Chapter 2
Basic Concepts and Preliminaries

Our purpose in this section is to study in a manner the main elementary
facts about metric space. A metric space is nothing more than a nonempty set
equipped with a concept of distance which is suitable for the treatment of conver-
gence sequences in the set and continuous function defined on the set.

2.1 Metric Spaces and Basic Concept

Definition 2.1.1. ([28]) A metric space is a pair (X, d), where X is a set and d is
a metric on X (or distance function on X ),that is, a real valued function defined
on X x X such that for all z,y, 2 € X we have:

(1) d(z,y) >0

(2) d(z,y) =0 if and only if z = y

(3) d(z,y) = d(y,x) (symmetry)

(4) d(z,y) < d(z,2) + d(z,y) (triangle inequality).

A metric space consist of two object; a nonempty set X and a metric d on
X. The element of X are called the point of the metric (X,d)

Remark. In a metric space X, we have, for z,y,z € X,
ld(z,y) — d(z,2)| < d(y, 2).
Example 2.1.2. ([5])

(1) X =R; d(z,y) = |z — y|, Vz,y € R, where |.| denotes the absolute value, is
a metric (a distance) on R;

2) X =R d(z,y) = [0 (zi — 1:)YY2, for all z = T1, T2, ..., Tp), Y =
i=1
(¥1,92,---,ya) € R, is a metric on R™, called the euclidean metric. The
next two mappings:

n
8(z,y) =) lwi—ul, z,yeR,
=1
p(fE,y) = 1I21a<)$1 'xi T yila T,y € Rn)

are also metrics on R
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(3) Let X = {f : [a,b] — R| f is continuous}. We define d : X x X — R* by
d(f,9) = max |f(z) — g(z)|, forall f,g € X.

z€[a,b)

Then d is a metric on X (called the Chebyshev metric); the metric space
(X,d) is usually denoted by C(a, b);

(4) Let X be as (3) and 6 : X x X — R* be given by
0(f,9) = max (|f(z) — g(z)[e Hl),

z€(a,b)

for all f,g € X where 7 > 0 is a constant and 7o € [a,b] is fixed. Then §
is a metric on X, called the Bielecki metric, and the metric space (X,0) is
usually denoted by Bla, b].

Definition 2.1.3. ([5]) Let (X, d) be a metric space. The topology having as basis
the family of all open balls, B(z,r), z € X, r > 0, is called the topology induced
by the metric d

Definition 2.1.4. ([5]) Two metrics d; and d, defined on the set X are called
equivalent if they induce the same topology on X.

Remark 2.1.5. ([5])

(1) Two metrics d; and d; are metrically equivalent if there exist two constants
m > 0, M > 0 such that

mdy(z,y) < dy(z,y) < Mdy(z,y), forall z,y € X;

(2) In Example 2.1.2, the metrics d, § and p from (2) are equivalent; the metrics
d from (3) and p from (4) are equivalent as well.

Definition 2.1.6. ([28]) A sequence {z,} in a metric space X — (X,d) is said to
be convergent if there is an = € X such that

lim d(Z,,x) =0
z is called the limit of {z,} and we write

lim z, =z or, simple, z, — z
n—oo

we say that {z.} converges to z. If {z,} is not convergent, it is said to be
divergent.

For any sequence {z,} in X, we can consider a subsequence Vi =
{Zny) Tngs Tngy ...} Of {zn}, where ny < np < ng < ...
Remark. If z,, — z, then z is the limit of any subsequence {Zn, JOf {05}

Definition 2.1.7. ([28])Let X be a metric space with the metric d. A subset C of
X is called a closed set if {z,} C C and z,, — z imply z € C.
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Theorem 2.1.8. ([54]) (The fundamental properties of closed sets) Let X be a
metric space. Then the following hold:
(1) X and @ are closed sets;

(2) any intersection of closed sets in X is closed, that is,

F, (n € M) are closed = ﬂ F, is closed;
neM

(3) any finite union of closed sets in X is closed, that is,
F; (i=1,2,...,m) are closed = UF’ is closed;
i=1

Theorem 2.1.9. ([34]) Let {2} be a sequence in R. If every subsequence {z,, }
of {z,} has a convergent subsequence, then {z,} is convergent.

Definition 2.1.10. ([55]) Let X and Y be metric spaces and let f be a mapping of
X into Y. Then f is said to be continuous at zo in X if

Tn — o = f(zn) — f("EO)

A mapping f of X into Y is said to be continuous if it is continuous at each z in

X, that is

Theorem 2.1.11. ([55])Let X and Y be metric spaces and let f be a mapping of

X into Y. Then for 2y € X, f continuous at zy if and only if, for any € > 0 there
exist 6 > 0 such that

d(z,20) <6 = d(f(z), f(z0)) < €.

Theorem 2.1.12. ([55])Let X and Y be metric spaces and let f be a mapping of
X into Y. Then f is uniformly continuous on X if and only if, for any € > 0 there
exist 6 > 0 such that for z,y € X,

d(z,y) <6 =d(f(z), f(y)) <e.

Definition 2.1.13. ([28])A sequence (z,) in a metric space X = (X, d) is said to
be Cauchy if for every € > 0 there is an N(e) € N such that d(z,,z,) < € for
every m,n > N(g).

Theorem 2.1.14. ([28]) Every convergent sequence in a metric space is a Cauchy
sequence.

Theorem 2.1.15. ([28]) Let X be a metric space and let {z,,} be a Cauchy sequence
of X. If {z,,} contain its convergent subsequence, then {z,} is convergent.
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Definition 2.1.16. ([28]) A metric space (X,d) is said to be complete if every
Cauchy sequence in X converges.
Remark. The real line is a complete metric space.

Theorem 2.1.17. ([55]) Let X be a complete metric space and let Y be a subspace
of X. Then

Y is complete < Y is closed.

Theorem 2.1.18. ([34]) Let {z,} be a sequence in R. If every subsequence {zn}
of {z,} has a convergent subsequence converging to the same limit, then {z,} is
convergent.

Definition 2.1.19. ([34]) Let X be a metric space and A be any nonempty subset
of X. For each z in X, the distance d(z, A) from z to A is inf{d(z,y)| y € A}.

Definition 2.1.20. ([55]) Let X and Y be metric spaces and let f be a mapping of
X into Y. Then f is called a contraction or a contractive mapping if there exist
a real number 7 with 0 < r < 1 such that

d(f(z), f(y) < rd(z,y), for all 7,y € X.

