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Abstract 

 

In Computer Aided Geometric Design (CAGD), complex shapes are characterized by a 

number of control points and basis function. The utilizations of using curves are 

represented in the architectural works. Curve can be categorized based on their 

construction and characteristics into two major groups, namely, approximation curve 

and interpolation curve. Generally, the interpolation curve is usually found in the 

cartooning and animation field where the raster image is converted into the interpolated 

curve. On one hand, the approximation curve is widely used for geometric modeling in 

CAD and CAM applications. Owing to ease of configuration for the modeling of the 

interpolation curve and high degree of shape preservation of the approximation curve, 

the integration of their prominent features is promising to deliver the improvement of 

the modeling and design for CAGD application and image for CNC machine. In this 

research, we designed and developed the curve conversion scheme based on the 

monomial matrix to convert the interpolation curve into the approximation curve and 

vice versa. Moreover, optimization of degree for output curve is evaluated to reduce the 

complexity. Finally, the experiments show that our proposed scheme is feasible to 

implement and outperform the previous research works based on the pseudo inverse 

model in terms of the functional integration and applicability with CAGD application 

package. 
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บทคดัยอ่ 
 

ในสายงานคอมพิวเตอร์เพื่อการออกแบบ ได้น าเส้นโคง้มาใช้ในอุตสาหกรรมการออกแบบและ
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CHAPTER 1 INTRODUCTION 

 

1.1 Statement of the Problem 
Geometric modeling is one of the fundamental research issues in computer graphics. 

Even though substantial works have proposed the solutions for graphical design and 

geometric modeling, efficient and advanced modeling techniques for geometry 

representation are still crucially required for modern applications.   In this kind of 

research area, most solutions focus on devising mathematical algorithms to represent 

the objects and shapes.  

 

Regarding the shape-based modeling, a primary shape is simply modeled by a 

construction formula and fixed control points for a common object’s design such as 

lines, triangular, square circle, ellipse and etc. On the other hand, a complex shape or 

free-form object is much more difficult to invoke a simple formula and typical fixed 

control points to model. Thus, the complex shape requires advanced and detailed design 

of construction formula to generate control points. Consequently, more research has 

devoted to solve the complex shape representation. 

 

In Computer Aided Geometric Design (CAGD), complex shapes are defined in the form 

of curves. The utilizations of curves are represented in the architectural works. For 

example, curves can help modelers draft a modern car structure. They provide simple 

tools for modelers in some parts of drawing and sketching. Curves are important to 

geometric modeling used to sketch a part of objects and represent structural shapes. 

 

Curve can be separated based on their construction and characteristics into two major 

groups, namely, approximation curve and interpolation curve.  Approximation curves 

are composed of control points around the curve line. These control points are used to 

set the direction and to generate their blending function to construct a curve. The 

examples of these models are Bézier Curve, Wang-Ball Curve, Said Ball Curve and etc. 

This kind of curve has a good shape preserving properties and is popular in the CAGD 

field. For the interpolation curve, it is a curve whose line must pass along all control 

points. In many applications, interpolation curves are typically used to sketch and 

design process because its control points that is on the curve is easy to configure the 

shape. 

  

Besides, the interpolation curve is attractive in its utilities and complex applications. 

However, the complex blending functions and complicated methods require much more 

computation time and resource consumption. Thus, both curve forms have their own 

strengths and weaknesses.  

 

In this research, we aim to improve geometric modeling applicable in CAGD 

applications. Due to a high degree of the availability of detected points along the shape 

line of the interpolation curve scheme, we thus integrate this scheme to provide more 

efficiency to the approximation curve which is a foundation approach for CAGD 

application.  Here, the relationship between the approximation curve and the 

interpolation curve is examined. 

 

In addition, the mathematic monomial form is employed to construct the conversion 

model to assemble the relation between the approximation curve and interpolation 



 

 

2 

2 

curve. This could enable the migration of geometric modeling to CAGD done with the 

efficient transition and less computation cost. 

 

1.2 Research Objectives 

The objectives of this research are to: 

1.Propose an extended monomial form method in curve applications as a mathematical 

relationship representation of the approximation curve and interpolation curve. 

2.Apply monomial matrices as a conversion application that is proven by Mathematica 

Software. 

 

 

1.3 Scope and Limitation of the Study 
1. Investigate and specify the relationship between approximation curve and 

interpolation curve. 

2. Develop monomial matrices to demonstrate the relations among each of the curve 

models. 

3. Evaluate the efficiency and performance of the proposed monomial conversion model 

and show that it is well applicable in Mathematica programming.  

 

  

1.4 Overview of Thesis  
This document is divided into five chapters: Chapter 1 presents a problem statement, 

objectives of the research and desired output. Chapter 2 deals with the related 

backgrounds, theories and previous works. Chapter 3 explains the concept of conversion 

algorithm and methods which are used to apply in approximating the interpolated 

control points. Chapter 4 demonstrates experimental results used to describe beneficial 

purposes as a conversion application. Finally, Chapter 5 summarizes research and 

suggestions for further development.       



CHAPTER 2 LITERATURE REVIEW 

 

This chapter reviews the background of fundamental concepts of geometric modeling, 

curve modeling, curve properties, using curve with low complexity, and Chebyshev 

polynomial. Then, the previous research is discussed. 

 

2.1 Geometric Modeling 
Geometric modeling is generally considered as mutual fields of applied mathematics 

and computational geometry that provide the methods, algorithms, or formula in the 

form of mathematical expression of shapes. The shape studied is mostly represented in 

two or three dimensions. Two dimensional models are useful in computer typography 

and technical drawing. Three dimensional models are widely used in many fields such 

as mechanical engineering, image processing, and architectural design. However, the 

ground concept of geometric modeling is curves.  In Computer Aided Geometric Design 

(CAGD), shapes are specifically defined in terms of curves and surfaces. The property 

of shapes is also regarded in CAGD.  Examples of curves and surfaces are Bézier, Said-

Ball, Wang-Ball curves, and surfaces. In our research work, we will concentrate on 

CAGD curves. 

 

2.2 Curve Modeling 
Curves in Computer Aided Design can be classified into two main categories: 

approximation curve or CAGD curve and interpolation curves. For the approximation 

curve, it is the composed of control points out of the curve line. Thus, it can be called 

approximation control point curve.   These control points are used to set the direction 

and shape construction of curves. For the interpolation curve, it is a curve where the line 

must pass along all control points called interpolation control point curve.  

 

In many applications, interpolation curves are typically used to sketch and design a 

process. Cartoon animation, fine art design, and industrial product design. On another 

hand, approximation curves are popular in the CAGD curve design such as machine 

design and civil structure design. Curve designs are constructed by two principle parts: 

a set of control points and blending function. A set of control points specifies the 

position and direction of curve while a blending function is used to control the shape of 

curves in terms of polynomials equation.   In our work, we will use the term 

“polynomial curves” to classify a curve model. 

 

2.2.1 Polynomial Curves 
There are several polynomial curves in CAGD, such as Bézier, Said-Ball and Wang-

Ball curves. These polynomial curves can be constructed by using their control points 

and blending functions. Both components influence the shape of polynomial curves. In 

each curve, their characteristics are similar but they are different in their blending 

functions. 
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2.2.2 Approximation Control Point Curve (CAGD Curves)  
Approximation curve is a curve where all control points do not need to locate on the 

created curve. This kind of curve is widely adopted because it has a high degree of 

shape preservation as well as its ease of use.  This curve can also be constructed by 

using its control points and its blending functions. Approximation curve is very useful 

in computer aided design work. There are several models to use in each appropriated 

application; mechanical project, architecture software and 3D printing. The most 

popular kind is Bézier Curve. Figure 2.1 presents an approximated control point curve. 

 

 

 
 

Figure 2.1 Approximation Curve: Character and Position of Control Point 

 

In order to understand each model of approximation curve, the history of each model is 

reviewed as follows.   

 

2.2.2.1 Bézier Curves 

Bézier curve can be constructed by using either de Casteljau algorithm in 1957 or a 

model based on Bernstein polynomials proposed by Bézier [1]. The curve is presented 

by two components: Bernstein polynomials and Control Point. Bézier is popular 

because there is clear Bernstein polynomial form and the influence of control point is 

equal at every point. However, this model is not practical if there is a high degree of 

curve. Therefore, a subsequent solution called Said-Ball algorithm was developed to 

address the problem of high degree curve modeling.  

 

2.2.2.2 Said-Ball Curves 

In 1974, Ball defined a set of basis function for cubic curve and Bicubic surfaces. Said 

[2] investigated Said-Ball curves by generalizing the Ball model to support a higher 

degree of curves. Said-Ball curve is similar to Bézier curve but they are different in their 

blending function. Afterwards, Wang et. Al. [3] developed the recursive algorithm for 

Said-Ball curves. It creates the simplicity for Said-Ball curve construction. Hence, Said 

was the best algorithm to draw a curve during that time. Unfortunately, Said-Ball is 

more complex to use compared to Wang-Ball algorithm. 
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2.2.2.3 Wang-Ball Curves 

Wang-Ball curve was investigated by Wang [4] in 1987 but publicized later in 1996 by 

Wang et.al [3] with its degree elevation and degree reduction. A Wang-Ball curve can 

be computed more efficiently than Bézier and Said-Ball curve because it requires linear 

time complexity (n).  

 

Subsequently, in 2001 Dejdumrong et al. [5] extended to the rational Wang-Ball curve. 

