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Abstract 
 
 

A coupled hydro-mechanical finite element analysis procedure for soil problems is 
presented which is both applicable for saturated and unsaturated soils. A detailed coupled 
formulation of the three governing equations has been presented using the Galerkin 
method.  

 
As a model, a residual soil slope has been chosen, and analysed using the derived 

numerical code, DEFLOC (DEformation FLOw Coupled program), which has been 
developed in the MATLAB environment. The effects of hydraulic characteristics, matric 
suction and degree of saturation on the pore pressure and deformation behaviour of a 
residual soil slope under rainfall was investigated. The results reveal a typical process of 
infiltration into unsaturated soil slopes. 
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Chapter 1 
 

Introduction 
 
 
1.1 General 
 

The behavior of partially saturated soils can be very different to that of fully 
saturated or dry soils. For many geotechnical problems involving unsaturated soils, 
knowledge of the porewater pressures, the negative porewater pressure in particular, is of 
primary importance. The effect of negative porewater pressure (matric suction) on flow-
deformation regime can not be overlooked where the concern is a shallow failure surface 
(Fredlund and Rahardjo, 1995). 

 
Rainfall-triggered slope failures are the most common slope instability 

phenomenon in unsaturated residual soils along the monsoon affected areas of South Asia 
and South East Asia (Neaupane and Piantanakulchai, 2006; Singh et al., 2005). Such 
failures occur on both virgin and construction modified hillsopes on the northern and north 
eastern part of Thailand during rainy season. The hillslopes are generally covered with 
unsaturated residual soil and often shallow earth slips are predominant accounting for 
about 80 % of failures (ADPC, 2006). In general, the failures on unsaturated soil occur due 
to an increase in moisture content and a decrease in matric suction. Wetting reduces the 
additional shear strength provided by the matric suction to the failure (Krahn et al., 1989). 
A rise in the groundwater level also increases the unit weight and moisture content thereby 
reducing the resisting force and increasing the driving moment. 
 

A fully coupled flow-deformation system is characterized by the procedure that 
rigorously incorporates the interactions among the three bulk phases of a deforming porous 
medium, and therefore, fluid flow and mechanical equilibrium equations are required to be 
solved simultaneously. In uncoupled analysis, however, a solution to the flow equation is 
first ought to determine the pore pressure changes in a given time step and pore pressure 
changes are then used as applied loads in a deformation analysis. The fluid flow and 
deformation analysis are carried out separately. The issue of coupling versus uncoupling in 
consolidation type problems has been previously addressed by several researchers (Biot 
and Willis 1957; Green and Wang 1990; Neaupane and Yamabe, 2001). As pointed out by 
Desai and Saxena 1997) and Lewis et al. (1989) coupling is generally accepted when the 
forcing function is applied to the displacement field e.g., by a physical load or a 
foundation. Hence, the response of unsaturated soils subjected to perturbations is described 
the coupling between fluid flow and deformation in this research.  
 

Several attempts have been made to simulate multiphase flow in deforming porous 
media based on the theory of poroelasticity. However, only a few fully coupled models of 
multiphase flow in a deforming porous medium are available due to the complexities. 
Although the existing models are capable of reproducing some of the important features of 
the behavior of partially saturated soils, most models are basic, and impose limitations on 
the use of the equations and models because they do not usually consider down-slope 
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flows, rainfall intensity, and most importantly, the dependence of soil permeability on 
moisture content (Tsaparus, et al. 2002, Gasmo et al. 2000, Ng and Shi, 1989). 

 
Early attempts to describe the behavior of partially saturated soils made the 

assumption that the effective stress principle is applicable to such soils and that the 
mechanical behavior can be fully described in the conventional (q, p’) stress space. 
Generalized effective stress expressions were proposed to include partially saturated soils 
into the conventional soil mechanics framework, the best known being that proposed by 
Bishop (1959). The Bishop's approach proved capable of reproducing some features of the 
behavior of partially saturated soils, such as the shear strength increase due to suction, but 
could not explain others, such as wetting induced collapse. It is now generally accepted 
that two independent stress variables are necessary in order to explain the behavior of 
partially saturated soils. Bishop and Blight (1963) first used net total stress ( )apσ − and 

suction ( )a wp p− to investigate the volumetric and strength behavior of partially saturated 
soils and produced graphical representations of state surfaces and failure envelopes. 
Researchers suggest that any pair of stress state variables among the following: 
( )apσ − , ( )wpσ − and ( )a wp p− can be adopted when describing partially saturated soil 

behavior. The most commonly used pair is net total stress ( )apσ − and suction ( )a wp p−  
(Alonso et al. 1999, 2000). 
 

An analytical solution for a coupled problem in unsaturated soil is not possible 
without making several simplifying assumptions. Nevertheless, attempts have been made, 
in recent years, to come up with the closed form solution of the governing equations of 
unsaturated soils, including equilibrium equations and continuity flow equations (Gatmiri 
and Jabbari, 2005). Nevertheless, the numerical solution becomes indispensable for such a 
complex problem of investigating the behavior of partially saturated soils. 
 

This research aims at developing a coupled hydro-mechanical numerical code, 
DEFLOC (DEformation FLOw Coupled program) and using the developed code to 
analyze the flow deformation behavior of an unsaturated soil subjected to rainfall 
infiltration. The finite element program was developed in the MATLAB environment and 
takes into account the basic features of unsaturated soil behavior. 
 
 
1.2 Objectives and Scope of the Study 
 
 To perform a coupled finite element analysis of unsaturated soil problems, 
governing equations of inevitable importance are the mechanical equilibrium equations and 
the mass conservation equations, which have long been established. Using these governing 
equations, a finite element formulation can be carried out eliminating the use of deriving 
these equations in the first place. The objectives of this study are: 

1) Carryout a finite element formulation on the governing equations. 
2) Write a finite element code that can analyze a chosen physical problem. 

 
The scope of this study is limited to: 

1) Elastic behavior of the soil skeleton. 
2) At the programming stage, pore air pressure is assumed to be a constant and equal 

to zero. 
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Chapter 2 
 

Literature Review 
 
 
2.1 Introduction 
 

This chapter is subdivide into two parts. The first part explains the basic features of 
the mechanical behavior of partially saturated soils, particularly the volumetric and shear 
strength behavior of soils. The second part deals with the constitutive modeling of the 
mechanical behavior of the soils.  
 
 
2.2 Mechanical behavior 
 
2.2.1  Stress state variables and the effective stress principle 
 

Previous models describing the behaviour of partially saturated soils made the 
assumption that the effective stress principle is applicable to such soils and that the 
mechanical behaviour can be fully described in the conventional (q, p’) stress space. 
Generalised effective stress expressions were proposed in order to incorporate partially 
saturated soils into the conventional soil mechanics framework, the best known being that 
proposed by Bishop (1959): 
 
 ( ) ( )a a wp p pχ= − + −*σ σ  (2.1) 
 
where χ is a function of the degree of saturation, pa is the pore air pressure, and pw is the 
pore water pressure. This approach proved capable of reproducing some of the features of 
partially saturated soils such as the shear strength increase due to suction but fails to give 
an explanation for some other features like wetting induced collapse. This was first 
demonstrated by Jennings & Burland (1962) who performed a series of oedometer, 
isotropic compression and wetting tests on partially saturated soils ranging from silty sands 
to silty clays. Their research showed that with the exception of the initially soaked 
samples, all the other air-dry samples collapsed upon wetting, which is in contrast to the 
effective stress principle according to which only swelling would be expected. Many 
preceding authors Burland (1965), Matyas & Radharkrishna (1968) and some others have 
also criticized the effective stress principle for partially saturated soils. 
  