Definition 2.1.21. ([3]) Let X,d be a metric space. A mapping T : X — X is
called

e Lipschitzian (or L-Lipschitzian) if there exists L > 0 such that

d(Tz,Ty) < Ld(z,y),for all z,y € X;

e (strict) contraction (or a-contraction) if T is a-Lipschitzian, with a € (0,1);
e nonexpansive if T" is 1-Lipschitzian;
e contractive if d(T'z, Ty) < d(z,y), for all 7,y € X, z # y;
e isometry if d(T'z, Ty) = d(z,y), for all z,y € X.
Example 2.1.22. ([5])
(1) T:R—>RT(z) =z/2+3, € R, is a strict contraction and F(T) = {6};

(2) The function T : [1/2,2] — [1/2,2], Tz = 1/z, is 4-Lipschitzian with
F(T) = 1, while the function T' in Example 1.1.1, (3)-(4) are all isomet-
rics;

(3) T:[1,400] — [1,+00], Tz = z + 1 is contractive and F(T) = @.
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2.2 Banach Spaces and Hilbert spaces

Our purpose in this section is to study definitions and fundamental theorems
relating to Banach spaces and Hilbert spaces.

Definition 2.2.1. ([55]) Let X be a nonempty set, and assume that each pair of

elements z and y in X can be combined by a process called addition to yield and

element z in X de noted by z = z+y. Assume also that this operation of addition

satisfies the following conditions (V1)-(V4):

V) (z+y)+z=z+ (y+2);

(V2) z+y=y+u;

(V3) there exist a unique element in X, denoted by 0 and called the zero element,
or the origin, such that x + 0 = z for all z € X

(V4) to each z € X there corresponds a unique element in X, denoted by —z
and called the negative of z, such that =z + (—z) = 0.

We also assume that each scalar o € R and each z in X can be combined by a
process called scalar multiplication to yield an element y in X denoted by y = ax
satisfies (V5)-(V8):

(V5) a(fz) = (apf)z;
(V6) R £ 2

(V7) (a + B)z = az + Bz;
(V8) a(z +y) = az + ay.

The algebraic system X defined by these operations and axioms is called a
linear space. A linear space is often called a wvector space, and its elements are
spoken of as vectors.

Remark. Since we admit the real numbers as scalars, a linear space is also called
a real linear space.

Definition 2.2.2. ([34]) Let X be a linear space (or vector space). A norm on X
is a real-valued function || - || on X such that the following conditions are satisfied
by all members z and y of X and each scalar a:

(1) |lz|l >0 and |[z|| =0 if and only if z =0,
(2) lloxll = |afll=]l,
(3) llz +yll < llzll + llyll (triangle inequality)

The ordered pair (X, || - ||) is called a normed space or normed vector space or
normed linear space.

Definition 2.2.3. ([34]) Let X be normed space. The metric induced by the norm
of X is the metric d on X defined by the formula d(z,y) = ||z —y| for all z,y € X.
The norm topology of X is the topology obtained from this metric.

Definition 2.2.4. ([28]) Let = be an element and {z, } a sequence in a normed space
X. Then {z,} converges strongly to z, written by z,, — z, if lim, o ||z, —z|| = 0.
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Theorem 2.2.5. ([55]) The norm is a continuous function, and addition and scalar
multiplication are jointly continuous:

(1) zn = 2 = ||za]| — ||2];
(2 zn—mzand yp 2y =T +y, o c+y;
(3) an — a and z, — =z = a,z, — az.

Definition 2.2.6. ([28]) Let C be a subset of a Banach space X. Then the set C
is called conver if for 2,y € C and ¢ € (0,1), imply tz + (1 — t)y € C.

Definition 2.2.7. ([34]) A Banach norm or complete norm is a norm that induces
a complete metric. A normed space is a Banach space or B-space or complete
normed space if its norm is a Banach norm.

Definition 2.2.8. ([28]) Let  be an element and {z,} a sequence in a normed
space X. Then {z,} converges weakly to = written by z, — z, if f(z,) — f(z)
wherever f € X*.

Define the mapping ¢ : X — X** by ¢(z) = g,, z € X, where g, : X* - R
is defined by g.(f) = f(z), Vf € X*. Then ¢ is called the natural embedding
mapping from X into X** and has the following properties:

(1) @is linear: p(az + By) = pa(z) + pB(y) for allz,y € Xand for alla, 3 € F;
(2) o(z)is isometry: || p(z)|| = ||z|| for allz € X.

Definition 2.2.9. ([1]) A normed space X is said to be reflezive if the natural
embedding mapping ¢ : X — X** is onto. In this case, we write X = X**.

Theorem 2.2.10. ([1], [34]) A normed space X is reflexive if and only if each of
its bounded sequence has a weakly convergent subsequence.

Remark 2.2.11. ([1])
e Lvery finite-dimensional Banach space is reflexive.
e Every Hilbert space is reflexive.
e /,and L, for 1 < p < oo are reflexive Banach spaces.
o /1,0, Ly and Lo, are not reflexive.
e ¢ and ¢y are not reflexive.
Definition 2.2.12. ([1]) A Banach space X is said to be strictly convez if
lall = llyll = 1 and & # y imply |22 <1.
Lemma 2.2.13. ([1], [50]) A linear normed space X is called strictly conver if

z,y € X with ||z|]| = |ly]l = 1 and ||(1 — A)z + Ay|| = 1 for a X € (0,1) holds if
and only if z = y.



Example 2.2.14. ([1]) Let X = R", n > 2 with norm | - ||, defined by |lz|l2 =
(Z?Zl 13) » &= (o1, %9, ,x,) € R". Then X is strictly convex.

Example 2.2.15. ([1]) Let X = R", n > 2 with norm | - ||; defined by |lz]l; =
Y i1 |zil, z = (z1,79, - ,x,) € R™. Then X is not strictly convex.

Example 2.2.16. ([1]) Let X = R", n > 2 with norm || - || defined W Elle.=
maxi<i<n [T, = (1,29, - ,2,) € R*. Then X is not strictly convex.

Definition 2.2.17. ([1], [50]) A Banach space X is called uniformly convez if for
any € € (0,2], there exists a § = §(¢) > 0 such that if z,y € X with lz|| = |yl =1
and ||z —y|| > ¢, then ||| <1 4.