The problem of Wang-Ball curve is about its low influence of control points in curve 

control.  The idea is that changing the shape of curve can be made through the change of 

control points. 

 

2.2.2.4 DP Curves 

In 2003, Delgado and Peña [6] developed DP curves to represent a curve having linear 

computational complexity. Researchers proved that blending basis of DP curves is a 

normalized positive basis which claims that DP curves have a shape preserving 

property. 

 

2.2.2.5 NB1 Curves 

NB1 and NB2 were first investigated by Wu [7] in 2000. Later, in 2007, Yu and Chen 

[8] introduced the basis functions and their properties of NB1 curves (NB2 curve in 

Wu). NB1 curve construction can be divided into two parts. In the first half, NB1 curve 

is computed by using NB1 algorithm. In the second half, it is computed similar to 

Bézier algorithm. NB1 curve is located between Said-Ball and Wang-Ball curves. 

 

2.2.2.6 Dejdumrong Curve 

In 2008, a new algorithm of plotting curves was presented by Dejdumrong [5]. The 

curve recursive algorithm is a linear computation form similar to Wang-Ball and DP 

curves. The proposed algorithm can compute both non-rational and rational Bézier 

curves within a linear time complexity. The algorithm of Dejdumrong was proven to be 

more efficient than the de Casteljau algorithm because it has a linear complexity which 

can be computed easily. Dejdumrong curve calculation was faster than the other curves 

except Wang-Ball and DP curves. However, the shape of Dejdumrong curve was closest 

to that of Bézier curve. Furthermore, Dejdumrong curve can be plotted faster than 

Bézier curve.  
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2.2.3 Interpolation Curve 
Interpolation curve is a kind of curve which has a set of control points located on the 

generated curve. This curve is used in the mathematics field of numerical analysis to 

give the interpolation equation for a given set of data. In CAGD, it models a type of 

curve segment. In many applications, the interpolation curve is typically used to 

compare with two sets of data which are used in statistical comparisons. For example, 

the information from financial investment can be obtained from stock information. The 

information from statistical works can be used for the country’s development in many 

aspects such as educational development, economic development, social development, 

agricultural development, industrial development, and public health development. The 

results from statistical analysis are important for human and society. Figure2.2 presents 

a sample of interpolation curve. 

 

 
 

Figure 2.2 Interpolation Curve: Relationship between Shape and Control Points 

 

2.2.3.1 Newton-Lagrange Curves 

Newton and Lagrange polynomial is typically used to represent an interpolation curve 

known as “Newton-Lagrange curve”. In Nuntawisuttiwong and Dejdumrong [9] apply 

Newton-Lagrange polynomial to approximate Hand writing and it is converted to Bézier 

curve. However, this technique can be applied for simple curves only because Newton-

Lagrange is sensitive for ill-conditions and not flexible for complex curves such as loop 

curve and zigzag curve. It is not flexible for all input cases in order to use as a 

conversion method.        

Let   ( )        ( )be Newton and Lagrange curve with n +1 control points *  +   
 , 

and a set of knots *  +   
 , then Newton-Lagrange polynomial can be represented by 

 

  ( )    ( )  ∑∑ 

 

   

 

   

         
  

,                        (1) 

 

Where      is Newton-Lagrange blending function defined by 

      
      
 ( )

∏      
 
       

    

And 

      
 ( )   {

                                                            

∑       
 (   )                

     
       

                 (2)  
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2.3 Methods for Curve Representation 
After all the prominent curves models were presented, this section describes the 

algorithms for curve construction in each model. 

 

2.3.1 Basis Function 
Typically, curves can be constructed by using their control points and blending 

functions. In this method, the blending functions are defined in terms of basis functions. 

A basis function is a simple method to create CAGD curves. The implementation and 

application in programming are the main issues discussed in this part.   

 

2.3.1.1 Bézier Curve  

To create a Bézier curve by its basis, there are two simple components: control points 

and their blending function. The specific blending function to generate Bézier curve is 

Bernstein polynomial. The formula is shown below.  

       

A Bézier curve, B
n 

(t) of degree n with control points, denoted by * +   
 

 and can be 

constructed by [1] 

  ( )   ∑  
 ( )

 

   

                  

                         (3)                                   

 where         is control points ,             

     
 ( ) is the     degree Bernstein polynomial   

            expressed by  

 

  
 ( )   .

 

 
/   (   )              

        (4)                        

            and 

                               .
 

 
/     

  

  (   ) 
                                                   

             (5) 

2.3.1.2 Said-Ball Curve 

The second curve is Said-Ball curve. The blending function of Said curve is improved 

from ball polynomial. The creation of this cure via programming can be separated into 3 

parts. These three conditions belong to the number of control points.  

 

Said-Ball curve, is represented by S
n
(t) with the set of control points, *  +   

  that can be 

expressed by [3] 

  ( )  ∑     
 ( )          

 

   

     

                                   (6) 

where       is control points,             

     
 ( ) is the     degree Said polynomial   

 

  
 ( )  

{
 

 .
⌊ 
 
⌋  

 
/   (   )⌊

 
 
⌋                   ⌈ 

 
⌉         

( 
 
)  (   )                               

 
                     

    
 (   )                                  ⌊ 

 
⌋        

                              (7) 
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2.3.1.3 Wang-Ball Curve 

The fundamental of Wang curve is also developed from Ball polynomial. This blending 

function can be separated into 4 conditions of programing. 

    

Wang-Ball curve, is represented by A
n
(t) of degree n with the set of control points, 

*  +   
  that can be expressed by [3] 

 

  ( )  ∑     
 ( )          

 

   

   

                                            (8) 

where       is  control points,             

     
 ( ) is the     degree Wang polynomial   

 

  
 ( )  

{
 
 

 
 
(  ) (   )                               ⌊ 

 
⌋            

(  ) (   )                            ⌊ 
 
⌋                             

( (   ))                             ⌈ 
 
⌉                             

    
 (   )                                  ⌈ 

 
⌉                

                   (9) 

 

2.3.1.4 DP Curve 

DP curve creation by using its basis function is very complex and hard to apply as 

programming. There are several conditions to coding and implementation.   

DP curve is represented by C
n
(t) of degree n with the set of control points, *  +   

  that 

can be expressed by [6] 

 

  ( )  ∑     
 ( )          

 

   

   

                                      (10) 

 

where      is control points,             

     
 ( ) is the     degree DP polynomial   

 

  
 ( )  

{
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2.3.1.5 NB1 Curve 

The basis form of NB1 is separated into 4 conditions for the implementation. This basis 

is a simple form used to create NB1 curves but its blending function is complex to be 

represented in the programming language shown below.     

A NB1 Curve, N
n
(t) of degree n with control points, *  +   

  can be computed by[7][8] 

 

  ( )  ∑     
 ( )          

 

   

        

                                 (12) 

where       is  control points,             

     
 ( ) is  the     degree NB1 polynomial   

 

  
 ( )  

{
  
 

  
 .
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/   (   )⌊

 
 
⌋                   ⌊ 

 
⌋       
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⌋  
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⌋  
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⌋  (   )⌊

 
 
⌋                  ⌊ 

 
⌋       

 (
 ⌊ 
 
⌋  
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⌋  
)  ⌊

 
 
⌋(   )⌈

 
 
⌉                 ⌊ 

 
⌋            

    
 (   )                           ⌊ 

 
⌋           

                      (13) 

 

 

2.3.1.6 Dejdumrong Curve 

Dejdumrong is the last CAGD curve discussed in this thesis. Dejdumrong blending 

function is the improvement from Wang-Ball model. Thus, this blending function looks 

like Wang-Ball blending function. The conditions are also separated into 4 cases.     

Dejdumrong Curve presents degree n with control point n +1 points and the equation of 

basis as follows:  

  ( )   ∑     
 ( )

 

   

                                 

(14) 

where                   is  control points,             

     
 ( ) is the     degree Dejdumrong polynomial   

 

  
 ( )   

{
  
 

  
 (  )

  (   )                           ⌈
 

 
⌉   

(  )  (   )                         ⌈
 

 
⌉    

    (   )                                
 

 

    
 (   )                           ⌊

 

 
⌋        

                               (15) 

 

All basis functions for curve construction are difficult to implement in a computer 

software because their definition is represented by recursive functions such as Said-Ball 

blending function. Thus, recurrence Basis is not appropriate for computer programming.    

 
Although the basis form is simple and easy to understand, the implementation of this 

method is unsuitable to apply in real programming. Several conditions and exceptions in 

programming are weak points of this method.      
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2.3.2 Recursive Algorithm 
Recursive algorithm is a simple method for software implementation because most 

programming languages support recursive algorithms. There is a unique formula in each 

model. For example, Wang-Ball recursive algorithm has a formula to generate Wang-

Ball curve. The formula is represented as: 

 

 ( )    
 ( )   

{
 
 

 
 
                                                                              

                                                           ⌊
   

 
⌋  

                                          ⌈
   

 
⌉         

(   )  
   ( )       

   ( )                          

                 (16) 

 

Actually, a recursive algorithm is a simple method for software programming but this 

method is not appropriate for curve construction. It requires several computational 

resources and processing time O(2
n
). For instance, the high degree curve consumes a lot 

of memories in the recursive computational process.  

 

2.3.3 Iterative Form of Recursive Algorithm 
Iterative form of recursive algorithm is the repetition of a changeless process to generate 

a curve figure. Each step in the repeating process is called iteration. The mechanism of 

this technique will interpolate between two adjacent control points then calculate the 

new starting point of the next iterative point. The process of iteration will end when the 

last pair of iterative points is calculated and shown as the point of curve figure.        

