CHAPTER 3
MAIN RESULTS

In this chapter, we present the characterizations of left regular elements,
right regular elements, intra-regular elements, unit regular elements and com-
pletely regular elements on S(X,Y’). We also consider the relationships of these
elements. Moreover, we count the numbers of left regular, right regular, intra-

regular and unit regular elements of S(X,Y’) when X is a finite set.

3.1 Left Regular, Right Regular and
Completely Regular Elements

In this section, we give necessary and sufficient conditions for elements in S(X,Y)

to be left regular, right regular and completely regular.

Theorem 3.1.1. Let « € S(X,Y). Then the following statements are equivalent:
(1) « is left regular.
(2) Xa = Xa? and Ya =Ya?.
(3) a? € L,.

Proof. (1) = (2) Assume that « is left regular. Then o = Ba? for some S€S(X,Y).
We have Xa? = (Xa)a € Xaand Ya? = (Ya)a C Ya. We prove that XaC X a?
and Ya C Ya?. Since a = Sa?, we obtain Xa = (Xf)a? C Xa?. So XaCXa?.
Thus Xo? = Xa. Similarly, we can prove that YaCY a?. Therefore, Xa = Xa?
and Ya = Ya?.

(2) = (3) Assume that Xa = Xa? and Ya = Ya?. Then by Lemma
2.7.2, we obtain aLa?, that is o € L,.

(3) = (1) Assume that o € L,. Then aLa? and hence o = Sa? for some

BeSX,Y) =8(X,Y). Thus « is left regular. O
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Theorem 3.1.2. Let « € S(X,Y). Then the following statements are equivalent:
(1) « is right regular.
(2) To = o2 and o (V) = ma2(Y).
(3) a? € R,.

Proof. (1) = (2) Assume that « is right regular. Then a = a?8 for some
peS(X,Y). We first prove that m, = ma2.

Let A € m,. Then A = za~! for some x €Xa. For each 2 € A, za = x
and hence ra = za? € Xa?. So z € za(a?)™ € ma2. Set B = za(a?)~'. Thus
ACB. Hence 7, refines m,2. Let C' € 2. Then C = z(a?)™! for some x €Xa?.
For each z € C, za? = x and hence 23 = 20?8 = za € Xa. So z € (x8)a™!
To. Set D = (zf)a~!. Thus C C D. Hence 7,2 refines 7.

Now, we prove that m(Y) = ma2(Y). Let A € m,(Y). Then A = ya~! for
some y €XaNY. For each z €A, za = y and hence ya = za®> € Xa?*NY. So
z € ya(a?) ! € mee(Y). Set B = ya(a?)~!. Thus A C B. Hence 7,(Y) refines
To2(Y). Let C' € ma2(Y). Then C = y(a?)™! for some y €Xa?NY. For each z €
C, za? = y and hence yf3 = za?B8 = za € XaNY. So z € (yB)a~! € m,(Y). Set

= (yB)a~!. Thus C' C D. Hence 7,2(Y) refines 7, (Y).

(2) = (3) Assume that 7, = 72 and m,(Y) = m42(Y). Then by Lemma
2.7.3, we obtain a’Ra?, that is a® € R,.

(3) = (1) Assume that o® € R,. Then aRa? and hence o = of3 for some
B e S(X,Y) = S(X,Y). Thus « is right regular. O

Theorem 3.1.3. Let a € S(X,Y). Then the following statements are equivalent:
(1) a is completely reqular.
(2) « is left reqular and o is right reqular.
(3) Xa=Xa?,Ya=Ya? and 7 = 7a2, Ta(Y) = ma2(Y).
4)

O[

Proof. (1) = (2) Assume that « is completely regular. Then by Theorem 2.3.1,
we obtain « is left regular and « is right regular.

(2) = (3) Assume that « is left regular and « is right regular. Then by
Theorem 3.1.1 and 3.1.2, we have that Xa = Xao?, Ya = Yo?, 7, = 7,2 and
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To(Y) = ma2(Y).

(3) = (4) Assume that Xa = Xa?,Ya = Ya? and 71, = a2, mo(Y) =
7,2(Y). Then by Corollary 2.7.4, we obtain aHa?, that is o € H,.

(4) = (1) Assume that o € H,. Then aHa?, that is aLa? and aRa?
and hence o = o8 and a = ya? for some 3,7 € S(X,Y)! = S(X,Y). Thus « is
left regular and right regular. Hence by Theorem 2.3.1, we obtain « is completely

regular. ]

For convenience, from now on if a € S(X,Y), the notations Y and X'
are for Ya and X'\ Yo respectively. To prove that a € S(X,Y) is left regular if
and only if « is right regular when X« is finite, we begin with the following three

lemmas.

Lemma 3.1.4. Leta € S(X,Y). If Xa = Xa? is finite and Yo = Ya?, then
(1) (X\Y)a C (X\Y) LY
(2) X' C X\Ya™h
B) [ya*NY'| =1 foral y €Y';
4) |2 a ' nX'| =1 forall 2" €X'
Proof. Let a € S(X,Y). Assume that Xa = Xa? is finite and Ya = Ya?, so we

can write

A1 A2 An Bl B2 Bm Cl Cg Ct

ap as e Qp bl bQ bm C1 Co o G

where A, NY#0, B;,C, C X \Y ;a;,b;€Y,c, € X\Y foralli=1,2,...n, j =
1,2,...,mand k=1,2,....,t. Then Y = {ay,as,...,a,} and X = {b1, by, ..., by, c1, ¢
s ooy Ct )
(1) We prove that J = () where J = {1,2,...,m}.

