull (20 — 0)II* + 200, L?

where L is constant such that L = sup ||vf(x,) — BT}, Yn, Tni1 — v|| and hence

(1 =61y — )1 < 0ull(@n — O)I* = (@41 — 0)II* + 20, L7, (3.2.20)
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So, we have ||y, —v|| = 0 as n — oo. Consequently, from (3.2.17) and (3.2.19), we
obtain

1t — Ynll < |t — 2n|| + |20 — ynl| — 0 as n — oo.

Step 3 We will show that

limsup((vf — B)z,x, — z) <0. (3.2.21)

n—00

Let @ = Ps, and since, Q(I — B+ f) is contraction on H into C' (see also [65]:p.18)
and H is complete. Thus, by Banach Contraction Principle, then there exist a
unique element z of H such that z = Q(I — B+ vf)=.

We choose subsequence {z,,} of {z,} such that

limsup((yf — B)z,x, — 2) = lim (yfz — Bz, z,, — 2).

n—o00 n—oo

Since {xy, } is bounded, there exists a sequence {x,,;} of {z,,} and y € C such that
{2y} — y. Without loss of generality, we may assume that z,, — y. Since C' is
closed and convex it is weakly closed and hence y € C'. Since z,, —y,, — 0 as n — 0o
we have that y,,, — y. Now, we show that y € § Since y,, = F}. , Lemma 2.6.18 and
using (3.2.6), we get

(Y = Yn, Ayn) + <y — y, 22 T_ x"> >0, VyeC, (3.2.22)

and
Yn; — T,
(Y = Ynis AYn,) + <y — Ynss T—> >0, VyeC. (3.2.23)

Set v; =tv+ (1 —t)y for all t € (0,1] and v € C. Consequently, we get v; € C. From
(3.2.19), it follows that

g - xni
<vt - 3/m> > <Ut - ynz‘?AUt) o <Ut = Yn;» Avt> - <Ut — Yny» yr—>

ni; — Tn;
= (Ut — Yn,, Avy — Ayp,) — <Ut_ym-7—y >
T'fl

727”1

from the fact that y,, — z,, — 0 as © = oo we obtain that U"T — 0 as i — 00.
Since A is monotone, we also have that (v, — y,,, Av; — Ay,,) > 0. Thus, if follows
that

0 < lim (vy — Yy, Avy) = (vp — w, Avy),

1—00
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and hence (v —y, Av,) >0, Yv e C.
If £ — 0, the continuity of A gives that

(v—y,Ay) >0, Yvecl.

This implies that y € VI(C, A).
Furthermore, since u,, = T, y,, Lemma 2.6.18 and using (3.2.9), we get

1
(Y — tn,, T, ) — —(y — Uny, (T, + D), — Ynt1) <0, VyeC. (3.2.24)

n

Put z; =t(v) + (1 —t)y for all t € (0,1] and v € C. Then, z € C and from (3.2.20)

and pseudo-contractivity of T, we get

Hunz - ZthZtH = <unz - Zt7TZt> + <Zt = Uny, Tul) - 7’_<Zt — Un,;, (1 + Tni)uni - yni>
1

= —<Zt - um,th) - T—<Zt — Up;, Up, — yni> - <Zt - Um-aun)

g

1
2 ||Zt - unzHZ - T_<Zt = Unp,;, Up; — ym) - <Zt - uni’uni>

g

= o= z) = (2=, =)
ng

Thus, since u,, — y, — 0, as n — oo we obtain that w — 0 as 7 — oo.

g

Therefore, as i — oo, it follows that

(y — Zt, T2t> > (y — Z, Zt)

and hence

—(v—y,Tz) > —(v—y,2z), YveCl.
Taking ¢ — 0 and since T is continuous we obtain
—(v—9y,Ty) > —(v—y,y), YveC.

Now, we get v = T'y. Then we obtain that y = T’y and hence y € F(T). Therefore,
ye F(T)NVI(C,A) and since z = P5(I — B+ vf)z, Lemma 2.6.16 implies that

limsup((vf — B)z,z, —2) = lm(({ —B+~vf)z— 2z, 2, — 2)

n—o0

= ((vWf=B)zy—2) <0. (3.2.25)

Step 4 Finally, we will show that z,, — z as n — oo, where z = Pz(I — B +1f)z.



From (3.2.1) and (3.2.2) we observe that

|Zni1 — 21 = (@Y f(xn) + 0nn + [(1 = 82)] — BT, yn — 2, Tny1 — 2)
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which implies that
n1 + 21* < [1 = an(B = ENllzn = 2II* + 200 (v f(2) = Bz, 211 — 2).

By the condition (C7), (3.2.25) and using Lemma 2.1.23, we see that

lim,, o0 ||z — 2]| = 0. This complete the proof.



