Chapter 4
Equilibrium Problems and Fixed Point

Problem for Nonspreading Mappings in
Hilbert Space

In this chapter, we introduce a strong convergence theorem for a nonspreading-
type mappings and equilibrium problem in Hilbert spaces by using an idea of mean
convergence. The main result of this paper extend the results obtained by Os-
ilike and Isiogugu (Nonlinear Analysis 74 (2011) 1814-1822) and Kurokawa and
Takahashi (Nonlinear Analysis 73 (2010) 1562-1568). Moreover, example and nu-
merical results are also given.

4.1 Strong Convergence Theorem for Nonspreading-

type Mappings and Equilibrium Problem in Hilbert
Spaces

We first prove a strong convergence theorem.

Theorem 4.1.1. Let C be a nonempty closed convex subset of of a real Hilbert
space. Let f be a bifunction from C x C to R satisfying (A1)-(A4) and let T :
C — C be a k-strictly pseudononspreading mapping with a nonempty fized point
set and F(T)(\EP(f) # 0. Let B € [k,1) and let Tg := BI+ (1 - B)T. Let
{an}s2, € [0,1) and {r,}22, C (0,00) satisfying the conditions:

o0
lim a, =0, E an =00 and liminfr, > 0.
n—o0 n—oo

n=1

Letu € C and let {z,}32,, {un}2, and {2,}%, be sequences in C generated from
an arbitrary x, € C by

fun, y) + 70y = tn, un — 7,) 2 0, Yy € C,
Zn = % ?—_:_01 Téum n2>1 (411)

Tny1 = Apt + (1 — ap)z,, n > 1.

Then {z,}52, and {z,}22 | converge strongly to Prerynep)u, where Peerynep(y)
H — F(T)N EP(f) is the metric projection of H onto F(T)NEP(f).
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Proof. Let Tpx := Bz + (1 — B)Tz. 1t is clear that F(Tp) = F(T) and for all

z,y € C, we have
1Tsz — Tpy||* =

3

Il

It follows from (4

18(z — y) + (1 - B)(Tz — Ty)|)?

Bllz = ylI*> + (1 = BTz — Ty|? — B - B)||z — Tz — (y —Ty)|?
Ble = yl* = B - B)|lz - Tz — (y — Ty)|?

+(1 = B)[llz = yII* + kllz — Tz - (y — Ty)|I? + 2(z — T'z,y — Ty)]
Iz =yl - B(1 - B)llz - Tz — (y — Ty)||?

+h(1 = B)lle = Tz — (y - Ty)|I> + 2(1 - B)(z — T,y — Ty)

2 =yl = (1 = B)(B - k)||lz — Tz — (y — Ty)|?

+2(1 = B)(z — Tz,y — Ty)

Iz —yl* +2(1 — B)(z — Tz,y — Ty)

2
llz = ylI* + w(m—Tﬂ%y—Tﬂy)- (4.1.2)

-1.2) that T is quasi-nonexpansive. Let p € F(T)NEP(f).

Then from w,, = T, z,,, we obtain

n—1
1 ]
k1 E Wy
”n - pU Pl

lzn —pll =
1 n-1
< =S T — pl
i=0
1 n—1
S o 2w = plll = ln = pll = T30 — Bl < |12 — .
i=0
(4.1.3)
Thus
|Zn41 — Pl = llomu+ (1 - o)z — pll
< omflu—pll+ (1~ an)llza — p||
< amllu—pll + (1~ an)llzn — p||. (4.1.4)
By (4.1.4) and induction, we can conclude that for allneN
lzn = pll < max{|lu —p|, |lz; — p|}.
Thus {z,} is bounded and also {u,} and {zn} are bounded.
Since ||Tju, — p|| < [lu, — p||, we have that {Tjua} is also bounded.
Observe that since {zn} is bounded and lim,,_,, a;,, = 0, we obtain
|Zn1 — EA| ”anu il — an)zn - Zn”
= apllu— 2] 2 0asn — co. (4.1.5)

Put  := F(T)EP(f). We may assume without loss of generality that there
exists a subsequence {zn,} of {z,} such that

limsup(u — Pou, z,, — Pou) = lim (u — Pau,z,, — Pau),
j—00

n—00
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and z,; — w as j — 00. Since ||Tp41— 24| — 0 as n — oo, it follows that Zn; S W
as j — oo. Next, we will show that w € F(T'). Using (4.1.2) we obtain for all
1=0,1,2,...,n — 1 and for arbitrary y € C

I T5  un — Tpyll> = | Tp(Thun) — Tay|?
< 1Tht = Y1 + T Tt = T,y — To)
= 1T = Ty + oy =l + 1= (T — T3, — T
= | Thun — Tayll* + 1 Tsy — I + 2(Thun — Tpy, Tay — y)
+Tf—ﬂ(T5un — Tg  un, y — Tay) (4.1.6)