Remark 2.2.18. ([1])
e Every Hilbert space is uniformly convex.
¢ The Banach spaces £, and L, with (1 < p < 00) are uniformly convex.
e The Banach spaces ¢1, o, c, cy, Ly and L., are not uniformly convex.

Theorem 2.2.19. ([50]) Let X be a Banach space. Then the following conditions
are equivalent:

(1) X is uniformly convex;
(2) if for any two sequences {z,}, {y,} in X,
Jim |zl = lim [lya]| =1 and lim ||z, + ya| =2,
then lim,_q ||z, — yn|| = 0;

3) for any & with 0<e s 2, there exists & Su() <lepending only on € > 0 such
Yy y
that

”z+y
2

<1-4

for any z,y € X with ||z|| = ||y = 1 and ||z — y|| > €.

Theorem 2.2.20. ([50]) Every uniformly convex Banach space is strictly convex
and reflexive.

Example 2.2.21. ([1]) Let X = ¢y and let 8 > 0 with the norm || - ||5 defined by

n

lzlls = llzle +ﬂ(z (%)) e e

i=1
The space (co, || - [|5) for § > 0 are strictly convex, but not uniformly convex.

Example 2.2.22. ([1]) Let X = R", n > 2 with the norm | - ||; defined by || i =
> izi |zi]. Then X is reflexive, but not uniformly convex.
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Definition 2.2.23. ({50]) Let X be a Banach space and let S(X) = {z € X : |z =
1}. Then X is said to be smooth if the limit

i 12+ ]l = ]
t—0 t

(2.2.1)

exists for each z,y € S(X). In this case the norm of X is said to be Gateaur
differentiable. The space X is said to be uniformly Gateaur differentiable if for
cach y € S(X), the limit (2.2.1) is attained uniformly for z € S(X). The norm
of X is said to be Fréchet differentiable if for each z € S(X), the limit (2.2.1)
is attained uniformly for y € S(X). The norm of X is called uniformly Fréchet
differentiable if the limit (2.2.1) is attained uniformly for z,y € S(X).

Theorem 2.2.24. ([1]) Every uniformly smooth Banach space is reflexive.

Definition 2.2.25. ([50]) Let X be a Banach space. The multi-value mapping
J: X — 2% is called the duality mapping if

J@)={feX": (zf) =l = | £]?)
for all z € X, where (., ) denotes the pairing between X and X*.
Example 2.2.26. ([2]) Let 1 < p < co. Then

(1) For &, J(z) = ||z|2Py € €4, where z = {z1,2,,...} and
Y = {z1|2,1|P72, 29| zo|P~2, ...} with 11—) + % ==

(2) For L?, J(z) = ||z||%.P|z|P~22 € L9, where % + é 5

Proposition 2.2.27. ([50]) Let X be a Banach space and let J : X — 2X" be the
duality mapping. Then

(1) for each z € X, J(z) is nonempty, bounded, closed and convex;
(2) J(0) = {0};
(3) for each z € X and a real «, J(az) = al(z);
(4) forz,ye X, f e J(z) and g € J(y), (z-y,f-g) >0
(5) for 2,y € X, g € J(y), ll2]* — [[yl* > 2(z — y, ).
Proposition 2.2.28. [50] Let X be a Banach space. Then
(1) of X is smooth, then J is single-valued;

(2) of X s strictly conver, then J is one-to-one, that is, x # y implies J(z) N
J(y) = 0;

(3) if X is reflexive, then J is onto, that is, for each * € X*, there exists z € X
such that z* € Jz;
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(4) if X has a Fréchet differentiable norm, then J is norm-to-norm continuous;

(5) if X is uniformly smooth, then J is uniformly norm-to-norm continuous on
each bounded subsets of X .

Definition 2.2.29. ([50]) Let X be a linear space and let C' be a convex subset, of
X. A function F' : C' — (—00, 0] is convez on C if for any z,y € C and t € [0, 1],
then f(tz + (1 - t)y) < tf(z) + (1 —t) f(y).

Definition 2.2.30. ([15]) Let C' be subset of a Banach space X. A mapping T :
C — C is called closed with respect to y if for each sequence {z,} in C and each
zeC, Tn — & and Tz, — y imply that z € C and Tz = y.

Definition 2.2.31. ([15]) Let C be subset of a Banach space X. A mapping T :
C — Cis called demiclosed with respect to y if for each sequence {zn} in C which
converges weakly to a point z € C, z, — z and Tz, — y imply that z € C and
T=y.

Definition 2.2.32. ([15]) Let C be subset of a Banach space X and T is a mapping
of C into itself. There exist sequence {zn} in C for which lim,, o ||z, —Tz,|| =0.
We shall call such sequences approzimate fized point sequences.

Lemma 2.2.33. ([15]) If C is a nonempty closed and convex subset of a strictly

convex Banach space X and if T': C — C is nonexpansive, then F (T') is closed
and convex.

Theorem 2.2.34. ([15]) Let C be a nonempty closed convex subset of a uniformly
convex Banach space X and suppose 7' : C — C is nonexpansive. Then the
mapping I — T is demiclosed on C.

Theorem 2.2.35. ([15]) Let C be a nonempty closed convex subset of a uniformly
convex Banach space X and suppose T': C' — (' is nonexpansive. If a sequence

{zn} in C converges weakly to p and {z, — T'z,} converges to 0 as n — oo, then
p € F(T).

Definition 2.2.36. ([28]) An inner product space is a vector space X with an inner
product defined on X. A Hilbert space is a complete inner product space. Here,
an inner product on X is a mapping of X x X into the scalar field F = R or
C; that is, with every pair of vector z and y there is associated a scalar which is
written and is called the inner product of z and Y, such that for all vectors z,v, z
and scalar « € F we have:

T +y,2) = (z,2) + (y, 2).
An inner product on X defines a norm on X given by ||z|| = V(z,z).
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Remark 2.2.37. ([55])

(1) An inner product space is called a real inner product space for the case when
the scalars are the real numbers and (z,y) is a real number. For the case,
(3) mean

{z,9) = (y,2).
(2) Using (2), (3) and (4) we obtain that for z,y € X and o, 3 € C,
(z,ay + Bz) = a(z,y) + B(z, 2).
Theorem 2.2.38. ([55])(The Schwarz inequality)

If z and y are any two vectors in an inner product space X, then |(z,y)| < ||z][||y||-

Theorem 2.2.39. ([55])(The parallelogram law)
If z and y are any two vectors in an inner product space X, then

lz +ylI* + llz — ylI* = 2|j||? + 2/ly||*.

