CHAPTER 2
PRELIMINARIES

In this chapter, we will briefly review some concepts and results of Semi-

group Theory.

2.1 Semigroups

A semigroup S is a nonempty set S together with a binary operation - : S xS — S

which satisfies the associative property:
(@a-b)-c=a-(b-c)forall a,b,c € S.

Let S be a semigroup. An element e of S is called left identity if e -a = a
for all @ € S, and right identity if a - e = a for all a € S. If e is both left identity
and right identity, then it is called two-sided identity, or simply an identity.

Every semigroup has at most one identity element. A semigroup with
identity is called a monoid. A semigroup without identity S may be embedded
into a monoid simply by adjoining an element 1 ¢ S to S and defining 1-s = s = s-1
for all s € SU{1}. The notation S* denotes a monoid obtained from S by adjoining

an identity if necessary (S' =S for a monoid).

2.2 Groups of Units

Let S be a semigroup with identity 1. An element a € S is called a unit of S if
there exists b € S such that ab =1 = ba.

Lemma 2.2.1. Let S be a semigroup with identity 1 and
G={a€S:aisaunitof S}.

Then G is a maximal subgroup of S having 1 as the identity.



Proof. Let a,b € G. Then there exist a',b € S such that aa’ = 1 = a'a and
bb =1=100. So (ab)(b'a’) =1 = (b'a')(ab), that is ab € G. It is clear that 1 € G,
thus G is a monoid. Let ¢ € G. Then ¢¢ =1 = ¢ ¢ for some ¢ € S, it follows that
¢ € G and ¢ is the inverse of ¢. Thus G is a subgroup of S. Let G’ be a subgroup
of S containing 1 and d € G'. So there exists d~* € G’ such that dd~' =1 = d~'d,
which implies that d is a unit of S and thus GG, Therefore, G is a maximal
subgroup of S having 1 as the identity.

We call the subgroup G of S in Lemma 2.2.1 the group of units of S. [

2.3 Regularity of Semigroups

An element a of a semigroup S is called regular if there exists x in S such that
a = aza.

An element a of a semigroup S is called unit reqular if there exists = which
is a unit of S such that a = aza.

An element a of a semigroup S is called left [right] reqular if there exists
z in S such that a = xa® [a = a®z].

An element a of a semigroup S is called intra-regular if there exists x and
y in S such that a = za?y.

An element a of a semigroup S is called completely reqular if there exists

z in S such that a = azxa and ax = za.

Theorem 2.3.1. Let S be a semigroup and a € S. Then a is completely reqular

if and only if a is left regular and right regular.

Proof. Assume that a is completely regular. Then a = axa and ax = xa for some
r €S. Soa=ara=xa’ and a = axa = a*x. Thus a is left regular and right
regular.
Conversely, assume that a is left and right regular. Then there are z,y € S
such that @ = za® and a = a®y. So
aya = (za*)ya = z(a*y)a = raa = a,

ava = ax(a®y) = a(ra?)y = aay = a,



and ay = ra’y = za. Then
a(zay)a = (axa)ya = aya = a, and
a(zay) = (axa)y = ay = xa = z(aya) = (zay)a.

Thus a is completely regular. ]

2.4 Green’s Relations

A nonempty subset A of a semigroup S is called a left ideal it SA C A, a right
ideal if AS C A, and a (two-sided) ideal if it is both a left and a right ideal. Then,
for any element a in S,
the smallest left ideal of S containing a is Sa U {a} = S'a,
the smallest right ideal of S containing a is aS U {a} = aS*,
the smallest ideal of S containing a is SaS U aS U Sa U {a} = S'aS?,
which we call the principal left ideal, principal right ideal and principal ideal gen-
erated by a, respectively.
In 1951, J.A. Green defined the equivalence relations £, R and J on S by
the rules that, for a,b € S,
aLlb if and only if Sta = S*b,
aRb if and only if aS! = bS! and
aJb if and only if StaS* = S'hS*t.
Then he defined the equivalence relations
H=LNR and D = LoR,
and obtained that the composition of £ and R is commutative. This follows that
D is the join £ V'R, that is, D is the smallest equivalence relation containing
LUTR. Moreover, HC LCDC J and H C R CDC J. But, in commutative
semigroups, we have H = L =R =D = J. The relations £,R,H,D and J are
called Green’s relations on S. For each a € S, we denote L — class, R — class, H —

class, D — class and J — class containing a by L,, R., H,, D, and J,, respectively.