Summing (4.1.6) from ¢ = 0 to n — 1 and dividing by n we obtain
1 L
I T5un = Tayll® < ~lun = Toyll + | Toy — ylI* + 2(zn — Tpy, Toy — v)
2
—(Uy — Tgu,,y — T, 4.1.7
+n(1_ﬁ)(u gun Y — Tpy) (4.1.7)

Replacing n by n; in (4.1.7) we obtain

1 . 1
T un, = Toyl* < —llum; = Toyll* + 1 Tpy — ylI> + 2(zn, — Ty, Ty — )
j j

9 A
F——ua(Un, — T3 Upn,, y — T, 4.1.8
’Ilj(]. - ,6)< j el 3 Yy ﬁy) ( )
Since {u,} and {Tju,} are bounded, letting j — oo in (4.1.8) yields
0 < || Tpy — ylI” + 2(w — Ty, Tpy — y). (4.1.9)

Since y € C' was arbitrary, if we set y = w in (4.1.9) we obtain
0 < [[Tow —w|® - 2| Tpw - wl]?,

from which it follows that w € F(Tp) = F(T).
Since Py : H — 2 is the metric projection, we have

lim (u — Pou, Tn; — Pou) = (u — Pau,w — Pou) < 0.

j—o0

Hence we have limsup,, (v — Pou,z, — Pou) < 0. Using Lemma 2.2.44 (ii) and
(4.1.3) we have
|zns1 — Pﬂu“2 = |lonu + (1 — an)zn — Pﬂu”2

lanu — anPou+ (1 — )2z, — (1 — ay) Poul|?

llan(u = Pau) + (1 = a)(20 — Pou)|?

(1 = an)?l|2n — Poull® + 2an(u — Pau, Tny1 — Pou)

(1 = an)?||@n — Paull® + 20 {u — Pou, Zn41 — Pou)
(4.1.10)

IA A
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Since a;, — 0, Z —1 0y = 00 and limsup,, (v — Pou, Zn41 — Pou) < 0, it follows
from Lemma 2.7.15 that lim, e ||z, — Pqul| = 0.

0 < ||2n — Poul| < ||2n — Tag1ll + [|Zns1 — Paull = 0 as n — oo.

Hence lim,, o ||z, — Pau|| = 0.

Since ||z, — Pau|| — 0, we have ||z,4; — z,|| — 0.

In sequence, we show that ||z,, — u,|| — 0, as n — oco. For p € F(T)( EP(f), we
have

fun — p||2 = ||Trzn — Trnp”2
Sl T3y — Ty, D, Tn, — D)
= <Un — P, Tn — p)
i:
= 5llun = pI* + llz2 = PII* = llon — ual®) (4.1.11)

and hence [[un — p||* < ||z, — pl|* — ||Zn — un||*. Therefore, from the convexity of
| - |I? and (4.1.3), we have

lznt1 = pl* = llanu+ (1 = an)z. — pl?
< anllu—pl? + (1 = an)llz. — plI?
< an“u _p”2 i d = an)”un p“2
< onllu=p|? + (1 = an)(lza — plI* = [l2n — unll?)
< anflu=pl* + llzn = pl* = (1 = an)l|zn — un?
and hence

< anllu = pl* + llzn = pI* = |Z0s1 — pl®

< anllu = pl* + |lzns1 — Zall (|20 — 2l + 1041 — pll)
So, we have ||z, — u,|| — 0. This implies u,, = w as j — oo.

Finally, we prove that w € EP(f). By u, = T, z,, we have

(1 - an)|lzn — un”2

1
f(un,y) + T—(y — Up, U — Tp) > 0, Vy € C.

n

From (A2), we also have

1
T_(y = Un, Un — xn) 2> f(yaun), VyeC.
and hence
T
<y - un,’) '_-T—) 2> f(y7uﬂj)’ Vy eC.
Since —J—l — 0 and u,; — w, from (A4) we have 0 > f(y,w) for all y € C.
Fortw1th0<t< landy € C, let y, =ty + (1 — t)w. Since y € C and w € C,

we have y; € C and hence f(y;,w) < 0. So, from (A1) and (A4) we have
0 = f(yt’ yt)
< tf(ye,y)
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and hence 0 < f(y,y). From (A3), we have 0 < f(w,y) for all y € C and hence
w € EP(F). Therefore w € F(T)( EP(f).

a

If f(z,y) =0,V(z,y) € C x C, we have that u, = z, for all n € N. Hence
the following Corollary is directly obtained by Theorem 4.1.1 of M.O. Osilike and
F.O. Isiogugu [37]

Corollary 4.1.2. ([37], Theorem 3.2) Let C' be a nonempty closed convex subset of
of a real Hilbert space. Let f be a bifunction from C'x C' to R satisfying (A1)-(A4)
and let T': C' — C be a k-strictly pseudononspreading mapping with a nonempty
fixed point set and F(T) (Y EP(f) # 0. Let 8 € [k,1) and let T := BI+ (1—B)T.
Let {a,}22, € [0,1) and {r,}22, C (0, 00) satisfying the conditions:

oo
lim o, =0 and E Qy = 00.
n—00 1

n=

Let u € C and let {z,}72,, and {z,}52, be sequences in C' generated from an
arbitrary z; € C' by

{ $n+1 = pU + (1 - an)zn) n 2 1’ (4112)

- n—1 g
Zn S D ko 8Tn, 12> 1.