 

Iterative form of recursive algorithm can be demonstrated based on the below method.   

2.3.3.1 Geometric Interpretation Diagrams 

This method is represented in graphic showing the step to obtain the point on a curve 

from given control points. Each model has its own pattern and unique order of 

figuration.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.3 Geometric Interpolation Diagram of Dejdumrong Curve 
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The geometric interpolation diagram in Figure 2.3 shows how each point on the curve in 

curve construction process is obtained. It is useful for curve representation and curve 

construction. However, this method is not appropriate to apply to computer software 

because a higher degree curve makes the diagram complex and confusing to understand.  

 

2.3.3.2 Triangular Scheme 
The other method used to represent the curve is a triangular scheme. It is another 

representation of geometric interpolation diagrams in Figure 2.3 with the upside-down 

representation. Figure 2.4 demonstrates how points on curve can be obtained from a list 

of control points. It is obvious that the triangular scheme is easier for a manual 

calculation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.4 Example of Said-Ball Triangular Scheme. 

 

The triangular scheme can be divided into two cases: odd and event degree having some 

different steps to construct the point. This method is not suitable to apply for software 

applications but it is useful for a curve representation. 

 
The iterative form is quite simple and easy to understand the step of curve construction. 

However, it is not appropriate to represent in terms of programming language. This 

technique does not cover all curve applications such as degree elevation, degree 

reduction and conversion.    
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2.3.4 Polar Form Approach 
Polar form was introduced by Ramshaw [10]. He presented a method to express the 

polar forms for polynomial by using differential geometry and elementary symmetric 

function. 

 

In 1992, polar forms [11] were used to construct Bézier curves and B-spline curves. 

Polar form approach is simple for Bézier and B-spline curve constructions but it is 

difficult to understand for other curves. Thus, it is not popular to use in CAGD. 

 

For instance, the polar form representing Bézier Curve degree n is expressed by  

 

 (       )   ∑.
 

 
/          

   (       )

 

   

 

                    (17) 

 

where,       
  (       ) is the mean of all products of form           (  

     ) (      )  Furthermore,    (   )    in polynomial basis could be 

represented by ,       
  (       ) 

 

In addition, polar forms are used to find the relationships between Bézier and other 

curves. For example, it is used to convert the Bézier into Said-Ball [12], Wang-Ball 

[12], DP [13] can be obtained from using the polar forms. However, the explorations of 

conversion formulae are difficult to implement and cannot be directly obtained. Thus, 

the formulas to compute the properties of curve by polar forms are very complex and 

not practical. 

 

2.3.5 Monomial Forms 
Aphirukmatakun and Dejdumrong[12] presented the proposition of Monomial form in 

2009. This technique derived from the basis function of approximation curve in the 

form of matrix multiplication between control points, coefficient of power basis and 

parameter t at each degree from 0 to n. Cubic Bézier can be represented by (18) and 

(19): 

 
TMG )(t                                              (18) 

        3

2

2

23

1

23

0

2 2224212)( pppp  ttttttttt
 

(19) 

where  G is control points, i=0,1,2,…,n 

  M   represents the 3
th

 degree Bernstein polynomial   

  M is coefficient of power basis in terms of matrix 

T is parameter t 

 

  ,           -                                                      (20) 

 

  [

     
     
     
    

]                                                       (21) 
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     [

  

  

  

 

]                                                         (22) 

 

To derive the monomial matrix, the basis function of Bézier curve will be expanded and 

grouped by parameter t in each degree. Then, the control points are factored out. The 

coefficient of power basis will be acquired. This group of coefficient is called monomial 

matrix. 

 

2.4 Curve Properties 
This section provides the detail of curve properties which are used in curve modeling 

such as derivative, degree elevations, degree reduction, and conversions. 

 

2.4.1 Degree Elevation 
Degree elevation is used to increase the number of degree and a number of control 

points. Increasing a number of control points provides the flexibility for shape 

adjustability. Any curve before and after applying degree elevation is the same curves.  

 

2.4.2 Degree Reduction 
Degree reduction is oppositely used to degree elevation in the way that degree reduction 

is used to reduce the number of degree and a number of control points. Reduction can 

be an optimizing process for curve construction. For instance, a curve with 50 control 

points can reduce the number of control points to 30 points but the shape and critical 

properties do not change. Thus, the process to construction is less than the original 

curve.   

 

2.4.3 Derivative 
Derivative is typically used to compute the tangent vector of curves. This tangent vector 

represents the slope of curves. In design software derivative is an important property to 

identify the slope that allows the designer to control the shape of curves.       

 

2.4.4 Conversion 
The conversion is used to transform one curve to another curve. This is an essential 

curve property which is useful to apply in CAD/CAGD software. In curve modeling, we 

use several models and propose a model conversion. Unfortunately, there is not any 

method that is perfect to represent the conversion method.     

 

2.5 Curve Conversion 
This session will focus on the conversion property which is the main issue for this 

thesis. From the previous part, there are several algorithms to create a curve line. 

However, not all methods have the conversion properties. Some algorithms can be 

applied into conversion method but it is not flexible enough and unusable such as the 

polar form approach that has all properties but it is highly complex and needs high 

mathematical knowledge. The traditional conversion between two models used 

mathematical equalization by equalizing two models and solving resulted control points 

of the target model. The example traditional conversion between Bézier Curve and 

Wang-Ball curve is shown below.       
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Given a sequence of n+1 control points   (         )  the Wang-Ball curve of 

degree n (Order n+1) defined by these points can be expressed as  

 

 ( )  ∑     
 ( )          

 

   

   

                                    (23) 

where       is control points,             

     
 ( ) is  the     degree Wang polynomial and can be defined for both 

odd and even value of n as follows: 
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The Bézier curve of degree n can be expressed by Wang-Ball control point as follows: 
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After calculating Wang-Ball control points, they will be used to construct a Wang-Ball 

curve by Wang’s algorithm to draw a line curve. 

This traditional conversion is a single conversion. There is a conversion for a pair of 

model with a fixed degree of curve. It is interesting to employ it since we can create a 

multi-conversion method and improve the computational performance of the conversion 

process. It will be also useful for a modeler to design more flexible tools.  
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Thus, the curve conversion method that can represent a multi-conversion, universal 

conversion concept that is also easy to understand is monomial form conversion. 

 

Monomial form conversion possesses desirable characteristics. It can represent all 

CAGD curves and support most of the curve applications. It is not a single calculation. 

Other algorithms are a single process that means it cannot process 2 applications in one 

process. On another hand, monomial form can convert and continuously process the 

degree elevation simultaneously by adding a degree elevation matrix. The result is a 

converted target model with a higher degree than the input curve model. Monomial 

form is the interesting method to implement in the software usability. 

 

Most research about monomial form is in the field of CAGD curve domain. In the field 

of interpolation, the control point curve is mentioned only Newton-Lagrange Curves. In 

the interpolation domain, there are many interesting applications such as forecasting and 

analyzing programs. Thus, to integrate both categories of curves will increase 

performances and methods to create a new useful software. 

 

The relationship between the interpolation curve and the approximation curve is the 

focal issue to investigate a new conversion method. One of many motivating criteria is 

Chebyshev polynomial.    

     

2.6 Chebyshev Polynomial 
Chebyshev polynomial is a popular approximated polynomial. There is a perpendicular 

property which makes equation stable. Chebyshev polynomial [14] has the period of 

time between [-1, 1]. The simple form of chebyshev polynomial is the first kind 

Chebyshev. The Chebyshey polynomial is formally defined as follows: 

 

  ( )             (    )      (           )            (31) 

where   

                                      . 
Chebyshev polynomial is one of the schemes we consider to integrate in our solution. 

Chebyshev polynomial can be represented in terms of power basis equation (32)  

 

  ( )   ∑  
      

 
 

   

                        

                        (32) 

when  

  
  (  )         

 

   
(
   

 
) 

                                      (33) 

 

Equation (33) represents a coefficient function for Chebyshev polynomial. 

  



 

 

16 

16 

2.7 Overview of Previous Research 
In this section, we discuss the previous work that we are going to extend in this thesis.   

 

In 2009, Aphirukmatakun and Dejdumrong presented the concept of monomial form 

approach for CAGD curve with their applications. This technique represents the 

polynomial curve in terms of matrix operation.  Monomial Matrix [12] presents 

approximation curve relationship and its useful curve properties such as derivatives, 

degree elevations, degree reductions and conversions among approximation curves. 

However, Aphirukmatakun did not provide the proofs for his proposition. The proofs of 

monomial form for CAGDs curve was published in 2012-2013 by Savetseranee and 

Dejdumrong [17][18].These papers make monomial form stronger and more interesting. 

Monomial forms have useful curve utilities and are applicable for computer 

programming. However, [12] did not provide the application for the interpolation curve. 

Most methods only support the approximation curve.   

 

Monomial form is a good technique to be applied in the curve conversion algorithm 

because it can represent the universal conversion concept. Monomial method is a good 

technique to represent CAGD curve conversion. All curve models can be converted into 

each other via the monomial method. Increasing the domain of conversion is 

development to improve monomial conversion. There are some research works that 

integrate the interpolation curve domain with the CAGD curve such as Newton-

Lagrange monomial form. However, Newton-Lagrange does not cover all conversions 

between the interpolation control point curve and the approximation control point curve.     

