CHAPTER 2 BASIC CONCEPTS AND
PRELIMINARIES

In this chapter, we give some definitions, notations, lemmas and some useful
results that will be used in the later chapters. Throughout this dissertation, we let
R be the set of all real numbers, N be the set of all natural numbers, H be a Hilbert

space.

2.1 Basic Concepts

Definition 2.1.1. [21] Let X denote any nonempty set that contains each of its
elements x and each real number «, a unique element « - x, written as ax, which is
called a scalar multiple of z. (One could also include complex numbers « as well,
but we restrict ourselves here to the real case.) Also, assume that for each two
elements x,y € X there exists a unique element x + y € X called the sum of x and
y. The system (X, -,+) is called a linear space (over R) if the following conditions
are satisfied: [Here x,y,z € X and o, f € R|]
DHe+y=y+ux;

Definition 2.1.2. [22] Let X be a nonempty set. A mapping d : X x X — R,
satisfying the following condition for all z,y and z in X:

(M1) d(z,y) =0 <=z =y;

(M2) d(z,y) = d(y, z);

(M3) d(z,y) < d(x,z)+d(z,v).



The function d assigns to each pair (z,y) of element of X a nonnegative real
number d(z,y), which does not on the order of the elements; d(z,y) is called the
distance between x and y. The set X together with a metric, denoted by (X, d),
is called a metric space. The conditions (M1)-(M3) are usually called the metric

arioms.

Definition 2.1.3. [22] Let X be a linear space over the field K (R or C). A function
| - ]| : X = R is said to be a norm on X if it satisfies the following conditions:
(N1) Jla]) > 0,vz € X
(N2) flz]] =0 & 2 = 0;
(N3) flz + yll < ll=ll +llyll, v,y € X;
(N4) ||azx| = |af||z||, Vze X and Va € K.

From this norm we can define a metric, induced by the norm | - ||, by

d(z,y) = lz —yll, (z,y€X).
A linear space X equipped with the norm || - || is called a normed linear space.

Definition 2.1.4. [23] Let (X, || - ||) be a normed space.

(1) A sequence {z,,} C X is said to converge strongly in X if there exists x € X
such that nh_)rgo |z, — x|| = 0. That is, if for any € > 0 there exists a positive integer
N such that ||z, — z|| < €,Vn > N. We often write 7111_)120 Zn, =T Or T, — = to mean
that x is the limit of the sequence {z,}.

(2) A sequence {x,} C X is said to be a Cauchy sequence if for any € > 0 there

exists a positive integer N such that ||z, — x,|| <€,V m,n > N. That is, {z,} is a

Cauchy sequence in X if and only if ||z, — x,| — 0 as m,n — oco.

Definition 2.1.5. [21] Sequence {z,}>°; in a normed linear space X is said to be

a bounded sequence if there exists M > 0 such that ||z, || < M,Vn € N.

Definition 2.1.6. [21] A subset C of a normed linear space X is said to be convez

subset in X if \x + (1 — ANy € C for each x,y € C and for each scalar A € [0, 1].

Definition 2.1.7. [21] The real-value function of two variables (-,-) : X x X — R
is called inner product on a real vector space X if for any z,y,2 € X and o, € R

the following conditions are satisfied:



(1) (az + By, 2) = alz, z) + 6y, 2);
(12) (z,y) = (y, x);
(I3) (x,x) > 0 for each x € X and (x,z) = 0 if and only if z = 0. A real inner

product space is a real vector space equipped with an inner product.

Definition 2.1.8. [21] A Hilbert spaces is an inner product space which is com-

plete under the norm induced by its inner product.
An inner product on X defines a norm on X given by ||z|| = \/(z, z).

Lemma 2.1.9. [23](The Schwarz inequality)

If x and y are any two vector in an inner product space X, then

[{z, )| < Nl llllyll

Lemma 2.1.10. [23] Let H be a real Hilbert space. Then the following inequalities
hold:

(@) llz + ylI* + llz — gl = 2)1=[I* + 2(ly|*,

(i) lz +ylI* < [l2]* + 2{y, = +y),

(i) [l +ylI* = [|2]* + 2y, =),

Definition 2.1.11. [21] The metric projection (or nearest point) from H onto C
is the mapping Po : H — C which assigns to each point x € C the unique point

Pex € C satistying the property
— Poz|| = inf ||z — y|| =: d(z, C).
lv = Pozl| = inf ||z —y|| =: d(z,C)

Lemma 2.1.12. [23] Let C be a closed convex subset of a real Hilbert space H.
Given x € H and y € C'. Then

(i) z=Porx <= (z—a,y—x) >0, VyeC,

(ii) [[Pox = Poyl| < llz —yll, Va,y € H,

(iii) || Pox — Poyl||? < (Pox — Poy, o —vy), Vz,y € H,

(iv) (x — Pox,y — Pox) <0, Vxe H,yeC,

(V) llz =yl = |z = Pex|® + |y — Pex|?, Vo€ H,yeC.
Definition 2.1.13. [21] A normed space (X, || - ||) is called strictly convex if for all
r,y€ X,z #y, ||z|| = |yl =1, we have [[Ax + (1 — AN)y|| < 1, VA € (0,1).



