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Abstract

Fine spectra of various matrix operators on different sequence spaces have been examined by several authors. Recently,
some authors have determined the approximate point spectrum, the defect spectrum and the compression spectrum of various
matrix operators on different sequence spaces. Here in this article we have determined the spectrum and fine spectrum of the
lower triangular matrix B(r,s,t) on the sequence space cs. In a further development, we have also determined the approximate
point spectrum, the defect spectrum and the compression spectrum of the operator B(r,s,) on the sequence space cs.
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1. Introduction

By w, we denote the space of all real or complex
valued sequences. Throughout the article ¢, ¢,, bv, bs, £, £,
represent the spaces of all convergent, null, bounded varia-
tion, bounded series, absolutely summable and bounded
sequences respectively. Also by, denotes the sequence space
bvne, .

Fine spectra of various matrix operators on different
sequence spaces have been examined by several authors. The
spectrum and fine spectrum of the Zweier Matrix on the
sequence space ¢, and bv was studied by Altay and Karakus
(2005). Altay and Bagar (2004, 2005) determined the fine
spectrum of the difference operator A and the generalized
difference operator B(r;s) on the sequence spaces ¢, and c.
Furkan et al. (2006) have determined the fine spectrum of
the generalized difference operator B(7;s) over the sequence
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spaces ¢, and bv. Altun (2011a, 2011b) determined the fine
spectrum of triangular Toeplitz operators and tridiagonal
symmetric matrices over some sequence spaces. The fine
spectra of the Cesaro operator C, over the sequence space
bv,, (1< p <) was determined by Akhmedov and Bagar
(2008). Okutoyi (1990) determined the spectrum of the Cesaro
operator C, on the sequence space bv,. Fine spectra of
operator B (r s, t) over the sequence spaces ¢, and by and
generalized difference operator B(rs) over the sequence
spaces (, and bv , (1 <p< oo), were studied by Bilgi¢ and
Furkan (2007, 2008). Fine spectrum of the generalized differ-
ence operator A on the sequence space £, was investigated
by Srivastava and Kumar (2010). Panigrahi and Srivastava
(2011, 2012) studied the spectrum and fine spectrum of the
second order difference operator Ai on the sequence space
¢, and generalized second order forward difference operator
Az_ on the sequence space /. Fine spectra of upper triangu-
lar double-band matrices U(rs) over the sequence spaces ¢,

and ¢ was studied by Karakaya and Altun (2010). Karaisa and
Basar (2013) have determined the spectrum and fine spectrum
ofthe upper triangular matrix A(zs,t) over the sequence space
l » (0< p<). In a further development, they have also
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determined the approximate point spectrum, defect spectrum
and compression spectrum of the operator A(7;s,f) on the
sequence space fp (0 <p< OO).The approximate point
spectrum, defect spectrum and compression spectrum of the
operator B(7s) on the sequence spaces ¢,.c,(, and bvp,
(1< p <o) were studied by Basar, Durna and Yildirim (2011).
The notion of matrix transformations over sequence
space has been studied from various aspects. Besides the
above listed workers, the spectrum and fine spectrum for
various matrix operators has been investigated by Tripathy
and Das (2014, 2015), Tripathy and Pal (2013a, 2013b, 2014),
Tripathy and Saikia (2013) and many others in recent years.
In this paper, we will determine the spectrum and fine
spectrum of the lower triangular matrix B(7s,f) on the
sequence space cs. Also, we will determine the approximate
point spectrum, the defect spectrum and the compression
spectrum of the operator B(zs,f) on the sequence space cs.

Clearly, cs ={x = (xn) ew: limin exists} is a Banach

n—o
n

E X,

i

i=0
space with respect to the norm ||x||m = sup
i=0

n

2. Preliminaries and Background

Let X and Y be Banach spacesand 7: X — Y be a
bounded linear operator. By R (T ), we denote the range of
T,ie.

R(T):{er:y:Tx,xeX}.

By B(X), we denote the set of all bounded linear operators
on X into itself. If T e B(X) , then the adjoint 7" of T'is a
bounded linear operator on the dual X" of X defined by
(T*f)(x):f(Tx), forall feX and xe X.