Suppose that there is j € J such that Bja = {b;} where b; € Y. Then B;a* =
(Bja)a = {b;}a. Assume that b; € A, for some ig, then Bja? = {b;}a = {a;,}.
Since Yo? = Ya = {ay,ay, ...,a,}, thereis Ay such that Apa? = {a;,}. That is
Apa? = Bja®. But Ara # Bja, so [ Xa?| < n+(m—1)+t < |Xal, which implies
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that Xa? C Xa, a contradiction. Thus J = (. So we can write

Ay Ay o A, G Gy L Gy

a a ... anp C1 Cy ... (

where A, NY # 0, C, € X\Y;a;, € Y,g, € X\Y foralli =1,2,...,n and
k =1,2,...,t. Then Y = {ay,as,...,a,} and X = {ci,cs,...,¢;}. Therefore,
(X\Y)aC(X\Y)uY"

(2) Now, we have X' = {c1,¢9,...,c;} € X\ Y and X \Y'a™! = Cy U
Cy U ... U C;. Suppose that there is ¢, € X' NnY'a"!. Then ¢y, € A;, for some
ig. Thus Cpa? = (Cpra)a = {c,}a = {a;,}. Since Ya? = Ya, there is A, such
that A,0? = {a;}, so we get Cpa? = {a;,} = A,a? for some g, which gives
| Xa?| <n+(t—1) < |Xa| which implies Xa? C Xa, a contradiction. Therefore,
X'NnY'a™' =0, hence X' C X\ Y'a .

(3) Assume that |[y'a ' NY’| # 1 for some 3 €Y. Suppose that there are
a; and a; both belong to A, for some l€{1, 2, ...,n} where a; # a;€ Y'. Then A;a?
= (Aja)a = {a;}a = {a} and A;0* = (4ja)a = {a;}a = {a;}. Thus A0 =
Aja?, so [Ya?| < n—1 where |[Ya| = n, a contradiction. So a; and a; belong to
different A; for all 4 # j...(x). If there exists A, such that Y'NA, = ), then there
are a;,a; € Y' such that a; # a; and a;,a; € A; for some | which contradicts (x).
Therefore Y'NA; # ) for all [ and that [y'a'NY'| =1forall y €Y .

(4) Assume that [2'a™' N X'| # 1 for some 2 € X. Suppose that there
are ¢, and ¢, € Cy, for some k € {1,2,...,t} where ¢, # ¢, € X'. Then C,0? =
(Cua)a = {c,}a = {q} and C,a? = (Cya)a = {c,}a = {¢;} and thus C,a? =
C,a?, a contradiction, since Xa? = Xa. So ¢, and ¢, belong to different Cj, for all
u # v...(x%). If there exist C, such that X'NC, = ), then there are c,, ¢, € X  such
that ¢, # ¢, and ¢,, ¢, € C}, for some k which contradicts (xx). Hence X "NC £ 10
for all k. So [z'a'NX'| =1forall o' € X' O

The following examples show that Lemma 3.1.4 does not hold if X« is an

infinite set.

Example 3.1.5. Let X be the set of all natural numbers and Y = {1,2,3,4}.
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Let a be defined by

n , n €Y\ {4}
no =143 , n=4;
n—1 , otherwise.
Then o € S(X,Y) and
|
n , ne{l,2,3};
na®=93  ne{4,5)
n —2 , otherwise.
\

Thus we have Xa = Xa? is the set of all natural numbers, Ya = {1,2,3} = Ya?,
X\Y ={neX :n>5}and Y = {1,2,3}. We see that 5 € X \ Y such that
5a = 4, that is, there is # € X \ Y such that za ¢ (X \Y)UY'.

Example 3.1.6. Let X be the set of all natural numbers and Y = {1,2,3,4}.
Let a be defined by

n , n€{1,2};
4 , n=3;
na =
3 , n€{4,5};
(7= 1 , otherwise.
Then o € S(X,Y) and
(
n , ney;
4 , n=2>5;
no’ =
3 , n=~0;
n —2 , otherwise.

\

Thus we have Xa = Xa? is the set of all natural numbers, Ya = {1,2,3,4} =
Va2, V' =1{1,2,3,4} and X' = {n€X :n >5}. Thus Y'a™! = {1,2,3,4,5}. We
see that 5 € 3a~', that is, there is € X' such that 2’ & X \ Y'a ™l
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Example 3.1.7. Let X be the set of all natural numbers and Y the set of all

positive even integers. Let a be defined by

.
n , ne{l,2,3,5};
2 , n=4;
noa =
5) , n="7T;
(= 2 , otherwise.
Then o € S(X,Y) and
(
n , ne{l,2,3,5};
L , ne {46}
na” =
5 , n€{7,9};
\n—4 , otherwise.

Thus we have Xa = Xa? is the set of all natural numbers, Ya = Ya? is the set
of all positive even integers, Y =Y and X' is the set of all positive odd integers.
We see that 2a~! = {2, 4} such that 2a~' NY" = {2,4}, that is, thereis y € Y~
such that |y'a'NY'| > 2. And 5~ = {5,7} such that 5a~' N X' = {5,7}, that
is, there is 2" € X' such that |z'a~' N X'| > 2.

Lemma 3.1.8. Let o« € S(X,Y). If my = ma2 is finite and mo(Y) = ma2(Y), then
Toa(Ya) = 2 (Ya).

