Chapter 3
Approximation Method for Finite and
Infinite Family of Nonexpansive Mappings

3.1 A New General Iterative Method for a Finite Fam-
ily of Nonexpansive Mappings in Hilbert Spaces

In this section, we prove a strong convergence theorem of a new general
iterative method by using the K— mapping for finding a common fixed point
of a finite family of nonexpansive mappings in the framework of Hilbert spaces.
A strong convergence theorem of the purposed iterative method is established
under some certain control conditions. Our results improve and extend the results
announced by many others.

Theorem 3.1.1. Let H be a Hilbert space, C a closed convex nonempty subset of
H. Let A be a strongly positive linear bounded operator with coefficient ¥ > 0 and
let f:C — C be a contraction. Let {T;}¥, be a finite family of nonezpansive
mappings of C into itself and let K, be defined by (1.1.16). Assume that 0 < vy < 7
and F = (L, F(T;) # 0. Let zo € C and given {on}iy and {Bn}>, are
sequences in (0,1) and suppose that the following conditions are satisfied:

(C1) a, —0;

(C2) 3 5p0m = oo;

(C3) 0 < liminf,—o By < limsup,,_,., fn < 1;

(C4) > i — Yn-14l <00, forall i=1,2,...,N and

{ i}, C [a,b], where 0 < a < b < 1;

(C5) 3%, lont — | < o0;

(06) Z;;“;l |ﬂn+1 = ﬂn' < 0.
If {zn}o2, is the composite process defined by

9 = x € C arbitrarily chosen ,
Yn = ﬂna;n ot (1 - /Bn)KnIn’ (311)
Tny1 = Polanyf(zn) + 81— anA)yn).

Then {z,}32, converges strongly to q € F, which also solves the following varia-
tional inequality:

(vf(q) —Agq,p—q) <0, VpeF.

Proof. First, we observe that {z,}2° is bounded. Indeed, take a point u € F
and notice that

”yn - u” < :Bn”:En X u“ e Bo)|| Knr — UH < llzn — ul|. (3'1'2)
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Since o, — 0, we may assume that a,, < ||A||~! for all n. By Lemma 2.7.12, we
have ||I — a, Al <1 -,y for all n.
It follows that

[Zn41 = ull = [|Pe(anyf(za) + (I — anA)ya) — Po(u)]
< ”an(’Yf(xn) i Au) = (I = anA)(yn - u)”
< an|[vf(zn) = Aull + (1 — an¥)[lyn — ul|
< anllvf(@n) = vf (@) + anllvf(u) — Aull + (1 — 0n)||yn — ul|
< ayaml|zn — ul| + anllvf(w) — Aull + (1 = an¥) |70 — ul|
= (1= (7 = va)am) |20 — ull + anllvf(u) — Aul|

= (1= (= vl — ] + (7 =y, 2L Ak
< max{ an — ul, hfta -2l (313)
By simple inductions, we have
oo =l < s { = LD,
Y -a

Therefore {z,} is bounded, so are {y,}, and {f(z,)}. Since K, is nonexpansive
and y, = Buzn + (1 — 3,) Knz,, we also have

”yn+l = yn“ < ”(/3n+1-7:_n+1 + (1 i ﬁn+l)Kn+1xn+l) = (ﬁnzn i (1 =" ﬁn)Knxn)”
= ||Bn+1Zn41 = Bnt1Zn + But1Tn — BuZy
+ (1 — Brs1)(Knt1Zn41 — Knya1n)
o (1 N Bn+1)(Kn+137n - K. %4)
+ (1 = Bnt1)KnZn — (1 = Br) KnZn||
< BrsillTnts = Znll + |Brs1 — Balllza||
+ (1 = Bot1) | Kn1Znt1 — Kn41Zn||
+ (1 = Bns1) | K120 — KnZn|| + |Bn — Brs1|l| Knnll
< Busil|Znt1 = Zall + |Bas1 — Balllzall + (1 = Bav)|[Tns1 — Tn|
+ (1 = Bust) | Kny1Zn — KnTn|| + (Bn — Br1 ||| Knzall
= || Zns1 — zn|l + 1Bnt1 = Bulllznl|
+ (1 — Brsa M En s 180 — Knzn||8, — B ||| Knn]|
(3.1.4)