Let X = {6} be a complex normed linear space and
T:D(T) — X bealinear operator with domain D(T) < X.
With T, we associate the operator

T =T-2Al,

where A is a complex number and / is the identity operator on
D(T).1f T, has an inverse which is linear, we denote it by TA",
that is

71_1 = (T-/l[)_la
and call it the resolvent operator of 7.
Let X = {0} be a complex normed linear space and

T:D(T)—> X bealinear operator with domain D(7T) c X.
A regular value A of T'is a complex number such that

R T, ; exists,

(R2) T,' is bounded,

(R3) T/l_1 is defined on a set which is dense in X i.e.
R(T)-X.

The resolvent set of T, denoted by p(7,X), is the

set of all regular values A of T. Its complement & (T , X ) =
C\p (T, X ) in the complex plane C is called the spectrum
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of 7. Furthermore, the spectrum o (7,.X ) is partitioned into
three disjoint sets as follows:

The point (discrete) spectrum o, (T, X ) is the set
such that 7' does not exist. Any such A€o, (7,X) is
called an eigenvalue of 7.

The continuous spectrum o (T , X ) is the set such
that 7, exists and satisfies (R3), but not (R2), that is, 7, " is
unbounded.

The residual spectrum o, (T , X ) is the set such that
T A" exists (and may be bounded or not), but does not satisfy
(R3), that is, the domain of TA’l is not dense in X.

If X'is a Banach space and T e B(X), then there are
three possibilities for R(7) and T~

O R(T)=X,
M R(T)=R(T)=X,
(D) R(T)= X,
and
(1) T 'exists and is continuous,
(2) T exists but is discontinuous,

(3) T does not exist.
(One may refer to Goldberg (1985))

Applying Goldberg’s classification to 7, we have
three possibilities for 7, and 7, A’l;

() T, is surjective,

) R(7,)=R(T,)=X,

) R(7,)# X

and

(1) T is injective and 7, {l is continuous,

(2) T, is injective but 7, {l is discontinuous,

() T isnot injective.

Ifthese possibilities are combined in all possible ways,
nine different states are created which may be shown as in
Table 1.

These are labeled by: 7, 1, ,1,,11, 11, I, , Il ,1II,
and . If 1 is a complex number such that 7, e I or T, € /I ,
then Ais in the resolvent set p (T , X ) of T. The further classi-
fication gives rise to the fine spectrum of 7. If an operator is
in state /I, for example, then R(T) # R(T) =Xand T
exists but is discontinuous and we write 4 € Il,c (T , X ) .

Again, following Appell et al. (2004), we define the
three more subdivisions of the spectrum called as the
approximate point spectrum, defect spectrum and compres-
sion spectrum.

Table 1. Subdivisions of spectrum of a linear operator

I il il
1 p(T,X) 0"(T,X)
2 o (T,X) o (T,X) o (T,X)

3 o,(T,X) o,(T,X) o, (T,X)
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Given a bounded linear operator 7 in a Banach space

X, we call a sequence (x,) in X as a Weyl sequence for T if

|x =1 and |Tx,| >0 as k - .
The approximate point spectrum of T, denoted by

o, (7, X), is defined as the set
o, (T,X)={AeC:there exists a Weyl sequence for T —Al}
@20
The defect spectrum of T, denoted by o (T , X ), is
defined as the set
o, (T,X) = {l e C:T—Alis not surjective} (2.2)

The two subspectra given by (2.1) and (2.2) form a
(not necessarily disjoint) subdivisions

o(T,X) :Gap(T,X)Uag(T,X) (2.3)

of the spectrum. There is another subspectrum, o, (T X ) =
{reC:r(T-a1)2 x|
which is often called the compression spectrum of T. The

compression spectrum gives rise to another (not necessarily
disjoint) decomposition

o(r,X)=0,(T.X)Uo (T, X) (24)

Clearly, o, (T.X)c o, (T.X)and o (T, X) c o, (T, X).
Moreover, it is easy to verify that

o (T.X)=0,(T.X)\o,(T,X) and

o (1,.X)=0(1.X)\[o,(T.X)Uo, (T.X)]

By the definitions given above, we can illustrate the
subdivisions spectrum in Table 2.
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Proposition 2.1. [Appell et al. (2004), Proposition 1.3, p.28]:
Spectra and subspectra of an operator 7 € B(X ) and its
adjoint 7" € B (X ) are related by the following relations:

@ o(7.x")=0(T.X).