The collapse behaviour of partially saturates soils is due to an increase of the pore 
water pressure and is not unique to partially saturates soils only. Fully saturates soils may 
also collapse when the pore water pressure approaches the total stress resulting in a zero 
effective stress. 
  

It is now generally accepted that in order to model the behaviour of partially 
saturates soils, two independent stress state variables are necessary. Bishop & Blight 
(1963) first used net stress (σ - pa) and suction (pa – pw) to investigate the volumetric and 
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strength behavior of partially saturates soils and produced graphical representations of the 
state surfaces and failure envelopes for such soils as shown in Figure 2.1 and 2.2. 
 

 
 

Figure 2.1: Void ratio state surface – Volume changes plotted in a void ratio-stress space 
 
 

 
 

Figure 2.2: Results of tests on saturated and partially saturated clay 
Fredlund & Mogenstern (1977) suggested that any pair of stress state variables among the 
following (σ - pa), (σ - pw) and suction (pa – pw) can be chosen to express the behaviour of 
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partially saturated soils. The most widely used pair is the net total stress (σ - pa) and 
suction (pa – pw). Examples of some other stress state variables have been summarized in 
Table 2.1. 
 

 Stress state variable 1 Stress state variable 1 
Alonso et al. (1990) 
Cui et al. (1995) 
Wheeler & Sivakumar 
(1995) 

(σ - pa) (pa – pw) 

Bolzon et al. (1996) (σ - pa)  + χ(pa – pw) (pa – pw) 
Modaressi & Abou-Bekr 
(1994) 

σ - πc 
πc = capillary pressure 

πc 

Kohgo et al. (1993) σ - peq 
peq = equivalent pore preusre

pa – pw – se 
se = air entry suction 

 
Table 2.1: Stress state variables used by some of the existing constitutive models 

 
 
2.2.2 Volume change due to wetting and drying 
 
The suction induced volumetric behavior of partially saturated soils at constant mean net 
stress can be explained as: 
 
Volume changes due to drying 
 

At the initial drying stages of saturated soil, the soil remains fully saturated and the 
total volume change is equal to the pore water volume change. At this stage the increase of 
suction is equal to the increase of total isotropic stress. The value of suction at which 
desaturation occurs is controlled by the soil type and varies significantly on the particle 
size for granular soils and on the pore size for clayey soils.  The total volume changes can 
be expressed in terms of void ratio, e, and the water volume changes in terms of equivalent 
void ratio, ew (= volume of water / volume of solids). The effects of suction changes are 
not equivalent to mean net stress changes once the soil has started to desaturate. 

It is common practice to assume that for low plasticity soils, volumetric changes 
during drying beyond desaturation are small and reversible, but at high values of suction, 
plastic deformations may take place. Alonso et al. (1990) proposed that the yield suction 
point, s0, beyond which the soil is elastoplastic, is independent to the confining stress and 
equal to the maximum previously attained value of suction. According to Wheeler & 
Karube (1996), yielding due to drying is only possible for partially saturated soils 
containing saturated clay packets. Chen et al. (1999) performed drying tests on compacted 
low plasticity loess which exhibited a distinct yield value of suction. The obtained yield 
suction results from his research were not in accordance with that proposed by Alonso et 
al. (1990). They later suggested that the value of the yield suction depends not only on the 
drying-wetting history but also on the initial soil density. 
 In the case of high plasticity expansive soils, the volumetric deformations due to 
increasing suction due to drying can be large and irreversible. 
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Volume changes due to wetting 
 
 One of the most distinctive features of partially saturated soils is the potential 
collapse behavior when subjected to wetting. Alonso et al. (1987) stated that a partially 
saturated soil may either expand or collapse upon wetting, depending on the confining 
stress. If the confining stress is sufficiently low, the soil will expand and collapse if the 
confining stress is sufficiently high. He also suggested that it is possible that a soil might 
experience a reversal in the volumetric behavior during wetting suggesting that the soil 
might initially expand followed by collapse. This behaviour has been reported amongst 
others by Escario & Saez (1973), Josa et al. (1987) and Burland & Ridley (1996). Figure 
2.3 shows the initial swelling followed by collapse during wetting at constant load 
experienced by three samples of remoulded clay with different initial values of moisture 
content and tensile pore water pressure (Escario & Saez (1973)). 
 

 
 

Figure 2.3: Swelling followed by collapse during wetting under constant load for three 
different initial values of tensile pore water pressure (after Escario & Saez (1973)) 

 
It can be summarized that in the case of low placity non-expansive soils, if the stress state 
is not high enough to cause collapse upon wetting, the swelling will be small and 
reversible. In the case of high plasticity expansive clays, the swelling will be large and 
irreversible. Experimental results from Matyas &Radharkrishna (1968), Booth (1975), 
Yudhbir (1982) and others indicate that for many soils the amount of collapse increases 
with confining stress at low stress regions, reaches a maximum and then decreases with 
stress becoming very small at high confining stresses. 
 
2.2.3 Shear strength 
 

At low values of suction, when the soil is still fully saturated, the shear strength is 
defined from the effective stresses and increases linearly with suction. Once the soil 
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becomes partially saturated, beyond the air entry value, the increase of shear strength with 
suction is smaller and non-linear. 

Bishop, Alpan, Blight & Donald (1960) extended the Mohr-Coulomb failure 
criterion to partially saturated soil conditions through the use of Bishop’s effective stress 
expression. They proposed the following expression for the shear strength of soils (which 
is both applicable for saturated and partially saturated soils): 
 
 ' ( ) tan ' ( ) tan 'a a wc p p pτ σ φ χ φ= + − + −  (2.2) 
 
where τ is the shear strength of the soil, c’ is the effective cohesion, φ’ is the angle of 
shearing resistance and χ is the effective stress parameter, which varies between 0 and 1, 
where 0 being the value for the fully saturated case, and 1 being the value for the case 
where the soil is completely dry. Fredlund, Morgenstern & Widger (1978) proposed a 
modified version of expression (2.2): 
 
 ' ( ) tan ' ( ) tan b

a a wc p p pτ σ φ φ= + − + −  (2.3) 
 
where φ b is the slope of the failure surface in the τ - s plane. It was concluded that both φ‘ 
and φ b are independent of suction, and hence the effect of suction on the shear strength is 
equivalent to an increase of the effective cohesion: 
 
 ' ( ) tan b

a wc c p p φ= + −  (2.4) 
 
Equation (2.4) reduces to the fully saturated Mohr Coulomb failure criterion when suction 
is equal to zero. Experimental results from Escario & Juca (1989), Gan & Fredlund (1996) 
and Nishimura & Toyota (2002)  shows that at high values of suction, φ b becomes 
negative implying that at very high suctions as the soil becomes completely dry the 
increase of apparent cohesion due to suction tends to zero.  
 