Then {z,}72; and {z, }52, converge strongly to Py p(s)t, Wwhere Priryn gp(y) :
H — F(T)EP(f) is the metric projection of H onto F(T') (" EP(f).

Remark 4.1.3. If T' is nonspreading, then T is 0-strictly pseudononspreading. By
putting B = 0, we obtain Ty = T. By Theorem 4.1.1, we obtain the result of
Kurokawa and Takahashi ([29], Theorem 4.1).

Example and numerical results
In this section, we give examples and numerical results for our main theorem.

Example 4.1.4. Let T : [—4,2] — [—4,2] be define by

s z, TE [_4a0)7
Lp= { -2z, z €[0,2].

Let H =R and C = [-4,2], and let f(z,y) = —92% + zy + 8y%. Find & € [—4,2]
such that

1
f(E,y)+ ;(y—i,fr— z) >0, Vy € [—4,2]

Solution. By Example 1 [37], we know that 7" is 1 —strictly pseudononspreading.
Observe that F(T) = [—4,0].



For r > 0 and = € [~4,2], by Lemma 2.5.2, there exists z € [~4,2] such that
for each y € [—4, 2]

f(z,y)+%(y—z,z—x) >0

1
@—9z2+yz+8y2+;(z—w)(y—z)20

@—9rz2+ryz+8ry2+zy—22—:L'y—l—:L'zZO
&8y’ + (rz+2z—x)y— (922 4+ 22 —22) > 0

Put G(y) = 8ry?+ (rz+z—xz)y— (9r22+ 2% —zz). Then G is a quadratic function
of y with coefficient a = 8r,b = 7z + z — z and ¢ = —(9r2% + 22 + z2z). We next
compute the discriminant A of G as follows:

A = b% - 4ac
= (rz+z — )% + 32r(9rz% 4 2% — z2)
= [(r+ 1)z — z]* + 32r(9r2% 4 2° — 12)
= 2% — 2(r + 1)zz + (r 4+ 1)22% + 288122 + 32r2% — 32rz2
= z? — 34rzz — 22z + 289222 4 34r2% + 2°
= 2% — 2(17rz + 2)z + (289r22% + 34r2% + 2?)
= [z — (17rz + 2))°

We know that G(y) > 0 for all y € [—4,2]. If it has most one solution in [—4, 2],
so A <0 and hence z = 17rz + z. Now we have z = T,z = #ﬁ
Since Tp := I + (1 — )T, we obtain

_J = T € [—4,0);
dpE= { (38 -2)z, z €02

Let {z,}52, be the sequence generated by z, = z € [—4, 2] and
n=1

f(un,y) + £y — tn, un — z,) > 0, ¥y €C,
Zn =150 Thuy, n > 1 (4.1.13)

T n

Tnt1 =+ (1 —an)zn, n > 1.

We next give two numerical results for algorithm (4.1.13).
Let ay, = 55 and 7,, = 325, Choose # = 2 and z; = u = 1. Then algorithm
(4.1.13) becomes

v (4.1.14)
2= YR T (7o) n2 1

T n

1 1
{$n+1=g@;+(1~5—05)2n, n=>1,
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n 1 Zn

1 1.000000 0.190476

2 0.206667 0.026463

3 0.036199 0.003462

4 0.010105 0.000760

5 0.005756 0.000353
110 0.000184 0.000001
111 0.000182 0.000000

Table 1:
Let a = g3~ and r, = i Choose 3 = 2 and z; = u = —1. Then algorithm

(4.1.13) becomes

- 1 1

In+1——m+(1—m)zmn217 4115
;,'—12:"“1:’”‘(——“*I ) n>1 (Lg5)
m T n Lasi=0 T B \ 17rp+1 ) = *

n Lo 2

1 -1.000000 -0.105263

2 -0.123158 -0.009986

3 -0.019886 -0.001446

4 -0.008103 -0.000555

D -0.005552 -0.000366

125 -0.000171 -0.000010

126 -0.000170 -0.000009

Table 2:

Conclusion. Table 1 and Table 2 show that the sequence {z,} and {z,} converge
to 0 which both solves the equilibrium problem of f and the fixed point problem
of T. On the other hand, using Lemma 2.5.2 (3) , we can check that F(T;) =

EP(f) = {0}.

4.2 Equilibrium Problems and Fixed Point Problems
for Nonspreading-type Mappings in Hilbert Space

We first prove a strong convergence theorem.

