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uni 4
NAN15398

(MAIN RESULT)

In this study, we use Catalan's conjecture. It is proved there that the only
solution in integers a>1,b>1, x>1 and y >1 of the equation a* +bY =1 is

a=y=3 and b=x=2. Now we have the followings.

Theorem 1. The Diophantine equation 4* +13" = z* has no solution in non-negative
integers.

Proof. From the Diophantine equation 4* +13Y = z?, we consider in 3 cases.

Case 1: x=0.

We have 13¥ =z° —1= (Z —1)(2 +1). Then there are non-negative integers a
and b such that 132 =z-1,13" =z+1, a<b and a+b= y. So we have
13°(13°2 —1)=13" ~13* =(z+1)—(z-1)=2. Therefore, 13° =1 or a=0. It

follows that z=2 and 13° =z+1=3. This is impossible.

Case 2: y=0.

We have 2% =4* =z7° 1= (Z —1)(2 +1). Then there are non-negative
integers @ and b such that 22 =z-1,2°=z+1, a<b and a+b=2x.
Therefore 2%(2°® —1)=2° —2° =(z+1)—(z—-1)=2. It follows that 2a =1

or 2a=2. Thatis a=0 or a=1.
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If a=0 then z=2 and 2b=3. This is impossible. Thus a=1. This implies
that z=3 and b=2. Thus 2x=a+b=3. That s, x is not integer which is a

contradiction.

Case 3: x>0 and y>0.
We have 13¥ =z% —4* = (Z —ZXXZ + 2*). Then there are non-negative
integers @ and b such that 132 =z-2%,13* =z+2*, a<b and a+b=y.
Therefore 13%(13°® —1)=13" —13% = (742 ) (22" )= 2*"*. It follows that
13* =1 and 13" —2*" =1. By Catalan's conjecture, we can conclude that this

Diophantine equation has no solution. The theorem is proved.

Theorem 2. The Diophantine equation 4* +17” = z*has no solution in non-negative

integers.

Proof. From the Diophantine equation 4* +17" =z?, we consider in 3 cases.

Case 1: x=0.

We have 17¥ =z° 1= (Z ~1)z +1). Then there are non-negative integers a
and b such that 172 =z-1,17° =z+1, a<b and a+b=y. So we have
172(17°® —1)=17" —17% = (2 +1)—(z—1)=2. Therefore, 17% =1 or a=0.

It follows that z=2 and 17° = z+1=3. This is impossible.



amgAInemaniuazing Tulad wininedomaluladsunasans enuITe D senm 2555/ 15

Case 2: y=0.

We have 2 =4* =72 —1=(z-1)z+1). Then there are non-negative
integers @ and b such that 2° =z-1,2°=z+1, a<b and a+b=2x.

Therefore 22(202 —1)=2° —2% =(z+1)—(z~1)=2. It follows that 2a =1
or 2a=2. Thatis a=0 or a=1.

If a=0 then z=2 and 2b=3. This is impossible. Thus a=1. This implies
that z=3 and b=2. Thus 2x=a+b=3. That s, x is not integer which is a

contradiction.

Case 3: x>0 and y>0.
We have 17Y =z —4* = (Z —ZXXZ + ZX). Then there are non-negative
integers @ and b such that 172 =z—-2*,17° =z+2*, a<b and a+b=y.
Therefore 17%(17°% —1)=17" =17% = (z+2*)— (2 —2*)=2""*. It follows that
17* =1 and 17°? —2** =1. By Catalan's conjecture, we can conclude that this

Diophantine equation has no solution. The theorem is proved.

Theorem 3. Consider the Diophantine equation

X

pr+p'=0q" (1)

where p and ( are distinct prime numbers and X, Y,z are non-negative integers.

We get
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M (xy,2)e{(032),(30,2)} is a solution of the Diophantine equation (1) for
p=2and q=3.

(i) (x,y,2)e{(0,01)} is a solution of the Diophantine equation (1) for q=2.

(iii) (x, 2 Z)e {(O, k,l)‘ keN" } is a solution of the Diophantine equation (1) for
q=p“+1.

(iv) (x, 2 Z)e {(0,1, k)‘ keN" } is a solution of the Diophantine equation (1) for
p=q"-1.

Proof. Suppose that p and q are distinct prime numbers. Consider the Diophantine

equation p* + p?Y =q* in 2 cases..

Case 1: X<vy.

