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Assembly to obtain the global stiffness

Start

Apply boundary conditions

Solve the eigenvalue problem and print out the result

Compute element stiffness and geometric stiffness

Input initial data

E, Es, t, d, u, I, Is, tleng

Define number of elements, nodes per element, and dofs per node

nel, nnel, ndof 

End

 
 

 

Figure A.1 Algorithm of the natural frequencies solution 
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%===========================================================% 

% To find the natural frequencies of Pinned-Pinned nanobeams                                   % 

%===========================================================% 

% MATLAB codes for Finite Element Analysis                                                           % 

% Variable descriptions                                                                                                 % 

%   k = element stiffness matrix                                                                                    % 

%   m = element mass matrix                                                                                         %    

%   kk = system stiffness matrix                                                                                    % 

%   mm = system mass matrix                                                                                       % 

%   index = a vector containing system dofs associated with each element                  % 

%   bcdof = a vector containing dofs associated with boundary conditions                  % 

%   bcval = a vector containing boundary condition values associated with                 % 

%           the dofs in 'bcdof'                                                                                              % 

%-----------------------------------------------------------------------------------------------------%             

  

clear 

format long e 

nel=40;                                    % number of elements 

nnel=2;                                    % number of nodes per element 

ndof=2;                                   % number of dofs per node 

nnode=(nnel-1)*nel+1;           % total number of nodes in system 

sdof=nnode*ndof;                   % total system dofs   

  

E=76e9 ;                                  % Modulus of elasticity(N/m^2) 

Es=1.22;                                  % Sucface modulus of elasticity(N/m) 

t=0.89;                                     % Residual surface tension(N/m) 

P=0;                                         % Buckling Load (N) 

d=50e-9;                                  % Diameter of nanowire(m) 

n=0.04;                                    % Nonlocal parameter(eoa/L)^2 

rho=10500;                              % mass density 

I=(pi*(d^4)/64);                      % Moment of inertia of nanowire(m^4) 

Is=(pi*(d^3)/8);                       % Perimeter moment of inertia nonowire(m^3) 

tleng=1000e-9;                        % total length 

leng=tleng/nel;                        % uniform mesh (equal size of elements) 

area=(pi*(d^2)/4);                   % cross-sectional area 

H=2*t*d; 

K=((E*I)+(Es*Is)-((n*(tleng^2)*(P-H))));  

  

kk=zeros(sdof,sdof);               % initialization of system stiffness matrix 

mm=zeros(sdof,sdof);             % initialization of system mass matrix  

index=zeros(nel*ndof,1);        % initialization of index vector 

  

 

%-----------------------------------------------------------------------------------------------------% 

% boundary conditions  

%-----------------------------------------------------------------------------------------------------% 

% 1.Pinned-Pinned 

bcdof(1)=1;                           % deflection at node 1 is constrained    

bcdof(2)=2*nel+1;                % deflection at the last node is constrained     
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% 2.clamped-clamped 

%bcdof(1)=1;      bcdof(2)=2;          % deflection and slope at node 1 is constrained         

%bcdof(3)=sdof-1; bcdof(4)=sdof;  % deflection and slope at last node is constrained          

  

% 3.clamped-Free at x=0 

%bcdof(1)=1;                     % deflection at node 1 is constrained   

%bcdof(2)=2;                     % slope at node 1 is constrained 

  

% 4.clamped-Pinned  

%bcdof(1)=1;                     % deflection at node 1 is constrained   

%bcdof(2)=2;                     % slope at node 1 is constrained 

%bcdof(3)=2*nel+1;          % deflection at last node is constrained  

  

% 5.Free-Free 

  

% 6.Pinned-Free  

%bcdof(1)=1;                     % deflection at node 1 is constrained 

  

% 7.Clamped-Sliding  

%bcdof(1)=1;                     % deflection at node 1 is constrained  

%bcdof(2)=2;                     % slope at node 1 is constrained 

%bcdof(3)=sdof;                % slope at last node is constrained 

  

% 8.Pinned-Sliding  

%bcdof(1)=1;                     % deflection at node 1 is constrained  

%bcdof(2)=sdof;                % slope at last node is constrained 

  

% 9.Free-Sliding  

%bcdof(1)=sdof;                % slope at last node is constrained 

  

% 10.Sliding-Sliding  

%bcdof(1)=2;                     % slope at node 1 is constrained 

%bcdof(2)=sdof;                % slope at last node is constrained 

  

%-----------------------------------------------------------------------------------------------------% 

  

for iel=1:nel    % loop for the total number of elements 

  

index=feeldof1(iel,nnel,ndof);  % extract system dofs associated with element 

  

[k,m]=febeam1(K,P,H,n,leng,tleng,area,rho,1); % compute element stiffness & mass 

matrix 

  

kk=feasmbl1(kk,k,index); % assemble element stiffness matrices into system matrix 

  

mm=feasmbl1(mm,m,index); % assemble element mass matrices into system matrix 

  

end 

  

[kk,mm]=feaplycs(kk,mm,bcdof);  % apply the boundary conditions 
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fsol=eig(kk,mm);   % solve the eigenvalue problem 

fsol=sqrt(fsol) 

  

%___________________________________________________________________% 
 

 

%-----------------------------------------------------------------------------------------------------% 

function [index]=feeldof1(iel,nnel,ndof) 

%-----------------------------------------------------------------------------------------------------% 

%  Purpose: 

%     Compute system dofs associated with each element in one- 

%     dimensional problem 

% 

%  Synopsis: 

%     [index]=feeldof1(iel,nnel,ndof) 

% 

%  Variable Description: 

%     index - system dof vector associated with element "iel" 

%     iel - element number whose system dofs are to be determined 

%     nnel - number of nodes per element 

%     ndof - number of dofs per node  

%-----------------------------------------------------------------------------------------------------% 

  

 edof = nnel*ndof; 

 start = (iel-1)*(nnel-1)*ndof; 

  

   for i=1:edof 

      index(i)=start+i; 

   end 

 

 

%-----------------------------------------------------------------------------------------------------% 

function [k,m]=febeam1(K,P,H,n,leng,tleng,area,rho,ipt) 

%-----------------------------------------------------------------------------------------------------% 

%  Purpose: 

%     Stiffness and mass matrices for Hermitian beam element 

%     nodal dof {v_1 theta_1 v_2 theta_2} 

% 

%  Synopsis: 

%     [k,m]=febeam1(el,xi,leng,area,rho,ipt)  

% 

%  Variable Description: 

%     k - element stiffness matrix (size of 4x4)    

%     m - element mass matrix (size of 4x4) 

%     el - elastic modulus  

%     xi - second moment of inertia of cross-section 

%     leng - element length 

%     area - area of beam cross-section 

%     rho - mass density (mass per unit volume) 

%     ipt = 1: consistent mass matrix 
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%              2: lumped mass matrix 

%              otherwise: diagonal mass matrix 

%-----------------------------------------------------------------------------------------------------% 

  

% stiffness matrix 

  

 k=[((K*12/(leng)^3)-((P-H)*36/(30*leng)))     ((K*6/(leng)^2)-((P-H)*3/30))              

(-(K*12/(leng)^3)-(-(P-H)*36)/(30*leng))    ((K*6/(leng)^2)-((P-H)*3)/30);... 

    ((K*6/(leng)^2))-((P-H)*3/30)              ((K*4/leng)-((4*leng*(P-H)))/30)                   

(-(K*6/(leng)^2)-(-(P-H)*3/30))             ((K*2/leng)-(-(P-H)*leng/30));... 

    (-(K*12/(leng)^3)-(-(P-H)*36/(30*leng)))   (-(K*6/(leng)^2)-(-(P-H)*3/30))       

(K*12/(leng)^3)-((P-H)*36/(30*leng))        (-(K*6/(leng)^2)-(-(P-H)*3/30));... 

    (K*6/(leng)^2)-((P-H)*3/30)                (K*2/leng)-(-(P-H)*leng/30)                           

(-(K*6/(leng)^2)-(-(P-H)*3/30))             ((K*4/leng)-((P-H)*4*leng/30))]; 

   

% consistent mass matrix 

  

 if ipt==1 

  

  mm=rho*area*leng; 

  mmm=rho*area*n*(tleng^2); 

    m=[((mm*156/420)+(mmm*36/(30*leng)))        ((mm*22*leng/420)+(mmm*3/30))              

((mm*54/420)-(mmm*36/(30*leng)))            (-(mm*13*leng/420)+(mmm*3/30));... 