 
 

Figure 2.4: Changes in shear strength with soil suction (data from Nishimura & 
Toyota (2002) 

 



 8

2.3 Constitutive models for partially saturated soils 
 
 Constitutive models for partially saturated soils can be broadly divided into two 
categories, namely, elastic models and elastoplastic models. 

Elastic models relate strain increments to increments of net stress and suction. Such 
models have been proposed by Fredlund & Morgenstern (1976) and Lloret et al. (1987). 
Wheeler & Karube (1996) in the state of the art report on constitutive modelling presented 
a comprehensive review of the models of this type. They stated that although elastic 
models have the advantage that it is relatively easy to implement them within numerical 
analysis and measure the relevant parameters, there are major disadvantages. The most 
important is that there is no distinction between reversible and irreversible strains, which 
means that they can only be used in problems that involve only monotonic loading and 
unloading. Even in this case there are a number of weaknesses. Consequently, elastic 
models are not considered with in this thesis and will not be mentioned further. 

One of the first elastoplastic constitutive models to be developed for partially 
saturated soils was the Barcelona Basic Model (Alonso et al. (1990)), which was based on 
the theoretical framework proposed by Alonso et al. (1987). This model was an extension 
of the Modified Cam-Clay model for fully saturated soils to partially saturated states 
through the introduction of the concept of the Loading-Collapse yield surface (Fig.2-26). 
The concept allows the reproduction of many important features of partially saturated soil 
behavior, such as collapse upon wetting, and is the basis upon which most other 
elastoplastic models have been developed. 
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Chapter 3 
 

Mathematical Formulation 
 
 
3.1 Introduction to Finite Element Analysis 
 

A number of methods of analysis exist in geotechnical engineering. These fall into 
three broad categories; closed form, simple (e.g. limit equilibrium, stress field, limit 
analysis) and numerical (beam-spring and full numerical) analysis. In order to obtain an 
exact theoretical solution the requirements of equilibrium, compatibility, material behavior 
and boundary conditions must all be satisfied. While all the methods have their respective 
advantages and disadvantages, only full numerical analysis satisfies all the required 
conditions and is therefore capable of approximating sufficiently the exact solution to 
complex geotechnical problems. 

One of the most widely used methods of full numerical analysis is the finite 
element method. The first step in a Finite Element analysis is to define and quantify the 
geometry of the boundary value problem under investigation. This is then replaced by an 
equivalent finite element mesh, which consists of small regions called finite elements. 
Finite elements are usually triangular or quadrilateral in shape, for two-dimensional 
problems, and their geometry is specified in terms of the coordinates of key points called 
nodes. The nodes in the simplest case are located at the corners of the element. 
 
 
3.2  Approximation of primary unknown variables  
 
 The primary unknown variables for partially saturated soil problems are the 
displacements, pore water pressure and pore air pressure which varies over the problem 
domain. Stresses, strains, degree of saturation, permeability, porosity, and volumetric water 
content are all treated as secondary variables, which can be expressed in terms of the 
primary variables. In two-dimensional plane strain analyses the displacement field is 
characterized by the two global displacements u and v, in the x and y coordinate directions 
respectively. An assumption needs to be made about the form of the variation of the 
primary variables over the domain under investigation. The accuracy of a finite element 
analysis depends on the size of the elements and the nature of the approximation. 
 The element type chosen is 4 node quadrilateral elements, which conforms to C1 
continuity.  
 
 
 
 
 
  
 

 
 

Figure 3.1: 4 node – plane isoparametric element in xy and ξη space 

x. u

 y. v 

1 plane isoparametric element 

3 4 

1 2

34

2 

η 

ξ 

1 1

1

1
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This type of elements provides interelement continuity of the field quantity φ and its first 
derivatives at nodes, but not interelement continuity of all second derivatives of φ. 
Axes ξ and η pass though the  midpoints of opposite sides and the sides of the element are 
at ξ = ±1 and η = ±1. 
 
A point in ξ-η space can be mapped into x-y space by using: 
 

 
4 4

1 1
   ;    i i i i

i i
x N x y N y

= =

= =∑ ∑  (2.2.1) 

 
where xi and yi are the coordinate values of ith node. 
 
Individual shape functions can be expressed as: 
 

 

( )( )

( )( )

( )( )

( )( )

1

2

3

4

1 1 1
4
1 1 1
4
1 1 1
4
1 1 1
4

N

N

N

N

ξ η

ξ η

ξ η

ξ η

= − −

= + −

= + +

= − +

 (2.2.2) 

 
Where derivatives of [N] with respect to the global coordinates (x, y) are required, 
derivatives can be converted from one coordinate system to the other by using the chain 
rule of partial differentiation, which can be written in matrix form for the two dimensional 
case as: 
 

 [ ]

x y
x x

x y
y y

ξ ξ ξ

η η η

∂ ∂ ∂⎧ ⎫ ⎡ ⎤ ∂ ∂⎧ ⎫ ⎧ ⎫
⎪ ⎪ ⎢ ⎥ ⎪ ⎪ ⎪ ⎪∂ ∂ ∂ ∂ ∂⎪ ⎪ ⎪ ⎪ ⎪ ⎪⎢ ⎥= =⎨ ⎬ ⎨ ⎬ ⎨ ⎬∂ ∂∂ ∂ ∂⎢ ⎥⎪ ⎪ ⎪ ⎪ ⎪ ⎪

⎢ ⎥ ∂ ∂⎪ ⎪ ⎪ ⎪ ⎪ ⎪∂ ∂ ∂ ⎩ ⎭ ⎩ ⎭⎩ ⎭ ⎣ ⎦

J  (2.2.3) 

 
or 
 

 [ ] [ ]1 1   i.e.   

ii

i i

NN
x x

N N
y y

ξ ξ

η η

− −

∂∂ ⎧ ⎫⎧ ⎫ ∂∂ ⎧ ⎫⎧ ⎫
⎪ ⎪⎪ ⎪ ⎪ ⎪⎪ ⎪ ∂ ∂∂ ∂⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪= =⎨ ⎬ ⎨ ⎬ ⎨ ⎬ ⎨ ⎬∂ ∂∂ ∂⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪

∂ ∂⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪∂ ∂⎩ ⎭ ⎩ ⎭⎩ ⎭ ⎩ ⎭

J J  (2.2.4) 
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where [J] is the Jacobian matrix: 
 

 [ ] 11 12

21 22

x y
J J
J J x y

ξ ξ

η η

∂ ∂⎡ ⎤
⎢ ⎥∂ ∂⎡ ⎤ ⎢ ⎥= =⎢ ⎥ ∂ ∂⎢ ⎥⎣ ⎦
⎢ ⎥∂ ∂⎣ ⎦

J  (2.2.5) 

 
 
For example, J11 can be calculated as 
 

( )

( ) ( ) ( ) ( )

4

11
1

1 2 311 4

,
 

1 1 1 11 1 1 1
4 4 4 4

i
i

i

NxJ x

x xJ x x

ξ η
ξ ξ

η η η η

=

∂∂
= =

∂ ∂

= − − + − + + − +

∑
 

 
 
The determinant of the Jacobian matrix is of special interest as it is used in the 
transformation of the integrals as: 
 

 ( ) ( )
1 1

1 1

... d  d ... det  d dx y ξ η
− −

=∫∫ ∫ ∫ J  (2.2.6) 

 
where det J  is the determinant of Jacobian matrix, also known as “The Jacobian”. 
 
