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Abstract

Conventional microeconomics concludes that firms prefer high demand but
low competition. However, in many locations where firms sell a homogeneous product
agglomerates are evidenced. When consumers have imperfect information about selling
locations and location search is prohibited, each location is identical so they choose a
location to visit randomly. When the number of locations increases, the expected demand in
each location decreases, creating demand uncertainty in each location. The existence of an
active store in a particular location guarantees that it has sufficient demand to sustain
business. Anew firm selling a similar product must consider the tradeoff between choosing a

location with certain demand but high competition or locations with uncertain demand but
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possible low competition. This tradeoff is the main study of this paper. If the number of
locations exceeds the threshold level, all firms are willing to agglomerate in the location
with a certain demand. Otherwise, a location with uncertain demand can coexist with

agglomerated location.

Keywords: agglomeration, imperfect information, price dispersion, spatial economics, non-
cooperative game
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1. Introduction

In theory, firms prefer high demand but low competition. In reality, we found many
locations where firms selling a homogeneous product are concentrated. So far, explanation
of the contradiction between theoretical postulation and empirical evidence has been offered
by spatial economics, pioneered by Hotelling (1929), and the new economic geography of
Krugman (1991). Their main explanation points to firm location decisions depending on
transportation cost and distance between them and consumers. This would operate under the
implicit assumption that information about firm location is assumed to be known by all
agents. Hence, firms tend to minimize transportation costs by being located close to
consumers so that firm agglomeration can be observed.

In the real world, assuming perfect information of firm location seems counter-
intuitive. Consumers have imperfect information on prices and selling location. As echoed in
search theory literature selling and location by Stigler (1961), information friction regarding
prices is the main reason for persistence of price dispersionl. In this research a lack of
knowledge of prices is the main reason for search not the knowledge about the selling
location. Firm location is also assumed to be known by all agents.

Interestingly, these two branches of literature have so far been treated mutually
exclusive. This paper is the first attempt to study firm location decisions when consumers
have imperfect information on prices and the selling location of a particular product. When
consumers do not have prior information about selling location, they choose a location to
visit randomly. When the number of potential locations rises, the expected demand in each
location falls due to uniform randomization. This is the uncertainty facing a firm which

chooses a location with consumer imperfect information in the selling location.

" See the survey by Baye, Morgan, and Scholten (2006)
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Against this backdrop, the objective of this paper is to integrate location into the
price dispersion model, using a non-sequential search. When combining locations into the
price dispersion model, imperfect information about the selling prices of firms in each
location keeps prices in each location within a range between marginal cost and reservation
price. Thus, competition in each location is not perfect and firms in the same location can
achieve positive normal profit.

There are three contributions of this paper to the existing literature: first, the model
in this paper applies non-cooperative games to analyze location choices of firms, using the
model developed in Burdett and Judd (1983) as a point of departure. In this paper,
consumers do not have perfect information regarding firm location and prices offered by
each, in which they are capable of price search but not location search; secondly, while
Takahashi (2013) incorporates an imperfect information aspect in a new economic
geography model, the information emphasizes product variety instead of firm location. So,
transportation cost still plays a significant role; third, the model in this paper can be used as a
workhorse for future research to add location search into search theory literature. When the
consumer location search is enabled, the result is that consumer location decision is
endogenized, given the firm location decision’.

The organization of this paper is as follows: the model environment is presented in
the next section. The model can be divided into three types of games: search game, price
game, and location game. Search game and price game are discussed first since they

characterize the competition in each location and combined to form the price dispersion

: Subsequent work by the author endogenized consumer location decision by introducing two-step
searching, which is a search method that doubles the non-sequential search process. The result is that consumer
location distribution depends on firm location distribution. Its main contribution is that firm agglomeration leads
to consumer agglomeration, since it induces consumer location search that stimulates the popularity of the

agglomerated location.
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model of Burdett and Judd (1983). The location game, the main subject of this paper, is
presented right after due to backward induction, followed by the case with multiple

agglomerated locations. Last, conclusions and future research possibilities are discussed.

2. Model

Consider a world represented by a circle where M identical uninformed consumers
live in the center and N identical firms choose to locate in locations around the
circumference. There are K identical locations and one pre-existing market, denoted by
location 0,in the location set, K={0,12,..Kk,...K}, K ¢y, The terms locations and
markets are interchangeable in this paper to represent only potential transactable locations,
not just any spaces. The superscript of a variable denotes the location it belongs to. For
example, N*is the number of firms at location k.In the pre-existing market, there are 12
pre-existing (incumbent) firms already established and Il pre-existing consumers aware of
the existence of this market. So there are a total of K+1 locations, N+1 firms, and
M +12 consumers. Note that only location 0 in this model has pre-existing firms and

consumers, or I £, 1§ =0, vk e K\{0}.