Proof. Assume that 7, = 7,2 is finite and m,(Y) = m42(Y). We have 7,(Ya) =
{ya=t 1y € XanYa} and 72 (Ya) = {y(a?)™ : y € Xa? NYa}. Since 7, is
finite, we can write

Ay Ay ... A, BiBy ... B, C1Cy ... G

a ay ... a, bbby ... b, crc ..
where 4, NY # 0, B;,Cy, € X\Y; a;,b; € Y,¢,, € X\Y for all i = 1,2,....n,

j=1,2,...omand k=1,2,....t. Since m, = 7,2 and 7, (Y) = m,2(Y"), we have

A1 A2 An B1 B2 Bm Cl 02 Ct

! !

’ / ’ / / / /
a, ay ... a, b by .. b, ccg ... ¢
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where a;,b; cYande¢ € X\Y. SoYa? = {a},a,,...,a,}, and we have Yo
= {ai,a,...,a,}. Since Ya C Y, we obtain Ya? C Ya. So {aj,ay,...,a,} C
{ay,ay,...,a,}. Since Yo is finite, {a}, ay, ...,a,} = {a1,as, ...,a,}. Thus XanYa

= Xa? NYa. Therefore, m,(Ya) = {A;, Ag..., A} = 72 (Ya). O

Lemma 3.1.9. Let a € S(X,Y). If ©, = 7w, is finite and m,(Y) = m2(Y),
then

’

4) |2 a ' N X | =1 forall 2 € X'
Proof. Let a € S(X,Y) and 1, = 7,2 is finite. So we can write

A1 A o A, Bi By ... B, Ci1Cy ... Cy

ap as N ) b1 b2 bm C1 Co e Ct

where A;NY # 0, B;,C, CX\Y; a;,b; € Y, € X \Y foralli=1,2,...,n, j =
1,2,...,mand k =1,2,....,t. ThenY' = {ay,as,...,a,}and X = {b1, by, ..., by, C1, C2,
ey Gt} Since T, = ma2 is finite and 1, (Y) = m,2(Y), we have by Lemma 3.1.8
that 7, (Ya) = 12 (Ya). So m2(Ya) = {Ay, ..., A, }.
(1) We prove that J = () where J = {1,2,...,m}.

Suppose that there is j € J such that Bja = {b;} where b; € Y. Then B;a* =
(Bja)a = {b;}a. Assume that b; € A;, for some ig, then Bja? = {b;}a = {a;,}.
Since a;,€Xa? and a;, €Y o, we obtain a;,€Xa?* NYa, so a;,(a?) '€ 12 (Ya) =
{Ay,...,An}. Thus there is Ay € ma2(Y ) such that Apa? = {a;}. Hence B;a?
= {a;,} = Ara? and therefore B; U AyCa,,(a?)™'. That means m,2(Y) # 7o (Y)

which is a contradiction. Then J = (). So we can write

Al Ay .. A, C Cy ... C

a a2 ... ap C Cy ... (
where A, NY # 0, C, € X\Y;a;, € Y,g, € X\Y forall i =1,2,....,n and
k =1,2,...,t. Then Y = {ay,as,...,a,} and X' = {c1,¢,...,¢;}. Therefore,
(X\Y)aC (X\Y)UY'.
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(2) We have X' = {c1,¢ca,...,c;} € X\Y and X\Y'a™ ' = CLUCLU...UC,.
Suppose that there is ¢, € X' NY'a~! So ¢, € A, for some ig. Then C,a? =
(Cpra)a = {ep}a = {aj, }. Since a;,€Xa? and a;,€Y o, we obtain a;,€Xa?* NYa,
s0 a;,(a?)7te mae(Ya) = {Ay, Ay, ..., A, }. Thus there is Ay € m,2(Ya) such that
Ara® = {a;,}. Hence Cpa? = {a;,} = Apa® and therefore C, U A;Ca;,(a?) 1,
which implies that m,2(Y) # 74(Y), a contradiction. Hence X' NY'a™! = 0.
Therefore, X' C X\Y o'

(3) Assume that |y'a=* NY'| # 1 for some y € Y . Suppose that there
are a; and a; both belong to A; for some [ € {1,2,...,n} where a; # a,€ Y’
Then A;0? = (A;a)a = {a;}a = {a;} and A;0* = (A;a)a = {a;}a = {a;}. Thus
Ai? = {a;} = Aja?, so A; U A;Cay(a?)"!. Since q; € Xa? NY, we obtain
aj(a?)™ € w2 (Y), 50 a2 (Y)| < n—1 where |7,(Y)| = n. Thus (Y )# 72 (Y),
which is a contradiction. So a; and a; belong to different A, for all 7 # j...(x). If
there exists A; such that Y'NA; = ), then there are a;, a; € Y’ such that a; # a;
and a;,a; € A; for some [ which contradicts (x). Therefore Y'NA # 0 for all I
and that [y'a ' NY' | =1forall y €Y.

(4) Assume that [2'a™' N X'| # 1 for some 2’ € X'. Suppose that there
are ¢, and ¢, € Cj, for some k € {1,2,...t} where ¢, # ¢, € X'. Then C,a? =
(Cha)a = {c,}a = {c} and Ca? = (Cha)a = {c,}a= {c;}. So C,a? = {cp} =
C,a? and thus C, U C,Ccx(a?)~!. This implies that 72| < n+ (t —1) < |7,
which is a contradiction. So ¢, and ¢, belong to different Cj, for all u # v...(xx). If
there exists U, such that X /ﬂC’q = (), then there are ¢,, ¢, € X such that ¢, % ¢y
and ¢, ¢, € C} for some k which contradicts (*x). Therefore X' na, £ () for all
k and that [2'a ' NX'| =1 forall 2" € X O

The following examples show that Lemma 3.1.9 dose not hold if 7, is an

infinite set.

