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บทท่ี 4 

ผลการวิจัย 

(MAIN RESULT) 

 

In this study, we use Catalan's conjecture. It is proved there that the only 

solution in integers 1,1,1  xba  and 1y  of the equation 1 yx ba  is 

3 ya  and 2 xb . Now we have the followings. 
 

Theorem 1. The Diophantine equation 2134 zyx   has no solution in non-negative 

integers. 

Proof.  From the Diophantine equation 2134 zyx  , we consider in 3 cases. 
 

Case 1: 0x .  

We have   .11113 2  zzzy   Then there are non-negative integers a 

and b such that 113,113  zz ba , ba   and yba  .  So we have 

      211131311313  zzababa .  Therefore, 113 a  or 0a .  It 

follows that 2z  and 3113  zb .  This is impossible. 
 

 

 

 

 

Case 2: 0y .   

We have   .11142 22  zzzxx   Then there are non-negative 

integers a  and b  such that 12,12  zz ba , ba   and xba 2 . 

Therefore       21122122  zzababa .  It follows that 12 a  

or 22 a .  That is 0a  or 1a . 
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If 0a  then 2z  and 32 b .  This is impossible.  Thus 1a .  This implies 

that 3z  and 2b .  Thus 32  bax .  That is, x is not integer which is a 

contradiction. 
 

Case 3: 0x  and 0y .  

We have   xxxy zzz 22413 2  .  Then there are non-negative 

integers a  and b  such that xa z 213  , xb z 213  , ba   and yba  .   

Therefore       1222131311313   xxxababa zz .  It follows that 

113 a  and 1213 1   xab .  By Catalan's conjecture, we can conclude that this 

Diophantine equation has no solution. The theorem is proved. 

 

 

 

 

 

 

Theorem 2. The Diophantine equation 2174 zyx  has no solution in non-negative 

integers. 

Proof.  From the Diophantine equation 2174 zyx  , we consider in 3 cases. 
 

Case 1: 0x .  

We have   .11117 2  zzzy   Then there are non-negative integers a 

and b such that 117,117  zz ba , ba   and yba  .  So we have 

      211171711717  zzababa .  Therefore, 117 a  or 0a .   

It follows that 2z  and 3117  zb . This is impossible. 
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Case 2: 0y .   

We have   .11142 22  zzzxx   Then there are non-negative 

integers a  and b  such that 12,12  zz ba , ba   and xba 2 . 

Therefore       21122122  zzababa .  It follows that 12 a  

or 22 a .  That is 0a  or 1a . 

If 0a  then 2z  and 32 b .  This is impossible.  Thus 1a .  This implies 

that 3z  and 2b .  Thus 32  bax .  That is, x is not integer which is a 

contradiction. 
 

 

 

 

 

 

 

Case 3: 0x  and 0y .  

We have   xxxy zzz 22417 2  .  Then there are non-negative 

integers a  and b  such that xa z 217  , xb z 217  , ba   and yba  .   

Therefore       1222171711717   xxxababa zz .  It follows that 

117 a  and 1217 1   xab . By Catalan's conjecture, we can conclude that this 

Diophantine equation has no solution. The theorem is proved. 

 

Theorem 3. Consider the Diophantine equation  
zyx qpp    ----- (1) 

where p  and q  are distinct prime numbers and zyx ,,  are non-negative integers. 

We get 
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(i)        2,0,3,2,3,0,, zyx  is a solution of the Diophantine equation (1) for 

2p  and 3q . 

(ii)      1,0,0,, zyx  is a solution of the Diophantine equation (1) for 2q . 

(iii)      *1,,0,, Nkkzyx    is a solution of the Diophantine equation (1) for 

1 kpq . 

(iv)      *,1,0,, Nkkzyx    is a solution of the Diophantine equation (1) for 

1 kqp . 

Proof.  Suppose that p  and q  are distinct prime numbers.  Consider the Diophantine 

equation zyx qpp   in 2 cases..   
 

Case 1: yx  .  

The Diophantine equation (1) becomes xzxy pqp /1   .  Thus xz pq /  must 

be an integer.  Then 0x .  It follows that 1 yz pq .  By Catalan’s conjecture, we 

get    2,3,0,, zyx  is a solution of the Diophantine equation (1) where 2p  and 

3q . 