Theorem 2.2.40. ([55])(The nearest point theorem)
Let H be a Hilbert space, let C be a nonempty closed convex subset of H and let
z € H. Then there exist a unique element Yo € C such that

d(z,C) = d(z,y,).

Definition 2.2.41. ([55]) Let H be a Hilbert space and let C be a nonempty closed
convex subset of H. Then for each point z € H ; there corresponds a unique point
zo € C such that

|z — zo|| = d(z,C).

We call such a mapping defined by Pz = g, or Poxz = x4, the metric projection
of H onto C.

Lemma 2.2.42. ([55]) Let C be a closed convex subset of a real Hilbert space H.
Given z € H and y € C. Then

(i) y = Pcz if and only if (z — y,y — z) >0forall z€C,
(ii) P? = P and P¢ is nonexpansive,

(iii) (z — y, Pox — Pcy) > ||Pex — Poyl|? for all z,y € H,
(iv) (x — Poz, Pcx —y) > 0 for all z € H and yeC,

) 1Poz =yl < ||z — y||2 - || Pex — z||? for all z € H and yeC.

Lemma 2.2.43. ([59]) Let C' be nonempty closed convex subset, of a real Hilbert
space H. Let P : H — C' be the metric projection of H onto C. Let {z}22, be
sequence in C' and let [|2,4; — u|| < ||z, — u|| for all u in C. Then {Foz. 4

converges strongly.
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Lemma 2.2.44. ([37]) Let H be a real Hilbert space. Then the following well
known results hold:

(@) lltz + (1= )yl = tllll* + (1 = t)lly]]? - (1 ~ ) |z — y?,
for all z,y € H and for all ¢ € (0, 1].

(i) llz + ylI* < [l + 2(y, 2 + y) for all 7,y € H.

(iii) If {z,}52, is a sequence in H which converges weakly to z € H then

lim sup ||z, — y|* = limsup(||z,, — 2|2 + ||z — y||2), Vy € H.

n—oo

Lemma 2.2.45. ([55]) Let {z,,} be a Cauchy sequence of an inner product space
H such that z,, — z. Then z, — z.

2.3 Fixed Point of Nonexpansive Mappings

Let H be a real Hilbert space and let C be a nonempty closed convex subset
of H. A mapping T of C into itself is called nonezpanswe if, for all z,y € C

1Tz = Tyl < ||z - y]|.

The set of all fixed points of T" is denoted by F (T), that is F(T) = {z € C| z =
Tz} and a self-mapping f : C — C is a contraction on C if there exists a constant
a € (0,1) such that ||f(z) — f(y)|| < oz —y]| for all 2,y € C. We use [Ie to
denote the collection of all contractions on C, that is Il = {f:C—>C|fisa
contraction with a constant a}. An operator A is strongly positive if there exists
a constant 5 > 0 with the property

(Az,z) > 7||z?| Vz € H.

In 1966 Petryshyn [40] studies the set of fixed point, of T nonempty and strongly
convergence and of the Krasnoselsij iteration {z,}32, defined by

Tny1 = (1 =Nz, + ATz, n=1,2 ... (2.3.1)

in Hilbert space, where A € (0,1) and T' be nonexpansive and demicompact oper-
ator.

In 1967, Browder and Petryshyn (8] prove unique fixed point of nonexpansive
mapping 1" of C into itself.

In 1974, Senter and Dotson [44] studied the convergence of the Mann iteration
scheme defined by z; € C,

ZTnt1 = @pTTy + (1 — o) zp, V0 > 1, (25542)

in a uniformly convex Banach space, where {an} is a sequence satisfying 0 < a <
an <b<1Vn>1andT is a nonexpansive (or a quasi-nonexpansive) mapping.
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In 1993, Tan and Xu [60] proved weak convergence of the Ishikawa iteration
scheme defined by z; € C,

Tnt1 = anT (B Tz, + (1 - Bn)tn) + (1 — o)y, (i8.3)

in uniformly convex Banach space which satisfies Opial's condition, where {an},

{8} are sequences satisfying 0 < a < ay, 8, < b < 1 Vn > 1 and T is nonexpan-
sive mapping.

2.4 Fixed Point Theory of Nonspreading Mappings

Throughout this section, we denote by N the set of positive integers and by
R the set of real numbers. Let H be a real Hilbert space with inner product (-, -)
and norm || - ||. In a Hilbert space, it is known that

ez + (1 = )y[I* = tllz]® + (1 - Ollyl* - t(1 - t)l|z - y|)%, (2.4.1)

for all z,y € H and for all t € R. see, for instance, [51]. Further, in a Hilbert
space, we have that

Xo—y,z—w) = Iz —wl® + lly - 2|I° - ||z — 2|1 - |ly — w]%, (2.4.2)

for all z,y,z,w € H.

Let C is a nonempty closed convex subset of H and let 7" be a mapping
of C into itself. We denoted by F(T) the set of all fixed points of T' that is,
F(T) = {z9&€ : T - el BaC — TBe 5 nonexpansive mapping. We
know that if C'is a nonempty bounded closed convex subset of K , then F(T) is
nonempty. We can prove from (2.4.1) that F(T) is closed and convex. A mapping
F:C — Cis firmly nonexpansive if

|Fz — Fy

'2S($*yan—Fy)

for all z,y € C. 1t is know that P is a firmly nonexpansive mapping of H onto
C. A mapping T': C' — C is nonspreading if

2T - Ty|* < Tz - yl|* + | Ty — x|, (2.4.3)

forall z,y € C. Iemoto and Takahashi (18] proved that T': C — C'is nonspreading
if and only if

ITz — Tyl < llz — Il + 2(c — T,y — Ty), (2.4.4)

for all z,y € C. A mapping T': C — C is called quasi-nonezpansive if F(T) #
and [Tz — u|| < ||z — u| for all z € C and u € F(T). Observe that if T is
nonspreading and F(T) # @, then T is quasi-nonexpansive. Further, we know
that the set of fixed points of a quasi-nonexpansive mapping is closed and convex;
see [21]. Then we can define the metric projection of H onto F (7).

Let us give two examples of nonspreading mappings. The following example
is due to Kohsaka and Takahashi ([27]). For the sake of completeness, we give the
proof.
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Example 2.4.1. ([27]) Let C be a nonempty closed convex subset of H and let F
be a firmly nonexpansive of C into itself. Then F is nonspreading.