10

Definition 2.1.14. [21] A sequence {z,} in a normed spaces is said to converge
weakly to some vector x if lim, o f(x,) = f(x) holds for every continuous linear

functional f. We often write x,, — = to mean that {x,} converges weakly to x.

Lemma 2.1.15. [23] Let {x,} be a sequence of a normed space (X,| -||), z € X
and let z,, — x if and only if, for any subsequence {z,,} of {x,}, there exist a

subsequence {:Cm]} of {z,,} converging to x.

Definition 2.1.16. [23] A normed space X is called complete if every Cauchy se-

quence in X converges to an element in X.

Lemma 2.1.17. [24] Let {z,} and {y,} be bounded sequences in a Banach space
X and let {,} be a sequence in [0, 1] with 0 < liminf, . 8, < limsup,,_, . fn < 1.
Suppose Tp11 = (1 — Bn)yn + Bnzy, for all integers n > 0 and limsup,, . (||yns1 —

Unll = | Zne1 — o) < 0. Then, lim, o0 ||yn — || = 0.

Definition 2.1.18. [21] Let ' and X be linear spaces over the field K.

(1) A mapping 7" : F — X is called a linear operator if T(z +vy) = Tx + Ty and
T(ax) = aTx,Vx,y € F, and Va € K.

(2) A mapping T : F' — K is called a linear functional on F if T is a linear

operator.

Definition 2.1.19. [23] Let F' and X be normed spaces over the field K and T :
X — F alinear operator. T is said to be bounded on X if there exists a real number

M > 0 such that ||T'(z)|| < M||z|,Vx € X.

Remark 2.1.20. [23] In a Hilbert space H, weak convergence is defined by lim,,_, o0 (@, ¥)

= (z,y) for all y € H. The notation z,, — z is sometimes used to denote this kind

of convergence.
Remark 2.1.21. If z,, — z and z,, — y, then z = y.

Lemma 2.1.22. [23] Let X be an inner product space and {z,} be a bounded

sequence of H such that x,, — x. Then following inequality holds:

l|z|| < lim inf ||z,||.
n—oo
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Lemma 2.1.23. [10] Assume {a,} is a sequence of nonnegative real numbers such
that

a1 < (1 —ap)ay + 0,, n>1,

where {«,} is a sequence in (0,1) and {d, } is a sequence in R such that

(1) oniian =00
(2) limsup,, ., i—’; <0or ) 2 |0, < oo.
Then lim,,_, a,, = 0.
2.2 Basic Concepts in Hilbert Spaces

Let C' be a closed convex subset of a real Hilbert space H with inner product

and norm are denoted by (., .) and ||.||, respectively. We have the following are hold:
lz = ylI* = ll2lI* + llyll* — 2(=, ), (2.2.1)

and
I+ (1= Mgl = Al + (L= Vgl = A1 = Nz -yl (222)

for all z,y € H and A € R.

Lemma 2.2.1. [25] Let (E, (.,.)) be an inner product space. Then for all x,y,z € E
and «, 5,7 € [0,1] with o + 8 + v = 1, we have

law + By +2* = allz(* + Bllyll* +vll=)1* — eBllz —ylI* — aylle — 2[I* = By]ly — 2|

Lemma 2.2.2. [26] A Hilbert space H satisfies the Opial condition that is, for any
sequence {z,} with z, — z, the inequality liminf, , ||z, — || < liminf, . ||z, —

yl|, holds for every y € H with y # x.

Definition 2.2.3. [27] Let H be a Hilbert space and let C' be a nonempty closed
convex subset of H. Let f be a function of C' into (—o0, 0], where (—o0, 0] =

R U{occ}. Then, f is called lower semicontinuous if for any a € R, the set {z € C":
f(z) < a} is closed.
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Lemma 2.2.4. [21](Demi-closedness Principle) Assume that S is a nonexpan-
sive self-mapping of a nonempty closed convex subset C' of a real Hilbert space H.
If S has a fixed point, the I — S is demi-closed: that is, whenever {z,} is a sequence
in C' converging weakly to some = € C (for short, z,, = = € '), and the sequence
{(I = S)x,} converges strongly to some y (for short, (I — S)z, — y), it follows that
(I — S)x = y. Here I is the identity operator of H.

Lemma 2.2.5. [29] A Hilbert space H satisfies the Kadec-Klee property that is,

for any sequence {z,} with z,, — x and ||z,,|| — ||z|| together imply ||z, — z|| — 0.

2.3 The Classical of Fixed Point Theory

Definition 2.3.1. [21] Let H be a Hilbert space and let C' a nonempty bounded

convex subset of H. A mapping T : C — C' is called nonezxpansive on C' if
[Tz =Tyl < |z —yll, Vo,yeC.