       ((mm*22*leng/420)+(mmm*3/30))            

((mm*4*(leng^2)/420)+(mmm*4*leng/30))      ((mm*13*leng/420)-(mmm*3/30))               

(-(mm*3*(leng^2)/420)-(mmm*1*leng/30));... 

       ((mm*54/420)-(mmm*36/(30*leng)))         ((mm*13*leng/420)-(mmm*3/30))              

((mm*156/420)+(mmm*36/(30*leng)))           (-(mm*22*leng/420)-(mmm*3/30));... 

       (-(mm*13*leng/420)+(mmm*3/30))           (-(mm*3*(leng^2)/420)-

(mmm*1*leng/30))     (-(mm*22*leng/420)-(mmm*3/30))              

((mm*4*(leng^2)/420)+(mmm*4*leng/30))]; 

  

% lumped mass matrix 

  

 elseif ipt==2 

  

    m=zeros(4,4); 

    mass=rho*area*leng; 

    m=diag([mass/2  0  mass/2  0]); 

  

% diagonal mass matrix 

  

 else 

  

    m=zeros(4,4); 

    mass=rho*area*leng; 

    m=mass*diag([1/2  leng^2/78  1/2  leng^2/78]); 

  

end 
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%-----------------------------------------------------------------------------------------------------% 

function [kk]=feasmbl1(kk,k,index) 

%-----------------------------------------------------------------------------------------------------% 

%  Purpose: 

%     Assembly of element matrices into the system matrix 

%  Synopsis: 

%     [kk]=feasmbl1(kk,k,index) 

%  Variable Description: 

%     kk - system matrix 

%     k  - element matri 

%     index - d.o.f. vector associated with an element 

%-----------------------------------------------------------------------------------------------------% 

 

 edof = length(index); 

 for i=1:edof 

   ii=index(i); 

     for j=1:edof 

       jj=index(j); 

         kk(ii,jj)=kk(ii,jj)+k(i,j); 

     end 

 end 

 

%-----------------------------------------------------------------------------------------------------% 

function [kk,mm]=feaplycs(kk,mm,bcdof) 

%-----------------------------------------------------------------------------------------------------% 

%  Purpose: 

%     Apply constraints to eigenvalue matrix equation  

%     [kk]{x}=lamda[mm]{x} 

%  Synopsis: 

%     [kk,mm]=feaplycs(kk,mm,bcdof) 

%  Variable Description: 

%     kk - system stiffness matrix before applying constraints  

%     mm - system mass matrix before applying constraints 

%     bcdof - a vector containging constrained d.o.f 

%--------------------------------------------------------------------- 

 

 n=length(bcdof); 

 sdof=size(kk); 

 

 for i=1:n 

    c=bcdof(i); 

    for j=1:sdof 

       kk(c,j)=0; 

       kk(j,c)=0; 

       mm(c,j)=0; 

       mm(j,c)=0; 

    end 

  

    mm(c,c)=1; 

 end 
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%===========================================================% 

% To find the natural frequencies of Clamped-Clamped nanobeams                            %                                                                        

%===========================================================% 

% MATLAB codes for Finite Element Analysis                                                           % 

% Variable descriptions                                                                                                 % 

%   k = element stiffness matrix                                                                                    % 

%   m = element mass matrix                                                                                         %    

%   kk = system stiffness matrix                                                                                    % 

%   mm = system mass matrix                                                                                       % 

%   index = a vector containing system dofs associated with each element                  % 

%   bcdof = a vector containing dofs associated with boundary conditions                  % 

%   bcval = a vector containing boundary condition values associated with                 % 

%           the dofs in 'bcdof'                                                                                              % 

%-----------------------------------------------------------------------------------------------------%             

  

clear 

format long e 

nel=40;                                    % number of elements 

nnel=2;                                    % number of nodes per element 

ndof=2;                                   % number of dofs per node 

nnode=(nnel-1)*nel+1;           % total number of nodes in system 

sdof=nnode*ndof;                   % total system dofs   

  

E=76e9 ;                                  % Modulus of elasticity(N/m^2) 

Es=1.22;                                  % Sucface modulus of elasticity(N/m) 

t=0.89;                                     % Residual surface tension(N/m) 

P=0;                                         % Buckling Load (N) 

d=50e-9;                                  % Diameter of nanowire(m) 

n=0.04;                                    % Nonlocal parameter(eoa/L)^2 

rho=10500;                              % mass density 

I=(pi*(d^4)/64);                      % Moment of inertia of nanowire(m^4) 

Is=(pi*(d^3)/8);                       % Perimeter moment of inertia nonowire(m^3) 

tleng=1000e-9;                        % total length 

leng=tleng/nel;                        % uniform mesh (equal size of elements) 

area=(pi*(d^2)/4);                   % cross-sectional area 

H=2*t*d; 

K=((E*I)+(Es*Is)-((n*(tleng^2)*(P-H))));  

  

kk=zeros(sdof,sdof);               % initialization of system stiffness matrix 

mm=zeros(sdof,sdof);             % initialization of system mass matrix  

index=zeros(nel*ndof,1);        % initialization of index vector 

  

 

%-----------------------------------------------------------------------------------------------------% 

% boundary conditions  

%-----------------------------------------------------------------------------------------------------% 

% 1.Pinned-Pinned 

%bcdof(1)=1;                           % deflection at node 1 is constrained    

%bcdof(2)=2*nel+1;                % deflection at the last node is constrained     
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% 2.clamped-clamped 

bcdof(1)=1;      bcdof(2)=2;          % deflection and slope at node 1 is constrained         

bcdof(3)=sdof-1; bcdof(4)=sdof;  % deflection and slope at last node is constrained          

  

% 3.clamped-Free at x=0 

%bcdof(1)=1;                     % deflection at node 1 is constrained   

%bcdof(2)=2;                     % slope at node 1 is constrained 

  

% 4.clamped-Pinned  

%bcdof(1)=1;                     % deflection at node 1 is constrained   

%bcdof(2)=2;                     % slope at node 1 is constrained 

%bcdof(3)=2*nel+1;          % deflection at last node is constrained  

  

% 5.Free-Free 

  

% 6.Pinned-Free  

%bcdof(1)=1;                     % deflection at node 1 is constrained 

  

% 7.Clamped-Sliding  

%bcdof(1)=1;                     % deflection at node 1 is constrained  

%bcdof(2)=2;                     % slope at node 1 is constrained 

%bcdof(3)=sdof;                % slope at last node is constrained 

  

% 8.Pinned-Sliding  

%bcdof(1)=1;                     % deflection at node 1 is constrained  

%bcdof(2)=sdof;                % slope at last node is constrained 

  

% 9.Free-Sliding  

%bcdof(1)=sdof;                % slope at last node is constrained 

  

% 10.Sliding-Sliding  

%bcdof(1)=2;                     % slope at node 1 is constrained 

%bcdof(2)=sdof;                % slope at last node is constrained 

  

%-----------------------------------------------------------------------------------------------------% 

  

for iel=1:nel    % loop for the total number of elements 

  

index=feeldof1(iel,nnel,ndof);  % extract system dofs associated with element 

  

[k,m]=febeam1(K,P,H,n,leng,tleng,area,rho,1); % compute element stiffness & mass 

matrix 

  

kk=feasmbl1(kk,k,index); % assemble element stiffness matrices into system matrix 

  

mm=feasmbl1(mm,m,index); % assemble element mass matrices into system matrix 

  

end 

  

[kk,mm]=feaplycs(kk,mm,bcdof);  % apply the boundary conditions 
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fsol=eig(kk,mm);   % solve the eigenvalue problem 

fsol=sqrt(fsol) 

  

%___________________________________________________________________% 
 

 

%-----------------------------------------------------------------------------------------------------% 

function [index]=feeldof1(iel,nnel,ndof) 

%-----------------------------------------------------------------------------------------------------% 

%  Purpose: 

%     Compute system dofs associated with each element in one- 

%     dimensional problem 

% 

%  Synopsis: 

%     [index]=feeldof1(iel,nnel,ndof) 

% 

%  Variable Description: 

%     index - system dof vector associated with element "iel" 