The firms choose a location to locate their sole stores in the location game and
choose price distribution in the price game, given that they can supply indefinitely at a
constant marginal cost r and the competition in each location is given as in Burdett and
Judd (1983). Consumers have an inelastic demand of one unit of homogeneous product with
valuation Vfor which they must travel to one of the locations to find the firms. Therefore,
expected demand in each location is equal to the number of consumers in each location.

Consumers know where all the locations are, but not where all firms are located. Once they
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arrive at a location, they know the price distribution but do not know exactly which firms
offer which prices.

When consumers have imperfect information about selling locations and location
search is prohibited, each location is identical to them, so they choose for a location to visit
randomly. Therefore the expected number of them in each location is the same, or

E(Mk):%, vk e K.” The expected demand in each location falls as the number of
J’_

potential locations K rises. This is the demand uncertainty created by uniform randomization
of the imperfect information consumers. However, since only location 0 has a certain
demand from pre-existing consumers, the probability that a firm will locate in the pre-
existing market, which represent the degree of agglomeration, rises as expected demand in
other locations falls. In the symmetric case, if there are no pre-existing firms and consumers
in location 0, then all K+1 locations are identical. Therefore the probability that a firm
will locate in one of K locations is ZI/ (K+1) and hence the number of firms in each location
is N/(K+1).

The analysis of the model is divided into three types of games: search game, price
game, and location game, for a total of 2(K +1)+lgames. The sequence of games is
summarized as follows: The location game is a two-stage simultaneous moves game. In the
first stage, firms and consumers choose locations simultaneously. However, since consumers
have imperfect information, their location decision is given exogenously by uniform
randomization. Therefore only firms choose a location, given that the competition in each
location is determined by the search game and the price game. In the second stage, firms
that choose a particular location and consumers who arrive there play the price game and

search game at that location simultaneously with only their kind, given the result of the other

eN,

* Without loss of generality, assume that parameters M and K are such that K 11
+
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game. The equilibrium of both games form the general equilibrium, or the market
equilibrium. Firms and consumers take into account what the others would do in the
equilibrium. Each price game and search game combined are virtually the price dispersion
model of Burdett and Judd (1983) with slight modifications to precisely express the number
of firms. The location game is played at the root node and contains 2(K +1) subgames which
are K +1 search games and K +1 price games played in the second stage at each K +1node
(location).

The location game is played first, but discussed last due to backward induction, by
firms which compete with each other in choosing location distribution to maximize their
profit, given that competition in each location will be according to Burdett and Judd (1983).
In the location game, each firm has the same number of strategies, which is the number of
locations. Consequently, the number of locations is also the number of price games (as well
as search games), whose number of players are determined by the location game.

In search games, consumers play by choosing the number of quotations to sample,
with cost C per sample, from firms in that location, given the price distribution. The
consumer strategy is called the search behavior. Since travelling to more than one location
is restricted, they purchase the product from the firm offering the lowest price in their
samples, if it is less than V. Otherwise they will not participate.

In price games, firms compete by choosing price distribution to maximize profit,
given consumer search behavior. Firms are said to play a pure strategy if they choose to
charge the consumers only one price, or the price distribution is degenerate. Price dispersion
is a situation where firms randomize prices according to some at omless distributions. The
price distributions of firms are mixed strategies. Since all are identical, so is the equilibrium

price distribution. Pre-existing firms and consumers are passive players in the sense that
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they do not make location decisions, but still must choose a price to offer or a number of

quotations to sample, for which they have the same production and search cost.

3. Search Game

k

A search game G{ =<Mk,{sm}““ ,{um (sm T F )} —1> at locationk is a simultaneous

m-1
move game played by E(Mk)consumers with the strategy set S, and utility function
u, (sm : lfk) for each consumer me M*, given the price distribution F* of the price game
at location k.The set of players in this game is M* E{l, 2,...,m,...,E(Mk)+ Ié} vk e K,
which is the set of consumers who arrive at location k. An arbitrary player, but not m, is

referred to as m e M* \{m}.

The information structure of the games is as follows: within a location, consumers
know the location of each shop, but do not know the price offered by each of them so they
must pay some cost to acquire the quotation. Consumers are identical in terms of
information and search cost and these characters are common knowledge in the game.