Theorem 4.2.1. Let C be a nonempty closed convex subset of of a real Hilbert
space. Let f be a bifunction from C x C to R satisfying (A1)-(A4) and let T :
C — C be a k-strictly pseudononspreading mapping with a nonempty fized point



set and F(T)(EP(f) # 0. Let B € [k,1) and let T := I + (1 — B)T. Let
{an}se, € [0,1) and {r,}32, C (0,00) satisfying the conditions:

o0
lim o, =0, E a, = oo and liminfr, > 0.
n—00 1 n—00

n=

Letu € C and let {z,}22,, {un}52, and {z,}52, be sequence in C generated from
an arbitrary x; € C by

Zy = 1 Z"_lo T3z, n 21

T n m=

f(tn, ) + 2y — ttn, 0 — 2,) 20, Yy €C, (4.2.1)

Tn
Tnt1 = apu+ (1 — ap)un, n > 1.

Then {x,}22,, {un}oz, and {z,}52, converge strongly to Pp¢rynep(r)u, where
Pearynees) : H — F(T)(EP(f) is the metric projection of H onto F(T) (| EP(f).

Proof. Let Tgx := Bz + (1 — f)Tz. It is clear that F(Ts) = F(T') and for all
z,y € C, we have
1Tpz — Tpyll> = (18(z —y)+ (1 - B)(Tz - Ty)|*
= fBllz - yI* + (1 - B)|Tz - Ty|* - 81 - B)llz = Tz - (y - Ty)Ii®
Blz —yl* - Q1 - B)llz - Tz — (y — Ty)|I”
+(1 = P)[llz — ylI* + kllz = Tz — (y = Ty)|I> + 2(z — Tz,y — Ty)]
Iz = yl* = B(1 = B)llz = Tz — (y — Ty)|I”
+k(1 = B)|lz = Tz — (y — Ty)|I* + 2(1 — B)(z — Tz,y — Ty)
= lle-ylI>- (1 - B)(B-klc—Tz - (y - Ty)|?
+2(1 — B){xz — Tx,y — Ty)
< llz =yl +2(1 - B)(z — Tz,y — Ty)

(x — Tpz,y — Tpy). (4.2.2)

IA

Il

= Jo -yl +

2
(1-0)
It follows from (4.1.2) that Tp is quasi-nonexpansive. Let p € F(T) () EP(f).
Then from u, = T, z,, 11we obtain

1 n—1
1= 3 T — ol
m=0

Il

llzn = pll

INA

n—1 n—1
S e ol € =S o pll = o=l (423)
m=0 m=0
Thus
lzns1 =Pl = llomu+ (1 = an)un —p|
”anu + (1 = an)Trnzn - p”
anllu = pll + (1 — a)||T7, 20 — pl|
anllu = pl| + (1 — an)l|za — pll
anllu = pl + (1 — aw)|lza — p||- (4.2.4)

Il

IAN IN IA



By (4.2.4) and induction, we can conclude that for all n € N

ll2n — pll < max{{lu —pl|, llz1 = pl[}-

This implies that {z,} and {z,} are bounded. Since || T3u, — p|| < ||u. — p|| and
lun = pll = | 77,20 — Pl < ll2a = pll < l|lzn — pl|, we have that {Tgu,} and {u.}
are also bounded.

Observe that since {u,} is bounded and lim,_, a;, = 0, we obtain

[Zas1 —uall = llanu + (1 — an)un — ua|
= apllu—uy|| >0 as n— oo. (4.2.5)

Put Q := F(T) EP(f). We may assume without loss of generality that there
exists a subsequence {zn,} of {z,} such that

lim sup(u — Pou, T, — Pou) = lim (u — Pou, z,; — Pau),

n—00 j—o00

and z,, = w as j — oo. Since ||Tny1 — unl| — 0 as n — oo, it follows that
U, — w as j — oo. Next we will show that w € F(T'). Using (4.2.2) we obtain
for all m =0,1,2,...,n — 1 and for arbitrary y € C

175 2 — Tayll* = 1 Tp(T5'za) — Tpyll®
2
< “T[T:I"n = y”2 + m‘(TénCCn = TgH.liL'my 3 Tﬂy)
2
= || T5zn — Toy+ Toy — ylI* + 1—_§<TZ"a:n — T, y — Tpy)
= ||T5'zn — Tpyll® + | Ty — ylI® + 2(T5'zn — Tpy, Tpy — y)
2
m m+1
+m<TB Ty — Tﬂ Tn,Y — Tﬁy) (426)

Summing (4.2.6) from m = 0 to n — 1 and dividing by n we obtain

1, . i
e L E Teyl* < e — Tayll® + 1 Tpy — ylI> + 2(2n — Tpy, Tpy — v)
2
t———xy — Thxn,y — Tpy). 4.2.7
T