The Diophantine equation (1) becomes 1+ p*™ =q*/p*. Thus q*/p* must
be an integer. Then x=0. It follows that q° — p¥ =1. By Catalan’s conjecture, we
get (x, Y, z)= (0,3,2) is a solution of the Diophantine equation (1) where p =2 and
g=3.

If z=1,then q=1+ p”’. So, (X, Y, Z): (O,k,l) is a solution of the
Diophantine equation (1) where Kk is a non-negative integer such that q =1+ p*.

If y=0,then q°* =2. So, (X, Y, z): (0,0,1) is a solution of the Diophantine
equation (1) where q=2.

If y=1,then p=qg’ —-1. So, (X, Y, z)= (O,l,k) is a solution of the

Diophantine equation (1) where k is a non-negative integer such that p=q* —1.

Case 2: x > y.
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The Diophantine equation (1) becomes p*”¥ +1=q*/p”’. So q“/p”’ must
be an integer number. Then y=0. It follows that q* — p* =1. By Catalan’s
conjecture, we get (x, Y, z)= (3,0,2) is a solution of the Diophantine equation (1)
where p=2 and q=3.

If z=1, then q=1+ p*. So, (x, Y, Z)= (k,O,l) is a solution of the Diophantine
equation (1) where Kk is a non-negative integer such that q =1+ p*.

If x=0, then q°* =2. So, (X, Y, Z): (0,0,l) is a solution of the Diophantine
equation (1) where q=2.

If x=1,then p=qg’ -1. So, (x, Y, z)= (1,0, k) is a solution of the

Diophantine equation (1) where K is a non-negative integer such that p =q* —1.

Theorem 4. Consider the Diophantine equation

X z

p*+q’=q9° (2)
where p and q are distinct prime numbers and X, Yy, Z are non-negative integers.
We get
(i) (X, Y, Z)e {(3,0,2)} is a solution of the Diophantine equation (1) for p =2
and q=3.
(i) (x,y,2)e{(0,01)} is a solution of the Diophantine equation (1) for q =2.
(iii) (x, 2 Z)e {(k,O,l)‘ keN" } is a solution of the Diophantine equation (1) for
q=p"+1.

(iv) (x, 2 Z)e {(1,0, k)‘ keN" } is a solution of the Diophantine equation (1) for

p=g‘-1.
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Proof. Suppose that p and q are distinct prime numbers. Consider the Diophantine

equation p*+q’ =q° in 2 cases.

Case l:y2>1z.
We get ¥ >q* and p* >0. So, p* +q” >q°. That is the Diophantine

equation (2) has no solution.

Case 2: y<z.

Since q°* =0(modq) and p*+q”’ =0(modq) except y=0, p*+q’ =q° is
impossible except y=0.

If y =0, the Diophantine equation (2) becomes q* — p* =1. By Catalan’s
conjecture, we get (x, Y, z)= (3,0,2) is a solution of the Diophantine equation (1)
where p=2 and q=3.

If z=1, then q=1+ p*. So, (X, Y, z)= (k,O,l) is a solution of the Diophantine
equation (1) where Kk is a non-negative integer such that q =1+ p*.

If x=0,then q° =2. So, (X, Y, Z): (0,0,l) is a solution of the Diophantine
equation (1) where q=2.

If x=1,then p=qg’ —-1. So, (X, Y, z)= (1,0, k) is a solution of the

Diophantine equation (1) where k is a non-negative integer such that p=q* —1.

Theorem 5.If p, g and r are distinct prime numbers which are not 2, then the

Diophantine equation

has no solution.
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Proof. Consider the Diophantine equation p*+q” =r”.

Since p, q and rare odd, so p*, q* and r’are odd, too. Then, p*+q’ is
even. So, p* +q” cannot equal r*. Hence the Diophantine equation (3) has no
solution.

Theorem 6. Consider the Diophantine equation p* + pY = z*where p is a prime
number, we get
(i)  For p=2, asolution of this Diophantine equation is
(% y,2) € {(033).(30.3)}u{(2k —12k ~12 ) k e N |.
(i) For p =3, asolution of this Diophantine equation is
(x.y,2)e{(01,2),20.2)}.
(i) For p=h®+1 where he N, a solution of this Diophantine equation is

(x,y,2) e {(2k,2k +1,hk )|k e N ju{(2k,2k +Lhk)[k e N |.