By Lemma 2.6.4, we obtain

N
”Kn-rn—l — Kn—ll'n—lu S MZ |7n,j et ’Yn—l,jl, (315)

j=1

where M = sup{3_ ", (I1TUnj-1Zall + |Uns12all) + | Tinll + l2all}.
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By (3.1.4) and (3.1.5), we have

|Zns1 — Toll = || (PC(an’Yf(ivn) TH = anA)yn))
- (PC(an—l’Yf(l'n—l) + (I - an—lA)yn—l)) l
< “(I o anA)(yn - yn-—l) = (an == an-—l)Ayn—l
+ v (f(zn) = f(Tn-1)) + ¥(n — an_1) f(@n-1)]|
< (1= an)llyn = yn-all + lan — anos|[| Ay |
+yaon||zn — Tnall + vlan — ana|[| f(@n-1) |
< (1= an¥)llzn = Tn-all + 1Bn — Bu-tlllza-ll
+ |1 = Balll Knn-1 — Kn-1Zn_1]l + |Ba-1 — Ball| Kn-1Zn-1ll]
+ an — an-1|[|Ayn-1 || + yaan||z, — 2oy || + VNen = ana|ll f(zn1)]|
< (1 = an)zn — Tn-all 4 |Bn — Ba-ill|Zn-1ll
+ |1 = Bualll Knn-1 — Kn-1Zn-1ll + |Bn-1 — Balll Kn-1Zn-1]|
+ lan — an1| | Ayn-1 || + Yoo || Tn — zny ]| + V0en — ana||l f(@n-1)]|
< (1= (3 =va)an)|zn — Tnaall + L|Baz1 — B + M'|otn — Qn_1|

N
1= ﬂn|MZ | =211
J=1
where L = sup{||zn_1 ||+ [ Kn-12n-1l| : n € N}, M" = sup{|| Ayn_1 || + 7]l f (zn-1)]| :
n € N}. Since Y7 | |an, — an-1| < 00, Yoo | |Bn1 — Bn] < 00 and D et i

Yn-1,j] < 00, for all j =1,2,..., N, by Lemma 2.7.1, we obtain ||zn4; — Za|| — 0.
It follows that

“:L'n+1 = yn“ = ”PC(an'Yf(zn) i (1 T a"A)yn) F PC(yn)”
S ”an’Yf(mn) it ([ - O‘nA)yn = yn”
= anvf(zn) + Ayal.

Since ap, — 0 and {f(z,)}, {Ayn} are bounded, we have ||T,4; — ya|| — 0 as
n — o0o. Since

[z = yall < 120 = ot || + | Zns1 — wall,
it implies that ||z, — y,|| — 0 as n — oo.
On the other hand, we have
[ KnZn — Znll < |20 — ynll + llyn — Knzal| = 1z = yall + Ballzn — Kazal|,
which implies (1 — 3,)||KnZn — Zn|| < [|zn — yall-
From condition (C'3) and ||z, — y.|| — 0 as n — oo, we obtain
| Knzn — z,|| — O. (3.1.6)

By (C4), we have lim, oo Yn; = 7 € [a,b] for all i = 1,2,...,N. Let K be the
K —mapping generated by T1, ..., Ty and 7, ..., yn. Next, we show that

limsup(vf(q) — Ag,zn — q) <0, (3.1.7)

n—oo
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where g = lim,_,o z, with z; being the fixed point of the contraction z tyf(z)+
(I —tA)Kz. Thus, z, solves the fixed point equation z, = tf(z,) + (I —tA)Kz,.
By Lemma 2.7.13 and Lemma 2.6.3, we have g € F and (yf(q) — Aq,p — g) <0
for all p € F. It follows by (3.1.6) and Lemma 2.6.5 that || Kz, — Zn|| — 0. Thus,
we have ||z, — z,|| = (I — tA)(Kz, — z,,) + t(vf(z:) — Az,)||. It follows from
Lemma 2.2.44 (ii) that for 0 < ¢ < ||A]| Y,

(I = tA)(Kze — 2n) + t(vf(2:) — Az)||?