%     iel - element number whose system dofs are to be determined 

%     nnel - number of nodes per element 

%     ndof - number of dofs per node  

%-----------------------------------------------------------------------------------------------------% 

  

 edof = nnel*ndof; 

 start = (iel-1)*(nnel-1)*ndof; 

  

   for i=1:edof 

      index(i)=start+i; 

   end 

 

 

%-----------------------------------------------------------------------------------------------------% 

function [k,m]=febeam1(K,P,H,n,leng,tleng,area,rho,ipt) 

%-----------------------------------------------------------------------------------------------------% 

%  Purpose: 

%     Stiffness and mass matrices for Hermitian beam element 

%     nodal dof {v_1 theta_1 v_2 theta_2} 

% 

%  Synopsis: 

%     [k,m]=febeam1(el,xi,leng,area,rho,ipt)  

% 

%  Variable Description: 

%     k - element stiffness matrix (size of 4x4)    

%     m - element mass matrix (size of 4x4) 

%     el - elastic modulus  

%     xi - second moment of inertia of cross-section 

%     leng - element length 

%     area - area of beam cross-section 

%     rho - mass density (mass per unit volume) 

%     ipt = 1: consistent mass matrix 
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%              2: lumped mass matrix 

%              otherwise: diagonal mass matrix 

%-----------------------------------------------------------------------------------------------------% 

  

% stiffness matrix 

  

 k=[((K*12/(leng)^3)-((P-H)*36/(30*leng)))     ((K*6/(leng)^2)-((P-H)*3/30))              

(-(K*12/(leng)^3)-(-(P-H)*36)/(30*leng))    ((K*6/(leng)^2)-((P-H)*3)/30);... 

    ((K*6/(leng)^2))-((P-H)*3/30)              ((K*4/leng)-((4*leng*(P-H)))/30)                   

(-(K*6/(leng)^2)-(-(P-H)*3/30))             ((K*2/leng)-(-(P-H)*leng/30));... 

    (-(K*12/(leng)^3)-(-(P-H)*36/(30*leng)))   (-(K*6/(leng)^2)-(-(P-H)*3/30))       

(K*12/(leng)^3)-((P-H)*36/(30*leng))        (-(K*6/(leng)^2)-(-(P-H)*3/30));... 

    (K*6/(leng)^2)-((P-H)*3/30)                (K*2/leng)-(-(P-H)*leng/30)                           

(-(K*6/(leng)^2)-(-(P-H)*3/30))             ((K*4/leng)-((P-H)*4*leng/30))]; 

   

% consistent mass matrix 

  

 if ipt==1 

  

  mm=rho*area*leng; 

  mmm=rho*area*n*(tleng^2); 

    m=[((mm*156/420)+(mmm*36/(30*leng)))        ((mm*22*leng/420)+(mmm*3/30))              

((mm*54/420)-(mmm*36/(30*leng)))            (-(mm*13*leng/420)+(mmm*3/30));... 

       ((mm*22*leng/420)+(mmm*3/30))            

((mm*4*(leng^2)/420)+(mmm*4*leng/30))      ((mm*13*leng/420)-(mmm*3/30))               

(-(mm*3*(leng^2)/420)-(mmm*1*leng/30));... 

       ((mm*54/420)-(mmm*36/(30*leng)))         ((mm*13*leng/420)-(mmm*3/30))              

((mm*156/420)+(mmm*36/(30*leng)))           (-(mm*22*leng/420)-(mmm*3/30));... 

       (-(mm*13*leng/420)+(mmm*3/30))           (-(mm*3*(leng^2)/420)-

(mmm*1*leng/30))     (-(mm*22*leng/420)-(mmm*3/30))              

((mm*4*(leng^2)/420)+(mmm*4*leng/30))]; 

  

% lumped mass matrix 

  

 elseif ipt==2 

  

    m=zeros(4,4); 

    mass=rho*area*leng; 

    m=diag([mass/2  0  mass/2  0]); 

  

% diagonal mass matrix 

  

 else 

  

    m=zeros(4,4); 

    mass=rho*area*leng; 

    m=mass*diag([1/2  leng^2/78  1/2  leng^2/78]); 

  

end 
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%-----------------------------------------------------------------------------------------------------% 

function [kk]=feasmbl1(kk,k,index) 

%-----------------------------------------------------------------------------------------------------% 

%  Purpose: 

%     Assembly of element matrices into the system matrix 

%  Synopsis: 

%     [kk]=feasmbl1(kk,k,index) 

%  Variable Description: 

%     kk - system matrix 

%     k  - element matri 

%     index - d.o.f. vector associated with an element 

%-----------------------------------------------------------------------------------------------------% 

 

 edof = length(index); 

 for i=1:edof 

   ii=index(i); 

     for j=1:edof 

       jj=index(j); 

         kk(ii,jj)=kk(ii,jj)+k(i,j); 

     end 

 end 

 

%-----------------------------------------------------------------------------------------------------% 

function [kk,mm]=feaplycs(kk,mm,bcdof) 

%-----------------------------------------------------------------------------------------------------% 

%  Purpose: 

%     Apply constraints to eigenvalue matrix equation  

%     [kk]{x}=lamda[mm]{x} 

%  Synopsis: 

%     [kk,mm]=feaplycs(kk,mm,bcdof) 

%  Variable Description: 

%     kk - system stiffness matrix before applying constraints  

%     mm - system mass matrix before applying constraints 

%     bcdof - a vector containging constrained d.o.f 

%--------------------------------------------------------------------- 

 

 n=length(bcdof); 

 sdof=size(kk); 

 

 for i=1:n 

    c=bcdof(i); 

    for j=1:sdof 

       kk(c,j)=0; 

       kk(j,c)=0; 

       mm(c,j)=0; 

       mm(j,c)=0; 

    end 

  

    mm(c,c)=1; 

 end 
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%===========================================================% 

% To find the natural frequencies of Clamped-Free nanobeams                                   %                                                                        

%===========================================================% 

% MATLAB codes for Finite Element Analysis                                                           % 

% Variable descriptions                                                                                                 % 

%   k = element stiffness matrix                                                                                    % 

%   m = element mass matrix                                                                                         %    

%   kk = system stiffness matrix                                                                                    % 

%   mm = system mass matrix                                                                                       % 

%   index = a vector containing system dofs associated with each element                  % 

%   bcdof = a vector containing dofs associated with boundary conditions                  % 

%   bcval = a vector containing boundary condition values associated with                 % 

%           the dofs in 'bcdof'                                                                                              % 

%-----------------------------------------------------------------------------------------------------%             

  

clear 

format long e 

nel=40;                                    % number of elements 

nnel=2;                                    % number of nodes per element 

ndof=2;                                   % number of dofs per node 

nnode=(nnel-1)*nel+1;           % total number of nodes in system 

sdof=nnode*ndof;                   % total system dofs   

  

E=76e9 ;                                  % Modulus of elasticity(N/m^2) 

Es=1.22;                                  % Sucface modulus of elasticity(N/m) 

t=0.89;                                     % Residual surface tension(N/m) 

P=0;                                         % Buckling Load (N) 

d=50e-9;                                  % Diameter of nanowire(m) 

n=0.04;                                    % Nonlocal parameter(eoa/L)^2 

rho=10500;                              % mass density 

I=(pi*(d^4)/64);                      % Moment of inertia of nanowire(m^4) 

Is=(pi*(d^3)/8);                       % Perimeter moment of inertia nonowire(m^3) 

tleng=1000e-9;                        % total length 

leng=tleng/nel;                        % uniform mesh (equal size of elements) 

area=(pi*(d^2)/4);                   % cross-sectional area 

H=2*t*d; 

K=((E*I)+(Es*Is)-((n*(tleng^2)*(P-H))));  

  

kk=zeros(sdof,sdof);               % initialization of system stiffness matrix 

mm=zeros(sdof,sdof);             % initialization of system mass matrix  

index=zeros(nel*ndof,1);        % initialization of index vector 

  

 

%-----------------------------------------------------------------------------------------------------% 

% boundary conditions  

%-----------------------------------------------------------------------------------------------------% 

% 1.Pinned-Pinned 

%bcdof(1)=1;                           % deflection at node 1 is constrained    

%bcdof(2)=2*nel+1;                % deflection at the last node is constrained     
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% 2.clamped-clamped 