 
3.3  Formulation of water mass balance equation 
 
 
The water mass balance equation for unsaturated soil is: 
 

 ( ) ( )wdiv 0w r
w

nS
t

ρ
ρ

∂
+ =

∂
v  (2.3.1) 

 
where ρw is the density of water, n is porosity, Sr is the degree of saturation and vw is the 
velocity of water. 
 
Density of water is assumed to be constant and hence (2.3.1) can be expressed as:  
 

 ( ) ( )wdiv 0rnS
t

∂
+ =

∂
v  (2.3.2) 

 
The arbitrary weight function φ, in accordance with the Galerkin method is given by: 
 
 nφ = N φ  (2.3.3) 
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where,  
 
 [ ]n 1 2 3 4 ,N N N N=N  (2.3.4) 
 
 [ ]T

1 2 3 4φ φ φ φ=φ  (2.3.5) 
 
Multiplying (2.3.2) by (2.3.3) and taking arbitrary volume integral of the result (limiting 
the scope for two-dimensional problems and considering constant element thickness) gives 
 

 ( ) ( )wdiv 0r
A

nS dA
t

φ ∂⎡ ⎤+ =⎢ ⎥∂⎣ ⎦∫ v  (2.3.6) 

 
where, 
 

 w
wx

wy

v
v

⎡ ⎤
= ⎢ ⎥

⎣ ⎦
v  (2.3.7) 

 
Equation (2.3.6) can be simplified further to give: 
 

 ( ) ( )w div 0r
A A

nS dA dA
t

φ φ∂
+ =

∂∫ ∫ v  (2.3.8) 

 
Using Gauss Theorem, the second term from left hand side of (2.3.8) can be written as: 
 
 ( ) ( )T

w div      
A A

dA d dA
Γ

φ φ Γ φ= − ∇∫ ∫ ∫T
w wv v n vv  (2.3.9) 

 
where n is the unit vector normal to the boundary and directed outwards. For the two 
dimensional case, n can be written as:  
 

 x

y

n
n

⎡ ⎤
= ⎢ ⎥

⎣ ⎦
n  (2.3.10) 

 
Substituting (2.3.9) into (2.3.8): 
 

 ( ) ( )T
w    0r

A A

nS dA d dA
t Γ

φ φ Γ φ∂
+ − ∇ =

∂∫ ∫ ∫T
wv n vv  (2.3.11) 

 
Since φ is arbitrary, the matrix ϕ is arbitrary. So we can conclude: 
 
 ( )φ∇ = ∇ n nN Bϕ = ϕ  (2.3.12) 
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where 
 

 
1 2 3 4

1 2 3 4

N N N N
x x x x

N N N N
y y y y

∂ ∂ ∂ ∂⎡ ⎤
⎢ ⎥∂ ∂ ∂ ∂⎢ ⎥=

∂ ∂ ∂ ∂⎢ ⎥
⎢ ⎥∂ ∂ ∂ ∂⎣ ⎦

nB  (2.3.13) 

 
Also, as: 
 
 T ,  φ φ φ= = T T

nNϕ  (2.3.14) 
 
Using (2.3.3), (2.3.12), (2.3.14) and using the fact that ϕ is independent of position, 
(2.3.11) can be simplified and written as: 
 

 ( ) w   0r
A A

nS dA d dA
t

⎡ ⎤∂
+ − =⎢ ⎥∂⎣ ⎦

∫ ∫ ∫T T T T T
n n w nN N v n B vv

Γ

Γϕ  (2.3.15) 

 
As (2.3.15) should hold for arbitrary Tϕ matrices, it can be concluded that: 
 

 ( ) w    0r
A A

nS dA d dA
t

∂
+ − =

∂∫ ∫ ∫T T T T
n n w nN N v n B vv

Γ

Γ  (2.3.16) 

 
Now introducing the term qw, which is the water flux across the boundary, (2.3.16) 
becomes: 
 

 ( ) w    0r w
A A

nS dA q d dA
t

∂
+ − =

∂∫ ∫ ∫T T T
n n nN N B vv

Γ

Γ  (2.3.17) 

 
where, 
 
 wq = T

wv n  (2.3.18) 
 
Water flow is described by a generalization of Darcy’s law which can be expressed as: 
 
 ( )w /w w wK p zv γ= − ∇ +  (2.3.19) 
 
where Kw is the coefficient of permeability, z the elevation head and γw the specific weight 
of water (assumed constant). 
 
Equation (2.3.19) can be simplified and written as: 
 

 w
1

w w
w

K p zv
γ

⎛ ⎞
= − ∇ + ∇⎜ ⎟

⎝ ⎠
 (2.3.20) 
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where, 
 

 

w

w w
w

p
x xp p

p
y y

∂ ∂⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥∂ ∂⎢ ⎥ ⎢ ⎥∇ = =

∂ ∂⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥∂ ∂⎣ ⎦ ⎣ ⎦

 (2.3.21) 

 
Jacquard (1988) proposed a relationship for coefficient of permeability, Kw interms of 
suction as 
 

 
( )( ) w

w ws
w B

w w a w

A KK
A C p p

=
+ −

 (2.3.22) 

 
where Aw, Bw, Cw and Kws are constants. 
 
Substituting (2.3.20) into (2.3.17): 
 

 ( ) 1    0r w w w
wA A

nS dA q d K p z dA
t γ

⎛ ⎞∂
+ + ∇ + ∇ =⎜ ⎟∂ ⎝ ⎠

∫ ∫ ∫T T T
n n nN N Bv

Γ

Γ  (2.3.23) 

 
Using Trial Function Approximation and discretizing for pressure of water, 
 

 ( ) ( )n w
1    0r w w
wA A

nS dA q d K z dA
t γ

⎛ ⎞∂
+ + ∇ + ∇ =⎜ ⎟∂ ⎝ ⎠

∫ ∫ ∫T T T
n n nN N B N pv

Γ

Γ  (2.3.24) 

 
where, 

 
1 2 3 4

T

a ,a a a ap p p pp ⎡ ⎤= ⎣ ⎦  (2.3.25) 
 
 

1 2 3 4

T

w w w w wp p p pp ⎡ ⎤= ⎣ ⎦  (2.3.26) 
Simplifying the third term from L.H.S. of (2.3.24), equation (2.3.24) can be rewritten as: 
 

 
( ) ( )n w

1    

 0

r w w
wA A

w
A

nS dA q d K dA
t

K z dA

γ
∂

+ + ∇
∂

+ ∇ =

∫ ∫ ∫

∫

T T T
n n n

T
n

N N B N p

B

v
Γ

Γ
 (2.3.27) 

 
Further simplification of the third term from L.H.S. of (2.3.27): 
 

 
( ) n w

1    

 0

r w w
wA A

w
A

nS dA q d K dA
t

K z dA

γ
∂

+ + ∇
∂

+ ∇ =

∫ ∫ ∫

∫

T T T
n n n

T
n

N N B N p

B

v
Γ

Γ
 (2.3.28) 
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The partial derivative of porosity with respect to time maybe written as 
 

 i    n
t t t

∂ ∂ ∂
= = ∇

∂ ∂ ∂
T Tm ε m u  (2.3.29) 

 
where  
 
 [ ]1 1 0=Tm  (2.3.30) 
 
For unsaturated soils, degree of saturation varies strongly with matric suction and hence 
the relationship proposed by Bourgeois (1986) is chosen, which is expressed as 
 

 ( )
( )( ) w

w rs ri
r ri B

w w a w

A S S
S S

A C p p

−
= +

+ −
 (2.3.31) 

 
where Aw, Bw, Cw, Sri and Srs constants (Van Genuchten 1980, Bourgeois 1986).  
 