Example 3.1.10. Let X be the set of all natural numbers and Y the set of all
positive even integers. Let a be defined by

na = 2n for all n € X.
Then o € S(X,Y) and
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na? = 4n for all n € X.
Thus we have m, = {{n}} = 72, T (Y) = {{n}} = 72(Y), Y = {4n}, X' =
{2,4n 42} and Y'a™' =Y. We see that (X\Y)a = {2,4n +2} Z (X \Y)UY’
and there is 2 € X such that 2€ Y'a ™, s02¢ X\ Y a™l.

Example 3.1.11. Let X be the set of all natural numbers and Y the set of all
positive even integers. Let o be defined by

na=n+2 forallne X.
Then o € S(X,Y) and

na? =n+4 for alln € X.
Thus we have 7, = {{n}} = Ta2, ma(Y) = {{2n}} = 702(Y) and V' = {2n + 2}.
We see that 4 € Y such that 4o 'N{2n+2} = {2}N{2n+2} =0, s0 [y’ a ' NY"| £
1.

Example 3.1.12. Let X be the set of all natural numbers and Y the set of all

positive even integers. Let o be defined by

2n , ney,
no =
2, otherwise.
Then o € S(X,Y) and
in , ney;
no’ =
4 | otherwise.

Thus we have m, = {{2n}, X \ Y} = 72, m(Y) = {{2n}, X \ Y} = 7.2(Y) and
X' = {2}. We see that 2 € X such that 2o~ N {2} = (X \Y) N {2} = 0, so
|z’ N X'| # 1.

Corollary 3.1.13. Let X be a finite set and o € S(X,Y). If a is left regular,

then o 1s reqular.

Proof. Assume that « is left regular. Then Xa = Xa? and Ya = Ya?. Since
YaCVY and Ya C Xa, we obtain Ya C XanY. Now, we prove that XanNY C
Ya by letting y € XanY. If y ¢ Ya, then y € (X \Y)a C (X \Y)UY by
Lemma 3.1.4(1). Thusy € X\Y ory € Y =im aly. Since y € Y, it follows that
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y € Y' = Ya which is a contradiction. Therefore, y € Yo and that XanNY C Yo
So XaNY = Ya which implies that « is regular by Theorem 2.7.1. ]

The condition X is a finite set in Corollary 3.1.13 is necessary as shown

in the example below.

Example 3.1.14. Let X be the set of all natural numbers and Y = {1, 2, 3,4}.
Let a be defined by

n , ne{l,2,3};
noa =93 , n=4;
n—1 , otherwise.
\
Then a € S(X,Y) and
5
n , ne{l,2,3};
no’ =43 , n€{4,5};
n—2 , otherwise.

\
Thus we have X = Xa? is the set of all natural numbers and Yo = {1,2,3} =
Ya?. So «a is left regular. But « is not regular, since Xa NY = {1,2,3,4} #
{1,2,3} = Yau.

The following example shows that the converse of Corollary 3.1.13 does

not hold.
Example 3.1.15. Let X = {1,2,3,4} and Y = {1,2}. Let a be defined by

1 {2,4} 3
2 1 4

Then o € S(X,Y) and

, ({13} {24}
1 2

Thus we have XaNY = {1,2} = Ya. So « is regular. But « is not left regular,
since Xa = {1,2,4} # {1,2} = Xa?.



21

Corollary 3.1.16. Let X be a finite set and o € S(X,Y). If v is right regular,

then « is regular.

Proof. Assume that « is right regular. Then 7, = 7,2 is finite and 7,(Y) =
T2 (Y'). By using the same proof as given for Corollary 3.1.13 and Lemma 3.1.9(1),

we obtain XaNY = Ya, hence « is regular as required. ]

The condition X is a finite set in Corollary 3.1.16 is necessary as shown

in the example below.

Example 3.1.17. Let X be the set of all natural numbers and Y the set of all

positive even integers. Let o be defined by

2, n=2
na=192n , neY\ {2}

4 | otherwise.

\

Then a € S(X,Y) and
2 . n=2

na® =<S4n | ney\ {2

8 , otherwise.
\

Thus we have m, = {{2n}, X \ Y} = 7,2 and 7,(Y) = {{2n}, X \ Y} = 12 (V).
So « is right regular. But « is not regular, since Xa NY = {4n} U {2} #

({4n} \ {4}) U {2} = Ya,

The following example shows that the converse of Corollary 3.1.16 does

not hold.

Example 3.1.18. Let X = {1,2,3,4} and Y = {1,2}. Let a be defined by
1 {2,3} 4
2 1 3

Then a € S(X,Y) and
2 {174} {273}

1 2
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Thus we have XaNY = {1,2} = Ya. So «a is regular. But « is not right regular,

since 7, = {{1}, 12,3}, {4}} #£ {{1.4},{2,3}} = mee.

Theorem 3.1.19. Let o € S(X,Y) be such that X« is finite. Then « is left

reqular if and only if o is right reqular.