%bcdof(1)=1;      bcdof(2)=2;          % deflection and slope at node 1 is constrained         

%bcdof(3)=sdof-1; bcdof(4)=sdof;  % deflection and slope at last node is constrained          

  

% 3.clamped-Free at x=0 

bcdof(1)=1;                     % deflection at node 1 is constrained   

bcdof(2)=2;                     % slope at node 1 is constrained 

  

% 4.clamped-Pinned  

%bcdof(1)=1;                     % deflection at node 1 is constrained   

%bcdof(2)=2;                     % slope at node 1 is constrained 

%bcdof(3)=2*nel+1;          % deflection at last node is constrained  

  

% 5.Free-Free 

  

% 6.Pinned-Free  

%bcdof(1)=1;                     % deflection at node 1 is constrained 

  

% 7.Clamped-Sliding  

%bcdof(1)=1;                     % deflection at node 1 is constrained  

%bcdof(2)=2;                     % slope at node 1 is constrained 

%bcdof(3)=sdof;                % slope at last node is constrained 

  

% 8.Pinned-Sliding  

%bcdof(1)=1;                     % deflection at node 1 is constrained  

%bcdof(2)=sdof;                % slope at last node is constrained 

  

% 9.Free-Sliding  

%bcdof(1)=sdof;                % slope at last node is constrained 

  

% 10.Sliding-Sliding  

%bcdof(1)=2;                     % slope at node 1 is constrained 

%bcdof(2)=sdof;                % slope at last node is constrained 

  

%-----------------------------------------------------------------------------------------------------% 

  

for iel=1:nel    % loop for the total number of elements 

  

index=feeldof1(iel,nnel,ndof);  % extract system dofs associated with element 

  

[k,m]=febeam1(K,P,H,n,leng,tleng,area,rho,1); % compute element stiffness & mass 

matrix 

  

kk=feasmbl1(kk,k,index); % assemble element stiffness matrices into system matrix 

  

mm=feasmbl1(mm,m,index); % assemble element mass matrices into system matrix 

  

end 

  

[kk,mm]=feaplycs(kk,mm,bcdof);  % apply the boundary conditions 



 56 

  

fsol=eig(kk,mm);   % solve the eigenvalue problem 

fsol=sqrt(fsol) 

  

%___________________________________________________________________% 
 

 

%-----------------------------------------------------------------------------------------------------% 

function [index]=feeldof1(iel,nnel,ndof) 

%-----------------------------------------------------------------------------------------------------% 

%  Purpose: 

%     Compute system dofs associated with each element in one- 

%     dimensional problem 

% 

%  Synopsis: 

%     [index]=feeldof1(iel,nnel,ndof) 

% 

%  Variable Description: 

%     index - system dof vector associated with element "iel" 

%     iel - element number whose system dofs are to be determined 

%     nnel - number of nodes per element 

%     ndof - number of dofs per node  

%-----------------------------------------------------------------------------------------------------% 

  

 edof = nnel*ndof; 

 start = (iel-1)*(nnel-1)*ndof; 

  

   for i=1:edof 

      index(i)=start+i; 

   end 

 

 

%-----------------------------------------------------------------------------------------------------% 

function [k,m]=febeam1(K,P,H,n,leng,tleng,area,rho,ipt) 

%-----------------------------------------------------------------------------------------------------% 

%  Purpose: 

%     Stiffness and mass matrices for Hermitian beam element 

%     nodal dof {v_1 theta_1 v_2 theta_2} 

% 

%  Synopsis: 

%     [k,m]=febeam1(el,xi,leng,area,rho,ipt)  

% 

%  Variable Description: 

%     k - element stiffness matrix (size of 4x4)    

%     m - element mass matrix (size of 4x4) 

%     el - elastic modulus  

%     xi - second moment of inertia of cross-section 

%     leng - element length 

%     area - area of beam cross-section 

%     rho - mass density (mass per unit volume) 

%     ipt = 1: consistent mass matrix 
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%              2: lumped mass matrix 

%              otherwise: diagonal mass matrix 

%-----------------------------------------------------------------------------------------------------% 

  

% stiffness matrix 

  

 k=[((K*12/(leng)^3)-((P-H)*36/(30*leng)))     ((K*6/(leng)^2)-((P-H)*3/30))              

(-(K*12/(leng)^3)-(-(P-H)*36)/(30*leng))    ((K*6/(leng)^2)-((P-H)*3)/30);... 

    ((K*6/(leng)^2))-((P-H)*3/30)              ((K*4/leng)-((4*leng*(P-H)))/30)                   

(-(K*6/(leng)^2)-(-(P-H)*3/30))             ((K*2/leng)-(-(P-H)*leng/30));... 

    (-(K*12/(leng)^3)-(-(P-H)*36/(30*leng)))   (-(K*6/(leng)^2)-(-(P-H)*3/30))       

(K*12/(leng)^3)-((P-H)*36/(30*leng))        (-(K*6/(leng)^2)-(-(P-H)*3/30));... 

    (K*6/(leng)^2)-((P-H)*3/30)                (K*2/leng)-(-(P-H)*leng/30)                           

(-(K*6/(leng)^2)-(-(P-H)*3/30))             ((K*4/leng)-((P-H)*4*leng/30))]; 

   

% consistent mass matrix 

  

 if ipt==1 

  

  mm=rho*area*leng; 

  mmm=rho*area*n*(tleng^2); 

    m=[((mm*156/420)+(mmm*36/(30*leng)))        ((mm*22*leng/420)+(mmm*3/30))              

((mm*54/420)-(mmm*36/(30*leng)))            (-(mm*13*leng/420)+(mmm*3/30));... 

       ((mm*22*leng/420)+(mmm*3/30))            

((mm*4*(leng^2)/420)+(mmm*4*leng/30))      ((mm*13*leng/420)-(mmm*3/30))               

(-(mm*3*(leng^2)/420)-(mmm*1*leng/30));... 

       ((mm*54/420)-(mmm*36/(30*leng)))         ((mm*13*leng/420)-(mmm*3/30))              

((mm*156/420)+(mmm*36/(30*leng)))           (-(mm*22*leng/420)-(mmm*3/30));... 

       (-(mm*13*leng/420)+(mmm*3/30))           (-(mm*3*(leng^2)/420)-

(mmm*1*leng/30))     (-(mm*22*leng/420)-(mmm*3/30))              

((mm*4*(leng^2)/420)+(mmm*4*leng/30))]; 

  

% lumped mass matrix 

  

 elseif ipt==2 

  

    m=zeros(4,4); 

    mass=rho*area*leng; 

    m=diag([mass/2  0  mass/2  0]); 

  

% diagonal mass matrix 

  

 else 

  

    m=zeros(4,4); 

    mass=rho*area*leng; 

    m=mass*diag([1/2  leng^2/78  1/2  leng^2/78]); 

  

end 
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%-----------------------------------------------------------------------------------------------------% 

function [kk]=feasmbl1(kk,k,index) 

%-----------------------------------------------------------------------------------------------------% 

%  Purpose: 

%     Assembly of element matrices into the system matrix 

%  Synopsis: 

%     [kk]=feasmbl1(kk,k,index) 

%  Variable Description: 

%     kk - system matrix 

%     k  - element matri 

%     index - d.o.f. vector associated with an element 

%-----------------------------------------------------------------------------------------------------% 

 

 edof = length(index); 

 for i=1:edof 

   ii=index(i); 

     for j=1:edof 

       jj=index(j); 

         kk(ii,jj)=kk(ii,jj)+k(i,j); 

     end 

 end 

 

%-----------------------------------------------------------------------------------------------------% 

function [kk,mm]=feaplycs(kk,mm,bcdof) 

%-----------------------------------------------------------------------------------------------------% 

%  Purpose: 

%     Apply constraints to eigenvalue matrix equation  

%     [kk]{x}=lamda[mm]{x} 

%  Synopsis: 

%     [kk,mm]=feaplycs(kk,mm,bcdof) 

%  Variable Description: 

%     kk - system stiffness matrix before applying constraints  

%     mm - system mass matrix before applying constraints 

%     bcdof - a vector containging constrained d.o.f 

%--------------------------------------------------------------------- 

 

 n=length(bcdof); 

 sdof=size(kk); 