In soil problems, an increase in suction is accompanied by a decrease in the degree of 
saturation and decrease in suction results in an increase in the degree of saturation, 
ultimately approaching to one (saturated condition). 
 
Using the chain rule of differentiation, 
 

 r r w

w

S S p
t p t

∂ ∂ ∂
= ×

∂ ∂ ∂
 (2.3.32) 

 

Using (2.3.29) and (2.3.32), ( )rnS
t

∂
∂

 can be simplified as 

 

 
( ) ( ) ( )

( ) i( ) 

r r r

r w
r

w
r

nS n S S n
t t t

S pn S
p t

S
t t

n

∂ ∂ ∂
= +

∂ ∂ ∂
⎡ ⎤∂ ∂ ∂⎡ ⎤= + ∇⎢ ⎥ ⎢ ⎥∂

∂
∂ ∂⎣⎦∂ ⎦⎣

Tm u
 (2.3.33) 

 
Discretizing for pressure of air, pressure of water and from (2.4.42), 
 

 ( ) ( )r
r r

w

SnS n S
t p t t

⎡ ⎤∂ ∂ ∂ ∂⎡ ⎤= +⎢ ⎥ ⎢ ⎥∂ ∂ ∂ ∂⎣ ⎦⎣ ⎦
T

n w mN p m B u  (2.3.34) 

 
Simplifying (2.3.34) further 
 

 ( ) ( )r
r r

w

SnS n S
t p t t

⎡ ⎤∂ ∂ ∂ ∂⎡ ⎤= +⎢ ⎥ ⎢ ⎥∂ ∂ ∂ ∂⎣ ⎦⎣ ⎦
T

n w mN p m B u  (2.3.35) 
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Now, the first term from left hand side of (2.3.28) can be simplified as 
 

 ( ) ( )   r
r r

wA A A

SnS dA n dA S dA
t p t t

∂ ∂ ∂ ∂
= +

∂ ∂ ∂ ∂∫ ∫ ∫T T T T
n n n w n mN N N p N m B u  (2.3.36) 

 
The water mass balance equation can be now written as 
 

 
( )

n w

  

1    0

r
r

wA A

w w w
wA A

Sn dA S dA
p t t

q d K dA K z dA
γ

∂ ∂ ∂
+

∂ ∂ ∂

+ + ∇ + ∇ =

∫ ∫

∫ ∫ ∫

T T T
n n w n m

T T T
n n n

N N p N m B u

N B N p Bv
Γ

Γ
 (2.3.37) 

 
Equation (2.3.37) can be rewritten as 
 

 ( )

n w

  

  

1   0

r

wA

r
A

w w w
wA A

Sn dA
p t

S dA
t

q d K dA K z dA
γ

∂ ∂
∂ ∂

∂
+

∂

+ + + ∇ =

∫

∫

∫ ∫ ∫

T
n n w

T T
n m

T T T
n n n

N N p

N m B u

N B B p Bv
Γ

Γ

 (2.3.38) 

 
Equation (2.3.38) can be more concisely written as 
 

 ( ) ( ) w 0
t t

∂ ∂
+ + + + =

∂ ∂
1 2 3 4 5
1 w 1 1 1 1C p C u C C p C  (2.3.39) 

 
where 
 

 

n

  

1  

 

r

wA

r
A

w

w
wA

w
A

Sn dA
p

S dA

q d

K dA

K z dA

γ

∂
=

∂

=

=

=

= ∇

∫

∫

∫

∫

∫

1 T
1 n n

2 T T
1 n m

3 T
1 n

4 T
1 n

5 T
1 n

C N N

C N m B

C N

C B B

C B

v
Γ

Γ  (2.3.40) 
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3.4  Formulation of mechanical equilibrium equation 
 
 
The general momentum balance equation can be written as: 
 
 0∇ + =Tσ b�  (2.4.1) 
where, 

 

xy

x
x

y
y

0
 ,      ,      

0

bx y
b

y x

σ
σ
σ

∂ ∂⎡ ⎤ ⎡ ⎤⎢ ⎥ ⎡ ⎤∂ ∂ ⎢ ⎥⎢ ⎥∇ = = = ⎢ ⎥⎢ ⎥∂ ∂⎢ ⎥ ⎣ ⎦⎢ ⎥⎢ ⎥ ⎣ ⎦∂ ∂⎣ ⎦

T σ b�  (2.4.2) 

 
where  σ is the total stress, ρ the soil density and b the body forces. 
 
For this particular problem these body forces are due to gravity and they act in the negative 
direction of the y-axis. i.e. 
 

 
0

gρ
⎡ ⎤

= ⎢ ⎥−⎣ ⎦
b  (2.4.3) 

 
If air density is assumed to be negligible, soil density ρ can be written interms of the 
densities of soil and water phases as: 
 
 (1 ) s r wn nSρ ρ ρ= − +  (2.4.4) 
 
where ρ is the soil density, ρs the density of solid phase, ρw the density of water and n is 
the soil porosity. 
 
Carrying out the matrix multiplications of Eq. (2.4.1) gives 
 

 
0

0

xyx
x

y xy
y

b
x y

b
y x

σσ

σ σ

∂∂
+ + =

∂ ∂
∂ ∂

+ + =
∂ ∂

 (2.4.5) 

 
On the boundary of the body, the traction vector t has components 
 

 x

y

t
t

⎡ ⎤
= ⎢ ⎥

⎣ ⎦
t  (2.4.6) 

 
This traction vector must fulfill the boundary conditions, i.e. 
 

 x x x xy y

y xy x y y

t n n

t n n

σ σ

σ σ

= +

= +
 (2.4.7) 
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Consider the arbitrary vector ω 
 

 x

y

ω
ω

⎡ ⎤
= ⎢ ⎥

⎣ ⎦
ω  (2.4.8) 

 
So, 
 

 i( )T y yx x
x y xyx y y x

ω ωω ωσ σ σ
∂ ∂⎛ ⎞∂ ∂

∇ = + + +⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠
ω σ  (2.4.9) 

 
Multiply the first Equation of (2.4.5) by the arbitrary function xω  and integrate over the 
volume V to obtain 
 

    0xyx
x x x x

V V V

dV dV b dV
x y

σσω ω ω
∂∂

+ + =
∂ ∂∫ ∫ ∫  (2.4.10) 

 
By performing integration by parts on Eq. (2.4.10) using the Green-Gauss theorem given in 
the form 
 

 
   

   

x
V S V

y
V S V

dV n dS dV
x x

dV n dS dV
y y

ψ φφ φψ ψ

ψ φφ φψ ψ

∂ ∂
= −

∂ ∂

∂ ∂
= −

∂ ∂

∫ ∫ ∫

∫ ∫ ∫
 (2.4.11) 

 
the result becomes 
 

      0x x
x x x x x xy y xy x x

S V S V V

n dS dV n dS dV b dV
x y

ω ωω σ σ ω σ σ ω∂ ∂
− + − + =

∂ ∂∫ ∫ ∫ ∫ ∫ (2.4.12) 

