CHAPTER 6 CONCLUSIONS

In Chapter 3 of this dissertation, we established the following results.

(1) For any x € I(p,0), there exist kg € N and A € (0,1) such that
0(5) < B2 p(z%) for all k € N with k > ko, where

k—1

(2) For any z € l(p,0) and ¢ € (0,1), there exists ¢ € (0,1) such that p(z) <1—¢
implies ||z|| <1 - 4.

(3) The space I(p, ) is a Banach space with respect to the Luxemburg norm.

(4) The space I(p, #) has the property (3).

(5) The space I(p, #) has the uniform opial property.

(6) The functional g is a convex modular on cesg)(q).

(7) For all x € ces(y(q), the modular ¢ on ces(,)(q) satisfies the following
properties:
(i) if 0 < a < 1, then a™ (%) < o(x) and o(az) < ao(z);
(ii) if @ > 1, then o(x) < a™o(%);
(iii) if @ > 1, then o(x) < ap(z) < o(ax).
(8) For any z € ces)(q), we have
(i) if [z <1, then o(x) < ||
(ii) if ||z|| > 1, then o(z) > ||z||;
(iii) ||z|| =1 if and only if o(z) = 1;
(iv) ||z|| < 1 if and only if o(z) < 1;

(v) |lz|| > 1 if and only if o(z) > 1.
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(9) For any z € cesy)(q), we have

(10)

(11)

(12)

(13)

(i) if 0 <a < 1 and ||z|| > a, then o(z) > a;

(ii) if @ > 1 and ||z|| < a, then o(z) < a™.
Let (z,) be a sequence in ces,)(q).

(i) If ||zn|| = 1 as n — oo, then o(z,) — 1 as n — oc.

(ii) If o(x,) — 0 as n — oo, then ||z,|| — 0 as n — oo.

Let = € cesy)(q) and {x,} C cesy)(q). If o(xn) = o(x) as n — oo

and z, (i) = z(i) as n — oo for all ¢ > 1, then z,, — x as n — oc.
The space ces)(q) has the property (H).

The space ces(y)(q) has the uniform opial property.

In Chapter 4 of this dissertation, we established the following results.

(14)

(15)

Let X, be a p — complete bounded modular space, where p satisfies the A,-
condition. Let ¢,l € R*, ¢ >l and T : X, — X, be a mapping such that, for
all z,y € X,,

bple(Te = Ty) < dlpla—y) - slpllz —y)).  (6.0.1)

where 1, ¢ : [0, 00) — [0, 00) are both continuous and nondecreasing functions
with ¢ (t) = ¢(t) = 0 if and only if £ = 0.
Then T has a unique fixed point.

Let X, be a p — complete bounded modular space, where p satisfies the A,-
condition. Let ¢,l € RT, ¢ >l and T, f : X, = X, be two p — compatible
mappings such that 7'(X,) C f(X,) and

b(p(e(Ter —Ty))) < b(p((fr — fy))) — olp(l(fr — fy)))  (6.0.2)

for all z,y € X,, where ¢,¢ : [0,00) — [0,00) are both continuous and
nondecreasing functions with () = ¢(¢) = 0 if and only if ¢t = 0.
If one of T or f is continuous, then there exists a unique common fixed point

of T"and f.
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(16) Let X, be a complete modular metric space and 7" : X, — X, be a contraction
mapping. Assume that there exists o € X such that wy(xg, Tz¢) < oo for
all A > 0. Then T has a fixed point in x, € X, and the sequence {T"z(}
converges to x.. Moreover, if, z € F(X,,), where F/(X,) is a set of fixed point

of T such that wy(z., z) < oo for all A > 0, then z, = 2.

(17) Let X, be a complete modular metric space and 7" : X, — X, be a contraction
mapping. Suppose that z* € X, is a fixed point of T, {e,} is a sequence of

positive numbers for which lim e, = 0 and {y,} C X, satisfies
n—oo

Wx(Yn+1, Tyn) < €n
for all A > 0. Then nlgxoloyn =z*.
(18) Let X, be a complete modular metric space and, for all z* € X, we define
B,(z*,7) == {x € X,|wr(z,z") <7 forall A > 0}.
If T: B,(z*,v) — X, is a contraction mapping with
w%(Tx*, ) < (1 —k)y (6.0.3)
for all A > 0, where 0 < k < 1, then T has a fixed point in B, (z*,).

(19) Let X, be a complete modular metric space and T' be a self-mapping on X,
satisfying the following:

ATz, Ty) < k(won(Tz,x) + won(Ty,y)) (6.0.4)

for all z,y € X,,, where k € [0, %) Assume that there exists xq € X such that
wy(xg, Txg) < oo for all A > 0. Then T has a fixed point in z, € X, and the
sequence {T"x} converges to z,. Moreover, if, z € F(X,), where F(X,) is a

set of fixed point of 7" such that wy(z., z) < oo for all A > 0, then z, = z.

In Chapter 5 of this dissertation, we established the existence of best proximity

points.

(20) Let (X,d) be a complete metric space and A, B be nonempty closed subsets
of X such that Ay and By are nonempty. Let S: A — B, T : B — A and
g: AUB — AU B be a nonself-mapping satisfying the following conditions:



(21)
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(i) S and T are Geraghty’s proximal contractions of the first kind;

(ii) g is an isometry;

(Ag) € By, T(By) C Ag;

)
)
(iii) the pair (S,T) is a proximal cyclic contraction;
(iv)
)

S
(v) Ao € g(Ap) and By C g(By).
Then there exist a unique point x € A and y € B such that

d(gz, Sz) = d(gy, Ty) = d(z,y) = d(A, B).