Proof. Assume that « is left regular. Then Xa = Xa? and Yo = Ya?. Since
Xa is finite, we may write Xa = {ay,as, ..., ap,c1,Ca, ..., ¢} where Y = Yo =

{a1,as, ...,a,}. By Lemma 3.1.4(1), we can write

A A L A, G Gy o Gy

ay ao ... Qap C Cy ...

where A, NY #£ 0, C, € X\Y;a;, € Yo, € X\Y foralli =1,2,...,n and
k=1,2,...,t Since [y'a* NY'| = |A;N{ay,as,...,a,}| = 1 for alli =1,2,....n,
there is a permutation o on the set {1,2,...,n} such that a; € A;, for all i. So we

obtain

Aja? = (Aja)a = {a;}a = {ai,}.

Similarly, since |z'a™' N X'| = |Cy N {c1,¢a,...,ci}| = 1 for all k = 1,2,....t, we
obtain there is a permutation ¢ on the set {1,2, ..., ¢} such that ¢, € Cjs for all k.
Thus

Cra? = (Cra)a = {cp}a = {crs )

A Ay A, O Gy L G
A1y A2y - Qpy Cl1s Cos ... Cis
Thus 7, (Y) = {A1, Ag, ..., Ay} = me2 (V) and 1, = {Ag, Ag, ..., A, C1,Co, ..., Cy} =
To2. Hence « is right regular.

Conversely, assume that « is right regular. Then 7, = 7,2 and 7,(Y) =
72(Y). Since X« is finite, we obtain 7, = 7,2 is finite. Then by Lemma 3.1.9(1),

we can write

Al A2 An Cl CQ Ot

ay as ... Qap C1 Cy ...
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where A, NY # 0, C, € X\Y;a;, € Y,e, € X\Y foralli =1,2,...,n and
k=1,2,....t. Since [y'a*NY'|=1forall y €Y and [za”'NX'| =1 for all
2 € X'. So by the same proof as given above

A Ay . A, G Cy o Gy

A1lg A2 ... QApg C15 Co5 ... Ct§

where ¢ is a permutation on the set {1,2,...,n} and ¢ is a permutation on the set
{1,2,...,t}. ThusYa = {ay,as,...,a,} = Ya? and Xa = {ay,as, ..., an, C1,Co, .., ¢t }

= Xa?. Hence « is left regular. [

If Xa is not a finite set, then Theorem 3.1.19 may not hold as shown in

the following examples.

Example 3.1.20. Let X be the set of all natural numbers and Y = {1, 2, 3,4}.
Let a be defined by

n , ne{l,2}
4 , n=23;
na =
3 , ne{4,5};
(= 1 , otherwise.
Then o € S(X,Y) and
(
n , neyY;
4 , n=2>5;
no’ =
3 , n=0;
n—2 , otherwise.

\
Thus we have Xa = X ? is the set of all natural numbers and Yo = {1,2,3,4} =

Ya?. So a is left regular. But « is not right regular, since
ma(Y) = {{1}, {2}, {3}, {4,5}} # {{1}, {2}, {3,6},{4,5}} = max (Y).

Example 3.1.21. Let X be the set of all natural numbers and Y the set of all

positive even integers. Let o be defined by

na=n-4+2foralln € X.
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Then o € S(X,Y) and
na?=n+4for alln e X.

Thus we have
To(Y) = {{2n}} = 12 (Y) and 7, = {{n}} = 7a2.
So « is right regular. But « is not left regular, since

Ya={2n+2}#{2n+4} =Y’

3.2 Intra-Regular Elements

In this section, we give a necessary and sufficient condition for elements in S(X,Y)

to be intra-regular.

Theorem 3.2.1. Let a € S(X,Y). Then the following statements are equivalent:
(1) « is intra-regular.
(2) | Xa| = |Xa?],|[Ya|=|Ya?| and | Xa \ Y| = |Xa?\Y].
(3) a® € J,.

Proof. (1) = (2) Assume that « is intra-regular. Then a = fa?y for some
B,7 € S(X,Y). Since Xa? = (Xa)a C Xa, we obtain [Xo?| < |[X«|. Similarly,
we have |Ya?| < |Ya|. Since Xa? C Xa, we get Xa?\Y C Xa \ Y, that is
| Xa?\ Y] < |Xa\ Y|]. Now, we show that |Xa| < |Xa?|, [Ya| < |Ya?| and
| Xa\ Y] < |Xa?\ Y] as follows:
[ Xa| = [XBay| = [(XBa?)y| < |XBa’| = [(XB)a?| < [Xa?],
Ya| = |YBa?y| = |(YBa?)y] < [YBa?| = |(YB)a?| < [Ya?|, and
[ X\ Y] = [XBa?y \ Y| = |[(XB)a*y\ Y] < [Xa?y\ Y|
= [(Xa?)y\ Y],
= [[(Xe*\Y)U (Xa?NY)ly \ Y],
= [[(Xa*\Y)yU(Xa*NY )]\ Y],
= [[Xa?\Y)y\Y]U[(Xa?NY)y\ Y]],
= [(Xa?\Y)y\ Y| < [(Xa?\ V)| < |Xa?\ Y],
(2) = (3) Assume that |Xa| = [Xa?|, [Ya| = |Ya?| and | Xa \ Y] =
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| Xa?\ Y]. Then by Theorem 2.7.6, we obtain aJa?, that is o? € J,.
(3) = (1) Assume that o* € J,. Then aJa? and hence a = Ba*y for
some 3,7 € S(X,Y)! = S(X,Y). Thus «a is intra-regular. O

The following two corollaries are direct consequences of Theorem 3.1.1,

Theorem 3.1.2 and Theorem 3.2.1.
Corollary 3.2.2. Let o € S(X,Y). If « is left reqular, then « is intra-reqular.