Replacing n by n; in (4.2.7) we obtain

1 o 1
;;lng’xnj — Tyl < ;Hwn,» = Tpyll® + 1Ty — ylI*> + 2(zn; — Tpy, Tpy — v)
7 J

9 .
— {an, — T2,y — Tyy). 428
n]-(l—ﬂ)< ;= Tg'Tn;y — Tpy) (4.2.8)
Since {z,} and {Tjz,} are bounded, letting j — oo in (4.2.8) yields
0 < | Tpy — yll* + 2(w — Tpy, Tpy — y)- (4.2.9)

Since y € C was arbitrary, if we set y = w in (4.2.9) we obtain

0 < [ Tpw —w|f? - 2||Tpw — wl?,
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from which it follows that w € F(Tp) = F(T).
Since P, : H — €2 is the metric projection, we have

lim (u — Pou, Tn; — Pau) = (u — Pou,w — Pqu) < 0.

J—o0

Hence we have limsup,, . (u — Pou,z, — Pou) < 0. Using Lemma 2.2.44 (ii) and
(4.2.3) we have
[Zn+1 = Paull® = llamu + (1 = an)un — Poul?

llanu + (1 = an)Tr, 20 — Poul?

llonu — anPou+ (1 — o) Ty, 20 — (1 — ozn)PguH2

llowm (u — Pou) + (1 = 0)(Tr, 20 — Pou)||?

(1 = an)? || T+, 20 — Poul|® + 20m{u — Pou, Tny1 — Pou)

(1 — an)?||2n — Paul|® + 2an(u — Pou, Tny1 — Pou)

(1 — an)?||zn — Poul|* + 20 (u — Pau, Tny1 — Pou).
(4.2.10)

Since a, — 0, Y o | oy, = 0o and limsup,, (v — Pou, Tny1 — Pou) < 0, it follows
from Lemma 2.7.15 that lim, . ||z, — Poul| = 0.

Il

Il

IN IN A

0 < |lun — Paul| < ||un = Znt1]l + |Tn+1 — Paull — 0 as n — oo.

Hence lim,,_,o ||un — Paul|| = 0.
Since ||z, — Pou|| — 0, we have ||z,41 — zn|| — 0. In sequence, we show that
llzn — un|| — 0, as n — oo. For p € F(T)( EP(f), we have
lza = pI* = Tr.2n = Trpll?
(Trn20— T;,0, 20— D)
= (Un—D,2n — D)
1
5 (llun =PI + N1z = pI* = 120 — wal®) (4.2.11)
and hence [lun — plI* < [lza = plI* = |20 — unll*.
Therefore, from the convexity of || - ||* and (4.2.3), we have

IA

lZntr —plI* = llawu + (1 - an)un — pl?

llante + (1 = @) Ty, 20 — Dl

anllu —pl* + (1 — o) |5 20 — pl?

anlu— pl* + (1 = an)|lun — plf?

anllu—pl* + (1 = an) (|20 = PlI* = ll2n — uall®)
anlu = pl* + (1 — an)(lzn — plI* = ll2n — uall?)
apllu — p||2 + ||lzn — p”2 — (1 —an)llzn — un“2

IANIN IAN IN DA

and hence

(1-alzn —wl® < amllu=pl? + 20 = plI* = l|IZ0s1 — pl?

anllu = pl* + [#nt1 = zull(l2n = pll + lZnss = pl).

IA A



So, we have ||z, —u,|| — 0, and ||z, — Paul| < ||2n—un|| +||ttn— Poul|| = 0 as n —
0. Finally, we prove that w € EP(f). By u, = T}, 2, and u,; — w as j — oo,
we have i

f(unay) + T—<y — Un, Un — Zn> Z 01 Vy € C.

n

From (A2), we also have

1
T‘_<y — Unp, Up — Zn) > f(y;un), Vy = C:
and hence
Rah— %y
(y e unj) —> 2 f(y)unj)) vy € C

Since i'ﬁr——:hl — 0 and u,;, — w, from (A4) we have 0 > f(y,w) for all y € C. For

twith0<1t§1 and y € C, let y, =ty + (1 — t)w. Since y € C and w € C, we
have y, € C and hence f(y;,w) <0. So, from (A1) and (A4) we have

0 = flye,w)
< tf(yey) + (1= 1) f(ye,w)
< tf(yey)
and hence 0 < f(ye,y). From (A3), we have 0 < f(w,y) for all y € C and hence
w € EP(F). Therefore w € F(T) EP(f). O

If f(z,y) =0, V(z,y) € C x C, we have that u, = z, for all n € N. Hence the
following Corollary is directly obtained by Theorem 4.2.1