® o (r.X)co, (T.X).

© o,(7".X")=0,(T.X).

@ o, (7. x")=0,(T.X).

© o, (7. X )=0,(T.X).

® o, (7".x")20, (T.X).

@ o(1.X)=0, (T, X)Uo, (T",X")

=0, (7.X)Us, (T".X").

The relations (c)—(f) show that the approximate point
spectrum is in a certain sense dual to defect spectrum, and the
point spectrum dual to the compression spectrum.

The equality (g) implies, in particular, that o (T, X ) =
o, (T,X) if Xis a Hilbert space and T'is normal.

Roughly speaking, this shows that normal (in particu-
lar, self-adjoint) operators on Hilbert spaces are most similar
to matrices in finite dimensional spaces (Appell et al., 2004).

Let A and u be two sequence spaces and 4 = (a”k) be
an infinite matrix of real or complex numbers a  , where
nk e N, ={0,1,2,.....}. Then, we say that 4 defines a matrix
mapping from A into £, and we denote it by 4: 4 — p, if for
every sequence x = (xk) € A, the sequence Ax = {(Ax)"},
the A-transform of x, is in y, where

(Ax)n = Zankxk, neN,, 2.5)
k=0

Table 2. Subdivisions of spectrum of a linear operator

1 2 3

T,' existsand  7,' existsand 7' existsand

is bounded is bounded is bounded
I R(T-AI)=X rep(T,X) - reo, (T,X)
reo, (T.X)
I R(T-Al)=X iep(T,X) Zeo.(T.X) leap(T,X)
reo, (T.X) Aeo, (T.X)
reoc,(T.X) Aeoc,(T.X)
I R(T—/ll);tX lear(T,X) lear(T,X) leap(T,X)
reo,(T.X) ZAeo, (T.X) Zeo, (T.X)
reoc (1,X) Aeo,(T.X) ieo,(T.X)
ieo (T,X) Aeo, (T,X)
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By (4:u), we denote the class of all matrices such
that A: 1 — u.Thus, A€ (/l : y) if and only if the series
on the right hand side of (2.5) converges for each n € N and
every x € 2, andwehave Ax={(4x) } ~eu forall xe .

The lower triangular matrix B(zs,?) is an infinite matrix
of the form

r 0 0 0
s r 0 O
B(r,s,l): t s r 0
0 ¢t s r

We assume here and hereafter that s and ¢ are complex para-
meters which do not simultaneously vanish.

The following results will be used in order to establish
the results of this article.

Lemma 2.2 [Wilansky (1984), Example 6B, Page 130]. The
matrix A= (a”k) gives rise to a bounded linear operator
TeB (cs) from cs to itself if and only if

(@ sup),
n e

(ii) z a, is convergent for each k.

A _an,k—l| <®

n=1

Lemma 2.3 [ Golberg (1985), Page 59] T has a dense range
ifand only if T is one to one.

Lemma 2.4 [ Golberg (1985), Page 60] T has a bounded
inverse if and only if T  is onto.

3. Spectrum and fine spectrum of the operator B(r,s,?) on the
sequence space cs

In this section, the fine spectrum of the operator
B(#s,t) on the sequence space has been examined.

Before giving the main theorem we should give the
following remark. In this work, here and in follows, if z is a

complex number then by \/; we always mean the square root
of with non-negative real part. If Re (\/; ) =0 then \/; rep-
resents square root of z with Im (\/; ) 2 0. The same results

are obtained if \/; represents the square root.