3.1 Strategy

Consumer strategy sets are the number of firms they would like to sample to observe
prices. At location k, consumers can sample either one, two, or up to N* +1f firms. Lets
denotes the strategy of consumer me M*, then s {1, 2,..,N k} =S, where §m is consumer
m's strategy set. However, it will be shown in the equilibrium that sampling more than two
firms is never an optimum strategy for any consumers. Therefore the consumer strategy sets
are reduced from §m toS, = {12}. However, if the consumers are allowed to sample more
than two prices — for example, three — they will never be willing to do so. This results from
the fact that when all consumers sample two firms, the equilibrium outcome is Betrand

competition, see Burdett and Judd (1983) and Baye, Morgan, and Scholten (2006). The set
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of all possible pure strategy profiles in the game isS* =x S,,, while the set of pure

meM*

strategy profiles of all players other than mis S* =x S,

m'eM*\{m}

Consumer M's mixed strategy is a probability mass function f,_ (s,) of a random

variable 77, :S*, — S, that takes values from its pure strategy set, S _,and defined by

f, (Sn)= (7 €{s,}), Sp €S, and Y f (s,)=1." Since for eachmeM¥, S _has only

505
two elements, the mixed strategy of consumer Mcan also be defined by ¢, = f, (1) and
1-q,=f, (2), q, € [0,1]. That is, the mixed strategy of consumer Mcan be represented by
q,,, the probability that he will sample one firm. The set of mixed strategy of consumer mis
the interval [0,1] =Q,. At locationk , the set of all mixed strategy profiles of the game is

Q" =x__Qy, while the set of mixed strategy profiles of all players other that mis

Q,

Xm’emk\{m}Qm“ Let 0“<Q"and C_Lkm eQ,km, thenq* = (ql,qz,...,qm,..-,qu ) 34, € Q.
vmeM*, and G, = (0, 0y Gy 1 Gy g1 Gyt ) I € Qpy VM€ M\ {m}.

3.2) Payoff

Since all consumers other than mare identical, they play the same mixed strategy.
The mixed strategy profile of all the consumers other than Mwhen they play the same mixed

strategy q is denoted byq , =(q) - € Q¥ .The mixed strategy profile that all the

m'eM¥\

consumers play the same mixed strategy g is also denoted in the same way by

q

(q)mEMk €Q“.Price distribution at location kis the firms’ mixed strategy profile
F* =(F1,F2,..., o Fe ) 3F, X, Yne N*. Since all firms are identical, in the Mixed-
Strategy Nash Equilibrium (MSNE) of the price game at any locations, all mixed strategies
in the MSNE profile F" are the same. That is, whichever firm is sampled, consumer m

always face the same price distribution F™(p:q_,,)

‘Let (gfm, Sim , ,u) be a probability space, S_m is the Borel-algebra satisfying the usual

properties, and 4. Sim — [0,1] is a probability measure such that ,u(S__m ) =1.
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Consumer M's expected utility is his valuation of the product V minus the expected
minimum price of s, samples, E (min( P)is, F (p:l, )) and the associated search costs.
The search cost per sample isc, so if a consumer samples s, firms, his search cost is simply
cs,,. Then consumer M's expected utility when he play the pure strategy s, and believes all
other consumers are playing the mixed strategy profile @, and given all firms play the
mixed strategy F (p:q.,)is

U(Sy @ FT(P1T,))=(v-cs,)-E(minp:s,, F(p:d,))

M ~(v=cs,)= | (1=F (p:T.,))" b

Prin

When consumer Mplays the pure strategy s, =1, his expected utility from (1) is

u(L:q, F (p:T,))=(v=c)—E(minp:l, +)

) =(v—c)- .v[ (1=F"(p:a.,))p.

Prmin

When he plays the pure strategy s, =2, his expected utility from (1) is

u(2:q.,,F (p:q,))=(v-2¢)-E(minp:2, «)

® ~(v-20) [ (1-F"(p:a,) e

Prmin

Consumer M's best-response correspondence is a point-to-set function that
maps a mixed strategy profile at locationk chosen by all the consumers other than himself to

set of his mixed strategies that give him the highest payoff as defined by

@ oR, () ={ 0 €0 tu(c ) ~supu(a, % ) v, <
Om
The set of all the mixed strategy BR of the price game at location k is defined by

BR(T*) =, BR, ().

3.3 Search Equilibrium
The mixed strategy profile when all consumers other than m play the mixed

strategy @ is denoted by @, = (q*)ml " For firm equilibrium, there are a pure strategy
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Nash equilibrium (PSNE) and a MSNE depending on the given equilibrium price
distribution F*(p : q‘fm), which is the MSNE of the firms in the price game. A consumer
plays a mixed strategy when he is indifferent to playing any pure strategy. The mixed
strategy profile @ ,, of all consumers other than Mat location k that gives consumer Mthe
same expected utility when sampling one firm or two firms can be found by the equal

expected utility condition

u(e:@, F(p:a,))=u(2:3,.F (p:T,))
(5) c=E(minp:L «)-E(minp:2, +)

v v

= [ (@-F(p:a,))p- | (1-F (p:7,))dp=G(a).