Proof. Putting z = Fr and w = Fy in 2.4.2, we have that
2z —y, Fz - Fy) = ||z — Fy|> + |ly — Fz|® - ||z — Fz|® — ||y — Fy|?,
for all z,y € C. So, we get
|Fz - Fyl* < (z-y,Fz— Fy)
= 5= Pyl + lly — Fal - 1z = P = fly - Fyl?)
and hence
27z ~ Fyl* + l}o = FolP +ly ~ FylP < lla — Fyl* + |y — Fal?
This implies that
21Fz = Fy|* < llo — Fy|* + |ly - Fz|
So, F' is nonspreading. a

The following is an example of nonspreading mappings which is not nonex-
pansive; see Igarashi, Takahashi and Tanaka ([19]).

Example 2.4.2. ([19]) Let H be a Hilbert space. Set £ = {z € H : ||z|| < 1},
D=A{zeH:|z| <2}and C = {z € H: ||z]| < 3}. Define a mapping
S :C — C as follows:

S — 0, ifxeD,
T Pe(x), ifzeC\D,

where Pg is the metric projection of H onto E. Then S is not nonexpansive but
nonspreading,.

Theorem 2.4.3. ([26]) Let H be a Hilbert space, let C' be a nonempty closed
convex subset of H and let S be a nonspreading mapping of C into itself. Then
the following are equivalent:

e There exists z € C such that {S"z} is bounded;
e F(S) is nonempty.

Theorem 2.4.4. ([26]) Let H be a Hilbert space, let C be a nonempty closed
convex subset of H and let S be a nonspreading mapping of C' into itself. Then
F(S) is closed and convex.

Lemma 2.4.5. ([51]) Let {a,}, {8.} be sequence of nonnegative real numbers such
that 3 2 o, =o00. If }°2° | @8, < oo, then liminf,_ 3, = 0.
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Lemma 2.4.6. ([60]) Suppose that {s,} and {e,} are sequences of nonnegative
real numbers such that s, < s, +e, foralln € N. If Z:’:I en, < 00, the lim,,_,
exists.

Theorem 2.4.7. ([18]) Let H be a Hilbert space and let C' be a nonempty closed
convex subset of H. Let S be a nonspreading mapping of C into itself and let T
be a nonexpansive mapping of C into itself such that F'(S) N F(T) # ¢. Define a
sequence {z,} as follows:

T € C,
{ Tnt1 = WnZn + (1 — @) [BnSTn + (1 — Bn)Txy), (2.4.5)

forall n € N, {a}, {Bn} C [0,1]. Then, the following hold:
(1) liminf, oo an(1 — @) > 0 and 322 (1 — B,) < oo, then {z,} converges
weakly to v € F(S);

(@)1 f 3 i an(l — an) = oo and 3% (1 — B,) < oo, then {z,} converges
weakly to v € F(T);

(4i2) iminf, 0 (1 — @) > 0 and liminf,, . Bn(1 = B,) > 0, then {z,}
converges weakly to v € F(S) (N F(T).

In 2010, Kurokawaa and Takahashi ([29]) introduced the following iteration
method for nonspreading mapping:

zy,u € C,
Tntl = QpU -+ (1 - Oln)Z-,l, (246)
e, 1
Nl === b, Tk’ n,
z ™ p DI

when {a,} C [0,1], limp ., = 0 and 3°%° @, = co. Then {z,} converges
strongly to p € I'(T'), where p = Ppryu.

Let H be a real Hilbert space. Following the terminology of Browder-Petryshyn
8], we say that a mapping T': D(T) C H :— H is k—strictly pseudononspreading
if there exists k € [0, 1) such that

ITz — Tyll? < llo = y|I* + kllz ~ Tz — (y - Ty)|2 + 2z — T,y — Ty), (2.4.7)

for all z,y € D(T'). Clearly every nonspreading mapping is k-strictly psedonon-
spreading. The following example shows that the class of k-strictly pseudonon-
spreading mapping is more general than the class of nonspreading mappings.

Example 2.4.8. ([37]) Let R denote the reals with the usual norm. Let T : R — R
be define for each z € R by

1= T € [—00,0);
S { -2z, z € [0,00).

To see that T is %—stricly pseudononspreading but is not nonspreading.
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Since our class of maps contains the class of nonspreading maps, it also contains
the class of firmly nonexpansive maps. Observe that if T is k-strictly pseudonon-
spreading and F(T') # 0, then for all z € D(T) and for all p € F(T) we have

172 = plI* < llz - pl|> + kllz — Tz||. (2.4.8)

Thus every k-strictly pseudononspreading map with a nonempty fixed point set
F(T) is demicontractive (see example ([17], [36]).

Lemma 2.4.9. ([37]) Let C' be nonempty closed convex subset of a real Hilbert
space H, and let T : C — C be k-strictly pseudononspreading mapping. If
F(T) # 0, then it is closed and convex.

Lemma 2.4.10. ([37]) Let C' be nonempty closed convex subset of a real Hilbert
space H, and let T : C' — C be k-strictly pseudononspreading mapping. Then
(I —T) is demiclosed at 0.

Theorem 2.4.11. ([37]) Let C be a nonempty closed convex subset of of a real
Hilbert space. Let T': C' — C be a k-strictly pseudononspreading mapping with
a nonempty fixed point set F(T). Let § € [k, 1) and let T := BI + (1 — B)T. Let
{an}o2, € [0,1) such that lim, e oy = 0 and Y oot G = 00. Let u € C and let
{za}nls and {2,}22, be sequences in C generated from an arbitrary z; € C by

{ In+1 = an’u, + (1 = an)zn; n Z 1) (249)

-1
Zn = %ZZZQ Tl';zn, m, Al

Then {z,};2, and {2,}32, converges strongly to Prryu, where Pp(qy : H — F(T)
is the metric projection of H onto F(T).

2.5 Equilibrium Problems in Hilbert Spaces

Equilibrium problems play a central role in numerous disciplines including
economics, management science, operations research, and engineering. Numerous
algorithms have been developed for the computation of equilibrium points. Varia-
tional inequality theory, a powerful computational algorithm, is one of them which
has numerous applications in various disciplines of sciences such as mathematical
programming, game theory, mechanics and geometry.