 

Thus, this paper will extend the utility of monomial form to the interpolation control 

point curve. To this end, we will investigate the relation between the approximation 

control point curve and the interpolation control point curve in terms of curve 

application. Then, we will propose a model conversion to compliment the shortfall of 

approximation curve and deliver the seamless conversion to CAGD modeling tool. 

 



CHAPTER 3 METHODOLOGY 

 

From the previous chapter, there are several methods in CAGD curve construction. 

Different methods are dissimilar properties and abilities in conversion. There are no 

completely covered all conversion CAGD models. However, monomial form can be 

used to be a universal conversion. Although monomial form can convert all models in 

CAGD curves, it does not support all models in conversion between CAGD curves and 

interpolation control point curves.       

 

This chapter presents the proposed solution of how the conversion between the 

approximation curve (CAGD curves) and the interpolation curve is performed. This 

could facilitate the efficient transformation of curves into geometric modeling tools 

such as CAGD applications.  Our conversion model is based on the examination of the 

relationship between the approximation curve and the interpolation curve.  We employ 

the monomial form to account for the conversion process.  The conversion between two 

kinds of curve represents the relationship between them.  

 

The organization of this chapter begins with the definition of interpolation curve and 

overall concept of the conversion between interpolation curve and approximation curve. 

Then, the detailed conversion process is given. Finally, proof of concept of our 

proposed curve conversion scheme is presented.  

 

3.1 Concept and Definition 
This part depicts two major constructs of our proposed solution:  interpolation curve 

representation and monomial form conversion between interpolation and approximation 

curve. 

 

3.1.1 Interpolation Curve Fitting 
Definition 1: The interpolation curve is a curve which generates the figure passing along 

every control point. 

{{7, -2}, {10, 7}, {16, 3}, {25, 0}, {37, 8}} 
 

The curve fitting is shown in Figure 3.1.  

 

 

 
 

Figure 3.1 The Interpolation Curve with its Control Points 
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Definition2: The approximation curve is CAGD curve that is composed of popular 

models used in CAGD curve design, such as Bézier Curve, Wang-Ball curve, Said-Ball 

Curve, DP curve NB1 curve and Dejdumrong curve.  

 

Definition 3: Curve representation is represented by a set of control points and blending 

functions. The interpolation curve uses specific blending functions to represent 

interpolated characteristic called Chebyshev polynomials.  

 

To create interpolation curve, the first step is to initialize a set of control points. Curve 

direction and simple characteristic are shown by linear interpolation of control points. 

Second, the polynomial is used to draw the curve figure. Chebyshev is the polynomial 

used in this research. The below figure shows the interpolation curve generation 

process. The generated curve figure should walk through every control point. However, 

the curves may face an ill- conditioned problem [9] where there is a swing of figure 

from compressing the curve to pass the control point. This problem can be solved by 

using a knot parameter. The knot parameter can reduce the swing of figuration since it 

comprises the period of curve construction processes. 

 

 

 
 

Figure 3.2 Interpolation Curve Constructions 

 

 

3.1.2 Conversion between Interpolation Curve and Approximation Curve 
 

The conversion process is a core focus of our research. Here, we apply monomial form 

to represent curves. The conversion concept is to transform ChebyShev into other 

models by using monomial matrix conversion. Let monomial form of Chebyshev be 

equal to the monomial form of any approximation model as follows:  

 

                                                                  (34) 

                                                                  (35) 

                                                                          (36) 

                                                                  (37) 

Finally, the new control point of approximation curve represented by     can be 

calculated as (37)    

Linear interpolation 

of control point 

Polynomial 

interpolation 



 

 

19 

19 

The interpolation curve can be computed by using transformation matrix   . A set of 

interpolation control points (Interpolation curve), *  +   
  . can be converted to 

approximation curve, *  +   
    as follows: 

 

 

,       -  ,       -                            (38) 

 

where δ is a transformation defined in Table 3.1 

   

Table 3.1 Conversion from Interpolation Curve to Approximation Curve 

 

From To Transformation Matrix 

Interpolation Curve 

Bézier          

Said-Ball          

Wang-Ball          

DP          

NB1          

Dejdumrong          

 

 

In contrast, the transformation inverse from the approximation curve to the interpolation 

curve is the inverse conversion from Table 3.1. Let *  +   
  be the interpolation control 

point and   *  +   
  be the approximation control point. Any approximation curve can be 

converted into the interpolation curve as follows: 

 

,       -  ,       -                        (39) 

 

Where   is transformation defined in Table 3.2   

 

Table 3.2 Conversion from Approximation Curve to Interpolation Curve 

 

 

  

From To Transformation Matrix 

Bézier 

Interpolation Curve 

          

Said-Ball          

Wang-Ball          

DP          

NB1          

Dejdumrong          
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3.2 Proposed Steps of Conversion 
The process to convert an interpolation curve to any approximation curve consists of the 

following algorithmic processes: 

 

Input: Control points of interpolation curve  

 

Output: Approximation curve: Wang-Ball curve, Said-Ball curve, Dejdumrong curve, 

and etc. 

 

1. Construct an interpolation curve.   

2. Represent the interpolation curve to the Chebyshev curve 

3. Convert the interpolation curve control point to the Chebyshev control point 

3. Convert the Chebyshev curve to a monomial form.  

4. Transfer the control point of Chebyshev curve to the approximation curve control 

point by the monomial matrix conversion.   

5. Construct the approximation curve with the resulted control point. 

 

The conversion method is shown as the figure below.  
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Figure 3.3 Conversions from Interpolation Curve to Approximation Curve Algorithm 

 

In contrast, the approximation curves can be converted to the interpolation curve by the 

following algorithm: 

 

Input: Control points of Approximation curve: Wang-Ball curve, Said-Ball curve, 

Dejdumrong curve and etc. 

 

Output: Interpolation curve with control points  

 

1. Construct an approximation curve.   

2. Convert the approximation curve to a monomial form.  

3. Transfer the control point of approximation curve to the Chebyshev curve control 

point by the monomial matrix conversion.   

4. Construct the Chebyshev curve with the resulted control point. 

5. Convert the Chebyshev control point to the interpolation control points 

6. Construct the interpolation curve. 

 

The conversion method in terms of programming shown as the figure below.  
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Figure 3.4 Conversions from Approximation Curve to Interpolation Curve Algorithm 
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3.3 Chebyshev Curve 
 

3.3.1 Chebyshev Blending Function in Conversion  
 

In our proposed scheme, the conversion of interpolation curve and approximation curve 

is based on Chebyshev polynomial. The problem is that the period of Chebyshev 

polynomial is between [-1, 1] as the equation (40). It is not a normal pattern for curve 

construction. Thus, period shifting is lifted to [0, 1]  

 

 

  ( 
 )         ( 

 )      ( 
 )                      (40) 

 

To shift the period [-1,1] to [0, 1] by the relation of  Chebyshev polynomial [15]  . 

 

          when                               (41) 

 

 To substitute (41) into (40) can be derived to (42)  

 

  
 ( )   (    )    (    )      (    )                       (42) 

 

Equation (42) is recursive function to construct Chebyshev polynomial.   

 

There is a set of control points on the interpolation curve. Then, find the coefficient of 

Chebyshev polynomial. It represents the control point of Chebyshev curve. 

 

 

   and    are coordinate values of chebyshev control point. To find the curve figuration 

point or the point on the line figure can be calculated by each coordinate X and 

coordinate Y. 

   ,  
 -                                            (43) 

   ,  
 -                                            (44) 

Equation (43) and (44) show configurations of Chebyshev curve representing the 

chebyshev control point. Here,   
  is blending function represented by the recursive 

form as shown in equation (42).   

The interpolation curve consists of the control points on the line figure that can be 

represented by x and y.  

 

The first step to convert the interpolation curve is to find each Chevbyshev control point  

      from interpolation coordinate value by using equation (45) and (46)    

 
    ,  

 -                                        (45) 

    ,  
 -                                      (46) 
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Thus, 

       represent the control point of Chebyshev curve. 

 

 

Figure 3.5 The Relationship between Curve Figure and Chebyshev Control Polygon. 

 

 

3.3.2 Chebyshev Monomial Form 
 

Next, the method used to convert the interpolation curve in terms of Chebyshev 

polynomial to approximation Curve is the monomial form of Chebyshev. This form is 

represented by multiplication matrix 

    

 

Chebyshev Curve   =                                     (47) 

where 

    is a set of control point 

   is Monomial coefficient matrix for Chebyshev Curve   

  is parameter t 

 

In conversion,     can be represented in a conversion form by shifting the parameter t 

period from [-1,1] to [0, 1]  . 
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                      (49) 

Equation (49) is monomial coefficient matrix in domain [-1,1] while  
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(48) is the normal basis of ChebyShev polynomial from[16] The relation of   
 ( ) in 

domain [0,1] is 
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 ( )                                           (50) 

Thus, 
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The equation (48) using normal period domain from [-1 to 1]. It can be derived by 

substituting equation (52) with equation (53) in terms of parameter t 
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when   [0,1] 
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             (54) 

Now, the parameter    can be calculated by using equation (54).   

3.4 Proof of Concept in the Conversion   
 

This part is a demonstration of conversion algorithm used in this research. The 

representation of curve is monomial form. It is composed of three parameters in terms 

of convolution matrix.  G  M T where G is a set of control points, M is coefficient 

matrix depending on type of curve. T is paramedic t 

 

  

Definition 3: two curves are equal or are the same curve as the construction equation is  

equal. Curve conversion is the application to transform a curve model to another model 

which is the same curve but has different construction parameters. 