Proof. Assume that « is left regular. Then by Theorem 3.1.1, a® € L,. Since

L C J, we may have o? € L, C J, and thus « is intra-regular by Theorem
3.2.1. O

Corollary 3.2.3. Let o € S(X,Y). If « is right reqular, then « is intra-regular.

Proof. Assume that « is right regular. Then by Theorem 3.1.2, a® € R,. Since
R C J, we may have o® € R, C J, and thus « is intra-regular by Theorem
3.2.1. ]

Theorem 3.2.4. Let o € S(X,Y) be such that X« is a finite set. Then the
following statements are equivalent:

(1) « is left regular.

(2) « is right regular.

(3) a is intra-regular.

Proof. (1) <= (2) follows from Theorem 3.1.19.

(2) = (3) is Corollary 3.2.3.

(3) = (1) Assume that « is intra-regular. Then |Xa| = |Xa?| and |Ya| =
[Ya?|. Since Xa? C Xa, | Xa?| = |Xa| and Xa is finite, we obtain Xa = Xa?.

Similarly, we have Yoo = Ya?. Therefore, « is left regular by Theorem 3.1.1. [

Remark 3.2.5. Since left regular, right regular and intra-regular elements of
S(X,Y) are the same when X is a finite set, and by Theorem 3.1.3, we obtain
the numbers of left regular elements, right regular elements, intra-regular elements

and completely regular elements are equal.
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The following examples show that the finiteness of X« in Theorem 3.2.4

is necessary.

Example 3.2.6. Let X be the set of all natural numbers and Y the set of all

positive even integers. Let « be defined by

na =n+4 for all n € X.
Then o € S(X,Y) and

no® =n+ 8 for all n € X.

Thus we have
| Xa| =Ry = |Xa?|, |[Ya] =R = |Ya?| and [Xa \ Y| =Ry =|Xa?\Y]|.
So « is intra-regular. But « is not left regular, since

Ya={2n+4} # {2n+ 8} = Yo .

Example 3.2.7. Let X be the set of all natural numbers and Y the set of all

positive even integers. Let o be defined by

p

n , ne{l,2,3,5}
noa = q 2 , n=4;

n —2 , otherwise.

Then o € S(X,Y) and

(

n , ne€{l,2,3,5};

2 , n € {4,6};
no’ = 4

5 , n €{7,9};

(= 4, otherwise.

Thus we have

| Xa| =Ry = |Xa?|, [Ya| =Ry = [Ya?| and [Xa \ Y| =Ry = [Xa?\Y]|.
So « is intra-regular. But « is not right regular, since 7, (Y) = {{2,4},{2n+4}} #
{{2,4,6},{2n +6}} = m2(Y).
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3.3 Unit Regular Elements

In this section, we give a necessary and sufficient condition for elements in S(X,Y)
to be unit regular. For each a € S(X,Y), let

A={ae XanY :|aa™t > 2},

B={a€ Xan(X\Y):|aax | > 2},

and C'={a € Xa: |aa™| > 2}.

Then C' = AUB the disjoint union of A and B. Now, let Dz(a) = (X \ Xa)N Z
where Z C X. Thus

Dy(a) = (X \ Xa)NY, and

Diw(a) = (X \ Xa) N (X\Y).

We begin this section with the following simple result.

Lemma 3.3.1. Let o € S(X,Y) be such that o = afa for some § € S(X,Y).
Then

(1) aB € aa™ for alla € XaNY;

(2) B ecat forall ce Xan (X \Y).

Proof. Since o = afa is a regular element in S(X,Y), we get XaNY =Ya and
thus we can write
A Cy
o =
a; Cr

where A;NY #0,C, CX\Y;a €Y, € X\Y. So XanY = {a;} and for
each q; there exists u; € A; N'Y such that

a; = u;a = w;afa = a;fa for all 7 € 1.

So a;f € a;a~! for all i € I. Thus aff € aa~! for all @ € XaNY. Similarly, we
can show that ¢ € ca™! for all c € Xa N (X \Y). O

Note that, every element in G(X,Y’) is unit regular, since for each o €

G(X,Y) there is o' € G(X,Y) such that a = aa™'a.

Theorem 3.3.2. Let « € S(X,Y) and C = 0. Then « is unit reqular if and only
ifae G(X,Y).
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Proof. Since C' = (), we obtain that « is injective. If « is unit regular, then there
is § € G(X,Y) such that & = afa. Let

a; Cg
o =
/ /

where {a;} =Y, {c;.} = X\ Y and {a;} U{c,} = X. We have XanY = {a;} and
Xan(X\Y)={c}. Then Lemma 3.3.1 gives that

a; Cg bj

where {b;} = X\ Xa. If J # 0, then there is b; € X = {a;} U {cx} such that
b;ﬂ =a; = a;ﬁ or b;ﬂ =cp = c}cﬂ. So (3 is not injective which is a contradiction.
Thus J = (), that is X \ Xa = 0, and « is surjective. Therefore, a € G(X). If
Ya C Y, then there exist y € Y \ Ya, that is there exist z € X \ Y such that
xa =y which contradicts XaNY =Ya. So Ya =Y, hence aly € G(Y). Thus
a € G(X,Y). Now, if @ € G(X,Y), then it is clear that « is unit regular, since

G(X,Y) is a group. O

Theorem 3.3.3. Let a € S(X,Y) and C # 0. If o is unit reqular, then the
following three conditions hold.

(1) « is regular.