Corollary 4.2.2. ([37], Theorem 3.2) Let C' be a nonempty closed convex subset of
of a real Hilbert space. Let f be a bifunction from C x C' to R satisfying (A1)-(A4)
and let T': C' — C be a k-strictly pseudononspreading mapping with a nonempty
fixed point set and F'(T") () EP(f) # 0. Let 8 € [k, 1) and let T := I+ (1—-3)T.
Let {an}52, C [0,1) satisfying the conditions:

[e.o]

Ji_'rrc}oan =0, and Zan = 00
n=1

and let {z,}52, and {z,}5>, be sequences in C' generated from an arbitrary z; € C

by

Tnt1 T anﬂ"ij‘ (1 - an)zm n > 11 (4212)

Zn =72 015 Tn, n 21,

Then {z,}32, and {2,}32, converge strongly to Pr(ryn gp(syt, where Preryqgp(s) -

H — F(T)(EP(f) is the metric projection of H onto F(T)(EP(f).

Remark 4.2.3. If T' is nonspreading, then T is 0-strictly pseudononspreading. By
putting 3 =0, then Ty = T'. By Theorem 4.2.1, we obtain the result of Kurokawa
and Takahashi ([29], Theorem 4.1).



Example and numerical results
In this section, we give examples and numerical results for our main theorem.

Example 4.2.4. Let T : [-9,3] — [-9,3] be define by

o T, TE [—9,0),
Ts { —3z, z€[0,3)].

Let H =R and C = [-9,3], and let f(z,y) = y* + 2y — 222, Find & € [-9,3]
such that

1
f(@y)+~(y-2,8~2) 20, Vy€[-9,3]
Solution. To see that T is k—strictly pseudononspreading, if z,y € [—9,0), then
ITz — Ty = |z — y|* + klz — Tz — (y — Ty)I> + 2(z — Tz,y — Ty) Yk €[0,1),

since [Tz — Ty|? = |z — y|?, and k|z — Tz — (y — Ty)|? = 2(z — Tz,y — Ty) = 0.
For all z,y € [0, 3], we have [Tz —Ty|* = 9|z —y|?, |t —Tz—(y—Ty)|*> = 16|z —y|?
and 2(z — Tz,y — Ty) = 32zy > 0. Thus

(T~ Ty = 9z~ yf" = o~y + 5l — Tz~ (y ~ Ty)P
<o =y + o — T~ (y = Ty)P + 20— o,y — Ty).
Finally for all z € [-9,0),y € [0, 3] we have [Tz—Ty|* = |z+3y|* = 2°+6zy+9y?,
2(x — Tz,y — Ty) =0, and 3|z — Tz — (y — Ty)|* = 8y*. Hence
[z~ 4P+ oo = Tz — (y — Ty)P +2(z — Ta,y — T)

= g2 — 2zy + %°

= 2% 4 6zy + 9y* — 8zy

> z% + 6zy + 9y* (since — 8zy > 0)

= (z +3y)’ = |z + 3y|* = |Tz — Tyl*.
Hence, for all z,y € [—9, 3], we obtain

1
Tz - Ty|2 < |z —y|® + EII — Tz — (y—Ty)|? +2(z — Tz,y — Ty).

Thus T is }—strictly pseudononspreading, observe that F(T) = [-9,0]. We ob-
serve that if x =1, y =0,

Tz —Ty? =9z —y* =9>1= |z —y]* +2(z — Tz,y — Ty)

So T is not nonspreading. For r > 0 and z € [—9, 3], by Lemma 2.5.2, there exists
z € [-9, 3] such that for each y € [-9, 3]

f(w,y)+%<y—w,w—2) >0

1
®y2+zy—2x2+;(y—x)(x—z)20

ory+roy—2rel+ry—22 —yz+ 72> 0
el +(rz+x—2)y— (2ra* + 2 —z2) > 0.



Put G(y) = ry® + (rz +x — 2)y — (2rz® + 2° — zz). Then G is a quadratic function
of y with coefficient @ = 7,b = rz + z — z and ¢ = —(2rz? + 2 — zz). We next
compute the discriminant A of G as follows:

A = b% — 4ac
= (rz +x — 2)? + 4r(2rz® + 2% — z2)
=2 —2(rz + z)z + (rz + z)* + 8ra® + 4rz’® — drzz
= 2% — 2rzz — 2z2 + v + 2rz? + 2 + 8rlx? 4 4rx? — drzz
= 2° — 6rzz — 2x2 + 9r’z? 4 6r2® + 1?
=22 — 2(3rz + z) 4 (9% + 67 + 1)2?
= [z = (3r + 1)z)?

We know that G(y) > 0 for all y € [—9,3]. If it has most one solution in {9, 3],
so A < 0 and hence z = 3rz + x. Now we have z =T,z = 3%5.
Since T := BI + (1 — B)T, we obtain

ke z € [-9,0);
Gl y { (48— 3)z, z€(0,3)].

Let {,}°2, be the sequence generated by z; = = € [-9,3] and

2z, =131 P, N

~n m=0
ftn,y) + 2(y — tn,un — 2,) 20, Yy €C, (4.2.13)
Tnpicm ouPhill — R, el

We next give two numerical results for algorithm (4.2.13).