 

Control point is the most essential parameter to create a curve. Curve conversion can 

define a conversion process to calculate and to find a new set of control points or the 

control points in the expected model.    

Thus, conversion from Chebyshev curve to Bézier Curve is described as follows: 
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Chebyshev Curve    Bézier Curve                                 (55) 

 

 

                                                                           (56) 

where 

      is a new set of control points (expect model) 

 

 

                                                                 (57) 

 

                                                                 (58) 

 

                                                                   (59) 

 

            ,  -
                                                                 (60) 

 

Thus, a new set of control points which is Bézier control point is the below equation. 

 

                          ,  -
                               (61) 

 

According to definition 3, the result of curve conversion must be the same curve with 

the original one. 

 

Proof of conversion can be demonstrated by converting the third degree Chebyshev 

Curve (interpolation curve) into Cubic Bézier curve (Approximation curve) by 

mathematic calculation as follows. 
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From equation (61) 
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                 (66) 

 

(67) can be derived by substituting (61) into (56) in terms of parameter    
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Then, solve the (68) by multiplying GMT parameters with both sides shown in (69) and 

(70).  
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In addition, expand both sides of equation then rewrite the form of equation which 

displays in equation (71)     

 

                                
       

       
  

  

                                
       

       
                  (71)

                                   

Thus, both curves are equal. The result form conversion algorithm is the same one with 

original curve. 

 

In this chapter, we presented the methodology to interpret the relationship between the 

interpolation curve and the approximation curve into the conversion method. 

Definitions of technical terms used to define the methodology were provided. The 

explanation was given to steps and process that occur in conversion algorithm such as 

interpolation curve fitting by Chebyshev polynomial and monomial form of Chebyshev 

which is the mechanism to convert control points. In addition, it showed the proof of 

conversion as mathematic equations. 

 

In the next chapter, experiments and results from this conversion method will be 

illustrated.         



CHAPTER 4 EXPERIMANTAL RESULT 

 

This chapter explains experiments and results of the transformation of interpolation 

curve to approximation curve. In addition, the result of the conversion of Chebyshev 

control points to target approximation control point is discussed.  

To implement the curve conversion algorithm, we set up a test scenario and evaluation 

as follows: 

 Conversion experimental test 

 Test with 4 standard curves, namely, Monotonic curve , Cusp curve,  

Loop curve and Sinuate curve 

 Perform the conversion test between interpolation and each 

approximation curve  

 Investigate the appropriate degree in conversion   

 Collect output, time, round, and curve character.  

 Check the correctness of conversion between the converted curve and the 

original one 

 
     

4.1 Converting Interpolation Curve to Approximation Curve with 

Standard Curve 
This part describes the conversion from the interpolation curve to the approximation 

curve. The approximation curve in this test is composed of Bézier curve, Said-Ball 

curve, Wang-Ball curve, NB1 curve, DP curve, and Dejdumrong curve. The experiment 

covers four standard samples: monotonic curve, cusp curve, loop curve, and sinuate 

curve  

 

4.1.1 Test Case: Monotonic Curve 
 

Table 4.1 Detail of Input: Monotonic Curve 

 

Degree of Interpolation curve 3 

Interpolation control point {{0,0},{40,80},{80,80},{120,0}} 
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  Table 4.2 Results of The Conversion from Monotonic Interpolation Curve to Each 

CAGD Curve  

 
Convert to 

Model 

Conversion 

Time(ms) 

New control point 

[Approximation control point] 
Curve figure 

Bézier  2.34002 

{{0,0},{41,120},{78,120}, 

{120,0}} 

 

Dejdumrong 

 
2.96402 

Wang-Ball 

 
2.65202 

{{0,0},{63,181},{57,181}, 

{120,0}} 

 

Said-Ball 

 
2.65202 

NB1 

 
3.43202 

DP 
 

 

3.43202 

{{0,0},{5,121},{115,121} 

,{120,0}} 

 

 

 

From Table 4.2, there are some sets of new control points which are the results of the 

conversion and they gave similar point such as Bézier and Dejdumrong curve. This case 

occurs when input curves have a low degree and are not a complex curve. In a higher 

degree, the new control points in each CAGD model will be harder to be duplicated.        
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4.1.2 Test Case: Cusp Curve 
 

Table 4.3 Detail of Input: Cusp Curve 

 

Degree of Interpolation curve 4 

Interpolation control point 
{{0,0},{130,150},{135,200}, 

{170,140},{200,30}} 

 

 

 

 

 

 

 

 

 

 

 

Table 4.4 Results of Conversion from Cusp Interpolation Curve to Each CAGD Curve  

 

Convert to 

Model 

Conversion 

Time(ms) 

New control point 

[Approximation 

control point] 

Curve figure 

Bézier 

 
3.90003 

{{0,0},{292,179}, 

{-22,324},{232,128}, 

{200,30}} 

 

Wang-Ball 4.68003 

{{0,0},{583,358}, 

{-83,478},{263,225}, 

{200,30}} 

 NB1 4.99203 
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Said-Ball 

 
4.68003 

{{0,0},{389,239}, 

{-22,324},{242,160}, 

{200,30}} 

 

 

Dejdumrong 

 
4.52403 

DP 4.83603 

{0,0},{1233,-255}, 

{-22,324}, 

{993,-462}, 

{200,30}} 

 

 

 

This simple forth degree cusp curve can be converted into 4 groups of control points. 

The individual models are Bézier and DP. The second group is Wang-Ball and NB1. 

The last group is Said-Ball and Dejdumrong curves. 

 

 

4.1.3 Test Case: Loop Curve 
 

Table 4.5 Detail of Input: Loop Curve 

 

Degree of Interpolation curve 3 

Interpolation control point {{0,0},{120,80},{50,80},{150,0}} 

 

 
 

 

 

  

400 200 200 400

400

200

200

400
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Table 4.6 Results of Conversion from Loop Interpolation Curve to Each CAGD Curve  

 

Convert to 

Model 

Conversion 

Time(ms) 

New control point 

[Approximation 

control point] 

Curve figure 

Bézier 

 
2.18401 

{{0,0},{333,121}, 

{-153,121}, 

{150,0}} 

 

Dejdumrong 2.65202 

Wang-Ball 

 
2.96402 

{{0,0},{500,181}, 

{-305,181}, 

{150,0}} 

 

Said-Ball 2.80802 

NB1 3.12002 

400 200 200 400

400

200

200

400

400 200 200 400

400

200

200

400
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DP 
 

3.43202 

{{0,0},{820,121}, 

{-640,121}, 

{150,0}} 

 

 

This test case is a simple cubic looping curve. There are three resulting groups. Bézier 

and Dejdumrong have the same control points. The second one is the group of Wang-

Ball, Said-Ball, and NB1. DP is a single model as the last group of result. 

 

 

4.1.4 Test Case: Sinuate Curve 
 

Table 4.7 Detail of Input: Sinuate Curve 

 

Degree of Interpolation curve 4 

Interpolation control point 
{{150, 50}, {200, 0}, {250, 50}, {300, 0}, 

 {350, 50}} 
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Table 4.8 Results of Conversion from Sinuate Interpolation Curve to Each CAGD 

Curve  

 

Convert to 

Model 

Conversion 

Time(ms) 

New control point 

[Approximation 

control point] 

Curve figure 

Bézier 

 
3.58802 

{{150,50}, 

{200,-217}, 

{250,406}, 

{300,-217}, 

{350,50}} 
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Wang-Ball 

 

 

 

 

 
 

4.68003 

{{150,50}, 

{250,-483}, 

{250,583}, 

{250,-483}, 

{350,50}} 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

NB1 
 

 

 

 

 

 

 

4.83603 

Said-Ball 

 

 

 

 

 

 

4.36803 

{{150,50}, 

{217,-306}, 

{250,406}, 

{283,-306}, 

{350,50}} 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Dejdumrong 

 

 

 

 

 

 

 

 

4.68003 
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DP 

 
4.83603 

{{150, 50.}, 

{50.,-2083}, 

{250.,406}, 

{450,-2083}, 

{350,50}} 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The sinuate curve is the last conversion test case. It used the forth degree of sinuate 

curve. There are 4 sets of results which are converted from the interpolation curve. 

Bézier and DP are individual models. Wang-Ball and NB1 are the second group and 

Said-Ball and Dejdumrong are the last one. 
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4.2 Approximation Curve to Interpolation Curve with Standard Curve 
 

This section presents the conversion from the CAGD curve to the interpolation curve with 4 standards. The experimental result reveals that the 

input and output curve is equal and it is the same curve before and after converting. 