(1 = ’7”2“1{1;15 = -’En”2 o 2t<7f($t) 2 Axm Ty — xn)

(1 —7)*(| Kzs — Kz ||? + 2|| Kz — Kz,|||Kzn — ||

H Kz — z||%) + 26((vf (z) — Aze, T4 — T,,)

+(Az, — Az, ¢ — T,))

(1 =29t + (7)*)|lze — zall? + fa(2) (3.1.8)
+2t(vf(z:) — Az, T — Tp) + 26{Az, — ATy, 74 — T,,),

[l — $n||2

IA A

IA

where

o) = 2|z — zn|| + ||Tn = Kzo|)) ||z — Kz,|| — 0, asn —o00. (3.1.9)
It follows that

— 27t + ()2
(A —rf @)z~ < (L@ g2
1
+§£f"(t) + (Az, — Az, x4 — T5)
247t _
< (5 lle -zl
1
+£fn(t) T (Axt = Azn @rs wn)
1t
< (—'1 + —2-)<Al't - A.’II",IEt - .'En>
1
+2—tf"(t) + (Azy — Az, 3y — )
vt 1
S %(A-z‘t - Azn: Ty — xn) =t %fn(t)
t 1
< oMo+ 2—tfn(t), (3.1.10)

where My > 0 is a constant such that My > ¥(Az, — Az, z, —z,) for all t € (0,1)
and n > 1. Letting n — oo in (3.1.10) and (3.1.9), we get

t
lim sup(Az, — vf(z), 2 — z,) < iMo’ (3:1.11)

n—00

Taking ¢t — 0 in (3.1.11), we have
lim sup lim sup(Az, — v f(z), ze — z,) <0. (3.1.12)

t—0 n—00
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On the other hand, one has

(1f(@) — Ag,zn —q) = (vf(q) — Ag,zn — q) — (vf(q) — Aq, T — =)

+(2f(1) — Agsow= Tg) — (vf(q) — Azy, zn — Ty)
+(vf(q) — Az, 0 — z) — (vf(2:) — Az, T — T2)
v f(ze) — Az, 2 — ).

= (vf(9) — Aq,z — q) + (Az, — Aq, z, — T4
+vf(@) = vf(xe), T — 2e) + (Vf () — Az, 0 — 1)

< lvf(a@) — Adlillze — qll + (| Allllze = gll + vellze — gll)[|n — 2|
+(vf(z) — Azyy 2, — 1)

= |vf(@) — Agllllze — gll + (ANl + )|z — gllllzn — 2|
’*‘(’Yf(??t) — Az T xt)-

It follows that
limsup(vf(q) — Ag,zn —q) < ||7f(q) — Aqll||z: — q||

n—0o0

+([IAll + va)l|z: — gl lim sup ||z, — z||
n—o0
+limsup(yf(x:) — Azy, Tn — z4).

n—oo

Therefore, from (3.1.12)and lim,_ ||z; — ¢|| = 0, we have

limsup(vf(q) — Aq,zn —q) = lir? S(;lp(lim sup(vf(q) — Ag,z, — q))

n—00 =00

< limsup limsup(yf(z:) — Azy, T, — x4)
t—0 n—00
< 0.

Hence (3.1.7) holds. Finally, we prove z,, — ¢q. By using (3.1.2) and together with
Schwarz inequality, we have

|Zn41 = all* = | Po(anrf(@a) + (I — anA)ys) — Pe(g)]l?

< llowm (7S (2n) = Ag) + (I — anA)(yn — q)|I?