 

 for i=1:n 

    c=bcdof(i); 

    for j=1:sdof 

       kk(c,j)=0; 

       kk(j,c)=0; 

       mm(c,j)=0; 

       mm(j,c)=0; 

    end 

  

    mm(c,c)=1; 

 end 
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%===========================================================% 

% To find the natural frequencies of Clamped-Pinned nanobeams                               %                                                                        

%===========================================================% 

% MATLAB codes for Finite Element Analysis                                                           % 

% Variable descriptions                                                                                                 % 

%   k = element stiffness matrix                                                                                    % 

%   m = element mass matrix                                                                                         %    

%   kk = system stiffness matrix                                                                                    % 

%   mm = system mass matrix                                                                                       % 

%   index = a vector containing system dofs associated with each element                  % 

%   bcdof = a vector containing dofs associated with boundary conditions                  % 

%   bcval = a vector containing boundary condition values associated with                 % 

%           the dofs in 'bcdof'                                                                                              % 

%-----------------------------------------------------------------------------------------------------%             

  

clear 

format long e 

nel=40;                                    % number of elements 

nnel=2;                                    % number of nodes per element 

ndof=2;                                   % number of dofs per node 

nnode=(nnel-1)*nel+1;           % total number of nodes in system 

sdof=nnode*ndof;                   % total system dofs   

  

E=76e9 ;                                  % Modulus of elasticity(N/m^2) 

Es=1.22;                                  % Sucface modulus of elasticity(N/m) 

t=0.89;                                     % Residual surface tension(N/m) 

P=0;                                         % Buckling Load (N) 

d=50e-9;                                  % Diameter of nanowire(m) 

n=0.04;                                    % Nonlocal parameter(eoa/L)^2 

rho=10500;                              % mass density 

I=(pi*(d^4)/64);                      % Moment of inertia of nanowire(m^4) 

Is=(pi*(d^3)/8);                       % Perimeter moment of inertia nonowire(m^3) 

tleng=1000e-9;                        % total length 

leng=tleng/nel;                        % uniform mesh (equal size of elements) 

area=(pi*(d^2)/4);                   % cross-sectional area 

H=2*t*d; 

K=((E*I)+(Es*Is)-((n*(tleng^2)*(P-H))));  

  

kk=zeros(sdof,sdof);               % initialization of system stiffness matrix 

mm=zeros(sdof,sdof);             % initialization of system mass matrix  

index=zeros(nel*ndof,1);        % initialization of index vector 

  

 

%-----------------------------------------------------------------------------------------------------% 

% boundary conditions  

%-----------------------------------------------------------------------------------------------------% 

% 1.Pinned-Pinned 

%bcdof(1)=1;                           % deflection at node 1 is constrained    

%bcdof(2)=2*nel+1;                % deflection at the last node is constrained     
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% 2.clamped-clamped 

%bcdof(1)=1;      bcdof(2)=2;          % deflection and slope at node 1 is constrained         

%bcdof(3)=sdof-1; bcdof(4)=sdof;  % deflection and slope at last node is constrained          

  

% 3.clamped-Free at x=0 

%bcdof(1)=1;                     % deflection at node 1 is constrained   

%bcdof(2)=2;                     % slope at node 1 is constrained 

  

% 4.clamped-Pinned  

bcdof(1)=1;                     % deflection at node 1 is constrained   

bcdof(2)=2;                     % slope at node 1 is constrained 

bcdof(3)=2*nel+1;          % deflection at last node is constrained  

  

% 5.Free-Free 

  

% 6.Pinned-Free  

%bcdof(1)=1;                     % deflection at node 1 is constrained 

  

% 7.Clamped-Sliding  

%bcdof(1)=1;                     % deflection at node 1 is constrained  

%bcdof(2)=2;                     % slope at node 1 is constrained 

%bcdof(3)=sdof;                % slope at last node is constrained 

  

% 8.Pinned-Sliding  

%bcdof(1)=1;                     % deflection at node 1 is constrained  

%bcdof(2)=sdof;                % slope at last node is constrained 

  

% 9.Free-Sliding  

%bcdof(1)=sdof;                % slope at last node is constrained 

  

% 10.Sliding-Sliding  

%bcdof(1)=2;                     % slope at node 1 is constrained 

%bcdof(2)=sdof;                % slope at last node is constrained 

  

%-----------------------------------------------------------------------------------------------------% 

  

for iel=1:nel    % loop for the total number of elements 

  

index=feeldof1(iel,nnel,ndof);  % extract system dofs associated with element 

  

[k,m]=febeam1(K,P,H,n,leng,tleng,area,rho,1); % compute element stiffness & mass 

matrix 

  

kk=feasmbl1(kk,k,index); % assemble element stiffness matrices into system matrix 

  

mm=feasmbl1(mm,m,index); % assemble element mass matrices into system matrix 

  

end 

  

[kk,mm]=feaplycs(kk,mm,bcdof);  % apply the boundary conditions 
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fsol=eig(kk,mm);   % solve the eigenvalue problem 

fsol=sqrt(fsol) 

  

%___________________________________________________________________% 
 

 

%-----------------------------------------------------------------------------------------------------% 

function [index]=feeldof1(iel,nnel,ndof) 

%-----------------------------------------------------------------------------------------------------% 

%  Purpose: 

%     Compute system dofs associated with each element in one- 

%     dimensional problem 

% 

%  Synopsis: 

%     [index]=feeldof1(iel,nnel,ndof) 

% 

%  Variable Description: 

%     index - system dof vector associated with element "iel" 

%     iel - element number whose system dofs are to be determined 

%     nnel - number of nodes per element 

%     ndof - number of dofs per node  

%-----------------------------------------------------------------------------------------------------% 

  

 edof = nnel*ndof; 

 start = (iel-1)*(nnel-1)*ndof; 

  

   for i=1:edof 

      index(i)=start+i; 

   end 

 

 

%-----------------------------------------------------------------------------------------------------% 

function [k,m]=febeam1(K,P,H,n,leng,tleng,area,rho,ipt) 

%-----------------------------------------------------------------------------------------------------% 

%  Purpose: 

%     Stiffness and mass matrices for Hermitian beam element 

%     nodal dof {v_1 theta_1 v_2 theta_2} 

% 

%  Synopsis: 

%     [k,m]=febeam1(el,xi,leng,area,rho,ipt)  

% 

%  Variable Description: 

%     k - element stiffness matrix (size of 4x4)    

%     m - element mass matrix (size of 4x4) 

%     el - elastic modulus  

%     xi - second moment of inertia of cross-section 

%     leng - element length 

%     area - area of beam cross-section 

%     rho - mass density (mass per unit volume) 

%     ipt = 1: consistent mass matrix 
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%              2: lumped mass matrix 

%              otherwise: diagonal mass matrix 

%-----------------------------------------------------------------------------------------------------% 

  

% stiffness matrix 

  

 k=[((K*12/(leng)^3)-((P-H)*36/(30*leng)))     ((K*6/(leng)^2)-((P-H)*3/30))              

(-(K*12/(leng)^3)-(-(P-H)*36)/(30*leng))    ((K*6/(leng)^2)-((P-H)*3)/30);... 

    ((K*6/(leng)^2))-((P-H)*3/30)              ((K*4/leng)-((4*leng*(P-H)))/30)                   

(-(K*6/(leng)^2)-(-(P-H)*3/30))             ((K*2/leng)-(-(P-H)*leng/30));... 

    (-(K*12/(leng)^3)-(-(P-H)*36/(30*leng)))   (-(K*6/(leng)^2)-(-(P-H)*3/30))       

(K*12/(leng)^3)-((P-H)*36/(30*leng))        (-(K*6/(leng)^2)-(-(P-H)*3/30));... 

    (K*6/(leng)^2)-((P-H)*3/30)                (K*2/leng)-(-(P-H)*leng/30)                           

(-(K*6/(leng)^2)-(-(P-H)*3/30))             ((K*4/leng)-((P-H)*4*leng/30))]; 

   

% consistent mass matrix 

  

 if ipt==1 

  

  mm=rho*area*leng; 

  mmm=rho*area*n*(tleng^2); 

    m=[((mm*156/420)+(mmm*36/(30*leng)))        ((mm*22*leng/420)+(mmm*3/30))              

((mm*54/420)-(mmm*36/(30*leng)))            (-(mm*13*leng/420)+(mmm*3/30));... 