 
The component xt  of the traction vector t is given by (2.4.7), i.e. the expression above 
reduces to 
 

  +   0x x
x x x xy x x

S V V

t dS dV b dV
x y

ω ωω σ σ ω
⎛ ⎞∂ ∂

− + =⎜ ⎟∂ ∂⎝ ⎠
∫ ∫ ∫  (2.4.13) 

 
In a similar manner, the second term of (2.4.5) can be manipulated to yield 
 

  +   0y y
y y xy y y y

S V V

t dS dV b dV
x y

ω ω
ω σ σ ω

∂ ∂⎛ ⎞
− + =⎜ ⎟∂ ∂⎝ ⎠

∫ ∫ ∫  (2.4.14) 
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Addition of Eqs. (2.4.13) & (2.4.14) gives 
 

 

( ) ( )  

0

x x y y x x y y
S V

y yx x
x y xy

V

t t dS b b dV

dV
x y y x

ω ω ω ω

ω ωω ωσ σ σ

+ + +

⎡ ∂ ∂ ⎤⎛ ⎞∂ ∂
− + + + =⎢ ⎥⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠⎣ ⎦

∫ ∫

∫
 (2.4.15) 

 
 
Finally, using (2.4.9) & (2.4.15) 
 

 i( )T
  

V S V

dV dS dV∇ = +∫ ∫ ∫T Tω σ ω t ω b  (2.4.16) 

 
This is the weak form of the differential equations of mechanical equilibrium subjected to 
the boundary conditions given by Eqs. (2.4.7). 
 
Considering the two-dimensional case where the displacements, strains, stresses, tractions 
and body forces do not depend on the z-coordinate. 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3.2:(a) Region A and boundary Γ  for two-dimensional problems; 
     (b) Illustrations of upper surface S+, lower surface S− and thickness t. 

 
As all integrands in Eq. (2.4.16) are independent on the z-coordinate, we obtain 
 

 

i( ) i( ) i( )T T T
     

     

V A Z A

V A Z A

dV dz dA t dZ

dV dz dA t dV

⎡ ⎤
∇ = ∇ = ∇⎢ ⎥

⎣ ⎦
⎡ ⎤

= =⎢ ⎥
⎣ ⎦

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫T T T

ω σ ω σ ω σ

ω b ω b ω b

 (2.4.17) 

 
Considering the surface integral in Eq. (2.4.16), we get 
 

      
S Γ ZS S

dS dS dS dz dΓ
+ −

⎡ ⎤
= + + ⎢ ⎥

⎣ ⎦
∫ ∫ ∫ ∫ ∫T T T Tω t ω t ω t ω tv  (2.4.18) 

The traction vector has components tx and ty. Along S+ and S− we have nx=ny=0, therefore 

x

y 

x

z
y

A

 Γ 
 S− 

 S+ 

t
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 x xz z

y yz z

t n
t n

σ
σ

⎡ ⎤ ⎡ ⎤
= =⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦
t  (2.4.19) 

 
For plane strain conditions, the components ( , )xz xz x yσ σ=  and ( , )yz yz x yσ σ=  may in 
general be different from zero. Along the upper surface S+ we have nz = 1, whereas for the 
lower surface S− we have nz = −1.  
 
This leads to the conclusion that t+ = −t− and as  ω is independent of the z-coordinate, Eq. 
(2.4.18) reduces to 
 
   

S Γ

dS t dΓ=∫ ∫T Tω t ω tv  (2.4.20) 

 
Now, using Eqs. (2.4.20), (2.4.17) and assuming that the thickness t of the body is 
constant, the weak form for two-dimensional problems can be simplified into 
 

 i( )T

Γ

  Γ  
A A

dA d dA∇ = +∫ ∫ ∫T Tω σ ω t ω bv  (2.4.21) 

 
According to the Galerkin method, the arbitrary weight vector ω is defined as 
 
 = mNω ω  (2.4.22) 
 
where, 
 

 1 2 3 4

1 2 3 4

0 0 0 0
0 0 0 0
N N N N

N N N N
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

mN  (2.4.23) 

 
and 
 
 

T

x1 y1 x2 y2 x3 y3 x4 y4ω ω ω ω ω ω ω ω⎡ ⎤= ⎣ ⎦ω  (2.4.24) 
 
Hence ω  is arbitrary, ω  is also arbitrary and it follows that 
 
 i∇ = mω B ω  (2.4.25) 
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where, 
 

 

i

1 2 3 4

1 2 3 4

1 1 2 2 3 3 4 4

0 0 0 0

     0 0 0 0

N N N N
x x x x

N N N N
y y y y

N N N N N N N N
y x y x y x y x

= ∇

⎡ ⎤∂ ∂ ∂ ∂
⎢ ⎥

∂ ∂ ∂ ∂⎢ ⎥
⎢ ⎥∂ ∂ ∂ ∂

= ⎢ ⎥∂ ∂ ∂ ∂⎢ ⎥
⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂⎣ ⎦

m mB N

(2.4.26) 

 
Using (2.4.22) and (2.4.25), the weak form given by (2.4.21) becomes 
 
 

Γ

  Γ  
A A

dA d dA= +∫ ∫ ∫T T T
m m mB σ N t N bvΤ Τ Τω ω ω  (2.4.27) 

 
which can be further simplified to give 
 
 

Γ

  Γ  
A A

dA d dA= +∫ ∫ ∫T T T
m m mB σ N t N bv  (2.4.28) 

 
If we are to express the total stress term in (2.4.28) in terms of strain, we have to first 
express it in terms of effective stress. 
 
Bishop(1959) proposed a relationship between total stress and effective stress for 
unsaturated soil: 
 
 ( ) ( )a a wp p pχ= − + −*σ σ m m m  (2.4.29) 
  

  ;  r rir

s r ri

S S 0 1
1 S

θ θχ χ
θ θ

−−
= = ≤ ≤

− −
 (2.4.30) 

  

 
1
1
0

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

m  (2.4.31) 

where: 
 θ  : volumetric water content, 
 sθ   : saturated water content, 
 rθ   : residual water content, 
 rS   : degree of saturation, and is given by (2.3.32) 
 riS   : residual degree of saturation, 
 σ  : total stress, 
 *σ  : effective stress. 
The nature of m implies that the fluids pressure only effects the normal stress components. 
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Eq. (2.4.29) can be manipulated and written in terms of total stress as: 
 
 ( )a a wp p pχ= − − + *σ m m m σ  (2.4.32) 
 
Inserting (2.4.32) into (2.4.28) results in 
 
 ( )( )

Γ

  Γ  a a w
A A

p p p dA d dAχ− − + = +∫ ∫ ∫T * T T
m m mB m m m σ N t N bv  (2.4.33) 

 
Simplifying (2.4.33) gives 
 

 

Γ

    

 Γ  

a a w
A A A A

A

p dA p dA p dA dA

d dA

χ χ− + +

= +

∫ ∫ ∫ ∫

∫ ∫

T T T T *
m m m m

T T
m m

B m B m B m B σ

N t N bv
 (2.4.34) 

 
Effective stress term can be written in terms of Young’s modulus and displacement as: 
 
 *

0= −σ Dε Dε  (2.4.35) 
 
Hence pane strain case is considered, 
 

 
x

y

xy

ε
ε
γ

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

ε  (2.4.36) 

 

 
( )( ) 1

2

1 0
1 0

1 1 2
0 0 (1 2 )

E
υ υ

υ υ
υ υ

υ

⎡ ⎤−
⎢ ⎥= −⎢ ⎥+ − ⎢ ⎥−⎣ ⎦

D  (2.4.37) 

 
and 0ε , the so-called initial strains, are the strains for zero stresses. 
 