= [|( = anA)(yn — Q)| + 2|17 f (zn) — Aq|)?
Iz 20411((1 - anA)(yn 7 q)a 7f($n) = Aq>

< (1= an¥)?llyn — qlI* + 02|17 f (z0) — Aq|)?
+ 2an<yn = %'Yf(xn) i AQ> - 2a?1<A(yn = Q)) 'Yf(mn) = Aq)

< (1= an?)?l|zn — gl + Q2|7 f(zn) — Ag])?
+ 20 (yn — 4,7 (T0) — 7f(9)) + 20 (yn — 9,7f(q) — Aq)
— 202%(A(yn — @), 7f (zn) — Aqg)

< (1 - an'?)zllxn - ¢1||2 + aZ”'Vf(‘In) - AQ||2
+ 200 lyn — gllllvf (@n) = vF (@I + 200 (yn — 4,7 (q) — Ag)
— 202%(A(yn — 9), 7/ (zn) — Aq)
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< (1= an¥)?l|lzn — qlI® + A2llvf(za) — Ag|?
+ 2yaan||y. — qllllzn — gl + 20m(yn — ¢,7f(q) — Ag)
— 202 (A(yn — q),7f (xn) — Aq)
< (1= an¥)?llzn — qlI* + a2|lvf (zn) — Aq|)?
+ 2yaay||zn — qll* + 2aa ya — q,7f(q) — Aq)
— 202 (A(yn — 9),7f (z0) — Ag)
= ((1 = CYn:)’)2 5= 2'7aan) l|zn — Q||2 + 20‘n<yn i) — Aqg)
+anllv S (z) — Agll® + 202 A(yn — Q)7 (zn) — Aql|
= (1 = 2(7 = ya)an)|lzn — ql* + an(2(yn — q,7f(q) — Aq)
+ an(|[vf (zn) — Aqll* + 2|| A(yn — @)V f(zn) — Aq]|
+7|lza — ali*))

Since {zn}, {f(zn)} and {y,} are bounded, we can take a constant > 0 such
that

1> |17 (zn) — Agll® + 2| A(yn — @)V f(2n) — Adgl| + 72||2n — q]|®
for all n > 0. It then follows that
[Zn41 =gl < (1 - 2(¥ — @) an) [|2n — qll* + 0B (3.1.13)
where S, = 2(yn — ¢, 7f(q) — Ag) +nan. By limsup,,_..((vf —A)q,yn—gq) <0, we

get limsup,,_,, B, < 0. By applying Lemma 2.7.15 to (3.1.13), we can conclude
that z, — ¢. This completes the proof. a

If A=1 and v =1 in Theorem 3.1.1, we obtain the following result.

Corollary 3.1.2. Let H be a Hilbert space, C a closed conver nonempty subset
of H, and let f : C — C be a contraction. Let {T;}Y., be a finite family of
nonezpansiwe mappings of C into itself and let K,, be defined by (1.1.16). Assume
that F = OX, F(T}) # 0. Let 20 € C and given 10,12, and {8,}>, are
sequences in (0,1) and suppose that the following conditions are satisfied:

(C1) a, —0;

(C2) > 5o = oo;
(C3) 0 < liminf, e fBn < limsup,_, B, < 1;
(C4) >0, Imi— Yn-1,i] <00, forall i=1,2,...,N and

{1}, Cla,b), where 0 <a<b<1;

(C5) 32, Jons — anl < o

(C6) > _ii|Bn+1 — Bal < 0.
If {zn}52, is the composite process defined by

Yn = ,Bnl‘n + (1 = /Bn)Knmn
Tnt1 = nf(Zn) + (1 = on)yn,

then {x,}22, converges strongly to q € F, which also solves the following varia-
tronal inequality:

(f—I)g,p—q) <0, VpeF.
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IfN=1, A=1,v=1and f(zr) = ufor all z € C in Theorem 3.1.1, we get
the results of Kim and Xu [25]

Corollary 3.1.3. Let H be a Hilbert space, C' a closed conver nonempty subset of
H, and let f : C — C be a contraction. Let T be a nonezpansive mapping of C
into atself. F(T) # 0. Let xo € C and given {a,}2, and {B,}2, are sequences
in (0,1) and suppose that the following conditions are satisfied:

(C1) a, — 0;

(C2) 3 oloan =00;

(C3) 0<liminf, e Bn < limsup,,_,., O, < 1;
(C4) Z:ozl |om+1 — | < 005

(C5) Y oni |Bns1 — Bal < 00.
If {zn}52, is the composite process defined by

Yn = ﬁnxn i (1 = ,Bn)T-'En
Tntl = QU+ ([ = an)ym

then {z,}52, converges strongly to q € F, which also solves the following varia-
tional inequality:

(u—q,p—q) <0, Vpe F.