Let H be a real Hilbert space with inner product (., .) and norm ||.||, respec-
tively. Let C' be a nonempty closed convex subset of H and let Pc be the metric
projection of H onto C. A mapping A : C — H is called a-inverse-strongly
monotone, if there exists a positive real number a > 0 such that

(Az — Ay,z —y) > oAz — Ay|*, Vz,y € C.

Let I be a bifunction from C x C to R satisfying
(Al) F(z,z¥=0 S ¥ecC;
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(A2) F is monotone, i.e. F(z,y) + F(y,z) <0 Vz,y € C;
(A3) Vz,y,z € C, lim; o+ F(tz+ (1 - t)r,y) < F(z,y);
(A4) Vz € C,y — F(z,y) is convex and lower semicontinuous.
The equilibrium problem for F' is to determine its equilibrium points, i.e. the set

EP(F)={z€C: F(z,y) >0, Yy € C}. (2.5.1)

Lemma 2.5.1. ([6]) Let C' be a nonempty closed convex subset, of a Hilbert space
H and f:C x C — R satisfy (A1) — (A4). Let 7 > 0 and € H. Then, there
exists z € C' such that

AT+ %(y —z,7=a)20, forallyeC. (2.5.2)

Lemma 2.5.2. ([14]) Let C be a nonempty closed convex subset of a Hilbert space
H and f: CxC — R satisfy (A1) —(A4). Forr >0and z € H, define a mapping
T, : H— C as follows:

Tizh= {2 € : f(z,y)+%(y—z,z—a:} >0, Vy € C} forall z € H. (2.5.3)
Then the following hold:
(1) T, is single-valued;
(2) T; is firmly nonexpansive, i.e., for all z,y € H,
I7:(z) = T (W)II* < (Tr(2) - Tr(y), = - y);
(3) F(T;) = EP(f);
(4) EP(f) is closed and convex.

Many problems in physics, optimization, and economics are seeking some el-
ements of EP(F), see [6], [14]. Several iterative methods have been proposed to
solve the equilibrium problem. In 2005, Combettes and Hirstoaga [14] introduced
an iterative scheme of finding the best approximation to the initial data when
EP(F) is nonempty and proved a strong convergence theorem.

In 2007, Takahashi and Takahashi [57] proved the following theorem:

Theorem 2.5.3. Let C' be a nonempty closed convex subset of H. Let F be a
bifunction from C x C to R satisfying the condition (A1)-(A4) and let T be a
nonezpansie mapping of C' into H such that F(T)(\EP(F) # 0. Let f be

a contraction of H into itself and let {z,} and {u,} be sequences generated by
T, € H and

A a3
{ F(tn,y) + 50y — un,un —7) 20, VyeC, (2.5.4)

Tny1 = An f(Tn) + (1 — ap)Tun,

for all n € N, where {ay,} C [0,1] and {r,} C (0,1) satisfy:
(C1) a, — 0;
(C2) 3 nigan = oo;
(C3) either "7 |ami1 — an| < 00 or lim, e % =L
and liminf, ,oorn > 0 and Y 02| |rpgs — 14| < 0.
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Then {z,} and {u,} converge strongly to z € F(T) EP(F), where
2= Praynepw) f(2)-

In 2008 Ceng, Al-Homidan, Ansari, Yao (9], introduced a general iterative
method for finding a common element of EP(F) and F(T). They defined el ,
{un} in the following way:

zy € H, arbitrarily;
F(un,y) + 3-(y —tn,un —20) 20, WyeC, (2.5.5)
Tn4l = Aptn + (1 — an)Tu,, Vn €N,

where T' be an k-strictly pseudo contractive mapping of C into itself for some
0<k<1land{a,} € [0,1], {\} C (0,00). They proved strong and weakly con-
vergence of the scheme (2.5.5) to an element of F(T)( EP(F) in the framework
of a Hilbert space, under some suitable conditions on {ay}, {A\.} and bifunction
I3

In 2008, Takahashi and Takahashi [56] introduced a general iterative method
for finding a common element of EP and F(T). They proved the following theo-
rem.

Theorem 2.5.4. Let C' be a closed conver subset of a real Hilbert space and let
2O xC — R be a bifunction sastisfing the condition (A1)-(A4). Let A be an
a-wnwerse strongly monotone mapping of C into H and let T' be nonexpansive map-
pings of C inlo itself with F(T)(YEP # 0. Let u € C and z; € C and let {z,} C
C and {z,} C C be sequences generated by

: a p = ———
{F(zn,y)+(A$my Z) ¥ 3y =2z —2n) 20, WyeC, (2.5.6)

Tnt1 = PnTn + (1 — B)T (anu + ¢+ an)zn), VYn €N,
where
{an} € [0,1],{B.} € [0,1] and {\,} C [0,20] sastisfy the following condition:

(1) 0<a<A<b<2 0<c<B,<d<1

(i5) lim Ay — Apgt| =0

00
(17) lim a, =0, E Gy, =K
n—o0
n=1

Then {z,} converges strongly to z = Py | Py EPY-

2.6 The Concept of W-Mappings and K-Mappings

Let {T;}}, be a finite family of nonexpansive mappings with F := ﬂfvzl FEl +
(0. There are many authors introduced iterative method for finding an element of
F" which is an optimal point for the minimization problem. For n > N , Iy is
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understood as T{n mod ny With the mod function taking values in {1,2,..., N}. Let
u be a fixed element of H.
In 2003, Xu [64] proved that the sequence {z,} generated by

Tnt1 = (1 — €,A) T 1Tn + €u

converges strongly to the solution of the quadratic minimization problem

L
min §<AI’I> — (z,u)

under suitable hypotheses on {e¢,} and under the additional hypothesis,
F = F(TITQTN) = F(TNTI---TN—I) = — F(T2T3TNT1) (261)

Note that by using above iteration for finding a common fixed point of a finite
family of nonexpansive mappings, the hypothesis (2.6.1) is so strong condition.
So there are many researchers try to reduce this condition. To overcome this,
Atsushiba and Takahashi [4] introduced a new mapping, called W —mapping, for
finding a common fixed point of a finite family of those mapping without the
condition (2.6.1). After that the concept of W —mapping are used by many math-
ematicians for investigating common fixed point problems and other related prob-
lems such as equilibrium and variational inequality problems, see [[12], [13], [38],
[43]). This mapping is defined as follows:

Let A1, Az, ... Ay be real numbers such that 0 < \; < 1 for every i =
1, 2, ... N. Let W be a mapping defined by

Uy S T e 0T
Uy = M\ToU; + (1 - )\2)1,
Us = MT3U;+ (1 - X3)1,

Un-i = ANaTn —1Un—2+ (1 — An-a),
W = Uy =AITNUn_1+ (1 = )\N)I. (2.6.2)

This mapping is called the W —mapping generated by 71, T3, ..., Ty and Ay, Mg, ..., An.
Atsushiba and Takahashi [4] proved the following useful lemma used for many the-
orems in fixed point theory.