   

Table 4.9 Test Cases: Convert Bézier Curve to Interpolation Curve 

 

Convert Bézier curve to interpolation curve 
Type of curve Monotonic Curve Cusp Curve Loop Curve Sinuate Curve 

Curve Degree 3 4 3 4 

Bézier Control 

Point 

{{0,0},{41,120},{78,120},{1

20,0}} 

{{0,0},{292,179}, 

{-22,324},{232,128} 

,{200,30}} 

{{0,0},{333,121},{-153,121} 

,{150,0}} 

{{150,50},{200,-217}, 

{250,406},{300,-217} 

,{350,50}} 

Bézier Curve 

figure 

  

 

 

 

Conversion 

Time(ms) 
1.56001 2.18401 1.56001 2.18401 

Interpolation 

Control Point 

{{0,0},{40,80} 

,{80,80},{120,0}} 

{{0,0},{130,150},{135,200},

{170,140},{200,30}} 

{{0,0},{120,80},{50,80} 

,{150,0}} 

{{150,50},{200,0},{250,50} 

,{300,0},{350,50}} 
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Table 4.10 Test Cases: Convert Wang-Ball Curve to Interpolation Curve 

 

ConvertWang curve to interpolation curve 
Type of curve Monotonic Curve Cusp Curve Loop Curve Sinuate Curve 

Curve Degree 3 4 3 4 

Wang Control 

Point 

{{0,0},{63,181},{57,181},{

120,0}} 

{{0,0},{583,358},{-

83,478},{263,225},{200,30}} 

 

{{0,0},{500,181}, 

{-305,181},{150,0}} 

{{150,50},{250,-

483},{250,583},{250,-

483},{350,50}} 

Wang Curve 

figure 

 

 

 

 

 

Conversion 

Time(ms) 
2.18401 3.12002 2.18401 3.12002 

Interpolation 

Control Point 

{{0,0},{40,80},{80,80},{12

0,0}} 

{{0,0},{130,150},{135,200},{1

70,140},{200,30}} 
{{0,0},{120,80},{50,80},{150,0}} 

{{150,50},{200,0},{250,50},{300,

0},{350,50}} 
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Table 4.11 Test Cases: Convert Said-Ball Curve to Interpolation Curve 

 
Convert Said curve to interpolation curve 

Type of curve Monotonic Curve Cusp Curve Loop Curve Sinuate Curve 

Curve Degree 3 4 3 4 

Said Control 

Point 

{{0,0},{63,181},{57,181},{

120,0}} 

{{0,0},{389,239},{-

22,324},{242,160},{200,30}

} 

 

{{0,0},{500,181}, 

{-305,181},{150,0}} 

{{150,50},{217,-

306},{250,406},{283,-

306},{350,50}} 

 

Said Curve 

figure 

 

  

 

 
 

Conversion 

Time(ms) 
2.18401 3.27602 2.18401 3.43202 

Interpolation 

Control Point 

{{0,0},{40,80},{80,80},{12

0,0}} 

{{0,0},{130,150},{135,200}

,{170,140},{200,30}} 
{{0,0},{120,80},{50,80},{150,0}} 

{{150,50},{200,0},{250,50},{300,

0},{350,50}} 
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Table 4.12 Test Cases: Convert DP Curve to Interpolation Curve 

 

Convert DP curve to interpolation curve 

Type of curve Monotonic Curve Cusp Curve Loop Curve Sinuate Curve 

Curve Degree 3 4 3 4 

DP Control 

Point 

{{0,0},{5,121},{115,121}, 

{120,0}} 

{0,0},{1233,-255}, 

{-22,324},{993,-462}, 

{200,30}} 

{{0,0},{820,121}, 

{-640,121},{150,0}} 

{{150,50},{50,-

2083.33},{250,406}, 

{450,-2083},{350,50}} 

DP Curve 

figure 

 

 
 

 

 
 

Conversion 

Time(ms) 
2.80802 3.27602 2.80802 3.27602 

Interpolation 

Control Point 
{{0,0},{40,80},{80,80},{120,0}} 

{{0,0},{130,150},{135,200}, 

{170,140},{200,30}} 

{{0,0},{120,80},{50,80}, 

{150,0}} 

{{150,50},{200,0},{250,50}, 

{300,0},{350,50}} 

100 200 300 400

2000

1500

1000

500
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Table 4.13 Test Cases: Convert NB1 Curve to Interpolation Curve 

 
Convert NB1curve to interpolation curve 

Type of curve Monotonic Curve Cusp Curve Loop Curve Sinuate Curve 

Curve Degree 3 4 3 4 

NB1 Control 

Point 

{{0,0},{63,181},{57,181}, 

{120,0}} 

{{0,0},{583,358}, 

{-83,478},{263,225}, 

{200,30}} 

{{0,0},{500,181}, 

{-305,181},{150,0}} 

{{150,50},{250,-

483},{250,583}, 

{250,-483},{350,50}} 

NB1 Curve 

figure 

 

 

 

 

Conversion 

Time(ms) 
2.80802 3.58802 2.65202 3.58802 

Interpolation 

Control Point 

{{0,0},{40,80},{80,80}, 

{120,0}} 

{{0,0},{130,150},{135,200}, 

{170,140},{200,30}} 
{{0,0},{120,80},{50,80},{150,0}} 

{{150,50},{200,0},{250,50}, 

{300,0},{350,50}} 
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Table 4.14 Test Cases: Convert Dejdumrong Curve to Interpolation Curve 

 
Convert Dejdumrong curve to interpolation curve 

Type of curve Monotonic Curve Cusp Curve Loop Curve Sinuate Curve 

Curve Degree 3 4 3 4 

Dejdumrong 

Control Point 

{{0,0},{41,120}, 

{78,120},{120,0}} 

{{0,0},{389,239}, 

{-22,324},{242,160}, 

{200,30}} 

{{0,0},{333,121}, 

{-153,121},{150,0}} 

{{150,50},{217,-306}, 

{250,406},{283,-306}, 

{350,50}} 

Dejdumrong 

Curve figure 

   

 

 
 

Conversion 

Time(ms) 
2.34002 2.96402 1.87201 3.27602 

Interpolation 

Control Point 

{{0,0},{40,80},{80,80}, 

{120,0}} 

{{0,0},{130,150},{135,200},

{170,140},{200,30}} 
{{0,0},{120,80},{50,80},{150,0}} 

{{150,50},{200,0},{250,50}, 

{300,0},{350,50}} 
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4.3 Discussion on the Conversion Test Case 

The above tables show the conversion test cases. There are both forward conversions 

from the interpolation curve into CAGD curves and inverse conversion to the 

interpolation curve. The purposes of these testings are to obtain the result of conversion 

by using 4 standard curves and examine curve appearances after the conversion. 

According to the results, there are two major findings which are significant to the 

implementation. 

The first issue is about new control points set from conversion. When the interpolation 

curve is converted into CAGD curves with a low degree, lower than 10th, a set of new 

control points is possible to be duplicated with other models. As shown in  Table 4.2, 

Wang-Ball, Said-Ball and NB1 return a similar set of converted control point as {{0, 0}, 

{63,181}, {57,181}, {120, 0}}and it constructs same monotonic curves. This issue 

takes place several times because a lower degree of standard curves is not complex and 

the small number of control points is not enough to influence the curve representation. 

A new control point is the result of rounding value after the calculation process. It is not 

the real value which is decimal in float variable type. However, there are no influences 

on the correctness of conversion because the computer graphic screen shows the line 

figure as integer value. The decimal results have to be rounded up as integer numbers.  

The second issue is the time used. Timing in conversion can be a simple performance 

factor. From the test case tables, there are time records in each conversion. These values 

were calculated from 100 times of conversion then they were all calculated in average 

by mean. The duration of time that each model spent in the conversion processes was 

ranked from least to highest, which is presented as follows: 

 

1. Bézier  

2. Dejdumrong 

3. Wang-Ball 

4. Said-Ball 

5. DP 

6. NB1 

The rank was calculated from the average time used to convert each model and related 

with the result tables above. The result also shows that conversions from any 

approximation curve (CAGD curve) took less time than those from the interpolation 

curve to the CAGD curve. The inverse recursive function which calculates the 

interpolation control point to Chebyshev control point shows the overall time 

consumption. It required 15% more from the time of conversion. 

 

In addition, the above table shows that the conversion scheme can support and represent 

the conversion between the interpolation curve and the CAGD curve.  
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4.4 Newton-Lagrange Curve and Chebyshev Curve Comparison   
 

In this section, we compare results of curve fitting between two models, Newton-

Lagrange and Chebyshev curves.  Since Newton Lagrange is generally adopted to 

represent the interpolation curve, we thus take it into our comparative analysis with our 

employed technique, Chebyshey. These two techniques are compared according to their 

curve fitting and conversion capability. 

Table 4.15 Strength Comparison between Newton-Lagrange and Chebyshev  

       Conversion Method. 

 

Functional Capabilities Newton-Lagrange Chebyshev 

Curve Fitting   

Simple Curve Good Good 

Complex Curve Not Flexible  Flexible* 

Support For Real Application Not Good Good* 

Ill- Conditioned Sensitive Lower Sensitive 

Conversion   

Processing Steps Direct Conversion Indirect Conversion 

Accuracy (% of Correctness) 99.95% 99.95% 

Time of Processing             Second 5.304       Second 

Computational Complexity O(  ) 
= O(            ) 

O(  ) 

=O(             
            ) 

 

 

Tables 4.15 presents the comparative features between Newton-Lagrange and our 

proposed method. Regarding the curve fitting capability, it is able to determine the 

suitability of interpolation curve representation. The table shows that Chebyshev is 

flexible to be applied with complex curve and real applications. This information is 

based on the work conducted by Jaroensawad, R.[16] . She also provided the reason to 

support that Chebyshev is better than Newton-Lagrange for their applied work on the 

approximated digital hand drawing curve. Furthermore, Chebyshev is more robust to the 

ill-conditioned curves.   

Newton-Lagrange is a polynomial that represents the interpolation curve and can be 

applied to use with a monomial form in several curve applications such as degree 

elevation, degree deduction and conversion. In this work, conversion is our focused 

application. Before converting curves, curve fitting is the first process that is 

undertaken. 