3.2 Strong Convergence Theorems for a Countable Fam-
ily of Nonexpansive Mappings in Banach Spaces

Throughout this section, we assume that C' is a nonempty closed convex
subset of a uniformly smooth Banach space E, f is a contraction mapping of
C onto itself with coefficient @ € (0,1) and {7, } is a sequence of nonexpansive
mappings of C' into itself with F' := (>2, F/(T,,) # 0. To obtain our main result,
we need the following lemmas.

Lemma 3.2.1. Suppose that {c,,} is a sequence in (0,1) and {B,} is a sequence in
[0,1) and let {z,} be the iteration sequence defined by

Tnt1 = anf(xn) + ﬁnmn St (1 — Op — ﬁn)Tnxn) n Z 17 (321)

where {T,,} is a sequence of nonexpansive mappings of C into itself with F :=
Mooy F(T,,) # 0. Then {x,} is bounded.
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Proof. Let p € F. By the definition of x,,, we have

|Znt1 = pll = llonf(zn) + Batn + (1 — an — Bn)TnZn — pl|
= llomf(2n) + Bazin + (1 = an — Ba)TnTn — P + anp — Bup + Bap — |
= ”an(f(xn) = p) + ﬂn(wn - p) 3l (1 — Op — :Bn)Tnxn o (1 — Qp — ﬂn)p“
< an||f(zn) = pll + Ballzn — pll + (1 = n — Ba) || Trnza — 2|
< an(lf(2a) = F@ + 1/ (p) = plI) + Bullzn — pl|
+ (1= an = Bu)(ITozn — Topll + |1 Top - pll)
< an(||f(zn) = F@I + 1/ (P) — pl) + (1 — aw)llzn — |
+ (1 = an — Ga)||Top - pl|
< (1= an)llzn = pll + anellzn — pll + anll f(p) — pll
= ((1 = o) = awa)llzn — pll + aull f(p) — Pl
=1 -1 - a)an)|lzn — pll + axll f(p) — pll

- {uxn ol /) - pu} | (3:2.2)

By simple inductions, we have

i
o ol < masc{ o1 = pl, T 150) =9} 2 1

and hence {z,} is bounded. O

Lemma 3.2.2. Let {f,} and {ay} be sequences in [0,1] such that > | oy, = 00,
Yove  |Bas1 = Bul < 00 and 307 |an1 — an| < 0o If {T,} satisfies the AKTT-
condition, then lim, . ||Zny1 — 2n|| = 0 where {x,} is the sequence generated by

(3.2.1).

Proof. By Lemma 3.2.1, {z,} is bounded. It follows that {f(z,) — T,z,} and
{zn — f(zn)} are bounded. Let M = sup{||f(zn) — Tnzal, |zn — f(zn)|| : n € N}.
From the definition of {z,}, we have

IZn+2 = Tnt1ll = lans1f(@ns1) + Bot1Znsr + (1 — g1 — Brg1) Tns1Zns

— o f(2n) — RN (1 = Ballinz

= ”an+1f($n+1) &l ﬁn+1$n+1 r (1 — Qny1 — /Bn+1)Tn+lzn+1
= (1 = gl Ty Tl — v, iR 1 ) it
— an1f(Ta)s@at f(7.) = Batiin + Gaiath,
- anf(xn) - ﬁnmn - (1 — Qp — ﬂn)TnIn”