       ((mm*22*leng/420)+(mmm*3/30))            

((mm*4*(leng^2)/420)+(mmm*4*leng/30))      ((mm*13*leng/420)-(mmm*3/30))               

(-(mm*3*(leng^2)/420)-(mmm*1*leng/30));... 

       ((mm*54/420)-(mmm*36/(30*leng)))         ((mm*13*leng/420)-(mmm*3/30))              

((mm*156/420)+(mmm*36/(30*leng)))           (-(mm*22*leng/420)-(mmm*3/30));... 

       (-(mm*13*leng/420)+(mmm*3/30))           (-(mm*3*(leng^2)/420)-

(mmm*1*leng/30))     (-(mm*22*leng/420)-(mmm*3/30))              

((mm*4*(leng^2)/420)+(mmm*4*leng/30))]; 

  

% lumped mass matrix 

  

 elseif ipt==2 

  

    m=zeros(4,4); 

    mass=rho*area*leng; 

    m=diag([mass/2  0  mass/2  0]); 

  

% diagonal mass matrix 

  

 else 

  

    m=zeros(4,4); 

    mass=rho*area*leng; 

    m=mass*diag([1/2  leng^2/78  1/2  leng^2/78]); 

  

end 
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%-----------------------------------------------------------------------------------------------------% 

function [kk]=feasmbl1(kk,k,index) 

%-----------------------------------------------------------------------------------------------------% 

%  Purpose: 

%     Assembly of element matrices into the system matrix 

%  Synopsis: 

%     [kk]=feasmbl1(kk,k,index) 

%  Variable Description: 

%     kk - system matrix 

%     k  - element matri 

%     index - d.o.f. vector associated with an element 

%-----------------------------------------------------------------------------------------------------% 

 

 edof = length(index); 

 for i=1:edof 

   ii=index(i); 

     for j=1:edof 

       jj=index(j); 

         kk(ii,jj)=kk(ii,jj)+k(i,j); 

     end 

 end 

 

%-----------------------------------------------------------------------------------------------------% 

function [kk,mm]=feaplycs(kk,mm,bcdof) 

%-----------------------------------------------------------------------------------------------------% 

%  Purpose: 

%     Apply constraints to eigenvalue matrix equation  

%     [kk]{x}=lamda[mm]{x} 

%  Synopsis: 

%     [kk,mm]=feaplycs(kk,mm,bcdof) 

%  Variable Description: 

%     kk - system stiffness matrix before applying constraints  

%     mm - system mass matrix before applying constraints 

%     bcdof - a vector containging constrained d.o.f 

%--------------------------------------------------------------------- 

 

 n=length(bcdof); 

 sdof=size(kk); 

 

 for i=1:n 

    c=bcdof(i); 

    for j=1:sdof 

       kk(c,j)=0; 

       kk(j,c)=0; 

       mm(c,j)=0; 

       mm(j,c)=0; 

    end 

  

    mm(c,c)=1; 

 end 
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%===========================================================% 

% To find the natural frequencies of Clamped-Sliding nanobeams                               %                                                                        

%===========================================================% 

% MATLAB codes for Finite Element Analysis                                                           % 

% Variable descriptions                                                                                                 % 

%   k = element stiffness matrix                                                                                    % 

%   m = element mass matrix                                                                                         %    

%   kk = system stiffness matrix                                                                                    % 

%   mm = system mass matrix                                                                                       % 

%   index = a vector containing system dofs associated with each element                  % 

%   bcdof = a vector containing dofs associated with boundary conditions                  % 

%   bcval = a vector containing boundary condition values associated with                 % 

%           the dofs in 'bcdof'                                                                                              % 

%-----------------------------------------------------------------------------------------------------%             

  

clear 

format long e 

nel=40;                                    % number of elements 

nnel=2;                                    % number of nodes per element 

ndof=2;                                   % number of dofs per node 

nnode=(nnel-1)*nel+1;           % total number of nodes in system 

sdof=nnode*ndof;                   % total system dofs   

  

E=76e9 ;                                  % Modulus of elasticity(N/m^2) 

Es=1.22;                                  % Sucface modulus of elasticity(N/m) 

t=0.89;                                     % Residual surface tension(N/m) 

P=0;                                         % Buckling Load (N) 

d=50e-9;                                  % Diameter of nanowire(m) 

n=0.04;                                    % Nonlocal parameter(eoa/L)^2 

rho=10500;                              % mass density 

I=(pi*(d^4)/64);                      % Moment of inertia of nanowire(m^4) 

Is=(pi*(d^3)/8);                       % Perimeter moment of inertia nonowire(m^3) 

tleng=1000e-9;                        % total length 

leng=tleng/nel;                        % uniform mesh (equal size of elements) 

area=(pi*(d^2)/4);                   % cross-sectional area 

H=2*t*d; 

K=((E*I)+(Es*Is)-((n*(tleng^2)*(P-H))));  

  

kk=zeros(sdof,sdof);               % initialization of system stiffness matrix 

mm=zeros(sdof,sdof);             % initialization of system mass matrix  

index=zeros(nel*ndof,1);        % initialization of index vector 

  

 

%-----------------------------------------------------------------------------------------------------% 

% boundary conditions  

%-----------------------------------------------------------------------------------------------------% 

% 1.Pinned-Pinned 

%bcdof(1)=1;                           % deflection at node 1 is constrained    

%bcdof(2)=2*nel+1;                % deflection at the last node is constrained     
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% 2.clamped-clamped 

%bcdof(1)=1;      bcdof(2)=2;          % deflection and slope at node 1 is constrained         

%bcdof(3)=sdof-1; bcdof(4)=sdof;  % deflection and slope at last node is constrained          

  

% 3.clamped-Free at x=0 

%bcdof(1)=1;                     % deflection at node 1 is constrained   

%bcdof(2)=2;                     % slope at node 1 is constrained 

  

% 4.clamped-Pinned  

%bcdof(1)=1;                     % deflection at node 1 is constrained   

%bcdof(2)=2;                     % slope at node 1 is constrained 

%bcdof(3)=2*nel+1;          % deflection at last node is constrained  

  

% 5.Free-Free 

  

% 6.Pinned-Free  

%bcdof(1)=1;                     % deflection at node 1 is constrained 

  

% 7.Clamped-Sliding  

bcdof(1)=1;                     % deflection at node 1 is constrained  

bcdof(2)=2;                     % slope at node 1 is constrained 

bcdof(3)=sdof;                % slope at last node is constrained 

  

% 8.Pinned-Sliding  

%bcdof(1)=1;                     % deflection at node 1 is constrained  

%bcdof(2)=sdof;                % slope at last node is constrained 

  

% 9.Free-Sliding  

%bcdof(1)=sdof;                % slope at last node is constrained 

  

% 10.Sliding-Sliding  

%bcdof(1)=2;                     % slope at node 1 is constrained 

%bcdof(2)=sdof;                % slope at last node is constrained 

  

%-----------------------------------------------------------------------------------------------------% 

  

for iel=1:nel    % loop for the total number of elements 

  

index=feeldof1(iel,nnel,ndof);  % extract system dofs associated with element 

  

[k,m]=febeam1(K,P,H,n,leng,tleng,area,rho,1); % compute element stiffness & mass 

matrix 

  

kk=feasmbl1(kk,k,index); % assemble element stiffness matrices into system matrix 

  

mm=feasmbl1(mm,m,index); % assemble element mass matrices into system matrix 

  

end 

  

[kk,mm]=feaplycs(kk,mm,bcdof);  % apply the boundary conditions 
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fsol=eig(kk,mm);   % solve the eigenvalue problem 

fsol=sqrt(fsol) 

  

%___________________________________________________________________% 
 

 

%-----------------------------------------------------------------------------------------------------% 

function [index]=feeldof1(iel,nnel,ndof) 

%-----------------------------------------------------------------------------------------------------% 

%  Purpose: 

%     Compute system dofs associated with each element in one- 

%     dimensional problem 

% 

%  Synopsis: 

%     [index]=feeldof1(iel,nnel,ndof) 

% 

%  Variable Description: 

%     index - system dof vector associated with element "iel" 

%     iel - element number whose system dofs are to be determined 

%     nnel - number of nodes per element 

%     ndof - number of dofs per node  

%-----------------------------------------------------------------------------------------------------% 