Newton-Lagrange and new proposed method Chebyshev are both interpolation curve 

fitting representations. However, the Newton-Lagrange curve is sensitive for the ill-

conditioned curves especially the first and last control points. On the other hand, 

Chebyshev is more suitable to work with complex curves and shapes.   



46 

 

 

46 

The ill-conditioned in Newton-Lagrange curve appears with a high degree of curve and 

some shape such as, a zigzag curve or a sinuate curve. The followings are the examples 

of the ill-conditioned of Newton-Lagrange curve compared with curve which is 

represented by Chebyshev polynomial.     

 

Figure 4.1 Sinuate Ill-Conditioned Case in Newton-Lagrange Curve Compared  

with Chebyshev Curve  

 

 

 

Figure 4.2 Complex Shape Ill-Conditions in Newton-Lagrange Curve  

      Compared with Chebyshev Curve  

 

Figure 4.2 shows the complex shape like a boomerang. The result of interpolation curve 

fitting shows that with the same control points, Chebyshev curve is more realistic than 

Newton-Lagrange curve. The blue line figure in the last pair of control point swings out 

of the control polygon. The shape of blue one is not correct as expected. 

There are some other cases of the ill-conditioned of Newton-Lagrange polynomial in 

cusp curve model and loop model as shown in figure 4.3     
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Figure 4.3 Newton-Lagrange Ill-Conditioned Case in Loop and Crust Curve 

 (Blue) Compare with Chebyshev (Red) 

 

Lower the ill-conditioned cases are a strong point applied to the proposed method 

Chebyshev to fit the interpolation model.  

 

Another functional capability is the conversion issues. The comparison of the 

conversion result between two methods is composed of steps of conversion, the 

correctness after converting, computational time and computational complexity.   

 

Chebyshev conversion cannot directly use the interpolation control point. It has to 

convert the interpolation control point to the Chebyshev control point before converting 

to the approximation model. Thus, Chebyshev conversion has two steps in its 

conversion process.     

 

The conversion results from both Newton-Lagrange and Chebyshev demonstrate the 

same percentage of correctness at 99.95% because the polynomial equation of original 

curve and conversion output curve is equal and has the same polynomial. Thus, the 

accuracy of both conversion methods is the same.    

 

Chebyshev consumes more time of computation when compared with Newton-

Lagrange. It is twice of Newton-Lagrange time processing. It relates to the 

computational complexity as Newton-Lagrange provides lower complexity. However, 

the worst case of both methods are O(  ). 

     

There are 2 steps of the conversion by Chebyshev polynomial. The first step is the 

calculation from interpolation control points to Chebyshev control points or from 

Chebyshev control points to interpolation control points. This step is based on the 

recursive algorithm with is represented by Chebyshev polynomial. Chebyshev control 

point is the result between interpolation control point and inverse of Chebyshev 

polynomial.       

  

*     +  *   +  ,  -
                          (72) 

where 

*     + is                          
*   +     is interpolation Control Points 

   is Chebyshev Polynomial  
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According to equation 72, there are multiple inverse matrices with control points and 

therefore   the computational complexity is O(      )  It is calculated from O(4   
        ) . The complexity of inverse matrix is O(      ) which is the BigO in 

this process.  

Thus, the inverse calculation from Chebyshev control points to interpolation control 

points is the result of Chebyshev control points that are substituted into Chebyshev 

polynomial. 

*   +  *     +                                     (73) 

The computational complexity in calculation interpolation control point is O(  ) =  

O(2        ). There are multiplication and addition only from matrix 

multiplication process. Multiplication is  O(2  )  and addition is O(     ) 
 

The second step is the conversion from the Chebyshev model to the approximation 

model or any approximation to the Chebyshev model. They have the same 

computational complexity calculation. 

*     +  *     +  ,  -
                                                   (74) 

         {     +  *     +  ,              -
                                               (75) 

where 

*     + is                              

      is Monomial coefficient matrix for Chebyshev Curve   

      is Monomial coefficient matrix for Approximation Curve   

 

The complexity of equation 74 and equation 75 is equal to the multiplication between 

inverse matrix and coefficient matrix which are then multiplied with control points. 

Then, the complexity is  (  ).  The result is from  (            ). Inverse 

matrix is        then    is from coefficient matrix multiplication and finally the    is 

from the multiplication between control points and the result of coefficient matrix 

multiplication. 

 

Lastly, the computational complexity of Chebyshev conversion method is calculated as 

follows. This is based on the conversion of interpolation curve to approximation curve 

that comprises interpolation control point calculation and conversion from the 

Chebyshev control points. 

O(4           )+  (            )  
=  (                         )  
=  (  ) 

From the approximation curve to the interpolation control point. 

O(     )+  (            )  
=  (                )  
=  (  ) 

 

This computational complexity entails the reason why the conversion from interpolation 

into approximation is more complex and needs more computational time than the 

inverse conversion.    

 

Next is the computational complexity of Newton-Lagrange conversion. This technique 

directly converts the interpolation control point to the approximation control point. 

Thus, the computational complexity of this technique is  (   ) because all 

computational processes are the same as equation 74 and 75.   
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4.5 Evaluation Conversion Results 

This section gives the comparative analysis between two curves, input curve and result 

after the curve conversion. To obtain the physical representation of curves, there is an 

algorithm used to compare two curves from the starting point to the end point with 1000 

sampling point of time. Then, the algorithm also compares both corresponding values 

between input and output curves by Euclidean distance.  

 

  
 

Figure 4.4 The Instance of Comparison Result between Input and Output Curve  

 

Table 4.16 Random Sampling Point to Evaluate Input and Output Curve for Example. 

 

Random time Input curve (interpolation) Output curve (Bézier) 

t = 0.05 {12.9046,14.7739} {12.9046,14.7739} 

t = 0.35 {86.9146,81.7189} {86.9146,81.7189} 

t = 0.5 {121.25,93.75} {121.25,93.75} 

t = 0.75 {170.391,78.0469} {170.391,78.0469} 

t = 1 {200,30} {200,30} 

 

Table 4.16 is the example of comparison curves having random time between 0 and 1. 

The point is on the curve figure with time t. The result from comparison input and all 

output curves shows that all output curves from the conversion method are 100 percent 

similar to  the input curves  as in Figure 4.4 because  both input and output are the same 

polynomial. However, the rounding of value of point takes place from the calculation 

process; therefore, the accuracy of conversion is 99.95%. There is 0.05 percent of error.  

 

In general CAGD curve, there are several degrees of curve. This depends on the utility 

or the application. This conversion method can convert multiple degrees of curve. 

However, a higher degree of input curve has a direct influence on the complexity and 

time of calculation. For this reason, , in the next section, the analysis of the appropriate 

degree for this conversion method will be discussed.        
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4.6 Influence of Curve Degree to Conversion Performance  

This section provides statistical information of time used in the conversion. This is an 

average processing time. To forecast the required time of conversion in each input curve 

degree, measurement is required to appropriately shape the soundness of the conversion.      

 

Table 4.17 Record of Average Time in Conversion 

.   

Conversion  2 3 4 5 6 7 8 

Interpolation to CAGDs 1.43 2.18 3.41 5.54 8.61 13.42 20.57 

CAGDs to Interpolation 1.14 2.13 2.73 3.80 4.91 7.10 10.45 

Conversion  9 10 11 12 13 14 15 

Interpolation to CAGDs 30.34 45.47 66.04 97.06 148.33 213.36 366.11 

CAGDs to Interpolation 16.17 23.32 36.43 54.89 85.88 137.07 238.58 

Time Unit is Millisecond (ms) 

Table 4.17 shows a record of average value of processing time from both directions of 

conversion. The processing time in each degree of conversion is to find the mean from 

conversion between each CAGD curve and interpolation curve by the conversion 

method. Then, it uses the record to build model and predict the processing time that 

occurs when input curve has a higher degree. The record is plotted as Figure 4.5.    

 

 

Figure 4.5 Time Performance and Influence of Curve Degree.   

 

From Figure 4.5, there are two series of data. The first one is processing time from 

converting the interpolation to CAGDs curve which has more slopes with exponential 

equation                 . The second one is processing time of conversion back 

from CAGDs to the interpolation curve. The second series is represented by  

                . Both exponential equations can define the relation of input curve 

degree and processing time.  

 

 

y = 1.0066e0.4192x 

y = 0.7627e0.3934x 
0.000

50.000

100.000

150.000

200.000

250.000

300.000

350.000

400.000

2 3 4 5 6 7 8 9 10 11 12 13 14 15

Ti
m

e
 (

m
s)

 

Degree of Curve 

Interpolation to CAGDs CAGDs to Interpolation

Expon. (Interpolation to CAGDs) Expon. (CAGDs to Interpolation)



51 

 

 

51 

The statistical information from Figure 4.5 and both exponential equations can be 

interpreted that the high degree of input curve is not appropriate to this method because 

of more processing time required. The appropriate degree for this conversion method is 

between (3, 10). The gap between conversion from interpolation to CAGDs and 

conversion back is larger when the input curve is higher. The cause of differential time 

of process comes from an inverse function that calculates Chebyshev control points to 

interpolation control points on the figure line and the computational complexity as 

mentioned in the previous part that conversion from interpolation to approximation is 

more complex than converse conversion. As a result, the appropriate input for this 

conversion method is presented and described as statistical data.  

 

The next part shows how to increase the performance and flexibility of the method. 

There are some techniques that can decrease processing time for instance, generating 

the coefficient matrix before reading from files. It can help optimize the calculation 

step. The performance of conversion can increase flexibility in curve fitting by using a 

knot parameter.    