Moreover, for any fixed xy € Ay, the sequence {z,} defined by
d(gxni1, Szy) = d(A, B)

converges to the element x. For any fixed yo € By, the sequence {y,} defined
by
A(gyn+1, Tyn) = d(A, B)

converges to the element .

Let (X,d) be a complete metric space and A, B be nonempty closed subsets
of X. Further, suppose that Ay and By are nonempty. Let S : A — B and

g : A — A be the mappings satisfying the following conditions:

(i) S is Geraghty’s proximal contractions of the first and second kinds;

(ii) g is an isometry;

)
)
(iii) S preserves isometric distance with respect to g;
(iv) S(Ay) € Bo;

)

(v) Ao C g(Ao).
Then there exists a unique point z € A such that
d(gx,Sz) = d(A, B).
Moreover, for any fixed xy € Ay, the sequence {z,} defined by
d(gxny1, Sz,) = d(A, B)

converges to the element .
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(22) Let X be a nonempty set such that (X, <) be a partially ordered set and

(23)

(X,d) be a complete metric space. Let A and B be nonempty closed subsets
of X such that Ay and By are nonempty. Let T : A — B satisfy the following

conditions:

(i) T is a continuous, proximally order-preserving and generalized proximal

C-contraction such that T'(Ay) C By;

(i) there exist element z¢ and x; in Ay such that xo < z; and
d(x1,Tzo) = d(A, B).
Then there exists a point € A and such that
d(z,Tz) = d(A, B).
Moreover, for any fixed xy € Ay, the sequence {z,} defined by
d(xps1,Txy,) = d(A, B)
converges to the point x.

Let X be a nonempty set such that (X, <) is a partially ordered set and (X, d)
be a complete metric space. Let A and B be nonempty closed subsets of X
such that Ay and By are nonempty. Let T : A — B satisfy the following

conditions:

(i) T is a proximally order-preserving and generalized proximal C-contraction

such that T(Ag) C By;

(i) there exist element zg, 1 € Ay such that zy < 21 and
d(x1,Txo) = d(A, B);

(iii) if {x,} is an increasing sequence in A converges to z, then z,, < z for all

n > 1.
Then there exists a point € A and such that

d(z,Tz) = d(A, B).
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(24) Let X be a nonempty set such that (X, <) be a partially ordered set and (X, d)
be a complete metric space. Let A and B be nonempty closed subsets of X
and Ap and By are nonempty such that A, satisfies the condition (5.2.21). Let

T : A — B satisfy the following conditions:

(i) T is a continuous, proximally order-preserving and generalized proximal

C-contraction such that T'(Ay) C By;

(ii) there exist element zy, 1 € Ay such that zy < z; and

d([El, Tl’()) = d(A, B)

Then there exists a unique point z € A and such that

d(z,Tz) = d(A, B).

(25) Let X be a nonempty set such that (X, <) be a partially ordered set and (X, d)
be a complete metric space. Let A and B be nonempty closed subsets of X
and Ap and By are nonempty such that A, satisfies the condition (5.2.21). Let

T : A — B satisfy the following conditions:

(i) T is an proximally order-preserving and generalized proximal C-contraction

such that T'(Ag) C Bo;

(ii) there exist element zg,x1 € Ay such that xy < 27 and
d(l'l, T.CL’[)) = d(A, B),

(iii) if {z,} is an increasing sequence in A converges to x, then z,, < z for all

n > 1.
Then there exists a unique point z € A and such that

d(x,Tz) = d(A, B).

(26) Let A and B be nonempty closed subsets of a partially ordered metric space
(X, =) and d be a metric on X. Let T: AUB — AU B be a cyclic mapping

such that T and T? are nondecreasing on A such that

d(T#,T%x) < ad(f, Tx) + Bd(z, TE) + (1 — o — B)d(A, B)



(27)

(28)
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and
d(Ty, T?y) < ad(y, Ty) + Bd(y, T9) + (1 — a — B)d(A, B),

for some o, € [0,1) with o+ < 1 and for all (z,%) € Ax A, (y,9) € Bx B
with z < £, y < . Assume that there exists o € A with 2o < T?z, and define
Tpe1 = T, for all n > 1. If T|4 is continuous and {xs,} has a convergent

subsequence in A, then T has a best proximity point p € A.

Let (X, =) be a partially ordered set and d be a metric on X. Let A and B
be two nonempty subsets of X such that (A, B) satisfies the property (UC),
and A is complete. Let T': AU B — AU B be a cyclic mapping such that T’

and T2 are nondecreasing on A. Suppose that

d(T%,T?*r) < ad(#,Tx) + fd(z,T%) + (1 —a — 8)d(A, B)
and

d(Ty, T?y) < ad(y, Ty) + Bd(y, Tj) + (1 — o — B)d(A, B)

for some a, f € [0,1) with a+ 3 < 1 and for all (z,4) € Ax A, (y,9) € BxB
with < &, y < 9. If T'| 4 is continuous and that there exists 2y € A such that
xo = T?x, and x,,.1 = Tz, for all n > 1, then T has a best proximity point

p € Aand zo, — p.

Let A and B be nonempty closed subsets of a complete metric space X such
that A is approximatively compact with respect to B. Also, assume that A
and By are nonempty. Let S : A — B, T : A — B be the nonself-mapping

satisfying the following conditions:
(i) For each z,y € A,

where, ¢ : [0,00) — [0,00) is a continuous and nondecreasing function

such that ¢(t) = 0 if and only if ¢ = 0;

(ii) T is continuous;



94

(iii) S and T commute proximally;
(iv) S and T can be swapped proximally;

(V) S(Ao) - B() and S(Ag) - T(AO)

Then there exists an element z € A such that
d(z,Tx) = d(A, B), d(z,Sz) = d(A, B).

Moreover, if x* is another common best proximity point of the mappings S

and 7', then

d(z,z*) < 2d(A, B).