Lemma 2.4.1. Let a,b € S. Then the following conditions hold.

1. alb if and only if a = xb and b = ya for some x,y € S*.



2. aRb if and only if a = bx and b = ay for some x,y € S*.

3. aJb if and only if a = xby and b = uav for some x,y,u,v € S.

2.5 Cardinality

The cardinality of a set is a measure of the number of elements of the set. For ex-
ample, the set A = {2,4,6} contains 3 elements, and therefore A has a cardinality
of 3.

The cardinality of a set A is denoted by |A].

The formal definitions of cardinality depends on the notion mappings be-
tween sets:

(1) Two sets A and B have the same cardinality if there exists a bijection,
that is, an injective and surjective function, from A to B. Symbolically, we write
Al = |B].

(2) A has cardinality less than or equal to the cardinality of B if there
exists an injective function from A into B. Symbolically, we write |A| < |B].

(3) A has cardinality strictly less than the cardinality of B if there is an
injective function, but no bijective function, from A to B. Symbolically, we write

Al < |BI.

2.6 Semigroups of Transformations

Let X be a set, we denote the set of all mappings from X into X by T'(X) and it is a
semigroup under the composition of mappings: if a, f € T(X), then aof € T(X)
is defined by

z(aof) = (za)B, x € X.

For abbreviation, we always write a3 for a o .

It is well known that T'(X) is a regular semigroup, that is for each « €
T(X) there exists 5 € T'(X) such that a = afa.

For a nonempty subset A of X, we let id,4 denote the identity map on A.
Then it is clear that idy is the identity element of T'(X).



2.7 Semigroups of Transformations with
Invariant Sets

Let X be a set and Y a nonempty subset of X. We defined
SX,)Y)={aeT(X): YaCY}.

For o, 5 € S(X,Y), we have Yaa C Y and Y5 C Y. Then Yas CYS C Y, so
af € S(X,Y). Therefore S(X,Y) is a subsemigroup of 7'(X). From [5], we have
S(X,Y) is regular if and only if X =Y or |Y| = 1. That is, in general S(X,Y) is

not a regular semigroup. Let
Reg S(X,Y) ={a e S(X,Y): XanY =Ya}.

Then Reg S(X,Y) is the set of all regular elements of S(X,Y) by [5].
As in A. H. Clifford and G.B. Preston [1], we shall use the notation

X;
o =
a;
to mean that a € T(X) and take as understood that the subscript i belongs to
some (unmentioned) index set I, the abbreviation {a;} denotes {a; : i € I}, and

that im o = Xa = {a;} and a;a™! = X; for all 4 € I.

With the above notation, for any o € S(X,Y’) we can write

A, B Cy
o= )
a; bj ¢
where A;,NY # 0, B;,C, CX\Y,{a;} C Y, {b;} C Y\{a;} and {¢;} CX\Y. Here,
I is a nonempty set, but J or K can be empty. For examples: If « € Reg S(X,Y),
then J is an empty set. And if & € S(X,Y)\ Reg S(X,Y), then both I and J are
nonempty but K can be an empty set.
Throughout the thesis, the set X that we consider can be finite or infinite
and X = AUB means X is a disjoint union of A and B.
We note that for any o € S(X,Y’), the symbol 7, will denote the decom-

position of X induced by the map «a, namely

To = {ra™' 12 € Xa}.



If Z C X, we will denote 7,(Z) by
7o(Z) ={za™ 1z € Xan Z}.