(2) [Dy(a) UA| = ]aLEJAaofl nYl|.

(3) [Dx\y(a) UB| = | Y ac” ' N (X\Y)|

Proof. Assume that « is unit regular. Then « is regular and o = afa for some
peGX,Y). Let
a; Aj Cr Cl

’ !/ ! ’

a; a; ¢ ¢

where a;,a; €Y; ¢, ¢, € X \ Y and A = {a;},B = {c¢;}. Suppose that Dy(a) =
{y,} and Dx\y(a) = {z,}. Then by Lemma 3.3.1, we have

/ / / / /
5 a, a; ¢, ¢ Y, T

a;, a; ¢ ¢ Yp T

’

q
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where a; € A;NY, ¢ € Chy, € y ac” ' NY and z, € Ucaof1 N(X\Y). Since
ae ac
3 is bijective, we obtain ({a;} U{y,1B = agA ac ' NY. Thus |{a;} U{y,} =
| U aa~'NY], so | Dy (a)UA| = | UAaoflﬂY|. Also, since [ is bijective, we obtain
ac agc
o} u{z,})B = Ucaoflﬁ(X \Y). Thus [{¢} U{z }| = Ucaoflﬂ(X \'Y)], so
ac ac
|Dx\y(a) UB| =| ucaa—lm(X\Y)|. O
ae

Theorem 3.3.4. Let X be a finite set and o € S(X,Y). Then « is unit reqular

if and only if « is regular.

Proof. If « is unit regular, then it is clear that « is regular. Now, if « is regular

and X is finite, so we can write

Ay Ay o A, CF Cy L G
=
aq s ... Qp C1 Cy ...

where A;NY £0,C, CX\Y;a, €Y, ¢, € X\Y foralli=1,2,...,n and k =
1,2,...,t. Suppose that |Y| =mand |[X\Y| =s. Let Y = {ay, a9, ...an, Gpi1, ..., G }
and X \Y = {c1,co,...ct, ¢4y, ...y ¢s }. Choose

ap az...4n Aapyq-..0p C1 C2...C Cgypp...Cq

8=

/ / / / 4

/ / ’ !/ ’
Ay Qg ...y iy -Gy Cp Cyo G Cyyq .. Cy

/

where a; € A; N Y,c;C € Cpforall s =1,2,...,n, k = 1,2,...,1, a;Hl,...,am €

Y\ {a},..na,} and ¢y, oycy € (X \Y)\ {c}, ..., ;). We see that 3 is injective.
Since [ is finite, we obtain that /3 is surjective. So 5 € G(X,Y) and

Ay A o A, CF Oy L G
aq as ...

afa =
a, C Cy ... Ct

Thus « is unit regular. ]

Remark 3.3.5. By Corollary 3.3.4, we have that the number of unit regular
elements of S(X,Y) is equal to the number of regular elements of S(X,Y). By
Theorem 2.8.1, we obtain that the number of unit regular elements of S(X,Y) is

m

Z b | riS(m,r)(n —m+r)"" ™.

r=1 T

where S(m,r) is the Stirling numbers of the second kind, | X| =n and |Y| = m.
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The following examples show that Corollary 3.3.4 does not hold if X is an

infinite set.

Example 3.3.6. Let X be the set of all natural numbers and Y the set of all

positive even integers. Let « be defined by
na=n+ 2 for all n € X.

Then a € S(X,Y). We have XanNY = {2n} \ {2} = Ya, hence « is regular.
We see that {1,2} € Xa. So « is not surjective, that is a ¢ G(X,Y’), which

contradicts Theorem 3.3.2. Thus « is not unit regular.

Example 3.3.7. Let X be the set of all natural numbers and Y = {1,2,3,4}.
Let a be defined by

n , ne{l,2};
4 , n=3;

noa =
3 , n€{4,5};
W 1 , otherwise.

Then a € S(X,Y). We have XanNY =Y = Y, hence « is regular. We see
that Dx\y(a) UB = () and Ucaof1 N(X\Y) = {5}, s0 |Dx\y(a) UB| =0 #
ac

= | Y, aa” ' N (X \ V)|, which contradicts Theorem 3.3.3(3). Thus « is not unit
ae

regular.

3.4 The Numbers of Left Regular, Right
Regular and Intra-Regular Elements

Throughout this section, X is a finite set with n elements and Y C X has r elements.

To count the number of left regular elements of S(X,Y’), we recall that the number

n
of combinations of n distinct things taken r at a time written is given by
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n
That is, is the number of ways that r objects can be chosen from n distinct

objects.

Lemma 3.4.1. Let a € S(X,Y) be a left reqular element. Then aly : Y — Y

i3

>
has Z kK™% forms.
k=1 \Kk

Proof. Since a € S(X,Y) is a left regular element, we obtain Xa = Xa? is finite
and Ya = Ya? Soaly : Y — Y since Ya C Y. Suppose that Ya = Y' has k
elements. Let Y = {y,,%y, ...,y }. Since a € S(X,Y), by Lemma 3.1.4 we can

write
B, By ... By

O[|y =

’ ’

Ui Y o Up

k , /
where ) B, =Y and |B;,NY |=1foralli=1,2 ..k Since |[B;NY | =1 for
all 7, we have

!/ 7, .
aly 1Y — Y is a permutation.