Theorem 3.1 B(r,s,t) tcs —> ces is a bounded linear
<r|+]s|+e] -

operator and ||B(r,s, t) o
Proof: From Lemma 2.2, it is easy to show that B(r,s,t) :
¢s — cs is abounded linear operator.

Now,
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n-1 n—-2

n
z rx, + z SX, +Z txi
i=0 i=0 i=0
n-1
| +ls[ 2
i=0 i=0
< (|rf+[s[+[e) [}

|B(r,s, t) (x)| =

n
<|rl

+lsf| 2 [+

n-2
S
1

0

i=

cs

and hence, ||B(r,s,t) S|’"|+|s|+|t|-

(cs: cs)

Theorem 3.2 If s is a complex number such that \N's* = —s,
then G(B(I’, s,t),cs) =S where

S:{aeC:| Z(r—a) |<1}
Y o

Proof: We shall prove this theorem by showing that
(B(r, s,t)—a[)_l exists and is in (cs :cs) for ¢ ¢ S, and
then show that the operator B (r, s, t) —al isnotinvertible
foraesS.

Without loss of any generality we assume that st =
—s.Let a ¢ S. Clearly o # r and so B(r,s,t)— al is a tri-
angle, therefore (B(r,s,t)—al) exists. Let y = (y,) € cs.
Solving (B (r, s, t)— al) x =y for x in terms of y we get

X, = Yo
r—o
X = Vi =) .
r-a r—a)
Y = Yo —S) [Sz—t(r—a):|y0
2 r—a (r_a)Z (r—a)3
Let us denote a, = ! g, =——° =2 —t(r-a)

etc.
Then, we have

Xo =4,

X, =ay+ a,y,

X, =ay,+a,y + ay,

n
xn = a]yn + aZyn—] + a3yn—2 +eeet arH]yO = Zarﬁ]fkyk'
k=0

That is



R. Das & B.C. Tripathy/ Songklanakarin J. Sci. Technol. 38 (3),265-274,2016

a, 0 0 0 0
a4 4q 0 0 0
0 0
(Brsn)-ar)' =(a,)=| " "
a, (13 a, a, 0
a a, a; a4, 4q

Also, from (B(r,s,t)-al)x=y,wehave y =tx  +sx
+(r-a)x,.

1

n
Using the recurrence relation x, = z a,,. .y, weget
k=0

n2 nl n
Yo = IZ a, Yt SZ a,., Y, t (r - a)z Ay Vi
k=0 k=0 k=0

=Y, (ta,H +sa, +(r—0¢)aml)+yl (taw2 +sa, +(r—a)an)

+otya(r-a).

This gives

(ta”_l +sa, +(r—a)am) =0

(ta"_z +sa _ + (r - a)an ) =0

a, (r - a) =1
This sequence can be obtained recursively by putting

1 -
a, = > 4, = : 2 zaH
r—a (r-a)

The characteristic equation of the recurrence relation is

+sa_, +(r—a)an =0, n=3.

(r—a)lz +sA+t=0.
Then we have two cases:
Casel:Let D=5s"—4t(r—a)=0.

Then the roots of the characteristic equation are

b -\

= d L =——.
: 2(r—a) o ? 2(r—a)

It is easy to show that a, =

Since ¢ ¢ S, so |il| <1 and therefore we have

/D
I+,—
2

N

Since, ‘1 - \/;

2(r—a)

-

£‘1+\/;

<

forall z € C,so

- 2(r—a)

S

’D
1- . [=
2
N
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and hence |/12| <.