Definition 2.3.2. [22] An element = € C is said to be a fized point of a mapping
T :C — C. The set of all fixed points of T"is denoted by F(T') = {zx € C : Tz = x}.

Lemma 2.3.3. [23] Let H be a Hilbert space and let C' be a nonempty bounded
closed convex subset of H. Let S be a nonexpansive mapping of C' into itself. Then,

F(T) # 0.

Definition 2.3.4. [23] Let H be a Hilbert space and let C' a nonempty bounded
convex subset of H. A mapping f : C — C is called a contraction on C' if there

exists a constant a € (0, 1) such that
(@) = FWll < allz —yll, Vo,yel.

2.4 Some Nonlinear Mappings in Hilbert Spaces

Let C' be a closed convex subset of a real Hilbert space H with inner product

and norm are denoted by (.,.) and ||.||, respectively. Let T": C' — C a nonlinear

mapping.
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Definition 2.4.1. [23] The metric projection (nearest point) Pe from a Hilbert
space H to a closed convex subset C' of H is defined as follows: given z € H, Pox

is the only point in C' with the property
|z — Pex|| = inf{[lz — y| : y € C}.

For every point « € H, there exists a unique nearest point in C, denoted by Pox,
such that

|z — Poz|| < |lz =yl forally e C.
It is well known that Pc is a nonexpansive mapping of H onto C and satisfies
(x — Pox,Pox — 2) >0, Vze(, (2.4.1)
I(z —y) = (Pex — Pey)|I* = |lv — yl|* = [|Pox — Peyl®, Vo,y€ H. (2.4.2)

Theorem 2.4.2. [22] (Banach Contraction Mapping Principle) Let (X, d) be
a complete metric space and f : X — X be a contraction. Then f has a unique

fixed point, i.e. there exists a unique z* € X such that Tx* = z*.

Definition 2.4.3. [23] A mapping S : C' — C is called strictly pseudo-contractive

if there exists a constant 0 < k < 1 such that
|Sa = Syl? < o =yl + kI (I = S)a — (I = S)ylP, Va,y € C.

Remark 2.4.4. If k£ = 0, then S is nonexpansive.
In this case, we say that S : C' — (C'is a k-strictly pseudo-contraction.

Putting B = I — S. Then, we have
I(I = B)x — (I = B)y|* < ||z — y||* + k|| Bz — By|]*>, Vz,y € C.
Observe that
I(1 = B)x — (I = B)y|* = |l= — y||* + | Be — By|* — 2{x —y, Bz — By), Va,y€C.
Hence, we obtain
1—

k
(¢ =y, Be = By) > ——| Bw - By|?, Va,yeC.

Then, B is %—inverse—strongly monotone mapping.
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Lemma 2.4.5. [30] Assume that C is a closed convex subset of Hilbert space H,
and let S : C' — C be a self-mapping of C

(i) If S is a k-strict pseudo-contraction, then S satisfies the Lipscchitz condition

1+k

— <
ISz - Syl <

le =yl Ve,yel

(i) If S is a k-strict pseudo-contraction, then the mapping I — S is demiclosed
(at 0). That is, if {z,} is a sequence in C' such that z, — Z and (I — S)z, — 0,
then(I — S)z = 0.

(iii) If S is a k-strict pseudo-contraction, then the fixed point set F(S) of S is

closed and convex so that the projection Pp(gy is well defined.

Lemma 2.4.6. [31] Let C' be a nonempty closed convex subset of a real Hilbert
space H and let S : C' — C be a k-strict pseudo-contraction mapping with a fixed
point. Then F(S) is closed and convex. Define Sy, : C'— C by Sy =k + (1 —k)Sx
for each x € C. Then Sy is nonexpansive such that F(Sy) = F(S).

Definition 2.4.7. [21] Let A be a strongly positive on H if there exists a constant
~ > 0 with the property

(Az,z) > A||z||?>, Vze€H. (2.4.3)

A typical problem is that of minimizing a quadratic function over the set of the

fixed points of a nonexpansive mapping on a real Hilbert space H:

o1
Ig}:l(%) §<A$,x> — (z,b), (2.4.4)

where A is a nonexpansive mapping and b is a given point in H.
Optimization problem (for short, OP) as the following

1
min gum, 2)+ 3 lle = ull” - h(z), (2.4.5)

zeF

where F' = N> ,C,, C1,Cy, ... are infinitely closed convex subsets of H such that
N>, C, # 0, u € H, > 01is areal number, A is a strongly positive linear bounded

operator on H and h is a potential function for vf (i.e., h'(z) = vf(z) for x € H).
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Lemma 2.4.8. [32] Let C be a nonempty closed convex subset of a real Hilbert
space H, and g : C' — R U {oo} be a proper lower-semicontinuous differentiable

convex function. If z is a solution to the minimization problem

9(2) = inf g(z),

then
<g/(:v),a; — z> >0, zeC.