Prmin Prmin

When F*(piqu) is degenerate, p is a constant random variable and the
expected price is a constant. In other words, E(minp:1, «)=E(minp:2, «). That is
u(1:9,.F (p:d,))>u(2:9,.F (p:q,)) and hence consumer M’s BR is q,, =1.In the price
game, we can see thatF™(p:q’, ) is degenerate whenq’ € {0,1}. Whenq =0, F*(p:7",)
degenerates at the marginal cost r, and whenq =1, F*(p : q__*m)at the maximum price V.
Since consumerm’s BR is g,=1,when F’ ( p: q‘fm) is degenerate, then
q = (q*)mgw € BR((T*) =x - BR, ((Tfm), only when @ =1.Thus, § is a MSNE of the
search game when F~ ( p: q_*) is degenerate. In other words, whenq” =0, a consumer has an
incentive to deviate from sampling two prices (g, =0) to sampling only one price (q,, =1),
ie. {0} ¢BR, ((Tfm). On the other hand, when g =1, a consumer has no incentive to deviate
from sampling only one price to other strategy, i.e. {1} € BR, (Gfm ) Therefore, the MSNE of
the search game given that F” ( p: ﬁfm) is degenerate only exists when it degenerates at the
maximum price.

When F*( p: q__m) is not degenerate (not constant), G(q ) is hump-shaped. The
following result is the main finding of Burdett and Judd (1983): there exists a unique T e R

that has three properties. First, there is the unique g such thatG_ (q) =C. Second, if c<T,
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then there are two ¢, such thatG (q1 ) =G (qz) =c.Last, if ¢>C, then there is no g such that
G,(q)=c.

Letq €(0,1) be defined by G, (q) =c, c<T where ( might not be unique. When
all consumers other than Mplay the same mixed strategy profile|,,, consumer Mhas the
same expected utility whether he sample only one firm or two. Thus any q, € (0,1) is
consumer M’s mixed strategy BR. Then(q* )memk =q eBR (q‘) =x - BR, (q__*m ) where G
is a fixed point of BR ((T* ) Thus the mixed strategy profile q is a MSNE of the search game,
where ¢ €(0,1) can have at most two values, depending on the value of the search cost C.
The MSNE is symmetric and also unique since all consumers are identical which make the

game symmetric. The order of player’s has no effect on the outcome of the game.

4. Price Game

k

A price game Gy =<Nk,{Pn}Nk {72'( P, 3‘7)}::1> at locationk is a simultaneous move

g
game played by N* firms with the strategy set P, and the profit function 7, (p, :0) for each
firmne N*, given consumer search behaviorT.The set of players in this game is
N 5{1,2,...,n,..., N* + I,ﬁ} N¥ e N, which is the set of the firms that choose location k as
their strategies in the location game, where N* is their number. Note that 1§15 =0,
vk e K\{0}. An arbitrary player, but notn, is referred to asn’ € N* \{n}.

The information structure of the game is as follows: the price of each firm is private
information known only to the firm and consumers who sample them, and cannot be

observed by other players in games, since firms set prices simultaneouslys. Firms know the

* When the firm knows the price that the other firm is charging or when all consumers sample at

least two firms, the equilibrium collapses to Bertrand competition.
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price distribution of other firms, in that they have some belief about other players’ mixed
strategies, which is correct in Nash equilibrium.

4.1 Strategy

Each firm has an infinite number of strategies. They can choose the price of their
homogeneous product to be any number in the closed interval between constant marginal
costsrup to the maximum priceV.In other words, firmn’s strategy is the price

P, e[r,v] =P, where P, is firmn’s strategy set, identical for all firms in any locations. At

n

location k , the set of all possible pure strategy profiles of the price game is P* =x P
while the set of pure strategy profiles of all the firms other than nis P¥ =x \ P.. Firmn

neNk\n
’s mixed strategy is a distribution F_ (P, :q)of a random variable o, : P* — P defined by
F, (p,:0)=p(c,<P,) Py, € Pn.6

T, = {Fan F, (p,:0)=u(0,<p,),p, € Pn} is the set of all mixed strategies of firm
Nn. When the context is clear Fg" is abbreviated as F,. At locationk, the set of all the mixed

. k _ . .
strategy profile is £" =x X while the set of the mixed strategy profile of all firms other

n

than nis ¥ =x

1 =X e S Let F¥ex*then F*=(F,F,..,F,..F,) 3F X, vneN"

and let Ff, X" then FY =(F,F,,...F, ,,F,.,,.. F. ), 3F, € X, ¥n'e N“\{n}.
4.2) Payoff

At locationk , given the consumers mixed strategy profile T, the expected number of
consumers who sample only one firm and two firms are qE (M ") and (1-q) E(M K )

respectively. The maximum price a firm can charge equals the consumer identical product

valuation v, while the price consumers expect to engage in price searching is

¢ Let (5 P 0 ,u) be a probability spaces, |5_n is a Borel-algebras satisfying the usual

_nr -

properties, and £ . |57n - [0,1] is a probability measures such that u ( F_>_n ) =1.
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E(p)=E(minp:1 « )<v—c.The probability that a firm in location k will be sample by a
consumer is]/ N¥.