The displacement vector is given by 
 

 x

y

u
u

⎡ ⎤
= ⎢ ⎥

⎣ ⎦
u  (2.4.38) 

 
which is approximated by 
 
 = mu N u  (2.4.39) 
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where Nm is given by Eq. (2.4.23) as 
 

 1 2 3 4

1 2 3 4

0 0 0 0
0 0 0 0
N N N N

N N N N
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

mN  

 
and 
 
 

T

x1 y1 x2 y2 x3 y3 x4 y4u u u u u u u u⎡ ⎤= ⎣ ⎦u  (2.4.40) 
 
Strains ε  can be written in terms of displacements as 
 
 i= ∇ε u  (2.4.41) 
 
From (2.4.39) and (2.4.26) we obtain 
 
 = mε B u  (2.4.42) 
 
So, (2.4.35) takes the form 
 
 *

0= −mσ DB u Dε  (2.4.43) 
 
Inserting (2.4.43) into (2.4.34) results in 
 

 

Γ

     

 Γ  

a a w
A A A A A

A

p dA p dA p dA dA dA

d dA

χ χ− + + −

= +

∫ ∫ ∫ ∫ ∫

∫ ∫

T T T T T
m m m m m m 0

T T
m m

B m B m B m B DB u B Dε

N t N bv
(2.4.44) 

 
Rearranging (2.4.44) gives 
 

 

Γ

    

 Γ   

a a w
A A A A

A A

p dA p dA p dA dA

d dA dA

χ χ
⎛ ⎞

− + + ⎜ ⎟
⎝ ⎠

= + +

∫ ∫ ∫ ∫

∫ ∫ ∫

T T T T
m m m m m

T T T
m m m 0

B m B m B m B DB u

N t N b B Dεv
 (2.4.45) 

 
Discretizing for pressure of air and pressure of water, (2.4.45) becomes 
 

 

( ) ( ) ( )

Γ

   

  Γ   

A A A

A A A

dA dA dA

dA d dA dA

χ χ− +

⎛ ⎞
+ = + +⎜ ⎟

⎝ ⎠

∫ ∫ ∫

∫ ∫ ∫ ∫

T T T
m n a m n a m n w

T T T T
m m m m m 0

B m N p B m N p B m N p

B DB u N t N b B Dεv
 (2.4.46) 
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where Nn is given by (2.3.4) as 
 
 [ ]n 1 2 3 4N N N N=N  
 
and ap and wp  are given by (2.3.25)-(2.3.26) as 
 

 

1 1

2 2

3 3

4 4

a w  ;  

a w

a w

a w

a w

p p

p p

p p

p p

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥= =⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

p p  

 
Equation (2.4.46) can be simplified and written as 
 

 

Γ

      

     Γ   
A A A

A A A

dA dA dA
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Taking partial derivative of (2.4.47) with respect to time and simplifying, 
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Equation (2.4.48) can be more concisely written as 
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where 
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and ,  rSχ  are given by (2.4.30) and (2.3.31) respectively. 
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3.5  Formulation of air mass balance equation 
 
 
The continuity of air mass filling the soil voids is given by: 
 

 ( ) ( )a1 div 0a r r an S HS H
t

ρ ρ∂ ⎡ ⎤ ⎡ ⎤− + + + =⎣ ⎦ ⎣ ⎦∂ wv v  (2.5.1) 

 
where n is the porosity and ρa is the density of air. 
 
vw is given by (2.3.7) as 
 

 w
wx

wy

v
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⎡ ⎤
= ⎢ ⎥

⎣ ⎦
v  

 
similarly 
 

 a
ax

ay

v
v

⎡ ⎤
= ⎢ ⎥

⎣ ⎦
v  (2.5.2) 

 
It is assumed that air behaves as an ideal gas and hence density and pressure are related as 
follows:  
 

 a a
M p
RT

ρ =  (2.5.3) 

 
where T(oK) is the absolute temperature, R the gas constant and M is the molecular weight 
of air (M/(RT) is the compressibility of air, assumed constant). 
 
Substituting Eq. (2.5.3) into Eq. (2.5.1): 
 

 ( ) ( )a w1 div 0a r r ap n S HS p H
t

∂ ⎡ ⎤ ⎡ ⎤− + + + =⎣ ⎦ ⎣ ⎦∂
v v  (2.5.4) 

 
Simplifying (2.5.4) further: 
 

 [ ] [ ] [ ]div +div 0a a r a r a ap n p nS Hp nS p Hp
t

∂
− + + =

∂ a wv v  (2.5.5) 

 
Multiplying (2.5.5) by an arbitrary function φ – the weight function – and integrating over 
the region (limiting the scope for two-dimensional problems and considering constant 
element thickness) gives 
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Integrating by parts the second and third terms of (2.5.6) by Green-Gauss theorem gives 
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Using (2.5.7), (2.5.6) can be written as 
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Using (2.3.12) - (2.3.14) 
 

 
[ ]   

+   0

a a r a r a a
A A

a a
A

p n p nS Hp nS dA p d p dA
t

Hp d Hp dA

⎡ ∂
− + + −⎢ ∂⎣

⎤
− =⎥

⎦

∫ ∫ ∫

∫ ∫

T T T T T
n n a n a

T T T
n w n w

N N v n B v

N v n B v

Γ

Γ

Γ

Γ

v

v

ϕ

 (2.5.9) 

 
As the Eq. (2.5.9) should hold for arbitrary Tϕ matrices, it can be concluded that: 
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From (2.3.20)-(2.3.21) 
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Similarly, motion of air can be described by a generalization of Darcy’s law 
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1

a a
a

K p z
γ

⎛ ⎞
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v  (2.5.11) 

 
where Ka is the coefficient of permeability and γa the specific weight of air. 
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Brun (1989) proposed a relationship for coefficient of permeability interms of suction as 
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where Aa, Ba, Ca and Kas are constants. 
 
Also, from (2.3.18) 
 
 wq = T

wv n  
similarly 
 
 aq = T

av n  (2.5.13) 
 
where qa is the air flux across the boundary. 
 