In particular, if z solves problem OP, then
<u+ [V — (I + pA)]z,z - z> <0.

Lemma 2.4.9. [33] Assume A is a strongly positive linear bounded operator on a

Hilbert space H with coefficient 5 > 0 and 0 < p < ||A]|~*. Then ||I —pA|| < 1—p7.
Definition 2.4.10. [21] A mapping A of C into H is called monotone if
(Au — Av,u —v) >0, Yu,veC. (2.4.6)

Definition 2.4.11. [21] A is called a-inverse-strongly monotone if there exists a

positive real number « such that
(Au — Av,u —v) > a||Au — Av||?, Yu,v € C. (2.4.7)

Lemma 2.4.12. [21] Let A : H — H be a a-inverse-strongly monotone mapping.
If A <2a, for any A > 0 and o > 0 then [ — A A is a nonexpansive mapping from H

into itself.

Proof. Let u,v € H and A > 0,

I = Ad)u— (I =AA)w[* = |[(u—v) = MAu — Av)|?
= Jlu—v|* = 2\ u — v, Au — Av) + \?||Au — Av|?

< flu— ]2 + A — 2a)||Au — Av|]%.
]

Definition 2.4.13. [21] A mapping A : C' — C is called L-Lipschitz-continuous if

there exists a positive real number L such that

|Au — Av|| < Llju —v|, Vu,veC. (2.4.8)
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Remark 2.4.14. It is easy to see that if A is an a-inverse-strongly monotone map-

ping of C into H, then A is +-Lipschitz continuous.

Definition 2.4.15. [21] Letn:C x C — H and B : C' — H be two mappings. B

is said to be:
(1) monotone if
(2) o-strongly monotone if there exists a positive real number ¢ such that

(Bx — By,n(z,y)) > oz —y|*, Va,yeC;

(3) L-Lipschitz continuous if there exists a constant L > 0 such that

In(z,y)|| < L||lz —vyl|, Vz,yecC.

Lemma 2.4.16. [31] Let V : C' — H be a k-strict pseudo-contraction, then
(1) the fixed point set F'(V') of V is closed convex so that the projection Ppeyy is
well defined;
(2) define a mapping 7': C' — H by

Tr=trx+ (1 —t)Va, Vo e C. (2.4.9)
If t € [k, 1), then T is a nonexpansive mapping such that F'(V) = F(T).

Definition 2.4.17. [34] For the infinite family of nonexpansive mapping of T}, 15, ...

Y

we define the mapping W,, of C into itself as follows:

(

Un,nJrl = I7
Un,n - /\nTnUn,n—l—l + (1 - An)la

Un,n—l - )\n—lTn—lUn,n + (1 - >\n—1)]a

Un,k - )\kaUn7k+1 + (1 — )\k)I, (2410)

Upj—1 = M1 D1 Up g + (1 — A1) 1,

Upa = XToU, 3+ (1 — X)I,

Wn = Un1l — >\1T1Un,2 + (1 - )\1)1,
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where 17,75, ... be an infinite family of nonexpansive mappings of C' into itself and

A1, Ag, ... be real numbers such that 0 < \,, <1 for every n € N.

Lemma 2.4.18. [34] Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let T1, T3, ... be nonexpansive mappings of C' into itself such that N>, F'(7T},)
is nonempty, let 1, po, ... be real numbers such that 0 < u, < b < 1 for every n > 1.
Then,

(1) W, is nonexpansive and F'(W,,) = N, F(T;), Yn > 1;

(2) for every x € C and k € N, the limit lim,,_,o Uy, o exists;

(3) a mapping W : C' — C defined by

Wz := lim W,z = lim U, 2,Vz € C (2.4.11)

n—oQ n—oo

is a nonexpansive mapping satisfying F'(W) = N, F(T;) and it is called the W-
mapping generated by 17,75, ... and pq, po, ...

Lemma 2.4.19. [35] Let C' be a nonempty closed convex subset of a Hilbert space
H,{T;: C — C} be a countable family of nonexpansive mappings with N2, F'(T;) #
0, {u;} be a real sequence such that 0 < u; < b < 1,Vi > 1. If D is any bounded
subset of C', then

lim sup ||Wx — W,z| = 0.

n—o0 xeD
2.5 Variational Inequalities in Hilbert Spaces

Let C' be a closed convex subset of a real Hilbert space H with inner product

and norm are denoted by (.,.) and ||.||, respectively.

Definition 2.5.1. [21] Let B : C' — H be a nonlinear mapping. The variational
inequality problem is to find x € C such that

(Bx,y —z) >0, VyeC. (2.5.1)

We denote by VI(C, B) the set of solutions of the variational inequality problem,
that is,
VI(C,B)={xeC:(Bxr,y—z) >0, VyeC}. (2.5.2)
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Lemma 2.5.2. [23] Let H be Hilbert space, let C' be a nonempty closed convex
subset of H and let B be a mapping of C' into H. Let u € C. Then, for A > 0,

u e VI(C,B) <= u= Po(u— ABu),
where Pg is the metric projection of H onto C.