Since all firms are identical, they play the same mixed strategy, or
F,=F'(p,:T), Yn'e N“\{n}, given the consumer mixed strategy profile T.The mixed
strategy profile of all the firms other than Nwhen they play the same mixed strategy
F'(py:@) is Fl, =(F'(p,:0)) o, o When all firms other than n play the mixed strategy
profile F'_, whenever a consumer samples two firms, both play the mixed strategy F'(p,:T).
Then, given the consumer mixed strategy profile T, firm Nn’s profit function when it play the
pure strategy p,at location k is

(p, —r)E(Mk)[q%ﬂl—q)%(l—F’(p" G))} ifp, <v

0, ifp, >v,

(6) 7 (P, 0F, )=

where p, —r is the unit margin and 1-F'(p, : ) is the probability that p, will be lower than
the price of the other sampled firm.

Firm n’s best response correspondence (BR) is a point-to-set function that map a
mixed strategy profile of all firms other than nto the set of optimal mixed strategies, which
is
(7) BR, (If_"n)={Fn* e, 7, (F :F)=sup(F,: If_kn)}, VS e XX

Fa
The set of all the mixed strategy BR of the price game at location k is defined by
BR(F*)=x,_5 BR, (FY).
4.3 Firm Equilibrium and Market Equilibrium
For the firm equilibrium, there are two PSNEs and one MSNE depending on the
given search behavior q of all consumers. The MSNE is symmetric and also unique since

all firms are identical, which make the game symmetric. The general equilibrium or market
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equilibrium is a pair of strategy profiles (pure or mixed) of the search game and the price
game that satisfy the equilibrium for both games.

When " =0 (all consumers sample two prices), if firm n charges p, lower than firm
n' charges p,., it wins the consumers who sample it. When they charge the same price, each
is assumed to share half the demand. Whichever counterparty firm is sampled by consumers,
firm N always tries to undercut it. Thus the best-response given to any mixed strategy
profile is the pure strategy p, =r.This is called the competitive (Bertrand) equilibrium.
Competitive equilibrium does not exist in general equilibrium, since it does not exist in the
search equilibrium as consumers deviate from sampling two prices (g, =0) to sampling only
one price (g, =1).

When ¢ =1 (all consumers sample only one price), firm N ’s profit does not depend
on what other firms might play and simply charge the maximum price possible. Thus the
best-response given to any mixed strategy profile is the pure strategy p, =V.This is the
monopoly equilibrium, which exists in the general equilibrium since it exists in the search
equilibrium. Note that consumers do not deviate from sampling only one price (d,, =1). The
monopoly equilibrium is also called Diamond's paradox after Diamond (1971).

When q" e (O,l), firm nplays a mixed strategy if any pure strategies give the same

expected profit. The mixed strategy profile F, = ( F (py :q_))n_ _—_ of all firms other thann

at location k that make firmn’s in different to playing pure strategies can be found by the

equal expected profit condition

v c(w)
(p,-1) [a+2(1-q)(1-F"(p,: 7)) | == (p, :q.F,).

Nk

Solving for F™(p, :q) yields
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1 ifp,>v
. L v—p q .
(9) F pn q = 1_[_n]( ’ If pmin < pn <V
(P, ) p,—r )\ 2(1-q)
0! If pn S pmin'
where
(10) P =r+(v—r)i
min 2_q

can be found by solving for p,in (8)given F*(pn :0) = 0. When substituting (9) into (6),
firm n’s profit function does not depend on its strategy (pure or mixed).Therefore, when all

the firms other than n play the mixed strategy profile F’

=, BRn(If_*n)zzn.That is any
strategies in firm N ‘s mixed strategy set is the BR to the mixed strategy profile F of all
firms other than n. The set of the mixed strategy BR of the price game at location k given
the mixed strategy profile F~ is BR(IE*) =x . BR, (Iffn): >*, which is also the set of all
mixed strategy profiles of the game. ThusF" e BR(IE*), or F'is a fixed point of BR(IE*),
and the mixed strategy profile F"is the MSNE of the price game at location k. The mixed

strategy profile G of the search game along with the mixed strategy profile F~ ( p: (T‘) of the

price game form the market equilibrium at location k.