 

4.7 Increase Performance by Knot Parameter 

Knot parameter can be defined as the weight of time between each pair of control point. 

To draw a curve line, it uses time domain 0 to 1. Curve is stated at t = 0 then ends at t 

=1. A curve can be separated by a piece of curve segment between each pair of control 

point. In a normal case, the time in each segment is distributed as equal weight and 

summation of all segments has to be equal to 1. For example, there are 5 control points 

to draw a curve. There are 4 segments of time between each control point. The weight 

of each segment is equal {0.25, 0.25, 0.25, 0.25}. Each 0.25 is a parameter called knot. 

 

Assigning a knot parameter with different weight directly changes curve characteristics. 

This technique can be employed to increase the flexibility and the efficiency in the 

conversion algorithm. Chebyshev curve representing the interpolation curve can 

integrate the knot value to upgrade the curve fitting ability. More flexible shapes in 

design could help a designer and a user create an aspiring shape. 

 

 
Figure 4.6 Applied Knot Parameter by Chord Length Parameterize (brown) and Normal 

                   Weight Distribution of knot (green)  
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Figure 4.6 shows the different estimated technique to assign knot parameters with the 

same set of control points and blending function. The brown line is applied by Chord 

Lengths Parameterize. Its shape is more smooth and realistic when it is compared with 

the green line. The green curve is assigned with all the weight as equal value. The shape 

of the green line is slightly hard to control when there is a change of position of control 

points. 

 

This conversion algorithm can be applied with many techniques to increase capability in 

the curve design. Figure 4.6 is an example of the integration with the chord length 

method. An approximation of the arc-length parameterization method can solve the 

problem about length between each control points and fix the line curve to be smoother.      

 

In conclusion, this chapter provides the details of experiment of interpolation and 

approximation curve conversion. There are both directions of conversion, interpolation 

curve to CAGDs curve and backward conversion. The results from the experiments are 

considered as critical issues including processing time, curve characteristics, and control 

points.  We evaluated the methods by the correctness of output from the conversion. 

Comparison between the input curve and the output curve guarantees a precise output 

from this method. Then, regarding an efficacy factor that is influence to the conversion 

method, the input curve degree was investigated and shown as statistical information. It 

is possible to find an appropriate degree and request time by using predictable models. 

At the end of this chapter, some experimental findings that suggest a way to increase the 

efficiency of the conversion by applying the knot parameter and some techniques which 

have direct effects on method performances are also discussed.              

 

Commercial test cases are included in Appendix C. They used the real figure from free 

resources to convert from the interpolation model into the approximation model and 

vice versa. From the commercial figure result, it shows that real application does not 

require a high degree of conversion but the curve figure is separated into pieces of curve 

then converted to other models. It supports the use of the proposed method in 

commercial software.     

          

In the next chapter, we will sum up our proposed idea and provide suggestions for 

future work. 



CHAPTER 5 CONCLUSION 

 

Our research focuses on the curve conversion by examining the relationship between the 

interpolation curve and the approximation curve, developing the curve conversion 

scheme, and conducting the experiments to validate our proposed solution. In addition, 

we also analyzed the curve properties and demonstrated how the converted curves could 

be applied in CAGD applications.  Both types of curves were applied in different 

usability. According to our implementation, the curve conversion cannot be done only 

by basis functions whereas the monomial matrix is appropriate to transform the model 

to another curve model.  

 

5.1 Conclusion 
 

Basically, this thesis is an extended monomial form method in curve applications. The 

monomial form is used to convert CAGD curves but there had been  no efficient 

methods  to convert the curves into the interpolation model. To improve the monomial 

form to efficiently support more applications, Chebyshev polynomial was considered 

the sound solution to be used to represent the relationship between the interpolation 

curve and the approximation curve (CAGD curve).      

 

According to the experiments in the previous chapter, they revealed output curve 

characteristics from the conversion algorithms. The results were the correct shape and 

the characters of input curves. It is clear that there was no false output from the 

conversion process or the rounding of calculation values.  

Conversion time was a factor also measured in the experiments. Conversion time 

ranking and limitations of conversion methods were also taken into account. The 

complex shape and high degree of input curves were an important factor to determine 

the conversion effectiveness. The proposed conversion scheme was appropriate for 

curves lower than 10 degrees. However, if the input curve were a high degree curve, the 

curve would be required to be separated into several pieces before being converted with 

our conversion model.  

 

In addition, our conversion model can be applied to the conversion between 

interpolation control point curves and all CAGD curves. This conforms to the concept 

of universal conversion method. The method is possibly applicable to real-world 

software. The universal conversion method can satisfy the requirements of programmers 

in CAGD software development. The incompleteness of several conversion methods in 

CAGD is still a common problem as it cannot support every model to represent 

conversion applications. Thus, the monomial form integrated with this interpolation and 

approximation curve conversion is usable for both designer and programmer. They can 

use the monomial form conversion with any work such as digital hand writing 

conversion, model converter for architecture and etc.  

 

5.2 Recommendations & Suggestions for Future Development  
The improvement of this conversion method was discussed in the previous chapter. We 

again summarize the key improvements as follows.   

. 
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5.2.1 Applying Knot Parameter and Weight of Control Points 
To increase the flexibility of curve fitting, the knot parameter or weight of control 

points should be included. In fitting the interpolation control point curve, the blending 

function represents the curve figure. Fixed values of knot parameter in blending 

function are not appropriate for all interpolation curve designs. The dynamic knot which 

is applied with any approximation technique allows the curve to be captured effectively.  

This dynamic knot is a property in Chebyshev polynomial. Therefore, it was employed 

to be the main mechanism for our conversion method. This knot or weight value can be 

applied to enhance any approximation methods for or instance, Chord Length 

Parameterize as mentioned in the example. An approximation of control point positions 

will take the average of the weight of knot based on the geometry on the graphic screen. 

           

5.2.2 Improvement by Programming Technique 
The previous issue is the improvement by changing the parameter in the blending 

function, which is the inner improvement. Next is an improvement technique by 

programming. File read-write is a coding strategy to decrease the processing time. There 

are several calculations that consume the resource in processing. They can be grouped 

and to be run only once by writing the result of the process as files. To process in the 

subsequent time, the software application can read the results in the file to process 

continuously. The example illustrated in this thesis is  the generation of coefficient 

matrix for each model.        
 

5.3 Future Work 
For future work, three major issues are going to be worked on more. First, more 

experiments are required with several modeling software in order to evaluate the 

generalization and applicability of our conversion model. For example, the interpolation 

and approximation conversion can increase the domain in the model conversion and 

apply with any software for touch screen devices. 

Second, even though we adopted the dynamic knot in interpolation curve fitting, it was 

not fully generated. For the future work, we will perform an in-depth investigation on 

the calculation of knot parameters to dynamically and automatically determine the 

appropriate weight of knot. The result of curve will be more flexible to fit the designer’s 

idea. Finally, it is a real challenge to apply our model in representing hand writing to 

any curve forms.  
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APPENDIX A 

Conversion Program by Mathematica Software  
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Program1: The Relationship between Curve Shape and Chebyshev Control 

Point 
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Results1 : 
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Program2: Interpolation & Approximation Curve Conversion Program 
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Result2:
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Program3: Commercial Figure Conversion Program 

  

  



67 

 

 

67 

 

 

 

 

 



68 

 

 

68 

Result3: 

 

  



69 

 

 

69 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

APPENDIX B 

 

Related Papers



70 

 

 

70 

 



71 

 

 

71 

 

 



72 

 

 

72 

  



73 

 

 

73 

 

  



74 

 

 

74 

 

  



75 

 

 

75 

 

 

  



76 

 

 

76 

 

  



77 

 

 

77 

 

  



78 

 

 

78 

 

  



79 

 

 

79 

 

  



80 

 

 

80 

 

  



81 

 

 

81 

 

  



82 

 

 

82 

 

  



83 

 

 

83 

  



84 

 

 

84 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

APPENDIX C 

 

Conversion Test with Commercial Geometric Figure (Open Source) 
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This part is the commercial figure conversion test. The vector files are downloaded from 

free online database. Mathematica Software can read files and display as the figure as 

approximation curve model. Most of examples are commercial logo. There are both 

figures and letters in the examples. Each figure is composed by several curves. Thus, 

conversion step are convert each little fragment then assemble all as the result.     

1. Horse Logo 

 

Figure 1 Input of Conversion is displayed as Approximation (Bézier) curve with its 

control points.  

 

 

Figure 2 Conversion output is showed by Interpolation curve model.    
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2. Logo with Letters 

  

Figure 3 Input of Conversion is displayed Approximation (Wang-Ball) curve with its 

control points.   

 

 

Figure 4 Conversion output is showed by Interpolation curve model.   
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3. Coca-Cola Logo (Letter Logo) 

 

 

  
 
Figure 5 Input of Conversion is displayed as Approximation (Bézier) curve with its 

control points.   

 

 

 
 
Figure 6 Conversion output is showed by Interpolation curve model.   
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4. Puma Logo (Image and Letter Logo) 

 

Figure 7 Input of Conversion is displayed as Approximation (Wang-Ball) curve with its 

control points.   

 

 

Figure 8 Conversion output is showed by Interpolation curve model.   
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5. England Rugby Logo (Complex Logo)

 
Figure 9 Input of Conversion is displayed as Approximation (Bézier) curve with its 

control points.   
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Figure 10 Conversion output is showed by Interpolation curve model.   
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