Lemma 2.5.3. [23] Let H be a Hilbert space and let C' be a nonempty bounded
closed convex subset of H. Let £ > 0 and let B : C' — H be &-inverse strongly
monotone. Then, VI(C, B) # 0.

Definition 2.5.4. [37] Let A,B : C — H be two mappings. We consider the
following problem for finding (z*,y*) € C' x C such that

Ny 4+ 2" —y* e —2") >0, Ve € C,

(uBx* +y* —a*,x —y*) >0, Vx € C, (2.5.3)

which is called a general system of variational inequalities where A > 0 and p > 0

are two constants. The set of solution of (2.5.3) is denoted by GVI(C, A, B).

Remark 2.5.5. If A = B, then the problem (2.5.3) is reduced into the new system

of variational inequalities for finding (x*,y*) € C' x C such that

My + 2" —y",x—2") >0, Vo € C,

(A" +y* —x*,x —y*) >0, Vo € C, (2.5.4)
which is defined by Verma [37] (see also Verma [38]).

Remark 2.5.6. If * = y*, then the problem (2.5.4) is reduced into the classical

variational inequalities for finding x* € C such that
(Az*,v—2") >0 (2.5.5)

for all v € C, which was originally introduced and studied by Stampacchia [4]. The
set of solution of (2.5.5) is denoted by VI(C, A).

Definition 2.5.7. [21] Let A: H — H be a single-valued nonlinear mapping and
M : H — 29 be a set-valued mapping. We consider the following variational

inclusion problem, which is to find a point u € H such that

0 € Au) + M(u), (2.5.6)
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where 6 is the zero vector in H. The set of solutions of problem (2.5.6) is denoted

by VI(A,M).

Remark 2.5.8. If M = 0, where C'is a nonempty closed convex subset of H and

d¢ : H — [0, 00] is the indicator function of C| i.e.,

0, xedC,
dc(x) =
+o00, x¢C.

Then the variational inclusion problem (2.5.6) is equivalent to the classical varia-

tional inequality (2.5.5).

Definition 2.5.9. [21] A set-valued mapping M : H — 2% is called monotone if
for all z,y € H, f € Mx and g € My imply (z —y, f — g) > 0.

Definition 2.5.10. [31] A monotone mapping M : H — 2% is maximal if the
graph of G(M) of M is not properly contained in the graph of any other monotone
mapping. It is known that a monotone mapping M is maximal if and only if for

(x,f)€e Hx H, (x —y, f—g) >0 for every (y,g) € G(M) implies f € Mz.

Definition 2.5.11. [39] Let the set-valued mapping M : H — 2 be a maximal

monotone. We define the resolvent operator Jys » associate with M and A as follows:
Jur(u) = (I +AM)"*(u), ueH, (2.5.7)

where A is a positive number. It is worth mentioning that the resolvent operator

Jum,» is single-valued, nonexpansive and 1-inverse strongly monotone.

Remark 2.5.12. ([41],[42]) Let A be an inverse-strongly monotone mapping of C'

into H and let Nov be the normal cone to C' at v € C, i.e.,
Nev={we H: (v—u,w)>0,YVueC}

and define
Av+ Nev, v e C,

0, v ¢ C.

Then T' is maximal monotone and 0 € Tv if and only if v € VI(C, A).

Ty =
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2.6 Equilibrium Problems

Definition 2.6.1. [40] Let F' be a bifunction of C' x C' into R, where R is the set
of real numbers. The equilibrium problem for F : C' x C' — R is to find x € C such
that

F(z,y) >0, VyeCd. (2.6.1)

The set of solutions of (2.6.1) is denoted by EP(F'), that is,

EP(F)={xe€C:F(x,y) >0, VyeC}.

Given a mapping B : C — H, let F(z,y) = (Bx,y — x) for all z,y € C. Then,
z € EP(F) if and only if (Bz,y — 2) > 0 for all y € C, i.e., z is a solution of the

variational inequality.

Let & = {Fj}rea be a family of bifunctions from C' x C' into R, where R is the
set of real numbers. The system of equilibrium problems for & = {Fj}ren is to

determine common equilibrium points for & = { F }rea such that
Fi(z,y) >0, VkeA, VyeC, (2.6.2)

where A is an arbitrary index set. The set of solutions of (2.6.2) is denoted by
SEP(S), that is,

SEP(S)={z€C:Fyz,y) >0, VYkeA, VyeC}. (2.6.3)
If A is a singleton, then the problem (2.6.2) is reduced to the problem (2.6.1).