5. Location Game

A location game G, = <N,{IZ}::1 ,{ﬂ'n (In)}::1> is a simultaneous move game played

by N firms with the profit function 7,(l,) of each firmne Nand the strategy set
K={012..k,..K}, KeN, given consumers' J and the firms’ If*(p : q_*) mixed strategy

profile of the search game and price game at each location Kk, respectively. The set of

K
players is N 5{1,2,...,n,..., N}, N e N, where N is the number of firms and Z N =N.An
k=0

arbitrary player, but not n, is referred to as n"e N \{n}.
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The information structure of the game is as follows: since the location game is
played simultaneously among firms, no firm is able to observe any firm or consumer
movement before it makes a decision. That is a firm makes decisions based on strategies it
believes the other firms will play. The firms know that consumers do not know the number
of firms in each location and obtain random uniformity for a location to visit.

5.1 Strategy

The pure strategy set of a firm is the location setK and all firms have the same
strategy set. Firmn’s pure strategy, denoted by | €K, is the location chosen to setup its
store. The set of all the possible pure strategy profiles in the game is K, = X, K. The set of

pure strategy profiles of all firms other than nisK_ =Xy K.The vector

Nin :(Nl, N2, N¥..N K) is the distribution of number of firms in each location before

Ko~ ~ _
firm n decides wherez N=N-1 N= ) L, VkeK,wherel, |, is an indicator
=}

n'eN\{n}
function taking valuel if the pure strategy of firm nis k and zero otherwise. The vector of
distribution of firm location after firm n selects a location is N = ( NE N2, N, N¥ )

Firm n's mixed strategy is a probability mass function f  of a random variable

@,

o,:K_, —Kthat takes its values from the pure strategy setK defined by

f, (In)=u(w,={I,}) I, eKand > f, (1,)=1" When the context is clear f, is

I, ek

abbreviated asf ~ which can also be expressed in vector notation as

f :(fn (1), £,(2),e, £, (K), e, fn(K)).The pure strategy | =k of player nis the mixed
strategy f, such that f, (k)=1and f,(I,)=0, I, =k.The set of all mixed strategies of firm n

is a K dimensional simplex

" Let <|Z_n, K_n , ,u) be a probability space, K,n is a Borel set satisfying the usual properties,

and K. Kfn — [O,l] is a probability measure such that ,u( K_n ) =1.

* The number of pure strategy is K +1, so the dimension of the simplex is K.
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Qn :A(IZ): f_n :(fn (0)’ fn (l)’ fn (2)" fn(k)""’ fn(K))ER:0 :z fn(k):1 :

The set of all mixed strategy profiles is the Cartesian product of every players'
mixed strategy set, x _Q,=x _ A(K)=A(K,)=QAn clement ofQis the set of
probability mass functions, or let f €Q, then f =(f,f,,..,f,..f,), f e A(K), vne N.

The set of mixed strategy profiles of all the players other than n is denoted by

Q:

-n Xn’eN\{n} vy Mgy Tpggs e

Q.Let  f,eX then T, =(f,fhufoy frpn fy), fy €A(K),
vn'eN\{n}.

5.2 Payoff

Firmn’s expected profit when it plays the pure strategy | =k e K while other
firms play the mixed strategy profile f , equal to expected profit in the price game, given

N —-1firms playing the mixed strategy profile F" ( p: cT) and E (M K ) consumers playing the

search game with the mixed strategy profile § , or

L E(M*)+1§

(11) ik f T, F(p:T))=(v-r)q ———
( (p:a))=tv-r) E(N*)+ 18 +1

Note that 1£,15 =0, vk e IZ\{O} .Firm n's BR correspondence is a point-to-set function that

maps a mixed strategy profile chosen by all the players other than himself to set of his mixed

strategies for the highest payoff, as defined by

(12) BRn(f_n):{fn* eQ, iz, F,)=sup(f,: f_n)}, vi eQ.,

E

BR ( f_) =x__;BR, (fn ) is the set of all mixed strategies BR of the location game.
5.3 Location Equilibrium
When there are pre-existing firms and consumers, 17,12 =0,location 0is just an
ordinary location like any other. Therefore, all locations are also identical in the firm
perspective. Thus, they play the mixed strategy that gives equal probability to be found at
1

each locationk, such as f_n’ = ( f ') _ f’(k) = m, vk e K, vneN. Thus the expected
+
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number of firms at each locationk before firm N makes the location decision is

1k _ ' _M— va
E(N )_%“{} fi(K) = VkeK

Let f be a mixed strategy profile such that f"(0)=x and f"(k)=(1-x)/K,
vk e K\{0} where Kf"(k)+f"(0)=1. Thatis a firm playing f" has a probability X that it
will be found at location 0 and put an equal probability to locate at the rest. Denote the
mixed strategy profile when all firms other than nplay the same mixed strategy f_fn by

f =(f*)n, N\{n}.When all firms other than N play the mixed strategy profile f . the