It is easy to show that for all m,

mn m 1 m n m n
33 (0. -a.00) < She= = Slal +Sr

k n=1 n=0 n=0 n=0
3.1)

and hence, sup ) <w,as|A|<land |2, |<1.
mok

m
Z (ank — 4, )
n=1

Since |/’tl| <1 and |lz| < 1, so for all k, the series

Za",‘:al+az+a3+-~ (3.2

is absolutely convergent and hence convergent.
So, by Lemma 2.2, (B (r, s, t) - ozl)_l isin (cs : cs).
This shows that o (B(r,s,t),cs) cS.
Next let o € S. If @ =7 then B(r,s,t)—a[ is re-

presented by the matrix

0 0 0
s 0 0
B(0,s,¢)=[t s 0 0
0 ¢t s O

Since B (r, s, t) —rl = B(0, s,t) does not have a dense range,
it is not invertible.
So we may assume that ¢ # r. Since D = s —4t(r - a) #0
therefore we must have |il| > |/12 |, from which we have
lima, # 0 and so for all £, the series

Z% =a +a,+a, +-

is divergent. Therefore (B(r,s,¢)—al) isnotin (cs:cs)
and hence S c o (B(r,s, t) , cs) .

Case2:Let D=5’ —4¢(r—a)=0.Thenforall n>1,weget

(252

Since a ¢ S, so <1.

-
2 (r - a)
Then for all m,

22 (e, -a,.)

k n=1

<2 laf<2lal
n=0 n=0

<1.

m
Z (ank - an.kfl)

n=1

and hence, sup Z

k

< o0,as

2(r—a)
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Since <1, so for all %, the series

2(r—a)

Za”k =aq, +a2 +a3 + e

is absolutely convergent and hence convergent.
So,by Lemma 2.2, (B(r,s,t)—al) isin (cs:cs).
This shows that o (B(r, S, t),cs) cS.

Next let o € S. Then we have >1 from

-s
2 (r -a )
which we get lima, # 0 and so for all £, the series

n—m

Za”k =aq, +a2 +a3 + e

isdivergent. Therefore (B (r, s, t) - 0([)_l isnot in (cs : cs)
and hence S < G(B(I",S,l ,e8) .

Thus in each case we get o (B(r, s,t),cs) = §. This
completes the proof.

Remark: If \/s> = s, then we obtain the same sequence and

0(B(r,s,t),cs)= acC:

Theorem 3.3 The point spectrum of the operator B(r,s,t)
over is givenby o, (B(r,s,t),cs) =0,

Proof: Let o be an eigenvalue of the operator B(r, s, ). Then
there exists x # 6 =(0,0,0,...) in cs such that B(r,s,t)x
= ax.

Then, we have

X, =ax,
sX, +rx, = ax,
txo +8x, +rx, =ax,

Ix, +sx, +rx, =ax,

ix ,+sx _ +rx =ax,, nx2
If x, is the first non-zero entry of the sequence (x, ), then

a =r. Then from the relation #x, | +sx, +rx, =ax, , we

k+12

have x, =0, a contradiction.

Hence, o, (B(7,s.,t),cs)=@. This completes the proof. O
If T : cs — cs is a bounded linear operator represented

by a matrix A4, then it is known that the adjoint operator

T :cs’ —cs isdefined by the transpose 4' of the matrix A.
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It should be noted that the dual space c¢s” of cs is isometri-
cally isomorphic to the Banach space bv of all bounded varia-

=E|x —x|+lim|x|.
by n+l n n
n—%0

n=0

tion sequences normed by ||x

Theorem 3.4 The point spectrum of the operator B (r, s, t)*

over cs’ is given by o, (B(r,s,t)* o8 = bv) =S , where

S, =qaeC:

Proof: Let abe an eigenvalue of the operator B (r, s, t)*. Then
there exists x # 0 = (0,0,0,-~~) in bv such that B(r, s,t)*
x = ax. Then, we have

B(r,s,t)' xX=ax
= rx, +85x +x, =0x,
X, +sx, +ix, = ax
rx, +sx, +ix, = ax,

X tsx | tIX = ax n=0.

n+2 n 2
It is clear that if o = r then we may choose x, # 0 and x =
(xO,O,O,O,...) is an eigenvector corresponding to a = r.
Assume that o # r.
Then, we have

-s r—ao
X, =—X — X,
t t
sz—t r—a slr—a
] e I )
t t
X _ 4 r—a)" xl—a""(’:_a)”x nx2.

n n-1 -1 0°

t t

If a € §,, then we may choose

2(r—a)
x, =1, x = .
—5+4/8 —4t(r—a)

We now show that x =(x )", n>2.