Definition 2.6.2. [3] For solving the equilibrium problem, let us assume that the

bifunction F satisfies the following conditions:
(Al) F(z,xz) =0 for all x € C}
(A2) F is monotone, i.e., F(z,y) + F(y,z) <0 for any z,y € C;
(A3) F' is upper-hemicontinuous, i.e., for each z,y,z € C,

limsup F(tz 4+ (1 — t)x,y) < F(z,y);

t—0

(A4) F(z,-) is convex and lower semicontinuous for each z € C,



21
(A5) for each y € C,x — F(z,y) is weakly upper semicontinuous;

(B1) for each z € H and r > 0, there exist a bounded subset D, C C and
Y, € C such that for any z € C'\ D,,

F(z,y.) + ¢(y) — o(2) + %(yw —z,z—x) <0; (2.6.4)

(B2) C is a bounded set.

Definition 2.6.3. [43] Let F be a bifunction of C' x C' into R, where R is the set of
real numbers, ¥ : C' — H be a nonlinear mapping and ¢ : C' — R be a real-valued

function. The generalized mized equilibrium problem is to find x € C such that
F(x,y)+ (Vz,y —x) + o(y) —¢(x) >0, VyeC. (2.6.5)
The set of solutions of (2.6.5) is denoted by GM EP(F, ¢, V), that is
GMEP(F,p,9)={z e C: F(z,y) + (Yz,y —z) + o(y) —¢(z) >0, VyeC}.

Remark 2.6.4. [48] If ¥ = 0, then the problem (2.6.5) is reduced into the mized

equilibrium problem for finding x € C such that
F(z,y) +¢(y) > p(x),Vy € C. (2.6.6)

The set of solutions of (2.6.6) is denoted by M EP(F, ). We see that z is a solution
of problem (2.6.6) implies that € dom ¢ = {z € C|p(x) < +o0}.

Remark 2.6.5. If ¢ = 0, the problem (2.6.5) is reduced into the generalized equi-

librium problem is to find x € C such that
F(x,y) + {(pz,y —2) >0, VyeC. (2.6.7)
The set of solution of (2.6.7) is denoted by GEP(F, B), that is,
GEP(F,p) ={z € C: F(z,y) + (pz,y—xz) >0, VyeC}.

In the case of ¢ = 0, then the problem (2.6.7) is reduced to the problem (2.6.1).
In the case of F' = 0, the problem (2.6.7) is reduced to the classical variational

inequality problem (2.5.1).
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Remark 2.6.6. [48] If ¢ = 0, then the mixed equilibrium problem (2.6.6) is reduced

into the equilibrium problem (2.6.1)

Remark 2.6.7. If FF =0 and ¥ = 0, then the problem (2.6.5) is reduced into the

mainimize problem for finding x € C' such that
e(y) —p(z) =20, Vyel. (2.6.8)
The set of solutions of (2.6.8) is denoted by Argmin(yp).

Lemma 2.6.8. [30] Let C' be a nonempty closed convex subset of H and let f be
a contraction of H into itself with o € (0,1), and A be a strongly positive linear

bounded operator on H with coefficient 4 > 0. Then , for 0 < v < g,

(z=y.(A=vfz—(A=1Ny) > (- alz -yl wyeH.
That is, A — vf is strongly monotone with coefficient ¥ — a-y.

Lemma 2.6.9. [30] Assume A be a strongly positive linear bounded operator on H

with coefficient ¥ > 0 and 0 < p < ||A||~%. Then ||I — pA| <1 — p7.

Lemma 2.6.10. [45] Let C' be a closed convex subset of H. Let {z,} be a bounded
sequence in H. Assume that

(i) The weak w-limit set wy,(x,) C C,

(ii) For each z € C, lim,,_, ||z, — 2| exists. Then, {z,} is weakly convergent to

a point in C.

Lemma 2.6.11. [49] Let C be a nonempty closed convex subset of H and let F
be a bifunction of C' x C into R satisfying (A1)-(A4). Let r > 0 and = € H. Then,

there exists z € C such that

1

Lemma 2.6.12. [50] Assume that ' : C' x C' — R satisfies (A1)-(A4). For r > 0
and z € H, define a mapping T, : H — C' as follows:

1
T, () :{zEC:F(z,y)—l—;(y—z,z—x) >0,Vy € C}

for all z € H. Then, the following hold:
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(1) T, is single-valued;

(2) T, is firmly nonexpansive, i.e., for any =,y € H,

HTrx - TryH2 < <TT:U - Try,.ilﬁ - y>;
(3) F(T,) = EP(F);
(4) EP(F) is closed and convex.

Lemma 2.6.13. [55] Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let F': C' x C'— R be a bifunction mapping satisfies (A1)-(A4) and let
¢ : C — R is convex and lower semicontinuous such that C' N domp # ). Assume
that either (B1) or (B2) holds. For r > 0 and x € H, then there exists u € C' such

that

F(u,y)+<p(y)—sO(U)Jr%(y—u,u—@ > 0.

Define a mapping K, : H — C' as follows:
K, (z) = {u € C: F(u,y) + o(y) — p(u) + %(y —u,u—x)>0,Vy € C}
for all x € H. Then, the following hold:
(1) K, is single-valued;
(2) K, is firmly nonexpansive, i.e., for any z,y € H, | K,z — K,y||*> < (K, —
Ky, —y);
(3) F(K,) = MEP(F);
(4) MEP(F) is closed and convex.