-n

expected number of firms in location 0 and each of the other locations is

(13) E(N°)= > f,(0)=(N-1)f"(0)=(N-1)x

n'eN\{n}
() = Z(N=1)f (k) =(N-1) 2%
(14) E(N )_ng\:{n}fn,(k)_(N D (k)=(N-1)—,

respectively. Firm n’s expected payoff when the pure strategy |, =0 and |, =k is played,
given f is

M

. L E(MO)+1e o Kathe
" 0 ) =0 Y e
E(M*) M
(16) 7, (k: F.87)=(v-r)q — s~ =(v-r)g — K+
( ) E(N*)+1 (N_l)l_TXH

The key variable is the ratio of the total number of consumers in the pre-

existing market and other locations k € K\{0},

E(M®)+1
(17) A=———"—"=1+(K+1)

E(M")

Equating (15) and (16) gives the equal expected profit condition of the location game

Ic
i

(18) ﬁn(O:f_lﬂ*)=(v-f)¢%=(v”)q*E(m)+1: :

E

Substituting E ( N° ) and E ( N ) to solve for Xyields
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o A[(N-D)+KI=K(241]) [(N-2)+ K](K+2)17 M (N 1) = KMI?
- (N-1)(K+A) - (N-1)(K+1)(M+1°)

(19)

Thus, when all firms other than nplay the mixed strategy profile f_fn with x=x", firmn’s
BR is Q, since playing any pure strategies gives the same expected utility, or indifference

between being founded at location 0 or locationk € K\ {0}, equal to

M +(K+1)18

=7.
N+K+I?

(20) ﬂn(° :f;,q’,ﬁ*(p:q”)):(v——r)q

Thatis, f" e BRn(f__*

n

) and f is a fixed point of BR(f_*), or f e BR(f_*) =x__<BR, (f__*n).
Hence, the mixed strategy profile f ofall N firms is the MSNE of the location game. When

12,12 =0, f"collapses to the symmetric mixed strategy profile, or "= f’ s(f_n’)n . with

" 1 - « M
= d = — .
X K+1 ane 7« (v r)q N + K

The comparative statics are reported in Table 1, where the left columns are the
interested variables taking the partial derivative with respect to the parameters in the rows.
The probability that a firm will locate in the pre-existing market, X, which represents the
degree of agglomeration, increases with the expected demand in that location and the
number of total locations, but decreases with the number of total consumers and firms in that
location. Since the increase in the total number of consumers M increases the expected
number of consumers in each location, the ratio of total number of consumers in the pre-
existing market and other locations, A, decreases as M increases, as does X

The main finding in this paper is that imperfect information decreases the expected
demand in each location when the number of total potential locations K increases, and

stimulates firms to agglomerate in the location where the demand is certain. Since

probability cannot exceed one, the threshold is when K > 'I\A—O[(N -1)+ |2]—1, X reaches its
C

upper bound, which is the full agglomeration case where all firms are found in the same

location, the pre-existing market.
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Table 1

Comparative Statics

E(M) E(M) 4k om N 1w

E(MO) 1 n/a n/a - + 0 + 0
E(M") n/a 1 n/a - - 0 0 0
A n/a n/a 1 + - 0 + 0
X + - + + - +/- + -

6. Multiple Pre-Existing Markets

In this appendix, we study the case of multiple pre-existing markets. Suppose that
there are two pre-existing markets. The location set is now expanded to
K'={ABZL2,..Kk,..,K}, KeN, with a total of K+2 locations. Note that location 0 is
replaced with location A and location B.According to the location game but using two pre-
existing markets, let X, denote the probability that a firm will locate in pre-existing market A
and x; denote the probability that a firm will locate in pre-existing market B while

12X =% is the probability that they will locate in each of the other K locations. The

expected number of firms not including firmNin the pre-existing markets A and B and

other locationk are expressed by

21 E(NAZXA)=(N—1)XA
(22) E(NAE‘:XB):(N—l)xB
(23) E(N* :xA,xB)z(N—l)l_XAT_XB,
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respectively. The total number of firms in the pre-existing market A and B equal the
expected number of firms who choosing to be found in that locations plus the number of pre-
existing firms there, denoted by I and 17 respectively.