If 1z , then ypq 1 .  So,    1,,0,, kzyx   is a solution of the 

Diophantine equation (1) where k  is a non-negative integer such that kpq 1 . 

If 0y , then 2zq .  So,    1,0,0,, zyx  is a solution of the Diophantine 

equation (1) where 2q . 

If 1y , then 1 yqp .  So,    kzyx ,1,0,,   is a solution of the 

Diophantine equation (1) where k  is a non-negative integer such that 1 kqp . 
 

Case 2: x > y.  
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The Diophantine equation (1) becomes yzyx pqp /1 .  So yz pq /  must 

be an integer number.  Then 0y .  It follows that 1 xz pq .  By Catalan’s 

conjecture, we get    2,0,3,, zyx  is a solution of the Diophantine equation (1) 

where 2p  and 3q . 

If 1z , then xpq 1 .  So,    1,0,,, kzyx   is a solution of the Diophantine 

equation (1) where k  is a non-negative integer such that kpq 1 . 

If 0x , then 2zq .  So,    1,0,0,, zyx  is a solution of the Diophantine 

equation (1) where 2q . 

If 1x , then 1 yqp .  So,    kzyx ,0,1,,   is a solution of the 

Diophantine equation (1) where k  is a non-negative integer such that 1 kqp . 

 

Theorem 4. Consider the Diophantine equation  
zyx qqp    ----- (2) 

where p  and q  are distinct prime numbers and zyx ,,  are non-negative integers. 

We get 

(i)      2,0,3,, zyx  is a solution of the Diophantine equation (1) for 2p  

and 3q . 

(ii)      1,0,0,, zyx  is a solution of the Diophantine equation (1) for 2q . 

(iii)      *1,0,,, Nkkzyx    is a solution of the Diophantine equation (1) for 

1 kpq . 

(iv)      *,0,1,, Nkkzyx    is a solution of the Diophantine equation (1) for 

1 kqp . 
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Proof. Suppose that p  and q  are distinct prime numbers.  Consider the Diophantine 

equation zyx qqp   in 2 cases. 

 

Case 1: zy  .  

We get zy qq   and 0xp .  So, zyx qqp  . That is the Diophantine 

equation (2) has no solution. 

 

Case 2:  zy  .  

Since )(mod0 qq z   and )(mod0 qqp yx   except 0y , zyx qqp   is 

impossible except 0y . 

If 0y , the Diophantine equation (2) becomes 1 xz pq .  By Catalan’s 

conjecture, we get    2,0,3,, zyx  is a solution of the Diophantine equation (1) 

where 2p  and 3q .  

If 1z , then xpq 1 .  So,    1,0,,, kzyx   is a solution of the Diophantine 

equation (1) where k  is a non-negative integer such that kpq 1 . 

If 0x , then 2zq .  So,    1,0,0,, zyx  is a solution of the Diophantine 

equation (1) where 2q . 

If 1x , then 1 yqp .  So,    kzyx ,0,1,,   is a solution of the 

Diophantine equation (1) where k  is a non-negative integer such that 1 kqp . 

 

Theorem 5. If p , q  and r  are distinct prime numbers which are not 2, then the 

Diophantine equation 
zyx rqp     ----- (3) 

has no solution. 
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Proof.  Consider the Diophantine equation zyx rqp  . 

Since p , q  and r are odd, so xp , yq  and zr are odd, too.  Then, yx qp   is 

even. So, yx qp  cannot equal zr .  Hence the Diophantine equation (3) has no 

solution. 

Theorem 6. Consider the Diophantine equation 2zpp yx  where p  is a prime 

number, we get 

(i)  For 2p , a solution of this Diophantine equation is 

         Nkkkzyx k  2,12,123,0,3,3,3,0,, .   

(ii)  For 3p , a solution of this Diophantine equation is 

      2,0,1,2,1,0,, zyx .   

(iii)  For 12  hp  where Nh , a solution of this Diophantine equation is 

       NkhkkkNkhkkkzyx  ,12,2,12,2,, . 

 