Let ¢ : C — R be a real-valued function and let {F}, : C x C' — R, k =
1,2,...,N} be a finite family of equilibrium functions, i.e., Fj(u,u) = 0 for each
u € C. The system of mized equilibrium problems (for short, SMEP) for function
(F1, Fy, ..., Fy, ) which is to find z € C such that

4

Fi(z,y) +o(y) —¢(z) >0, Vyed,

Fa(z,9) +¢(y) —¢(2) 20, Yy el (2.6.9)

En(z,y) +9(y) —¢(2) >0, VyeC.
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The set of solutions of (2.6.9) is denoted by NY_, M EP(Fy, @), where M EP(Fy, ¢)
is the set of solutions of the mized equilibrium problem. If ¢ =0, and N = 1, then

the problem (2.6.9) reduces to the equilibrium problem.

Lemma 2.6.14. ([40],[53]) For solving the system of mixed equilibrium problems
(2.6.9), let us assume that function Fy : C' x C — R k = 1,2,..., N satisfies the

following conditions:
(H1) F} is monotone, i.e., Fy(z,y) + Fr(y,z) <0, Vz,y € C,
(H2) for each fixed y € C, x — Fj(z,y) is convex and upper semicontinuous;

(H3) for each z € C,y — Fy(x,y) is convex.

Lemma 2.6.15. [16] Let {x,} and {y, } be bounded sequences in a Banach space E
and let {f,} be a sequence in [0,1] with 0 < liminf 3, < limsup 5, < 1. Suppose
Tnt1 = Buyn + (1 — By)x, for all n > 0 and

limsup({lyn1 = ynll = 2041 — 2nll) <0 (2.6.10)

n—oo

Then limy, e [[yn — @al| = 0.
Lemma 2.6.16. Let C be a convex subset of a Hilbert space H. Let x € H and
xo € C. Then xyg = Pgx if and only if

(z —xp,20—2) <0, VzeC.

Lemma 2.6.17. [53] Let C' be a nonempty closed and convex subset of a real Hilbert
space H. Let A : C' — H be a continuous accretive mapping. Then, for » > 0 and

x € H, there exist z € (' such that
1
(y—2z,Az)+ —(y—z,z—x) >0, VyeC.
r
Moreover, by a similar argument of the proof of lemma 2.8 and 2.9 of [64].

Lemma 2.6.18. [53] Let C be a nonempty closed and convex subset of a real Hilbert
space H. Let A : C' — H be a continuous accretive mapping. For r > 0 and = € H,

define a mapping F, : H — C' as follows :
1
FT:E::{ZEC:(y—z,Az)—l—;(y—z,z—x) >0, VyeC}

for all z € H. Then the following hold:
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(1) F. is single - valued;
(2) F, is a firmly nonexpansive type mapping, i.e., for all z,y € H,

||Frx_Fry||2 < <Frx_Fryal’_y>§

(3) F(F) =VI(C,A);
(4) VI(C,A) is closed and convex.

Lemma 2.6.19. [53] Let C be a nonempty closed and convex subset of a real Hilbert
space H. Let T': C' — H be a continuous pseudo-contractive mappings. Then, for

r > 0 and x € H, there exist z € C' such that
1
(y—2,Tzy——(y—2z,(1+r)z—x) <0, YyeC.
r

Lemma 2.6.20. [53] Let C be a nonempty closed and convex subset of a real
Hilbert space H. Let T : C' — C be a continuous pseudo-contractive mappings. For

r >0 and x € H, define a mapping 7T, : H — C' as follows :
Tx:={zeC: (y—z,Tz>+%<y—z,(1+r)z—:c> <0, VyeC}
for all z € H. Then the following hold:
(1) T, is single - valued;
(2) T, is a firmly nonexpansive type mapping, i.e., for all z,y € H,

Tz = Toyll* < (Toa — Ty, @ — y);

(4) F(T) is closed and convex.

Lemma 2.6.21. [11] The function v € C' is a solution of the variational inequality

if and only if u € C satisfies the relation u = Po(u — ABu) for all A > 0.

Lemma 2.6.22. [62] Let M : H — 2" be a maximal monotone mapping and let
B : H — H be a monotone and Lipshitz continuous mapping. Then the mapping

L=M+ B: H — 2" is a maximal monotone mapping.
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Lemma 2.6.23. [26] Each Hilbert space H satisfies Opial’s condition, that is,
for any sequence {z,} C H with z, — z, the inequality liminf, . ||z, — x| <

liminf,, , ||z, — y||, hold for each y € H with y # x.

Lemma 2.6.24. [57] Let C be a closed convex subset of a real Hilbert space H and
let T': C' — C be a nonexpansive mapping. Then I — T is demiclosed at zero, that
is,

x, =z and ||z, — Tx,|| — 0

implies z = Tx.