Since A, and A, are roots of the characteristic equation
(r—a)A’ +sA+t=0,therefore

’ Jp

A=A, =

r—o r—o
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VD oD

2r-a)’ 7 2(r-a)

where 4 = and D=s"-4t(r-a)
# 0.

1
Clearly x, = —.Then wehave
A

1

X

n

n n
a,(r-a) a,(r-a)
- n-1 X = -l X

t t

n-1
r—ao
=( ] (r—a)(-a v +ax)

t

1 r—a

“(an)" D

1 1 ot | A=A,
= 1 1 ;Lz
11"_ /’Lz”_ (A’I - )“z ] ( )“1 ]

1
2,”

1

=(x)

If D=s"—-4t(r—a)=0 then also we may get the same

(=47 +2 " w2 =27

result.

Now, 2 fx, = | < X, |+ 2l [= 2l [ + 2| [ <o as
n=0

n=0 n=0 n=0 n=0

|xl| <1.Therefore x € bv.

Hence S, ¢ o, (B(r,s,t)* Jos = bv).

2(r—a) ‘21 and

Next assume that o ¢ S . Then
—s+1[sz —4t(r—a)‘

50 |4|<1. We must show that o ¢ o, (B(r,s,t)‘ ,es ;bv).

. a(r-a) 4, (r-a)
Using x, = — X, = — x,, =2 we get
t t
n+l
-X, + X,
x (r—aj a a
i+l n 4
X t a a,
n n—. _x + x
0 1
aP

We now consider three cases:

Case (i): |/12| < |/1|| <1

In this case D = s° —4t(r—a)¢0 and

a
lim—*- = lim— = lim — 2 — =lim =
—n anil no® g n—o A]" -4, now
p et
A’l
. x() .
Now, if —x, + 4, x, =0, then we get x =-——. Since |ll| <1,

1

therefore (x )& c andso (x )& bv. Otherwise

1
]2

)= >1
N

xn+l

n—»0

X
n

Case(ii): |2,|=|4 | <1.

5 - p
Inthis case D =s" —4¢(r-a)=0anda :("j § ,
" \-s 2(r—a)

nx1.
Then
RN R
g Z(r—a) b
and so
o1 R P
e A I | S R 7Y

Case (iii): [4,| =|4| =1

—s
In thiscase D =’ —4t(r—a):O and we have | —|=1.

Assumethat @ € o (B (r,s,t) yes" = bv). This implies that
xebvandx=0.

Again from x, = % (rn:a) X, — == (rn:a) x,, n>2we get
t t

0

<) ool

Now, x € bv and so x € c. Therefore we must have x, = x,
= 0. Which implies x =0, a contradiction. So a €0,
(B(r,s,t)* s = bv) .
In case (i) and case (ii) above, we have (x”)e c
and so (x”) gbv. In case (iii) by assuming a €0,
B(r,s, t)* ,cs = bv) we get a contradiction.
This completes the proof.

Theorem 3.5 The residual spectrum of the operator B (r, s, t)
over cs is given by

o, (B(r,s,t),cs) =S,
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Proof: Since, o, (B(r,s,t),cs) =0, (B(r,s,t)* ,cs*)\
o, (B (r, s, t),cs), so we get the required result by using
Theorem 3.3 and Theorem 3.4 .

Theorem 3.6 The continuous spectrum of the operator
B(r, S, t) over aregivenby o (B(r, S, t) ,cs) =S,, where

]

z:{aeC:| 2(r—a) |:1}
‘—s+\/sz—4t(r—a)‘ '

Proof: Since, U(B(r,s,t),cs) is the disjoint union of
o, (B(r,s,t),cs), o, (B(r,s,t),cs) and o (B(r,s,t),cs),
therefore, by Theorem 3.3, Theorem 3.4 and Theorem 3.5, we

; 3 | 2(r—a) |_ }
get O'((B(V,S, ),cs){a C.‘_S+m‘71 O

Theorem 3.7 If a =r, then a € IIIIG(B(r,s,t),cs) if
|t| < |s| and o € IIIZG(B(r,s,t),cs) zf|t| > |s|

Proof: If o = r, therange of B (r, S, t) is not dense. So, from
Table 2 and Theorem 3.5, we have a € o (B (r, S, t) , cs)

From Table 2, we get o, (B(r, s,t),cs) =
IIIIG(B(r,s,t),cs)UIIIZG(B(r,s,t),cs).