The distribution of consumers across all locations is identical because consumers

have random uniformity with an equal probability 1 5 to visit any location, since they do

not have any prior knowledge of the distribution of firms. Therefore,

M
K+2

E(M “ ) = , k e K'. The total number of consumers in pre-existing markets A and B

equals to the expected number of consumers who randomly visit the locations plus the

number of pre-existing consumers in each location, denoted by 15 and IZ.The ratio

between the total number of consumers in pre-existing market A and B and other location is

E(M')+1 Il

A =——2 % _14+(K+2)-<, which equals one when 1! =0, i = A, B.
i E(Mk) ( )M q C

As in equation (15) and (16)of chapter one, firm n’s location decision given the
location decisions of all firms other than n, can be found by the equal expected profit

condition for pre-existing markets A and B and the other location k

nn(A:f_fn,q_*,lf*(p:q_*))zzrn(kif_,*n,ﬁ*,l?(piq*))
(24) E(MA)+IA E(NA- )+|A+1
E(Mk) E(N )
7, (B: 7.0 F (p:a)) =7, (k: T, F (p:7"))
(25) ( )+|B E(N :xB)+I,§+1
E(M*) - E(NKZXA,XB)+1

Next, substitute E( NA: XA), E(N 8. XB) and E(N K X4, X | into(24) and (25) to solve for the

MSNE X, and X; of the firms

\- ANL(N=1)+K]+[(A, - Ag)-K](1+17)

(26) X (KON MLIE IS TA 12 (N_D)(K+ AT AL)
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Ag[(N=1)+K]+[(Ag=A,)-K](1+12)
(N-1)(K+A,+Ay)

(27) X (KONLMLIE I A, 12 ) =

When 1£ =18, X, =X, and both pre-existing markets are identical. When 12 >1¢Z,
the pre-existing market A is bigger than B and they are heterogeneous in the agglomerated

location where A has higher expected number of firms than B, although all the remaining K

1-X, — X,

locations have the same expected number of firms, N.

* * 1 . . .
When 18 =15 =0, X, =X5 =2 and there is no agglomeration since all
+

locations are identical. In fact, since firm location distribution is a function of consumer
location distribution, the analysis could be extended to the case of K pre-existing markets.
That is, pre-existing firms and consumers If,1§ >0, vk e K could be introduced. Then,

finding the MSNE of the location game involved solving the system of K equations.

7. Conclusions and Future Research

This paper presents a new way to explain the location decisions of firms regardless
of the distance between them when no locations are closer to consumers than any others. In
conventional models, distance between firms and consumers determines the expected
demand of each firm. Here, the number of the possible locations determines the expected
demand of each location. The increase in number of locations increases the number of
available options for consumers to choose at random and lowers the expected demand for
each location. As a result, demand uncertainty caused by consumer imperfect information is
the source of firm agglomeration in this model.

This paper also presents a tradeoff for firms in choosing between a location with
high competition but certain demand guaranteed or locations with low competition but

uncertain demand. When applying this model to the real world, a firm facing a location
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problem has to consider the total number of potential locations that consumers are aware of.
If there are a large number of potential locations, the chance that a particular location will be
visited is considerably lower. Hence, it would be reasonable to choose a location with high
competition, but with a sufficient number of active customers of firms already established.
This tradeoff explains the phenomenon for a market of various kind of products that usually
have a number of firms agglomerated in the same location or market, such as computers,
automobiles, jewelry, souvenirs, and musical instruments.

Since the model in this paper is fairly simple, it has a few drawbacks. First, since all
locations are identical, firms have equal probability to be found at each location. Therefore,
their expected number in each location is identical. This is in contrast to the real world,
where the number of firms in each location is rarely equal. Second, the number of firms has
no effect on the price offered in each location, so the expected prices in the pre-existing
market and other markets is the same. Therefore, the expected utility of consumers is the
same, whether or not they visited any locations.

To address these issues, the followings suggestions are made for future research:
first, the case of multiple pre-existing markets is introduced to create more heterogeneity in
the number of firms at each location, which brings the model closer to the real world.
Second, the heterogeneous search cost is introduced to have aheterogeneous expected price
at each location. This subject is dealt with my dissertation. Pre-existing consumers are
reintroduced as local consumers with lower search costs, while ordinary consumers are
assumed to be foreigners with higher search costs. Since a higher number of low cost
consumers induces a higher degree of price comparison and increases the weight that the
firms put on them, the higher the ratio between the number of local and foreign consumers,

the lower the expected price
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Search cost heterogeneity can generate a relationship between equilibrium price
distribution and the number of firms, if the number of firms can affect the consumer search
cost. In subsequent work by the author, density dependent search costs are introduced where
the location with a denser crowd of firms results in a lower price search cost. This
assumption creates a difference in expected price in each location. This leads consumers to
conduct location searches for the lowest price location. Search methods for location searches
are also introduced, called two-step searching, which doubles the process of the non-
sequential search. As a first step, consumers search for a location with the highest utility by
anticipating the outcome of the price search in the second step. With location search,
consumer location distribution is now endogenized. This presents a feedback effect and
enhances the agglomeration force. Therefore, this paper may be considered as a stepping

stone for future research.
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