Lemma 2.6.25. [56] Let C' be a nonempty closed convex subset of a strictly convex
Banach space. Let {T;};cnx be an infinite family of nonexpansive mappings of C
into itself such that NenF(T;) # 0 and let {\;} be an real sequence such that
0< )\ <b<1foreveryi€ N. Then F(W) = NienF(T;) # 0.

Lemma 2.6.26. [56] Let C' be a nonempty closed convex subset of a strictly convex
Banach space. Let {T;} be an infinite family of nonexpansive mappings of C' into
itself and let {)\;} be a real sequence such that 0 < \; < b < 1 for every ¢ € N.
Then, for every z € C and k € N, the lim,,_,. U, exist.

In view of the previous lemma, we define

Wz := lim U,z = lim W,x.

n—aoo n—aoo

Lemma 2.6.27. [57] Let H be a Hilbert space, C'is a closed convex subset of H and
T : C — C be a nonexpansive mapping with F(T') # 0. If {z,} is a sequence in C
weakly converging to z and if {(/ —T)x,} converges strongly to y, then (I —=T)z = y;
in particular, if y = 0 then x € F(T).

Lemma 2.6.28. [45] Let C' be a nonempty closed convex subset of a real Hilbert
space H. If T': C' — (' is a k-strict pseudo-contraction, then the mapping I — T
is demiclosed at 0. That is, if {z,} is a sequence in C' weakly converging to = and

{(I = T)z,} converges strongly to 0, then (I — Tz = 0.

Lemma 2.6.29. [58] Let H be a Hilbert space, C' be a closed convex subset of
H, f: C — H be a contraction with coefficient 0 < p < 1 and T : C — C be a

nonexpansive mapping. Then, for 0 < v < 7/p, for z,y € C,
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1. the mapping (I — f) is strongly monotone with coefficient (1 — p) that is
(x—y,(I=fla =~ fly) > (1 —p)llz—yl?
2. the mapping (I — T') is monotone, that is

(z—y,(I =T)x - (I -T)y) =0.

Lemma 2.6.30. [45] Let C be a closed convex subset of H. Let {x,} be a bounded

sequence in H. Assume that

(1) The weak w-limit set wy,(x,) C C.

(2) For each z € C, lim,,, ||z, — 2|| exists.
Then {z,} is weakly convergent to a point in C'.

Lemma 2.6.31. [31] Let H be a real Hilbert space, C' be a closed and convex subset
of H, and T be a k-strict pseudo-contraction mapping on C', then F(T) is closed

convex, so that the projection Pr(r) is well defined.

Lemma 2.6.32. [31] Let H be a Hilbert space, C' be a closed and convex subset
of H, and T': C'— H be a k-strict pseudo-contraction mapping. Define a mapping
V:C— HbyVe=X+(1—XNTx forall z € C. Then, as X\ € [k,1), V is a
nonexpansive mapping such that F(V') = F(T).

Lemma 2.6.33. [19] Let H be a Hilbert space and C' be a nonempty closed and

convex subset of H. Let T be a nonexpansive mapping of C' into itself such that

F(T) # 0. Then
T2 —z|? <2z —Tx,z — ), Vo' € F(T),Vx € C.

Lemma 2.6.34. [20] For solving the Ky Fan inequality or equilibrium problem, let
us assume that the following conditions are satisfied on the bifunction F': C'x C' —

R.
(A1) F(z,z) =0 for every z € C;

(A2) F is pseudomonotone on C| i.e., F(xz,y) > 0= F(y,z) <0, Vz,y € C;
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(A3) F is jointly weakly continuous on C' x C' in the sense that, if z,y € C
and {z,} and {y,} are two sequences in C' converging weakly to z and v,

respectively, then F(z,,y,) — F(z,y);

(A4) F(z,-) is convex, lower semicontinuous, and subdifferentiable on C' for very

x e C

(Ab) F satisfies the Lipschitz-type condition, there exist positive integer ¢; and

o, such that for every z,y, 2z € C,
F(z,y) + F(y,z) = Fz,2) — ailly — 2| — eaf|z — >

If F satisfies the properties (A1)-(A4), then the set EP(F') of solutions to the Ky

Fan inequality is closed and convex.

Proposition 2.6.35. ([60], Lemma 3.1) For every z* € EP(F), and every n € N,

one has

1. <xn —Yn,Y — yn) S AnF(xnay) - )\nF(xnvyn)a ‘v’y € C;

2. 2 = 2*)1* < llwn — 271 = (1 = 2Anc1) [ — 2al® = (1 = 2An2) 20 — yal*.

Proposition 2.6.36. [61] Let K be a nonempty closed and convex subset of H.
Let u € H and let {x,} be a sequence in H. If any weak limit point of {z,} belongs

to K, and ||z, — u|| < |[Ju — Pgul| for all n € N, then z,, — Pxu.