Now, (2.5.10) can be further simplified and written as 
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Expressing porosity in terms of displacement and using (2.3.32) 
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Discretizing for pressure of air and pressure of water and using (2.4.42), equation (2.5.15) 
becomes 
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Simplifying (2.5.16) 
 

 

( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( )

  

1  

1  

1  

 +  

1   

1

A A

r

wA

a r
A

r
A

a w

a a
aA A

wA

dA n dA
t t

SH n dA
p t

H p S dA
t

H S dA
t

q d H q d

K dA K z dA

Hp

γ

γ

∂ ∂
+

∂ ∂

∂ ∂
+ −

∂ ∂

∂
+ −

∂

∂
+ −

∂

+

+ + ∇

+

∫ ∫

∫

∫

∫

∫ ∫

∫ ∫

∫

T T T
n n a m n n a

T
n n a n w

T T
n m

T T
n m n a

T T
n n a n n a

T T
n n a n a n n a

T
n

N N p m B u N N p

N N p N p

N m B u

N m B u N p

N N p N N p

B N p B p B N p

B

v v
Γ Γ

Γ Γ

 0a w w
A

K dA H K z dA+ ∇ =∫ T
n w n n aB p B N p

 (2.5.17) 

 
Equation (2.5.17) can be more concisely written as 
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where, 
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3.6 A coupled solution method for the proposed equations 
 
Recalling the Equations (2.3.39), (2.4.49) and (2.5.18): 
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The Equations (2.3.39), (2.4.49) and (2.5.18) can be combined and written as one matrix 
equation: 
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Now equation (2.6.1) can be written in a more generalized form as: 
 

 [ ]{ } [ ]{ } { }   
•

+ =M d K d F  (2.6.2) 
 
where M is the system capacity matrix, K is the system conductivity matrix, F is the 
system flux vector and d is the matrix of primary variables. 
 

Numerical time integration is performed by using the backward Euler method to 
solve the above semi-discrete parabolic equation. Figure 3.3 shows the flow chart of the 
process to solve the proposed coupled system of equations. 
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Figure 3.3: Flow chart of the process to solve the proposed coupled system of equations 
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3.7 Application of Model 
 

A soil-slope problem in residual soil is taken for the demonstration. The rainfall 
perturbation is taken as the forcing function that affects the flow regime as well as soil 
deformation. The displacement boundary conditions and slope dimensions are displayed in 
the Figure 1. No flow boundary is assumed on either side of the slope (af, de and fe). 
Material properties input are shown in Table 2. Rainfall intensity of 20 mm/hr is applied to 
surfaces ab, bc and cd  of the slope. For the slope in residual soil, pore-air pressure is 
assumed to be zero. Initial water pressure is illustrated in Figure 2 as a contour plot. The 
results from the code, with rainfall infiltration for 24 hours, are presented here. The 
material properties of the chosen residual soil are given in Table 3.1. 
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Figure 3.4: Domain of Analysis with displacement BCs. 

 
 

Water 
permeability 

Kws = 5×10-5, Aw = 1.0,  
Bw = 0.96, Cw = 5.16e-4 

Degree of 
saturation 

Sri = 0.08, Srs = 1.0,  
Aw = 0.96, Bw = 3.5,  
Cw = 5.00e-5 

Void ratio – 
state surface 

a = -7.58e-8,  b = -6.45e-8,  
c = 1.61e-10, 
d = 0.6462 

Young’s 
modulus 

E = 7.88×109 N/m3 

Poisson’s ratio μ = 0.35 
Rainfall 
intensity 

20 mm/hr 

 
Table 3.1: Material Properties 
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Chapter 4 
 

Results and Discussion 
 
 

With the Dirichlet boundary condition on the nodes of the boundary ed when the 
water flows into slope, and Neuman Boundary condition (impervious boundary) when the 
water begins to discharge from the slope, contours of initial pore pressure in the domain of 
analysis is shown in Figure 4.1.  
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Figure 4.1: Contour lines of initial pore-pressure (in Pascal) 
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Figure 4.2: Domain of Analysis showing chosen nodes 
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Results from the infiltration induced changes in matric suction are presented in 
Figure 4.3(a) and 4.3(b).  Two nodes (node 38 and 73) were carefully selected to describe 
the effects of infiltration. The matric suction decreases with time due to infiltration and 
eventually converges towards zero. The response is different according to the distance 
from the slope surface and initial conditions of water pressure at the nodes. For the node 
closer to the surface (node 38), the reduction in matric suction starts immediately whereas 
for the node 73, suction remains constant until 8 hours of consistent rainfall and drops 
rapidly as shown in Figure 4.3(b) as it takes more time for the seeping rainwater to reach a 
deeper location. 
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Figure 4.3: Time histories of matric suction 
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To analyze the effects of rainfall infiltration in vertical profiles, nodes 90, 75, 60 
and nodes 140, 125 and 110 are carefully chosen. The change of matric suction versus time 
for these nodes are shown in Figure 4.4. 
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Figure 4.4: Time histories of matric suction at two different vertical profiles 
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The time histories of net mean stress are given in Figure 4.5. The increase in net 
mean stress with time as presented in Figure 4.5 (a) and 4.5 (b) can be attributed to the 
increase in unit weight of soil due to increase of moisture content. This should stabilize as 
the soil becomes saturated at which the net stress becomes the effective stress as described 
by Terzaghi’s effective stress equation. The rate of change of effective stress depends on 
the increase in unit weight and pore water pressure. 
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Figure 4.5: Time histories of net mean stress 
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 Figure 4.6(a), 4.6(b) and 4.6(c), gives pressure of water contours at 6, 12 and 18 
hours respectively. It is observed that the rainfall infiltration has little effect on the ground 
water table, but has a dramatic effect on the pressure of water above the ground water table 
in the unsaturated zone.  
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Figure 4.6 (a): Pressure of water contour at 6 hours 
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Figure 4.6 (b): Pressure of water contour at 12 hours 
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Figure 4.6 (c): Pressure of water contour at 18 hours 
 
 

Induced deformations at 6, 12, and 18 hours after consistent rainfall is presented in 
Figure 4.7(a), 4.7(b), and 4.7(c) as vector diagrams.  

 
As expected the arrowheads of the diagram points to the toe of the slope professing 

an impending circular slope failure. As the time increases, it can be seen that the nodes 
further away to the toe undergo larger displacements, and confirms to the theory that if 
rainfall continues for a long period of time, a deeper failure will occur. As expected, it can 
be seen that the soil in the saturated zone undergoes relatively smaller displacements 
compared to the soil in the unsaturated zone. 

 
 

 
 

Figure 4.7 (a): Deformation vectors at 6 hours 
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Figure 4.7 (b): Deformation vectors at 12 hours 
 
 
 
 
 
 
 
 
 
 

 
 

Figure 4.7 (c): Deformation vectors at 18 hours 
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Chapter 5 
 

Conclusions 
 
 

Numerical analysis plays an important role in the investigation of the behavior of 
partially saturated soils by highlighting aspects which are important in engineering practice 
and illustrating the effect of partial soil saturation on the behavior of geotechnical 
structures.  

In this context, a finite element model was developed, and a numerical simulation 
was performed on a formulation taking into account the basic features of unsaturated soil 
behavior to a slope problem in residual soil subjected to rainfall. The response of the soil 
slope to rainfall perturbation was critically studied using time histories of matric suction, 
net mean stress and deformation.  

However, the current study uses a non-linear elastic model based on Hooke’s law. 
Therefore it is reasonable to continue the analyses only up to the stage where the slope 
failure does not occur, at which point the slope will start to exhibit plastic deformations. 
Further development is, therefore, required to describe the mechanical response of 
unsaturated soil with a nonlinear elasto-plastic formulation.  

The current model is generic and can be easily modified to model a variety of soil 
problems by simply changing the mesh, boundary conditions, initial conditions, and the 
forcing function. 
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