  

 edof = nnel*ndof; 

 start = (iel-1)*(nnel-1)*ndof; 

  

   for i=1:edof 

      index(i)=start+i; 

   end 

 

 

%-----------------------------------------------------------------------------------------------------% 

function [k,m]=febeam1(K,P,H,n,leng,tleng,area,rho,ipt) 

%-----------------------------------------------------------------------------------------------------% 

%  Purpose: 

%     Stiffness and mass matrices for Hermitian beam element 

%     nodal dof {v_1 theta_1 v_2 theta_2} 

% 

%  Synopsis: 

%     [k,m]=febeam1(el,xi,leng,area,rho,ipt)  

% 

%  Variable Description: 

%     k - element stiffness matrix (size of 4x4)    

%     m - element mass matrix (size of 4x4) 

%     el - elastic modulus  

%     xi - second moment of inertia of cross-section 

%     leng - element length 

%     area - area of beam cross-section 

%     rho - mass density (mass per unit volume) 

%     ipt = 1: consistent mass matrix 
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%              2: lumped mass matrix 

%              otherwise: diagonal mass matrix 

%-----------------------------------------------------------------------------------------------------% 

  

% stiffness matrix 

  

 k=[((K*12/(leng)^3)-((P-H)*36/(30*leng)))     ((K*6/(leng)^2)-((P-H)*3/30))              

(-(K*12/(leng)^3)-(-(P-H)*36)/(30*leng))    ((K*6/(leng)^2)-((P-H)*3)/30);... 

    ((K*6/(leng)^2))-((P-H)*3/30)              ((K*4/leng)-((4*leng*(P-H)))/30)                   

(-(K*6/(leng)^2)-(-(P-H)*3/30))             ((K*2/leng)-(-(P-H)*leng/30));... 

    (-(K*12/(leng)^3)-(-(P-H)*36/(30*leng)))   (-(K*6/(leng)^2)-(-(P-H)*3/30))       

(K*12/(leng)^3)-((P-H)*36/(30*leng))        (-(K*6/(leng)^2)-(-(P-H)*3/30));... 

    (K*6/(leng)^2)-((P-H)*3/30)                (K*2/leng)-(-(P-H)*leng/30)                           

(-(K*6/(leng)^2)-(-(P-H)*3/30))             ((K*4/leng)-((P-H)*4*leng/30))]; 

   

% consistent mass matrix 

  

 if ipt==1 

  

  mm=rho*area*leng; 

  mmm=rho*area*n*(tleng^2); 

    m=[((mm*156/420)+(mmm*36/(30*leng)))        ((mm*22*leng/420)+(mmm*3/30))              

((mm*54/420)-(mmm*36/(30*leng)))            (-(mm*13*leng/420)+(mmm*3/30));... 

       ((mm*22*leng/420)+(mmm*3/30))            

((mm*4*(leng^2)/420)+(mmm*4*leng/30))      ((mm*13*leng/420)-(mmm*3/30))               

(-(mm*3*(leng^2)/420)-(mmm*1*leng/30));... 

       ((mm*54/420)-(mmm*36/(30*leng)))         ((mm*13*leng/420)-(mmm*3/30))              

((mm*156/420)+(mmm*36/(30*leng)))           (-(mm*22*leng/420)-(mmm*3/30));... 

       (-(mm*13*leng/420)+(mmm*3/30))           (-(mm*3*(leng^2)/420)-

(mmm*1*leng/30))     (-(mm*22*leng/420)-(mmm*3/30))              

((mm*4*(leng^2)/420)+(mmm*4*leng/30))]; 

  

% lumped mass matrix 

  

 elseif ipt==2 

  

    m=zeros(4,4); 

    mass=rho*area*leng; 

    m=diag([mass/2  0  mass/2  0]); 

  

% diagonal mass matrix 

  

 else 

  

    m=zeros(4,4); 

    mass=rho*area*leng; 

    m=mass*diag([1/2  leng^2/78  1/2  leng^2/78]); 

  

end 
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%-----------------------------------------------------------------------------------------------------% 

function [kk]=feasmbl1(kk,k,index) 

%-----------------------------------------------------------------------------------------------------% 

%  Purpose: 

%     Assembly of element matrices into the system matrix 

%  Synopsis: 

%     [kk]=feasmbl1(kk,k,index) 

%  Variable Description: 

%     kk - system matrix 

%     k  - element matri 

%     index - d.o.f. vector associated with an element 

%-----------------------------------------------------------------------------------------------------% 

 

 edof = length(index); 

 for i=1:edof 

   ii=index(i); 

     for j=1:edof 

       jj=index(j); 

         kk(ii,jj)=kk(ii,jj)+k(i,j); 

     end 

 end 

 

%-----------------------------------------------------------------------------------------------------% 

function [kk,mm]=feaplycs(kk,mm,bcdof) 

%-----------------------------------------------------------------------------------------------------% 

%  Purpose: 

%     Apply constraints to eigenvalue matrix equation  

%     [kk]{x}=lamda[mm]{x} 

%  Synopsis: 

%     [kk,mm]=feaplycs(kk,mm,bcdof) 

%  Variable Description: 

%     kk - system stiffness matrix before applying constraints  

%     mm - system mass matrix before applying constraints 

%     bcdof - a vector containging constrained d.o.f 

%--------------------------------------------------------------------- 

 

 n=length(bcdof); 

 sdof=size(kk); 

 

 for i=1:n 

    c=bcdof(i); 

    for j=1:sdof 

       kk(c,j)=0; 

       kk(j,c)=0; 

       mm(c,j)=0; 

       mm(j,c)=0; 

    end 

  

    mm(c,c)=1; 

 end 
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%===========================================================% 

% To find the natural frequencies of Sliding-Pinned nanobeams                                  %                                                                        

%===========================================================% 

% MATLAB codes for Finite Element Analysis                                                           % 

% Variable descriptions                                                                                                 % 

%   k = element stiffness matrix                                                                                    % 

%   m = element mass matrix                                                                                         %    

%   kk = system stiffness matrix                                                                                    % 

%   mm = system mass matrix                                                                                       % 

%   index = a vector containing system dofs associated with each element                  % 

%   bcdof = a vector containing dofs associated with boundary conditions                  % 

%   bcval = a vector containing boundary condition values associated with                 % 

%           the dofs in 'bcdof'                                                                                              % 

%-----------------------------------------------------------------------------------------------------%             

  

clear 

format long e 

nel=40;                                    % number of elements 

nnel=2;                                    % number of nodes per element 

ndof=2;                                   % number of dofs per node 

nnode=(nnel-1)*nel+1;           % total number of nodes in system 

sdof=nnode*ndof;                   % total system dofs   

  

E=76e9 ;                                  % Modulus of elasticity(N/m^2) 

Es=1.22;                                  % Sucface modulus of elasticity(N/m) 

t=0.89;                                     % Residual surface tension(N/m) 

P=0;                                         % Buckling Load (N) 

d=50e-9;                                  % Diameter of nanowire(m) 

n=0.04;                                    % Nonlocal parameter(eoa/L)^2 

rho=10500;                              % mass density 

I=(pi*(d^4)/64);                      % Moment of inertia of nanowire(m^4) 

Is=(pi*(d^3)/8);                       % Perimeter moment of inertia nonowire(m^3) 

tleng=1000e-9;                        % total length 

leng=tleng/nel;                        % uniform mesh (equal size of elements) 

area=(pi*(d^2)/4);                   % cross-sectional area 

H=2*t*d; 

K=((E*I)+(Es*Is)-((n*(tleng^2)*(P-H))));  

  

kk=zeros(sdof,sdof);               % initialization of system stiffness matrix 

mm=zeros(sdof,sdof);             % initialization of system mass matrix  

index=zeros(nel*ndof,1);        % initialization of index vector 

  

 

%-----------------------------------------------------------------------------------------------------% 

% boundary conditions  

%-----------------------------------------------------------------------------------------------------% 

% 1.Pinned-Pinned 

%bcdof(1)=1;                           % deflection at node 1 is constrained    

%bcdof(2)=2*nel+1;                % deflection at the last node is constrained     
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% 2.clamped-clamped 

%bcdof(1)=1;      bcdof(2)=2;          % deflection and slope at node 1 is constrained         

%bcdof(3)=sdof-1; bcdof(4)=sdof;  % deflection and slope at last node is constrained          