Thus alys can have k! forms. If Y’ = Y, then aly is a permutation on Y and
there are 7! distinct forms. If Y’ C Y, then [Y \ Y'| = — k. Since Ya =Y, the

number of ways of placing r — k distinct elements into k distinct places is k™.

r
Hence in this case aly can have kK™% forms. Since 1 < k < r the number
k

of the maps a|y when « is left regular is

r

ST we

=1 \K

]

Lemma 3.4.2. Let a € S(X,Y) be a left reqular element. Let Ya =Y  and

- [n—7

(X\YaNNa=X #0. Thena|y : X — X' has Z m! forms.

m=1 m

Proof. Since o € S(X,Y) is a left regular element, we have by Lemma 3.1.4(4) that

lz’a 'NX'|=1forall2’ € X'. Then o, : X' — X' is a permutation. Suppose
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that X' has m elements. Let X' = {z],2,,...,2, } and ¢ is the permutation on

the set {1,2,...,m}. So we can write

’
Ty Ty .. Ty,

04|X’ =

/ ! !/

Tis Log -+ Tpys

Thus «|y can have m! forms. Since 1 < m < n —r, the number of the maps oy

when « is left regular is

Theorem 3.4.3. The number of left reqular elements in S(X,Y") is

n—r r r
Sy
m=0 k=1

where | X| =n,|Y|=r.

17—k "<y | n—r—m
klk m! (k+m)
m

Proof. Let a € S(X,Y) be a left regular element. Suppose that Ya =Y has k
elements and (X \ Y'a™!)a = X' has m elements. Let Y = {y},9s,...,,} and
X' = {2}, 7y,...,2, }. Then by Lemma 3.1.4, we can write

Ay Ay o A CF Cy L G

’ ’

yl yl2 y;g ZL’II l’l2 :Em
where A;NY # 0, C; CX\Y and |[A,NY'|=1,|C;NnX | =1foralli=1,2,..k
and j =1,2,...,m.

If X' = (), then i"glci:@, that is

A Ay L A

/

O ) &

T

r
By Lemma 3.4.1, a|y has Z k'k"* forms. Since the number of ways of
=1 \Kk

placing n — r elements of the set X\Y into k distinct places is k"7, in this case
the number of left regular elements is

T T

SO et = ST ke,

=1 \ Kk =1 \ K
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If X' # ), then by Lemma 3.4.2 we have the number of the maps al

where « is a left regular is

i
1

n—r
ml.
1 m

3
I

"
And by Lemma 3.4.1, the number of aly is Z K'k™*. So, the number of

=1 \K
alyyx is
T r_k n—r n—r
k'k m!
=1 \ K m=1 m
n—r T

R e R
m=1 k=1 k m

Now, X \ (Y U X') has n—r—m elements, and there are (k +m)""~™ ways to
placing n—r—m elements into k& + m places. Therefore, the number of left regular
elements in this case is

r r—k nzn n—r—m
!k ml(k +m) :
m=1 k=1 k m

Observe that if m = 0, then

r

T n—r
> kKT 0!(k + 0)»"°
=1 \Kk 0

T

-y k KRR (L) (1) (k)

<

E\EmF,
1 \k

Therefore, we conclude that the number of left regular elements in S(X,Y) is

r = 1=
> klEm—F m!(k +m)" ",
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Example 3.4.4. Let X ={1,2,3,4} and Y = {1,2}. Then |X| =4 and |Y| = 2.
By Theorem 3.4.3, we have the number of left regular elements in S(X,Y) is

+ 2

2 2
) 012 +0)*% + U2+1)> + 21(2 +2)*2

= 2[()(1)+(2)2)+2)(D)] + 2[(1)(4)+(2)(3)+(2)(1)]
=2(7) + 2(12) = 38.
If X' = (), then by Theorem 3.4.3, we have the number of left regular elements is

2
Z 2 ElEAF = 2 141 4 2 21942
— \k 1 )
— 248 =10.

And there are

1 {2,3,4) 1 {2,3,4) 11,3,4} 2 (1,3,4} 2
1 2 2 1 ’ 2 1)’ 1 2/
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{1,3} {2,4} {1,3} {2,4} {1,4} {2,3} {1,4} {2,3}
1 2 |\ 2 A | 2 |\ 2 1)’
1,2,3,4) 11,2,3,4)

1 ’ 9 '

If X" # (), then by Theorem 3.4.3, we have the number of left regular elements is

2
2 4—2
> k> k ml(k 4 m)*>m
m=1 k=1 k m

2[(2)(2)+(2)(1)] + 2[(2)(3)+(2)(1)]
2(6) + 2(8) = 28.

They are as follows:

12 3 4 12 3 4 1 2 3 4 12 3 4
1234/ \213 4/ \1t 243/ \21 43/
1 2 {3,4) 12 {3,4) 12 {3,4) 12 {34}
12 3 J ' \21 3 ) \12 4 ) \2a1 4 )
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1 {2,4) 3\ (1 {2,4} 3\ (1 {23} 4\ (1 {2,3) 4
2 1 3/ \1 2 3/ \1t 2 4/ \2 1 4
1,2} 3 4\ ({12} 3 4\ ({12} 3 4\ [{1,2} 3 4
1 34\ 1 a3\ 2 34/ \ 2 43
1,3y 2 4\ ({13} 2 4\ ({14 2 3\ ({14 2 3
1 24/ \ 2 14\ 1 23\ 2 13

1,2,4) 3 1,2,4} 3 11,2,3) 4 1,2,3) 4

9 3] 1 3/ 1 a) 9 4]
(1,2} {3,4} (1,2} {3,4} (1,2} {3,4) (1,2} {3,4)
1 3 |\ 2 3 |\ 2 4 ]\ 1 4 |