Let oy, = 20% and rp, = 5. Choose 3 = g and £; = u = 1. Then algorithm

(4.2.13) becomes

_ 1 1 n
{In+1—m+(1—m)(3ri+1>n21, (4.2.14)
i’ 2,
=% 0 15 Tny .2 1.

n Tin %

1 1.000000 1.000000
2 0.403000 0.268667
3 0.091832 0.044215
4 0.015249 0.005648
5 0.002909 0.000869
123 0.000041 0.000001
124 0.000041 0.000000

Table 1:



o8

Let o, = m and r,, = - Choose 8 = g and z; = u = —1. Then algorithm
(4.2.13) becomes

- 1 1 Zn
{ Tnt1 = ~g500 T (1= 2905) <3rn+1) n2l,

o (4.2.15)
Zong@ ) o 15 T n 2l

n mn zn

1 -1.00000 -1.00000
2 -0.40300 -0.40300
3 -0.13650 -0.13650
4 -0.04360 -0.04360
5 -0.01406 -0.01406
68 -0.00001 -0.00001
69 0.00000 0.00000

Table 2:

Conclusion. Table 1 and Table 2 show that the sequence {z,} and {z,} converge
to 0 which solves both the equilibrium problem of f and the fixed point problem
of T. On the other hand, using Lemma 2.5.2 (3) , we can check that F(T}) =
EP(f) = {0}.

4.3 Common Fixed Points for Two Nonspreading-type
Mappings in Hilbert Spaces

In this section, we prove strong convergence of the sequences {z,}, {w,} and
{zn} defined by using the idea of mean convergence, we introduce a new iterative
scheme for finding a common fixed point of two k-strictly pseudononspreading
mapping in Hilbert spaces. A strong convergence theorem of the proposed itera-
tion is obtained. Our main result can be appiled for finding a common fixed point
of two nonspreading mappings in Hilbert spaces.

Theorem 4.3.1. Let C be a nonempty closed convex subset of of a real Hilbert
space. LetT,S : C'— C be k-strictly pseudononspreading mappings with F(T) ( F(S) #
0. Let B € [k,1) and let Tg := I+ (1 — B)T and Sp := BI+ (1 —P)S. Letu e C

and let {z,}22,, {w,}22, and {z,}2°, be sequences in C' generated from an arbi-

trary z, € C' by

{ Tnp1 = Qi+ (1 — @) [Bnzn + (1 — Br)wy], n > 1, (4.3.1)

i) -1
W= Foren Skzn and z, =157 T3z, n > 1.

m=0
Let {an }o2 1, {Bn}i>, C [0,1) satisfying the conditions:
(2) limp o0 @0, o O, =50
(i%) limy oo B =0 and ) 7, Bn = o0
Then {z,}, {w,} and {z,} converge strongly to Prrynr(syu, where P is the
metric projection of H onto F(T) () F(S).
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Proof. Let Tgx := fz + (1 — B)Tz. It is clear that F(T) = F(T). For z,y € C,
we have

| Tpz — Tpyl|*

Il

18(z —y) + (1 = B)(Tz — Ty)||?

Bllz = ylI* + (1 = BTz — Ty|* - B(L - B)l|z — Tz — (y — Ty)|1?
Bl —yl* = B - B)llz = Tz — (y — Ty)|I?

+(1 = B)[llz = ylI* + klle = Tz — (y — Ty)|I* + 2(z — Tz, y — Ty)]
Iz =yl = (1= B)(B—k)llz — Tz — (y — Ty)|I?

+2(1— B){& — Tz,y — Ty)

< lz—yl* +2( - B){z - Tz,y — Ty)

0 fﬂ) (z — Tpz,y — Tpy). (4.3.2)
It follows from (4.3.2) that T} is quasi-nonexpansive. Similarly, Sy is also quasi-
nonexpansive. Let p € F(T) () F(S). We have

IA

= |lz—yl?+

n—1 n—1 n—1
1 1 1
lwn=pll = I " Shan—pll < 2 35520 ~pll < = 3 = pll = 1 5,
k=0 k=0 k=0
(4.3.3)
1 n—1 1 n—1 1 n—1
lzn —pll = |- ;,:()Té"wn -7l <~ :L:B 17520 —pll < ~ ,; Zn = pll| = llzn = plI-
(4.3.4)
Thus
|Zas1 — Pl llotau +1(1 = an)[Brzn + (1 — Bn)wn] — pl|

anllu = pll + (1 = an)[|Baza + (1 = Ba)wn — pl|

anflu = pll + (1 = an) [Ballza — pll + (1 = Bu)|wn — pl]
amlu = pll + (1 = o) [Ballza — pll + (1 = B,) |z — pl]
anllu = pll + (1 - an)llzn - pl. (4.3.5)
By (4.3.5) and induction, we can show that for all n € N

IANIA A

l[#n = pll < max{lu— pll, lle1 - pll}-

This implies that {z.}, {w.} and {2,} are bounded. Since ||S3z,, —pl| < ||z, —p||
and ||Tgz, — p|| < ||z — pl|, we have that {Sjz,} and {T}z,} are also bounded.
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Using (4.3.2) we obtain for all k =0,1,2,...,n — 1 and for arbitrary y € C,
IS5 20 = Spyll* = 11Sp(S5zn) — Spyll?