  

% 3.clamped-Free at x=0 

%bcdof(1)=1;                     % deflection at node 1 is constrained   

%bcdof(2)=2;                     % slope at node 1 is constrained 

  

% 4.clamped-Pinned  

%bcdof(1)=1;                     % deflection at node 1 is constrained   

%bcdof(2)=2;                     % slope at node 1 is constrained 

%bcdof(3)=2*nel+1;          % deflection at last node is constrained  

  

% 5.Free-Free 

  

% 6.Pinned-Free  

%bcdof(1)=1;                     % deflection at node 1 is constrained 

  

% 7.Clamped-Sliding  

%bcdof(1)=1;                     % deflection at node 1 is constrained  

%bcdof(2)=2;                     % slope at node 1 is constrained 

%bcdof(3)=sdof;                % slope at last node is constrained 

  

% 8.Pinned-Sliding  

bcdof(1)=1;                     % deflection at node 1 is constrained  

bcdof(2)=sdof;                % slope at last node is constrained 

  

% 9.Free-Sliding  

%bcdof(1)=sdof;                % slope at last node is constrained 

  

% 10.Sliding-Sliding  

%bcdof(1)=2;                     % slope at node 1 is constrained 

%bcdof(2)=sdof;                % slope at last node is constrained 

  

%-----------------------------------------------------------------------------------------------------% 

  

for iel=1:nel    % loop for the total number of elements 

  

index=feeldof1(iel,nnel,ndof);  % extract system dofs associated with element 

  

[k,m]=febeam1(K,P,H,n,leng,tleng,area,rho,1); % compute element stiffness & mass 

matrix 

  

kk=feasmbl1(kk,k,index); % assemble element stiffness matrices into system matrix 

  

mm=feasmbl1(mm,m,index); % assemble element mass matrices into system matrix 

  

end 

  

[kk,mm]=feaplycs(kk,mm,bcdof);  % apply the boundary conditions 
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fsol=eig(kk,mm);   % solve the eigenvalue problem 

fsol=sqrt(fsol) 

  

%___________________________________________________________________% 
 

 

%-----------------------------------------------------------------------------------------------------% 

function [index]=feeldof1(iel,nnel,ndof) 

%-----------------------------------------------------------------------------------------------------% 

%  Purpose: 

%     Compute system dofs associated with each element in one- 

%     dimensional problem 

% 

%  Synopsis: 

%     [index]=feeldof1(iel,nnel,ndof) 

% 

%  Variable Description: 

%     index - system dof vector associated with element "iel" 

%     iel - element number whose system dofs are to be determined 

%     nnel - number of nodes per element 

%     ndof - number of dofs per node  

%-----------------------------------------------------------------------------------------------------% 

  

 edof = nnel*ndof; 

 start = (iel-1)*(nnel-1)*ndof; 

  

   for i=1:edof 

      index(i)=start+i; 

   end 

 

 

%-----------------------------------------------------------------------------------------------------% 

function [k,m]=febeam1(K,P,H,n,leng,tleng,area,rho,ipt) 

%-----------------------------------------------------------------------------------------------------% 

%  Purpose: 

%     Stiffness and mass matrices for Hermitian beam element 

%     nodal dof {v_1 theta_1 v_2 theta_2} 

% 

%  Synopsis: 

%     [k,m]=febeam1(el,xi,leng,area,rho,ipt)  

% 

%  Variable Description: 

%     k - element stiffness matrix (size of 4x4)    

%     m - element mass matrix (size of 4x4) 

%     el - elastic modulus  

%     xi - second moment of inertia of cross-section 

%     leng - element length 

%     area - area of beam cross-section 

%     rho - mass density (mass per unit volume) 

%     ipt = 1: consistent mass matrix 
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%              2: lumped mass matrix 

%              otherwise: diagonal mass matrix 

%-----------------------------------------------------------------------------------------------------% 

  

% stiffness matrix 

  

 k=[((K*12/(leng)^3)-((P-H)*36/(30*leng)))     ((K*6/(leng)^2)-((P-H)*3/30))              

(-(K*12/(leng)^3)-(-(P-H)*36)/(30*leng))    ((K*6/(leng)^2)-((P-H)*3)/30);... 

    ((K*6/(leng)^2))-((P-H)*3/30)              ((K*4/leng)-((4*leng*(P-H)))/30)                   

(-(K*6/(leng)^2)-(-(P-H)*3/30))             ((K*2/leng)-(-(P-H)*leng/30));... 

    (-(K*12/(leng)^3)-(-(P-H)*36/(30*leng)))   (-(K*6/(leng)^2)-(-(P-H)*3/30))       

(K*12/(leng)^3)-((P-H)*36/(30*leng))        (-(K*6/(leng)^2)-(-(P-H)*3/30));... 

    (K*6/(leng)^2)-((P-H)*3/30)                (K*2/leng)-(-(P-H)*leng/30)                           

(-(K*6/(leng)^2)-(-(P-H)*3/30))             ((K*4/leng)-((P-H)*4*leng/30))]; 

   

% consistent mass matrix 

  

 if ipt==1 

  

  mm=rho*area*leng; 

  mmm=rho*area*n*(tleng^2); 

    m=[((mm*156/420)+(mmm*36/(30*leng)))        ((mm*22*leng/420)+(mmm*3/30))              

((mm*54/420)-(mmm*36/(30*leng)))            (-(mm*13*leng/420)+(mmm*3/30));... 

       ((mm*22*leng/420)+(mmm*3/30))            

((mm*4*(leng^2)/420)+(mmm*4*leng/30))      ((mm*13*leng/420)-(mmm*3/30))               

(-(mm*3*(leng^2)/420)-(mmm*1*leng/30));... 

       ((mm*54/420)-(mmm*36/(30*leng)))         ((mm*13*leng/420)-(mmm*3/30))              

((mm*156/420)+(mmm*36/(30*leng)))           (-(mm*22*leng/420)-(mmm*3/30));... 

       (-(mm*13*leng/420)+(mmm*3/30))           (-(mm*3*(leng^2)/420)-

(mmm*1*leng/30))     (-(mm*22*leng/420)-(mmm*3/30))              

((mm*4*(leng^2)/420)+(mmm*4*leng/30))]; 

  

% lumped mass matrix 

  

 elseif ipt==2 

  

    m=zeros(4,4); 

    mass=rho*area*leng; 

    m=diag([mass/2  0  mass/2  0]); 

  

% diagonal mass matrix 

  

 else 

  

    m=zeros(4,4); 

    mass=rho*area*leng; 

    m=mass*diag([1/2  leng^2/78  1/2  leng^2/78]); 

  

end 

 



 73 

%-----------------------------------------------------------------------------------------------------% 

function [kk]=feasmbl1(kk,k,index) 

%-----------------------------------------------------------------------------------------------------% 

%  Purpose: 

%     Assembly of element matrices into the system matrix 

%  Synopsis: 

%     [kk]=feasmbl1(kk,k,index) 

%  Variable Description: 

%     kk - system matrix 

%     k  - element matri 

%     index - d.o.f. vector associated with an element 

%-----------------------------------------------------------------------------------------------------% 

 

 edof = length(index); 

 for i=1:edof 

   ii=index(i); 

     for j=1:edof 

       jj=index(j); 

         kk(ii,jj)=kk(ii,jj)+k(i,j); 

     end 

 end 

 

%-----------------------------------------------------------------------------------------------------% 

function [kk,mm]=feaplycs(kk,mm,bcdof) 

%-----------------------------------------------------------------------------------------------------% 

%  Purpose: 

%     Apply constraints to eigenvalue matrix equation  

%     [kk]{x}=lamda[mm]{x} 

%  Synopsis: 

%     [kk,mm]=feaplycs(kk,mm,bcdof) 

%  Variable Description: 

%     kk - system stiffness matrix before applying constraints  

%     mm - system mass matrix before applying constraints 

%     bcdof - a vector containging constrained d.o.f 

%--------------------------------------------------------------------- 

 

 n=length(bcdof); 

 sdof=size(kk); 

 

 for i=1:n 

    c=bcdof(i); 

    for j=1:sdof 

       kk(c,j)=0; 

       kk(j,c)=0; 

       mm(c,j)=0; 

       mm(j,c)=0; 

    end 

  

    mm(c,c)=1; 

 end 
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