= |(1 = an+1 = Bn+1) (Tn1Zn41 — Tnt1Zn) + g1 (f(Tns1) — f(z0))
+ Bos1(Znat — Zn) + (041 — 0n) f(Ta) - (Bni1 = Fa) 2y
+ (1 8 an1 Tine1 IR — (89001 — B340 0Ty
+ (1 = ant1 = Bnt1)Tnzn — (1 — an — Bn) Tz,
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= }(1 — a1 = Bn+1)(Tns1Zns1 — Tntrzn)
+ ont1(f (Znt1) = F(2a)) + Bas1 (Tns1 — Zn)
+ (@nt1 — 00 ) f(Zn) + (Bt — Br)Tn — (041 — an)ThTy
— (Bas1 = Bn)T0zn + (1 — a1 — Bnt1) Tni1Zn — Tozn)||
< (15001 Brt1)||Tnt1 — T + Q41 ||Try1 — Tn|
+ Brtil|lZns1 — zall + lanss — onl|| f(zn) — Toza||
+ |Bnt1 = Balllza — f(zn)|l
+ (= o =B, ) || Tl Ry |
< (1 = O‘n+1(1 _j a))“:En-k-l ] xn“
i (|an+1 B anl .3 |ﬁn+1 . ﬂnl)M €2 ”Tn+lzn o Tnxn”
(32.3)

for each n € N. Putting 8, = (|ans1 — an| + |Bas1 — Bul)M + | Tns120 — Tnza||,
we have

Z‘Sn = Z((lanﬂ =h-R 0, e Bnl)M + ”Tn+1xn = Tnxn”)
n=1 =1

< MZ(lan+l - an' T Iﬂn+1 i /Bnl)
n=1

o0
+ Zsup{l]TnHz =z : z € {&a}} < 0.

n=1
(3.2.4)
It follows by Lemma 2.7.1 that lim, . ||Zny1 — T.|| = 0. O

Theorem 3.2.3. Let E be a uniformly smooth Banach space and C' a nonempty
closed convex subset of E. Let {T,} be a sequence of nonexpansive mappings of C
into itself such that (o, F(T,) is nonempty and let f : C — C be a contraction
with coefficient o € (0,1). Let {x,} be the iteration sequence defined by (3.2.1).
Suppose that {T,,} satisfies the AKTT-condition. Let T be a mapping of C into
iself defined by Tz = lim T,z for all z € C and suppose that F(T) = (o2, F(Ty,).
If the following conditions are satisfied:

(Cl) limpcoBn =0, Y ey On =00 @nd Y 25 |Bass — Br] < 00;

(C2) Y pan =00 and lim, _ua, =0,
then {x,} converges strongly to a common fized point of {T,}.
Proof. By Lemma 3.2.1, we have {z,} is bounded which leads to the boundedness
of the set {f(z,)}, {Tnzn}. Next, we show that ||Tz, — z,|| — 0 as n — oo.
By Lemma 3.2.2 and 2.7.7, we have limy, |21 — 2|l = 0 and lim, . sup {||Tz —
Tnz|| : z € {z,}} = 0. Moreover, we note that
lzn — Tazall < |Zn — Tntall + | Zas1 — Toz.||
“"L‘n = Z'n+1” + ”anf(l'n) W ﬁnzn o (]- - Qn — ﬂn)Tnzn - Tnxn”
< |lza — ol + anll f(zn) = Tozall + Bullzn — Tnzall,
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which implies

1
”‘Tﬂ - Tnmn” S fF—

||f (%n) — Tnzal|- (3.2.5)

b

Since lim,,_,o0 @, = 0, by Lemma 3.2.2, we obtam

|Tnzn — zu]| — 0 as n — oo.

Therefore, we have

| Page o5 || S|P —=TazZnl| + |Tnzn — 2|
<sup{||ITz — Tnz| : 2 € {za}} + | TuTn — Zn]| = 0 as n — oo.