Lemma 2.6.1. ([4]) Let C be a nonempty closed convex subset of a strictly convex
Banach space. Let {T;}Y, be a finite family of nonexpansive mappings of C into
itself with ﬂf':l F(T;) # 0 and let Ay, ..., \ny be real numbers such that 0 < \; < 1
for every i =1,...,N —1and 0 < Ay < 1. Let W be the W-mapping generated
by T1,..... Ty and Ay, ..., Ax. Then F(W) = N, F(Ty).
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Definition 2.6.2. Let C be a nonempty conver subset of real Banach space. Let
{T}Y, be a finite Jamily of nonezpansive mappings of C into tself, and let
ALy -y AN be real numbers such that 0 < )\, < 1 for every i = 1,...,.N. We
define a mapping K : C — C' as follows:

U1 = /\1T1 + (1 ad )\1)1,
U = MU, + (1 — X\)Uy,
Us = MT3U; + (1 — \3)Us,

Un-1 = ANo1Tn-1Un—a + (1 = An_1)Un-_o,
K — Uy = ANTNUN_1 + (1 — /\N)UN—I- (2.6.3)

Such a mapping K is called the K-mapping generated by 71, ...., Ty and Ay, ..., Ay.

Lemma 2.6.3. ([23]) Let C be a nonempty closed convex subset of a strictly convex
Banach space. Let {7;}Y, be a finite family of nonexpansive mappings of C' into
itself with ﬂfil F(T;) # 0 and let A, ..., \x be real numbers such that 0 < Ai<1
forevery i=1,..,N—1and 0 < Ay < 1. Let K be the K — mapping of C into
itself generated by T3, ..., Ty and Ay, ..., Ay. Then F(K) = NN, F(T})

By using the inequalities (2.4) and (2.5) of Lemma 2.11 in (23], we obtain the
following result:

Lemma 2.6.4. ([23]) Let H be a Hilbert space, C' a closed convex nonempty
subset of H, {T;}¥, a finite family of nonexpansive mappings from H into itself
with F = ﬂf;] F(T;) # 0. For every n € N, let K,, be K-mapping generated by
Ty, ..., Ty and Ay, q, ..., Ay v With {Ani}Y, Cla,b] where 0 < a < b < 1. Then

N
1En1wn = Knwall < MY iy = Angl.

j=1

where M = sup{3> L, (I T;Unj-1wn ]| + |Unj-1wall) + | Tuawal| + [lwn]l} < oo, and
for every bounded sequence {w,} in H.

Lemma 2.6.5. ([23]) Let C be a nonempty closed convex subset of Banach space.
Let {T;}Y, be a finite family of nonexpansive mappings of C into itself and
{ A}, sequences in [0,1] such that A, ; — \;, asn — oo, (i=1,2,...,N). More-
over, for every n € N, let K and K, be the K-mappings generated by Ty, Ty, ..., Ty
and Aj, Ay, ..., Ay, and Ty, Ty, ..., Ty and An1y An2, -, A, Tespectively. Then, for
every bounded sequence {z,} C C,, we have lim,, .., |Knzn — Kz,|| = 0.

Let C' be a nonempty closed convex subset of a Banach space X,and f : C — C
be a contractive mapping with a contrative constant a € (0,1). Let {T,}>, :
C — C be an infinite family of nonexpansive mappings and let oy, ay, ... be real
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numbers such that 0 < a; < 1 for every i € N. For any n € N, define a mapping
W, of C into itself as follows:

Un,n—H = [a
Un,n o anTnUn,n+l Iz (1 = an)l,
Un,n—l = an—lTn—lUn,n 37 (1 - an—l)Ia

Unk = o TiUppir + (1 — ay)l,
Unk-1 = g 1TpiUni + (1 — 1)1,

Un2 = aToUnz+(1—ap)l,
Wn = Un,l = OlelUng + (1 = al)I. (264)

Such a mapping W, is called W —mapping generated by Ty, Tn-1, ..., T} and
Qny A1, ..., ; See [46].

Lemma 2.6.6. ([16]) Let C' be a nonempty closed convex subset of a strictly convex
Banach space X. Let T}, T, ... be nonexpansive mappings of C into itself such that
Nie, F(T;) is nonempty and ay, as, ... be real number such that 0 < o <b<l1
for any 7 € N. Then for every z € C and k € N, the limit lim,,_,o U, kT exists.

Using Lemma 2.6.6, one can define mapping W of C into itself as follows:

n—00

Wz = lim W,z = lim U,z
n—oo

for every = € C. Such a W is called the W —mapping generated by T3, T5, ... and
1,009, ....

Lemma 2.6.7. ([16]) Let C be a nonempty closed convex subset of a strictly convex
Banach space X. Let T3, Ty, ... be nonexpansive mappings of C into itself such that
Nie, F(T;) is nonempty and oy, as, ... be real number such that 0 < a; <b<1
for any < € N. Then F(W) = N2, F(T;).

2.7 Some Useful Lemmas and Theorems

Lemma 2.7.1. ([65]) Assume {a,} is a sequence of nonnegative real numbers such
that
Ant1 < (1 - Wn)an +6m n _>. 1a
where {7,} is a sequence in (0,1) and {6,} is a sequence such that
() 2nsi W = 00
(ii) imsup,, o, 6n/7a <0 0r 300 | |6,] < o0.
Then lim,,_,, a,, = 0.

Lemma 2.7.2. ([1]) Let X be a Banach space and J : X — 2X° the duality
mapping. Then we have the following:

(@) [lz +yl* > ||z + 2(y, j(z)) for all z,y € X where j(z) € J(z).

(b) llz+yll* < lz|1* +2(y, j(z +y)) for all z,y € X where j(z+y) € J(z +y);
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Lemma 2.7.3. ({65], Theorem 4.1) Let E be a uniformly smooth Banach space, C
a closed convez subset of E, T : C — C' a nonezpansive mapping with F (T) #0,
and f € [Jo. Then {z} defined by z, = tf(z) + (1 — t)T(2:) converges strongly
to a point in F(T).