IA

2 m m
||SB"$n = yl|2 5 m(sa Tn — Sg 9 y — Spy)

m 2 m m
IS5~ Sy + S5 =4I+ T=5(SF2n = S5+ 120,y — Sp0)

1S5 €0 — Spyll® + 11Spy — ylI* + 2(Sg'xn — Spy, Spy — y)

2 - b,
+1 E- ﬂ<Sﬁ Tn — S5 i,y — Spy). (4.3.6)
Summing (4.3.6) from k =0 to n — 1 and dividing by n we obtain

1 1
;HSZ% - Sgy|I? < E”xn — Spyll® + 1Spy — ylI* + 2(wn — Spy, Spy — v)

2
+n(1—_ﬂ)($n — S5Tn, Y — Spy)- (4.3.7)

Replacing n by n; in (4.3.7) we obtain

Ly 2 1
1S5, = Sl S~ llm, — gyl + Sy — 9l + 2, — S, Say — )
j j
2 =
— =T, — 55 Tl — Sall)- 4.3.8
n](l Jr ﬁ)( B 5 s ) ( )
Since {z,} and {Sjz,} are bounded, letting j — oo in (4.3.8) yields
0 < [ISsy — yll* + 2(w — Spy, Spy — y)- (4.3.9)
Since y € C is arbitrary, if we set y = w in (4.3.9) we obtain
0 < [ISpw — w]|* — 2[|Spw — w]]?,
from which it follows that w € F(Sz) = F(S). By using the same arguments as

above, we also obtain w € F(Tp) = F(T). Observe that since {w,} and {z,} are
bounded and lim,_,., o, = 0 and lim,,_,, 8, = 0, we obtain

lanw + (1 — o) [Brzn + (1 — Br)wn] — wy||
| — wn || + (L8 o) ||Bnzn + (1'~ ﬁn)wn — Wl
an|lu — wn|l + (1 — an)Bullzn — wa]| = 0 as n — oo.

[Zn+1 — wall

IA

Next, we show that limsup,_,..(v — Prrynr(s)t, Zn — Prerynreu) < 0. Put
Q= F(T)( F(S). We may assume without loss of generality that there exists a
subsequence {z,,} of {z,} such that

lim sup(u — Pou, z,, — Pou) = lim (u — Pqu, Zny = Patt);

n—o0 j—o0

and z,; — w as j — oo for some w € C. Since ||Tp41 — wy| — 0 as n — oo, it
follows that w,;, — w as j — co. Since Py : H — § is the metric projection, we
have

lim (u — Pou, T, — Pou) = (u — Pou,w — Pqu) < 0.

j—oo



61

Hence we have limsup,, (v — Pau, 2, — Pqu) < 0. Using Lemma 2.2.44 (i1) and
(4.3.4) we have

|Znt1 — Pﬂu“2 = |lomu+(1- 0tn) [Bnzn + (1 — Br)wn) — PQuH2
[l (u — Pau) + (1 = ) [Bazn + (1 — Ba)wn — Paul|?

< #l= an)znﬁnzn + felms Bn)wn — PQ“||2
+2an(u — Pou, Tny1 — Pou)

< (1= an)llBalzn — Pat) + (1 — Bu) (wn — Pow)|?
+20n(u — Pau, Tnt1 — Pau)

< (e, [ﬁn”zn e Pﬂu”2 + (1 = Bo)llwn — Pnu||2]
420 (u — Pou, Tny1 — Pau)

<p ) [ﬂnnmn — Pﬂu“2 + (1= Bu)llzn — Pﬂu“2]
420 (u — Pou, Tnt1 — Pau)

< (1 - an)|lzn — Poull® + 20m(u — Pou, Tns1 — Pqu).

(4.3.10)

Since oy, — 0, Y oo | &y = 00 and lim sup,,_,oo (u— Pat, Tny1 — Pou) <0, it follows
from Lemma 2.7.15 that limy .0 ||Zn — Paul| = 0. By (4.3.3), we obtain

0 < ||wn — Paul|| < ||zn — Poul|| — 0 as n — oo.
That is limp—oeo ||[wn — Poul| = 0 and by (4.3.4), we have
0 < ||zn — Pau|l < ||zn — Paul| — 0 as n — oo.

Hence limyp o0 ||za — Poul| = 0. The proof is now complete.