By Lemma 2.7.9, there exists p € F' such that

limsup(f(p) — p,j(zn — p)) < 0. (3.2.6)

n—oo

Finally, we show that z,, — p. From Lemma 2.7.2(b) and (3.2.1), we have

|zns1 — P“2 = |lanf(zn) + Ban + (1 — an — Bn)TZn — pH2
= [|(1 — o — Bn)(TnZn — p) + Bu(zn — p) + on(f(za) — )“2
<X = an — Ba)(Tnn — p) + Balzn — p)||2
+ 20m(f(zn) = P, §(Tn41 — P))
< [(1 = an = Ba) [Tz — pll + Bullzn — o]’
+ 20 (f(zn) — P, 5 (Tn+1 — P))
< [(1 = aw = B) (1T — Topll + 1 Top = pI) + Bullen = o)’
+ 2an(f(xn) = paj(-rn+1 - p))
< [(1 = an = Bu)llza — pll + Bullen — pl]’
+ 20tn<f(517n) - p,j($n+l '—p)>
=(1- an)2||l‘n p||2 + 20w (f(zn) — P, 5(Tn+1 — P))
= (1= n)’||zn — Pl + 20 (f(20) = f(D), 5(Zns1 — P)
+ 20m(f(p) — P, J(Tn4+1 — D))
= A= Ofn)2||$n ] p”2 + 2anal|zn = pll[|Znt1 — pll
+ 2an(f(p) — P, J(Tn41 — D))
=~ an) “-'L'n - p||2 + ono{||Zn — Pl + | Zns1 — p”2}
+ 200 (f(p) — P, j(Tn+1 — D)), (3.2.7)

which implies

oo ol 4 220 1(3)p, i ). (328)

[Zn1—pll* <
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By condition (C2), without loss of generality we may assume that a;,, < min{z(l—LJ, —;—a
for all n € N. Then 1 — apa > 3, and 2(1 — @), < 1 for all n € N. By (3.2.8),
we have

1 - 20, + ano a?
A2 e ol n L — |2
|#ns1 = plI* < L il |z P||+1_ana||$ pll
200, :
t T aa @) = 2.3 (@nis —p))
20,(1 — «
<1= 2020, e
— apo

+ 20n{aml|lzn — plI* + 2(f () — P, j (Tns1 — P))}
< (1-201 - a)an)||za — p|I?
+ 2an{anM; + 2(f(p) — p, j(Tns1 — p))}
(3.2.9)

where M; > 0 is constant such that sup,,5q ||z —p|| < M;. Take v, = 2(1 — a)ay,

on = 20 {an My + 2(f(p) — p, j(Tns+1 — p))}. It is easily seen that Y oo yn = oo.
By (C2) and (3.2.6), we have

(@M +2(/(B) ~ P, 5 (@n1 — D) <O

lim sup d,, /7y, = limsup
n—oo n—00

It follows by (3.2.9) and Lemma 2.7.1 that lim,_,., ||z, — p|| = 0. Consequently,

we have {x,} converges strongly to a common fixed point p € (oo, F(T3,), which
completes the proof. O

Let W, be the W-mapping of C' into itself generated by T, T,_1,...,T} and
Qp, 1, ..., a1, where {T,,} is a sequence of nonexpansive mappings of C into
itself and {a,,} C [0,b] for some 0 < b < 1. It show in Remark 3.1 of [39] that

{W,} satisfies AKTT — condition. So, the following result is directly obtained by
Theorem 3.2.3.

Corollary 3.2.4. Let C be a nonempty closed conver subset of a real strictly convex
and reflexive Banach space E which has a uniformly Gateauz differentiable norm.
Let {T,}22, be a sequence of nonexpansive mappings from C into itself such that
the common fized point set F := (>, F(T,) # 0 and f : C — C be a contractive
mapping with a contractive constant a € (0,1). For any give zy € C, let {z,} be
the iteration sequence defined by

Tnt1 = anf(mn) + BaZn + (1 — Qn — ,Bn)Wn-'Em n 21, (3210)

where {an} is a sequence in (0,1) and {B,} is a sequence in [0,1). Suppose the
following conditions are satisfied:

(Cl) lirnn—»oo ,Bn = 0; Z:ozl ﬂn =00 and Ef:l |ﬁn+1 - ﬂn' < 00y

(C2) Y oL tm= oo and lim,Sor, =1
Then the sequence {z,} defined by (3.2.10) converges strongly to some common
fized point p € F.
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Theorem 3.2.5. Let E be a reflezive and strictly conver Banach space with a
uniformly Gateauz differentiable norm and C be a nonezpty closed convez subset of
E. Let {T,}32., be a countable family of nonexzpansive mappings from C' into itself
such that the common fized point set F := (2>, F(T,) # 0, and let f : C — C
be a contractive mapping with a contractive constant o € (0,1). For any give
zo € C, let {z,} be the iteration sequence defined by (3.2.1), where {an} and {B,}

are sequences in [0, 1). Suppose that {T,} satisfies condition (B) and the following
conditions are satisfied:

(Cl) hmn—wo Ay = 0 and Zzoz(] Q= 00;
(C2) lim,_o0 B = 0.
Then {z,} converges strongly to a common fized point {T,,}.

Proof. By Lemma 3.2.1, we obtain that {z,} is bounded, and so are the sequences
{f(zn)} and {T,(z,)}. Let A be a bounded subset of C containing {z,}. By
condition (B), there exists a nonexpansive mappings 7" of C into itself such that
limy, o sup,ey [|7(Tnz) — Toz|| = 0 and F(T) = F. By (3.2.1), we have
|Zn41 — TZp|| < [|Tng1 — Tzl + | Tnzs — T(Thza) |l + |1T(Tzr) — Tzn||
< 2||znt1 — Toxa|| + sug T (Thz) — Tox||
ze

= 2”a’nf(xn) i ,ann 1 (1 — Qp — ﬂn)TnIn - Tnxn”
+ sug |T(T,z) — Tox||
z€
= 2“0{n(f(l‘n) - Tnzn) i ,Bn(Tnxn T .'IIn)” e 31613 HT(Tn.’E) — TnCEH

< 20| f(@n) — Tnzal| + 26, || Tazrn — zn|| + sug T (Thz) — Toz||.
z€
By condition (B), (C1) and (C2), we obtain
lim ||z, — T'z,|| = 0.
n—oo
By Lemma 2.7.9, there exists p € F(T') = F such that

limsup(f(p) — p, j(z, — p) < 0. (3:2.11)
By using the same arguments and techniques as those of Theorem 3.2.3, we can
show that {z,} converges strongly to a point p € F. This completes the proof. O

If B, = 0 and f is a constant in Theorem 3.2.5, we get the results of Song and
Zheng [48].

Corollary 3.2.6. Let E be a reflerive and strictly conver Banach space with a
uniformly Gateauz differentiable norm and K be a nonempty closed conver subset
of E. Suppose that {T,}22 | is a countable family of nonezxpansive mappings from
K into itself such that the common fized point set F := Moey F(T) # 0 and
the condition (B). Assume that {z,} is a Halpern type iteration defined by for
T,u € K,

Tnt1 = A+ (1 — ap) Tz, n>1, (3.2.12)
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where {an} is a sequence in [0,1). Suppose the following conditions are satisfied:
(C1) limy ooy = 0;
(C2) 3 iy an =oo.

Then {z,} converges strongly to some common fized point pEF.

The following result is obtained directly by Theorem 3.2.5 and Example 2.7.6

Theorem 3.2.7. Let E be a reflexive and strictly conver Banach space with a
uniformly Gateauz differentiable norm. Suppose that A : D(A) C E — 2% is an
accretwe operator with A='0 # () and K is a nonempty closed convex subset of
E such that D(A) ¢ K C (Vrso BRI + 7A). Let {J,.}22, be a countable family
of nonezpansive mappings from C into utself such that the common fized point
set F':= (o, F(J,,) # 0, and let f : C — C be a contractive mapping with a
contractive constant oo € (0,1). Assume that {z,} is a sequence defined by for
z; € K,

Tpt1 = anf(xn) + ,ann + (1 — Op — ﬁn)Jrnxn, n > 1’

where {an} and {3} are sequences in [0,1] satisfying (C1) and (C2) of Theorem
2.2.5. If 0 € R(A) and {r,} is a sequence of positive real number such that
limp 0o 7 = +o00, then {z,} converges strongly to a pommt p € (oo, F(J,,) =
A710.