Thus 7,(Y) = {ya™' : y € XaNY}. For a,B € S(X,Y), we say that 75 refines
Ty if for each A € 7 there exists B € 7, such that A C B.

Also, we say that mg(Z) refines m,(Z2) if for each A € m3(Z) there exists
B € m,(Z) such that A C B.

The following theorem is given by S. Nenthein, P. Youngkhong and Y.
Kemprasit in [5].

Theorem 2.7.1. The following statements hold for the semigroup S(X,Y).

(1) For a € S(X,Y), « is a regular element of S(X,Y) if and only if
XanY =Yo.

(2) S(X,Y) is reqular if and only if either Y = X or|Y| = 1.

Green’s relations on S(X,Y) are given by P. Honyam and J. Sanwong [4],
which are needed in characterizing left regular elements, right regular elements,

intra-regular elements, unit regular elements and completely regular elements on

S(X,Y).

Lemma 2.7.2. Let o, € S(X,Y). Then a =~ for some v € S(X,Y) if and
only if Xa C XpB and Ya C Y. Consequently, aLpB if and only if Xa = X
and Ya=Y[.

Lemma 2.7.3. Let o, € S(X,Y). Then a = By for some v € S(X,Y) if and
only if mz refines m, and ws(Y') refines m,(Y). Consequently, aRS if and only if
g =Ty and m3(Y) = mo(Y).

Corollary 2.7.4. Let o, € S(X,Y). Then oHS if and only if Xa = XJ3,
Ya=Yp and 1, =g, mo(Y) = m3(Y).

Theorem 2.7.5. Let o, € S(X,Y). Then aDpB if and only if |Yao| = |Y [,
Xa\ Y| = X8\ Y| and |(XanY)\ Ya| = [(XBNY)\ V5|



Theorem 2.7.6. Let«, € S(X,Y). Then a = \Bu for some \,u € S(X,Y) if
and only if | Xa| < |Xp|, |Ya| < |YB| and | Xa \ Y| < |XF\Y|. Consequently,
aJ B if and only if | Xa| = | X8|, [Ya| =|YB] and | Xa\Y|=|X5\Y].

We note that for any o € S(X,Y), the notation a|z : Z — X where
Z C X and G(X) is a permutation group on X. Since S(X,Y’) is a semigroup

with identity 1x, the identity map on X, we obtain its group of units is as follows.

Lemma 2.7.7. Let G(X,Y) = {a € G(X) : aly € G(Y)}. Then G(X,Y) is the
group of units of S(X,Y).

Proof. Let a € G(X,Y). Then aly and a|x\y are permutations on Y and X \ Y
respectively. So a™! € G(X,Y) and aa™ = 1x = a'a, that is a is a unit of
S(X,Y).

Conversely, assume that « is a unit of S(X,Y’). Then thereis g € S(X,Y)
such that aff = 1x = Ba, which implies that « is one-to-one from X onto X. Since
« is injective and Yoo C Y, we obtain aly : Y — Y is injective. We show that
aly is surjective. If aly is not surjective, then there exists 4y € Y such that for all
y €Y, ya #y. Since « is surjective and yo # y' for all y € Y, we have there is
z € X\ Y such that za = 3. Then z = zaff = y'8 € Y, which is a contradiction
since aff = 1x = Pa. Thus aly is surjective. Hence aly € G(Y'). Therefore

a€GX,Y). O

2.8 Stirling Numbers of the Second Kind

For positive numbers n and r with n > r, the number of partitions of {1,2,...,n}
into r blocks is denoted by S(n,r) and is called the Stirling numbers of the second
kind. Tt is known that

Hence the number of maps from {1,2,...,n} onto {1,2,....,r} is r1S(n,r).
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Theorem 2.8.1. [5] If | X| = n and |Y| = m, then the number of reqular elements
in S(X,Y) is

" (m
Z rlS(m,r)(n —m+r)"" ™.
r

r=1