Let C' be a nonempty closed convex subset of a Banach space E. Suppose
{Tn}p2, is a countable family of nonexpansive mappings from C to itself with
Fi= (2o F(Tn) # 0. {T,}22, is said to satisfy condition (B), if for any bounded
subset A of C, there exists a nonexpansive mapping T of C' into itself such that

lim sup ||T(Thz) — Thz|| =0 and F(T)=F.

n—o00 TEA

{T..} is said to satisfy the AKTT — condition [3] if for each bounded subset
B of C,

Zsup{”TnHz = Thz||: 2 € B} < o0.

n=l

Example 2.7.4. Let T\, T, -- be nonexpansive mappings on C and Y1, Y2, -+ be
real numbers such that 0 < ~; < 1 for all i € N. Let W,, be the W -mappings
generated by Ty, T3, -+ , T, and v1,%2, -+ ,Yn. Then {W,}, satisfies the AKTT-

condition.

Example 2.7.5. Let T\, T5,--- be nonezpansive mappings on C. Define the map-
ping Vy, : C — C by

Vaz =Y NTiz, VzeC,
i=1

where {\.} satisfy the conditions:
(1) 3% AL =1 for each n € N;
(2) X' := limy_,00 A}, > 0 for each i € N;
(3)2 o met 2t Mg — X| < oo,
Then {V,.}o2, satisfies the AKTT-condition.

Some applications for zero of accretive operators.

Let A: D(A) C E — 2P be an accretive operator (that is, for all z,y € D(A)
there exists j(z — y) € J(x — y) such that (u — v, j(z — y)) > 0, for u € Az and
v € Ay) and A7'0 = {z € D(A) : 0 € Az}. We use J, and A, to denote the
resolvent and Yosida's approximation of A, respectively. Namely,

I-J,
S
For J; and A,, the following is well known (see, [[50], pp. 129-144]):

(1) A;z € AJ, forallz € R(I+rA) and A™'0 = F(J,) = {z € D(J,); J,z = z};

(i) | Arz|| < |Az| = inf{|lyll;y € Az} for all z € D(A) N\ R(I +1A);

(143) Jy : R(I +rA) — D(A) is nonexpansive (ie. ||J.z — J.y| < ||z — | for
all z,y € R(I + rA)).

The following example can be founded in [48]

Jr=UI+71A)7! and A, = r >0
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Example 2.7.6. ([48] Let E be a Banach space and A : D(A) € E — 2F be an
accretwe operator. Assume that K is a nonempty closed convex subset of E such
that D(A) C K C ()59 RUI+1A). If0 € R(A) and r, > 0, a real number sequence
such that limy, oo 7, = +00. Let J, be the resolvent, namely J, = (I4+rA)~'. Then
{Jr. )22, satisfies the condition (B).

Lemma 2.7.7. ([3], Lemma 3.2) Let E be a Banach space and C be a nonempty
closed convex subset of E. Suppose that ) > sup{||Tp12 — Toz|| : z € C} < 0.
Then, for each y € C, T,y converges strongly to some point of C. Moreover, let
T be a mapping of C into itself defined by Tz = lim,,_,oo Tpz for all z € C. Then

lim sup{||Tz — T,z||: 2 € C} =0.

Lemma 2.7.8. ([41]) Let C be a bounded closed convex subset of a smooth Banach
space I£. Let T be a nonexpansive mapping of C into itself and let f be a
contraction mapping of C into itself with coefficient o (0 < @ < 1). For each
t € (0,1), let 2 be a unique point of C with z, = tf(2) + (1 — t)T(2:). Let {z,}
be a sequence in C. If lim,_,«, | Tz, — z,|| = 0, then

t
limsup(f(z) — 2, J(zn — 2)) < 5 lim sup ||z; — xn|l2

for all ¢ € (0,1), where J is the duality mapping of E.

Lemma 2.7.9. ([47], Theorem 2.3) Let C be a nonempty closed convex subset of
a reflexive and strictly convex Banach space E with uniformly Gateaux differen-
tiable norm, and 7' : C' — C' be a nonexpansive mapping with a fixed point. If
there exists a bounded sequence {z,} such that lim,_,c ||, — T'z,|| = 0, then for
f € 1g, there exists p € F(T) such that

limsup(f(p) — p, j(zn — p)) <O0.

Lemma 2.7.10. In a real Hilbert space H, there holds the inequality
lz+yll* < ll2]* + 2(y, 2 +y), Vz,y€ H.
Lemma 2.7.11. ([49]) Let {z,,} and {z,} be bounded sequences in a Banach space

X and let {3} be a sequence in [0,1] with 0 < liminf,, ., B, < limsup,_, (3, < 1.
Suppose

Tnt1 = ,Bn-’rn SE (1 - ,Bn)zn

for all integer n > 0 and
limsup(||zn+1 = 2nll = |Zns1 — zn||) < 0.

Then lim, s ||Zn — 24| = 0.
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Lemma 2.7.12. ([32]) Let A be a strongly positive linear bounded operator on a
Hilbert space H with coefficient 7 and 0 < p < ||A||~!. Then ||I — pA| <1 - p7.

Lemma 2.7.13. ([32]) Let H be a Hilbert space. Let A be a strongly positive
linear bounded operator with coefficient 4 > 0. Assume that 0 < v < g Let
T : C' — C be a nonexpansive mapping with a fixed point z; € C of the contraction
C 3z tyf(z)+ (1 —tA)Tz. Then z, converges strongly as t — 0 to a fixed
point Z of T', which solves the variational inequality

(A-=~f)%,2—%) >0, ze€F(T). (2.7.1)

Lemma 2.7.14. ([31]) Demi-closedness principle. Assume that 7" is nonexpansive
self-mapping of closed convex subset C of a Hilbert space H. If T has a fixed
point, then I —T' is demiclosed. That is, whenever {z,} is a sequence in C weakly
converging to some z € C and the sequence {(I — T')z,} strongly converges to
some y, it follows that (I — T)z = y. Here, I is identity mapping of H.

Lemma 2.7.15. ([3, 64]) Let {a,}5>, be a sequence of non-negative real numbers
satisfying the condition

An+1 S (1 Sl an)an = anﬁna n Z 07

where {a,}22, and {f3,}52, are real sequences such that
(i) {@a)on™ [0, T]hald > = an= oo.
(i) lim sup, o, u < 0.

Then lim,,_,o a, = 0.