Therefore, o € 11,6 (B(r,s.t),cs) or a € Lo (B(r,s,t),cs).
Alsofor a =r, B(r,s,t)—al = B(O,s,t).

A left inverse of B(O,s,t) is

1
(B(O,s,t))fl = s s

—~~
|
~
~
—

“
. @
“

In other words (B(O, S,l))il = (bnk ), where

(o

n+2—k
S

,if 1<k<n+2

0,if k=lork=2n+2

Now for each m, we get

Z Zn:(bnk _bn,k—l )‘ <ﬁ

k n=1

m—1
d

+ﬂ+ﬁ+...+
2 |S| and so

3
ol s
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m

2 (bu=b,.)

n=l1

sup z

k

exists ifand onlyif |¢| <|s|.

- (1)

1
Also for each k, Db, =—+—+ 3
- s s s

+: is convergent if

and onlyif |t | < |s| .
Therefore, the matrix (B((),s,t))fl isin (cs:cs) if|t| < |S|
and not in (cs : cs) if |t| > |S|

This completes the theorem.

Theorem 3.8 If a#r and a €0, (B(r,s,t),cs), then
a e[[[zcr(B(r,s,t),cs).

Proof: Since, a € o, (B(r, s,t),cs), therefore, from Table 2,
we have a e IHIO'(B(V,S,I‘),CS)OI' ae IIIZG(B(r, s,t),cs).

Z(V—a)
—5+4/8 —4t(r—a)

Now, a € o, (B(r,s,t),cs ) implies that <1

and so |Al| >1

Therefore, the series (3.1) in Theorem 3.2 is not convergent
and hence, the operator B (r, S, t) has no bounded inverse.
Therefore, a € lll,c (B(r, S, t) s cs) .

Theorem 3.9 The approximate point spectrum of the
operator B(r, S,t) over is given by o (B (r, s,t),cs) =

{S\{r} Jif |t

s, i lz]s|

<lsl

Proof: From Table 2, we have o, (B(r,s,t),c5)=

o (B(r, s, t) , cs) \W//ie (B(r, s,t), cs).

Using Theorem 3.2 and Theorem 3.7, we get the required
result.

Theorem 3.10 The compression spectrum of the operator
B(r, s, t) over is given by

o, (B(r, s,t),cs) =5,.

Proof: By proposition 2.1 (e), we get o, (B (r,s,1) ,cs*) =

o, (B(r, S, t) s cs).
Using Theorem 3.4, we get the required result.

Theorem 3.11 The defect spectrum of the operator B (r, s, t)
over is given by

o, (B(r,s,t),cs)=S.
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Proof: From Table 2, we have o, (B(r, S, t) , cs) =
O'(B(r,s,t),cs)\l}o'(B(r,s,t),cs).Also, o, (B(r,s,t),cs) =
ISO'(B(r,s,t),cs)UIISO'(B(r,s,t),cs)UIIISG(B(r,s,Z),cs).
By Theorem 3.3, we have o, (B(r,s,t),cs) = and so
Ip(B(r,s,t),cs) =.

Hence o (B(r,s,t),cs) =S.

COROLLARY 3.13 The following statements hold:
@) o, (B(r, s,t)* Jos = bv) =
S\{r}, if |1 <|s]

(i) o, (B(r, s,t) ,C8 = bv) :{ s, i |t| N |s|
Proof: Using Proposition 2.1 (c¢) and (d), we get
o, (B(r,s,t)* Jos = bv) =0, (B(r,s,t),cs) and

o, (B(r,s,t)* Jos = bv) =0, (B(r,s,t),cs).
Using Theorem 3.9 and Theorem 3.11, we get the required
results.
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